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1 Introduction

The computation of finite volume matrix elements of local operators is an important prob-
lem in integrable quantum field theories. These form-factors play important role in the
determination of heavy-heavy-light 3-point functions in the planar AdSs/CFT), correspon-
dence [1], and they are fundamental ingredients of the form-factor perturbation theory [2].
In [3] the Massive Thirring (MT) model was formulated as the continuum limit of
an inhomogeneous 6-vertex model with appropriately chosen alternating inhomogeneities.
This integrable lattice regularization allowed one to compute the finite volume spectrum
of the theory by solving a set of nonlinear-integral equations (NLIE) [4]-[11]. Due to
the bosonization link between the Massive Thirring and sine-Gordon models [13, 14], this
method gave access to the finite volume spectrum of the sine-Gordon (SG) model as well.
The NLIE description of the finite volume spectrum was checked against direct field theo-
retical methods such as the Truncated Conformal Space Approach (TCSA) as well [10].
Nevertheless, the integrable lattice regularization of [3] gives access to compute matrix
elements of local operators of the M'T model and of their bosonized counterparts in the SG



model. The general framework for these computations is the Quantum Inverse Scattering
Method (QISM) [15]. In the past decades a remarkable amount of progress has been
achieved in the computation of form-factors and correlation functions of local spin operators
on the lattice [16]-[37]. One of the most important discovery was that local spin operators
can be expressed in terms of the elements of the Yang-Baxter algebra in an elegant way [17].
This made it possible to compute the matrix elements of local spin operators by using only
the Yang-Baxter algebra.

Relying on the light-cone lattice regularization of [3], in this paper our purpose is
to compute finite volume form-factors of local operators in the MT/SG theories. The
lattice Fermi fields of the regularized MT model are related to the spin operators by a
Jordan-Wigner transformation. This is why the results of the QISM for spin variables
are directly applicable to our model. Nevertheless, due to renormalization effects' the
connection between lattice fields and the fields of the continuum theory can be very non-
trivial. Because of these subtleties in this paper we restrict ourselves to operators which are
related to the U(1) symmetry of the model. Since the U(1) symmetry is present in both the
lattice and the continuum theories, it makes easier to make a connection between the lattice
and the continuum fields. The principle is that conserved quantities of the regularized
theory are mapped to conserved quantities of the continuum model. In this manner we can
identify the two components of the conserved U(1) current? of the continuum theory as
Jo(wn) ~ Zotnmt g () ~ P TEnor

Using the QISM techniques the diagonal matrix elements of J,, can be computed on the
lattice and the continuum limit can be taken as well. The final results can be expressed in
terms of the counting-function of the theory, which satisfies a set of NLIEs [9]-[11], which
we will refer to as DDV equations. For the sake of simplicity, in our actual computations
we restricted ourselves to the pure soliton sector? of the theory, but the computations could
be extended without any serious difficulties to other excited states of the model, as well.

For Jy we got the expected and quite trivial result, that the expectation value is equal
to the topological charge of the state divided by the volume. For .J; the result is not so
trivial. There the expectation value can be expressed by the solution of a linear integral
equation, whose kernel depend on the counting-function of the sandwiching state. These
equations can be solved analytically in the context of a systematic large volume expansion.

It turns out, that in accordance with [43], in the pure soliton sector, at large volume
in leading order the diagonal form-factors of J, can be expressed in terms of the so-
called connected-form factors of the operator in exactly the same way as in purely elastic
scattering theories [41, 42]. Nevertheless the exponentially small in volume corrections
differ from the TBA conjectures [38—42] of purely elastic scattering theories. The difference
arises in the form of the so-called dressed-form factors, which in our case are functionals of
the counting-function of the sandwiching state and the connected-form factors of .J,, (6.26).

Based on previous experiences in diagonally scattering theories, we conjecture that
in the pure soliton sector, our final formula (6.26) for the dressed form-factors hold for

'"Here we think of normal ordering, renormalization constants and operator mixing.
2The corresponding conserved quantity is the toplogical charge in the SG model.
3In lattice terminology: we restrict ourselves to pure hole states over the antiferromagnetic vacuum.



any operator, provided the connected form-factors of the operator under consideration are
substituted into (6.26).

The organization of the paper is as follows. In section 2. we summarize the light-
cone lattice approach to the MT model and determine the lattice counterparts of the U(1)
conserved current. The NLIE governing the finite volume spectrum of the model is also
reviewed in this section. In section 3. we provide the integrable QISM formulation of the
model. In section 4. the diagonal matrix elements of the operator o7 are computed on the
lattice. The continuum equations, their solutions and the correct identification between
the lattice and continuum fields are presented in section 5. The systematic large volume
expansion and the determination of dressed form factors can be found in section 6. Our
summary and outlook can be found in section 7. The paper includes a short appendix
containing some Fourier-transforms being necessary for the computations.

2 Light-cone approach to the Massive-Thirring and sine-Gordon models

The continuum models we consider in this paper are the sine-Gordon theory,

1 2
Lsc = 50,80"® + % ccos(BD): 0<% < 8m, (2.1)
and the massive Thirring model:
Lo = U(i7,0” + mo)¥ — g@v”@@%\k (2.2)

where we use chiral representation for the fermions {~v*,~+"} = 2nt":

R o (01 . [01 5 o1 (-10
‘1’—<¢R>, v—<10>7 7—(_1())7 V== n—(()l)-

By bosonization techniques, it was shown [13] that the two models can be mapped into
each other provided their coupling constants satisfy the relation:

g 47
1+ e ik (2.3)
There is a subtle point in the equivalence of the two theories [14], namely they are equivalent
only in the even topological charge sector of their Hilbert-spaces and they differ in the odd
topological charge sector.

The light-cone lattice approach of [3] provides an integrable lattice regularization of
the MT model in the even topological charge sector of theory. In this description the
space-time is discretized along the light-cone directions: z4 = x &t with an even number
of lattice sites in the spatial direction. The sites of the light-cone lattice correspond to the
discretized points of space-time. The left- and right-mover fermion fields live on the left-
and right-oriented edges of the lattice. In this manner a left- and a right-mover fermion
field can be assigned to each site of the lattice. (See figure 1.)

Lattice fermion fields satisfy the anticommutation relations:

{wA,nv ¢B,m} = 07 {¢A,na %;m} — 6AB 5nma A7 B = R7 La 1 S m,n S N. (24)
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Figure 1. The pictorial representation of the light-cone lattice.

Then left- and right-mover fields live on the odd and even edges of of the light-cone lattice
respectively:
wR,n = 7/)2717 ¢L,n = anfla 1<n< % (25)

In this regularization, the variables 1), are used to formulate the model and they are related
to the commonly used spin variables by a Jordan-Wigner transformation:

n—1

-1
=0 o7, Uy =0, H oy . (2.6)
1 I=1

—~
Il

The Uy, and Up light-cone evaluation operators of the model are given by inhomogeneous
transfer matrices of the 6-vertex model with appropriate alternating inhomogeneities as
follows.

Let us consider the 6-vertex model with the following R-matrix:

0 0 0
sinh()\) sinh(—ivy) 0
sinh(A—i7) sinh(A—iv)
sinh(—i~) sinh(\) 0 i
sinh(A—ivy) sinh(A—y)
0 0 1

R(\) = (2.7)

o o O =

where A is the spectral parameter and v is the anisotropy parameter which encodes the
coupling dependence of the MT model. The coupling dependence of v is given by:

0<p<oo, (2.8)

where p parameterizes the coupling constant of the SG and MT models by the formula:*

g 1 2
dr 1+ L p+1

(2.9)

4This parameterization is introduced to relate our results easier to the DDV equation.



The R-matrix (2.7) acts on the tensor product of two linear spaces both being isomorfic
to C2. As usual, the R-matrix acting on Vi(A1) ® Va(A2) is denoted by Ria(A; — X2). The
monodromy matrix acts on V) and the quantum space of the model H = ®i]i1 Vi and is

given by:
~ A(N) B(A
T(AE) = Roi(A—&1) Roa(A —&2) ... Ron(A —&n) = (CE)\; DE)\;> , (2.10)
[0]
where E is the N-dimensional inhomogeneity vector given by:
g: {£—7§+a€—7§+7'-'a€—7§+}7 (211)
with
§x = £p —i3. (2.12)

Here the parameter p is part of the regularization scheme. This is why it depends on the
lattice spacing or equivalently on the number of lattice sites. This dependence is given by
the formula:

p:%ln/\ja:%ln%, (2.13)

where M is the physical mass of fermions (solitons), a denotes the lattice spacing, N is the
number® of lattice sites of the 6-vertex model and L is the volume. Due to the integrability
of the model the transfer matrixes form a commutative family of operators on the quantum
space of the model:

TOIE) =T T, [T, TNIE)] =o. (2.14)
The U, and Ug light-cone evaluation operators of the regularized MT model are given by
the transfer matrices:

U = éaBP) (e 8, Uf = e (e |8, (2.15)

where H is the Hamiltonian and P is the momentum of the model. From this description
it follows that the eigenstates of the Hamiltonian are the eigenvectors of the commuting
transfer matrices. These eigenvectors can be obtained via the algebraic Bethe Ansatz
technique [15].

2.1 Algebraic Bethe ansatz

In the framework of algebraic Bethe Ansatz method, the eigenstates of the mutually com-
muting family of transfer matrices (2.14) are constructed by acting with a product of
B-operators on the reference state |0), which is the completely ferromagnetic S, = % state
of the model:

) = AL, A2y ooy Am) = BOW) B(A2) ... BOA)[0),  Sa%) = (X —m)[X).  (2.16)

SIn this convention, in the light-cone lattice the number of lattice sites in spatial direction is % See
figure 1.



Such a state is an eigenstate provided the spectral parameters in the argument of the
B-operators satisfy the Bethe equations:

ﬁ sinh(Aq — & — i) ﬁ sinh(Aq — A\ + )

~- 1 ~1,...,m. 2.17
sinh(A, — &) sinh(Ag — Ay — ) b AT e (2.17)

b=1
The eigenvalues of the transfer matrices can also be expressed in terms of the Bethe-roots:

= T sinh(p — A\p + i) N sinh(p — &) " sinh(u — A\p — )
Tx(ule) = H sinh(pu — A\g) * E sinh(p — & — i) kl;[l sinh(p — Ag) (2.18)

The Bethe-equations can be reformulated in terms of the so-called counting-function Zy(\):

(=1)% 42 Pa) = 1, 0 =m(mod2), a=1,.,m, (2.19)
where
Nsinh(\ — & — i) 14 sinh(\ — A + i7)
1) 1 Za(N) ¢
(=1)%e H sinh(A — &;) H sinh(A — X\p — i) (2.20)

b=1
For the proper definition of Z)(\) the logarithm of (2.20) should be taken, such that the
counting function should be continuous along the real axis. This can be achieved by defining
the function [8]:

sinh(igv — A)

v(A) = —ilog —————=,
9v(3) o8 sinh(igv + A)

0<v, 0, Im A| < v. (2.21)

<
<
—
=
~—
I

The function ¢, (\) can be continued analytically to the regime |Im A| > v by the require-
ments that its logarithmic discontinuities should run parallel to the real axis and it should
be an odd function on the entire complex plane. Using this analytically continued ¢, (\),
the definition of the counting-function specified to the inhomogeneities (2.12) is given by
the formula [8]:

Z\(\) = %

(B1A=p) + 1A+ ) = D d2(A = Mp). (2.22)
k=1
Using Z)(\), the Bethe-equations (2.17) can be reformulated in their logarithmic form by

the formula:
Zy(N\a) = 27 I,, LeZ+Y  a=1,.m (2.23)

We note that the role of § is to determine whether the quantum numbers I, should be inte-
gers or half-integers. The vacuum of the field theory corresponds to the § = 0, S, = 0, anti-
ferromagnetic vacuum of the lattice-model.® This state is formed by N/2 real Bethe-roots,
such that to all quantum numbers satisfying the inequality Z\(—oc) < 271, < Z)(o0)
there exist a real Bethe-root in (2.23). The excitations above this vacuum are character-
ized by complex Bethe-roots and holes, where holes are such real solutions of (2.19), which
are not Bethe-roots. In the logarithmic form of the equations quantum numbers can be
assigned to holes as well:

Z)\(hk)ZQﬂ‘Ik, I EZ—i—lf—gé k=1,...,myg, (2.24)

where hj denotes the positions of the holes and their number is denoted by my.

%According to (2.19), the § = 0 requirement implies that 4 must be even on the lattice.



2.2 The DDV equations

The DDV equations” [4]-[11] reformulate the Bethe-equations (2.17) in terms of a set
of nonlinear-integral equations, such that only those objects enter the equations, which
characterize the excitations. In this paper we will compute diagonal form factors in the
pure soliton sector of the theory, thus we recall here the form of the DDV equation only
for the pure soliton- or equivalently for pure hole states. The DDV equation for this sector
was derived first in [7]. Here we present the equations in rapidity variables i.e. § = %)\,
because of two reasons. First, this way it is easier to find connection to the literature of the
DDV equation [5]-[11], and on the other hand at the stage of our final results it is better to
work in this convention, since in the field theory this variable corresponds to the rapidity of
particles. We recall the DDV equation for both the lattice and for the continuum theories.
To do so, first we relate the lattice counting function in rapidity variables to Zy(\) of (2.22).
The relation is given by Zy(#) = Zx(16). The DDV equation for Zy () in the pure hole
sector reads as:

my

N
Zn(0) = ) {arctan [sinh(f — ©)] 4 arctan [sinh(6 + ©)]} + Z x(0 — Hy) (2.25)
k=1
T de NS PV [ do IR vy
+ / %G(Q—Q —in) Ly (0" +in) — / %G(H—H +1in) Ly (0" —in),

where x(6) is the soliton-soliton scattering phase and G(0) is its derivative:

o0 . (p—1) 7w
__.a ++ 0y — / —iw sinh(*———)
GO)=—i 70 log STT(0) = [ dwe 2 cosh(%2) sinh(P52)’ (2.26)

0 < 1 < min(pm,7) is an arbitrary positive contour-integral parameter, which must be
smaller than the distance of the first pole of G(6) from the real axis. Furthermore, L%)(Q)
denotes the nonlinear combinations of Zy(0):

LP(0) = n (14 (-1)° O, (2.27)

0 = ln% is the inhomogeneity parameter and Hy = %hk denote the positions of the

holes in the rapidity convention. They are subjected to the quantization equations:
Zn(Hy) = 2n I, LheZ+E0 k=1, my. (2.28)

A counting-equation [8] can be derived, which tells us how the number of excitation char-
acterizing objects is related to the spin or equivalently to the conserved quantum number
of the state. For pure hole states without special objects® the counting-equation on the
lattice takes the form:

my =25, -2} + 5], (2.29)

"A detailed review on the DDV equations can be found in [12].
8Special objects are points on the complex plane, where the Lgvi> (0) jumps along the integration contour
due to going though the branch cut of the logarithm. For more detail see for example [8, 12].



where here |.. .| stands for integer part. Since S, = % —m, this equation tells us that, on a
lattice with even number of sites, only states with even number of holes exist. The lattice
counting-function Zy(0) depends on the number of lattice sites N. It has a continuum
limit, which is just its N — oo limit [5, 6]:

Z(0) = lim Zy(0),  Ly(0) = lim L (0) = (1 + (—1)5eﬂz<a>) . (2.30)
N—o00 N—o00

With these notations the continuum DDV equations are just the N — oo limit of the

lattice ones (2.25):.

/
Z(0) —Esmh@—i—z (0 — Hy) + /;96’(0 0" —in) Ly(0' +in)

(2.31)

/
_ /d@(;(e 0 i) L (0 —in),
27

—00

where ¢/ = M L with L being the volume and M is the soliton mass. The energy and
momentum of these hole states in the continuum read as:

E=M Z cosh Hy, — — Z /d9 sinh(0 +ian) Lo (0 +ian), (2.32)
k=1 -
P=M Z sinh H, — — Z /d9 cosh(0 +ian) La(0+ian). (2.33)

Since in the large volume limit L, (6 + ian) — 0, from (2.32) and (2.33) it can be seen
that in the large volume limit the holes correspond to the rapidities of the solitons. This is
why in the sequel we will refer to holes as solitons. It also turns out [8] that the counting
equation (2.29) changes in the continuum and it reads:”

Q=mm, (2.34)

where @ is the U(1) (topological) charge of the continuum model.

The choice'® of § is crucial in the continuum theory. In the even charge sector of the
theory § = 0. In the odd charge sector the choice § = 0 corresponds to the MT fermions,
while the § = 1 choice describes the SG solitons [9]-[11].

Though in this paper we will make computations only in the twistless case, which can
describe only the even topological charge sector of the model, we note that in [46] it has
been shown that the odd charge sector can also be investigated from the lattice, if the

6-vertex model with an twist angle w = 7 is considered.

9For pure soliton states without special objects.
100n the lattice the actual value of § can be influenced by the parity of %



2.3 The U(1) current in spin variables

Our purpose is to compute the finite volume form-factors of local operators of the MT/SG
models in the framework of QISM. To achieve this plan, the first step is to relate the lattice
operators to the continuum ones. Due to renormalization effects, this is a complicated task

11 coming from renormalization effects we will restrict

in general. To avoid complications
our attention to operators related to the U(1) symmetry of the model. The U(1) symmetry
is present in both the lattice and the continuum theories, thus it is plausible to assume
that the U(1) conserved charge of the lattice theory is mapped to the U(1) charge of the
continuum theory.

The counting equations (2.29) and (2.34) suggest'? the @ ~ 25, identification between
the lattice and continuum conserved quantities. This helps us to define the correct normal
ordering for the lattice fermion fields as follows. Assuming the () ~ 2S5, relation, the
lattice topological charge can be expressed by lattice fermion fields using a Jordan-Wigner

transformation (2.6):

N N
Q~28, = Z => (Yhn—13). (2.35)

n=1

In the continuum theory the topological charge is given by the integral:

Q= /dm ULV : (2)+: U] U,: (2)), (2.36)

which can be approximated on the lattice by the discrete sum:

2
QY (Ud,ton : +: U, 1ton12). (2:37)
n=1
The comparison of (2.35) and (2.37) offers a natural definition for the normal ordering of
lattice Fermi-fields:
1/}2% TZJI%—%— - (2.38)
Our purpose is to determine the lattice counterparts of the conserved current belonging to

the U(1) current of the MT model. The index-0 component of the current is the charge
density. This can be computed from (2.35) and (2.38):

N N N L
2 2 05, + 03 2
Q~25’Z:Z(U§n+0§n 1 Z g L el Za-jo(na —>/de0 (2.39)
n=1 n=1 — 0
where a = % is the lattice constant and the index-0 component of the current at the

lattice sites can be expressed in terms of lattice spin variables as:

05, + 035 N o3, + 03
. 2n 2n—1 2n 2n—1
na) = = — . 2.40
jo(na) . 7 5 (2.40)
"Here we mostly think of operator mixing.
12 At least for large enough values of p, when the integer part becomes zero.




In the continuum theory the conserved current is given by:
Jy =¥,V w=0,1. (2.41)
which can be written in component fields as:

Jo=1 U Up:+ U U,

2.42
Jy =0 EUp: — U U, (2.42)

Since left- and right-mover fields live on the odd and even links of our lattice respectively,
comparing (2.40) and (2.42) gives immediately the index-1 component of the current in
terms of spin variables:

V4 z V4 4
. 0%y, =03y NO3, — 03, 4
ji(na) = = — .

2.4
a L 2 (2.43)

Consequently (2.40) and (2.43) indicates that the computation of form factors of the current
J,, is reduced to compute form factors of o7 on the lattice. This can be achieved within
the framework of QISM [17, 18].

We close this section with an important remark concerning the continuum limit and
our notations. It can be recognized, that as far as the notation is concerned, we made
difference between the continuum and the lattice notations of the U(1) current. Namely,
Ju(x) denotes the current in the continuum field theory, while j,(z) denotes the lattice
analog of the continuum current, the derivation of which was based on the identification of
the topological charge of the continuum field theory with 25, of the corresponding lattice
theory. However, in section 5.1. it will turn out that the two quantities are not equal, but
only proportional. We just anticipate their relation, which is given by the formula (5.10):

@) = L1 ju(@),  p=0,1. (2.44)

We note, that the renormalization factor [% tends to 1, as p tends to infinity in accordance
with the indication of (2.29).

3 Form-factors in the QISM framework

In the previous section we argued that the computation of form-factors of the U(1) current
of the MT/SG model is equivalent to the determination of the form-factors of o7 on the
lattice. Our approach to compute the finite volume form-factors of local operators having
lattice counterparts, consists of two steps; first one should compute the form-factors on
the lattice. The result will depend on the number of lattice sites N. Then the N — oo
limit of the lattice result gives the required result for the continuum theory.!> We will
demonstarate, that this method works fine by the computation of the diagonal matrix
elements of the U(1) current. The details of the computations enlight, that the diagonal
matrix elements of other combinations of local Fermi fields and their derivatives can also

13In many cases the careful analysis of renormalization constants is also necessary.

,10,



be computed by this method. Moreover, this procedure gives a theoretical framework also
for the computation of nondiagonal matrix elements of the operators.

In this section we collect the most important formulas being necessary for the compu-
tations. Consider the following vector of the Hilbert-space:

IX) = B(A1) B(A2) ... B(Am) |0). (3.1)

This is called Bethe-state if the numbers A; are arbitrary and is called Bethe-eigenstate if
all \; are solutions of the Bethe equations (2.17). Then the corresponding “bra” vector is
given by:

X = (0] C(Am) - .. C(A2) C(M1). (3.2)

To get all form-factors of the current, one should be able to compute the lattice form
factors:

(3.3)

where both |7) and |X) are Bethe-cigenstates, but in this paper we will focus on computing
only the diagonal matrix elements:

= W0 4 (3.4)

which turns out to be a much simpler problem.

Here we recall the most important formulas [18], which are necessary to perform our
calculations. In the computations only the Yang-Baxter algebra and the elements of the
monodromy matrix (2.10) are used. This is why it is important to express the local spin
operators in terms of the A, B,C, D operators of the monodromy matrix (2.10). It has
been done in [17] and the relations are summarized by the formula:

n—1 N
By = [T (A+D)&) Tw(&) ] (A+D)&),  ab=12 (3.5)
1=1 i=n+1

where the operator FE,, is given in terms of spin operators as follows:

Eél = %(171 + Jz)a E71L2 =0p, Ezl = O—r—tv En2 = 5(171 - UTZL) (3'6)
In our actual computations we use the 22-component of (3.5):
1 n—1 N
en = 5(1n—op) = [I@+D)&) D) [ A+ D)&), (3.7)
i=1 i=n+1

where for short we introduced the notation e, = (1, — 7). We compute the expectation
values of e, on the lattice, since apart from a trivial constant and sign it is equal to the

required matrix element %<O’Z )a. We note, that the lattice part of our computations is a

n
special case of the computations done in [18] for the emptiness formation probability. This

is why we will mostly use the logic and formulas of [18].

— 11 —



To compute {e,)y from (3.7), one should know how the operator D(&,) acts'* on the
“bra”-vector (3.2). This is given by the following formula [18]:

[] sinh(Aq — A\ —i7)

MHCWNMHQL&) =1 O] cow €&, (35)
k=1 @

a=1 sinh()\a — fn) H Sinh()\a - Ak) k=1
Pl k#a

k#a

where we explicitely exploited that &, is one of the inhomogeneities of the vertex model
and introduced:

N . .y

As a consequence of (3.9) and (2.17) it satisfies the identities:

I[Trow =1, Téj)zo, j=1,...,N. (3.10)
k=1

The last ingredient necessary for the computations is the scalar product of a Bethe-state
and a Bethe-eingenstate. Let |u) an arbitrary Bethe-state in the sense of (3.1) and |A) be
a Bethe-eigenstate. Then their scalar product is given by the formula [36]:

N -
- = 1 det H (ji|\)
1Ay = (Np) = . - - , 3.11
X = ) =1L 50 T mnn, — ) sy~ a0) (311
o j>k
where H(ji|X) is an m x m matrix with entries:
[T sinh(Ag — pp — i) sinh(Ag, — g + i)
H (,D:| ) _ Slnh(—Z’}/) ( )k=1 k=1
ab sinh(\, — pp) sinh(A, — pp — 1 7) sinh(A, — pp +17)
(3.12)

The special case of the formula (3.11), when both states correspond to the same Bethe-
eigenvector,'® gives the Gaudin formula:

IT II sinh(A; — A — i)
Jj=1k=1
H sinh()\k — )\J) sinh(/\j — )\k)
J>k

(XX = - det ®(X), (3.13)

—

where ®(\) is the Gaudin-matrix, which can be obtained from the counting-function (2.22)
as follows:

Bop(X) = —i -2 23 (alX)s ab=1,...m, (3.14)
o

“We just note that the factors coming from the (A + D)-wings of (3.7) give scalar factors since the
sandwiching states are eigenstates of (A + D).
151f the two eingenstates are different the scalar product is zero.
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where we indicated, that the counting-function should be considered as a function of the
Bethe-roots. This Bethe-root dependence can be read off from (2.22).

From (3.12) it can be seen, that the matrix element Hy,y(ji|X) depends on only one sin-
gle component of the vector fi. This observation makes possible remarkable simplifications,
when diagonal form-factors are computed. In this case one needs to compute scalar prod-
ucts, when the components of the vector [ take values either from the set of Bethe-roots
{Aj}j=1,.m or from the set of inhomogeneities {&}x=1 n of the model. In these cases the
matrix elements of H(j|X) take the form:

m

Hab(ﬁ]X)’%%)\c = (-1t H sinh(Ae — Aj — iv)@ac(_‘), a,b,e=1,..,m. (3.15)
j=1
1 (—=1)™ sinh(—i7) [T sinh(& — Aj +iv)
Gy Ha 1% = = be=1,.,m. (3.16
T(/’Lb) b(/’[/’ )‘,Ufb_>£c Slnh()\a _ 50) Slnh()\a o gc o Z’y) 3 a7 7c 5 7m (3 )

4 The computation of (e,)x

Now we are in the position to compute (e,), on the lattice. First the contribution of the
eigenvalues of the transfer-matrices are lifted:

=11 e 2 (D) (11)

As a consequence of (3.8) the expectation value (D(&,)), can be written as:

[] sinh(Aa — A —i7y)
k=1

- m 5\'>
(D(En))r = S T o 42
’ (A[A) ;T(AA) sinh(A g — &) T sinh(Aa — Ax) AN

k#£A

()
(X

where ;(4) is an m-component vector, which differs from X only in its Ath component,
which is equal to the inhomogeneity corresponding to the nth site:

A ) M kE#A,

1y _{fn, b A k=1,.,m. (4.3)

Due to (3.15) and (3.16) using some simple determinant identities, (7(4)|X) can be writ-

ten as:
[T 17 sinh(4Y — A: — i~) - det H (7|
o , [T IT sinh(g, Aj —i7y) - det H(i@“M|N)

(@1%) = [ e = A+ 10) i (4.4)
LLsinh(&, —A\j — 1) U (A) (A)y . ' ’
j=1 [1 sinh(g;" — p;77) sinh(A; — Ag)

J>k
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where the m x m matrix H (i) |X) is given by:

~ 5 N (:Npab _')7 7é A’
/Hab(/‘(A)P‘) = { V., = — sinh(—i~) b=A (4'5)
@ = sinh(Aq—&n) sinh(Aa—&n—i7)° A
Here L L1
Dup(N) = Dyp(N) "u) a,b=1,..,m. (4.6)

As a consequence of (3.10) det ®(X) = det &
ment can be done. Using (4.3), (4.4) and (4.

(@
(AIX

X), thus in (3.13) the ®(X) — ®(X) replace-
) one obtains:

Ut —~

X)) 1y sinh(Aa — ;) 1o sinh(€, — \j +47) 1N (AT
C =1 e 10 L) (@7 ) AEO)

(4.7)

where apart from simplifying the multiplicative factors, we used (3.13) with the & — P

replacement and computed the ratio of the determinants of H(7)|X) and ®(X) as the

determinant of ®~1(X)- H(7?|X). As a consequence of (4.5), the latter matrix differs from

the unity matrix only in its Ath column. Thus its determinant could also be computed as
an expression of matrix elements of ®~(X) and H(Z(Y|X).

Inserting (4.7) into (4.2) and the result into (4.1) one ends up with the simple result:

m
- _ =N - H(ZA X
(eahr == (7' - AEIN) - (4.8)
A=1
Using (4.5), this can be written in components as:
m m m
(eahr==>_> 2 (N Vy==>_ S, (4.9)
a=1 b=1 a=1
where S, is the solution of the set of linear equations:
m
Y (X)) Sy =Va,  a=1,.,m. (4.10)

b=1
4.1 The determination of S,

In this subsection we show that equation (4.10) for the vector S, can be formulated as a set
of linear-integral-equations containing the counting-function of the model. The advantage
of this formulation is that it allows one to take the continuum limit in a straightforward
manner.

The first step is to compute the matrix elements of ®(X) from (3.14):

Do) = —i Z\(Na) Oy — 21 i K(Ag — Np|v), a,b=1,.m, (4.11)

where ) in(2+)
sin(2

KAy = — . 4.12

(Ah) 27 sinh(A — i) sinh(\ + i) (412)

— 14 —



Now an important remark is in order. From (4.11) it can be seen, that apart form the d4p
term, the ab matrix element of <I>(X) is given by a function of two variables taken at the
arguments A, and )y, and similarly from (4.5) it is obvious that V, is an analytic function
taken at the position \,. This suggests that the components of the unknown vector S,

should be sought in the following form:

Se=XNa), a=1,...,m, (4.13)

where X ()\) is supposed to be an analytic (meromorphic) function on the complex-plane.'6

The advantage of such an Ansatz becomes obvious in the large N-limit, because summation
for the large number of components becomes a convolution integral plus a remnant sum.!”

To transform the sum in (4.10) into an integral we should use the following lemma [6, 8].

Lemma. Let {\;};—1,. m solutions of the Bethe-equations (2.17) and let f(\) a meromor-
phic function, which is continuous and bounded on the real azis. Denote p\f) its pole located
the closest to the real axis. Then for |Imp| < |[Imp)| the following equation holds:

mc mpy s

DNUEPHED SETENSES SRV DER AR TEPAE
j=1 j=1 J=1 —00
N (4.14)
— 2 /Zif(u— A—ian) Z\(A+ian) FNA+ian),
where .
Ay = (4.15)

RN E TP ACYE
furthermore hj and c; denote the positions of holes and complex Bethe-roots respectively.

1 is a small positive contour-integral parameter which should satisfy the inequalities:
0<n< min{|]mpf\}, [Imp + 1| < | ImpP)], (4.16)

where pf\[ denotes those complex'® poles of fj([)‘)()\), which are located the closest to the
real axis.

The summation formula (4.14) can be extended to the [Im x| > [Im p{/)| domain by an
analytical continuation procedure being similar to the analytical continuation of the DDV
equation to the whole complex plane [8].

Using the Ansatz (4.13) and the formula (4.11) together with the parameteriza-
tions (2.11), (2.12), the linear equations (4.10) take the form:

—iZ' (X)) X(Na) =27 3 K(Xa = M|y) X(No) =276 K (Ao — pnl3), @ =1,.,m, (4.17)
b=1

The thermodynamic limit for the ground state expectation value was treated by the same tacit assump-
tion in [18].

"The convolution integral comes from the “Dirac-see” of real roots and the remnant sum is related to
finite number of excitations above this see.

81 e. not real.

,15,



where p, = +p if n is even and p, = —p otherwise with p given by (2.13). We trans-
form (4.17) into integral equations with the help of (4.14). Since in (4.14) the integrand
always contains a factor Zj (), it is convenient to parameterize the function X (\) as:

9
Z0)

X(\)

(4.18)

Then using (4.14), for the case of pure hole states, the linear equations can be rewritten in

the form of the following linear set of integral equations:

GO + / IN K (A~ N|y) G(V)—

—00

-3 / AN KA =X —iany )G\ +ian) FON +ian) =

a:i—oo
my
=2 K(A—pal3) + D KA = hjly) X;,
j=1

where
Xj:X(hj), jzl,...,mH,

such that they should satisfy the discrete set of equations:

_ G(hy)
Z4(hj)’

Xj j:]_,,mH

Similarly, (4.14) allows us to rephrase (4.9) as:

o0

<€n>/\:ZXj—/;lig()\)+Z /gig(k+ian)féA)()\+ian).
a:i_oo

Acting®® (1 + K)~! on (4.19), the equations take the form:

ONEDY / AN Gyx(A =N —ian) G\ +ian) FON +ian) =
a==

1 o
S +3 2 Gy - hy) X,
7 cosh <§(/\ - pn)> J=1

where G\ () is related to the kernel of DDV equation (2.26) by:

1 s : s

19 Appendix A. contains some Fourier-transforms, which are necessary to do these computations.
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(4.22)
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With the help of the integrated form of (4.23), the term [ % G(A) can be eliminated

from (4.22). Finally, one ends up with the following formula for the expectation value:

e ——— zx+z/m+mn> FOOtian . P

Equations (4.23), (4.21) and (4.25) constitute our final lattice results, which serve as the
starting point to compute the continuum limit of the expectation values of the U(1) current
of the MT/SG theories.

5 The continuum limit

The continuum limit is the appropriate N — oo of our equations. Using (2.13), the
equations (4.21), (4.23) and (4.25) can be expanded at large N in a series of &, such that
the leading power is % From (2.40) and (2.43) one can see, that the continuum result will
be proportional to this leading order coefficient:

GOM(N) ~ Jim NG, Xt Jim N X;. (5.1)

All equations we have for the computation of the expectation value of o7 are linear. This
is why using (2.40) and (2.43), one can take their appropriate linear combinations to get
the continuum expressions corresponding to the components of the U(1) current. The
equations in the continuum limit and in rapidity convention take the form:

ROEDY /d9 GO0 —ianGW (¥ +ian) Fu(d +ian) =
a==£

— 2
mp
= K0+ GO H) XM, (5.2)
j=1
g(u)(H)
xW = —1 —0.1
j Z(H,) J=1....mu, p=0,
p+1 mH do’
(ju(a:))H:—T +Z/ — g O +ian) Fo(@ +ian) s, (5.3)

where
(—1)0 %4 2(0)

1+ (_1)6 etiZ(0)’
and the operator dependent source term reads as:

6O=\ Mo, o 53

F(0) = (5.4)
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Here the index 1 = 0,1 corresponds to the lower index of the current J,, G(6) is the
kernel (2.26) of the DDV equation, and 7 is a small positive contour integral parameter
which must satisfy the inequalities:

0<n< min{|Imp§»i)\}, Im 6 £ n| < min(1,p), (5.6)

where p§i) denotes those poles of F4 () which are not real.
At the notation of the expectation value, we denoted that in the continuum limit we
think of the state as if it was characterized by the holes. For completeness we give how the

continuum quantities of (5.2) are related to those of the lattice:
g(O)(Q) _ ]\}1_1}100 % {%g(ezn)(%e) 4 %g(eanl)(%e)} ,

5.7

G () = Jim ik {%g(e%b)(%e) _ %g(e2n71)(%0)} ’ (5-1)
where at the right hand side we indicated as an upper index the lattice operator, the un-
known of whose linear problem? should be considered. Finally we note that formula (5.3)
for (ju(x))m is not the final answer to the expectation value of the U(1) current. In the
next subsection at the investigation of the charge density, it will turn out that (j,(x))# is
still not the real expectation value of the U(1) current in the quantum field theory, but it
should be modified with an appropriate renormalization factor.

5.1 The solution of the equations

In this section we relate the equations (5.2) describing the expectation values of the U(1)
current to the counting-function of the DDV-equation (2.31) corresponding to the sand-
wiching state. Indeed it turns out that the solutions of (5.2) are related to certain deriva-
tives of Z(6). The solutions we get, imply the relation (2.44).

5.1.1 The charge density case

Let us start with the 1 = 0 case, which corresponds to the expectation value of the charge
density. Comparing (5.2) with the derivative of the DDV equation (2.31) with respect to
6, it turns out that the solution of (5.2) can be expressed in terms of the counting-function
by the formulas as follows:

GO (6) = 12/,

0 .
XJ( ) = —%, j=1.,mpg.

(5.8)

Inserting (5.8) into (5.3), one obtains the following result for the expectation value of jj
between myr solitons:

(jo(z)) s = EEL 1AL (5.9)

This formula requires some explanation. In the quantum field theory each soliton carries
topological charge () = +1. The expectation value of the topological charge in an myy

20Here by linear problem we mean, the linear problem which enables one to compute the expectation
value. Namely, the set of equations: (4.21) and (4.23), (4.25).
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soliton state is () g = my. Since the charge is the integral of the charge density operator,
whose expectation value has no space-time dependence in the continuum theory the ex-
pectation value of the charge density should be ™. It can be seen, that the result in (5.9)
agrees with the expected one apart from a global coupling dependent factor of £ ;1. We
got (5.9) by identifying the topological charge of the continuum field theory with twice
the z-component of the spin of the lattice model, Q@ ~ 25,. In view of the quantum field
theory interpretation, formula (5.9) suggests that instead of (2.40) and (2.43) the correct
identification between the lattice and continuum operators is given by the formulas:

p Noj, +05,_ L

J()(-x)’m:na = I%jo(x)’m:na = p+ 1L 2
el (5.10)
Jl(x)| - _ L]1($)| B _ p 50'211 - O'anl.
r=na = piq r=na p+1L 2

Consequently, we conclude that (j,(z))g given in (5.2) is not the final answer in the
quantum field theory (QFT), because it has to be modified by the renormalization factor
Zy = 1%‘ Thus, the real QFT result is given by:

(Ju(x))E X(” Z /d&’ WO +ian) Fal +ian). (5.11)
+ -

j= 1 a=

To summarize: (5.2) and (5.11) constitutes our final equations for computing the diagonal
matrix elements of J,,(z).

5.1.2 The case of J(z)

The equations (5.2) also for u = 1 are related to a certain derivative of the counting-
function. The counting-function depends on the spectral parameter 6, on £ = ML the
dimensionless length of the system and on the hole positions,?! which are also ¢ dependent.
Then, differentiating (2.31) with respect to £, one can recognize that G(M(6) of (5.2) is
related to the (-derivative of the counting-function as follows:

Wi\ — L 707
G (0) = —M 2 Z(01(0),0) o)

n _ _
X = MH(0), j=1,...,my,

where we explicitly wrote out the H; and ¢ dependence of Z(6). With the help of (5.12),
one can show that (Ji(x))g can also be rephrased as the ¢-derivative of a quantity, which
can be expressed directly in terms of the solution of the DDV equations;

d

()i = M A(0),
my o0 (5.13)
MO=YH,0 - [ 37 L@+ in - L0 in)}.
=1 e

ZSpecifying the state, the quantum numbers of holes in the continuum version of (2.28) are fixed. Le.
They are ¢ independent.
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We note, that in (5.13) Ly and L_ have different signs under the integration. This
fact has a remarkable consequence concerning the TBA description of this expectation
value. Namely, if one considers the TBA description [45, 46] of the model at the points
1 < p € Z4, where the system is described by a D, 1-type TBA-system, then it becomes
obvious, that (5.13) cannot be expressed in terms of the Y-functions corresponding to the
massive TBA node.?? This implies, that the TBA conjectures [38-42] for purely elastic
scattering theories, cannot be valid in this non-diagonally scattering theory. FEarlier a
similar conclusion has been drawn in [53].

6 The large volume expansion

In this section we solve our equations (5.2) in the context of a systematic large volume
expansion. The actual form of the representation we get, is very similar to those conjec-
tured for purely elastic scattering theories [38-42]. Nevertheless, since our model is not a
diagonally scattering theory, our large volume series differs from these TBA conjectures.

In this section we will strongly rely on the method described in [42] for the computation
of the diagonal matrix elements of the trace of the stress-energy tensor in purely elastic
scattering theories. We can do this, because the DDV equation (2.31) is formally similar to
the TBA-equations of a purely elastic scattering theory containing two types of particles.
To clarify this analogy better, as a first step we reformulate the DDV equation as a two-
component TBA equation. Eq. (2.31) contains Z(6) along three different lines; along the
real line and on the lines 0+ n with § € R. When solving the equations, one has to compute
Z(0) on all these 3 lines. To get a closed set of equations, we have to consider (2.31) with
left-hand sides Z (6 +in) as well. The two equations for Z (6 +in) formally look like a two
component TBA equation of a diagonally scattering theory. Let €4 (0) = Z(6 +in) and
L:(0) =In(1+ (—=1)% =) then the TBA-like form of (2.31) reads as:

[ do’
ea(l) = Sa(0) + Z / 5 0ap(0—0")L5(0"), o=, (6.1)
B=+
where S,(0) is the source term:
my
Sa(0) :€sinh(0+ian)+zX(G—i—ian—Hk), (6.2)
k=1
and
pap(0) =1GO+i(a=PB)n), of ==, (6.3)

is a symmetric matrix kernel. From the point of view of our later computations, the fact
that the different quantities in (6.1) are complex, does not matter. The only important
property is that the kernel (6.3) is symmetric, i.e. pa5(0) = vga(—0).

*2This is so, because the relation between Ly and Y; the massive Y-function is given by [46]: L. (6 +
i5)+L_(0 —i%) =1In(1 +Y1(0)).
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In a completely analogous way the linear equations (5.2) can also be rephrased by
considering them along the lines 6 +i7. In (5.2) the left-hand side describes the action of
the linear operator on the unknown function and the right-hand side is the source term of
the linear problem. Since these equations are linear, it is worth to consider the solutions
of (5.2) with different “elementary” source terms, from which the solution of the physical
problem can be obtained by linear combinations. Consider in general the linear problems:

RO d% O-0) 6L FO) =0, a=+ (64

=%,

where for any function f(f) we introduced the notation: fH(0) = f( £ in), and
Yap(0) = 2pap(0) is a symmetric kernel. In (6.4) f [a]( 0) denotes the elementary source
term indexed by A.

If the argument of the “elementary” solution is not shifted, we denote it simply G4(0)
and it satisfies the equations:

Z/de/%ﬁe 0 —ian G @) FO) = f40), a=x  (65)

The elementary solutions from which the physical solutions of (5.2) and (5.11) can be
combined are characterized by their source terms in (6.5) and they are as follows:

Gk, (0) < fr.(0) =Ku0), p=0,1 (6.6)
Gg;(0) <« fi(0)= —G(9 H;), j=1,...,my,
Gu(0) <« ful0) =

As a consequence of equations (6.4), for any pair of indexes the following identities hold:

Z/ ()65 (0) FL0 Z/de )6 o) Fllg).  (6.9)
a=+ "

Now we show how the exact Gaudin-matrix enters the large volume expansion and
how one can express the solutions of (5.2) in terms of the elementary solutions (6.6)—(6.8).
First, we consider the integral equation in (5.2) as if X j(“ s were arbitrary parameters.
Then using (6.4) and (6.6)—(6.8) the solution can be written as:

G (0) = —Gr., (0 Z G;(0 : (6.10)

However we know from (5.2) that X j(“ s are not independent from G (6), but they are
related by: GW(H;) = Xj(“) Z'(H;). Inserting this relation into (6.10) taken at 6 = Hj,

one ends up with the discrete set of equations for X J(-“ ) as follows:
mpy
> {Z'(Hy) 6 + G;(H) } XJ(-“) =—0x,(Hy), k=1,...,mp. (6.11)
j=1
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From (2.31) and (2.28), it follows that the matrix entering (6.11) is nothing, but the Gaudin-
matrix of physical excitations over the Dirac-see, which we call exact Gaudin-matrix:

. ~ d - .
®i(H) = EZ(H]C’H) = ZI(Hk) S+ Gj(Hy), Jk=1,..mp. (6.12)
J

Using (6.10), (6.11) and (6.12) finally we get:

X = =N" 0N H) G, (Hy),  k=1,..my. (6.13)
j=1
GH(0) = =G, (0) + > > Gr(0) &) () Grcyu (). (6.14)
k=1j=1

The last missing piece is the expression of (J,(x))y in terms of the “elementary” solutions.
This can be computed by inserting (6.13) and (6.14) into (5.11) and by using the identity:

[do o .
Z:I: / %g][ ](0) ‘Fc[va}(g) =1- gU(H])a J=1.,mu, (615)

which can be derived by using (6.9). The final result is as follows:

OTESY % GELO) FL(0) + 3.3 GulH)) &5} (H) Gr, (H).  (6.16)
a=t_7_ k=1 j—1

The first term in (6.16) corresponds to the so-called vacuum contribution [41, 42]. Con-
structing the all order large volume solution of (6.4) for A = IC,,, it can be written as an
infinite series similar to that of LeClair and Mussardo [38-40]. Performing carefully the
calculations one obtains for the vacuum piece the result as follows:

e 0 1 n4+n— 46 n4 ny+n_
Uil = 3 3 e [T SEII70+im I 70—
ny=0n_=0 T 7" =1 T i=ny+1 (6.17)

J, . . . .
XFCH(91+ZT/7 sos 79n+ +un, 9n++1_2777 s 79n++n7 _7‘77)7

where FCJ * denotes the connected diagonal form factors of the operator J,(x) between pure

soliton states. Since J), is a conserved current, its connected form-factors can be determined

by simple modifications of the arguments of references [38] and [39]. The explicit form of
Ju oo .23

F/" is given by the compact formula:

n—1

F(01,05,...,00) = > Kulloi) T] GOojy = Oojn)s (6.18)

o€Sh J=1

where o denotes the elements of the the symmetric group 5.

*3n (6.18) the (A]0") = 27 (0 — 0') normalization for the continuum states is assumed.
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Before turning to the second term is the r.h.s. of (6.16) it is worth to recall the con-
jecture of [41, 42] for the diagonal matrix elements of local operators in purely elastic
scattering theories.

The conjecture for purely elastic scattering theories states, that the exact finite volume
expectation value of any local operator O(x) can be written as:

1

Hy,...,H, Hy,...,H)=——+——

< 1, ) ’O(.’L’)‘ 1 > p(Hh 7Hn)
o (6.19)

x Y DOUHL) p({H-}{H+}),
{H+JU{H-}
where p(ﬁ) is the determinant of the exact Gaudin-matriz:

p(Hy,..,H,) = detd(H), (6.20)

the sum in (6.19) runs for all bipartite partitions of the rapidities of the sandwiching state:
{Hy,.,H,} ={H }U{H_}, such that

p({H L Y{H_} = detd, (), (6.21)

with &, (H) being the submatriz of ®(H) corresponding to the subset {H.}. The most
important part in (6.19) is the form of the so-called dressed-form factor DO ({H,}). It is
expressed as an infinite sum in terms of the connected diagonal form-factors of the theory:

an

DO({H,,... H}) = Z Hn'/ db;

[RERC o J=1 s 1+€€B7( ):| (622)

X F2l,2n1,..,2nk(H1’ .y Hl, 91, e ,921 ni),

where e5,(0;) is the pseudoenergy of the particle of type B; in the TBA equations of the
model and FQZ onyom, U the connected diagonal form factor of the operator O in the theory,
such that n; denotes the number of particles of type [3; in the set {01, .., HZL_ it

Now we can turn to compute the second term in the r.h.s. of (6.16). In this paper we
consider the expectation values of J,, between pure soliton states. In the SG/MT model
solitons scatter diagonally among themselves. In this respect the pure soliton sector is very
similar to a purely elastic scattering theory. Consequently, we expect a final result similar
to the conjecture (6.19) for the soliton expectation values of .J,,. This is why we will show
that the second term in the right-hand side of (6.16) can be brought into the form of (6.19)

such that our dressed form factors are defined as the coefficients of % in the sum.
The expression we want to bring into the form of (6.19) reads as follows:2*
myg My
(T => D GulH; H) Gy, (Hy). (6.23)
k=1 j=1

%1The term corresponding to {H, } = () is given by the vacuum contribution (6.17).
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Our sandwiching state is composed of m-solitons. The key point in the computation is
that the inverse Gaudin-matrix can be expanded in terms of its minors as follows [42, 44].

S — C”’A
*J det @

where C;; is the co-factor matrix. It is given by:

ii=1,.,mpu, (6.24)

det &({i}), i=J
Cij = { ™u? ntl & A X Lo o, 6.25
TS S b R det (e i (6.25)

where {a} = {1,2,...,mg} \ {i,7} and ®({Z}) denotes the matrix obtained by omitting
from @ the rows and columns indexed by the set {Z}.

First, one has to construct the all order large volume solution®® of (6.4) for A €
{u, Ko, K1} and to insert (6.24) with (6.25) into (6.23). Then after the careful bookkeeping
of the terms being identical due to appropriate permutations of the variables, one obtains
the following expression for the dressed form factors between soliton states for J,:

00 o) 1 n++n7d9 n4 ny+n_
J _ ¢ 4 L
D/v({Hy,...,Hy}) = > Zmr'n'/ H ng+(91+ZU)H F_(0; —in)
ny=0n_=0 i=1 =1 i=ny+1
J . . . .
X Fe'(Hy, Hy, ooy Hy 014im, .. 0 +00, 0, 41—00, ..., O yn_ —17). (6.26)

Then the expectation value of J,, between pure soliton states is given by a formula being
completely analogous to (6.19):
1
:p(Hla vy Hipyy)
x Y DI({HLY) p({H-}{H)),

{H)U{H_}

(Hy, ... Hyy | T (@) Hy,y o Honyy)
(6.27)

with D7« ({H}) is given by (6.26). The result (6.26) requires some interpretation in view
of previous results for purely elastic scattering theories [41, 42], which we summarized
in (6.19). If one compares our results (6.27), (6.26) to the purely elastic TBA conjec-
tures (6.19), (6.22), it is easy to recognize that the difference is present only in the actual
form of the dressed form factors. Moreover at leading order in the volume, when the in-
tegral terms in (6.26) and (6.22) can be neglected, in accordance with [43] our formula
agrees with the conjecture for purely elastic scattering theories [47, 48]. The reason for
this might be, that pure soliton states form a purely elastic scattering subsector in the
scattering theory of the SG/MT model. On the other hand, if one takes a look at the
exponentially small in volume corrections, which are given by the integral terms in (6.26)
and (6.22), it becomes obvious that (6.22) cannot describe?® the SG/MT model by sim-
ply substituting the massive pseudoenergy of the TBA equations [45, 46] of the SG-model

%5In the actual computations it is convenient to write Ga(H;) — QE:](Hj Fin) and iterate the two-
component equations (6.4).
?6The same fact was recognized in [53].
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into (6.22). This is because at the level of exponentially small in volume corrections, the
interactions between solitons and antisolitons will also contribute. Apart from the differ-
ences between (6.26) and (6.22) there is a remarkable similarity, too. Namely both formula
contains the connected diagonal form factors of the operator sandwiched. Though we com-
puted explicitely the diagonal matrix elements of only the components of the U(1) current
of the SG/MT model, based on the remarkable similarity of our result with those obtained
in purely elastic scattering theories [41, 42], we make the following conjecture:

Conjecture. For any local operator O(x) in the SG/MT model the expectation value in
an n-soliton state is given by (6.19), such that the dressed form factors are given by the

formula:
n++n, ny+n_
o
DOt H) =3 S — 1 H H}"+0 vin) [ F-@—in)
ny=0n_=0 i=n4+1
x FO(Hy, Hay ..o, Hyy 01401, 0p, +i0,0n, 1—i1, o 0n, 10 —i0), (6.28)

where FCO denotes the connected diagonal form factors of O(x) in pure soliton states and
Fi(0) are an appropriate nonlinear expressions (5.4) of the counting function of the con-
tinuum theory.

The further analytical and numerical tests of our conjecture are left for future investi-
gations.

7 Summary and outlook

In this paper we argued that, through the light-cone lattice approach, the QISM admits
an appropriate framework for computing the finite volume form factors of the Massive-
Thirring and sine-Gordon theories. We demonstrated that the QISM works efficiently,
when the diagonal matrix elements of local operators are computed.

Our approach is similar to that of [49, 50], where the finite temperature one-point
functions of all local operators of the sine-Gordon model have been computed, which cor-
responds to finite volume vacuum expectation values in our language. The main difference
between the two approaches is that, the authors of [49, 50] work in a picture, when the
compactified direction is time and the compactification length corresponds to the inverse
temperature, while we work in the other possible channel, when the space is compactified.
This allows us to consider form factors of operators between all possible excited states of
the model. Consequently, our method allows one to extend the results of [49, 50] from
vacuum expectation values to compute diagonal matrix elements of local operators of the
Massive-Thirring/sine-Gordon models. To be more precise our approach works for oper-
ators, which are composed of Fermi fields and their derivatives in the M'T model and for
their bosonized counterparts in the SG model.

Nevertheless, in this paper we considered only a simple operator, the U(1) current of
the theory and computed its diagonal matrix elements between pure soliton states. Our
results are given by the formulas (5.2) and (5.11). The computation of an expectation
value consists of three steps:
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1. First one should solve the DDV equation (2.31) for the sandwiching state.
2. Then, one should solve the linear equations (5.2).
3. Finally, the solution of (5.2) should be inserted into (5.11).

The whole procedure can be written in the form of a systematic large volume expan-
sion (6.27), (6.26), in which the diagonal connected form factors of J,, arise. The remarkable
similarity of the large volume series of J,, to the large volume series conjectures for diag-
onal matrix elements of local operators in purely elastic scattering theories [38-42] made
us to conjecture, that formulas (6.19) and (6.28) describe the pure solitonic finite volume
expectation values of any local operators of the Massive-Thirring/sine-Gordon models.

Beyond the results of this paper a lot of interesting questions are still open. It would
be important to test the conjecture (6.27) and (6.28) for other operators than J,,. As it was
demonstrated in [51, 52| the truncated conformal space approach could be an appropriate
method for these investigations. It would be also interesting to know how the large volume
series formulas (6.19), (6.28) and (6.27), (6.26) should be modified, when expectation values
between not pure soliton states are considered. And finally the computation of non-diagonal
finite volume form factors would be also of great importance.

Beyond the spin —i—% light-cone lattice approach of [3], in the literature there exist other
integrable lattice regularizations for the sine-Gordon model, which are based on spin —%
spin chains [16, 54-58]. In the framework of the spin —% lattice approach of [54], local
operators [59, 60] and their form factors [60] have been computed on the lattice, but the
continuum results are still missing. It would be also very interesting to see, whether this
spin —% approach also allows one to compute diagonal matrix elements of local operators
of the continuum theory. Results of [57] could be helpful in relating the results of the two
approaches, since in this paper it has been shown that the continuum equations of the spin
—% regularization can be mapped to those of the spin +% approach.
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A Conventions of Fourier transformation

In this short appendix we summarize our conventions for Fourier-transformation and pro-
vide the Fourier-transform of some functions we used in section 4.1.
Our convention for the Fourier-transform of a function f is given by:

[e.o]

flw) = /dxe’wx f(x). (A.1)

—00
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The inverse transformation reads as:

o0

dx —iwx £
= — . A2
f) = [ Gre fw (A2)
—o0
The Fourier-transform of the convolution two functions f and g is given by the product of
individual Fourier-transforms:
o

(f*g)(z) = / dyf(x=y)g9(y),  (f*9)(w) = fw)iw). (A.3)

—00

When deriving the linear equations (4.23) one needs the Fourier-transform of K(A]v)
of (4.12). It is given by the formula:

sinh | (1 — 2¥
K (wly) = hgzh((l?)’? ) (A.4)

The following inverse transform played important role at the determination of the source
term in (4.23):

7 dr . K(w|Z 1 1
[ s = o ey (A.5)
2m 1+ K(wly) 27 cosh()

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] Z. Bajnok, R.A. Janik and A. Wereszczyniski, HHL correlators, orbit averaging and form
factors, JHEP 09 (2014) 050 [arXiv:1404.4556] [INSPIRE].

[2] G. Delfino, G. Mussardo and P. Simonetti, Nonintegrable quantum field theories as
perturbations of certain integrable models, Nucl. Phys. B 473 (1996) 469 [hep-th/9603011]
[INSPIRE].

[3] C. Destri and H.J. de Vega, Light-cone lattice approach to fermionic theories in 2-D: the
massiwe thirring model, Nucl. Phys. B 290 (1987) 363 [INSPIRE].

[4] A. Kliimper, M.T. Batchelor and P.A. Pearce, Central charges of the 6- and 19-vertex models
with twisted boundary conditions, J. Phys. A 24 (1991) 3111 [INSPIRE].

5] C. Destri and H.J. de Vega7 New approach to thermal Bethe ansatz, hep—th/9203064
P
[INSPIRE].

. Destr1 an J.ode Vega, Unified approach to thermodynamic Bethe Ansatz and finite size

6] C. Destri and H.J. de Vi Unified h to th d ic Bethe A d finite si
corrections for lattice models and field theories, Nucl. Phys. B 438 (1995) 413
[hep-th/9407117] [INSPIRE].

[7] D. Fioravanti, A. Mariottini, E. Quattrini and F. Ravanini, Excited state Destri-De Vega
equation for sine-Gordon and restricted sine-Gordon models, Phys. Lett. B 390 (1997) 243
[hep-th/9608091] [INSPIRE].

— 27 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP09(2014)050
https://arxiv.org/abs/1404.4556
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.4556
https://doi.org/10.1016/0550-3213(96)00265-9
https://arxiv.org/abs/hep-th/9603011
https://inspirehep.net/search?p=find+EPRINT+hep-th/9603011
https://doi.org/10.1016/0550-3213(87)90193-3
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B290,363%22
https://inspirehep.net/search?p=find+J+%22J.Phys.,A24,3111%22
https://arxiv.org/abs/hep-th/9203064
https://inspirehep.net/search?p=find+EPRINT+hep-th/9203064
http://dx.doi.org/10.1016/0550-3213(94)00547-R
https://arxiv.org/abs/hep-th/9407117
https://inspirehep.net/search?p=find+EPRINT+hep-th/9407117
https://doi.org/10.1016/S0370-2693(96)01409-8
https://arxiv.org/abs/hep-th/9608091
https://inspirehep.net/search?p=find+EPRINT+hep-th/9608091

8]

[12]

[13]

[14]

[24]

[25]

C. Destri and H.J. de Vega, Nonlinear integral equation and excited states scaling functions
in the sine-Gordon model, Nucl. Phys. B 504 (1997) 621 [hep-th/9701107] INSPIRE].

G. Feverati, F. Ravanini and G. Takacs, Nonlinear integral equation and finite volume
spectrum of sine-Gordon theory, Nucl. Phys. B 540 (1999) 543 [hep-th/9805117| [INSPIRE].

G. Feverati, F. Ravanini and G. Takacs, Truncated conformal space at ¢ = 1, nonlinear
integral equation and quantization rules for multi-soliton states,
Phys. Lett. B 430 (1998) 264 [hep-th/9803104] [INSPIRE].

G. Feverati, F. Ravanini and G. Takacs, Scaling functions in the odd charge sector of
sine-Gordon/massive Thirring theory, Phys. Lett. B 444 (1998) 442 [hep-th/9807160]
[INSPIRE].

G. Feverati, Finite volume spectrum of sine-Gordon model and its restrictions,
hep-th/0001172 [INSPIRE].

S.R. Coleman, The Quantum sine-Gordon Equation as the Massive Thirring Model,
Phys. Rev. D 11 (1975) 2088 [NnSPIRE].

T.R. Klassen and E. Melzer, sine-Gordon not equal to massive Thirring and related heresies,
Int. J. Mod. Phys. A 8 (1993) 4131 [hep-th/9206114] [INSPIRE].

L.D. Faddeev, E.K. Sklyanin and L.A. Takhtajan, Quantum inverse problem method. 1,
Theor. Math. Phys. 40 (1980) 688 [INSPIRE].

V.E. Korepin, N.M. Bogoliubov and A.G. Izergin, Quantum inverse scattering method and
correlation functions, Cambridge University Press, Cambridge U.K. (1993).

N. Kitanine, J.M. Maillet and V. Terras, Form factors of the XXZ Heisenberg spin-1/2 finite
chain, Nucl. Phys. B 554 (1999) 647 [math-ph/9807020].

N. Kitanine, J.M. Maillet and V. Terras, Correlation functions of the XXZ Heisenberg
spin-1/2 chain in a magnetic field Nucl. Phys. B 567 (2000) 554 [math-ph/9907019].

N. Kitanine, J.M. Maillet, N.A. Slavnov and V. Terras, Spin spin correlation functions of the
XXZ-1/2 Heisenberg chain in a magnetic field, Nucl. Phys. B 641 (2002) 487
[hep-th/0201045] [INSPIRE].

N. Kitanine, J.M. Maillet, N.A. Slavnov and V. Terras, Dynamical correlation functions of
the XXZ spin-1/2 chain, Nucl. Phys. B 729 (2005) 558 [hep-th/0407108] [INSPIRE].

J.M. Maillet and V. Terras, On the quantum inverse scattering problem,
Nucl. Phys. B 575 (2000) 627 [hep-th/9911030] [nSPIRE].

A.G. Izergin, N. Kitanine, J.M. Maillet and V. Terras, Spontaneous magnetization of the
XXZ Heisenberg spin-1/2 chain, Nucl. Phys. 554 (1999) 679 [solv-int/9812021].

N. Kitanine, J.M. Maillet, N.A. Slavnov and V. Terras, Master equation for spin-spin
correlation functions of the XXZ chain, Nucl. Phys. B 712 (2005) 600 [hep-th/0406190]
[INSPIRE].

N. Kitanine, K.K. Kozlowski, J.M. Maillet, N.A. Slavnov and V. Terras, Algebraic Bethe
ansatz approach to the asymptotic behavior of correlation functions,
J. Stat. Mech. 0904 (2009) P04003 [arXiv:0808.0227] [INSPIRE].

N. Kitanine, K.K. Kozlowski, J.M. Maillet, N.A. Slavnov and V. Terras, On the
thermodynamic limit of form factors in the massless XXZ Heisenberg chain,
J. Math. Phys. 50 (2009) 095209 [arXiv:0903.2916] INSPIRE].

— 28 —


https://doi.org/10.1016/S0550-3213(97)00468-9
https://arxiv.org/abs/hep-th/9701107
https://inspirehep.net/search?p=find+EPRINT+hep-th/9701107
https://doi.org/10.1016/S0550-3213(98)00747-0
https://arxiv.org/abs/hep-th/9805117
https://inspirehep.net/search?p=find+EPRINT+hep-th/9805117
https://doi.org/10.1016/S0370-2693(98)00543-7
https://arxiv.org/abs/hep-th/9803104
https://inspirehep.net/search?p=find+EPRINT+hep-th/9803104
https://doi.org/10.1016/S0370-2693(98)01406-3
https://arxiv.org/abs/hep-th/9807160
https://inspirehep.net/search?p=find+EPRINT+hep-th/9807160
https://arxiv.org/abs/hep-th/0001172
https://inspirehep.net/search?p=find+EPRINT+hep-th/0001172
https://doi.org/10.1103/PhysRevD.11.2088
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D11,2088%22
https://doi.org/10.1142/S0217751X93001703
https://arxiv.org/abs/hep-th/9206114
https://inspirehep.net/search?p=find+EPRINT+hep-th/9206114
https://inspirehep.net/search?p=find+J+%22Theor.Math.Phys.,40,688%22
https://doi.org/10.1016/S0550-3213(99)00295-3
https://arxiv.org/abs/math-ph/9807020
https://doi.org/10.1016/S0550-3213(99)00619-7
https://arxiv.org/abs/math-ph/9907019
https://doi.org/10.1016/S0550-3213(02)00583-7
https://arxiv.org/abs/hep-th/0201045
https://inspirehep.net/search?p=find+EPRINT+hep-th/0201045
https://doi.org/10.1016/j.nuclphysb.2005.08.046
https://arxiv.org/abs/hep-th/0407108
https://inspirehep.net/search?p=find+EPRINT+hep-th/0407108
https://doi.org/10.1016/S0550-3213(00)00097-3
https://arxiv.org/abs/hep-th/9911030
https://inspirehep.net/search?p=find+EPRINT+hep-th/9911030
https://doi.org/10.1016/S0550-3213(99)00273-4
https://arxiv.org/abs/solv-int/9812021
https://doi.org/10.1016/j.nuclphysb.2005.01.050
https://arxiv.org/abs/hep-th/0406190
https://inspirehep.net/search?p=find+EPRINT+hep-th/0406190
https://doi.org/10.1088/1742-5468/2009/04/P04003
https://arxiv.org/abs/0808.0227
https://inspirehep.net/search?p=find+EPRINT+arXiv:0808.0227
https://doi.org/10.1063/1.3136683
https://arxiv.org/abs/0903.2916
https://inspirehep.net/search?p=find+EPRINT+arXiv:0903.2916

[26] N. Kitanine, K.K. Kozlowski, J.M. Maillet, N.A. Slavnov and V. Terras, Form factor
approach to the asymptotic behavior of correlation functions in critical models,
J. Stat. Mech. 1112 (2011) P12010 [arXiv:1110.0803] [INSPIRE].

[27] N. Kitanine, K.K. Kozlowski, J.M. Maillet, N.A. Slavnov and V. Terras, The thermodynamic
limit of particle-hole form factors in the massless XXZ Heisenberg chain,
J. Stat. Mech. 1105 (2011) P05028 [arXiv:1003.4557] [INSPIRE].

[28] N. Kitanine, K.K. Kozlowski, J.M. Maillet and V. Terras, Large-distance asymptotic
behaviour of multi-point correlation functions in massless quantum models,
J. Stat. Mech. 1405 (2014) P05011 [arXiv:1312.5089] [INSPIRE].

[29] N. Kitanine, K.K. Kozlowski, J.M. Maillet, N.A. Slavnov and V. Terras, Form factor
approach to dynamical correlation functions in critical models,
J. Stat. Mech. 1209 (2012) P09001 [arXiv:1206.2630] [INSPIRE].

[30] M. Dugave, F. Gohmann and K.K. Kozlowski, Thermal form factors of the XXZ chain and
the large-distance asymptotics of its temperature dependent correlation functions,
J. Stat. Mech. (2013) P07010 [arXiv:1305.0118] [INSPIRE].

[31] M. Dugave, F. Géhmann and K.K. Kozlowski, Low-temperature large-distance asymptotics of
the transversal two-point functions of the XXZ chain, J. Stat. Mech. 1404 (2014) P04012
[arXiv:1401.4132] [INSPIRE].

[32] M. Dugave, F. Gohmann, K.K. Kozlowski and J. Suzuki, Thermal form factor approach to
the ground-state correlation functions of the XXZ chain in the antiferromagnetic massive
regime, J. Phys. A 49 (2016) 394001 [arXiv:1605.07968] [INSPIRE].

[33] J.S. Caux, R. Hagemans and J.M. Maillet, Computation of dynamical correlation functions
of Heisenberg chains: the gapless anisotropic regime, J. Stat. Mech. 9 (2005) P09003
[cond-mat/0506698].

[34] J.-S. Caux and J.-M. Maillet, Computation of dynamical correlation functions of Heisenberg
chains in o field, Phys. Rev. Lett. 95 (2005) 077201 [cond-mat/0502365] [INSPIRE].

[35] A.G. Izergin, Partition function of the siz-vertex model in a finite volume, Sov. Phys. Dokl.
32 (1987) 878.

[36] N.A. Slavnov, Calculation of scalar products of wave functions and form factors in the
framework of the algebraic Bethe Ansatz, Theor. Math. Phys. 79 (1989) 502.

[37] S.L. Lukyanov and V. Terras, Long distance asymptotics of spin spin correlation functions
for the XXZ spin chain, Nucl. Phys. B 654 (2003) 323 [hep-th/0206093] [INSPIRE].

[38] A. Leclair and G. Mussardo, Finite temperature correlation functions in integrable QFT,
Nucl. Phys. B 552 (1999) 624 [hep-th/9902075] [INSPIRE].

[39] H. Saleur, A Comment on finite temperature correlations in integrable QFT,
Nucl. Phys. B 567 (2000) 602 [hep-th/9909019] [INSPIRE].

[40] B. Pozsgay, Mean values of local operators in highly excited Bethe states,
J. Stat. Mech. 1101 (2011) P01011 [arXiv:1009.4662] [NSPIRE].

[41] B. Pozsgay, Form factor approach to diagonal finite volume matriz elements in Integrable
QFT, JHEP 07 (2013) 157 [arXiv:1305.3373] [INSPIRE].

[42] B. Pozsgay, I.M. Szécsényi and G. Takdcs, Ezxact finite volume expectation values of local
operators in excited states, JHEP 04 (2015) 023 [arXiv:1412.8436| InSPIRE].

— 929 —


https://doi.org/10.1088/1742-5468/2011/12/P12010
https://arxiv.org/abs/1110.0803
https://inspirehep.net/search?p=find+EPRINT+arXiv:1110.0803
http://dx.doi.org/10.1088/1742-5468/2011/05/P05028
https://arxiv.org/abs/1003.4557
https://inspirehep.net/search?p=find+EPRINT+arXiv:1003.4557
https://doi.org/10.1088/1742-5468/2014/05/P05011
https://arxiv.org/abs/1312.5089
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5089
https://doi.org/10.1088/1742-5468/2012/09/P09001
https://arxiv.org/abs/1206.2630
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.2630
https://doi.org/10.1088/1742-5468/2013/07/P07010
https://arxiv.org/abs/1305.0118
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.0118
https://doi.org/10.1088/1742-5468/2014/04/P04012
https://arxiv.org/abs/1401.4132
https://inspirehep.net/search?p=find+EPRINT+arXiv:1401.4132
https://doi.org/10.1088/1751-8113/49/39/394001
https://arxiv.org/abs/1605.07968
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.07968
https://doi.org/10.1088/1742-5468/2005/09/P09003
https://arxiv.org/abs/cond-mat/0506698
https://doi.org/10.1103/PhysRevLett.95.077201
https://arxiv.org/abs/cond-mat/0502365
https://inspirehep.net/search?p=find+EPRINT+cond-mat/0502365
https://doi.org/10.1016/S0550-3213(02)01141-0
https://arxiv.org/abs/hep-th/0206093
https://inspirehep.net/search?p=find+EPRINT+hep-th/0206093
https://doi.org/10.1016/S0550-3213(99)00280-1
https://arxiv.org/abs/hep-th/9902075
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B552,624%22
https://doi.org/10.1016/S0550-3213(99)00665-3
https://arxiv.org/abs/hep-th/9909019
https://inspirehep.net/search?p=find+EPRINT+hep-th/9909019
https://doi.org/10.1088/1742-5468/2011/01/P01011
https://arxiv.org/abs/1009.4662
https://inspirehep.net/search?p=find+EPRINT+arXiv:1009.4662
https://doi.org/10.1007/JHEP07(2013)157
https://arxiv.org/abs/1305.3373
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.3373
https://doi.org/10.1007/JHEP04(2015)023
https://arxiv.org/abs/1412.8436
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.8436

[43] T. Pédlmai and G. Takdcs, Diagonal multisoliton matriz elements in finite volume,
Phys. Rev. D 87 (2013) 045010 [arXiv:1209.6034] [INSPIRE].

[44] J.S. Maybee, D.D. Olesky, P. van den Driessche and G. Wiener, Matrices, digraphs, and
determinants, SIAM J. Matriz Anal. Appl. 10 (1989) 500.

[45] M. Fowler and X. Zotos, Bethe-ansatz quantum sine-Gordon thermodynamics. The specific
heat, Phys. Rev. B 25 (1982) 5806.

[46] J. Balog and A. Heged(is, TBA equations for excited states in the sine-Gordon model,
J. Phys. A 37 (2004) 1903 [hep-th/0304260| [INSPIRE].

[47] B. Pozsgay and G. Takécs, Form-factors in finite volume I: Form-factor bootstrap and
truncated conformal space, Nucl. Phys. B 788 (2008) 167 [arXiv:0706.1445] INSPIRE].

[48] B. Pozsgay and G. Takdcs, Form factors in finite volume. II. Disconnected terms and finite
temperature correlators, Nucl. Phys. B 788 (2008) 209 [arXiv:0706.3605] [INSPIRE].

[49] M. Jimbo, T. Miwa and F. Smirnov, Hidden Grassmann structure in the XXZ model V:
sine-Gordon model, Lett. Math. Phys. 96 (2011) 325 [arXiv:1007.0556] [INSPIRE].

[50] M. Jimbo, T. Miwa and F. Smirnov, On one-point functions of descendants in sine-Gordon
model, arXiv:0912.0934 [INSPIRE].

[61] G. Fehér and G. Takécs, sine-Gordon form factors in finite volume,
Nucl. Phys. B 852 (2011) 441 [arXiv:1106.1901] [INSPIRE].

[62] G.Z. Fehér, T. Palmai and G. Takécs, sine-Gordon multi-soliton form factors in finite
volume, Phys. Rev. D 85 (2012) 085005 [arXiv:1112.6322] INSPIRE].

[63] F. Buccheri and G. Takdcs, Finite temperature one-point functions in non-diagonal integrable
field theories: the sine-Gordon model, JHEP 03 (2014) 026 [arXiv:1312.2623| [INSPIRE].

[54] A.G. Izergin and V.E. Korepin, The lattice quantum sine-Gordon model,
Lett. Math. Phys. 5 (1981) 199 [INSPIRE].

[55] D. Fioravanti and M. Rossi, A Braided Yang-Bazter algebra in a theory of two coupled lattice
quantum KdV: Algebraic properties and ABA representations, J. Phys. A 35 (2002) 3647
[hep-th/0104002] [iNSPIRE].

[56] D. Fioravanti and M. Rossi, From the braided to the usual Yang-Bazter relation,
J. Phys. A 34 (2001) L567 [hep-th/0107050] InSPIRE].

[57] D. Fioravanti and M. Rossi, Exact conserved quantities on the cylinder 1: Conformal case,
JHEP 07 (2003) 031 [hep-th/0211094] [nSPIRE].

[58] D. Fioravanti and M. Rossi, Ezact conserved quantities on the cylinder. 2. Off critical case,
JHEP 08 (2003) 042 [hep-th/0302220] [INSPIRE].

[59] T. Oota, Quantum projectors and local operators in lattice integrable models,
J. Phys. A 37 (2004) 441 [hep-th/0304205] INSPIRE].

[60] N. Grosjean, J.M. Maillet and G. Niccoli, On the form factors of local operators in the lattice
sine-Gordon model, J. Stat. Mech. 10 (2012) 006 [arXiv:1204.6307] INSPIRE].

— 30 —


https://doi.org/10.1103/PhysRevD.87.045010
https://arxiv.org/abs/1209.6034
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.6034
https://doi.org/10.1137/0610036
https://doi.org/10.1103/PhysRevB.25.5806
https://doi.org/10.1088/0305-4470/37/5/028
https://arxiv.org/abs/hep-th/0304260
https://inspirehep.net/search?p=find+EPRINT+hep-th/0304260
https://doi.org/10.1016/j.nuclphysb.2007.06.027
https://arxiv.org/abs/0706.1445
https://inspirehep.net/search?p=find+EPRINT+arXiv:0706.1445
https://doi.org/10.1016/j.nuclphysb.2007.07.008
https://arxiv.org/abs/0706.3605
https://inspirehep.net/search?p=find+EPRINT+arXiv:0706.3605
https://doi.org/10.1007/s11005-010-0438-9
https://arxiv.org/abs/1007.0556
https://inspirehep.net/search?p=find+EPRINT+arXiv:1007.0556
https://arxiv.org/abs/0912.0934
https://inspirehep.net/search?p=find+EPRINT+arXiv:0912.0934
https://doi.org/10.1016/j.nuclphysb.2011.06.020
https://arxiv.org/abs/1106.1901
https://inspirehep.net/search?p=find+EPRINT+arXiv:1106.1901
https://doi.org/10.1103/PhysRevD.85.085005
https://arxiv.org/abs/1112.6322
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.6322
https://doi.org/10.1007/JHEP03(2014)026
https://arxiv.org/abs/1312.2623
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.2623
https://doi.org/10.1007/BF00420699
https://inspirehep.net/search?p=find+J+%22Lett.Math.Phys.,5,199%22
https://doi.org/10.1088/0305-4470/35/16/306
https://arxiv.org/abs/hep-th/0104002
https://inspirehep.net/search?p=find+EPRINT+hep-th/0104002
https://doi.org/10.1088/0305-4470/34/42/102
https://arxiv.org/abs/hep-th/0107050
https://inspirehep.net/search?p=find+EPRINT+hep-th/0107050
https://doi.org/10.1088/1126-6708/2003/07/031
https://arxiv.org/abs/hep-th/0211094
https://inspirehep.net/search?p=find+EPRINT+hep-th/0211094
https://doi.org/10.1088/1126-6708/2003/08/042
https://arxiv.org/abs/hep-th/0302220
https://inspirehep.net/search?p=find+EPRINT+hep-th/0302220
https://doi.org/10.1088/0305-4470/37/2/013
https://arxiv.org/abs/hep-th/0304205
https://inspirehep.net/search?p=find+EPRINT+hep-th/0304205
https://doi.org/10.1088/1742-5468/2012/10/P10006
https://arxiv.org/abs/1204.6307
https://inspirehep.net/search?p=find+EPRINT+arXiv:1204.6307

	Introduction
	Light-cone approach to the Massive-Thirring and sine-Gordon models
	Algebraic Bethe ansatz
	The DDV equations
	The U(1) current in spin variables

	Form-factors in the QISM framework
	The computation of (e(n))(lambda) 
	The determination of S(a)

	The continuum limit
	The solution of the equations
	The charge density case
	The case of J(1)(x)


	The large volume expansion
	Summary and outlook
	Conventions of Fourier transformation

