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1 Introduction and summary

Recently, a very interesting non-relativistic string sigma model on stringy Newton Cartan
geometry was proposed in [1].! This is ultraviolet finite theory which provides a quanti-
zation of stringy Newton-Cartan geometry in the same way as relativistic string theory
provides quantum description of General Relativity. This model is generalization of the
non-relativistic string theories that were proposed in [4, 5]. These theories are invari-
ant under string Galilean global symmetry and their characteristic (and crucial) property
is an existence of two additional world-sheet fields beyond those parameterizing target
space coordinates. The non-relativistic string sigma model proposed in [1] couples non-
relativistic string to background fields which are vielbein fields, Kalb-Ramond two form
field and dilaton.

Another very interesting result that was found in [1] is related to the T-duality of
non-relativistic string sigma model on an arbitrary string Newton-Cartan background.
Due to the foliation of stringy Newton-Cartan structure there are two distinct T-duality
transformations-transverse and longitudinal. These T-duality transformations were ana-
lyzed in the context of Lagrangian formalism with interesting results derived. It was shown
that in the case of T-duality along longitudinal spatial direction we find world-sheet theory
that corresponds to relativistic string propagating on Riemannian manifold with a com-
pact lightlike isometry. This is a very intriguing result with possible important application
for definition of discrete light cone quantization (DLCQ) of string theory. More precisely,
DLCQ is defined as a quantization of theory compactified on light-like circle. In practise
this is performed with the subtle limit of compactification on space-like circle [8-10]. Then
we can hope that the result derived in [1] could be useful for an alternative definition of
DLCQ of string theory on arbitrary Lorentzian background with lightlike isometry.

IFor alternative approach to non-relativistic string in Newton-Cartan background see two recent inter-
esting papers [2, 3].



This fact is a very promising since it opens a new intriguing direction in the study of
M-theory and its DLCQ description [6-8]. For that reason we mean that T-duality in the
context of non-relativistic string theory on stringy Newton-Cartan background deserves
further study. This is the goal of this paper when we would like to give a canonical
description of T-duality of non-relativistic string. In fact, it is well known that in case of
relativistic string, T-duality can be also interpreted as canonical transformation [11, 12]. In
this paper we show that the same is true in case of non-relativistic string theory on stringy
Newton-Cartan background. In order to do it we have to use the Hamiltonian form of the
model [1] that it was found in [13]. With the help of this Hamiltonian we define T-duality
as a canonical transformation. We focus on two physically different T-dualities: T-duality
in longitudinal spatial direction and T-duality in transverse direction which have the same
description in the canonical formalism. Performing these T-duality transformations we find
T-dual Hamiltonian. Then in order to find explicit form of the transformed background field
we derive corresponding Lagrangian and we find agreement with [1] in case of longitudinal
spatial and transverse T-duality transformations. Explicitly, we find that T-duality along
longitudinal spatial direction leads to T-dual relativistic string on the background with
isometry in light-like direction while in case of T-duality in transverse direction we obtain
again non-relativistic string in T-dual background. We mean that this is a very nice result
that again shows how canonical treatment of T-duality transformation can be powerful.

We also discuss canonical description of another T-duality transformations that were
analysed in [1]. The first one is longitudinal light like T-duality and we show that non-
relativistic string is mapped into non-relativistic string with light-like isometry. However
the precise matching between canonical and Lagrangian description of this transformation
is achieved when we perform redefinition of the Lagrange multipliers that are presented in
the action for non-relativistic string [1]. Similar situation was previously observed in [1] in
case of the longitudinal spatial T-duality where relativistic string with light-like isometry is
mapped under T-duality to different non-relativistic strings that are related by redefinition
of Lagrange multipliers. Finally we discuss transverse T-duality transformation where an
isometry is along transverse spatial direction. In this case non-relativistic string is mapped
under T-duality to non-relativistic string with agreement with [1].

The structure of this paper is as follows. In the next section (2) we review basic
facts about stringy Newton-Cartan background and string sigma model together with its
canonical formulation. In section (3) we introduce T-duality as canonical transformation,
following [11, 12] and perform T-duality transformation along longitudinal spatial direction
and determine background fields. In section (4) we perform T-duality along longitudinal
light-like isometry and we analyze its properties. Finally in section (5) we perform canonical
analysis of transverse T-duality.

2 Review of stringy Newton-Cartan geometry

Let us define string Newton-Cartan geometry following [1]. Let M is D 4 1 dimensional
manifold and let 7, is tangent space at point p. We decompose 7, into longitudinal direc-
tions indexed by A = 0, 1 and transverse directions with A’ = 2,...,d—1. Two dimensional



foliation of M is defined by generalized clock function THA that is also known as longitudinal
vielbein field that satisfies a constraint

Dyr,* =Dyt =0, (2.1)

where D), is covariant derivative with respect to the longitudinal Lorentz transformations
acting on index A. Let us also introduce transverse vielbein field £ MA,. We further introduce
projective inverse 7", and E",, that obey following relations

A Al B B
EN EuB/ == 63’ 5 T#ATM = 5A (22)
and also
A_v A v v i A App
T, T+ B, By =0, TLWE,S =0, T, B, =0. (2.3)
From T#A we can construct longitudinal metric 7, = TuATl,BnAB and transverse metric

L A'B’
HW = B EVg, 07 7.

It is clear that in order to define string moving in stringy Newton-Cartan background
we need tensor H,,,. It was shown in [1] that such a tensor has the form

H,, = EHA,EVB,cSA/B/ + (TMAmVB + TVAmHB)’OAB ) (2.4)

Now we are ready to write an action for non-relativistic string in this background [1]. It
turns out that this action contains world-sheet scalars z* that parameterize an embedding
string into target space time together with two additional world-sheet fields that we denote
as A and X. These fields are needed for the realization of string Galilei symmetry on the
world-sheet theory.

Now we will be more explicit. Let ¢% 0% = 7,0! = ¢ parameterize world-sheet
surface ¥. The sigma model is endowed with two dimensional world-sheet metric h,g and

we introduce two dimensional vielbein e, ,a = 0,1 so that
hap = eaaeﬁbnab . (2.5)
Using light cone coordinates for the flat index a on the world-sheet tangent space we define
eca=eltel, en=el—cl. (2.6)

We can also use light-cone coordinates for the flat index A on the space-time tangent space

T, and define
=Tl 4T = -t 27)

Then we are ready to write sigma model for non-relativistic string on an arbitrary string
Newton-Cartan geometry, NSNS two form and dilaton background in the form

T _
S = -5 /dza(\/ —hhaﬂaaaz“((?gaz” w + eaﬁ()\eoﬁu + e T, )0pat)
T 1
—2/d206a’88a$u813$’/3“y + 4/d20\/—hR<I>, (2.8)
T



where h = det hog, h®P is inverse to hga, R is scalar curvature of hog and T is string
tension. In what follows we restrict to the case of constant dilaton field so that the last
term on the second line is total derivative and will be ignored. In other words, since we
restrict ourselves to the classical canonical analysis we cannot determine transformation

rules for dilaton under T-duality transformations.

2.1 Hamiltonian for string in stringy Newton-Cartan geometry

In our previous work [13] we performed Hamiltonian analysis of string in stringy Newton
background. We found that the Hamiltonian is sum of two first class constraints H,, H,
that have the form

H, = %WHHWW,, + T2 H,pa™ — WuH”V()\+Ty +A77)
+Ta™ (A1, — A7) + %(A*m + AT T)HY A T+ AT,
Ho = 2Mpu, wu=pu+TBux"”, 2" =0,a", (2.9)
where the matrix H*” is inverse to H,, so that H,, H"? = §}, with following explicit form
HW = g — 34 (& )ABs, - HWH,, =68, (2.10)
where we introduced 7#, defined as
o= 7H h“pmanBA ) (2.11)

Further, we also defined 2 x 2 matrix (®~1)48 with following explicit form

_ 1 ®11 —Po1
e NHAB = . 2.12
(@) det ®4p (—%1 NN > (2.12)

Clearly (®~1)48 is the matrix inverse to the matrix valued Newton potential that is de-
fined as

Qup = _TOAmaCnCB - nAcmpCTp Bt nACmpChpUmaDnDB . (2.13)

Finally, At, A\~ are two world-sheet scalar fields which are related to A, A, for more details
see [13]. Since AT, A~ are non-dynamical their conjugate momenta are primary constraints
and the requirement of their preservation implies an existence of two secondary constraints
in the form

T
gi =n, "1, — T.’L‘/H‘TM — ETuH“”()\JFTU +A°7)~0,
T
G) = m, H"7, + Ta'"7, — §%MHW()\+TV + A7) ~0. (2.14)

These constraints are second class constraints together with momenta conjugate to A, \™.
Then it was shown in [13] that these constraints can be solved for AT and \~. Plugging



these solutions to the original Hamiltonian constraint we obtain Hamiltonian constraint
corresponding to the non-relativistic string action that was proposed in [14].

Finally we should also say few words about redefinition of the Lagrange multiplicators
AT, A7. The best way how to perform this analysis is to switch to the Lagrangian formalism
of non-relativistic string action. In fact, with the help of (2.9) we obtain

2N
Oyt = THWW” — H" (A1, + A7 7,) + N9, zt (2.15)

and hence Lagrangian density has the form

L = pu0rat — NH, — N"H,

NT NT
= Tan“H;u/vnl‘y + Tvnfﬁ‘u()\—i_’ru + )\_7_—#) — TN&,x”HW(%x”

—TN@Ux“()\JFTM — A7) = TB,,0:5" 02",

Vot = %(87:1;“ — N%0,zt), (2.16)

where we used the fact that (2.15) implies
T T
T = 5 Huy Vnz” + 5()\+TM + A7) . (2.17)

To see that the Lagrangian defines non-relativistic string theory let us solve the equation
of motion for AT and A\~ respectively

Vaatr, — 20,21, =0, Vuah'7, +20,2"7, =0 . (2.18)

If we multiply the first equation with 7,0,2* and the second one with 7,0,2" and sum
them we obtain
Vot 1, 7,057 + Vot 7,7,0,2" =0 (2.19)

that can be solved for N7 as

N = :T—g, ToaB = TMATVBnABOQx“@gx” . (2.20)
TT

On the other hand when two equations given in (2.19) multiply together and use (2.20)

N = Yodetr (2.21)

2To0

we obtain

Inserting these results into (2.16) we finally obtain

T
S = —5\/—det TaﬁTaBHag — TB,,, 072" 02", (2.22)
where 7%% is matrix inverse to Tog and H,g = H,,0,2"0sx”. The Lagrangian

density (2.22) is Nambu-Gotto formulation of non-relativistic string theory, see for
example [1, 4].



Let us now return to the Lagrangian density (2.16) and perform following redefinition
of world-sheet modes A1, A\~

AV = CAY 4+ V2 Y+ 20,2MY )
AT =CN + V'Y, —20,2MY, (2.23)

where C, Y:[, Y, are arbitrary functions. Under such a redefinition the Lagrangian den-
sity (2.16) takes equivalent form

NT NT < N
L= = Vaa Hy Vna” + ==V (Nl + A7) = TNOat H 050"

—TNOpa" (N7t — X\~ — TBE 0,2+ 0,2 , (2.24)
where we have following background fields

Tf =C7y, ff:Cﬂ“
HfY = Hy+7,Y) +Yin +7.Y, +Y, 7,
BE = B —7,Y - Yin +7,Y, - Y, 7 . (2.25)

In the next section we will analyze the question how these Lagrangian densities for non-
relativistic strings which are related by redefinition of the Lagrange multipliers map under
longitudinal spatial T-duality transformations.

3 T-duality in canonical formalism

In this section we present canonical analysis of T-duality for non-relativistic string. Due
to the non-trivial foliation of target space-time we have to distinguish between T-duality
transformations in the longitudinal and transverse directions. However we will see that
these two transformations have the same treatment in the canonical formalism. Let us
start our analysis with longitudinal spatial T-duality transformation.

3.1 Longitudinal spatial T-duality transformation

Following [1] we presume that non-relativistic theory possesses longitudinal spatial Killing
vector k* that obeys the relation

k=0, T,k £0, EAKE=0. (3.1)

It is convenient to introduce coordinate system (y, %) adapted to k* such that k*0, =
0y. It is important to stress that x* contains longitudinal coordinate. Then the previous
condition implies

,0=0, 7,040, EA=0, 7,=-7#0. (3.2)

Finally, in adapted coordinates all background fields are independent on y. As a result the
theory is invariant under shift

Yy — y+e,e=const . (3.3)



Our goal is to perform canonical transformation from y to ¢ in the same way as in case of
relativistic string [11, 12]. As was shown there the generating function has the form

G(y,9) = g / do (959§ — y9s7) - (3.4)

Let us denote momentum conjugate to ¢ as pj. Then from the definition of the canonical
transformations we derive following relation between y and pj in the form

oG
~:—7:—TU’
Py 5 Oy
oG
=2 = _T8,7 . .
Py =g o (3.5)

With the help of these relations we obtain dual Hamiltonian when we replace d,y with
—%pg and p, with —T0,y. Explicitly, using the constraints given in (2.9) we obtain T-

dual constraints in the form

M = %(kz‘ — Biypy)H (kj — Bjypy) + %(—Tﬂ' +TByx"™)HY (ki — Bigpg)
—|—%(—T@’ + TByix’i)Hyy(—ng' + TByj:(:’j) + %ngyypg — ngHij’j + T:U’iHijx’j
—(=T§ + TByix" Y HY (\T1, + A7) — (=T + TByix YHY (X1 + A7 7))
~(ki = Biypg) HY (X7 + X77) — (ki — Biypg) HY (X" 1, + A7 7)
+T2" (ANt = A7) —py(A Ty — A7) + %(A*m +ATT)HY (N, AT,
HE = a"pi+ 'y, (3.6)

where k; = p; + TBij(%wj . We see that it is very difficult to find T-dual background fields
from this form of the Hamiltonian which is a consequence of the fact that symmetries are
usually hidden in the canonical formalism. On the other hand symmetric structures and
forms of the background fields naturally emerge in the Lagrangian formalism so that we
should determine Lagrangian density corresponding to T-dual constraints (3.6). To do this
we determine time evolution of z* and § using T-dual Hamiltonian in the form

HT = / do(NHL + N1, (3.7)
where HI, HI are given in (3.6). Explicitly we obtain
. , ON .. 2N . :
Orx' = {a', H'} = 5 H(kj = Bjypy) + TH”’(—T@’ + T By;x")

—NHY(\T7;+A77) = NHY(ATr, + A7) + N7a",

~ ~ 2N . IN ) ‘ ‘
2N i N
o Huwpy — 2N Hyja" + N By HV (X' + A77)
+NBy HY (A 'y +A77) = N\ = A7) + N7 . (3.8)



From the last equation we can express p; as

———— (Y + Bj, X7 + 2N H, ;27 + N(\Tr, — \77,)), (3.9)
vy

Py =
where we defined
Xi=i' -~ N2 Y =y-N° . (3.10)

In case of k; the situation is more involved since we have to find metric inverse to HY. It
turns out that it has the form

H, H,;
hi = H;j — —2-Y% (3.11)
1] 1) Hy,y
For further purposes we write following relation
. o
hyHIY = - (3.12)
Yy

that follows from the definition of h;;. With the help of the inverse metric we find corre-
sponding Lagrangian density

L' = pyo-jj + pid-x' — H'

T N
= 5 Grr = 2N7Gor + (N7)*Go0) = NTGoo — TByy0r3" 055"
NT

T T
+=ATA+ A" B+
2 2 Hy,

ATy, (3.13)

where
gaﬁ == aai'ugp,yaﬁ.%y y j’u = (l’i, :lj) s (314)

and where we have T-dual components of metric and NSNS two form

~ 1 ~ H; H,; 1

H,, =—, Hy;=H;; — —“"%  __ B, B,
vy Hy, tj tj Hy, Hy, Y=gy
- . B,

Hyz = Hiy = HZ// ’

~ By H H;,B Hy;

B — B Yy Y=Yg B~ — Ty
Y Y " Hyy Hyy , . Hyy ’

- H,;

By = — Y (3.15)
Y Hy,

Note that these transformation components of background fields agree with known
Buscher’s rules [15, 16]. The novelty of non-relativistic Lagrangian is the presence of
terms on the last line in (3.13) where A and B are equal to

1 . . ) )

A= T (m'lAz' +yry — N7 [2"A; + §'1,] — 2N[2" A, + g’Ty]) ,
vy
1 . . ) .

B = T (@'B; — g7y — N7[2"B; — §'7,] + 2N[2"B; — §'7,]) , (3.16)
vy



where A, and B, are equal to

A; = Hnyi + Biy'ry — Hiny, Ay =Ty,
B, = Hyyﬂ' — Bz’y7——y — Hiy%ya By =Ty . (317)

As the last step we will solve the equations of motion for AT and A~ that have the form

1 N 1 N
514 + ?A_TyTy = 0, §B + Hi)\—i_'fy’ry =0 (318)
Yy Yy
with corresponding solutions
A\ = _%i AT = _%i . (3.19)
2N 1,1’ 2N 7,7y
Inserting back to the Lagrangian density (3.13) we obtain
ch = l(g —2N%Gor + (N9)Gs0) = NTGro — T B0, 30,7 — LB gp
4N TT oT go oo nv¥T g N TyTy 9
(3.20)
where
Hy, 1 1
—-——  AB=————|-0:2"0;2"(A,B, + A,B
ANT,7, Ny Hyy | 2077 08 (AuBy & AvB)

ONO 0,5 (AuBy + AJB,) +2N0, 10,7 (A, B, — A,B,)
+%(N”)280£“80£”(AMBV +A,B,)
—4N280i“803?”%(A#B,,+A,,B#) : (3.21)
Then using explicit form of A,,B, given in (3.17) we obtain final form of the La-
grangian density

L= m(g’” — 2Ny + (N)?95,) = NTgoy — TB,, 0,3 9,3" (3.22)

where
gfxﬁ = Hl’ﬂ,c?ai“(?ga}”, (3.23)

where

H T; T 1
/ vy Y Jy A_ B A_ B
Hij = Hij + — Tij — ?ij — ?Hiy + T(Byﬂ" T, €AB + ByiTj T, €AB) R

- iy Y
vy vy vy vy
A_- B
7.7, Pean
r r iy
g5 =0, Hy = T (3.24)
vy
where we have convention €y; = —1, €19 = 1. Finally note that B:W is equal to
A_ B . _ - A_B .
. Hyy 4 B TiyByj — Byitjy | Ti Ty €apHjy — 7,71, "eapHiy
BZ] = B’L] — 77'7; T] EAB + + 9
TyTy TyTy TyTy
-
Bz/‘g =Y (3.25)
TyTy



These transformation rules agree with the result derived in [1]. We also see that the T-dual
string corresponds to the relativistic string with light-like isometry due to the absence of
the metric component HZIE To see more explicitly that we have relativistic string let us
solve the equations of motion for N and N?:

1
4N?
These equations can be solved for N? and N as

/ 14/ —detg,
No—Por N1V T (3.27)

_g(/TT + Nggéro = 07 (gz/fo - 2Nog(/ﬂ' + (NU)QQZTU) - g:ra =0. (326)

oo 2 Y
Inserting back to (3.22) we obtain

L' =-T,/—detgl,—TB,,0.i" 0, (3.28)

that is relativistic string action in Nambu-Goto form.
Apparently the same procedure can be performed with the Lagrangian den-
sity (2.24) where

R R R

H T T
"o o__ R Yy _R _ W R _ JY gR
Hy = Hy+—gmy — gy — gy
Yy vy vy

1 A
+— (BR() Arl) Peap + BEAT A2l Beyp) |

y yj'i y
Tyy
TR, ATR, BEAB
"o " i Yy
gg =V, Hyi=— R (3.29)
Tyy

Now with the help of (2.25) it is easy to see that H},, = H,,,. In other words, relativistic
string with light-like isometry is mapped to different Newton-Cartan backgrounds that are
related by fields redefinition (2.25) which is in agreement with [1].

Let us now briefly discuss an inverse T-duality transformation from the relativistic
action with light-like isometry to stringy Newton-Cartan background. The starting point
is the relativistic string in the background (3.24) and (3.25). Then since the Lagrangian
is linear in the coordinate along which T-duality should be performed it is convenient to
start with equivalent Lagrangian density (3.13) that contain two auxiliary fields A*, A\~
and the background fields given in (3.15) and with A and B given in (3.16). Clearly
corresponding Hamiltonian is given in (3.6) and hence inverse T-duality rules (3.5) maps
the Hamiltonian (3.6) to (2.9) that corresponds to the Hamiltonian constraint of non-
relativistic string on stringy Newton-Cartan background.

4 Longitudinal lightlike T-duality

In this section we study longitudinal lightlike T-duality transformation in the canonical
formalism. In other words we study T-duality along light-like isometry direction. Let us
presume that non-relativistic sigma model has lightlike killing vector [* that obeys

Tt #£0, FM=0, EANM=0. (4.1)

~10 -



We define coordinate system (u,x') adapted to I* so that
Ww#0, 7=0, EAN=0. (4.2)

Now performing T-duality according to (3.5) when we replace y with u and § with @ we
obtain Hamiltonian constraint in the form

1 0] ~ ul
HI = 7 (ki = Biupa) H" (kj — Bjupa) — (@' — Bura™)H" (ki — Biupa)

+T2(@ — Bya" ) H"(@' — Bya") + %pﬂHuupﬁ — 2paHyix" + Ta' Hyja”?

—(ki — Biapa) HY (N1 + A7) — (ki — Biapa) H* AT

+T (@ — Byix' ) H*" N7 + T(& — By ) H" (X7 + A~ 7))

+Tz"" (A7 — A7) — padTr, + %(ﬁn +ATR)HYA T 4+ ATT)

+%(A+n FATR)H A T, (4.3)
so that T-dual Hamiltonian has the form

HT = / do(NHE + N7HT) . (4.4)

Then in the same way as in previous section we convert this Hamiltonian to the Lagrangian
and we obtain

L = pii’ + pgii — NHT — N°HT

= 177 (Orr —2N7Gr0 + (N°)232.) — NTGpy — TOr it B0y i”
+3 ;uu AT (0-3" A, — N°Oyi" A, — 2N O3 A,,)
+3 ;w A~ (0:8"B,, — N°0,#"B,, + 2N0,i"B,,) , (4.5)
where again
Gop = G0, X105 X" (4.6)
and where
Gij = Hij — H;}Zw - Bziw , Gia = 5:; ; G = le :
By = By + BuiHujH—uuHiuBuj , B — ZIZ 7 B — _HZ; 7
A; = 1iHyy — HyuTu + BiuTu Ay =Ty, B, =7Hu - (4.7)

In our special case we have 7, = 0 and hence T-dual string has the same form as non-
relativistic string in stringy Newton Cartan background. However it is important to stress

11 -



that the values of the background fields are not uniquely determined by T-duality rules
since it is possible to perform redefinition of A™ and A~ in the form

Huu Y 1 ~ ~ ~
AT = 8T 4 N(ﬁTx“Y: - N"&,x”Y:j + 2N8(,x“Y:[) ,

TuTu

_ | i~ P P
A = H, )\ + N(GT:B"YM — N?0,7"Y, — 2N80x“YM)

so that the Lagrangian density changes as
T _ - - - -
‘CT = m(g‘/r‘r - QNUg;U + (NJ)2gz/70> - NTg(/TO' - TaTx#BLuaUxV

T-
+§)\+(8792=“A# — N79,i"A,, — 2N0O,i"A,,)
T -
+§)\*(8T£“BM — N90,2"B, +2N0,7"B,), (4.9)
where
Gop = Gy 00 @ 053" | (4.10)
and where C:’;W and B:W have the form

~ - 1 B
Gy =G+ H—W(AMYJ +A Y, +B,Y, +B,Y}),

~ ~ 1 _ B
B, = B + Fw(_A“Yj +Y;A,+B,)Y, -Y,B,). (4.11)

This result proves the fact that there are many different non-relativistic T-dual background
which are related by redefinition of the Lagrange multiplicators A™, A\~. In particular, if
we choose

1 1 _
Yg = “or Y;r = o (i Hyw — HiuTy — BiuTu) » Y, =0 (4.12)

we obtain following form of the background fields

= ~ 1
GlLa=0, Gi; = Gij + E(HuuTiTj — (Huimj + Huyjmi))
- . - B..r: — B,
B:lz — _27 B;j — Bz] + uiTj TiDuy . (413)

Tu Tu

The background fields given in (4.13) agree with the background fields that were derived
in [1], explicitly given in the expressions (3.33a) — (3.33¢) up to the sign factor in front
of By; given in (3.44c) which is a consequence of different convention. This is very nice
consistency check of our approach.

5 Transverse T-duality

Finally we consider transverse T-duality transformations when we presume that the
background has transverse symmetry with following transverse spatial Killing vector p*
that obeys

A

A =0, EBNp#£0. (5.1)
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We define coordinate system x#(x%, z) adapted to p# such that p"0, = 0.. Then isometry
defined above implies
A=0, BEA#0 (5.2)
and consequently

T, =T,=0, H,,#0. (5.3)

It is also clear that all background fields do not depend on z. As in previous section we

perform replacement
bz = _Taaza Dz = _Taaz (54)

so that the constraints (2.9) have the form

1 - 2 ~ )
HT = (ki = Bizpz) HY (kj — Bjsps) + 7 (—TZ + TBoa™) H* (ki — Bizps)

1 ) ) 1 . ) .
+T(_T2/ + TBZixl)HZZ(—T,g, + TBZJ'{L‘/]) + Tngzng — 2ngZi£L',Z + T$”Hija:']

—(k‘z — Bigpg)Hij()\+Tj + )\_7_']') — (—TZ, + TBZiSU/i)HZj()\+Tj + )\_7_'j)
‘ T ~
+T$lz()\+7'i — )\777'1‘) + Z()\JFTZ' + /\777'1‘)H” (>\+Tj + )\7773) ,
HZ = piz’t + p:5 . (5.5)

Then following the same procedure as in previous section we find the Lagrangian in the
form

d g g q a Sl ~V
ET = m(g‘rT - QNJQTJ + (NU)2g§_U) _ NTgUO' _ TaTqu#yang
T
+§)\+(8T‘%HTM — N?0,*1, — 2N O, 2" 7))

T
+§>\‘(6ng“@ — N90,2"7, + 2N0,3"'7,),

(5.6)
where again
Gop = H, 07" 057" (5.7)
where ## = (z', 2) and where
Fi Hiszj Biszj Fi Biz F 1
o H.. — _ H:s — Hs: —
() 1) sz sz ) 1z sz ) zz sz )
5 BZZHZ] - szBz] 5 Hiz ~ Hzi
B;; = B;; + , B;; = , B,, =— . 5.8
“ K sz ¥ sz “ sz ( )

In other words, the background fields 7, and 7, do not change. The form of the Lagrangian
density given above suggests that the transverse T-duality maps non-relativistic string to
the non-relativistic string in T-dual background where the background fields are given by
standard Buscher’s rules (5.8) . In order to see that (5.6) describes non-relativist string let
us solve the equations of motion for A* and A\~

7. — N°7y —2N1, =0, 7 —N°T, +2N7, =0, (5.9)

~13 -



where 7, = 7,0,2" ,Tq = T,0,@". Taking the sum and difference of these two equations
we obtain two equations

NUTO-O + 2NTO-1 = 7-‘ro ) NUTal + 2NT00 = TTl (510)

that can be solved for N and N? as

N° = Tro = liv—detw (5.11)
Too ’ 2 Too ' '

Inserting (5.11) into (5.6) and using (5.9) we obtain Lagrangian density in the form

T
ch = —5\/ —det TaﬁTa’Bgag — BL,,@J:“@@” , (5.12)

where 77 is inverse to Tag- This form of Lagrangian density corresponds to the non-
relativistic string action [17] in the background fields given in (5.8) which is again in
agreement with [1].
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