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1 Introduction

Recently there has been renewed interest in the subject of the entropy of supersymmetric

black holes in AdS5 [1–6], inspired by [7–9]. Such black holes were discovered as solu-

tions to minimal gauged supergravity in five dimensions [10] and generalized in [11–14].

They have a Bekenstein-Hawking entropy SBH = A
4G5

where A is the horizon area and G5

is Newton’s constant in five dimensions. The holographical dual boundary theories are

four-dimensional N = 1 superconformal field theories (SCFTs), the most studied case be-

ing N = 4 SYM theory with SU(N) gauge group. The existence of the above-mentioned

black holes with large entropy implies that the corresponding supersymmetric ensemble of

states in the boundary theory should have an exponentially large number of states ∼ O(eN
2
)

Trying to identify these states, however, led to interesting puzzles [15].

The renewal of interest in this subject was sparked in large measure by the insightful

observation of [7] which recast the entropy of the black holes as an extremization problem

as follows. Consider a supersymmetric black hole in AdS5 carrying angular momenta J1,2

and R-charge Q. The Bekenstein-Hawking entropy of this black hole is then the Legendre

transform

S(J1, J2, Q) = −I(ω1, ω2, ϕ)− ω1J1 − ω2J2 − ϕQ , (1.1)

of the function (here g is the inverse AdS radius),

I =
2π

27G5g3

ϕ3

ω1ω2
, (1.2)
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under the constraint1

ω1 + ω2 − 2ϕ = 2πin0 , n0 = −1 . (1.3)

This observation suggested the existence of a thermodynamic principle which leads to the

above extremization formula. Finding such a principle for supersymmetric black holes,

however, is a subtle issue. One reason is that the chemical potentials2 Ω1,Ω2,Φ conjugated

to J1, J2, Q, get frozen to specific values3—independent of the charges — in the limit of

zero temperature and at a naive level there is nothing left to vary or extremize. Another

puzzling feature of this formula is the nature of the constraint (1.3), as the supersymmetric

values of the chemical potentials obey the real constraint Ω∗1 + Ω∗2 − 2Φ∗ = −1.

These puzzles were solved in [1]. The idea is to deform the supersymmetric black hole

solution to a family of non-extremal solutions that preserve manifest supersymmetry at

the cost of allowing for complex field configurations in the Euclidean theory. The chemical

potentials along this family vary around the frozen on-shell values, and we can consider

the thermodynamics of the fluctuations. The family of solutions have a Euclidean cigar-

like geometry in which the horizon caps off at a finite distance in the interior. In order to

preserve smoothness on the cigar as well as supersymmetry one has to turn on a background

value of the R-symmetry gauge field such that the Wilson loop around the circle at infinity

is non-zero and the Killing spinor is anti-periodic. This background value of the gauge

field leads precisely to the above constraint (1.3) and to the free energy (1.2), that we then

extremize. The black hole entropy is recovered by the extremum value in the limit that we

reach the original black hole solution.

In this paper we turn to the dual boundary problem in detail. We shall try to point

out relations with recent papers dealing with this problem as we go along. The holographic

dual boundary observable is a partition function of the N = 1 SCFT on S3×S1 twisted by

chemical potentials ω1, ω2 for the two angular momenta on S3, and the chemical potential ϕ

for the R-charge of the N = 1 SCFT. It is convenient to present the field theory discussion

in the variables ω1 = 2πiσ, ω2 = 2πiτ . The values of Re(ω1,2) < 0 for the black hole imply

that σ, τ live in the complex upper half-plane. Supersymmetry of the background implies

that the chemical potentials obey the constraint

σ + τ − ϕ

πi
= n0 , n0 ∈ Z , (1.4)

which mirrors the constraint (1.3). In [1], we obtained the following formula for this

partition function of an arbitrary N = 1 SCFT:

Z(σ, τ, ϕ) = e−F(σ,τ,ϕ) I(σ, τ, ϕ) , (1.5)

where the prefactor F is related to the supersymmetric Casimir energy [16, 17], and I is

essentially the Hamiltonian index. More precisely, when the R-symmetry Wilson line has

1The black hole entropy is also reproduced by n0 = +1, and there is a symmetry between these two

choices in that all the equations below can be modified appropriately in order to hold for this choice.
2The chemical potentials ω1, ω2, ϕ are obtained from a limit of the chemical potentials Ω1,Ω2,Φ. We

refer to [1] for details.
3Specifically, the chemical potentials dual to the angular momenta takes the value Ω∗1,2 = 1 and the

potential dual to the R-charge takes the value Φ∗ = 3
2

as β →∞ [1].
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background value n0 the functional integral translates to the following trace [1],

I(σ, τ ;n0) = TrHphys
eπi(n0+1)F e−β{Q,Q}+2πiσJ1+2πiτJ2+ϕQ , (1.6)

where the three potentials are constrained by (1.4). Upon solving the constraint for ϕ in

terms of σ, τ , one can write the partition function and the index as functions of σ, τ and the

integer n0. In particular, for n0 = ±1 the explicit dependence from the fermion number F

drops out and this takes the form

I(σ, τ ;±1) = TrHphys
eπiQ e−β{Q,Q̄}+2πiσ(J1+ 1

2
Q)+2πiτ(J2+ 1

2
Q) . (1.7)

As discussed in [1], the n0-dependence in (1.6) can be completely absorbed in a shift of one

of the chemical potentials, say σ, using the spin-statistics theorem, so that

I(σ, τ ;n0) = I(σ − n0, τ ; 0) . (1.8)

Note that I(σ, τ ; 0) is not invariant under σ → σ−n0, n0 ∈ Z, since the R-charges are not

necessarily integers for generic N = 1 theories. The right-hand side of (1.8) is the familiar

Hamiltonian definition of the superconformal index [15, 18]

I(σ, τ ; 0) = TrHphys
(−1)F e−β{Q,Q̄}+2πiσ(J1+ 1

2
Q)+2πiτ(J2+ 1

2
Q) . (1.9)

By the usual argument that bosonic and fermionic states appear in pairs for a given non-

zero value of {Q, Q̄ }, it is clear that the index (1.9), and therefore (1.6), is protected, and

in particular independent of β.

Denoting the values of the (generically non-integer) charges J1 + 1
2Q, J2 + 1

2Q by n1,

n2, respectively, we can expand the index as

I(σ, τ ;n0) =
∑
n1,n2

d(n1, n2;n0) e2πi(σn1+τn2) . (1.10)

We shall refer to d(n1, n2) as the indexed degeneracy, or sometimes simply degeneracy, of

states for a given set of charges labelled by (n1, n2). It is clear from the trace formula (1.9)

that a constant shift of the chemical potentials only changes the phase of the indexed

degeneracies and, in particular,

|d(n1, n2;n0)| = |d(n1, n2; 0)| . (1.11)

We are interested in calculating the growth of these degeneracies d as a function of the

charges and, relatedly, the behavior of the index I as a function of its arguments. The

relation between these two is that of a change of statistical ensemble. The holographic

dual to the full AdS5 black hole geometry is the canonical ensemble in which the chemical

potentials are fixed. In this case the input from the supergravity analysis of [1] would fix

n0 = −1 as discussed above. On the other hand, one may be interested in the microcanon-

ical ensemble in which all the charges are held fixed. In the bulk this means zooming in to

the near-horizon of the black hole and studying the corresponding AdS2 theory, as has been
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emphasized in [19].4 In the dual SCFT, the problem is to study the degeneracy of states for

fixed values of charges in the field theory, which is given by the inverse Laplace transform

of the index with respect to the chemical potentials. In the saddle point approximation to

this integral one has to look for the dominant values of the chemical potentials.

The simplest interpretation of the black hole entropy is that the degeneracy of states

should have an exponential growth as a function of the charges as the charges become

large. Presently we shall show that this is indeed the case. The degeneracy of states can

be calculated as the inverse Laplace transform of the index I with respect to the chemical

potentials. We focus on asymptotic formulas in the large-charge Cardy-like limit, in which

this integral is dominated by very small values of chemical potentials σ, τ for angular

momenta — plus possibly an integer, according to the discussion above. We perform our

calculations in two different ways, one of which is exact in N and the other uses the large-

N limit. In both methods our starting point is the matrix integral representation (2.1) of

the index. In the first method, valid for finite N , we first take the Cardy-like limit and

then calculate the saddle points. In the second method we look directly for large-N saddle

points of the index using the matrix integral representation (2.1). Then we estimate the

integral in the large-charge limit and show that the saddle point indeed reproduces the

black hole entropy for n0 = −1.

In the case of N = 4 SYM theory, the large-N limit of the index defined in [15] has been

analyzed in [4] using a different Bethe-ansatz-type representation, in which the solutions

of the Bethe-ansatz equations play the role of saddle-points. One of these solutions leads

to the black hole entropy and, although this has a complex value of gauge holonomies

ui − uj to begin with, it reduces to ui − uj = 0 in the Cardy-like limit, consistent with

our saddle-point analysis. The Cardy-like limit has been analyzed in [2, 3, 5, 6] for four-

dimensional N = 4 SYM, and some extensions have also been considered [5]. Some of these

analyses assume a saddle point in the relevant range and show that it leads to the correct

black hole entropy, while others use an auxiliary matrix model or additional flavor chemical

potentials in order to find the saddle points. In this paper we avoid these assumptions: we

study the index (2.1) for a large class of N = 1 SCFTs in which we directly find the saddle

points in the two methods mentioned above, and show that the value at the leading saddle

leads to the black hole entropy. In the process there are some mathematical subtleties that

we point out and address.

Our main result is that the index of N = 1 SCFTs in the Cardy-like limit has a

universal saddle controlled by the anomalies a, c, which describes an asymptotic growth

of states accounting for the black hole entropy. We further prove that for a large class

of theories this is the dominant saddle. For these theories, the index at leading and first

subleading order in σ, τ → 0 reads

log I(σ, τ ;n0) = 2πi
3τ + 3σ ± 1

27τσ
(3c− 5a) + 2πi

τ + σ ± 1

3τσ
(a− c) +O(1) , n0 = ∓1 ,

(1.12)

4One could associate the words “flowing from a 4d UV theory to a 1d IR theory” to this change of

ensemble, as the boundary behavior in AdS2 is different from higher-dimensional AdS, but making this

precise even in simple 2d examples is subtle [20].
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which is valid at finite N . For n0 = 0, on the other hand, the asymptotic growth is

controlled by a universal term proportional to σ+τ
στ (a − c) [21] (which in some special

instances can receive corrections [22]). Using the constraint (1.4) we can rewrite the result

above as

log I(σ, τ ;n0) =
2ϕ3

27π2στ
(5a− 3c) +

2ϕ

3στ
(a− c) +O(1) . (1.13)

Thus we find that, at least for holographic theories at large N , log I agrees precisely

with the Casimir energy-like prefactor F , that we computed in [1]. The formulas (1.5)

and (1.12) are related similarly to the analogous formulas in 2d CFTs, where the vacuum

energy controls the growth of states of the black hole via the Cardy formula as e.g. in [23].

This observation suggests the existence of a modular-like symmetry in these 4d observables

that would very interesting to explore further. Observations of a similar nature have been

made in [24].

In our Cardy-like limit the charges and the saddle point values of the chemical poten-

tials behave as follows. If υ is a scale parameter such that σ, τ = O(υ) as υ → 0, then the

charges scale as

Q = υ−2q , J1,2 = υ−3j1,2 , (1.14)

in order to preserve the non-linear constraint that they obey in the extremization pro-

cess [1]. Correspondingly the saddle-point values of the angular velocities σ, τ scale as
Q
J1,2

+O
(
υ2
)

at n0 = −1. At large N the entropy scales as

S = π

(√
3|Q| − 4c

J1 + J2√
3|Q|

)
+O(1) , (1.15)

as consistent with the Bekenstein-Hawking entropy of AdS5 black holes given by [25]

SBH = π
√

3Q2 − 8c
(
J1 + J2

)
. (1.16)

Our formula (1.12) for the index also contains information about the first subleading cor-

rections in 1
N . For N = 4 SYM this observation was made in [5].

The plan of the paper is as follows. In section 2 we consider the Cardy-like limit of the

index for N = 1 field theories with a Lagrangian description. Firstly, we show that in a

non-empty neighborhood including zero, there exists a universal saddle point correspond-

ing to all vanishing gauge holonomies, which gives rise to the asymptotic growth (1.13),

reproducing the entropy of the AdS5 black holes. Since this is controlled by anomalies,

the result could extend for non-Lagrangian theories as well. Secondly, we study the ma-

trix model in its complete domain of definition for generic superconformal quiver gauge

theories, and prove the uniqueness of the universal saddle point in large classes of N = 1

SCFTs. In section 3 we begin a study of the large-N limit of the index. We find a family

of saddle points at real values of gauge holonomies, of which the dominant saddle in the

large-N limit is the one where all the holonomies clump up at the point where they all

vanish. We show that the index in the Cardy-like limit at this saddle point leads to the

black hole entropy at large N .
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Note added. While this paper was being completed we received [26] which also presents

results for N = 1 4d SCFTs. These results have some overlap with section 2 of this paper.

2 The Cardy-like limit of the superconformal index

The Cardy-like (“high-temperature”) limit of the superconformal index was studied

in [21, 27] using effective field theory arguments on S3×S1 backgrounds, and in [22] using

asymptotic properties of the elliptic gamma functions.5 Assuming real values of the fugac-

ities and taking the limit of small chemical potentials σ, τ , these works found a universal

exponential contribution to the index weighted by the ’t Hooft anomaly TrR ∝ (a−c) (this

can receive corrections in special instances [22]). It follows that in this limit the asymp-

totic growth of the index at large N is not enough to reproduce the Bekenstein-Hawking

entropy of holographically dual AdS5 black holes. More recently, [2, 5, 6] considered the

N = 4 SYM index and showed that for suitable complex values of the flavor fugacities

the Cardy-like limit yields an exponential O(N2) growth at large N , which reproduces the

entropy function of [7].

In this section we enhance these results and study the Cardy-like limit of general N = 1

superconformal field theories, without having to introduce any flavor fugacities. In the no-

tation introduced in section 1, we set n0 = ±1 and take the limit σ, τ → 0. We emphasize

again that this is a different limit than the one obtained by setting n0 = 0 and σ, τ → 0.

We prove the existence of a universal saddle point in the index and, with some additional

assumptions, we check that this dominates the index in a very large class of theories. The

saddle point value is controlled by both the TrR3 and the TrR ’t Hooft anomalies. In the

large N limit this yields the entropy function which upon Legendre transform reproduces

the Bekenstein-Hawking entropy of the supersymmetric AdS5 black holes of [10, 12]. These

black holes are solutions to five-dimensional minimal gauged supergravity and their prop-

erties are indeed expected to be described by any four-dimensional N = 1 SCFT with a

weakly-coupled gravity dual.

2.1 Derivation of the saddle point

We consider an N = 1 field theory with gauge group G and a non-anomalous U(1)R R-

symmetry. When the theory flows to a superconformal fixed point, we pick the R-symmetry

that enters in the IR superconformal algebra. A class of N = 1 superconformal field theories

was first proposed and its finiteness checked in perturbation theory in [31–33]. We label

by the letter I the chiral multiplets of the theory; these sit in the representation RI of the

gauge group and have R-charge rI . Throughout the paper we assume 0 < rI < 2 for all

chiral multiplets.

The index discussed in the introduction has the integral representation

I(σ, τ ;n0) =
1

|W|

∫ rk(G)∏
i=1

duiZvecZchi , (2.1)

5See also [28–30] for related work.
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where the integration variables ui, i = 1, . . . , rk(G), parameterize the maximal torus of G

and run over the real range (−1
2 ,

1
2 ], |W| is the order of the Weyl group of G, and Zvec, Zchi

denote the vector multiplet and chiral multiplet contribution, respectively. These read:

Zvec = (e2πiσ; e2πiσ)rk(G)(e2πiτ ; e2πiτ )rk(G)
∏
α∈∆+

Γe(α·u+σ+τ ;σ,τ)Γe(−α·u+σ+τ ;σ,τ) ,

Zchi =
∏

I∈chirals

∏
ρ∈RI

Γe(zI ;σ,τ) , (2.2)

where ∆+ is the set of positive roots, denoted by α, of the gauge group G, and ρ is the

weight of the gauge representation RI . The complex parameters σ, τ are taken in the upper

half-plane,

Imσ > 0 , Im τ > 0 . (2.3)

The variable zI appearing in the chiral multiplet contribution is defined as

zI = ρ · u+
rI
2

(σ + τ − n0) , with ρ ∈ RI . (2.4)

Notice the dependence on the choice of integer n0, which will play a central role in the

following. The Pochhammer symbol, encoding the contribution of the vanishing roots of

G, is defined for w, q ∈ C, with |q| < 1, as

(w; q) =

∞∏
j=0

(1− wqj) . (2.5)

Finally, the elliptic gamma function is defined as

Γe(z;σ, τ) =

∞∏
j,k=0

1− e−2πiz e2πiσ(j+1) e2πiτ(k+1)

1− e2πiz e2πiσj e2πiτk
. (2.6)

This is a meromorphic function in z ∈ C, with simple poles at z = −jσ−kτ + l and simple

zeros at z = (j + 1)σ + (k + 1)τ + l, where j, k ∈ Z≥0 and l ∈ Z. A discussion of its

properties can be found in [34–36].6

The integral representation (2.1) was derived in [1] as the partition function of super-

symmetric field theories on S3×S1, with complexified angular chemical potentials σ, τ for

rotation in S3, and holonomy for the background R-symmetry gauge field A being given

by
∫
S1 A = iϕ, with ϕ = πi(σ + τ − n0). It is a slight modification of the familiar integral

representation of the superconformal index, which corresponds to n0 = 0.

6The vector multiplet contribution to the index can also be expressed in terms of the Jacobi theta

function, which is defined as

θ0(z; τ) = (w; q)(q/w; q) ,

with w = e2πiz and q = e2πiτ . Using Proposition 3.2 in [34], one can see that the contribution of the

non-vanishing roots can be written as

Γe(α · u+ σ + τ ;σ, τ)Γe(−α · u+ σ + τ ;σ, τ) =
1

Γe(−α · u;σ, τ)Γe(α · u;σ, τ)
= θ0(α · u;σ)θ0(−α · u; τ) .

These alternative expressions are often used in the literature on the superconformal index.
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We want to study a Cardy-like limit of (2.1) where the angular chemical potentials

σ, τ become small. We stress that in this limit the holonomy ϕ for the R-symmetry gauge

field is kept finite if n0 = ±1. We will perform the analysis for n0 = −1 (this can be

straightforwardly adapted to the case n0 = +1). Our main technical tool will be a uniform

estimate for the elliptic gamma function given in Proposition 2.12 of [37] and conveniently

adapted for applications to the superconformal index in [22] whose notations we follow. Let

us define σ = υσ̌, τ = υτ̌ and consider the limit υ → 0+ with σ̌, τ̌ finite. Then outside of an

O(υ) neighborhood of the zeros and of the poles, the elliptic gamma function is uniformly

estimated by

log Γe

(
x+

r

2
(σ + τ);σ, τ

)
= 2πi

[
− κ(x)

12στ
+ (r − 1)

σ + τ

4στ

(
ϑ(x)− 1

6

)]
+O(1) . (2.7)

Here and in the following, by O(1) we denote subleading terms in the small υ expansion

(this also includes possible logarithmically divergent terms). Moreover we have defined the

functions

κ(x) = {x}(1− {x})(1− 2{x}) , ϑ(x) = {x}(1− {x}) , (2.8)

where {x} = x−bxc is the fractional part of x. These functions are periodic with period 1

and satisfy

κ(−x) = −κ(x) , ϑ(−x) = ϑ(x) . (2.9)

We now estimate the index (2.1) in the limit of small angular chemical potentials

defined above. We start from the chiral multiplet contribution Zchi in (2.2), which depends

on the variable zI in (2.4). In order to apply the estimate above we thus need to set the

variable x in (2.7) to

x = ρ · u− rn0

2
, with n0 = −1 . (2.10)

In this way we obtain

logZchi = 2πi
∑

I∈chiral

∑
ρ∈RI

[
−
κ(ρ · u+ rI

2 )

12στ
+ (rI − 1)

σ + τ

4στ

(
ϑ
(
ρ · u+

rI
2

)
− 1

6

)]
+O(1) ,

(2.11)

which is uniform over all values of ρ · u+ rI
2 since we are assuming 0 < rI < 2, and we are

thus staying away from the zeros and poles of the elliptic gamma functions in Zchi.

As for the vector multiplet contribution, the estimate (2.7) leads to [22]:

log [Γe(α · u+ σ + τ ;σ, τ)Γe(−α · u+ σ + τ ;σ, τ)] = πi
σ + τ

στ

(
ϑ(α · u)− 1

6

)
+O(1) .

(2.12)

We recall that a priori this is valid outside neighborhoods of size O(υ) around the points

α ·u ∈ Z, where the gamma functions in (2.12) vanish. One should therefore ask whether it

is legitimate to use the estimate in the whole range of the gauge holonomies to approximate

the integrand (especially because we will find later that the saddle point of the estimate

lies in α ·u = 0). A related issue is whether this estimate for the integrand gives an equally

good estimate of the integral. It has been argued in [22] that this is the case, as such

subtleties give rise to negligible errors at the order of precision considered; we expect the

– 8 –
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same is true in our setup. Also including the contribution from the asymptotics of the

Pochhammer symbols, the full vector multiplet contribution Zvec reads

logZvec = −πi
σ + τ

12στ
dimG+ πi

σ + τ

στ

∑
α∈∆+

ϑ(α · u) +O(1) . (2.13)

Putting everything together, we arrive at the following estimate for the full integrand

log (ZvecZchi) = −πi
σ + τ

12στ
TrR+ πi

σ + τ

2στ
V1 +

πi

6στ
V2 +O(1) , (2.14)

where

V2 = −
∑

I∈chirals

∑
ρI∈RI

κ
(
ρI · u+

rI
2

)
,

V1 = 2
∑
α∈∆+

ϑ(α · u) +
∑

I∈chirals

∑
ρI∈RI

(rI − 1)ϑ
(
ρI · u+

rI
2

)
. (2.15)

The first term on the right hand side of (2.14), proportional to the ’t Hooft anomaly

TrR (see (2.18) below for its definition) and independent of the gauge holonomies, was first

obtained in [21]. The remaining two terms determine an effective potential for the gauge

holonomies and are similar to those first found in [22] (see also [27]). However we have

two important differences: the argument of the functions V1, V2 is ρ · u+ r
2 instead of ρ · u

(because we are taking n0 = −1 while the setup of [22, 27] corresponds to n0 = 0), and

σ, τ are generically complex (while they were assumed purely imaginary in [22, 27], which

corresponds to real fugacities p = e2πiσ, q = e2πiτ ). Recently, similar asymptotic formulae

have been discussed in the specific case of N = 4 SYM in [5, 6] by allowing for complex

values of the fugacities. In this case, two chemical potentials for the flavor symmetries play

a role analogous to our discrete holonomy n0 = ±1 for the R-symmetry; we will comment

more on this in section 2.2.

In a general theory where the matter multiplets sit in different representations of the

gauge group and have different R-charges the effective potential is quite complicated, as it

depends on {ρ · u+ rI
2 } = ρ · u+ rI

2 −bρ · u+ rI
2 c, and the integer part bρ · u+ rI

2 c depends

on the value of the gauge holonomies as well as on the weight vector ρ and the R-charge

rI . However a central point of our analysis is that we can say something universal when

the gauge holonomies are sufficiently close to zero. In order to make this precise, let us

consider the intersection of all the intervals such that the inequality

− rI
2
≤ ρI · u < 1− rI

2
(2.16)

is satisfied for all chiral multiplets and all weight vectors, so that {ρ · u+ rI
2 } = ρ · u+ rI

2

there.7 Note that this region is not empty as it contains a neighborhood of ui = 0,

7In the case of a theory with non-chiral matter content, for any contribution from a weight vector ρ we

have an equivalent contribution from the weight vector −ρ. In this case the inequality (2.16) can be written

as |ρI · u| ≤ min( rI
2
, 1− rI

2
).
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i = 1, . . . , rk(G). In this region the term in the effective potential controlling the leading

divergence 1
στ reads

V2 = −
∑

I∈chirals

∑
ρI∈RI

(
ρI · u+

rI
2

)(
1− ρI · u−

rI
2

)
(1− 2ρI · u− rI)

=
TrR− TrR3

4
− 3

∑
I∈chirals

∑
ρI∈RI

(rI − 1)(ρI · u)2

=
TrR− TrR3

4
+ 6

∑
α∈∆+

(α · u)2 , (2.17)

where we have introduced the ’t Hooft anomalies

TrR = dimG+
∑

I∈chirals

dimRI (rI − 1) ,

TrR3 = dimG+
∑

I∈chirals

dimRI (rI − 1)3 . (2.18)

Moreover the second line has been simplified by using the following consequences of anomaly

cancellation: ∑
I∈chirals

∑
ρI∈RI

(ρI · u)3 = 0 ,

∑
I∈chirals

∑
ρI∈RI

ρI · u = 0 ,

∑
I∈chirals

∑
ρI∈RI

(rI − 1)2 ρI · u = 0 , (2.19)

while in the last line we used

2
∑
α∈∆+

(α · u)2 +
∑

I∈chirals

∑
ρI∈RI

(rI − 1)(ρI · u)2 = 0 . (2.20)

Eqs. (2.19) follow from cancellation of the gauge G3 anomaly, the mixed gauge-gravitational

anomaly and the mixed G−U(1)2
R anomaly, respectively. Eq. (2.20) follows from cancella-

tion of the U(1)R−G2 anomaly, which corresponds to the requirement that the R-symmetry

is preserved at the quantum level.

We can also evaluate the term V1 in the range (2.16) of the gauge holonomies. We find:

V1 = 2
∑
α∈∆+

ϑ(α · u) +
∑

I∈chirals

∑
ρI∈RI

(rI − 1)
(
ρI · u+

rI
2

)(
1− ρI · u−

rI
2

)
=

TrR− TrR3

4
+ 2

∑
α∈∆+

(
ϑ(α · u) + (α · u)2

)
, (2.21)

where again we exploited anomaly cancellation by using the third in (2.19) as well as (2.20).

As an aside, we observe that when the gauge group is a product of U(N) or SU(N) factors,
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α · u ∈ (−1, 1) and in this range we have ϑ(α · u) = |α · u| − (α · u)2. It follows that for

these gauge groups, V1 can be written more simply as

V1 =
TrR− TrR3

4
+ 2

∑
α∈∆+

|α · u| . (2.22)

Plugging the expressions for V2 and V1 in (2.14), we conclude that in the region (2.16),

the integrand of the index (2.1) is approximated by

log (ZvecZchi) = −πi
3σ + 3τ + 1

24στ
TrR3 + πi

σ + τ + 1

24στ
TrR

+
πi

στ

∑
α∈∆+

[
(α · u)2 + (σ + τ)

(
ϑ(α · u) + (α · u)2

)]
+O(1) . (2.23)

Recall that V2 controls the most divergent contribution to the effective potential in

the Cardy-like limit. It is clear that this is extremized in α · u = 0 for all roots, which is

achieved by taking simply ui = u = const for all i. The same configuration also extremizes

V1, which also is an even function of α · u.

From (2.14) we see that if

Re

(
i

στ

)
< 0 and TrR3 − TrR > 0 , (2.24)

then this extremum dominates the Cardy-like limit of the integrand in the region (2.16).

For N = 1 superconformal theories, the ’t Hooft anomalies TrR3 and TrR can be traded

for the a and c central charges appearing in the Weyl anomaly via the linear relations

a =
3

32

(
3TrR3 − TrR

)
, c =

1

32

(
9TrR3 − 5TrR

)
, (2.25)

so that the second condition in (2.24) is equivalent to

3c− 2a > 0 , (2.26)

which is indeed satisfied very generally in SCFTs [38]. Assuming8 that there are no com-

peting minima of the effective potential outside the region (2.16), we conclude that for

Re
(

i
στ

)
< 0 the Cardy-like limit of the index (2.1) is

log I(σ, τ ;n0 = −1) = −πi
3σ + 3τ + 1

24στ
TrR3 + πi

σ + τ + 1

24στ
TrR+O(1) . (2.27)

Using (2.25), the result (2.27) can be written as

logI(σ,τ ;n0 =−1) =−2πi
3σ+3τ+1

27στ
(5a−3c)+2πi

σ+τ+1

3στ
(a−c)+O(1) , (2.28)

which can also be rearranged as

log I(σ, τ ;n0 = −1) = −4πi
3σ + 3τ + 1

27στ
(3c− 2a)− 4πi

σ + τ

3στ
(a− c) +O(1) . (2.29)

8We will later show that this assumption is correct for very large classes of theories.
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In terms of the variables ω1 = 2πiσ, ω2 = 2πiτ and ϕ = 1
2(ω1 +ω2− 2πin0) used in [1],

this may be written as:

log I(σ, τ ;n0) = − 8ϕ3

27ω1ω2
(5a− 3c)− 8π2ϕ

3ω1ω2
(a− c) +O(1) , (2.30)

where we emphasize that only the quadratically and linearly divergent terms in the small

ω1, ω2 limit have been determined by our method, and we have taken n0 = −1.

For holographic theories at large N , that is after taking a = c, this result reproduces the

Cardy-like limit of the entropy function [7] which controls the Bekenstein-Hawking entropy

of the supersymmetric AdS5 black holes of [10, 12]. These black holes are constructed

within minimal five-dimensional gauged supergravity, hence the corresponding ensemble

of states is expected to exist in any SCFT4 with a weakly-coupled holographic dual. On

the gravity side, the same entropy function was derived from a particular BPS limit of

black hole thermodynamics in [1]. Additionally, we observe that the result (2.30) for log I
precisely equals the supersymmetric Casimir energy prefactor F of [1], evaluated at the

same order in the Cardy-like limit. This observation, anticipated in [1], suggests some

modular properties of the supersymmetric partition function which would be interesting

to investigate.

In the regime Re
(

i
στ

)
> 0, the Cardy-like limit of the integrand (2.14) is dominated

by maxima of V2, such that V2 > 0 at the maximum. The interpretation of this regime

for n0 = −1 seems not obvious and we postpone it to future work. Here we just observe

that V2 contains the generally negative contribution TrR − TrR3, and a positive value

at the maximum may not be easy to achieve. However, in the regime Re
(

i
στ

)
> 0 the

saddle corresponding to the supersymmetric AdS5 black holes of [10, 12] is found by taking

the Cardy-like limit of the n0 = +1 index. Indeed starting with n0 = 1 and repeating

the analysis of this section leads to a slightly different form of V2, which is maximized in

α · u = 0 and whose saddle point value is V2|α·u=0 = 1
4(TrR3 − TrR) > 0. As a result,

whenever there are no competing saddles the Cardy-like limit of the n0 = 1 index is

log I(σ, τ ;n0 = 1) = −πi
3σ + 3τ − 1

24στ
TrR3 + πi

σ + τ − 1

24στ
TrR+O(1) . (2.31)

Note that in the variables ω1, ω2, ϕ this again takes the form (2.30).

Next we analyse the effective potential beyond the region (2.16) for certain classes of

N = 1 superconformal gauge theories with known holographic duals. For these examples,

we will show that the extremum at the origin discussed above does dominate the index.

2.2 N = 4 SYM with gauge group G = SU(N)

As a first illustrative example, we consider N = 4 SYM with gauge group G = SU(N),

which here we shall view as a special N = 1 theory. We take gauge holonomies ui ∈ (−1
2 ,

1
2 ],

i = 1, . . . , N , subject to the constraint
∑N

i ui = 0. In addition to the SU(N) vector

multiplet, we have three chiral multiplets, also in the adjoint representation, with R-charge

r = 2/3. The adjoint representation has roots αij , such that αij · u = ui − uj ≡ uij . The

assumed range of the gauge holonomies implies uij ∈ (−1, 1).
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Figure 1. The function f , determining the leading behavior of the effective potential.

We discuss the case n0 = −1. The functions V2 and V1 defined in (2.15) read:

V2 = −3
N∑
i<j

[
κ

(
uij +

1

3

)
+ κ

(
−uij +

1

3

)]
− 3(N − 1)κ

(
1

3

)
,

V1 =

N∑
i<j

[
2ϑ(uij)− ϑ

(
uij +

1

3

)
− ϑ

(
−uij +

1

3

)]
− (N − 1)ϑ

(
1

3

)
. (2.32)

We analyse the function V2, as it controls the leading term of the effective potential in

the Cardy-like limit. This can be written as:

V2 =

N∑
i<j

f(uij)−
2

9
(N2 − 1) , (2.33)

where the function

f(x) =


6x2 for |x| ≤ 1

3

−12x2 + 12|x| − 2 for 1
3 < |x| ≤

2
3

6 (1− |x|)2 for 2
3 < |x| < 1

(2.34)

is displayed in figure 1. It has maxima f = 1 in x = ±1/2 and a global minimum f = 0 in

x = 0 (the points x = ±1 are not reached by the chosen range of the gauge holonomies).

If Re
(

i
στ

)
< 0, then we need to minimize V2. Clearly this is achieved by uij = 0, which

corresponds to taking ui = 0 for all the gauge holonomies. Inserting

V2|ui=0 = V1|ui=0 = −2

9
(N2 − 1) (2.35)

into (2.14), and recalling that for SU(N) N = 4 SYM the central charges satisfy a = c =
N2−1

4 , we arrive at

log I = −4πi
3σ + 3τ + 1

27στ
c+O(1) , (2.36)

in agreement with the general result (2.28). Since we have proven that this is the only

minimum of V2, we can conclude that it dominates the index.
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Before considering more general classes of theories, we would like to make contact with

related approaches to the Cardy-like limit of N = 4 SYM taken in [5, 6] (the comment

also applies to [4]). By comparing the analyses, it is apparent that the role played by the

flavor chemical potentials in [5, 6] is related to the holonomy for the background U(1)R
gauge field controlled by the integer n0. For definiteness we refer to [5], where the flavor

chemical potentials were denoted by m1,m2. We find that the shift by −n0r
2 = 1

3 in the

variables (2.4) matches the particular choice m1 = m2 = 1
3 in [5]. To see why this is the

case, let us consider the superconformal index of N = 4 SYM, including chemical potentials

m1,m2 for the flavor symmetries with charge q1, q2:

IN=4 = Tr (−1)F e−β{Q,Q̄}+2πiσ(J1+ 1
2
Q)+2πiτ(J2+ 1

2
Q)e2πi(m1q1+m2q2) . (2.37)

We recall that Q generates the R-symmetry in the N = 1 superalgebra generated by the

supercharges Q, Q̄. In terms of the charges R1, R2, R3 generating the U(1)3 ∈ SO(6)R
symmetry, one has Q = 1

3(R1 +R2 +R3) and q1,2 = 1
2(R1,2 −R3). In order to recover the

universal superconformal index which only uses the symmetries generated by J1, J2 and

Q, one should set m1 = m2 = 0. In our notation, this corresponds to the n0 = 0 index.

On the other hand, the n0 = ∓1 index is retrieved from (2.37) by setting m1 = m2 = ±1
3 .

Doing so and using q1 + q2 = 3
2(Q−R3) as well as the relation R3

2 = −J1 (mod 1), one has

e2πi(m1q1+m2q2) = e±2πi(J1+Q
2

) (2.38)

and therefore

IN=4 = Tr (−1)F e−β{Q,Q̄}+2πi(σ±1)(J1+ 1
2
Q)+2πiτ(J2+ 1

2
Q) , (2.39)

which is indeed the n0 = ∓1 index discussed in section 1.

2.3 Superconformal N = 1 quiver gauge theories

In this section we will consider superconformal N = 1 quiver gauge theories, with gauge

group G =
∏ν
a=1 SU(Na), with Na = N for all a, and chiral fields transforming in adjoint

or bi-fundamental representations. To study the associated matrix models arising in the

Cardy-like limit we will mainly rely on the anomalies cancellation conditions and we will not

need to specify the details of the theories. This was expected because in the computation

of the index using the path integral representation [1, 16] the cancellation of the gauge

anomalies is a necessary consistency condition, while no detailed information about the

superpotential of the theory is required.

In quiver theories the weight vectors ρ are such that for any bi-fundamental field Φab,

ρΦab
ij · u ≡ u

ab
ij ≡ uai − ubj , (2.40)

where a, b label the two nodes of the quiver connected by the bi-fundamental Φab, and the

gauge holonomies uai , u
b
j are in the Cartan subgroups of the two SU(N) factors, respectively.

Chiral fields transforming in the adjoint representation of a gauge group, Φa, can be incor-

porated easily, and their associated gauge holonomies are ρΦa
ij · u ≡ uaaij ≡ uaij ≡ uai − uaj .
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For these theories the range of the uai implies uabij ∈ (−1, 1). Below we will assume again

that n0 = −1, while n0 = +1 can be treated analogously. With these preliminaries the

function V2 defined in (2.15) and controlling the leading term in the Cardy-like limit reads

V2 = −
N∑
i,j

∑
ab

κ
(
uai − ubj +

rab
2

)
, (2.41)

where the sum is over all bi-fundamental fields Φab and adjoint matter fields Φa, rab denote

the exact superconformal R-charge of Φab, with raa denoting the R-charge of Φa. In general,

these R-charges are algebraic numbers [39].

To proceed, we will now evaluate explicitly the functions κ(uai − ubj + rab
2 ) in the

intervals uai − ubj ∈ (−1, 1), focussing on a single chiral field, but bearing in mind the

anomaly cancellation conditions, that hold only after considering globally the complete

field content of the theory. Below we will denote the R-charge of the chiral field as r, and

the variable uai −ubj as x. In order to study the function κ(x+ r
2) in the interval x ∈ (−1, 1)

it is convenient to divide this in sub-intervals as in (2.34), but presently x → −x is not a

symmetry, and therefore the intervals will not be symmetric around x = 0.

For simplicity below we will make the additional assumption that the R charge of each

chiral field is in the range 0 < r < 1, which holds for infinitely many examples of N = 1

superconformal quiver gauge theories. These include the Klebanov-Witten model [40],

orbifolds of N = 4 SYM, as well as the Y p,q infinite family [41]. We begin recalling the

definition of the integer part

bx+
r

2
c =


−1 for x ∈ I−
0 for x ∈ I0

1 for x ∈ I+

(2.42)

where we defined for convenience the three intervals I− = (−1,− r
2), I0 = [− r

2 , 1−
r
2), and

I+ = [1− r
2 , 1). It is useful to define the function

f̂(x) ≡ −κ(x+
r

2
) +

r(r − 1)(r − 2)

4
, (2.43)

which is expanded out as

− f̂(x) =


2x3 + 3r2x

2 + 3r2

2 + 3rx2 + 3rx+ 3x2 + x for x ∈ I−
2x3 + 3r2x

2 + 3rx2 − 3x2 − 3rx+ x for x ∈ I0

2x3 + 3r2x
2 − 3r2

2 + 3rx2 − 9x2 − 9rx+ 13x+ 6(r − 1) for x ∈ I+

(2.44)

Summing the constant term in (2.43) over all the chiral fields in the quiver gives∑
i,j

∑
ab

1

4
rab(rab − 1)(rab − 2) =

1

4

(
TrR3 − TrR

)
, (2.45)

where we used the fact that the gaugini do not contribute to this linear combination of

’t Hooft anomaly coefficients. Notice that our assumption 0 < rab < 1 implies that each
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term in the sum above is positive, so that 32
9 (3c − 2a) = TrR3 − TrR > 0, in agreement

with [38]. The potential reads

V2 =
1

4
(TrR− TrR3) +

∑
ab

N∑
i,j

f̂(uabij )rab , (2.46)

where the subscript rab indicates that the function depends on the R-charge rab. Notice

that the functions (2.44) are continuous in (−1, 1), although they are not smooth at the

junctions x = −r/2 and x = 1− r/2.

We will now take advantage of the gauge anomaly cancellation conditions, in order to

simplify the form of the functions (2.44). For example, the term 2x3 is unchanged across

the interval (−1, 1) and is therefore the same for each chiral field contribution. We can

then implement the cubic gauge anomaly cancellation condition∑
ab

∑
i,j

(uai − ubj)3 = 0 , (2.47)

thus effectively removing the terms 2x3 from (2.44). Similarly, using the conditions∑
ab

∑
i,j

(rab − 1)2(uai − ubj) = 0 ,
∑
ab

∑
i,j

(uai − ubj) = 0 , (2.48)

we can subtract off (2.44) terms proportional to (r−1)2x and x, respectively. It is important

that these terms are subtracted in all the sub-intervals where f̂(x) is defined. We obtain

the expression

f̃(x) ≡ f̂(x) ' −3(r − 1)x2 +


−6(x+ r

2)2 for x ∈ I−
0 for x ∈ I0

6(x+ r
2 − 1)2 for x ∈ I+

(2.49)

where the symbol ' here indicates that the equality holds after using the conditions (2.47)

and (2.48), and the final form for the potential reads

V2 =
1

4
(TrR− TrR3) +

∑
ab

N∑
i,j

f̃(uabij )rab . (2.50)

Furthermore, using the ABJ anomaly cancellation condition
∑

ab

∑
i,j(rab − 1)(uabij )2 +∑

a

∑
i,j(u

aa
ij )2 = 0, we can also write the potential in the form

V2 =
TrR− TrR3

4
+ 6

∑
α∈∆+

(α · u)2 + 3
∑

I∈chirals

∑
ρI∈RI

ω
(
ρI · u+

rI
2

)
, (2.51)

where

ω(y) ≡ y(|y| − 1) + (y − 1)(|y − 1| − 1) , (2.52)

thus making direct contact with (2.17).
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Figure 2. The function f̃(x) for a chiral field Y in the Y 2,1 quiver gauge theory [41], with R-charge

r = 1
3

(
3
√

13− 9
)
' 0.605.

Each of the summands in (2.50) is defined in sub-intervals that depend on rab, so that

the complete potential will be defined in an unwieldy set of intervals. If the variables

uabij were independent, we could analyse the potential as we did in the simpler case of

N = 4 SYM. A generic example of function f̃(x) is plotted in figure 2: since f̃(x) has

the dominant saddle point at x = 0, this would then be the dominant saddle point of the

full V2. However, the uabij = uai − ubj with
∑

i u
a
i = 0, and a rigorous general analysis,

without any further assumptions, appears to be complicated. To proceed, below we will

first restrict attention to the classes of non-chiral theories, and then we will discuss more

general classes of theories within a simplifying ansatz for the gauge holonomies.

We now specialize to the class of non-chiral theories, maintaining the assumption that

all R-charges are less than 1. Examples include the Klebanov-Witten model, where all the

bi-findamentals have R-charges equal to r = 1/2; the N = 2, C2/Z2 × C orbifold theory,

where all the fields have R-charges r = 2/3; the La,b,a family [42–44] provides infinite

examples of non-chiral quivers with bi-fundamentals and adjoints, where the R-charges of

the various fields take different irrational values, all strictly less than 1.

Non-chiral quivers comprise only adjoint fields or pairs of bi-fundamentals in a repre-

sentation ρ and its charge conjugate −ρ, respectively. Assuming that charge conjugated

fields have equal R-charges, we can write the potential (2.50) as

V2 =
1

4
(TrR− TrR3) +

∑
ab

′
N∑
i,j

(
f̃(uabij )rab + f̃(−uabij )rab

)
, (2.53)

where now the primed sum is over all pairs of bi-fundamentals, or adjoints. For adjoint

fields we define the primed sum with an extra factor of 1
2 , to avoid double counting. We

can thus restrict attention to the function

f(x) ≡ f̃(x) + f̃(−x) , (2.54)
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and from (2.49) we find

f(x) =


−(r − 1)6x2 for |x| ≤ r

2
3
2r
(
−4x2 + 4 |x| − r

)
for r

2 < |x| ≤ 1− r
2

−(r − 1)6(|x| − 1)2 for 1− r
2 < |x| < 1

(2.55)

which is manifestly a positive, even function of x. For a non-chiral theory with all R-charges

less than 1 the complete potential thus reads

V2 =
1

4
(TrR− TrR3) +

∑
ab

′
N∑
i,j

f(uabij )rab , (2.56)

where the sum is over all pairs of bi-fundamentals stretching between nodes a and b, or

fields in the adjoint representation, for which the contribution has an extra factor of 1
2 , as

noted above.

From this we can immediately recover the result (2.34) for N = 4 SYM, taking ra = 2
3 ,

a = 1, 2, 3, and noting that the sum in (2.56) is over all i, j = 1, · · · , N . For any rab < 1

the shape of the potential is always a superposition of terms with the same shape as in

figure 1; in particular, the absolute minimum is at x = 0 and the two maxima at x = ±1/2.

This proves that for Re
(

i
στ

)
< 0, the Cardy-like limit of the index is dominated by the

saddle where all gauge holonomies vanish.

Finally, let us come back to the more complicated case of chiral theories, namely quivers

where not all bi-fundamental fields stretching from node a to b are accompanied by a field

stretching from b to a and having the same R-charge. We notice that taking the ansatz

that the gauge holonomies are equal for all the different nodes, i.e.

uai = ui ∀a , (2.57)

and with all R-charges satisfying rab < 1, then we can conclude that uai = 0 is the global

minimum of the potential within this ansatz. Indeed, with this ansatz we have uai − ubj =

ui − uj ≡ uij and the potential (2.50) can be written as9

V2 =
1

4
(TrR− TrR3) +

∑
ab

N∑
i<j

f(uij)rab , (2.58)

and for rab < 1 the second term is a sum of non-negative contributions, with the only zero

in uij = 0 ⇒ ui = 0. Although the ansatz uai = ui is certainly not exhaustive for general

quivers, it is well justified for particularly symmetric cases such as the orbifolds of N = 4

SYM (which have rab = 2/3), corresponding to arbitrary quotient singularities C3/Γ, with

Γ ∈ SU(3). A particular class of N = 2 orbifolds was discussed in a related context in [5].

9Note that, in contrast to (2.56), the sum over ab here runs over all the bi-fundamentals and for adjoints

the is no extra factor of 1
2
.
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3 The large-N saddle points of the superconformal index

In this section we analyze the saddle points of the integral representation (2.1) of the

superconformal index in the large-N approximation. We begin by writing the index in

a representation suitable for analyzing the saddle points for real values of u. As a check

we verify explicitly that this representation is the same as the Hamiltonian version of the

index. We present the saddle point equations in a large but finite-N theory. We find a

family of solutions to our saddle points equations for a class of N = 1 SCFTs. This includes

the solution u = 0 which we found in the previous section in the Cardy-like limit, which

reproduces the black hole entropy.

For ease of presentation we will write the index as follows,

I(σ, τ ;n0) =
1

|W|

∫ rank(G)∏
i=1

dui
∏
I

∏ ′

ρ∈RI

Γe
(
zI(u)|σ, τ

)
, (3.1)

where we recall our definition

zI = zI(u) = ρ · u+
rI
2

(
σ + τ − n0

)
, with ρ ∈ RI . (3.2)

In this equation, and throughout this section, the index I runs over all the multiplets of

the theory. This also includes the contribution of the vector multiplet which effectively

contributes as a chiral multiplet of R-charge r = 2. In addition we treat the zero roots of

the vector multiplet (corresponding to the Cartan elements) in a special manner because

they lead to zero modes as is well known. The prime on the product denotes that for the

Cartan elements we remove the zero modes and thus effectively replace the elliptic gamma

function by the prefactor containing Pochhammer symbols in equation (2.1), (2.2).

The representation of the elliptic gamma function that we will use in this section

requires us to restrict to the range of parameters

0 < Im(z) < Im(σ) + Im(τ) . (3.3)

This condition combined with (3.2) implies that 0 < r < 2. Therefore we cannot use it

as it stands for the vector multiplet for which r = 2. To avoid this we deform the theory

slightly by taking the R-charge of the vector multiplet to be 2 − ε, and correspondingly

deform all the other R-charges of the matter multiplets so that the anomaly cancellation

condition still holds. We then define the values of the integrals to be the limiting value

as ε→ 0. This regulator is related to the subtlety about the point u = 0 that was discussed

near equation (2.12) in the previous section. We will clarify this further below.

In the range of parameters (3.3) the elliptic gamma function can be rewritten in the

following manner [34, 45],

Γe (z;σ, τ) = exp
(
−S1(z;σ, τ)

)
, (3.4)

S1(z;σ, τ) =
i

2

∞∑
n=1

sin
(
πn(2z − σ − τ)

)
n sin(πσn) sin(πτn)

. (3.5)
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Using this representation we can write the index (3.1) as

I(σ, τ ;n0) =
1

|W|

∫ rank(G)∏
i=1

dui

 exp
(
−S(u)

)
, (3.6)

where the effective action of u ≡ {ui} is

S(u) =
∑ ′

I, ρ∈RI

S1(zI(u);σ, τ) , (3.7)

where the prime on the sum means that we treat the contribution of the Cartan elements

in the vector multiplet in a special manner as above. In particular this means that their

contribution is independent of u. Using the representation (3.5) we can write the effective

action as

S(u) =
i

2

∞∑
n=1

1

n

1

sin(πσn) sin(πτn)

∑ ′

I, ρ∈RI

sin
(
2πn (ρ · u+ δI)

)
, (3.8)

with

δI =
1

2
(rI − 1)(σ + τ)− 1

2
rI n0 , (3.9)

or, equivalently,

S(u) =
i

2

∞∑
n=1

1

n

1

sin(πσn) sin(πτn)
Im g(nu, nσ, nτ, nn0) , (3.10)

with

g(u, σ, τ, n0) =
∑ ′

I, ρ∈RI

exp
(
2πi (ρ · u+ δI)

)
. (3.11)

The above formula for the index is essentially the same one studied in [15, 18] forN = 1

SCFTs that can be reached via a Hamiltonian trace formula. Our function g(u) is related

to the “single-letter trace”, and the right-hand side of (3.10) is the plethystic exponential

acting on this trace. In order to demonstrate this explicitly, let’s consider the case of U(N)

gauge group and adjoint matter. In this case we have

g(u) =
∑
I

e2πiδI

N∑ ′

j,k=1

e2πi(uj−uk) =
∑
I

e2πiδI

N∑ ′

j,k=1

cos
(
2π(uj − uk)

)
,

⇒ Im g(u) =
∑
I

sin(2πδI)
N∑ ′

j,k=1

cos
(
2π(uj − uk)

)
.

(3.12)

The field content of N = 4 SYM in our N = 1 language consists of a vector multiplet

with10 R-charge r = 2 and three adjoint chiral multiplets with R-charge r = 2
3 . The sum

over I in (3.12) clearly factors out of the sum over i, j, and after a short calculation we reach∑
I

sin(2πnδI)

sin (πnσ) sin (πnτ)
= −2i

(1− wn)3

(1− an1 )(1− an2 )
, (3.13)

10We suppress our regulator ε here for the purposes of comparison.
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with

a1 = exp
(
2πiσ

)
, a2 = exp

(
2πiτ

)
, w = exp

( 2πi

3

(
σ + τ − n0

) )
. (3.14)

The effective action (3.10) can be now written as

S(u) =

N∑ ′

j,k=1

∞∑
n=1

1

n

(1− wn)3

(1− an1 )(1− an2 )
cos
(
2πn(uj − uk)

)
. (3.15)

This is the generalization to arbitrary n0 of the effective action studied in [15] in the case

when the chemical potentials of the three R-charges are equal.

3.1 The continuum matrix model and its saddle points at large N

The above representation of the effective action contains O(N2) terms in the sum over the

weights ρ, and so we can use the saddle point approximation to evaluate the integral (3.1)

at large N . To see this more precisely, we write the index as an integral over N × N

matrices U [46],

I(σ, τ ;n0) =
1

|W|

∫
[dU ] exp

( ∞∑
n=1

1

n

∑
I

zRI (nσ, nτ, nn0)χRI (U
n)

)
, (3.16)

where χR is the character defined as the trace of the group element U in the representa-

tion R, and zR is the single-letter index trace in the representation R. For U(N) gauge

groups with adjoint matter χRI (U
n) = trUn tr (U †)n. Similarly if we have product gauge

groups and bi-fundamental matter we will have a product of two traces in the action. These

are the types of theories we analyze in this paper. The product of two traces leads to an

overall N2 in front of the action, so that at leading order in the large-N approximation we

simply have to extremize the action.

One can analyze the large-N limit, as in [15, 46, 47], by promoting ui to a continuous

variable u(x) and replacing the sum over i by an integral over x. We can further replace

the integral over x by an integral over u with a factor of the density µ(u) = dx
du which obeys

a normalization condition.11 In this limit, we obtain the following effective action,

S = N2

∫
du dv µ(u)µ(v)V (u− v) , (3.17)

with the pairwise potential V taking the form

V (u) =
∞∑
n=1

1

n
Vn(u) , (3.18)

11In order to avoid any confusion, we note that in our notation e2πiu labels eigenvalues of the matrix U .

This leads to a Jacobian factor which has already been taken into account while writing the integral (3.1) [1].

Also the density of eigenvalues is often denoted by ρ(u), but we have already used ρ to denote the weights

of the representations so we use µ(u) for the eigenvalue density.
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where the value of Vn can be read off, for example, from the action (3.8). For the case

of N = 4 SYM one has

Vn =
(1− wn)3

(1− an1 )(1− an2 )
cos
(
2πnu

)
. (3.19)

The saddle point equations for ui can be written in the continuum representation as follows,∫
dv V ′(u− v)µ(v) = 0 . (3.20)

This equation was interpreted in [46] as a balancing condition for an extra eigenvalue in

the equilibrium configuration.

Now we move to the analysis of the saddle point equations. Our effective action is

completely governed by the function g(u) as shown in (3.10). From this representation we

see that the saddle point equations (3.20) are solved by

g′(u) ≡ δg

δu
=

∫
dv V ′1(u− v)µ(v) = 0 . (3.21)

Let us focus for now on the adjoint representation for which g is given in (3.12) (after

promoting the sum over j, k to integrals). Using the fact that the sine function has vanishing

zero mode, it is clear in this case that the uniform distribution µ(u) = µ0 is a solution of

the equation (3.21). At the other extreme, the distribution µ(u) = δ(u) is also a solution

to the saddle point equations because the sine function vanishes at the origin. An analysis

of the competition between these types of saddles was performed in [46] in the context

of the partition function of SYM at finite temperature. For the case of the index, when

the chemical potentials are restricted to be purely imaginary, the paper [15] showed that

the absolute minimum of the effective potential is zero, and it is achieved by the uniform

distribution, thus bypassing the need to analyze all saddle points. For the case of arbitrary

chemical potentials on the other hand, we have to look for other saddles, and that is what

we now turn to.

In fact we go back to the original discrete problem and analyze the saddles for real

values of u. As we shall see there are many saddles which interpolate between the two

mentioned above. We note, however, that our saddle point solutions can be translated

back into the continuum language as done above for the two extreme saddles.

3.2 Large-N saddle points of the discrete model

In our original variables ui, the saddle point equations for a generic theory are given by

∂ujS(u) = 0 , j = 1, . . . , N . (3.22)

Recalling that u is real variable, we see that these equations are solved by

gj(u) := ∂ujg(u) = 0 , j = 1, . . . , N . (3.23)

(The specific form of g in (3.11) ensures that a solution to gj(u, σ, τ, n0) = 0 is also a solution

to gj(nu, nσ, nτ, nn0) = 0 for n ∈ Z.) In this paper we only focus on solutions to (3.23) and

do not attempt to classify all the saddle points of the effective action. As we shall see in the

following, we find a particular solution to (3.23) for which the index (3.1) has an asymptotic

growth of states that equals the entropy of the black hole in the Cardy-like limit.
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U(N) gauge group. Let us begin with the case that the gauge group is U(N) and all

matter is in the adjoint representation (this of course includes the case of N = 4 SYM).

In this case g(u) is given by (3.12) and its derivatives are given by12

gj(u) = 2πi
∑
I

e2πiδI

N∑
k=1

(
e2πi(uj−uk) − e2πi(uk−uj)

)
= −4π

∑
I

e2πiδI

N∑
k=1

sin
(
2π(uj − uk)

)
.

(3.24)

The saddle point equations are thus solved by the solutions to

N∑
k=1

sin
(
2π(uj − uk)

)
= 0 , j = 1, . . . , N . (3.25)

We now look for solutions to the equations (3.25). Clearly the configuration uj = 0,

j = 1, . . . , N is a solution. This corresponds to a distribution in which all the eigenvalues

are clumped together at one point. Using the fact that the N th roots of unity add up to

zero, it is also easy to see that the configuration uj = j
N −

1
2 , j = 1, . . . , N , solves the

system (3.25). This latter solution corresponds to a uniform distribution of eigenvalues

in the unit interval. There are also other solutions which lie between these two extremes.

Thinking of 2πui as angles, we can plot them on a circle of unit radius. A configuration

in which the variables ui coincide with the vertices of a regular polygon inscribed in this

circle with an equal number of them at each vertex of the polygon is a solution to the

equations (3.25).

More precisely, choose a divisor K of N , and consider the set of points

PK =

{
j

K
+ cK , j = 1, . . . ,K

}
, (3.26)

where cK is a real constant (which can be chosen so as to bring all the values of u to

the range (−1
2 ,

1
2 ]). In the complex plane w = e2πiu these K points label the vertices of a

regular K-gon (see figure 3 for an example with N = 8 and cK = 0). It is easy to check that

the configuration where all the variables ui take values in PK with an equal number N
K

of them at each vertex of the polygon solves the equations (3.25). The solutions with

larger K describe a more spread out distribution of eigenvalues. In particular, the solution

with K = N corresponds to a uniform distribution of eigenvalues and K = 1 correspond to

a configuration when all the eigenvalues clump together at one point, as discussed above.

We discuss the action of the various solutions in more detail in the next subsection.

The result is that the completely clumped solution u = 0 is the dominant solution, while

the partially clumped or uniform distribution is subleading in the large-N limit.

12The prime on the summation symbol can be dropped because the Cartan elements give a contribution

independent of u and therefore do not contribute to the derivative.
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Figure 3. N = 8 K-gon solutions with K = 8, 4, 2, 1. The vertices represent clusters of N/K

eigenvalues in the complex plane e2πiu.

Quiver theories. Now we move to theories with gauge groups G =
∏ν
a=1 U(Na) and

find the saddle points as above. We take each Na to be large. We further assume that the

matter is in the adjoint or bi-fundamental representations of the gauge group such that

the theory is anomaly-free. Within these assumptions we will find a set of saddle points,

similar to the above analysis for U(N) gauge groups. The quiver diagram has ν nodes, and

at each node a we have the gauge group U(Na). We label the Cartan elements of the gauge

fields as uaj , a = 1, . . . , ν, j = 1, . . . , Na. The matter multiplets are described by arrows

connecting pairs of modes (a, b). The nodes a and b are connected by σab arrows pointing

from a to b and σba arrows from b to a. Each arrow represents one chiral multiplet in a

bi-fundamental representation of U(Na)×U(Nb) with R-charge rab.

The function g is now given by

g(u) =

ν∑
a,b=1

σab e2πiδab

Na∑ ′

j=1

Nb∑ ′

k=1

e2πi(uaj−ubk) , (3.27)

with

δab =
1

2
(rab − 1)(σ + τ)− 1

2
rab n0 , (3.28)

and its derivatives gja(u) := ∂uaj g(u) are given by

1

2πi
gja(u) = σaa e2πiδaa

Na∑
k=1

sin(2π(uaj − uak)) +

+
∑
b 6=a

(
σab e2πiδab

Nb∑
k=1

e2πi(uaj−ubk) − σba e2πiδba

Nb∑
k=1

e2πi(ubk−u
a
j )

)
.

(3.29)

We show in appendix A that these equations admit solutions with partial or no clump-

ing behaviour for a generic quiver. The action of these solutions vanishes at large N exactly

as in the U(N) case. In order to check whether the completely clumped configuration u = 0

is indeed a solution, we now specialize to a couple of cases.
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Non-chiral quivers. This is a class of theories in which each arrow from a to b is

accompanied by an arrow from b to a. In this case σab = σba and δab = δba, which leads to

g(u) =

ν∑
a,b=1

σab e2πiδab

Na∑ ′

j=1

Na∑ ′

k=1

cos
(
2π(uaj − ubk)

)
,

gja(u) = −4π

ν∑
b=1

σab e2πiδab

Nb∑
k=1

sin
(
2π(uaj − ubk)

)
.

(3.30)

Our solutions from the U(N) case carry over easily. In particular, the completely clumped

configuration uaj = 0, j = 1, . . . , Na, a = 1, . . . , ν, clearly solves the saddle points.

Chiral quivers with equal R-charges. In the case when the R-charges of all the

matter fields are equal (the orbifold theories Y p,0 and Y p,p fall into this category), it

follows from (3.9) that δab = δ, a constant. In that case, the configuration uia = 0 is a

solution to the equations gia = 0. To see this, note that in this case

gia(u = 0) = e2πiδ
∑
b 6=a

(
σab − σba

)
Nb , (3.31)

which vanishes due to anomaly cancellation in the quiver theory.

Other gauge groups. In all the above analysis we have discussed U(N) gauge groups,

but a similar analysis can be done for other gauge groups with appropriate modifications.

In particular, the configuration u = 0 is a saddle point for all gauge groups and, for a

theory where U(N) is replaced by G, the action at the saddle point is of the same form

as (3.41), with the replacement N → rank(G).

For example, the effective actions of N = 4 SYM with gauge groups SU(N), SO(N),

Sp(2N) are as follows. Using the usual notation of the classification of the corresponding

algebras AN = su(N + 1), BN = so(2N + 1), CN = sp(2N) and DN = so(2N) (N > 3),

we have

SG(u) =
i

2

∑
I

′
∞∑
n=1

sin
(
2πδIn

)
n sin (πσn) sin (πτn)

ΞG(nu), (3.32)

with

ΞAN (nu) = 2

 N+1∑
i<j=1

cos
(
2πn(ui − uj)

) ,

N+1∑
i

ui = 0, (3.33)

ΞBN (nu) = 2

 N∑
i<j=1

cos
(
2πn(ui + uj)

)
+

N∑
i=1

cos
(
2πnui

) , (3.34)

ΞCN (nu) = 2

 N∑
i<j=1

cos
(
2πn(ui + uj)

)
+

N∑
i=1

cos
(
4πnui

) , (3.35)

ΞDN (nu) = 2

 N∑
i<j=1

cos
(
2πn(ui + uj)

) . (3.36)
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We can check that our K-gon solutions, K ≥ 1, are real saddles of all such effective actions

S(u). In particular u = 0 (K = 1) is a solution. For the SU(N) theory one starts from

the integrand of a U(N) theory plus a term proportional to the Lagrange multiplier Λ

that multiplies the “trace”
∑N

i=1 ui. The variation of the effective action with respect to Λ

imposes the tracelessness constraint. The saddle-point conditions for ui with i = 1, . . . , N

are satisfied by our K-gon ansatze with K|N and the choices

Λ = 0 , and cK = −K + 1

2K
. (3.37)

3.3 Saddle-point evaluation of the integral and the Cardy-like limit

Now we discuss the effective action evaluated at the saddle points that we found in the

previous subsection. For the U(N) theory, we see from (3.12) that the value of the func-

tion g(nu) at the saddle points labelled by K is proportional to

K∑ ′

j,k=1

e2πin(j−k)/K . (3.38)

Since the contribution of the Cartan elements is suppressed by a factor of 1/N compared

to the full summation, we can use the full summation at leading order in large N . The full

summation can be evaluated easily to be

K∑
j,k=1

e2πin(j−k)/K = K2
∑
c∈Z

δn,cK . (3.39)

This allows us to write the effective action, at leading order in large N , of the solutions

with K > 1 in terms of the solution with K = 1. For the case K = 1 we simply have u = 0,

which implies that, in the large-N limit,

g(0, σ, τ, n0) =
∑ ′

I, ρ∈RI

e2πi δI = N2
∑
I

e2πi δI . (3.40)

Using (3.8), (3.9), this leads to the effective action, in the large-N limit,

S =
i

2
N2

∞∑
n=1

1

n

∑
I

sin
(
πn((rI − 1)(σ + τ)− rI n0)

)
sin(πσn) sin(πτn)

, (3.41)

while for generic K we have

S(K) =
i

2

N2

K

∞∑
n=1

1

n

∑
I

sin
(
πnK ((rI − 1)(σ + τ)− rI n0)

)
sin(πσnK) sin(πτnK)

. (3.42)

Thus we see that the K > 1 solutions are suppressed by e(1− 1
K

)N2
compared to the lead-

ing K = 1 solutions. For the quiver theories we can do a similar analysis to show that the

action has a form which is quadratic in the Na. In the case where the ranks are all equal,

the action takes a form similar to (3.41) with an overall factor of N2.
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Our result so far is that the effective action at the saddle point u = 0 is of the

form (3.41). It is important to note that we have only analyzed the saddles at real values

of u so far. In fact we find that there are also other saddles with complex values of u. For

generic values of chemical potentials σ, τ , we find that the black hole entropy is reproduced

by a saddle with non-zero imaginary part. These conclusions seem to go along the lines of

the results of [4] obtained by analyzing a different set of equations coming from the Bethe-

ansatz approach. We will present the details of this analysis in a forthcoming publication.

Now we proceed by going to the Cardy-like limit σ, τ → 0 on top of the large-N limit.

In the method used in section 2, recall that we had to treat the point u = 0 carefully

because it is a zero of the integrand of (2.1) (because of the contribution of the vector

multiplet which has r = 2). The way we dealt with this in section 2 is to estimate the

integrand with confidence outside a small hole of size υ around u = 0 (as prescribed by the

theorem of [37] that we use). Using this estimate we find a function which is highly peaked

near u = 0 for distances larger than υ. Although the actual function vanishes at υ = 0, the

uniformly converging estimate of [37] tells us that the integral is actually dominated by the

limiting value of the function as we approach u = 0. In this section we have used a different

regulator, by explicitly deforming the R-charges away from 2. Although our concern was

the applicability of the representation (3.4) we note that these two issues are related — we

can see this explicitly by noting that the sum (3.5) diverges at r = 2 and u = 0. This gives

us confidence in our regulator in order to evaluate the Cardy-like limit.

As we now show we can also reach the leading singular behavior in the Cardy-like

limit, to which we will refer as the extreme Cardy-like limit, directly from the action (3.41)

for the leading saddle point. In order to see this we note that, up to the overall factor

of N2, the action (3.41) is a sum over the different multiplets of the infinite sum S1 written

in (3.5), with the z variable fixed by the R-charge of the multiplet. In this limit the sum

reduces to

S1(z;σ, τ) =
i

2

∞∑
n=1

sin
(
πn(2z − σ − τ)

)
n sin(πσn) sin(πτn)

,

−→ i

2

∞∑
n=1

sin(2πnz)

π2 n3 στ
as σ, τ → 0. (3.43)

Note that the right-hand side of (3.43) converges if and only if z is real. In the extreme

Cardy-like limit we have precisely this situation. Indeed the relevant values of zI in the

limit reduce to

zI(ρ, u = 0) =
rI
2

(
σ + τ − n0

)
−→ −rIn0

2
. (3.44)

Now we use the formula
∞∑
n=1

sin(2πnz)

n3
=

2π3

3
B3({z}) , z ∈ R , (3.45)

where {z} = z−bzc is the fractional part of z as before, and B3 is the Bernoulli polynomial

B3(z) =

(
z − 1

2

)3

− 1

4

(
z − 1

2

)
= z3 − 3z2

2
+
z

2
. (3.46)
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The formula (3.45) can be proved in an elementary manner by calculating the Fourier

expansion of the polynomial B3 for the range z ∈ [0, 1] and then extending it by the

periodicity of the left-hand side.13 Thus we obtain, in the extreme Cardy-like limit,

log Γe

(
zI , σ, τ

)
−→ − πi

3στ
B3

({
−rIn0

2

})
, (3.48)

which is consistent with (2.7) (note that κ(x) = 2B3({x})), thus giving the total action

S −→ −N2 πi

3στ

∑
I

B3

({
−rIn0

2

})
. (3.49)

Noting that the order of the Weyl group obeys log |W| = N logN which is subleading in N

compared to the leading N2 contribution, this leads to the black hole entropy at large N .

Similarly, using the action (3.42), we find that the action for the K-gon saddles in this

limit is

S(K) −→ −N
2

K3

πi

3στ

∑
I

B3

({
−KrIn0

2

})
. (3.50)

Note that the factor of K inside the argument of the periodic function B3({x}) does not

contribute to the scaling of the growth with K.
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A Saddle points with partial or no clumping for generic quivers

In this appendix we show that the generic quiver theories discussed in section 3.2 have

saddles with partial or no clumping behaviour, as in the U(N) case.

It is convenient to first set up some notation and summarise a useful property of the

exponential function. We define the set

PK =

{
j

K
+ cK , j = 1, . . . ,K

}
, (A.1)

13The Bernoulli polynomial also obeys the identity

− (2πi)3

3!
B3(z) = Li3(e2πiz)− Li3(e−2πiz) . (3.47)

Upon writing the sine function in the series (3.43) as a difference of two exponentials, one gets two series

which formally agree with those for Li3(e2πiz) and Li3(e−2πiz), and it is tempting to try to reach (3.45)

in this manner. However, this series representation for the polylogarithm only holds for z in the upper

half-plane and therefore at most one of the two series converges. It is not clear to us how to proceed along

that route. The steps we take to go from (3.43) to (3.48) avoid this problem as long as we stay in the

extreme Cardy-like limit.
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with c an arbitrary constant. This set of numbers obeys the following property,∑
u∈PK

exp
(
±2πi(u+ δ)

)
= 0 , K > 1 , δ ∈ R , (A.2)

and, relatedly, ∑
u∈PK

sin
(
±2π(u+ δ)

)
= 0 , K > 1 , δ ∈ R . (A.3)

In the main text we saw that the saddle equations for matter in the adjoint of U(N)

are solved by solutions to

N∑
k=1

sin
(
2π(uj − uk)

)
= 0 , j = 1, . . . , N . (A.4)

For any K|N , the configuration uj ∈ PK , j = 1, . . . , N , with an equal number N/K at each

element of the set is a solution to the equations (A.4). For K = 1 this is because uj − uk
vanishes for all pairs and the sine function vanishes at the origin. For K > 1 we use the

property (A.3) with δ = −uj .
For generic quivers of the type discussed in section 3.2, we have to analyze the equations

given by (3.29), i.e., for a = 1, . . . , ν, i = 1, . . . , Na,

0 = σaa e2πiδaa

Na∑
j=1

sin(2π(uai − uaj )) +

+
∑
b 6=a

σab e2πiδab

Nb∑
j=1

e2πi(uai−ubj) − σba e2πiδba

Nb∑
j=1

e2πi(ubj−uai )

 .

(A.5)

Given a set of divisors {Ka; Ka|Na} and Ka > 1, a = 1, . . . , ν, the configuration in

which uaj ∈ PKa with an equal number Na/Ka at each element of the set is a solution

to the equations (A.5). To see this we use the property (A.3) with Ka|Na and δ = −uai for

the first line of (A.5), and the property (A.2) with Kb|Nb with δ = −ubi for each term sep-

arately of the second line of (A.5). The action of these solutions can be found by plugging

them into the function g defined in (3.27).
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