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note that, while extending the hypermultiplet sector does not modify the set of solutions

to the attractor equations, the inclusion of additional vector multiplets results in new
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1 Motivation and outlook

The study and characterisation of supersymmetric and asymptotically AdS4 black holes

in four-dimensional N = 2 gauged supergravity [1–4] has recently received new attention

in light of the gravity/gauge correspondence. Of special interest are the N = 2 gauged

supergravities with a known embedding in string/M-theory [5, 6] due to the holographic

description of their asymptotically AdS4 black hole solutions in terms of RG-flows across

dimensions [7]. Especially striking results have been obtained in the context of BPS black

holes from M-theory, providing non-trivial precision tests of the gravity/gauge correspon-

dence beyond anti-de Sitter backgrounds [8, 9].

Eleven-dimensional supergravity, the low-energy limit of M-theory, can be consis-

tently reduced on a seven-sphere to a maximal SO(8)-gauged supergravity in four dimen-

sions [10, 11]. Within this theory, the so-called STU-model has played a central role for

black holes. The model describes the U(1)4 invariant subsector of the SO(8)-gauged super-

gravity [12, 13] which is an N = 2 gauged supergravity coupled to three vector multiplets

in presence of U(1) Fayet-Iliopoulos (FI) gaugings where the four FI parameters are iden-

tified. The black hole solutions studied in [2, 8] describe BPS flows interpolating between

a maximally supersymmetric AdS4 solution in the ultraviolet (UV) dual to ABJM [14],

the superconformal field theory on a stack of M2-branes, and an AdS2 × Σ2 geometry in

the near-horizon region. The classification of horizon configurations can be performed by

virtue of the attractor mechanism [2–4, 8, 15] which fixes the values of the scalars at the

horizon in terms of the vector charges. At leading order, the gravitational entropy density

associated with the horizons is obtained in terms of the charges using the Bekenstein-

Hawking formula [16, 17]. Such a gravitational entropy density has been shown to nicely
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match the expression for the topologically twisted index computed in the (large N) dual

field theory [8, 9] (see also [18]).

Upon compactification on a circle, eleven-dimensional supergravity reduces to mass-

less IIA supergravity in ten dimensions. However, unlike the former, the latter is known

to admit a deformation in terms of a mass parameter m [19]. When m 6= 0 the connection

to eleven-dimensional supergravity is lost rendering the massive IIA supergravity an inde-

pendent theory.1 Similarly to the eleven-dimensional theory, massive IIA supergravity can

be consistently reduced on a six-sphere to a maximal ISO(7)-gauged supergravity in four

dimensions [22] of the class investigated in [23]. In this theory, various types of BPS black

holes have recently been found within the SU(3) invariant subsector [24]. This subsector

describes N = 2 gauged supergravity coupled to one vector multiplet and the universal hy-

permultiplet,2 and the gauging, specified by the gauge coupling g and the mass parameter

m, is identified with a group G = R × U(1)U of abelian isometries of the hypermulti-

plet moduli space [29]. The presence of the universal hypermultiplet in four dimensions is

mandatory in order to accommodate the non-trivial ten-dimensional dilaton upon reduction

on the six-sphere. The black hole solutions found in [24] describe BPS flows interpolating

between an AdS2 ×H2 geometry in the near-horizon region and various UV asymptotic

behaviours: charged AdS4, non-relativistic scaling behaviours and the domain-wall DW4

(four-dimensional) description of the D2-brane in massive IIA. The horizon configurations,

namely the scalar fields and the vector charges at the horizon, turned out to be uniquely

specified in terms of the gauging parameters (g,m) related to the inverse radius of the

six-sphere and the Romans mass parameter, modulo a Z2 reflection of the charges.

In this note we make some progress in the classification of BPS black hole horizon

configurations in N = 2 supergravity models that arise from the reduction of massive IIA

on the six-sphere. To this end, we extend the canonical setup with one vector multiplet

and the universal hypermultiplet studied in [24] by adding extra matter multiplets. Two

cases are investigated:

i) One vector multiplet and two hypermultiplets in the image of a c-map.

ii) Three vector multiplets and the universal hypermultiplet.

In the former case the attractor equations force the scalars in the extra hypermultiplet

to vanish at the horizon, thus reducing this case to the one investigated in [24]. In the

latter case the extension of the vector sector proves more interesting. The massive IIA

model with three vector multiplets and the universal hypermultiplet is the analogue of the

STU-model from M-theory, although there are some fundamental differences. For instance,

while the STU-model from M-theory has a maximally symmetric AdS4 vacuum dual to the

superconformal ABJM theory on the M2-brane, the (massive) IIA counterpart is a DW4

solution with a non-trivial profile for the dilaton in the universal hypermultiplet reflecting

the non-conformality of the dual SYM(-CS) theory on the D2-brane [30]. The interplay

1See [20, 21] for holographic aspects of massive IIA on CP3 and deformations of the ABJM theory.
2Supersymmetric solutions of four-dimensional N = 2 supergravity models with vector and hypermulti-

plet sectors have been studied in [25–28].
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between the scalars in the vector multiplets and the non-trivial dilaton in the universal

hypermultiplet complicates the analysis of BPS flows. However, as we show in this note,

the attractor equations governing the BPS horizon configurations can still be solved in

full generality. The resulting horizon configurations are specified in terms of the gauging

parameters (g,m) together with four continuous parameters, and can have hyperbolic or

spherical symmetry. The gravitational entropy density associated with these horizons may

play an important role in precision tests of the massive IIA on S6/SYM-CS duality [31, 32]

beyond anti-de Sitter backgrounds.

2 N = 2 gaugings and attractor mechanism from massive IIA

Massive IIA ten-dimensional supergravity can be consistently reduced on S6 down to a

four-dimensional maximal supergravity with a dyonic ISO(7) gauging [22]. This maximal

supergravity admits various further truncations to N = 2 subsectors characterised by

a compact subgroup G0 ⊂ ISO(7) under which the fields retained in the truncation do

not transform (singlets). The subsector with G0 = SU(3) invariance has proved very

successful in the study of AdS4 [29], domain-wall [30] and black hole [24] solutions that can

systematically be uplifted to ten dimensions3 by using the uplifting formulas of [22] (see

e.g. [31, 35]). However there are other N = 2 truncations based on different subgroups G0

that are yet to be explored. This is what we set up to do in this note.

2.1 Abelian hypermultiplet gaugings

With the aim of gaining new insights into the general structure of BPS black hole hori-

zon configurations from massive IIA, we investigate various N = 2 truncations of the

dyonically-gauged ISO(7) supergravity. They have an abelian gauge group G = R×U(1)U
and are described by a Lagrangian of the form

LmIIA =

(
R

2
− V

)
∗ 1−Kij̄ dz

i ∧ ∗ dz̄j̄ − huvDqu ∧ ∗Dqv

+
1

2
IΛΣHΛ ∧ ∗HΣ +

1

2
RΛΣHΛ ∧HΣ (2.1)

−1

2
mB0 ∧ dÃ0 −

1

8
gmB0 ∧ B0 .

The (dynamical) field content of the various models studied in this note consists of the

supergravity multiplet coupled to nv vector multiplets and nh hypermultiplets.

The complex scalars zi in the vector multiplets, with i = 1, . . . , nv, serve as coordinates

in a special Kähler (SK) manifold MSK. As the gauging is abelian, they must be neutral

Dzi = dzi . (2.2)

In order to describe the dynamics of the vector multiplets, namely the kinetic terms for

scalars and vectors as well as the generalised theta angles in (2.1), we adopt the same

3See [33] for the uplift of the AdS4 vacuum preserving N = 3 supersymmetry and G0 = SO(4)

found in [34].
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conventions as in [24, 36]. Introducing a symplectic product of the form

〈U, V 〉 ≡ UMΩMNV
N = UΛV

Λ − UΛVΛ , (2.3)

where ΩMN is the (antisymmetric) invariant matrix of Sp(2 nv + 2) and Λ = 0, . . . , nv, the

kinetic terms for the scalars zi are determined by a Kähler potential

K = − log(i
〈
X, X̄

〉
) . (2.4)

This is in turn expressed in terms of holomorphic sections XM (zi) = (XΛ, FΛ) satisfying

FΛ = ∂F/∂XΛ for a prepotential F(XΛ) that is a homogeneous function of degree two. In

terms of the Kähler potential (2.4), the metric in MSK is given by

ds2
SK = Kij̄ dz

i dz̄j̄ with Kij̄ = ∂zi∂z̄j̄K . (2.5)

The kinetic terms and generalised theta angles for the (dynamical) vectors AΛ are encoded

in the matrix

NΛΣ = F̄ΛΣ + 2 i
Im(FΛΓ)XΓ Im(FΣ∆)X∆

Im(FΩΦ)XΩXΦ
where FΛΣ = ∂Λ∂ΣF . (2.6)

More concretely, the relevant functions entering (2.1) are obtained as RΛΣ ≡ Re(NΛΣ)

and IΛΣ ≡ Im(NΛΣ), and can be used to define a symmetric, real and negative-definite

scalar matrix

M(zi) =

(
I +RI−1R −RI−1

−I−1R I−1

)
. (2.7)

The real scalars qu in the hypermultiplets, with u = 1, . . . , 4nh, parameterise a quater-

nionic Kähler (QK) manifold MQK with metric

ds2
QK = huv dq

udqv . (2.8)

In this work we focus on QK manifolds that lie in the image of a c-map [37–39]. The metric

in this class of QK manifolds takes the form

ds2
QK = K̃ab̄ dz̃

a d¯̃zb̄ + dφ dφ− 1

4
e2φ (d~ζ )TCM4 d~ζ

+
1

4
e4φ

[
dσ +

1

2
(~ζ )T C d~ζ

] [
dσ +

1

2
(~ζ )T C d~ζ

]
, (2.9)

with C = −Ω. The matrix M4 entering the first line in (2.9) depends on the complex scalars

z̃a, with a = 1, . . . , nh − 1, parameterising the special Kähler manifold M
S̃K

of the c-map.

The remaining coordinates in MQK form the set {φ , σ , ζA , ζ̃A} with A = 0, . . . , nh − 1.

We have also defined ~ζ ≡ (ζA, ζ̃A) in (2.9).

It is customary in N = 2 supergravity to arrange electric AΛ and magnetic ÃΛ vectors

into a symplectic vector AM = (AΛ, ÃΛ) with M being a fundamental index of the electric-

magnetic group Sp(2nv + 2). In the massive IIA models, both types of vectors participate

in the gauging of the G = R×U(1)U abelian isometries ofMQK. As a result, the scalars qu
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in the hypermultiplets are charged under the gauging and minimally couple to the vector

fields via covariant derivatives of the form

Dqu = ∂qu −AM ΘM
α kuα . (2.10)

The Killing vectors kα (with α = R or U) in (2.10) couple simultaneously to electric

and magnetic vectors as dicated by a dyonic embedding tensor ΘM
α = (ΘΛ

α,ΘΛα) with

ΘΛα 6= 0. Consistency of the gauging requires an orthogonality constraint of the form〈
Θα,Θβ

〉
= 0 [40]. This constraint is guaranteed for the dyonic embedding tensor under-

lying the massive IIA models, which takes the form

ΘM
α =

ΘΛ
α

ΘΛα

 =



Θ0
R Θ0

U

Θ1
R Θ1

U

...
...

Θnv
R Θnv

U

Θ0R Θ0U

Θ1R Θ1U

...
...

Θnv R Θnv U



=



g 0

0 g

...
...

0 g

−m 0

0 0

...
...

0 0



. (2.11)

The dyonic nature of the four-dimensional gauging has its origin in the Romans mass

parameter m of the ten-dimensional massive IIA supergravity [31]. More specifically, it

only affects the R factor of the gauge group which is associated with the isometry kR = ∂σ
of the quaternionic manifold (2.9). This isometry is gauged by a linear combination of the

graviphoton and its magnetic dual, as it can be seen from the covariant derivatives

Dqu = ∂qu − (gA0 −m Ã0) kuR − gAU k
u
U . (2.12)

From (2.12) one also sees that σ becomes a Stückelberg field. The U(1)U factor of the gauge

group associated with the isometry kU is spanned by the electric vector AU ≡
∑

i Ai.
The Romans mass also induces the topological term in the last line of (2.1) which

involves the magnetic graviphoton Ã0 and an auxiliary two-form tensor field B0. The

presence of non-dynamical tensor fields in four-dimensional gauged supergravities with

a dyonic gauging is a well understood phenomenon [40]. In addition to the topological

term, the auxiliary tensor field B0 modifies the field strength of the electric graviphoton.

Concretely, one has that

H0 = dA0 +
1

2
mB0 , Hi = dAi . (2.13)

The equation of motion for the magnetic graviphoton following from the Lagrangian (2.1)

and (2.12) gives a duality relation between the auxiliary tensor field B0 and the covariant
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derivatives of the scalars σ and ~ζ in the hypermultiplet sector

dB0 = −e4φ ∗
[
Dσ +

1

2
(~ζ )T CD~ζ

]
. (2.14)

In addition the dual graviphoton is subject to a duality relation

dÃ0 +
1

2
g B0 = I0Σ ∗ HΣ +R0ΣHΣ , (2.15)

arising as the equation of motion for the tensor field B0.

The gauging of abelian isometries in MQK induces a potential for the scalar fields in

the vector multiplets and hypermultiplets. Using N = 2 symplectically covariant notation,

it is given by [40, 41]

V = 4VM V̄N KMu huv KNv + PxM PxN
(
Kij̄ DiVM Dj̄V̄N − 3VM V̄N

)
, (2.16)

with VM ≡ eK/2XM and DiVM = ∂ziVM + 1
2(∂ziK)VM , and where we have introduced

symplectic Killing vectors KM ≡ ΘM
α kα and moment maps PxM ≡ ΘM

α Pxα in order to

maintain symplectic covariance [36]. Lastly, the Einstein-Hilbert term closes the description

of the supergravity Lagrangian in (2.1).

2.2 Static BPS black holes and attractor mechanism

Static BPS black holes with spherical/hyperbolic symmetry have been extensively studied

in the context of N = 2 gauged supergravity. Adopting the conventions of [36], the most

general metric compatible with the symmetry takes the form

ds2 = −e2Udt2 + e−2Udr2 + e2(ψ−U)

(
dθ2 +

(
sin
√
κ θ√
κ

)2

dφ2

)
, (2.17)

with κ = 1 (spherical horizon S2) or κ = −1 (hyperbolic horizon H2). The functions e−2U

and e2(ψ−U) in the metric (2.17) as well as the vectors AΛ and Ã0, the tensor B0 and the

scalars zi and qu are assumed to depend only on the radial coordinate r. The ansatz for

the vectors takes the form

AΛ = AtΛ(r) dt− pΛ cos
√
κ θ

κ
dφ , Ã0 = Ãt 0(r) dt− e0

cos
√
κ θ

κ
dφ , (2.18)

with constant magnetic pΛ and electric e0 charges. The ansatz for the tensor field reads4

B0 = b0(r)
sin
√
κ θ√
κ

dθ ∧ dφ . (2.19)

As we will see in the next section, the scalars being charged under the vectors Ai are

forced to vanish at the horizon by virtue of the attractor mechanism. Furthermore, they

can be set to zero identically at the level of the Lagrangian without causing inconsistencies

with the set of equations of motion derived from (2.1). The latter restriction implies that

4The expression in (2.19) differs from the one in [36] by a tensor gauge transformation [24].
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there is no source term in the equations of motion for the vectors Ai which become of the

form d(IiΣ ∗ HΣ +RiΣHΣ) = 0. For this reason, it is convenient to also introduce a set of

auxiliary magnetic vectors

Ãi = Ãt i(r)dt− ei
cos
√
κ θ

κ
dφ , (2.20)

with constant electric charges ei, which are subject to a set of duality relations of the form

dÃi = IiΣ ∗ HΣ +RiΣHΣ. The analysis of equations of motion and duality relations is the

straightforward generalisation of the one performed in [24] for the model with one vector

multiplet and the universal hypermultiplet and fits into the general analysis of [29].

In the near-horizon region the metric takes the form AdS2 × Σ2 with Σ2 = {S2 , H2}.
This sets the functions in (2.17) to

e2U =
r2

L2
AdS2

and e2(ψ−U) = L2
Σ2

. (2.21)

On the other hand, BPS black holes are solutions to a set of first-order flow equations: they

extremise a real function 2|W | defined in terms of a central charge Z and a superpotential L.

This function, that must vanish at the horizon [36], is given by

W = eU (Z + i κL2
Σ2
L) = |W | eiβ , (2.22)

and solves the Hamilton-Jacobi equation for the effective action obtained upon plugging

the field ansatz (2.17)–(2.20) into the Lagrangian (2.1). The central charge and the super-

potential are obtained as

Z(zi) = 〈Q,V〉 and L(zi, qu) = 〈QxPx,V〉 , (2.23)

with Qx ≡ 〈Px,Q〉, and depend on a symplectic vector of charges

QM =
(
p0 , pi , e0 , ei

)T
, (2.24)

where p0 ≡ p0 + 1
2 mb0(r) and e0 ≡ e0 + 1

2 g b0(r). Assuming that the scalars approach

the horizon with a constant value, i.e. zi
′
= qu′ = 0, the first-order flow equations become

algebraic and determine the so-called attractor equations. The set of attractor equations

for dyonic gaugings of N = 2 supergravity was derived in [36]. It is given by5

Q = κL2
Σ2

ΩMQx Px − 4 Im(Z̄ V) ,

L2
Σ2

LAdS2

= −2Z e−iβ ,

〈Ku,V〉 = 0 ,

(2.25)

and must be supplemented with a charge quantisation condition

QxQx = 1 , (2.26)

5The charges Q in (2.25) are understood as evaluated at the horizon, namely, p0 ≡ p0 + 1
2
mbh0 and

e0 ≡ e0 + 1
2
g bh0 . From the set of first-order BPS equations it can be shown that Q′ = 0 at the horizon [36].
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and a set of compatibility constraints of the form

HΩQ = 0 and HΩAt = 0 , (2.27)

where H = (Ku)T huv Kv. We refer the reader to the original work of [36] for a detailed

derivation of the attractor equations (2.25)–(2.27).

The values of the scalars at the horizon configurations can be alternatively obtained

by extremising an effective black hole potential. Due to the presence of the gauging in the

hypermultiplet sector, such an effective potential takes the form [28]

Veff =
κ−

√
κ2 − 4VBH V

2V
, (2.28)

with V given in (2.16) and where VBH = −1
2Q

TMQ is the black hole potential in N =

2 ungauged supergravity [42] that depends on the charges and on the scalar-dependent

matrix (2.7). One then has that

∂ziVeff

∣∣
zih,q

u
h

= 0 , ∂quVeff

∣∣
zih,q

u
h

= 0 and L2
Σ2

= Veff(zih, q
u
h) , (2.29)

where we have denoted the values of the fields at the horizon with a subscript h. In the next

section, we are solving the attractor equations (2.25)–(2.27) for various N = 2 supergravity

models arising from the reduction of massive IIA on the six-sphere.

3 Models from massive IIA

Here we investigate the existence of BPS horizon configurations with hyperbolic/spherical

symmetry in various N = 2 truncations of the dyonically-gauged ISO(7) supergravity [29].

We start the section by reviewing the horizon configurations found in [24] for the canonical

model with one vector multiplet and the universal hypermultiplet, and then generalise the

setup there by including additional matter multiplets.

3.1 MSK = SU(1,1)/U(1) andMQK = SU(2,1)/(SU(2)×U(1))

Examples of four-dimensional static BPS black holes enjoying an embedding in massive IIA

supergravity were presented in [24].6 The N = 2 model studied there corresponds to the

truncation preserving G0 = SU(3) ⊂ ISO(7) [29]. This model describes N = 2 supergravity

coupled to a vector multiplet (nv = 1) and the universal hypermultiplet (nh = 1), and has

MSK =
SU(1,1)

U(1)
and MQK =

SU(2, 1)

SU(2)×U(1)
. (3.1)

The holomorphic sections used to describe the SK manifold are given by

(X0 , X1 , F0 , F1) = (−z3 , −z , 1 , 3z2) , (3.2)

which follow from a square-root prepotential

F = −2
√
X0(X1)3 . (3.3)

6See also [43] for AdS4 black holes from massive IIA with vanishing electromagnetic charges.
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Denoting z1 ≡ z = −χ+ ie−ϕ the scalar in the vector multiplet parameterising MSK

and qu = (φ , σ , ζ0 ≡ ζ , ζ̃0 ≡ ζ̃) the four real scalars serving as coordinates in MQK, the

scalar metrics entering (2.1) take the form

ds2
SK =

3

4

dz dz̄

(Imz)2
, (3.4)

and

ds2
QK = dφ dφ+

1

4
e2φ

(
dζ dζ + dζ̃ dζ̃

)
+

1

4
e4φ

[
dσ +

1

2
(ζ̃dζ − ζdζ̃)

] [
dσ +

1

2
(ζ̃dζ − ζdζ̃)

]
. (3.5)

The kinetic terms and the generalised theta angles for the vectors are determined by the

scalar-dependent matrix (2.6) which reads

NΛΣ =
1

(2 eϕ χ+ i)

−
e3ϕ

(eϕ χ− i)2

3 e2ϕ χ

(eϕ χ− i)
3 e2ϕ χ

(eϕ χ− i)
3 (eϕ χ2 + e−ϕ)

 . (3.6)

The two abelian isometries of the quaternionic metric (3.5) that are gauged correspond

to Killing vectors of the form

kR = ∂σ ,

kU = −3 (ζ̃ ∂ζ − ζ ∂ζ̃) , (3.7)

and have associated moment maps given by

P+
R = 0, P 3

R = − 1

2
e2φ ,

P+
U = 3 eφ (ζ̃ − i ζ), P 3

U = 3

(
1− 1

4
e2φ (ζ2 + ζ̃2)

)
, (3.8)

with P+ ≡ P 1 + iP 2. These isometries are gauged using the embedding tensor in (2.11)

particularised to the case nv = 1. Plugging such an embedding tensor, together with the

Killing vectors (3.7), into the covariant derivatives (2.10) one finds

Dσ = dσ − gA0 +m Ã0 , Dζ = dζ + 3 gA1ζ̃ , Dζ̃ = dζ̃ − 3 gA1ζ . (3.9)

Using the above geometrical data, the algebraic set of attractor equations (2.25)–(2.27)

was solved in full generality in [24] for a symplectic vector of charges QM of the form (2.24).

The result is that two horizon configurations — related to each other by a Z2 reflection of

the charges — exist with scalar fields and vector charges being fixed to

ζh = ζ̃h = σh = 0 , (3.10)
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and

κm−1/6 g7/6 LAdS2 = − 1

2 31/4
, κm−1/3 g7/3 L2

Σ2
= − 1

2
√

3
,

m1/3 g−1/3 eφh =
√

2, m−1/3 g1/3 zh = ei
π
3 ,

m−2/3 g5/3 p0 = ± 1

6
, m1/3 g2/3 e0 = ± 1

6
,

g p1 = ∓ 1

3
, m−1/3 g4/3 e1 = ± 1

2
. (3.11)

The horizon must be of hyperbolic type (κ = −1) for LAdS2 > 0 and L2
Σ2

> 0, and the

phase β in (2.25) gets fixed to β = π
3 ∓

π
2 . The requirements ζh = ζ̃h = 0 and σh = 0

respectively follow from the constraint 〈Ku,V〉 = 0 in (2.25) and from (2.14). A quick

inspection of the covariant derivatives in (3.9) shows that (3.10) decouples the vector A1,

equivalently kU = 0, and produces a U(1)U symmetry enhancement in the truncation.

3.2 MSK = SU(1,1)/U(1) andMQK = G2(2)/SO(4)

The next model extends the setup in [24] by adding an additional hypermultiplet and

corresponds to a truncation preserving the smallest non-abelian subgroup G0 = SO(3) ⊂
ISO(7). In this case, the Lagrangian (2.1) describes N = 2 supergravity coupled to a vector

multiplet (nv = 1) and two hypermultiplets (nh = 2) with

MSK =
SU(1,1)

U(1)
and MQK =

G2(2)

SO(4)
. (3.12)

Since the extension only involves the hypermultiplet sector, the holomorphic sections, pre-

potential, vector kinetic terms and generalised theta angles as well as the kinetic term for

the complex scalar z are still given by (3.2), (3.3), (3.6) and (3.4).

Regarding the geometrical description of MQK = G2(2)/SO(4), we fetch results

from [44] (see also [45]). Denoting coordinates in MQK by qu = (ϕ̃ , χ̃ , φ , σ , ζA , ζ̃A),

with A = 0, 1, the quaternionic metric is given by

ds2
QK = 3 dϕ̃ dϕ̃+

3

4
e4ϕ̃ dχ̃ dχ̃+ dφ dφ− 1

4
e2φ (d~ζ )T CM4 d~ζ

+
1

4
e4φ

[
dσ +

1

2
(~ζ )T C d~ζ

] [
dσ +

1

2
(~ζ )T C d~ζ

]
. (3.13)

The scalar matrix M4 entering (3.13) depends on the complex scalar z̃1 ≡ z̃ = χ̃+i e−2ϕ̃ pa-

rameterising the special Kähler submanifold M
S̃K

= SU(1, 1)/U(1) employed to construct

MQK via the c-map, and reads

M4 = e6ϕ̃


−χ̃3 3χ̃2 1 χ̃

−χ̃2
(
χ̃2 + e−4ϕ̃

)
χ̃
(
3χ̃2 + 2e−4ϕ̃

)
χ̃ χ̃2 + 1

3e
−4ϕ̃

−
(
χ̃2 + e−4ϕ̃

)3
3χ̃
(
χ̃2 + e−4ϕ̃

)2
χ̃3 χ̃2

(
χ̃2 + e−4ϕ̃

)
3χ̃
(
χ̃2 + e−4ϕ̃

)2 −3
(
3χ̃4 + 4e−4ϕ̃χ̃2 + e−8ϕ̃

)
−3χ̃2 −χ̃

(
3χ̃2 + 2e−4ϕ̃

)

 .

(3.14)

– 10 –



J
H
E
P
0
8
(
2
0
1
7
)
1
0
0

The geometrical data of the submanifoldM
S̃K

is specified in terms of holomorphic sections

Z̃ = (1 , z̃ , z̃3 , −3z̃2) which are compatible with a prepotential of the form

F̃ = −(Z̃1)3

Z̃0
. (3.15)

The Kähler potential forM
S̃K

enters the moment maps of the U(1)U isometry being gauged.

It follows the standard definition in (2.4) and reads K̃ = − log(i 〈Z̃, ¯̃Z〉).
The two isometries of the quaternionic metric (3.13) that are gauged in this truncation

are specified by Killing vectors

kR = ∂σ ,

kU =
[
(U Z̃)A∂Z̃A + c.c.

]
+ (U ~ζ )T ∂~ζ , (3.16)

where the U matrix is given by

U =


0 3 0 0

−1 0 0 −2
3

0 0 0 1

0 6 −3 0

 . (3.17)

Following the terminology in [44], the isometries (3.16) are identified with duality symme-

tries and have associated moment maps of the form

P+
R = 0, P 3

R = − 1

2
e2φ ,

P+
U = −

√
2 e

K̃
2

+φZ̃TCU ~ζ, P 3
U = − 1

4
e2φ(~ζ )TCU ~ζ + eK̃Z̃TCU ¯̃Z . (3.18)

The embedding tensor in this model is still given by (2.11) with nv = 1. After using the

Killing vectors in (3.16) one finds covariant derivatives

Dϕ̃ = dϕ̃− gA1χ̃, Dχ̃ = dχ̃+ gA1(1− e−4ϕ̃ + χ̃2), Dσ = dσ − gA0 +m Ã0 ,

Dζ0 = dζ0 − 3 gA1ζ1, Dζ1 = dζ1 + gA1

(
ζ0 +

2

3
ζ̃1

)
,

Dζ̃0 = dζ̃0 − gA1ζ̃1, Dζ̃1 = dζ̃1 + 3 gA1(ζ̃0 − 2ζ1) .

(3.19)

Let us now move to analyse the attractor equations (2.25)–(2.26) using the vector of

charges QM in (2.24) and the quaternionic geometrical data presented above. By looking

at the last equation in (2.25), which is independent of the vector of charges, one finds that

z̃h = i and ζAh = ζ̃Ah = 0 . (3.20)

This renders the model withM
S̃K

= SU(1, 1)/U(1) equivalent to the one with trivialM
S̃K

in what regards the classification of BPS horizon configurations. As a result, the only

solution to the attractor mechanism is the one in (3.11). From the covariant derivatives

in (3.19), one sees that (3.20) decouples the vector A1, namely kU = 0, and the case

presented in the previous section is recovered.
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3.3 MSK = [SU(1,1)/U(1)]3 andMQK = SU(2,1)/(SU(2)×U(1))

The last model extends the setup of [24] by adding extra matter multiplets in the form of

two vector multiplets. It describes N = 2 supergravity coupled to three vector multiplets

(nv = 3) and the universal hypermultiplet (nh = 1) and has

MSK =

[
SU(1,1)

U(1)

]3

and MQK =
SU(2, 1)

SU(2)×U(1)
. (3.21)

Despite the presence of three vector multiplets, only the combination

AU ≡ A1 +A2 +A3 is associated with the U(1)U factor of the gauging, as it can

be seen from the covariant derivatives in (2.12). Therefore, none of the scalars in the

universal hypermultiplet are charged under the vectors associated with the two orthogonal

combinations of U(1)’s, which turn to consistently decouple. This model is the massive

IIA analogue of the U(1)4 ⊂ SO(8) invariant STU-model from M-theory. However, as

discussed in the introduction, in the massive IIA case one is forced to keep the universal

hypermultiplet which contains the scalars σ and (ζ , ζ̃) that are charged under the gauge

group G = R × U(1)U. Therefore the model in this section corresponds to a truncation

with G0 = U(1)2 ⊂ U(1)2 × R×U(1)U ⊂ ISO(7).

The holomorphic sections describing the SK manifold are the non-isotropic generalisa-

tion of the ones in (3.2) and take the form

(X0, X1, X2, X3, F0, F1, F2, F3) = (−z1z2z3 , −z1 , −z2 , −z3 , 1 , z2z3 , z3z1 , z1z2) ,

(3.22)

which this time are consistent with the square-root prepotential

F = −2
√
X0X1X2X3 . (3.23)

Denoting zi = −χi+i e−ϕi the complex coordinates in the SK manifold, the metric (2.5)

takes the form

ds2
SK =

1

4

∑
i

dzi dz̄ ī

(Imzi)2
, (3.24)

and the QK metric is still given by the one of the universal hypermultiplet (3.5). The kinetic

terms and the generalised theta angles for the vector fields are encoded in the matrix

NΛΣ =
1

n


−ieϕ1+ϕ2+ϕ3 n1 n2 n3

n1 −ieϕ1−ϕ2−ϕ3 c2 c3 n12 n13

n2 n12 −ie−ϕ1+ϕ2−ϕ3 c1 c3 n23

n3 n13 n23 −ie−ϕ1−ϕ2+ϕ3 c1 c2

 ,

(3.25)

with ci ≡ (1 + e2ϕi χ2
i ) and where, in order to shorten expressions, we have introduced the

quantities

n ≡
(

1 +
∑
k

e2ϕkχ2
k

)
+ 2 i eϕ1+ϕ2+ϕ3 χ1 χ2 χ3 ,

ni ≡ e2ϕiχi + i eϕ1+ϕ2+ϕ3χj χk (i 6= j 6= k) ,

nij ≡ e−ϕk ck (eϕk χk + i eϕi+ϕj χiχj) (i 6= j 6= k) .

(3.26)
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As in the model with one vector multiplet, the two isometries ofMQK that are gauged

correspond to the Killing vectors and moment maps in (3.7) and (3.8). These isometries

are again gauged using the dyonic embedding tensor in (2.11) particularised this time to

the case nv = 3. The resulting covariant derivatives for the charged scalars in the universal

hypermultiplet read

Dσ = dσ − gA0 +m Ã0 , Dζ = dζ + gAU ζ̃ , Dζ̃ = dζ̃ − gAU ζ , (3.27)

with AU ≡ A1 + A2 + A3. Note that this model reduces to the one in section 3.1 if the

three vector multiplets are identified. However, the presence of two linear combinations of

abelian vectors not being coupled to the universal hypermultiplet becomes crucial to obtain

a four-parameter family of BPS horizon configurations generalising the one in (3.11).

In the following we are solving the attractor equations (2.25)–(2.26) using the symplec-

tic vector of charges in (2.24) with nv = 3. As in the previous examples, the last equation

in (2.25) and the duality relation (2.14) require

ζh = ζ̃h = 0 and σh = 0 , (3.28)

thus decoupling the vector AU in (3.27) and producing a U(1)U symmetry enhancement in

the truncation. In addition, the last equation in (2.25) imposes a constraint on the scalars

zih in the vector multiplets of the form∏
i

zih = −m
g
, (3.29)

which allows us to express one of the fields, let us say zkh, in terms of the others as

zkh = −m
g

1

zihz
j
h

with i 6= j 6= k . (3.30)

The relation (3.30) requires non-vanishing axions for Imzkh 6= 0. Note also that plug-

ging (3.30) into (3.23) gives F(zih, z
j
h) = −2 (m/g).

The two (complex) scalars (zih, z
j
h) that remain unfixed in (3.30) yield a (real) four-

parameter family of BPS horizon configurations. Moreover, the first condition in (2.27)

and the quantisation condition (2.26) require

e0m− g p0 = 0 and
∑
i

pi = ∓ 1

g
. (3.31)

After imposing (3.31), the first and second equations in (2.25) completely determine the

rest of the quantities at the horizon:

e2φh(zih,z
j
h) , L2

AdS2
(zih, z

j
h) , κ L2

Σ2
(zih, z

j
h) and Q(zih, z

j
h) , (3.32)

and the phase β in (2.22). They are expressed in terms of the two complex scalars (zih, z
j
h)

in (3.30) and the gauging parameters (g,m). Note that, instead of trying to invert the rela-

tions Q(zih, z
j
h) to parameterise the space of BPS horizon configurations in terms of vector
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charges, we prefer to use the values of the complex scalars. This will be more convenient

later on when exploring the region of the parameter space giving rise to physically accept-

able horizons. Lastly, we have verified that the horizon configurations (3.32) extremise the

effective black hole potential (2.28).

The explicit expressions for the functions in (3.32), especially for the charges, are not

very enlightening at this stage. The value of the dilaton field in the universal hypermultiplet

at the horizon reads

e2φh =
1

N(zih, z
j
h)

[
Imzih Imzjh+

g

m
Im(zih z

j
h)
(
z(2,0,1,0)+z(1,0,2,0)+z(0,2,1,0)+z(1,0,0,2)

)]
, (3.33)

where we have introduced the short-hand notation

z(n1,n2,n3,n4) ≡ (Imzih)n1(Rezih)n2(Imzjh)n3(Rezjh)n4 , (3.34)

and the function

N(zih, z
j
h) = z(2,0,2,0) + z(1,1,1,1) + z(2,0,0,2) + z(0,2,2,0) . (3.35)

The radius of the AdS2 factor of the metric at the horizon reads

L2
AdS2

=
2m

g

Imzih Imzjh Im(zih z
j
h)

m2 − 2gmRe
(
zih z

j
h (zih + zjh)

)
+ g2 |zih z

j
h (zih + zjh)|2

. (3.36)

From the vanishing of (2.22), the radius of the Σ2 factor can be written as

κL2
Σ2

= i
Z(zih, z

j
h)

L(zih, z
j
h)

with i 6= j , (3.37)

in terms of the superpotential L and the central charge Z evaluated at the solution (3.32)

of the attractor equations. The superpotential is given by

L(zih, z
j
h) = ± e

K
2

[
m

zih z
j
h

−g (zih+ zjh)

]
with eK =

g

8m

|zih z
j
h|

2

Imzih Imzjh Im(zihz
j
h)
. (3.38)

The central charge is given by

Z(zih, z
j
h) = ∓ i

4
e−

K
2 |zih z

j
h|

2

[
m

zihz
j
h

− g (zih + zjh)

]
N(zih, z

j
h)

D(zih, z
j
h)
, (3.39)

where we have introduced the function

D(zih, z
j
h) = m2

(
z(2,0,0,2) +

1

2
z(1,1,1,1)

)
−2gm

(
z(4,0,0,3) + 2z(4,0,2,1) + z(3,1,3,0) + z(3,1,1,2) + z(3,0,1,3)

+z(2,2,0,3) + 3z(2,2,2,1) + z(2,1,0,4) + z(1,3,1,2)
)

+g2
(
z(6,0,0,4) + z(5,1,1,3) + z(4,0,2,4) + z(2,4,0,4) + z(2,2,0,6) + z(6,0,2,2)

+z(6,0,4,0) + z(1,5,1,3) − z(5,1,3,1) − z(3,1,1,5) − z(5,0,5,0) + z(1,4,1,4)

+2z(4,2,4,0) − 2z(3,3,3,1) + 2z(4,2,0,4) + 2z(4,1,0,5) − 2z(4,1,2,3) + 2z(3,3,1,3)

+2z(2,3,0,5) − 2z(3,2,1,4) − 2z(4,1,4,1) − 4z(3,2,3,2) − 4z(5,0,1,4) − 6z(5,0,3,2)

+3z(4,2,2,2) + 3z(2,4,2,2)
)

+ perm . (3.40)
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The permutation (perm) terms in (3.40) account for the exchange zih ↔ zjh and correspond

to terms with (n1, n2)↔ (n3, n4). Finally, the expressions for the charges associated with

the graviphoton and its magnetic dual in (2.24) read

p0 =
m

g
e0 , (3.41)

e0 = ±
[
gRe(zihz

j
h) (z(2,0,0,1) + z(0,1,2,0) + z(0,2,0,1) + z(0,1,0,2))

−mRezih Rezjh

] N(zih, z
j
h)

D(zih, z
j
h)

.

Similar expressions are found for the charges (pk, ek) in terms of the scalars at the horizon,

although we are not displaying them here.7 Note that the quantities (3.33), (3.36), (3.37)

and (3.41) are consistently symmetric under the exchange zih ↔ zjh.

An important quantity that can be computed solely from the horizon data is the grav-

itational entropy density. At leading order, it is given by the Bekenstein-Hawking formula

s =
Veff(zih, z

j
h)

4
=
L2

Σ2
(zih, z

j
h)

4
=

m

2κ g
Imzih Imzjh Im(zihz

j
h)
N(zih, z

j
h)

D(zih, z
j
h)
, (3.42)

with i 6= j. The above entropy density may be relevant in massive IIA holography in light

of the recent advances in black hole microstate counting in the STU-model from M-theory

featuring FI gaugings [8, 9]. Note however that, in the massive IIA setup, the non-compact

gauging is associated with isometries of the universal hypermultiplet (FI terms in the

moment maps are permitted only when there are no physical hypermultiplets).

Example: one-parameter families of hyperbolic/spherical horizons. In order

to assess the existence of new BPS horizon configurations, we start from the isotropic

configuration in (3.11) and parametrically deviate from it by setting

m−1/3 g1/3 z1
h = ei

π
3 + ε , m−1/3 g1/3 z2

h = ei
π
3 − λ ε , (3.43)

in terms of a continuous deformation parameter ε and a sign λ = ±. For the sake of

definiteness, we have set (zih, z
j
h) = (z1

h, z
2
h) and zkh = z3

h without loss of generality. For

each choice of λ, (3.43) specifies a one-parameter slice within the four-parameter space of

BPS horizon configurations previously obtained. The solution (3.11) corresponds to ε = 0,

identifies z1,2,3
h = zh = (m/g)

1
3 ei

π
3 and requires a hyperbolic horizon (κ = −1).

Setting λ = + the relevant quantities at the horizon are given by

m−1/3 g7/3 L2
AdS2

=
3
√

3

4 (4 ε4 + 6 ε2 + 9)
, κm−1/3 g7/3 L2

Σ2
=

3
√

3

4 ε4 − 18
, (3.44)

and

m1/3 g−1/3 eφh =
√

2 , m−1/3 g1/3 z3
h = −

(
ei

2π
3 − ε2

)−1
. (3.45)

7Like the charges (p0, e0) in (3.41), and also L2
Σ2

in (3.37), the charges (pk, ek) are proportional to

D(zih, z
j
h)−1. Therefore, all these quantities blow-up whenever D(zih, z

j
h) vanishes.
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m-1/3 g1/3 Im zh
3

m-1/3 g1/3 Re zh
3

ε

Figure 1. Horizon configurations as a function of the deformation parameter ε when λ = +. There

is a transition from hyperbolic to spherical horizon at |εcrit| = 31/2 2−1/4.

At the critical values |εcrit| = 31/2 2−1/4 the radius L2
Σ2

and the vector of charges Q become

singular due to the vanishing of D(z1
h, z

2
h) (see figure 1). For |ε| < |εcrit| the horizon is of

hyperbolic type, whereas for |ε| > |εcrit| the horizon is spherical. Note that the deformation

does not affect the dilaton in the universal hypermultiplet which is still fixed at the horizon

to the value in (3.11).

The situation changes when setting λ = − as shown in figure 2. In this case, the value

of the dilaton in the universal hypermultiplet at the horizon varies with the parameter ε.

The relevant quantities at the horizon are given by

m−1/3 g7/3 L2
AdS2

=
3
√

3(2ε+ 1)

16ε6 + 48ε5 + 96ε4 + 96ε3 + 72ε2 + 72ε+ 36
,

κm−1/3 g7/3 L2
Σ2

=
3
√

3
(
2ε2 + 2ε+ 1

)
16ε7 + 56ε6 + 96ε5 + 84ε4 + 24ε3 − 36ε2 − 36ε− 18

, (3.46)

and

m1/3 g−1/3 eφh =

[
2
(
4ε3 + 6ε2 + 6ε+ 3

)
3 (2ε2 + 2ε+ 1)

]1/2

,

m−1/3 g1/3 z3
h = −

(
ei
π
3 + ε

)−2
, (3.47)

so the parameter ε turns to be bounded from below ε > −1
2 in order to give acceptable

values LAdS2 > 0 and Imz3
h > 0. The horizon is hyperbolic if −1

2 < ε < εcrit and spherical if

ε > εcrit with εcrit ≈ 0.7304. At the critical value, the radius L2
Σ2

and the vector of charges

Q blow up due to the vanishing of D(z1
h, z

2
h).

4 Conclusions

In this note we have investigated the attractor equations for static BPS black holes in

various four-dimensional N = 2 gauged supergravities arising from the reduction of massive
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Figure 2. Horizon configurations as a function of the deformation parameter ε when λ = −. There

is a transition from hyperbolic to spherical horizon at εcrit ≈ 0.7304.

IIA supergravity on a six-sphere. The gauge group is G = R× U(1)U and originates from

the dyonic gauging of abelian isometries of the hypermultiplet moduli space. We have

generalised the results in [24] for the canonical model with one vector multiplet and the

universal hypermultiplet to include extra matter both in the hypermultiplet and vector

multiplet sectors.

The minimal extension of the hypermultiplet sector, namely having two hypermulti-

plets in the image of a c-map, does not allow for new BPS horizon configurations apart

from the unique hyperbolic horizon found in [24]. This follows from the general consider-

ation that only the complex scalar in MSK and the universal dilaton in MQK can acquire

non-trivial values zh and eφh at the horizon by virtue of the attractor equations, which set

z̃h = i and ζAh = ζ̃Ah = 0. As a consequence of the covariant derivatives in (3.19), there

is a U(1)U symmetry enhancement in the truncation as none of the non-trivial scalars are

charged under the vector in the vector multiplet. The relevant dynamics in this type of

extensions of the hypermultiplet sector based on the c-map is then captured by the simplest

model with only the universal hypermultiplet.

The extension of the vector sector turns to be compatible with a richer set of horizon

configurations including continuous parameters. In this note we have investigated the

model with three vector multiplets and the universal hypermultiplet which is the massive

IIA analogue of the STU-model from M-theory. The attractor equations can be solved in

full generality giving rise to BPS horizon configurations that involve non-trivial values for

the scalars in the vector multiplets zih and the dilaton in the universal hypermultiplet eφh .

The U(1)U symmetry enhancement also occurs in this model as ζh = ζ̃h = 0. The horizons

turn to depend on four continuous parameters as well as on the gauging parameters (g,m).

Dependending on the point in parameter space, they can have hyperbolic or spherical

topology, thus generalising the results in [24].

Finally, in the model with three vector multiplets and the universal hypermultiplet, the

gravitational entropy density associated with the horizons can be expressed in terms of the

– 17 –
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four continuous parameters allowed by the attractor equations and the gauging parameters

(g,m). In this note we found convenient to characterise the horizon configurations in terms

of the values of the scalars (zih, z
j
h) rather than in terms of the charges Q. A characterisation

in terms of the latter requires the inversion of the non-linear algebraic relations Q(zih, z
j
h)

(see e.g. (3.41)) which are not straightforward to invert. For this reason, the entropy density

in (3.42) is not yet in a suggestive form to be used in massive IIA holography along the lines

of the recent advances in the STU-model from M-theory featuring FI gaugings [8, 9, 18].

To make progress in this direction it is essential to carry out a study of static BPS black

holes potentially flowing to the AdS2 × Σ2 horizon configurations discussed in this note.

Altogether, it is important to get a better understanding of the massive IIA on S6/SYM-CS

duality [31, 32] beyond anti-de Sitter backgrounds. The less supersymmetric and hybrid

SYM-CS nature of the duality makes it an interesting avenue to explore [46–48]. We hope

to come back to some of these issues in the future.
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