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1 Introduction

The goal of this paper is to develop a quantitative study of M-theory by way of its holo-
graphic duality to six-dimensional conformal field theory (CFT) with maximal (2,0) super-
symmetry, using modern results from the conformal bootstrap and techniques for comput-
ing correlation functions in large N CFTs.

The Ay—1 (2,0) CFT, on which we will focus, has various descriptions (e.g. [2-6]).
Perhaps the most profitable is its realization as the worldvolume theory of N M5 branes in



flat space, whose gravitational backreaction generates an AdS7 x S* solution of M-theory.
AdS/CFT then provides the usual dictionary for computing various observables in the
1/N expansion [7-9]; indeed, the notion of a well-defined 1/N expansion was first made
explicit by the existence of the bulk dual. Despite being a non-Lagrangian, non-gauge
theory with somewhat mysterious origins and O(N?3) degrees of freedom at large N, the
(2,0) CFT behaves similarly in many respects to lower-dimensional gauge theories that
furnish canonical examples of AdS/CFT, such as the 4d N = 4 super-Yang-Mills (SYM)
duality to AdSs x S°.

On the other hand, given our utter lack of a complete description of M-theory, the bulk
is not terribly useful for determining finite N aspects of the dual CFT. However, we can
turn this problem around using the modern perspective of the conformal bootstrap, which
gives an a priori independent formulation of the (local sector of the) CFT. This provides
an independent tool for constructing M-theory at the non-perturbative level, a philosophy
that we will substantiate in this work.

An initial implementation of the numerical bootstrap to the (2,0) CFT was performed
in [10], which led to the first predictions for finite N data for low-lying non-BPS operators
that appear in the stress tensor operator product expansion (OPE). More relevant for us
will be the remarkable analytic progress in the BPS sector. The half-BPS supermultiplets
in interacting theories have bottom components S, with k¥ = 2,3,...,' and conformal
dimension Ay = 2k, which are traceless symmetric tensors of the so(5)r symmetry. The
KK reduction on AdS; x S* [11-14] identifies the S (modulo mixing) with scalar fields
ér in AdS, of squared mass (mLaqgs)? = 2k(2k — 6), which uplift to admixtures of the
11d graviton and three-form potential with legs on S*. While A} is independent of N,
the OPE coefficients Ag, gk, are not. In [1], it was conjectured that these OPE coefficients
sit in one-to-one correspondence with the structure constants Cj, j,r, of the well-studied
two-dimensional Wy chiral algebra, with the auspicious central charge assignment ¢ =
4N3 — 3N — 1. This algebra is freely generated by an infinite tower of conserved currents
Wi of spins s = 2,3,..., N, which lie in correspondence with the half-BPS operators S
mentioned above.

The Wy chiral algebra conjecture is powerful: it determines, in principle, an infinite
number of OPE coefficients of the (2,0) CFT. Many of the Wy structure constants, which
are completely determined by the Jacobi identities, are also explicitly known.? This data
is highly quantum from the M-theory perspective, as it is known in closed form for finite ¢
and finite N, unlike the currently known analogous results for protected operator algebras
in d = 3,4 maximally-supersymmetric CFTs [17, 18] (some of which, however, do admit
finite-dimensional integral representations [19]). In [1], it was shown that the Wy OPE
coefficients with ¢ ~ 4N?3 in the large N limit correctly reproduce previous computations
of tree-level three-point functions in the (2,0) CFT as computed from AdS7 x S* [20, 21].
Some further aspects of the conjecture were substantiated in [22] using localization and the
Wh chiral algebra of Ay_1 Toda CFT. One aim of this paper is to test this chiral algebra

The k = 1 case only exists for the free theory.
2As we review below, there is a choice of basis in which there is a conjecture for all of them [15]; in the
most physical basis for 6d purposes, the first many low-lying ones are known [16].



conjecture beyond leading order in 1/N; as we explain below, we find strong evidence that
the conjecture is indeed correct.

Before explaining what exactly we will compute, let us set the target. Even putting
aside the deeper non-perturbative aspects of M-theory, the expansion of the 11d four-point
superamplitude, A'!, is not well understood. The 11d amplitude takes the form [23]

AN (i3 G) = (s, ) AR ree(pis G) - (1.1)
A}%tree is the supergravity tree-level amplitude,

- 26
11 N
‘AR,tree(pia Cl) = gllK% (12)
where K is an overall universal kinematic factor (whose form we later recall) that is a
function of graviton polarization vectors (* and momenta p*, and (s,t,u) are the 11d
Mandelstam variables. The function f(s,t), dependent on the Mandelstam variables only,

encodes the momentum expansion,

f(sat) = 1+€(151fR4 (S7t)+€S1)1flfloop<3at)+€i%fD6R4 (svt)+£i%fD8R4 (37t)

(13)
+€%?flfloop,R4 (S,t)+€%t1}fD1oR4 (Sv t) +€%§f2—100p(5’ t)—f_g%élngmR‘1 (Svt)+' T

where all 11d loop corrections come in powers of E(‘fl times the tree-level vertices. Among
the non-loop terms, only the R* and DSR* terms are known from previous computations,
as reviewed in appendix F.? At loop-level, 1- and 2-loop amplitudes are known from 11d
supergravity computations [25, 26]. Beginning at D8 R*, the vertices are no longer protected
by supersymmetry and their coefficients are not known, although there exist conjectures in
the literature [27]. It is of great interest to improve on this state of affairs — specifically,
the outstanding problem of determining D®R* and beyond, and of unveiling the finite N
spectrum of M-theory — by computing the CFT four-point functions (S;SkSkSk), and
uplifting them to M-theory. This would be a remarkable holographic window onto the
perturbative structure of M-theory and, by compactification, type IIA string theory.

In this paper, we will articulate a concrete strategy for doing this. As a step toward
the longer-term goal of D®R?*, we will explicitly demonstrate this strategy by deriving the
R* term in (1.3) from CFT, as recently done in a closely related context using AdSy x S*
and the ABJM CFT [28]. Let us summarize the idea. We first compute (SjSkSiSk) in
Mellin space in the 1/c expansion by solving the 6d superconformal Ward identity and
using independent CF'T data to fix any free parameters in the solution. This fixing relies
crucially on input from Wy to fix half-BPS structure constants. We then use the flat space
limit formula for Mellin amplitudes [29] to relate this correlator at a given order in 1/c¢ to
terms in the /17 < 1 expansion of A', using the holographic relation

Laas\’ 0
( ) ~ 16¢ + O() . (1.4)
‘11

3The precise tensor appearing at R* is tsts R, plus €11 terms that do not contribute to the four-graviton
amplitude. Further details about R* and its superpartners may be found in e.g. [24].



where Lgs = Laqs/2.* The direct relation of the 1/c expansion to the £1; expansion follows
from dimensional analysis in the reduction on AdS7 x 5%, and the absence of a dimensionless
coupling in M-theory. One novelty of the 6d case is that (for reasons explained below) in
order to fix the parameters necessary to reproduce the R* coefficient from presently known
(2,0) CFT data, we will need to study the k = 3 correlator, as opposed to the stress tensor
multiplet correlator (k = 2). Along the way, we will explain how to uplift (SkSkSkSk) to
11d for arbitrary k.

In section 2, we review the basic features of the (2,0) CFT and the implications of
superconformal symmetry on the structure of four-point functions of the half-BPS super-
conformal primaries Si. We then recall the conjectured relation between the Wy algebra
and Ay_1 (2,0) CFT data. Using properties of Wy, we show that all half-BPS OPE
coefficients A, .k, admit a 1/c expansion of the form

/\%1ka3 = c_lFR(c) + 6_5/3FR4(C) + C_7/3FD6R4 (c), (1.5)

where the F;(c) have an expansion in non-negative integer powers of 1/¢. This structure
is precisely what one expects from M-theory: in particular, it is consistent with the only
protected 11d vertices being R, R* and D®R* (hence the subscripts), with the F;(c) encod-
ing bulk loops in the presence of these terms. The fact that )\%l koks ODEYs the form (1.5),
for any k;, is strong all-orders evidence for the validity of the identification of Wy with
central charge ¢ = 4N3 — 3N — 1 as the chiral algebra of the (2,0) CFT. Conversely, this
may be viewed as suggestive evidence of the absence of 10- and 12-derivative terms in 11d
(~ D?R* and D*R* + superpartners).®

In section 3, we study the four-point functions (SgSkSkSk). We work with the cor-
responding Mellin amplitudes, which we denote M. After writing their general form,
we explore the space of solutions to the 6d superconformal Ward identity, focusing espe-
cially (but not exclusively) on k& = 2,3. The solutions are distinguished by whether they
are meromorphic or polynomial, and are organized according to their degree in the limit
of s,t — oo.

In section 4, we give a physical analysis of the solution space in section 3 and explain
how to uplift to M-theory. We first show how to extract the 11d flat-space amplitude A
from the 1/c expansion of 6d Mellin amplitudes M}, at large s, ¢, for any k. This involves
an adaptation of Penedones’ formula to the case of arbitrary KK modes. (See (4.1), (4.3).)
A nice feature of this procedure is that, in addition to producing the function f(s,t), the
overall kinematic factor K of A can be seen to follow quite directly from the flat space
limit of the 6d superconformal Ward identity itself. (See (4.5).) Moreover, the same factor
Oflat(s,t;0,7) appears in the 4d, N’ = 4 superconformal Ward identity. Therefore, the flat
space limit of 4d A" = 4 SYM four-point functions implies that type IIB string amplitudes

4In defining ¢11, we use the conventions of [24]. The relation between Lags and Lga is believed to hold
to all orders in #11 [30].

5In the dimensional reduction on AdS; x S*, cancellations are possible among different putative terms
at a fixed derivative order, e.g. D*R* and R®. However, since (1.5) describes the behavior of all half-
BPS three-point functions, consistency of a nonzero 10- or 12-derivative action with (1.5) would require an
infinite number of cancellations.



are proportional to the universal K factor to all loop orders. This has sometimes been
indirectly argued on general grounds (e.g. [31]), and K is known to appear in type II
string theory through three-loop order [32, 33]; here we give a rigorous derivation of its
appearance to all orders in type IIB.

With this understanding, we explain how the coefficients of the Mellin amplitudes are
directly related to CFT data, namely, OPE coefficients and scaling dimensions. The main
physical point is that the degree of the solutions is correlated with the order in 1/c at which
they first appear in CF'T; in particular, a degree-p solution M ,ip ) has scaling = @PEN/9 o
leading order in 1/c. This is shown to follow from the flat-space limit and the absence of
a dimensionless coupling in M-theory. This allows us to explain, physically, some features
of the Mellin amplitudes found in section 3. The result may be viewed as an M-theory
version of previous arguments relating coefficients of solutions of crossing to powers of
the higher spin gap in large N CFTs [34, 35]. A related perspective on this c-scaling is
given in terms of the dimensional reduction of M-theory on AdS; x S*. Together with
previous knowledge of the M-theory amplitude through 14-derivative order, we can rule
out candidate polynomial solutions of crossing symmetry at O(c=17/9) and O(c=19/9). (A
similar argument was made in [28].) This last statement, which uses general features of
KK reduction on AdSxM, applies to any CFT with an M-theory dual of this form. We
also present a sharp signature of the four-point functions of putative large ¢ CFTs with a
hierarchy between the AdS and KK scales, Lags > L.

In section 5, we put everything together to develop the precise dictionary between
M-theory and (2,0) CFT. First, we derive the R* coefficient via the & = 3 four-point
function at O(c%/3). This is possible because the k = 3 amplitude at O(c=5/3) happens
to be determined by one free parameter, which we can take to be the OPE coefficient A334.
This is in turn fixed by Wyx. The result perfectly matches the M-theoretic prediction,

stu

fra(s,t) = 397

We note that the 0(0_5/3) term in Assq is extracted from a ¢ 'N~2 term in Wy in
particular, one does not need to know the sub-leading O(N) term in ¢, which descends from
the 11d R* term in the first place [24]. Turning next to higher order terms ~ D*™R* Wy
does not provide enough constraints on the k = 3 amplitude to completely fix the solutions.

(1.6)

(This is due to the existence of pure polynomial solutions.) Instead, our strategy will be to
relate the higher degree Mellin amplitude coefficients to CFT data that is not determined
by Wy — namely, anomalous dimensions of unprotected double-trace operators and OPE
coeflicients of protected operators that do not live in Wy . Thus, future constraints on this
data can be translated into constraints on M-theory amplitudes. Because the number of
Mellin amplitudes grows with k&, we will focus on the lowest case k = 2. The output of this
procedure is given in table 2.

In section 6, we conclude with some future directions.

Several appendices complement the main text. These include technical details on
Mellin amplitudes, superconformal Ward identities, superconformal blocks, the OPE of two
stress tensor multiplet scalars Sa, and a review of the derivation of fra(s,t) and fpepa(s,t)
from the uplift of type IIA string theory.



2 (2,0) correlators and the Wy chiral algebra

Let us begin by briefly reviewing the spectrum of operators in the Ax_1 series (2,0) CFT,
with superconformal algebra osp(8*|4) D s0(2) @ s0(6) @ so(5)r. For operators in the
traceless symmetric spin-j irrep of the so(6) Lorentz algebra, we denote their quantum
numbers under the bosonic subalgebra as

(A, 7)1 k2, (2.1)

where [k ko] are so(5)r Dynkin labels. The CFT contains a single tower of half-BPS
superconformal primaries, living in the (2k,0)[k0], with & = 2,3,.... We denote their
superconformal multiplet as D[k0]. We can view these operators as the rank-k symmetric
traceless products of the 5, so we can denote them as traceless symmetric tensors Sy, ., ()
of so(5), where I; = 1,...5. It is convenient and conventional to contract with an auxiliary
polarization vector Y/ that is constrained to be null, Y; - Y; = 0, so that

Sp(z,Y) =Sy, Y- vk, (2.2)

We will often perform explicit computations involving the two lowest multiplets. The
k = 2 multiplet, D[20], is the stress tensor multiplet, whose bottom component is a scalar
with A = 4 in the 14 of so0(5), and appears in all local (2,0) SCFTs. The next lowest
half-BPS multiplet, D[30], has a scalar bottom component with A = 6 in the 30 of so(5).
The stress tensor itself 7}, has a two-point function

(T ()T (0)) = TIH(”“”) | (2:3)

where Z,,,,0() is a fixed tensor structure whose form can be found in [36]. The coefficient
cr is proportional to the unique c-type central charge appearing in the (2,0) conformal
anomaly [37]. A free (2,0) tensor multiplet may be taken to have ¢ = 1, while a (2,0)
theory labeled by Lie algebra g has central charge ¢(g) = 4dghg + rg, where dy, hg, and 7y
are the dimension, dual Coxeter number, and rank of g, respectively. For the Ay_1 series
of interest here,

c(An_1) =4N3 —3N —1. (2.4)

These results for ¢ were first motivated by R-symmetry anomaly and holographic computa-
tions [24, 38, 39], conjectured in [10], and proven in [22]. (See also [40-45] for some recent
related results about the c-type anomaly in 6d SCFT.)

2.1 Half-BPS four-point functions

Conformal symmetry and so(5) symmetry implies that the four point function of Si(x,Y")

takes the form

(Y1 - Ya)* (V5 - Ya)
|12 %[ 254 |5

(Sk(w1, Y1) Sk (w2, Y2) Sk (w3, Y3) Sk (w4, Ys)) = Gr(U,V;0,7), (25)



where U and V are conformally-invariant cross ratios and ¢ and 7 are so(5) invariants
formed out of the polarizations:
TipT3, 71473 (Y1-Y3)(Ys - Yy) (Y1 -Ya) (Y - ¥3)

U= s V= s o s T ,
23373, 13413, (Y1-Y2)(Y3-Yy) (Y1-Y2)(Y3-Y))

(2.6)

with x;; = x; — ;. Since (2.5) is a degree k polynomial in each Y; separately, the quantity
Gx(U,V;0,7) is a degree k polynomial in o and 7.

So far, we have imposed the bosonic subgroups of the osp(8*|4) algebra. The constraints
from the fermionic subgroups are captured by the superconformal Ward identities [46],
which can be expressed as differential operators on all four arguments of Gi(U,V;0o,7)
whose explicit form we review in appendix A. For 6d (2,0) SCFTs, there are two ways of
satisfying these constraints.

In the first method, which can actually be used in any dimension, we decompose
Gr(U,V; 0, 7) into superconformal blocks & y( by taking the OPE twice in (2.5), which yields

gk(U,V;U, T) = Z )\i,MkﬁMk(U’V;J’ T) ’ (27)
M. Eosp(8*|4)

where My, runs over all 0sp(8*|4) multiplets appearing in the Sy x Sy OPE, and A2 Mk’
is the OPE coeflicient squared for each such supermultiplet Mj. The selection rules for
the OPE of half-BPS multiplets have been worked out in [47, 48] and were summarized
for general k in [10]. The supermultiplets that appear in a four point function of identical

S}.’s are
k k—m
Sk x Sp=Y_ > D[2(k—m—n),2n]
m=0 n=0
[ k—m k—m

k
2
-

> BR(k-m-n)2n;+ > Y B2(k—m—n)2n]|
1 | n=02,.. j=0,2,... n=13,... j=1,3,...
k[ k-m 00 k—m 00
+Z Z Al2(k —m —n),2n]a ; + Z Z A2(k —m —n),2n]a ;| ,
m=2 | n=0,2,... 7=0,2,... n=1,3,... j=1,3,...

(2.8)

where the spins j refer to rank-j traceless symmetric irreps of so(6) with Dynkin labels
[700], which are the only irreps that can appear, and for interacting SCFTs we should
further remove the B[00]; multiplet, which contains conserved currents that only appear
in the free theory. The scaling dimensions of bottom components of the supermultiplets
n (2.8) are

Dlkika) : A =2(ky + ko),
B[k‘le]j : A = 2(/61 + ]{2) +4+ j , (2.9)
A[kﬁlkﬂA’j : A > 2(]{31 + kg) +6 +] .

SWhen My, = D[k'0], these squared OPE coefficients were denoted in the introduction as A2, .



The A multiplets that appear here are unprotected, while the rest are annihilated by
some fraction of supercharges, and so have fixed dimension. The D[k0] are the half-BPS
multiplets whose bottom component we called Sy, and k of these multiplets appear in
Sk % Sk. The lowest such multiplet is always the stress tensor multiplet D[20], whose OPE
coefficient is

]{32

A2 o) = — (2.10)

This follows from Wick contractions and the normalization ¢ = 1 for a free tensor multiplet.

Each superconformal block &4, in (2.7) receives contributions from conformal pri-
maries with different spins j’, scaling dimensions A’, and so(5) irreps [2b2(a — b)] for
a=0,1,...kand b =0,...,a that appear in the tensor product [k0] ® [k0]. The supercon-
formal block can thus be written as a linear combination of the conformal blocks G A/,j/,7
corresponding to the conformal primaries in My, as

G, (U, Vo, 7) ZZYab o) > ANE (DG (U V), (2.11)
a=0 b=0 (A’,j’)e/\/l,c

where the polynomials Y,;(o, 7) are eigenfunctions of the so(5) Casimir for irrep [2b2(a—b)]
of maximal degree k. For general k, these can be computed using appendix D in [49], and
we list the explicit forms for k = 2, 3 in appendix A. The AM b A' (A, j) are rational functions
of A and j. For k = 2, we work out some of these coefficients in appendix E.3

The second way of imposing the constraints from the superconformal Ward identity is
special to 6d (2,0) SCFTs. We can satisfy the Ward identities by writing Gy, as

gk(U7 V7 g, T) - fk(U7 V; g, T) + To Hk(Ua V7 g, T) ) (212)

where T is a complicated differential operator whose explicit form is given in appendix A,
and F(U,V;o,7) and Hy(U,V;0,7) are degree k and k — 2 in o, 7, respectively. These
functions are defined so that only Fy(U,V;o,7) contributes to the 2d chiral algebra four-
point function, which we will describe in the next subsection.

2.2 The Wy chiral algebra and AdS; x §4

It was conjectured in [1] that in every (2,0) CFT labeled by g, the OPE data of half-BPS
operators and a subset of their protected composites — specifically, among those appearing
in S x Sk, the D[2n 0] and B[2n 0] multiplets — are determined by the dynamics of a 2d
chiral algebra, ;. In the case g = An_1, the algebra is the well-known Wy algebra.
This algebra is generated by a finite tower of holomorphic currents, Wy(z), of integer spins
k = 2,3,...,N, and depends on a single free parameter cgy, the central charge. The
conjecture stipulates that

coq = c(Ay_1) =4N3 —3N — 1. (2.13)

"We normalize our conformal blocks as limy sov—s1Garjr = e (1- V)j/.
8These superconformal blocks have also been derived in different bases in [10, 46, 47].



Wx may be obtained as the quotient of the infinitely-generated Wa[N] algebra: Wy ~
Weo|N]/xn, where x is the ideal formed by all generators of spins s > N, and Wy, [N] is
the so-called “quantum algebra”, to be distinguished from the “classical algebra” which is
defined as the ¢ — oo limit of W [pt] with fixed g [50, 51]. Henceforth we will refer to the
central charge simply as ¢, and write the Wy OPE as

E:C%ky+]k (2.14)

We employ a unit normalization, Cjjo = 0;;.

Explicit checks of the conjecture require a map between bases of the 6d half-BPS
chiral ring and the Wy generators. In the so-called “quadratic basis” of Wy, the structure
constants are conjecturally completely determined [15]. A more physically natural basis for
many purposes is the “Virasoro primary basis”, in which the currents Wy obey the Virasoro
primary condition Ly~q|W) = 0.2 Many low-lying structure constants in the primary basis
may be found in [15, 16]. In the 1/c expansion, there is a natural map between the single-
trace half-BPS operators Sj, and the currents Wy, in the Virasoro primary basis:

S & Wy (2.15)

At subleading orders in 1/¢, the 6d spectrum undergoes mixing between single-trace and
multi-trace operators: for instance, Sy mixes with the D[40] projection of : S35 :. However,
for k = 2,3, no mixing is possible, due to the absence of k£ = 1 operators in both the Wy
algebra and the (2,0) spectrum.

While fundamentally a statement about the spectrum and OPE coefficients, the map
to Wy has especially powerful implications for 6d four-point functions. As shown in [1],
one obtains a holomorphic function of z from the 6d four-point function G, (U, V;0o,7) by
twisting 0 =272 and 7 = (1 — z71)2. Given the map (2.15) the claim of [1] is that

Gr(2)l2a = G227, (1 = 2)(1 = 2); 272, (1 = 271)?).
= Fi(2),

where FJ,(2) = 22K (W (0)Wy,(2) Wi (1) Wy (00)) is the four-point amplitude of identical spin-

k currents Wy(z) of Wx. Moreover, under the twist, G, = F, in (2.12), so Fi (U, V;0,7)
is precisely the 6d uplift of the 2d correlator Fi(z). To explicitly relate Wy structure

(2.16)

constants Cj;, to 6d OPE coefficients \;;;, we must determine how the chiral algebra twist
relates the 6d blocks to 2d blocks. As derived in appendix B,

(2)|pg =1+ Z A2 D[2n.0] 1)/3) 9ian,0(2)

4(3)

2)n+1 B[2n0]

+Z Z )‘k JB[2n0]; (D1 An+1n+14n+6+]]+2 X94n+6+3,3+2( z),
n=14,=0,2,... nt

(2.17)

9This basis emerges naturally in the construction of Wy via Drinfeld-Sokolov reduction of SL(N,R) and
in the context of AdSs higher spin gravity [52], and makes the triality symmetry of Wy manifest [16]. We
point out that, for the value of ¢ given above, the triality symmetry actually degenerates into a duality
symmetry, Wn ~ W_sn, where one should regard c as fixed.



where the first term represents the unit operator, and

Atj A+j A+j
gnj(2) = 2 > o Fy (2j,2]

A+, z) (2.18)
are the SL(2,R) global conformal blocks. The crossing equations for Fj(z) imply that only
L%J of the infinitely many )\%7 M, are independent [53, 54].

Of particular use in the following will be the OPE coefficients )\i D2n 0] for £ = 2,3.
For k = 2, this is nonzero only for n = 1 (cf. (2.10)), and the corresponding Wy OPE
coefficient is Ca9o x 1/¢, i.e. the cubic coupling of the stress tensor. On the other hand,
k > 3 contain non-trivial information to all orders in 1/c. The 6d squared OPE coefficient
A3 plg) 18 determined by (C334)? of Wy, with relative coefficient determined by the n = 2
term in the first line of (2.17):

1
)‘3,9[401 = 6<C334)2 . (2.19)

In unit normalization, (C334)? takes the rational form [16, 55-57]

144(c + 2)(N — 3)(c(N + 3) + 2(N — 1)(4N + 3))

(Coaa)” = c(5¢+22)(N = 2)(e(N +2) + (N = 1)(3N +2))

(2.20)

Let us expand )\g Dl0] in the large ¢ limit, using (2.20) with the necessary identification
c=4N3 - 3N -1

24 2
)\g D[40] ~ 5— — 36 . 2%675/3 _ ;§8cf2 _ 234 . 2%677/3 _ 588 . 2%678/3 + 0(673) . (221)
’ C

=5/3_all powers of ¢1/3 are generated. Moreover, in the primary basis, all Wy

Starting at ¢
structure constants Ci, .k, With k; > 2 can be written as rational functions of ¢ and Cs3q
to some fractional power [15, 16, 58]. This follows from the structure of the Jacobi identity,

as recently proven in full generality in [58].1° For example, in our unit normalization,

3(c+3) 288(c+10) , ;

_ Bt . 2.22
cto 3 c(be+22) 334 ( )

Chas =
The uplift to 6d then implies that all half-BPS OPE coefficients not involving Ss, the
stress-tensor multiplet, have 1/c expansions of the form (1.5).

This is precisely the structure one expects based on the cubic coupling ¢¢2¢3 in
the quantum effective action in AdS;. In fact, this structure should be present in any M-
theory compactification on AdSx M for some compact transverse manifold M. We assume
Lags ~ Laq. Dimensional reduction of the 11d action, S11, on M generates an effective
AdSg41 action, Sgi1. A key point is that, in general, non-perturbative AdS;41 amplitudes
receive contributions from the descent of all-point amplitudes in 11d: the extra fields can

10Unusual normalization conventions, such as the one in [15, 58], can lead to especially simple-looking
structure constants. In any convention, 1/¢ power counting ensures that the normalized OPE coefficients
scale as ~ 1/4/c to leading order. We also note that [58] proved the uniqueness of the Wy algebra, given
the list of spectrum-generating currents.
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have legs on M. If dimensional reduction of the 2n-derivative action in 11d contributes as
ggg) to a cubic scalar AdS vertex gio3 p12¢3 in the quantum effective action in AdSg4.1,

then accounting for factors of #11,
ggé (2n) —TE2n
~ T 2.23
9123 P ;4 9123" € (2.23)

The form of (2.23) follows from dimensional analysis, (Lags/?11)° « ¢, combined with the
fact that the reduction on M can only produce powers of Lags, not ¢11.'' To relate gi23 to
the dual CFT OPE coefficient A, ,k,, one multiplies (2.23) by a function with an infinite
expansion in non-negative integer powers of 1/¢ ~ Gy, which accounts for bulk loops.
Specializing to the case M = 8% we equate the result with )\zl Kok thus inferring that
ggg) = 0 for n # 4,7,10,.... The result is consistent with the minimal form ggg) =0
for n # 4,7. As explained in the introduction, the latter is precisely compatible with the
known structure of the M-theory action, thus furnishing compelling evidence for the Wy
chiral algebra conjecture to all orders in 1/c. Conversely, given the 1/c¢ expansion of )\%1,C2 ks
in (1.5), we have given a holographic argument for the structure of protected vertices in
M-theory, in particular, the absence of 10- and 12-derivative terms.

2.3 Mellin amplitude

We will find it useful to express our four-point function in Mellin space. For this purpose
it is useful to separate out the disconnected piece

ok, U* 4
Gaise = 1+ U™ 0" + 5p 7 (2.24)
The Mellin transform My(s, t; 0, 7) of the connected correlator Geonn = G — Gaisc is then:

i dsd
100 (47”')2

G (U, V0, 7) = /

U%V%*QkMk(s,t;a,T)FQ [2k—§} 2 {2]{:—;] 2 [Qk—g} ;

(2.25)

where the Mellin space variables s, t, and u satisfy the constraint s + ¢+ u = 8k. The two
integration contours run parallel to the imaginary axis, such that all poles of the Gamma
functions are to one side of the contour.

We can similarly define the Mellin transform Mk(s,t; o,7) of the reduced correlator
H(U,V;0,7) defined in (2.12) as [59]

i dsdt
(47i)?

Hk(va;Uv T) :/

—100

U%“V%‘QkHMk(s,t;a, )2 [21{:—;} r? [2]{:—;} I? [2/{:—;] ,

(2.26)
where @ = u — 6. This reduced Mellin amplitude M, k(s,t;0,7) is related to the full Mellin
amplitude My (s, t;0,7) by the Mellin space version of (2.12):

My(s,t;0,7) = Qo Mk(s, tyo,7), (2.27)

U1 ater, we will note an interesting consequence of relaxing the assumption that Laas ~ L.
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where © is a complicated difference operator whose explicit form is given in appendix A,
and should be thought of as the Mellin space version of the differential operator T in
position space.'> The Mellin presentation of the superconformal Ward identity will make
the physics of the flat space limit especially transparent.

3 Holographic four-point functions at tree level

Let us now discuss the four-point correlator of the operators Sy in the Ay_1 (2,0) theory,
with special emphasis on the cases k = 2,3. We will compute the Mellin amplitudes allowed
by the superconformal Ward identity with the constraint that no triple poles appear in the
inverse Mellin transform (2.25), which restricts us to tree-level amplitudes [60, 61]. We
will organize the solutions we find according to their maximal degree in the large s,t,u
limit. We will find L%J independent meromorphic solutions, as well as an infinite tower of
purely polynomial solutions with increasing degrees. We postpone a physical justification
and interpretation of this expansion to the next section. Given knowledge of the single-
trace spectrum of half-BPS operators, this section may be viewed as either an AdS or
CFT calculation.

3.1 Mellin amplitudes for An_1 (2,0) theories

The main advantage of the Mellin space representation mentioned in the previous section
is that in a theory with a holographic dual one can easily write down the tree-level expres-
sion for the connected part of the four-point function. At tree level, the relevant Witten
diagrams are contact diagrams and exchange diagrams, so the tree level Mellin amplitude
for a correlator of four Si’s is

Mk,tree = Mk,s—exchange + Mk,t—exchange + Mk,u—exchange + Mk,contact ) (31)
where the ¢- and u-channel exchange diagrams are related to the s-channel by crossing

Mk,t—exchange(37 t; o, T) = TkMk,s—exchange (t7 S, 0'/7', 1/7-) s

(3.2)
Mk,u-exchange(sv t; 0o, T) = Uths-exchange (’LL, t; 1/0‘, T/U) .

In Mellin space, the contact diagrams corresponding to vertices dressed with n derivatives
are order-n polynomials in s, ¢, u. The s-channel exchange for a bulk field ¢’ dual to a
boundary conformal primary operator O of dimension A’, traceless symmetric spin j’, and
s0(5) irrep [2b2(a — b)] is

Mmax QA 72k (t)

A5, [2b2(a—b)] . i 3'm
Mk,s—exchange (87 t; o, 7_) - Yab(o-’ 7-) Z 5 _ (A/ — j/ T 2m)

+ Rjy_1(s,t)] (3.3)

m=0

where Yy (o, 7) is defined in (A.5), Ry_1(s,t) is a degree j' — 1 polynomial in s and ¢,
. AAN . - ..
and the Mack polynomial O o (t) is a degree j' polynomial in ¢ whose explicit form we

2 As explained in [59], the Mellin transform of Fj can be consistently defined to be zero, and can be re-
covered as a subtle regularization effect in properly defining the contour integrals of the inverse Mellin trans-
form.
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give in appendix C. The meromorphic part in (3.3) is fixed to match that of the conformal
block for the exchange of @', which is required by conformal symmetry; its poles sit at
the twists of O’ and the twists A’ — j' 4+ 2m of its conformal descendants. The truncation
at Mmax = 2k — (A" — j')/2 — 1 enforces the constraint that the poles not overlap with
the Gamma function double poles in (2.25) that correspond to exchanges of double-trace
operators Sx02"9,,, . ..9,,Sk. This is required by the 1/N expansion [60, 61].

In our case, the scalar operators S; are dual to the bulk scalars ¢, which descend
from linear combinations of the 11d graviton and three-form along S*. These are the
only elementary scalars in AdS;. As shown in (2.8), Sy x Sy D @2 ,D[n0] where Sy
is the bottom component of D[k0].'*> According to the standard GKPW dictionary, we
expect an exchange diagram for each conformal primary operator in these multiplets.
The meromorphic part of the s-channel exchange diagram ]\//.Tk,s_exchange for a multiplet
D[n0] can then be written (up to overall normalization) as a linear combination of the
contributions from its conformal primary components,

77D[n0] . D2n0] 7 7A',7,[2n 0]
Mk,s—exchange - Z AnnA’ Mk ,s-exchange * (34)
(A’,5")€DIn0]
where M MA 20l denotes the meromorphic part of the exchange diagram as defined

k,s-exchange

n (3.3). The relative coefficients A [QAn,Ol can be fixed using the superconformal Ward
identity in appendix A, and are the coefficients of the conformal bock contributions to the
superconformal block as defined in (2.11). For example, for k = 2, 3, we give the branching
0sp(8*|4) — s0(2) @ s0(6) @ so(5)r in table 1. The exchange amplitudes needed for these
cases are

—D][20] _ =54,0,[20] 1 =5.1,[02] 3 7752:000]
k,s-exchange ~— k,s-exchange 5 k,s-exchange + 175 k,s-exchange °
—D[40] _ 3300 _ 2-29.1[22) 8 =10,0,[04] (3.5)
k,s-exchange — k,s-exchange 9 k,s-exchange 189 k,s-exchange '
100 —10,2,2 5 111,02
L 100 prozpo 5 o

6237 k,s-exchange 1617 k,s-exchange *

The most general tree level Mellin amplitude may then be written as
P12no :
M tree = Z Y Di2n0o} My, (Ex:hjinge + (polynomial) , (3.6)

where )‘k Dl2n0] are the OPE coefficients squared defined in (2.7), ]\/Zk’exchange =

Mk s-exchange Mk {t-exchange + Mk su-exchange @S in (3.2), and the polynomial term includes
both the contact terms, which are polynomials of arbitrarily large degree in s and ¢, as well

13The irreps D[n0] appearing here may be realized, as operators, both by single-trace superconformal
primaries S,, as well as multi-trace superconformal primaries. Only the former are elementary fields in
AdS, and thus only these are the ingredients of Witten diagrams.

1We note that the extremal multiplet D[2k 0] and the operator with twist 4k in the D[2(k—1) 0] multiplet
do not contain any meromorphic parts, because their twists are large enough that mmax < 0 in (3.3).
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multiplet | dimension | spin | so0(5) irrep
D[20] 4 0 14 = [20]
5 1 10 = [02]

6 2 = [00]

DIJ40] 8 0 55 = [40]
9 1 81 = [22]

10 0 | 35 =04

10 2 14 = [20]

11 1 10 = [02]

12 0 1 = [00]

Digo) 12 0 | 140" = [60]
13 1 | 260 =[42]

14 0 | 220=[24]

14 2 55 = [40]

15 1 81 = [22]

16 0 14 = [20]

Table 1. The conformal primaries that appear in each half-BPS supermultiplet in S; x Sy for
k=2,3.

as the polynomial R;_; terms that appear in the full exchange diagrams (3.3), which are
at most linear in s and t.

We will now plug the ansatz (3.6) into the superconformal Ward identities. This
will further constrain the solutions, which we organize by the maximal degree p of the
polynomial term. The solutions can be divided into those that have a meromorphic term
and those that do not.

3.2 Meromorphic solutions

We first discuss those solutions that contain a meromorphic term that comes with a poly-
nomial term of maximal degree p. By checking many cases we find that the most general

ansatz is
» _ (p) (1) 7rPo 37 b12n o]
Mkz,mero o ak,D[‘H‘% 0] Mk ,poly +0 10y ,D[20] k exchange + Z a’k D 2n 0] k ,exchange ’ (37)

where ag,?%)pno} are free coefficients, and p = 1,4,7...(3 L%J —2) for n > 1. The fact that
there are k— 1 possible exchange terms (one for each D[2n 0] with 1 < n < k) but only LQ—;J
meromorphic solutions follows from the same property of Wy correlators noted in section
2.2; we will explain this further when we relate these solutions to CFT data in section 4.2.
As we now show, the superconformal Ward identity relates the meromorphic terms to the

polynomial piece M ,gpg oly-
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We begin with p = 1. As we will explain in the next section, these amplitudes descend
from the 11d supergravity term, so we denote them by

Mlglrzqero = Mk,sugra- (38)

For all k, there is a solution of the form (3.7), with all coefficients nonzero. For k = 2,3
we find

1 1 7D[20
;,)D[20] {MQ,e[xcLange + MQ( p)oly:| ’

_ O |77DL0 8 T7Dl0) (1)
M3»Sugra - a3,D[20] |:M3,exchange + BMS,eXChange + M. ,poly] )

MQ, sugra — @
(3.9)

where the polynomial terms are given in appendix D. A more compact expression for these
Mellin amplitudes is given by the reduced form Mj, defined by (2.27), which for k = 2 is

7 32@5 )D[20]
Mo sueeal:) = (G s 6)(t— )@~ 6)(a — ) (310

and for £k =3 is

My, sugra(s,£) = a8\ b0y | Migh(s, 1) + o Mgy (i, 1) + TMLG (2, 5)| |
32 (s—7) (3.11)

27 (s — 8)(s — 6)(s — 4)(t — 10)(t — 8) (@ — 10) (@ — 8)

(1
M1(0()) =

Up to an overall normalization, these expressions match those in [59].

Now take p > 1. For k > 2 — and only for k¥ > 2 — we find other meromorphic
solutions to the Ward identity. The simplest example of this is k = 3, where we find an
additional meromorphic solution with p = 4:

4 _ @ 17 D[40] 4)
3,mero a’3,D[40} [M3,exchange + MS ;poly |

)
3,poly
are nonzero for n > 1. The form of these results, and the

(3.12)

where the explicit form of M, @ s given in (D.2). Similar solutions exist for all £ > 2,

(4)
k,D[2n.0]

from CFT, will be explained in section 4.2.

where all admissible a

(4)

determination of a3 D)

3.3 Polynomial solutions

We can also find purely polynomial solutions to the Ward identities. Note that the degree
of these purely polynomial terms can in general be the same as that of the polynomial
amplitudes M, ,Epg oly
number of solutions of maximal degree p for a given k, then the purely polynomial terms

that come with the meromorphic solutions. If we define Nj(p) as the

M, pure-poly it My tree,'” take the form

oo Ni(p)—Ni(p—1) ‘ ‘
M pure-poly = Z Z Bk (3.13)

> These terms are a subset of the total number of polynomial terms in My tree, because the meromorphic
solutions come with polynomial terms.
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where M ,gpr’) )ly is a purely polynomial solution to the Ward identity of degree p with coeffi-

cient By (pid ), and ¢ counts the number of different polynomials with the same maximal degree.

For k = 2, the reduced Mellin amplitude for these solutions takes the simple form

i) _ (8282 +u?) ¥ (stu)”

= 4 20 +3bi<p—4, 3.14
200y = (56 (- 6)(a—6) Gtobi=p (3.14)

where a; and b; are non-negative integers. The sum of the number of partitions of all
positive integers y < x into 2 and 3 is given by

Z% 1—3 yll—q?’)

(3.15)
LG + (z + 3)? J
12 ’
so the number N5 (p) of polynomial solutions of degree p for k = 2 is
Na(p) =n(p—4). (3.16)

For k = 3, the Méﬁ;?ly do not take such a simple form for all p, but we write the cases
p = 5,6 in appendix D. In this case we find by checking many solutions that'6

Ns(p) =n(p—4)+n(p—>5)+n(p—6)—1. (3.17)

For higher k& we found no simple pattern for the number of polynomial solutions, but they
can be easily computed case-by-case. We do, however, note the following feature: at p = 4,
for even k only, there is a unique polynomial solution in addition to the unique meromorphic
solution (3.7).

4 Uplifting to M-theory

Having established the space of solutions to the superconformal Ward identity, we turn to
their physical interpretation in the (2,0) CFT and the uplift to M-theory. This relies on
the flat space limit of (SgSkSkSk), which we perform using an adaptation of Penedones’
formula [29]. Our goals are twofold: first, to give a precise dictionary for how to recover
11d amplitudes in the #1; < 1 expansion from these four-point functions; and second, to
show on general grounds how the functional form of the 11d amplitude is reflected in, and
may be inferred from, the properties of the 6d CFT correlators. In the next section we
apply this technique to derive the R* contribution to the 11d graviton amplitude.

16This formula is equal to the number of solutions to the Ward identity in the flat space limit minus the
one meromorphic solution with p = 4. This naive counting of polynomial solutions does not work for higher
k though.
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4.1 Flat space limit for arbitrary KK modes

Let us first present the adaptation of Penedones’ original formula to the AdS; x S com-
pactification [28,; 29, 62|, for the Mellin amplitude M} corresponding to the four-point
function of KK modes S;. Denoting L = Lags,

LILH;OLB (L/2)* Vi My (L?s, L?t;0,7) = r(4/<;1—3)/ dB prE—Ve P AL (28s,26t; 0,7) |
(4.1)

where (L/2)* Vy = %2L4 is the S* volume (required by dimensional analysis). We interpret
.A}Cl as the 11d flat spacetime amplitude of four supergravitons with momenta k!' restricted
to an R7 ~ AdS7|r e, integrated against four supergraviton Kaluza-Klein mode wave
functions on S* and contracted with so(5) polarization vectors Y;. We can write Al
explicitly as

y Py Wy 0y ® S AL o
Y1 Yo )R (Y3 - Ya)F 0578(5;
Y2 (s Ya)b 57 (4.2)

Vi [ AV @V @, 0¥, @).

Al (s,t0,7m) =

The ingredients are as follows: ./4537 5(s,t) is an invariant tensor in the supergraviton po-
larizations «, 3,7, §; Ve I (z) is the normalized KK mode wave function for the particle
i on a unit S*; and Y;(k) = Yil1 YZI’“ are the scalar S* harmonics.

To actually extract A}l (s, t; 0, 7) from the integral (4.2) for arbitrary k is not straight-
forward, nor is it necessary. On general grounds, the uplift to 11d must be proportional to
the four-supergraviton amplitude, for any k. This follows from the fact that all operators
Sy are dual to KK modes of 11d supergravitons. Using this observation and matching the
degree of the polarizations, the flat space limit of M} must yield the 11d amplitude in
the form

lim My(s,t;0,7) = All(s, t;0,7)Pr_o(o,7), (4.3)
8,t—00
where Py _o(o,7) is a crossing-symmetric polynomial of degree-(k — 2) in (o,7), and
All(s,t;0,7) is defined as

(Vi Y2)* (Vs - Ya)P AL (s, tr0,7) = AN i)y (1.4)

The orthogonal kinematics Y; - p; = 0 follows from taking the flat space limit of amplitudes
in a direct product spacetime like AdS; x S*. Note that while A (p;; Y;) depends in general
on the individual momenta, .Alj(s,t; o,7) only depends on Mandelstam invariants, as we
demonstrate momentarily.

(4.3) makes clear that limg; o My (s,t; 0, 7) must reproduce the complete functional
form of A, which takes the form (1.3), subJect to the orthogonal kinematics p; - Y; =
0. We now show that the kinematic factor K in the 11d supergravity amplitude follows
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elegantly from the flat space limit of the 6d superconformal Ward identity (4.5). By direct
computation, one can show that

5,t—00 »

8,t—00 128
Ot (s t:0,7) = (tu + tso + sur)?,

lim M,gp)(s,t; o,T) R (4(k b)) +p) (stu @gat(s,t; o, 7')) M,Ep)(s,t; o,T) (45)

where in the flat space limit u = —s — t. The notation O3 refers to the fact that this is
the flat space limit of the difference operator ©4 defined in (A.10) that appears in the 4d
N = 4 superconformal Ward identities [61] (where it is denoted by R). Turning now to
K , this is equivalent to the tgtgR* tensor, where R, 0 is the linearized Weyl curvature in

momentum space. It may be defined as (e.g. [63])

K= ((myima)(msmy) — 4(mimaomsgmy) + (perms))2 , (4.6)
where
mi” = Ci[”p;.’] s (mamg) =mmi (mamgmigmy) = mimPmp"mi" (4.7)

(; and p; are the polarization vector and momenta of the i’th 11d graviton, respectively.
In general, K is not just a function of (s,t). But in 11d kinematics where ¢; - p; = 0 for all
(,7), one finds

Klesy, =AYy - Y2)2(Ys - Y3)?08 (s, t;0, 7). (4.8)

Therefore, the universal factor O3t (s, t; o, 7) that is required by the superconformal Ward
identity accounts for the overall momentum/polarization-dependent factor K of the 11d
graviton amplitude.!” It is satisfying that 6d superconformal symmetry generates the K
factor in the uplift for any k. As noted in the introduction, the fact that ©4 also appears
in the 4d N/ = 4 superconformal Ward identities, combined with (4.8), implies that type
IIB string amplitudes are proportional to K to all loop orders.'®

Returning to (4.3), we note that in a ratio of amplitudes at different orders in ¢;1,
Py_9(0,7) will cancel. Therefore, given the form of (1.3), we may express the tree-level
terms fp2mpa(s,t) in terms of the basis of polynomial and meromorphic solutions of fixed
degree p =4 + m:

44m,i 4+m,i
Fpomp (s, ! | SEBOME (5 b0, 7)
2m R4 -
D2m RA\2, 2m+3(4]{; — 2)m+3 s,t—00 Mk,sugra(sv l;o, T)
4.9
GBlt b2 /30] M mena ($5717) Y

2k—1
—|— Mk,sugra(svt;o'v'r) for 6 2 me 3Z

0 otherwise

'"In [28], the appearance of ©5*(s,t; 0, 7) in the four-point functions of stress tensor multiplets in ABJM
was derived by appealing to maximal gauged supergravity in AdSy.

'8 The overall factor in type ITA and IIB string theory can in principle differ at five loops and beyond [64],
but is sometimes indirectly argued to be equivalent to all orders (e.g. [31]). We thank Oliver Schlotterer
for a discussion on this point.
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where the numerical prefactor comes from the [S-integral in (4.1). This is one of our
main formulas.

An important point is that the sum Y} in (4.9) is defined to run only over all Mellin
amplitudes whose (o, 7)-dependence is given by Py_s(0o, 7). This polynomial is not a func-
tion of £11, so it can be computed once and for all from, say, taking the flat space limit of the
supergravity term My, sugra(s,t; 0, 7). This places strong constraints on the 6d Mellin am-
plitudes, not all of which have this factorized form. For instance, for k = 3, the polynomial
is unique up to rescaling

P(o,7)=140+T. (4.10)

On the other hand, there are many k = 3 solutions of the 6d superconformal Ward identity
that do not have this structure: at p = 7, for example, we find

lim M3

s,t—00 ;poly

lim M%)

s,t—00 ;poly

x O (s t:0,7)(1 + 0 + 7)stu,
(4.11)
o O (5 t; 0, 7) (5 + uo 4 t7)(s2 + 12 + u?).

Méligy thus must not appear in the 6d amplitude at O(c¢~7/3). For k = 4,

Py(o,7)=(1+0? +72) +blo+7+07) (4.12)

for some constant b, which can be determined from supergravity [59] to be b = 4. For
a given k, there are n(k — 2) independent orbits of crossing, where n(z) was introduced
in (3.15), one linear combination of which is picked out by M-theory.!® We can state the
general criterion for which solutions can contribute to fpzmpa(s,t) in terms of the ]\Ajlmn
(cf. (A.9)): they must be crossing-symmetric at large s,¢. This discussion makes clear
that 11d superPoincare invariance is more constraining that the flat space limit of the 6d
superconformal Ward identity.

4.2 Explaining the momentum expansion of Mellin amplitudes

Now that we can perform the flat space limit, we return to the previous section’s mathe-
matical solutions to the superconformal Ward identities, and interpret them as solutions
of the actual (2,0) CFT. The main point is that the degree of the Mellin amplitudes is
correlated with powers of 1/c ~ £3;. This is visible from the flat space limit (cf. (4.9)),
which determines the corresponding power of momenta, and hence of /17, in the corre-

sponding 11d S-matrix element. In particular, the Mellin amplitude coefficients B,(cp ¥ and

(p)
akIjD[Qn o obey

_2p+7
9

(p) B I(Cp,i) ~c

Ak D2n 0] > (1+0(c*)). (4.13)

Given (4.13) and the form (3.6) of the tree-level amplitudes, we see that the coefficients

(p)

p Dlang] AT the squared OPE coefficients for operators in D[2n 0] multiplets, evaluated

90ne can check that n(k — 2) is equal to, but simpler than, Ni_2 as defined in eq. 4.43 of [61]. This
simplification is the result of trying.
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2p+7

at O(c™ 9 ):
2p+7 (
)‘kDZnO] ZC ’ aka[ZnO] (4.14)
This explains why we found only L%J meromorphic Mellin amplitudes when there are

k — 1 different supermultiplets D[2n 0] exchanged: as recalled in section 2.2, holomorphy
and crossing in Wy completely determine the four-point function in terms of only L%J
independent OPE coefficients. The fact that for n = 1 we have just a single coefficient

15317%)[20} is explained by the fact that )‘i,D[zo} (c; ¢! (cf. (2.10)). At p = 1, where there

k,D[2n0]
the two-derivative amplitude in AdS7, which descends from 11d supergravity; this explains

a

exists a meromorphic solution for all k£ with a =# 0 for all n, we see that this is just
the M}, sugra notation introduced earlier. At p = 4, the existence of meromorphic solutions
for all k > 2 reflects the fact that the three-point functions )\k D[2n0) for n > 1 receive
corrections of O(c%/3) which descend from the 11d R* term (+ superpartners).?’ This
is indeed visible in the CFT where )\zp[% o are equivalent to Wy structure constants, as
discussed around (2.21)-(2.23).

4.2.1 Dimensional reduction and M-theory constraints on crossing

The scaling (4.13) may also be seen using dimensional reduction of M-theory.?! On general
grounds, the quartic part of the effective Lagrangian in AdSy is constrained to take the form

L£awrie — 2B RAr () + ¢ SOD R fapa(c) + ¢ O DR fpaga(c) +... (4.15)

where we have used D?™R* to denote all (8 + 2m)-derivative terms in the 7d action, such
as (0%¢3)*. The functions f;(c) have 1/c expansions

file) = Zf‘” -5, fMer (4.16)

n=0

(4.15) follows from the same arguments as in section 2.2: dimensional reduction correlates
the power of 1/c with the number of 11d derivatives via (1.4). The constants f 9 descend
from dimensional reduction of terms in 11d with legs on S%, i.e. from 11d terms with 2n
more derivatives than the AdS; vertex.?? A similar argument applies to cubic vertices in
AdS7 which give rise to meromorphic Mellin amplitudes: these also admit an expansion in
fractional powers of 1 /¢, as observed in (2.23) using Wy . Given these facts, the relation [65]
between bulk derivatives and polynomial solutions to crossing symmetry implies (4.13) to

20This is the same mechanism that generates an R® term in AdS; which is responsible for the O(N)
contribution to the (2,0) central charge [24].

21To recover the exact coefficient of each amplitude from dimensional reduction would require knowledge
of the full supersymmetric completion of the 11d higher derivative terms, which is unknown aside from the
R* term. The action analysis may be seen as a book-keeping device for the c-scaling of on-shell amplitudes,
which are what we actually compute.

22New tensor structures can also appear after the dimensional reduction that are not present in 11d. For
instance, (RWR‘“’)?’ in 11d can generate (RM,,R’“’)2 in AdS, which is different from the tsts R* and ej1e11 R*
tensors that appear in 11d.
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leading order in 1/c. The above discussion applies without modification to any AdSx.M
spacetime of M-theory with Laqs ~ L.

The above insights have consequences for solutions to four-point crossing in any CFT
dual to an M-theory AdSxM compactification (with Lags =~ Laq), which go beyond
the implications of the flat space limit. At O(c~(7+2Pmax)/9) " the allowed solutions to
crossing are those with p < pmax (see (4.13) and (3.13)); in fact, the polynomials with
P < Pmax — Which do not survive the flat space limit — are precisely dual to terms fi(n>0)
in (4.15)—(4.16). It is long-known that in M-theory, there are no 10- and 12-derivative
terms, e.g. [25, 26]. Therefore, there are no solutions to crossing at orders ¢ 17/9 and ¢=19/9.
Applying this to M = S*, together with the results of the next section for the k = 2, 3 four-
point functions in the (2,0) CFT through O(c~%/?), we have explicitly determined these
correlators at tree-level up to O(c¢~7/3). This rules out some of the low-lying solutions
of [66].23

5 M-theory from CFT data

With all pieces in place, we now relate M-theory in the ¢1; < 1 expansion to CFT data.
We first derive R* from CFT. We then lay the groundwork for deriving the tree level higher
derivative terms ~ D?™R* from CFT.

5.1 R4 from <S3S3S3S3>

For the case k = 3, the Wy algebra gives us a single nontrivial constraint from the OPE
We gave the R* contribution to A
in (1.6), whose derivation we review in appendix F. Plugging it into our formula (4.9) with

coeflicient Az pp40, which is enough to fix M. )

3,mero"

m = 0 and k = 3, we obtain the prediction
(4)

a

6

3,D[40] {11

—_— = -32 . 5.1

atV (LAdS> (51)
3,D[20]

Translating to CFT data using (1.4) and (4.14),

2
A3 Do) ‘675/3

A

. = —4.25¢75 . (5.2)
,D[20] [c—1
This precisely matches the OPE coefficients (2.10) and (2.21) as derived from the CFT
with help from the Wy chiral algebra conjecture. Thus, we have derived the R?* coefficient
from 6d CFT data. We point out that A%,DMO] ‘675 /3~ ¢ 'N~2, and thus is, fortunately,
independent of the O(N) term in ¢ whose 11d origin is R* itself [24].

231t has been a long-standing goal in holography to find explicit examples of AdS x M compactifications
with a parametric hierarchy Laas > La. Such CFTs would have an especially sparse spectrum of light, low-
spin single-trace operators. In this case, dimensional reduction will generate positive powers of £11/Ly =
cj\j/g > ¢ /9. The quartic effective action in AdS will again take the form (4.15), but where fi(c) —
fi(cam). Relating this to solutions to CFT crossing gives a new diagnostic, using CFT four-point functions,
of whether a large ¢ CFT has an M-theory dual with La¢ > Laas: at a given order in 1/¢, the only
polynomial solutions to crossing are those of maximal degree p = pmax. It would be interesting to use this
in an effort to bootstrap the existence of such CFTs.
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5.2 Higher derivatives from (S2S52S52S2)

For higher order terms ~ D*™R* Wy does not provide enough constraints on the k = 3
amplitude to completely fix the solutions, due to the existence of pure polynomial solutions.
Instead, our strategy will be to relate the higher-degree Mellin amplitude coefficients B®?)

to CFT data. We will focus on the lowest case k = 2, in which case the higher-derivative
Mellin amplitudes are the purely polynomial amplitudes MQ(pI;Z)ly of degree p, which are
defined using the Mellin space Ward identity (2.27) and the reduced Mellin amplitudes

MZ(pp;i)ly in (3.14). We will restrict to p < 10 where we can extract unambiguous information

from tree level Mellin amplitudes, without contamination from loop-level data.?*
i)

i ;poly
of their coefficents Bép’l) for p=16,7,8,9,10 (where i = 1 except for p = 10 where ¢ = 1, 2),

we will use the algorithm developed for extracting CFT data from Mellin amplitudes in

To extract CFT data from the purely polynomial Mellin amplitudes M2( in terms

3d [68]. We use the following normalization for the conformal blocks in the lightcone limit
U — 0, fixed V:
_ . A A ]

lim G, (U V) = UST (1 - VYR (20 25T Aqj1-v (5.3)

U—0 77 2 2
This calculation is very similar to that of [28, 68|, so we will only briefly sketch the deriva-
tion.

The amplitudes MQ(p ) will contribute to the anomalous dimension of the infinite tower

of unprotected double-trace conformal primary operators

[SQSQ]nJ ~ 5282718#1 e 6#], SQ — (traces) . (54)

As discussed in [34, 65, 66], a purely polynomial Mellin amplitude of maximal degree p,
which corresponds to a flat space vertex with 2p derivatives, contributes to the double-
trace operators with spin j < p — 4. We will now show how to fix the N(p) — N(p — 1)
coeflicients By (;, 1), indexed by i, of each degree p tree level term Méﬂ;?ly defined by acting
with (A.10) on (3.14) by extracting at least Na(p) — Na(p — 1) different pieces of CFT
data from these amplitudes. We will use the OPE coefficients squared aaq of the protected
multiplets M € {D[04], B[02],} from (2.8) that are not fixed by Wy, as well as the scaling
dimension of the lowest twist long multiplet with spin j. The supergravity contribution to
these quantities (~ ¢') was computed in [47, 69]. The higher derivative Mellin amplitudes
M lg?éigly discussed above will contribute starting at order C_HT%, and then will generically
include all subleading powers of ¢=2/9 ~ 3, (see (4.15)).

Let’s define the quantity 7%52”#87]_
dimension y 400}, ; ©f the leading twist operators [5252]0,j. We focus only on leading twist

as the contribution of MQ(p ) to the anomalous

for simplicity, because higher twists are degenerate. We will use the conformal primary

24The 2-loop 11d amplitude first appears at p = 10, which makes it impossible to fix M,Ep‘i) for p > 11
purely in terms of tree level data. For p = 10, while the term that scales like ¢~ will receive contributions
from loop amplitudes, there is also a ¢ 3logc term that is fixed by the logarithmic divergence of the 2-
loop amplitude in 11d supergravity; this should be fixable using tree level CFT data and the techniques
of [60, 67].
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41 6,1 7.1 8,1 9,1 10,1 10,2
CFT data: | M"Y | &Y | a™D | mBY | Y MO M
a 3 | 1308 | 1224 | _ 692304 | _ 575712 28496064 755136
Dl04] 7 7 77 1001 1001 1001 1001
a 0 2000 | 6000 115200 33600 103148800 835200
B[02]x 1573 | 1573 1573 1573 26741 1573
a 0 0 0 1354752 4064256 1175924736 12192768
B[02]3 158015 158015 3002285 153015
89579520
apo2)s 0 0 0 0 0 1356277 0
~ 250 |_ 197000 | _ 96000 | _ 12148000 | _ 384000 | _ 12853840000 6144000
" A[00]s,0 539 7007 7007 7007 539 110119 7007
0 75264 | 301056 | _ 122228736 | 10838016 | _ 184945926144 | 828506112
7 A[00]10,2 24167 | 24167 410839 31603 7805041 410839
0 0 0 | _ 1280240640 | 5120962560 | _ 9510359040 | _ 20483850240
A[00]12,4 146834831 | 146834831 11294987 146834831
2569273344000
7 A[00] 16,6 0 0 0 0 0 130985163829 0

Table 2. Contributions to the OPE coefficients squared a and anomalous dimensions 7 of various
multiplets appearing in Ss x Sy from the degree p polynomial Mellin amplitudes MQ(p ) The

;poly”
latter are defined via (2.27) and the reduced Mellin amplitudes Mz(ﬁ;?ly in (3.14). The entries
should be understood as multiplying Bép ’i), the overall coefficient of Mg(p;;i)ly Upon fixing the Bép %)

by comparing to an independent CFT computation of a quantity in the left-hand column, one
determines the M-theory amplitude via (4.9).

(j+12,5 )[40], because it is the only conformal primary in that R-symmetry channel, so we
do not have to worry about mixing with other conformal primaries. To extract these we

will need the product of the mean field theory (MFT) OPE coefficient squared a%f)aﬁsj
A[00] ’

and the coeflicient A3, 5 j( j + 12, 7), which as shown in [47] in our conventions are

Aoo] . Nomrr . GHDE+2)+9)G +10)(F +5)(5 +6)!
Aggjr2;00 + 1273)‘1,4[00}]%,]- = 360(9 + 2))! : (5.5)

Using these quantities and following the algorithm in [28], we find the results listed in the
last four rows of table 2.

For the protected OPE coefficients, we only need to worry about mixing with multi-
plets that are not in the chiral algebra, because those in the chiral algebra do not receive
corrections beyond supergravity. For apjgy), we can see from the tables of supermultiplets in
appendix E that its superconformal primary does not appear in any other supermultiplets,
so we can easily extract its OPE coefficient. For agoz);» the superconformal primary now
also appears in D[04], so for simplicity we will extract its OPE coefficient from the confor-
mal primary (j + 11,7 + 1)[49). Using the superblock coefficients computed in appendix E,
we find the results listed in the first four rows of table 2.

6 Conclusion

This paper developed an explicit program for how to extract the perturbative expansion
of the 11d flat space S-matrix from the OPE data of the 6d Ay_; (2,0) CFT. We mostly
focused on the flat space limit of the Mellin amplitude of four bottom components S of
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the half-BPS multiplet D[k0], in an expansion at large central charge. In particular, we
computed the R* term in 11d by using the protected 2d chiral algebra of the 6d theory,
the quantum Wy algebra, to fix the four point function (S555553S53) to 0(0_5/3), where
DI30] is the lowest multiplet above the stress tensor multiplet. This computation relied
crucially on the detailed form of the Wy algebra. Via their map to protected three-point
functions in 6d, the Wy structure constants in the 1/c expansion were also shown to
exhibit the absence of 10- and 12-derivative terms in the 11d effective action. Altogether,
the aforementioned matches to 11d physics provide strong support for the chiral algebra
conjecture of [1]. Moreover, we provided an explicit roadmap for how the first several low-
lying higher-derivative tree level terms ~ D?*™R* in the 11d S-matrix, including unknown
terms beyond DSR*, can be directly recovered from 6d CFT data that is as yet unknown.

Our results give a new motivation for computing 6d CFT data. The only known method
at this time of computing unprotected 6d CFT data is the numerical conformal bootstrap.
This program was initiated in [10] for (S25252S52), but the present bounds are not strong
enough to extract the 1/c expansion necessary to determine the M-theory effective action
via the method of section 5. One lesson from our paper is that (S35355S53) can be more
constraining (and constrained) than (S2525252): the Wy chiral algebra contributes terms
with a nontrivial expansion in 1/c to the former, but not the latter. By applying the
numerical bootstrap to (535553S53), one could hope to find strong bounds on CFT data.
For certain protected operators, these bounds could be compared to the nontrivial functions
of ¢ determined from the chiral algebra. If these analytic functions were to saturate the
numerical bounds, then one could use the extremal functional method [70] to read off the
CFT data of all operators that appear in the four-point function, as was initiated in the
case of the 3d maximally-supersymmetric ABJM theory in [71]. One could also consider
using the exact Wy result (2.20) as input to this computation, which would presumably
generate stronger bounds for the remaining OPE data.

There are also several details of 6d Mellin amplitudes for (Sy Sy SkS) that we would like
to understand better. For instance, while we determined the number of purely polynomial
solutions to the superconformal Ward identities for k = 2, 3, we were unable to find a simple
pattern for larger k. For k > 4, the operators Sy undergo mixing with multi-trace operators
in the respective D[2k 0] R-symmetry representations, which might explain the counting
in these cases. We would also like to better understand the relation between subleading
1/¢ corrections to a Mellin amplitude and terms in the 11d effective action. As also noted
n [28], these correspond to local higher-point vertices in 11d that involve more than four
fields, e.g. R7. Thus, the “finite size corrections” to the flat space limit of CFT correlators
may be understood in part?® as suitable soft limits of 11d higher-point amplitudes with
four external gravitons. It would be interesting to make this relationship explicit.

Lastly, it would be interesting to extend the methods here and in [28] to CFTs with
semiclassical string theory duals, such as the large N ‘t Hooft limits of ' =6 ABJM in 3d
or N =4 SYM in 4d. The complete string moduli dependence of the D®R?* term in type

ZThrough 14-derivative order, supersymmetry relates D*™R* to R**™. Starting at 16 derivatives, the
uplift of the subleading terms that descend from D?™R* in 11d cannot be related in any known way to
higher-point terms.
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ITA and IIB is unknown despite many years of sophisticated direct attempts (e.g. [72-76]
and references therein).?% It would be fascinating to determine this using holography.
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A Superconformal Ward identity and so(5) harmonics
In position space, the superconformal Ward identity takes the form
(20, — 200,) g\azz,l = (205 — 2a0y) g|a:2,1 =0, (A.1)
where we define
U =2z, V=>1-2)(1-2), o=oaa, T=1-a)(l—-a). (A.2)
To implement the Ward identities in Mellin space, we first expand Gy (U, V’; 0, 7) into the

R-symmetry polynomials Yy, (0, 7) as

Gr(U,V;0,7) ZZYab o, 7)Gka(U, V), (A.3)

a=0 b=0

which has Mellin transform (2.25)

8 t;0,T ZZYab o, T Mk ab(s t) (A4)

a=0 b=0

For k = 2,3, the explicit forms of the Y (o, 7)’s here are

1=[00]: Ypo=1,
10=[02]: Yio=o0—7,

2
=1[20]: Y3, :O'—l-T—g,

2 2 1
35" =[04]: Yo :a2+72—§0—§7—207+6,
4 4
81=[22]: Yo :(72—7'2—1—?7'—?07

26We would be remiss not to highlight the recent work [77], which sheds a (negative) light on the status
of possible non-renormalization of D¥R* by a direct five-loop supergravity computation.
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8 8 8
55=[40]: Yy =041 ——0— 14407+ —,

9 9 63
2 6 2 6
84=[06]: Yao :03—73—1—50—502—57—30274—5724-307'2,
4 34 32 34 8 32
220=[24]: Y31:03+73+—8—1+8—10—2—7024—8—17—2—707—027—2—772—072,
8 12 8 12
260=[42]: Yy =0’—7"+—0——0’—— 2. 242 g .2
60 = [42] =0 T—|—330 11° 33T+3J T—|—117' 3077,
16 72 18 72 72 18
140" = A 3 3_ -2, = 22 e = 2, -9 2 2'
0" =[60] 33=0"+T 429+1430 137 —1—1437 1307—1—90 =137 +907

(A.5)

If we now add up the two equations in (A.1), and expand in powers of &, then z
and z always appear in the combination z™ + z™ for some integer m, which can then be
turned into rational functions of U, V. The resulting equation involves a set of differential
operators in U, V' acting on Gy, o,(U, V'), organized in powers of &. Finally, we convert the

Ward identity to Mellin space by setting

Grar(U, V) = My (s, 1), Udy — Udy, Vdy —Voy, U™V"—TnVe,  (A6)
where the hatted operators act on My(s,t) as

U/a\UMk,ab(Sat) = ng,ab(Syt) ,

—_— t
Vaka,ab(S,t) = (2 — 21@) Mk,ab(sat) ) (A.7)

_— 2 £\ 2 2
VA My (5, 1) = My ap(s — 2m, t — 2n) (% _ f) % — - (Qk - 9) :
’ ’ 2/ m 2/, 2/) —m-n
where u = 8k — s — t and we will have independent constraints on each coefficient in the

expansion in powers of &.
In position space, the Ward identities can be also be solved by writing G in the
form (2.12), where the differential operator Y acts on H(U,V;0,7) as

YT =c*D'UV+?DU+DV —-oDV({U+1-V)=7D'(U+V -1)—orD'U(V+1-U),

D/:D_%(Dg_pf+2aga)787+%(—vzyl++2(vaga+aTT—1))(aga+aTT),
2
Dz@zﬁg——_(ﬁz—ag),
Z—Z
D(—)i_zaz_‘_af)
D =20,+20;, (A.8)

where U = zZ and V = (1 — 2)(1 — ).
The Mellin space version of this differential operator is a difference operator © that

acts on
My(s,t;oor)= Y o™ Mf,,(s,1) (A.9)
l+m+n=k—2
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in the following way:
-~ — 1 -~ —_— —_— —
oM, (s,8) =—7 <XY®4+XZVG)4+YZU®4) oM (s,t),
@4ET+(1—U—T)V+(—T—UT+T2)U+(O'2—U—UT)UV+UV2+O'TU2, (A.10)
X =s+4l—4k+2, Y =t+4n—4k+2, Z=u+4m—4k+2,

where U,V acts on Mk(s, t) as

_— — 2 £\ 2 2
TV 0 My(s,t) = My(s — 2m,t — 2n) (2k—§) <2k—2> (2%—%)3 (A1)

It is straightforward to take the flat space limit of this result directly; the result was given
in (4.5).

B Superconformal blocks under chiral algebra twist

In the chiral algebra limit (2.16), the superconformal blocks for all multiplets in the Sy x Sk
OPE (2.8) identically vanish except for the D[2n 0] and B[2n 0] multiplets, which take the
simple form

- ) a2y 4"(3)n
ij[gno](zz,(l—Z)(l—Z);Z 7(1_2 ) ): (1) g4n,0(z)>
n
_ - _ A" (Pnt1 ,Bl2no
Gjan0), (27, (1-2)(1-2);27%, (1 -2 2)2):(1)72; n—[i-?n]-s—l4n+6+jj+294n+6+j,j+2(2)’
n
(B.1)
where the ga j(z) are SL(2,R) global conformal blocks
Aty A+j A+ .
gn,j(z) =2 5y <2j, TJ,A +]72) 5 (B.2)
and Agff S]H an+6+4jj+2 1S the coeficient defined in (2.11) that relates the superconfor-

mal descendent (4n + 6 + j,j + 2)[2, 0] to the superconformal primary (4n + 4 + 7, 7)2n0)
of B[2n0];.>" The prefactors in (B.1) come from the R-symmetry factors Yg,(o, 7) that
multiply the conformal block G ar j(U, V') of each superconformal descendent that appears
in the superconformal block &4 ;(U,V;o,7) in (2.11). After performing the twist and
expanding for small Z, these quantities take the form

4™(1/2
tiy Vo (52, (17 2%) = 22 (T2 4 o)
z—0 (1)71 <B3)
lim Ga (22, (1- 2)(1-2) =2 = [ga;(z) + O] .
z—0
Since the z dependence must cancel from the superblock after performing the twist, we
see that for D[2n 0] only the superconformal primary with Y, (o, 7)Gano(U, V) survives,
while for B[2n 0]; only the superconformal descendent with Yy, 11 n41(0, 7)Gant6+j,j+2(U, V)

survives. Putting things together, G (z)|2q takes the form (2.17) given in the main text.

2T As shown in [78], such a superconformal descendant always exists. For k = 2, for instance, we list the
conformal primaries that appear in B[20]; explicitly in appendix E.
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C Mack polynomials

We use the definition of the Mack polynomials in [79], but with a different convention for s
and t, namely Sthere = Shere/2 and tihere = there/2 — (A2 + A3)/2, and we (anti)-symmetrize
t,u for (odd) even j. For a four-point function of identical scalars with dimension A we
then define

()4 s (& A2 A
m‘(A/ - 1)j’(d - A — 1)]71“(%)2
X PAlfd/Zj/((A/ — j/)/2 +m,t/2 - A)+ (_1)jPA/7d/2’j/((A/ — j/)/2 +m,u/2 — A)
2 )
(C.1)

ANA
Qi (1) =N ja

where d is the spacetime dimension of the CFT, A ;4 is a normalization factor, and
PVJ‘(S,t) is

S LWL (42 = 8)ula = uls + 0505 + Da(—thm-a(~0s-2hom—s

Pyj(s,t) = LT ’

o 17/2] j—2k m j—2k—-m

S LY Y

]kOmOQO B=0

(=1)I=F=a=PD(j —k+d/2—1) (j—2k\ (m) [j—2k—m
T2 — )R — 2k)! m a 3 ’

d2+v+j <  d/2—-v+j
M=——F"", Mi=—-77"",
2 2
)\2:d/2+y—], 5\2:(1/2—1/—]7
2 2
h=X+j—k—-m+a—-08, lb=X+k+m—-—a+p,
13:5\2+k+m, l4:5\2—|—j—kz—m. (C.2)

The maximal value mpax = A— (A’ —5’)/2—1 in the sum over m in (3.3) is here explicitly

A
enforced by the Gamma function in the numerator of (C.1). Since ) ™2 WTZL(J.?) is

defined to have the same meromorphic part as the Mellin transform of a conformal block
Gar (U, V), we fix the normalization factor Ma jq so that in the limit U — 0,V — 1

we recover our normalization of the conformal blocks U~ 7 (1 — V)7, We can fix this by

taking the residue of the pole s = A’ — 5/ and then summing over the ¢ poles in the inverse
AlA
1o (

Qo t
Mellin transform (2.25) of ) max W’[;) and expanding around V' = 1. For the blocks
considered in this paper, we find

12 60 350
Myo=—, Ns1=—, Neo = —, (C.3)
2800 6300 11025 43659 77616
Ngo = e Ng1=—, Moo=——, No2=——, Nuu1=——
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D Polynomial Mellin amplitudes

We now give explicit expressions for various Mellin amplitudes used in the main text
The polynomial parts M, k(;lgoly of the supergravity meromorphic amplitudes My, sugra =
Wi

kmero 11 section 3.1 are

acly = 5(5(16—1)0” =5s(o—1) (140 —47) +(96+5¢(7—4))7+40 (5t —56(1+7))),

1 1
aoly = 7 (3s(c—1) (0*+0(2—37)—47* —37+1) +30° (t—24)

+o2(3t(1—3)+124(1+1)) +0 (4 (4972 +1367+49) — 3t (72 +4))
—7(7+1)(3t(1—4)+92)) , (D.1)

The polynomial part MY el

3,poly 3,mero 18

MY = 1k (1655 72 (0 +7+1) +555° (~50? 14507 — 14472 +6t ((7+1)2 —02) — 1437+5)
+55% (40920 +60% (3657 —682) +20 (122977 — 83067 —2046)
+33t% (0% —0*(7+1) 0 (7 +1) +7° + 572+ 57+1) +6 (47327° + 39677 — 2957 +682)
—11t (670% —0*(2077 +67) — 0 (7172 +2857+67) +2117° +3587% +2107+67))
+48 (533160° +114170%(7+1)+ 7o (26217° — 233807 +2621) +-694807° —51617% — 51617
+69480)+s (—12 (382260° +30% (38217 —14025) +0 (571387 — 1661207 —39765)
+938407° +4666272 — 72637 +43614) —330t" (0* — (1+1)?) —55t* (670> — 0 (677 +207)
—0 (677°4+2857+71) +677°+2107°+3587+211) +20t (41220° —65580> (7 +1)
—0 (4332774229637 +4332) +67687° +-68617% +68617+6768) ) + 165t (0 +7+1)
—55t3 (507 +1450 —57% +1437+144) +10t? (2046 0> — 302 (6827 — 365)
+0 (—204672— 83067 +12297) +3 (6827° — 29572 + 39677 +4732) )

—12¢ (382260° +0*(11463—420757) +0 (—397657% — 1661207 +57138) +436147°
—726372 4466627 +93840)) . (D.2)

Finally, we write the reduced Mellin amplitude in the notation of (3.11) for the lowest few
polynomial amplitudes for & = 3:

— 128

Mgy () T13(—10)(8—s—1))’

MY (5,t) =— (128(—8(—10+s5)(—220707864

+5(85593762+ s(—9978487 +5(250829+111935))))

+(—18+5)(—154429232 4 5(63343800+5(— 7510574 +35(53379+37315))) )t
+ (113748160 +35(—9833184 4 5(1316254 + s(— 145799+ 74625))) )12
+574(—18+5) (2884 —6785439s2)t34287(2884 — 6785 +395%)t1))
X (78351(—10+5)(—8+5)(—6+5)(—104+)(—8+1)(—10+s+t)(—8+s+t)) "L,
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D|20] spins in various so(5) irreps
dimension 1 10 14 | 35’ | 81 55
[00] | [02] | [20] | [04] | [22] | [40]
4 — =710 — =
5 — 1| — — | —
6 2 | — | — — | —

Table 3. All possible conformal primaries in D[20] x D[20] corresponding to the D[20] supercon-
formal multiplet.

D[40] spins in various so0(5) irreps

dimension 1 10 | 14 | 35" | 81 | 55
[00] | [02] | [20] | [04] | [22] | [40]

8 — | — | — — [ 0

9 — | — | — 1| —

10 — | — | 2 o | — | —

11 — | = = =] =

12 o | — | —|—]—1]—

Table 4. All possible conformal primaries in D[20] x D[20] corresponding to the D[40] supercon-
formal multiplet.

MG (5,t) =— (64(—8(—10+5)(—30379752+ 5(12544806+ s (— 1668613+ 71813s)))
+(—18+5)(—20911376+ 5(9366240+ s(—1316054+588575)) )t
+ (17399680 +35(— 1299032+ 5(106998 + 5(—8835+5335))) ) 2
+82(—18+5) (2884 — 6785+395%)t> +41(2884— 6785+ 39s2)t1))

(11193(=10+5) (—8+5)(—6+5)(—10+t)(—8+1)(—10+s+1)(—8+s+1)) *.
(D.3)

E Supermultiplets and superblocks in S; X S5

In this appendix we discuss the supermultiplets that appear in Se x So. First, we list the
conformal primaries that appear in each supermultiplet. Following the algorithm in [78],
we list these results in tables 3-8.

Note that the superconformal primary for B[02]; also appear as a superconformal
descendent in A[00]A j, but that the (j 4+ 11,5 + 1)j49 conformal primary does not appear

in A[00]a ; or D[04] for any j or A > j + 8. The coefficient A%Oj%]rjh j+1 that relates this
conformal primary to the superconformal primary can be computed by plugging a linear
combination of conformal blocks for each conformal primary appearing in these tables into

the superconformal Ward identities (A.1), which fixes all such relative coefficients. We
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Table 5. All possible conformal primaries in D[20] x D[20] corresponding to the D[04] supercon-

formal multiplet.

D[04] spins in various so(5) irreps

dimension 1 10 | 14 | 35" | 81 | 55
[00] | [02] | [20] | [04] | [22] | [40]

8 — =T =To=1T=

9 S O e T e

10 0| — 1|20 2] —1]o0

11 — 3 = =1 | =

12 2 | — |20 | | —

13 S S W [ R R -

14 o | — | —|—]—]—

B[02]; spins in various so(5) irreps
dimension 1 10 14 35’ 81 55
[00] [02] [20] [04] [22] [40]
j+8 - j - — | =
i+9 41 — j+1 j41 - -
J+10 — J,JE£2 — — 5i+2 | —
Gl | j+1,j+3 — jELj+3|j£1,5+43] — |j+1
J+12 — 5,7 £2,5+4 — 5i+t2 | —
j 413 | j+15+3 - jELj+3 ] j+1 - -
j+14 - Gij+2 — — | =
j+15 j+1 — — — | =

Table 6. All possible conformal primaries in D[20] x D[20] corresponding to the B[02]; supercon-

formal multiplet.

B[20]; spins in various so(5) irreps
dimension 1 10 14 35’ 81 55
[00] [02] [20] [04] [22] [40]
Jj+38 — — J — — —
j+9 — j+1 — — j+1 —
Jj+10 | j,5£2 — Jij+2 Jij+2 — Jj+2
j+11 | j+1,5+3 — — | j+Li+3] —
Jj+12 3,7 +2 — 3,3 +2,5+4 | j+2 — —
j+13 — | j+1,j+3 — — — —
j+14 | j+2 — — — — -

Table 7. All possible conformal primaries in D[20] x D[20] corresponding to the B[20]; supercon-

formal multiplet.
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A[00] o ; spins in various so0(5) irreps

dimension 1 10 14 35’ 81 55
[00] [02] [20] [04] [22] | [40]
A j = = — ==
A+1 — j+1 — S (R
A+2 j,3£2 — == j — —
A+3 — j£1,j+3 | — 41| —
A+4 J,gEx2,5+4 — J,7E2 75,52 — J

A+5 — jE1,j+3] — i+
A+6 J,g£2 — == J — —

A+7 — j+1 — — —

A+8 j — — — | —

Table 8. All possible conformal primaries in D[20] x D[20] corresponding to the A[00] 5 ; super-
conformal multiplet.

define the conformal blocks with an extra factor of (—2)7 relative to [10]:

(A-4)(j+3)(A—j—4)
(A=2)(+1)(A=j=5)(A—j=3)

. _ _j+3
Ga;(UV)=Foo ]Tlf—ll-Fm Fo2

4)(A+5)?

(A—
6(A—2)(A+))*-1) o)
DG (s o (AtT At .
Fom(2,2) = — 2V B | —=4n, ——=4n,A+j+2n, 2
(z—2)3 2 2
A—j A—j
o (2‘7—3+m, 2]—3+m,A—j—6+2m,z) (26 z)> ,
where recall that U = zz and V = (1 — 2)(1 — 2). If we normalize the superconformal
primary to have unit coefficient, then we find that Aﬁg%ﬂﬁl i1 for j =1,3,5 are
B2, _ 3 802 _ 10 B2 _ 39 (E.2)

10122__57 10144__57 10166__871'

F R* and DSR* coefficients in M-theory

Here we perform the derivation of the finite contributions of R* and DSR* to the 11d
four-point superamplitude. We eschew the 11d action and instead work with type IIA
amplitudes, which we uplift to 11d. The following relations are useful:

I L 9
20(o/)3 — 11 AdS ) o F.1
e“? (o) @n)?’ < ™ > 6c, (F.1)

where e? = g,. We denote ITA amplitudes as A and 11d amplitudes as A"
From the tree-level amplitude of type IIA [80],

~ 20 > 20(2k + 1
Atree _ K,‘f%Oe—Q(’b (a/)3stu exp [Z C2(k " ; ) (a//4)2kz+1(82kz+1 4 t2k+1 4 u2k+1) 7
k=1

(F.2)
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where u = —s — t. We have, up to the same universal coefficient K H%O,

__ 64
Atree R - (a/)SSt’ue I
Ame4:2C@k‘%, (F.3)
(a')3stu 9 _9
A ree i e— ¢ .
e he pa 32 C(3)%

First we address R*. From the type IIA action [81],

Spri < 2((3)E3/2(¢) = 2¢(3)e™3%/2(1 + T(S)e%) + (non-perturbative) , (F.4)
which implies
Al—loop‘R‘l 2 772 Atree|R4 2/, 1 37"-2
=g, =g;(a')—stu. F.5
Atree|R g 3((3) Atree‘R g ( ) 96 ( )

This term is finite in the uplift to 11d, as it is independent of Rj;;. Uplifting to 11d
using (F.1),
A pa ¢ Stu

A11|R — Ellﬁ . (FG)

Next, we have [72]
4
Spegs o< 4¢(3)%e 72 4-8¢(2)¢(3) + ;€(2)262¢ + SC(6)64¢ + (non-perturbative) , (F.7)

where ((2) = 72/90 and ((6) = 7°/945. The two-loop term gives rise to a finite term
in 11d,

Az _1o0p| s 12¢(2)? Agree 2)?
2-loop| DO R* =g ¢( )2 tree| D6 = g*(d)® 3¢(2) (stu)?. (F.8)
Atree’R 5((3) Atree’R 2560
Uplifting to 11d using (F.1),
A po g 12 (stu)?

Notice that this depends only on (stu)?, not (s? 4 t? 4 u?)3.
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