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1 Introduction and summary

Precision results for the entropy of BPS black holes give detailed insights into the quantum
structure of black holes (see e.g. [1-4]). The techniques underlying these results involve
extrapolation from weak to strong coupling of quantities that are known to be protected
by supersymmetry. The physics of black holes with no supersymmetry is much more
complicated and it is generally expected that precision results for their entropy is not
possible. In this paper we present evidence that may indicate some precision studies of
non-supersymmetric black holes are possible, after all: certain black holes satisfy a non-
renormalization theorem when they are embedded in theories with A/ = 2 supersymmetry
even though the black holes themselves do not preserve any supersymmetry, not even an
approximate supersymmetry. Moreover, our non-renormalization theorem is protected by
a topological invariant.

The objects we study are logarithmic quantum corrections to black hole entropy. The
leading order quantum corrections to the Bekenstein-Hawking area law scale with the loga-
rithm of the black hole horizon area. It is known that these large logarithms offer an infrared
window into ultraviolet physics: they are computable in the low energy theory and yield pre-
cision data that must be matched by sub-leading terms in the asymptotic density of black
hole microstates [5-7]. Agreement with the microscopic theory has been established in those
(highly supersymmetric) cases where precision counting is available [8-10]. We discuss these
logarithms for non-supersymmetric black holes using effective quantum field theory.

The current work is developed with a particular setting in mind, previously discussed
by two of us in [11]. We embed the standard Einstein-Maxwell gauge field F},, into N' = 2
supergravity (with any number of vector multiplets, enumerated by the index I) as:

Fil=X'F},, (1.1)

where X! and F, ;f,, are (respectively) the scalar and vector field strength of a NV = 2 vector
multiplet, and the scalars X! are taken to be constant (see section 3 for more details).
In this way, we can obtain non-supersymmetric solutions in N = 2 supergravity, such
as non-extremal Kerr-Newman black holes. Fluctuations of the N' = 2 matter exhibit
non-minimal couplings in this environment which, by explicit computation, were found to
modify the Weyl anomaly coefficients from their standard values such that the total central
charge ¢ = 0 for a complete N/ = 2 multiplet. The present paper complements the explicit
computations in [11] by explaining how the null result follows from symmetries, effectively
proving a non-renormalization theorem for these non-supersymmetric solutions in N/ = 2
supergravity.



We prove our non-renormalization theorem by exploiting several symmetries which
heavily constrain the effective quantum field theory of quantum corrections to black holes.
The analysis of each of these symmetries encounters conceptual questions that we address:

e Scaling symmetry: classical gravity is not a conformal theory, yet it is conventional
to express one-loop quantum corrections in terms of a Weyl anomaly in the trace of
the energy momentum tensor! [12-15]:

TH =
® 1672

(aBy —cW?+...) . (1.2)

We discuss this terminology in the language of effective quantum field theory and
relate it to the logarithmic corrections to black hole entropy.

e Duality: the equations of motion of classical electrodynamics are invariant under
electromagnetic duality but the corresponding classical action is not [16]. We show
that duality constrains the dependence of the quantum action on the explicit field
strength and, in the case of Einstein-Maxwell theory, eliminates it entirely. In this
case the dots indicating additional terms in the trace anomaly (1.2) are absent and
the effect of matter has been entirely absorbed into the values of the coefficients a, ¢
which then take non-standard values.

e Supersymmetry: for black hole solutions to theories with NV = 2 supersymmetry
the quantum effective action is constrained by on-shell supersymmetry. In D =
4 there are two known distinct four derivative invariants [17, 18]. They complete
the two terms written explicitly in (1.2) with particular matter terms and take the
schematic form

E4 + SUSY matter, W?2+ SUSY matter, (1.3)

in an off-shell formalism. We show that, when evaluated on-shell for our class of
solutions (1.1), both N/ = 2 invariants reduce to just the Euler invariant E,. Thus
supersymmetry excludes the second term in the trace anomaly (1.2), so ¢ = 0.

The significance of this result is that the logarithmic correction to black hole entropy
reduces to a topological quantity, independent of the black hole parameters. In
particular, it can be deformed from the extremal (supersymmetric) limit to a generic
(non-supersymmetric) black hole without any change in value. This property suggests
an underlying index theorem, a great surprise in the context of non-supersymmetric

black holes.

Our results may superficially appear in conflict with findings obtained in some other ar-
eas of inquiry. For example, physical principles require the ratio ¢/a ~ 1 for conformal field
theory in a curved background, with precise “conformal collider” bounds easily excluding
¢ = 0 [19-21]. Such apparent conflicts are simply due to the additional matter contribu-
tions that arise when we take dynamical gravity into account. Our considerations are thus
consistent with standard results and complementary to several areas of recent research.

'The notation E; and W? is given explicitly in section 2.



The most obvious generalization of our work would be to understand whether the class
of non-supersymmetric solutions (1.1) for which our non-renormalization theorem ¢ = 0
holds can be broadened and generalized further. In particular, it would be interesting
to analyze solutions with non-constant scalars. However, as we discuss, the possible four-
derivative corrections to more general backgrounds are expected to involve more (and more
complicated) supersymmetric invariants, especially when the scalars are not constant. This
will require the introduction of new four-derivative supersymmetric invariants beyond the
two we consider.

Our calculations derive a ¢ = 0 non-renormalization theorem from the symmetries of
N = 2 supergravity. It would be interesting to understand the ¢ = 0 result from the
different perspective of a (super-)index theorem in the spirit of other gravitational indices
(such as e.g. [12]). The strategy employed to establish such theorems involve relating
quadratic fluctuations of bosons around the background to those of fermions. When the
non-zero modes can be shown to cancel, the only contribution to the quantum corrections
comes from the zero modes and is thus topological. There are many examples where this
mechanism applies but they generally rely on supersymmetry preserved by the background.
It would be novel if index theorems can be generalized to non-supersymmetric backgrounds
such as ours. If it is possible it might also help understand how and when one could
generalize our non-renormalization theorem to a broader class of solutions.

As stressed in the opening, an important motivation for this work is the potential for
a microscopic understanding of black hole entropy and quantum corrections to it. De-
tailed microscopic models have been established for various types of supersymmetric black
holes, using tools inherent to supersymmetry. Analogous microscopic descriptions of non-
supersymmetric black holes are typically elusive and, if known, difficult to handle. Our
work identifies a family of non-supersymmetric black holes that enjoys a simple and re-
stricted form of one-loop quantum corrections because they are solutions in a theory with
supersymmetry. This suggests an underlying structure that may point toward a micro-
scopic description of such non-supersymmetric black holes.

The rest of this paper is organized following the three bullet points above: sections 2, 4,
and 5 address scaling symmetry, duality, and supersymmetry in turn, with an interlude in
section 3 to briefly summarize relevant details of AV = 2 supergravity formalism and the
particular class of solutions considered. Several appendices review further details, especially
of off-shell formalism for N/ = 2 supergravity.

2 Effective quantum field theory

In this section we formulate the computation of logarithmic corrections to black hole en-
tropy in the framework of effective quantum field theory. The purpose is to connect results
from Euclidean quantum gravity developed by Sen [7] with other approaches. Since the
material in this section is not really new we focus on conceptual issues and, for clarity, we
limit ourselves to four spacetime dimensions.



2.1 Scaling transformations for gravity

A key ingredient of effective quantum field theory is simple dimensional analysis, exploited
to order scales in the problem according to their importance. To have a representative
example in mind consider Einstein gravity minimally coupled to a vector and a scalar field:

1

1
Gy, Aps @] = /d“m\/fgc =53 /d4x\/jg (R - iF,“,F“" -3 M¢aﬂ¢> C(21)

This action transforms under a rigid scaling as a homogeneous function of degree two:

I[N, Ay, 6] = NI [gu, Ay, @] - (2.2)

The scaling dimensions in this formula are different from the usual mass dimensions in
quantum field theory where, for example, A, and ¢ both have mass dimension one. It is
also different from Weyl rescaling which, for example, would be a true symmetry of the
pure Maxwell term and not just homogeneity. On the other hand, the homogeneity of the
gravitational action is very well-known in the context of black holes. For example, the
Smarr relation 25 = M — fPQ — 25QJ for thermodynamic variables is equivalent to an
entropy with homogeneity of degree two

SAM, N2J,AQ] = A\2S[M, J,Q], (2.3)

which is equivalent to the corresponding property (2.2) of the action. In this paper we
consider only theories with matter and couplings that respect homogeneity of degree two
at the classical level.

In addition to terms with the structure introduced in (2.1), homogeneity of degree two
is also respected by the Pauli couplings that are characteristic of fermions in supergravity
such as the N = 2 gravitini

1 _ . C oy
Igravitini = _27/432 d4$\/ -9 [2¢i,u7w/pvl/w;) + (Fwwfl/}j €7 + hC)] ) (24)

if we assign scaling factor A2 to @bz. On the other hand, the scaling symmetry (2.2)
is violated by a minimal coupling to a gauge field and also by a potential for the scalar
field(s).

2.2 Background field formalism

It will come as no surprise that the scaling relation enjoyed by the classical theory is violated
by quantum effects since scaling violation is known from any textbook in quantum field
theory. However, the gravitational setting is less well-known, so it is worth discussing
somewhat pedagogically in the familiar language of effective quantum field theory.

We employ the background field method and introduce the quantum effective action

F[guua A;u d)] _ _ilog/[zD(Sgw/D(sAMD(SQZ)]6i[[guu+59uu,AM+5A;L,¢+5¢] . (25)



Although we have not indicated them explicitly, the action I must include gauge-fixing
terms that impose background field gauge

VHSA, =0, VMg, =0, (2.6)

on the fluctuating fields. Gauge-fixing preserves homogeneity of degree two but it breaks
diffeomorphism invariance and gauge symmetry of the fluctuating fields so that the path
integral can be performed. Importantly, in background field gauge (2.6) the quantum
effective action I' is nonetheless invariant under both diffeomorphisms and U(1) gauge
symmetry acting on background fields: it realizes symmetries explicitly.

The usual quantum effective action is the generator of the 1PI diagrams and so its
tree-level amplitudes give the complete amplitudes of the full quantum theory. As such
it is closely related to the physical S-matrix that encodes all scattering amplitudes in flat
space. The quantum effective action (2.5) we analyze is formally the same as this standard
object, but we expand around a black hole background rather than flat space. The black
hole is not merely a deformation of flat space by a source: it has nontrivial Euler number

1
X= 3573 /d4m\/—gE4 =2, (2.7)
where the Gauss-Bonnet invariant is
Ey = Rypo R’ — AR, R" + R? . (2.8)

Thus a black hole and flat space are in distinct distinct topological sectors. The black
hole is similar to a soliton or an instanton. The quantum effective action in this setting
is conceptually different from the S-matrix in flat space. Indeed, the non-trivial Fuler
number (2.7) makes it more interesting. For example, there is a one loop contribution even
in pure gravity (some recent discussions include [22, 23]).

2.3 Regularization and renormalization

As usual, explicit computation of the effective action identifies divergences that must be
regularized and removed through renormalization. Multiple scales appear in this process:

e The physical scale M: we assume for simplicity that all relevant scales of the black
hole are comparable M ~ Mpy. Then the curvature R ~ (GM)~2 and the field
strength F' ~ (GM)~!. Generic black holes and extremal black holes each have
just one scale, up to ratios of O(1), so they satisfy our assumption. However, the
interpolation between these cases necessarily introduces a large dimensionless ratio
so it involves a parametrically larger length scale (such as the thermal wave length).
We do not study such transitions.

e The cutoff scale A > M: the upper limit to the validity of the low energy effective
field theory in the Wilsonian picture. This is the reference scale where couplings in
effective field theory are defined through boundary conditions generated by matching
with the UV theory.



e The UV scale Ayy > A: typical masses of string states or other high energy exci-
tations. In effective quantum field theory UV dynamics has been integrated out so
that the UV scale does not appear in the low energy action. Indeed, physics at the
UV scale can be decoupled by taking the limit Ayy/A — oo with couplings at the
cutoff scale A kept fixed.

Additionally, since black holes in asymptotically flat space are unstable there is also need
for an IR cutoff cutoff A;jg < M that regulates the nominally infinite volume of spacetime.
It will play no role in our discussion.

2.4 Local terms in the action

The quantum effective action for general gravitational backgrounds is very complicated
and non-local (for some recent discussions, see [24, 25]). We are just interested in its
transformation under rigid scale transformations and so it is sufficient to consider terms that
are local except for their possible scale dependence. The leading terms in the effective action
are the two-derivative terms that appear already in the (schematic) classical action (2.1),
but there are also corrections incorporated in higher derivative operators such as

Oy, =R", R"IF?, R"Y09)?, ..., (2.9)

with n > 2 and various contractions of indices implied. Dimensional analysis determines
the typical contribution from any of the O, operators as

A{2n74

Can ) (2.10)

where co, is a numerical constant. Generally they are parametrically small at energies far
below the cutoff M < A, i.e. for large black holes. However, there is an exception for the
marginal operators n = 2, i.e. those with four derivatives

O, =R?, RF?, R(0¢)*, ... (2.11)

For n = 2 dimensional analysis is not only consistent with a finite effect

Aan_4
Con =g "~ 4 (2.12)
but it also allows a logarithm
cylo M (2.13)

This logarithm is potentially large, since we assume M > A, and it is entirely due to
the light fields retained below the cutoff, typically the massless fields, so its coeflicient is
computable without knowledge of the UV theory. Moreover, in the gravitational setting
the coefficient of the large logarithm is determined exactly by a one-loop computation: the
coefficient of Oy, operators receive contributions only at the (n — 1)th loop order because
the gravitational coupling constant x ~ ]\41)_11 has mass dimension [k] = —1.



It is disconcerting that the large logarithm (2.13) depends on the arbitrary cut-off A.
This should be understood together with the fact that the marginal operators (2.11) all ap-
pear with a finite dimensionless coefficient already in the effective field theory defined at the
cut-off, before quantum corrections are included. This “primordial” coefficient, denoted by
¢4 in (2.12), becomes a running coupling in the quantum theory ¢y — c4(M) = ca+¢} log &L
Alternatively, dimensional transmutation allow us to introduce the dynamical scale

_cq(M)

Agyn = Me 1, (2.14)

and absorb the finite piece in the large logarithm

ca(M) = cjlog

. (2.15)
This represents a conceptual advantage because the dynamical scale (2.14) is RG invariant,
i.e. independent of the arbitrary cut-off scale A. The dynamical scale (2.14) is a non-
perturbative scale intrinsic to quantum gravity [26]. More precisely, there can in general
be multiple dynamical scales, one for each term in (2.11).

The “primordial” coefficient ¢4 is ambiguous because it depends on the renormalization
scheme. This ambiguity is not a concern because the constant term is anyway dominated
by the large logarithm which is scheme independent. Since this quantum contribution is
generated by the light modes it will respect symmetries of the low energy theory, such as
duality symmetry, whether or not those symmetries are preserved by the UV theory. We
will exploit this feature in sections 4 and 5.

2.5 The Weyl anomaly

A common quantitative measure of the logarithmic corrections is the contribution of these
classically marginal operators to the trace of the renormalized energy momentum tensor

/d%«\/fg (T,1),, = (Mdy —2)T = 161#2 /d4x\/jg (aBy—cW?+..)),  (2.16)

where Ej is the Gauss-Bonnet invariant (2.8), the square of the Weyl tensor is
1
W2 = Ry po RMP° — 2R, R* + gR2 : (2.17)

and the dots denote other four derivative operators, including those formed from matter
fields. The notation is adopted from the scale anomaly of conformal field theory in non-
dynamical background geometries but the physical interpretation is different here. The
classical action is not invariant under scaling, it transforms homogeneously with dimension
two (2.2). It is this homogeneity that is violated by the quantum effective action. The
scaling parameter A introduced in (2.3) is identified as A = A/M.

The values of the numerical coefficients a and ¢ appear in many physical applications.
The simplest fields couple just to gravity and then the matter terms denoted by dots
in (2.16) are absent. In this case the anomaly coefficients are well-known [12, 14, 27]. The
simplest are collected in table 1.



Field c a
Complex Scalar % ﬁ
Weyl Fermion % %
Vector % 1%

Gravitino - % _ %

Table 1. Central charges ¢ and a for neutral fields with minimal coupling to gravity. Each entry
has two physical degrees of freedom.

However, in order for the effective action to allow a black hole as a consistent semiclas-
sical saddle-point, we must treat gravity as dynamical. The geometry cannot be selected
freely, it must be related by Einstein’s equation to matter that, in turn, is also on-shell.
The only situation where matter can be omitted altogether is when the background is
Ricci-flat R,,, = 0, such as for the Kerr black hole.? That case is so special that the ¢ and
a coefficients cannot even be distinguished, since E; and W? both reduce to Ry po RFVPO.
In the more general case where we do allow for appropriate matter there will necessarily
be additional terms in the effective action: the dots in (2.16) become non-trivial.

Generally, there can be numerous matter terms and the effective action may be very
involved. Our focus is on some special cases where the theory is essentially Einstein-
Maxwell (gravity coupled to electromagnetism). We consider this theory by itself and also
as a subsector of N' > 2 supergravity coupled to additional vector and hyper multiplets.
In all those cases, the matter terms in the effective action combine into a special form
such that, when Einstein’s equation is imposed, they can be absorbed into the purely
geometrical terms, i.e. they shift ¢ and a from their standard values. In section 4 we use
duality symmetry to show why this is possible.

In previous work two of us explicitly computed the values for ¢ and a for various
multiplets in N/ = 2 supergravity [11]. In each type of N' = 2 multiplet (hyper, vector,
gravitino, gravity) either the bosons or the fermions are minimally coupled but the fields
with opposite statistics are subject to non-minimal matter couplings that lead to shift of
the ¢ and a coefficients. The results for the fields with non-minimal couplings are given in
table 2. It is striking that when these components are completed into full N/ = 2 multiplets
by adding appropriate minimally coupled fields from table 1, the total value of the ¢ central
charge vanishes in each of four cases. In section 5 we show that off-shell supersymmetry is
responsible for this result.

2.6 The black hole entropy

The quantum effective action is not a conventional observable but it is closely related to
the black hole entropy. With the provisional identification 65 = —0I" for the quantum

2In this paper we do not consider the possibility that the “matter” is a cosmological constant. The ¢
and a coefficients for this case was discussed in [28].



Fields c a
Fermions in A = 2 Hypers —% —%
Vectors/Scalars in A = 2 Vectors —% %
Gravitino in AV > 2 Supergravity —% %
Graviton/R-vector in A = 2 Supergravity %(1) %

Table 2. Central charges ¢ and a for some nontrivial fields in A" > 2 supergravity theory. Each
entry has a total of four degrees of freedom.

correction to the black hole entropy the Weyl anomaly (2.16) gives

1
0Scontinuum = — = /d4:v (aBy — cW? +...) log (2.18)

Adyn '
In gravitational physics it is conventional to relate the physical scale to the horizon area
A ~ (GM)? but in effective quantum field theory it is more natural to retain M.

In the simplest case where either ¢ = 0 or the background is conformally flat (such as
in AdSs x S?) the Euler number (2.7) for a black hole gives simply

5SC0ntinuum = —4a log (219)

Adyn .
In more general cases the W? term introduces a complicated dependence on black hole
parameters [29, 30].

The identification 65 = —0I" is appropriate in the microcanonical ensemble but in
Fuclidean quantum gravity it is more natural to impose thermal boundary conditions.
Then the on-shell action becomes identified with the free energy (multiplied by the inverse
temperature) and to obtain the entropy one must Legendre transform. Such changes of
ensemble modifies the coefficient of the large logarithm in the entropy (2.18). Specifications
of ensemble for the angular momentum and for electric/magnetic charges may similarly shift
the coefficient. Moreover, standard values for the a and ¢ anomaly coefficients are computed
for generic geometry while, for black hole backgrounds, there are zero-modes due to global
symmetries and those also contribute to the large logarithm. The total contribution from
all these discrete effects takes the form

(2.20)

5Sdlscrete - nlog Adyn )
where n is an integer. The value of n depends on ensemble and global symmetries but it is
independent of the matter content of the theory and also does not depend on continuous
black hole parameters (except for jumps at extremal limits). For example, n = 2 for a
BPS black hole and n = —1 for a generic Kerr-Newman black hole (with J3 fixed and
J? arbitrary). Several other options were discussed by Sen [7] and there is a summary of
various situations in [11].

The Euclidean quantum gravity path integral with thermal boundary conditions is also
sensitive to the contribution from a thermal gas in equilibrium with Hawking radiation



from the black hole. The temperature of the black hole is T ~ M so the on-shell action
is [ ~ VT3~ M3/ A%R if the entire system is regulated by a large box with typical length
scale ~ Al_Rl. Lower powers of M /Ar could appear, due to boundary conditions at the
box, but no dependence on the cut-off scale A can appear in the thermal bath since the
physical parameter M and the IR cut-off Ajgr are both kept fixed as A varies. Therefore,
the contribution from the thermal gas can be removed from the finite part of the on-
shell action without affecting the large logarithm depending on the ratio M/A. The same
conclusion follows if we keep A fixed and rescale the physical parameter M using the
classical transformation (2.2) since then the IR cut-off Ajg must be scaled as well, keeping
the ratio M /Ar fixed. Either way, the IR cut-off A;g decouples from our considerations.

3 Supergravity formalism and black hole solutions

Our results on duality in section 4 and supersymmetry in section 5 make extensive use
of both the off-shell and on-shell formulations of N/ = 2 supergravity. In this section, we
review the essential parts needed to understand our methods and the relevant class of black
hole solutions. More details of off-shell N' = 2 supergravity are reviewed in appendix B.

3.1 Field content

The off-shell formalism realizes N' = 2 supergravity in 4D by imposing constraints on
superconformal multiplets whose fields transform under the A/ = 2 superconformal group.
The most important of these multiplets is the Weyl multiplet, which contains the gauge
fields associated with each of the superconformal symmetry generators. The independent
fields in this Weyl multiplet are

(e, Wy buy A, Vi, Tos X' D) (3.1)

where e," is the metric vierbein, @ZJ,Z is the gravitino, b, is the dilatation generator, A, is
an auxiliary U(1)g gauge field, V', is an auxiliary SU(2)g gauge field, T, is an auxiliary
anti-self-dual tensor, x” is an auxiliary SU(2) doublet of Majorana spinors, and D is an
auxiliary real scalar field. The Weyl multiplet has 24 4+ 24 bosonic and fermionic degrees
of freedom off-shell.

We will introduce matter in the form of ny + 1 off-shell N' = 2 vector multiplets, de-
noted by X! where I = 0,...,ny. These will reduce down to ny physical vector multiplets

in the on-shell theory. The field content of the vector multiplets is
x'=(x', of , Wi, Yi), (3.2)

where X' is a complex scalar, Q! is an SU(2) doublet of chiral gauginos, Wlf is a U(1)
vector gauge field, and Yé is an auxiliary SU(2) triplet of real scalars. Each vector multiplet
has 8 + 8 degrees of freedom off-shell. The scalars X! have Weyl weight w = 1 and U(1)y
charge (referred to as a chiral weight) ¢ = —1, while their Hermitian conjugates X! have
the same Weyl weight and opposite chiral weight. The vector fields Wlf are uncharged
under the U(1)g symmetry.

,10,



The field strengths of the auxiliary U(1)g gauge field A, and the auxiliary SU(2)g
gauge field Vui ; are (respectively)

Ay = 0,A, —0A,, (3.3)
. A . 1. 1.
Vo j = 0uV' 5 = 0V, 5+ SV VS = SV (3.4)
The field strengths of the vector multiplet gauge fields are
Fl,=0,W} -0, . (3.5)
We will also make use of the supercovariant field strengths
1. 1
—I _ =1 Irp— +1 _ ot I+
Fu =F — ZX Ty Fu =F, — ZX Ty, (3.6)

where Fﬁff are the (anti-)self-dual parts of the vector multiplet field strengths as defined
in (A.5).

3.2 Two-derivative theory

The couplings between the vector multiplets and the Weyl multiplet can be specified suc-
cinctly by a prepotential
F=FO(xTy, (3.7)

a meromorphic function of the complex scalars in the vector multiplets. Its derivatives are

denoted:
oF oF

Fr=— Fr=—=0 3.8
1 oX1I’ I X1 > ( )
where the vanishing of the anti-holomorphic derivative follows from holomorphy. The
prepotential is homogeneous with degree two under Weyl transformations. The vector

multiplet scalars have Weyl weight one so F(©) must satisfy
FOONXT = 2FO x| (3.9)

The two-derivative Lagrangian that couples the vector and Weyl multiplets via the prepo-
tential (3.7) is

. 0 > . (0) v 1 7 0 i
e = [orsP o, —iaflx (Jn-0) - gy
U (0) ] s 1
7FI(J“F;WI]: . J_g

4

+ (fermions) .

(3.10)

0 7
X FOFT - SFOTLT b

We can reduce the superconformal symmetry to a Poincaré symmetry and further
simplify the theory by imposing a consistent truncation
8

. 1 _ _
by =Y =V, ;=fermions =0, D=-3R, i(F"X'-F"X")="5

(3.11)

— 11 —



More details are reviewed in appendix B.6. Under this truncation, the two-derivative

Lagrangian (3.10) becomes

1 1 - i
2) _ ; (0) I (0) oI —pvJ
‘C()__T/#R—’—g ZDMFI DNX +ZFIJ'F.UVJ_.. HY

, . (3.12)

7 0 7 v

- SE R — S FOTET e
In the truncation (3.11), the supercovariant derivative acts on the scalar fields by
DX = (0, +i4,) X . (3.13)

Thus the auxiliary fields 7}, and A, both appear algebraically in the Lagrangian. Their
equations of motion can be solved, yielding

Ny X' F} N X709, X!
Ty =40 T g S et (3.14)
K N XEXL Ni XEXL
where we have defined the Hermitian symplectic matrix Ny; as
Nij =2ImFY9 . (3.15)

Eliminating the auxiliary fields 7}, and A, from the action yields the bosonic terms in the

familiar /' = 2 supergravity Lagrangian
1 1 - 1
L=—g5R- M, jorx1o, X7 — M JELTFTY L e (3.16)

where the matrices M7 and Ny are defined by

v K L K L
Mg = Niy = S-S Wiy = B 4 it (3.17)
The Einstein, Maxwell, and Bianchi equations of the simplified theory are
K2 — iKk?
Ryy = = - M50, X0, X7 = N F FS b (3.18)
0=V, (NpFt — Nyl (3.19)
0=V, (Ftl— pmhy (3.20)

These are the equations of motion for N' = 2 supergravity.

3.3 Four-derivative theory

Our main interest is to constrain the form of the Weyl anomaly (2.16), which contains
four-derivative terms. We therefore need to introduce higher-derivative corrections to the
Lagrangian (3.12).

Higher-derivative terms can be constructed in the off-shell N = 2 supergravity formal-
ism by additionally coupling the theory to a chiral multiplet A. The field content of the
chiral multiplet is

AZ(A,\TIi,Bij,F/;V,Ai,CA'), (321)
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where A and C' are complex scalars, ¥; and A; are both SU(2) doublets of left-handed
fermions, BU is a complex SU(2) triplet of scalars, and F v 18 an anti-self-dual tensor. A
chiral multiplet can have any Weyl weight w from which the Weyl and chiral weights of the
component fields can be determined. In particular, the scalars A and C have Weyl weights
w and w + 2 and chiral weights —w and —w + 2, respectively.

The chiral multiplet will eventually be realized as a composite of the Weyl and vector
multiplets such that four-derivative terms are introduced into the action. The trunca-
tion (3.11) can be augmented by setting all fermionic and SU(2)z-charged chiral multiplet
fields to zero:

U, =A;=B;;=0. (3.22)

The prepotential F' still determines all couplings in the theory but, in order to intro-
duce higher-derivative interactions, it must be modified to become a function of the chiral
multiplet scalar A as well as the vector multiplet scalars X! . It can be expanded as

F(X! A) = i F(xHAm, (3.23)
n=0

where each successive power of A corresponds to introducing two further derivatives to the
Lagrangian, so that F(")(X!) controls the (24 2n)-derivative terms. We are interested only
in two-derivative and four-derivative terms, and so we can truncate this series expansion

to obtain

F(xT Ay = FOxTy+ FO(XHA . (3.24)
The new function F(l)(X Ty must be homogenous under rescaling of projective scalars
FOMNXT) = FO(XT). It determines the couplings between the Weyl multiplet, vector

multiplets, and chiral multiplet in the four-derivative part of the Lagrangian. This four-
derivative Lagrangian, under the truncations (3.11) and (3.22), is

1 ) _ ; . 4 .
LW = i () AYD X 4 L Fp)F F A SRV FT A
. . . (3.25)
1 A 7 A 2 N
_ L Ot o L pW) eI e | P p(1) he. .
3 L + 5L Fouw + 2 C| +h.c

3.4 A class of solutions

We are particularly interested in a class of (generally non-supersymmetric) solutions within
N = 2 supergravity determined by the two conditions:

X' =0, (3.26)
Fil=0. (3.27)

This also implies the complex conjugate equations 8#)2 I = .7:,;,,1 =0.
The condition (3.27) can be re-written at two-derivative order using the definition (3.6)
and the auxiliary equation of motion (3.14) to give

X N X7
o, — = BJI2 ) ptK 2
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For non-degenerate N7y, the only non-trivial solution is given by

Fil=X"Fl (3.29)
where at this point F),, is simply an arbitrary anti-symmetric two-tensor (and in particular
does not yet need to satisfy a Bianchi identity). Once we also use the condition (3.26) of
constant scalars, the field F},, becomes a genuine Maxwell field, and the resulting effective
Lagrangian (at two-derivative order) following from AN = 2 supergravity is simply the
Einstein-Maxwell Lagrangian:

1 1
Lig=——5 |R+-F,F" ) . 3.30
ft 2/€2< +4 1 ) ( )

For this embedding, we note that (3.14) simplifies to

T, =4F;,, (3.31)
so the Weyl multiplet “graviphoton” T /:;, is proportional to the Maxwell field F ij Addi-
tionally, the embedding forces the U(1)r gauge field A, to vanish.

These Einstein-Maxwell solutions are in general not supersymmetric. For example,
general Kerr-Newman black holes will break all supersymmetries except in the non-rotating,
extremal limit. Interestingly, our Einstein-Maxwell solutions retain a remnant of the super-
symmetry of the original theory: the embedding conditions (3.26) and (3.27) are exactly
the conditions required for the gaugino supersymmetry variation to vanish, as discussed
in [31, 32]. We can think of non-supersymmetric Einstein-Maxwell solutions as continuous
deformations of supersymmetric ones such that the relation between scalars and vectors
demanded by the SUSY attractor mechanism is maintained. Then the vector multiplet
fields force the gaugino variations to vanish (but do not necessarily satisfy any of the other
BPS conditions).

To summarize, the conditions (3.26), (3.27) reduce the full N' = 2 supergravity equa-
tions of motion to the much simpler equations of motion for Einstein-Maxwell theory. Con-
versely, (3.29) defines an embedding into A/ = 2 supergravity of any solution to Einstein-
Maxwell theory.

4 Duality constraints on four-derivative actions

The Weyl anomaly (2.16) can be encoded in an effective four-derivative term in the action,
as discussed in section 2. In this section we show that duality constraints on possible four-
derivative terms can be quite restrictive. For Einstein-Maxwell theory, duality restricts the
possible four-derivative terms to purely geometric curvature terms; explicit dependence
on the field strength F},, is not possible. This result is maintained for the embedding
of Einstein-Maxwell solutions in A/ = 2 supergravity discussed in section 3.4 but N/ = 2
supergravity generally allows more terms.
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4.1 Einstein-Maxwell theory and duality

We first review duality symmetry for Einstein-Maxwell theory and show how it restricts
the possible four-derivative terms.
Maxwell theory (coupled minimally to gravity) has the Lagrangian

1

L=——
2K2

1
(R + 4FWF“”> . (4.1)

The dual field tensor G, is defined through the relation

g oL
ZG‘“V = 28F}”’ s (42)

so that3 G = i w- The equations of motion and Bianchi identity can be summarized as

v () -0 3

These equations are invariant under SO(2, R) rotations of the vector (F},,G ) or, equiva-
lently, U(1) transformations of the (anti-)self-dual tensors FJ;, (defined precisely in (A.5)):

F,’j; = FL (4.4)

for any phase factor e'?. The Fj@ allow an obvious duality invariant tensor

Lyvpo = F 1 o (4.5)
All duality invariants can be formed from powers of this tensor. Lorentz invariants can
then be formed by appropriate contractions of indices.

The Einstein equations following from (4.1) can be written in a manifestly duality-
invariant form

Ru=T,',, (4.6)

The trace condition R = 0 follows: there is no way to form a non-zero Lorentz scalar from
a single 7,,,,0 by contracting all indices.

In section 4.3 (and also appendix C.1) we will show that all four-derivative corrections
corrections to the action (4.1) must in fact be invariant under the duality symmetry (4.4)
even though, as is well-known, the two-derivative action (4.1) is not invariant under dual-
ity (4.4), but rather must transform in a very particular way in order that the equations of
motion respect duality symmetry [16]. In anticipation of this result we proceed to form all
possible Lorentz invariants from Z,,,,, and the Riemann tensor by contraction of Lorentz
indices.

3The factor of i is due to our definition (A.4) of the dual tensor, since then Fis purely imaginary when
F is real.
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It is clear from the equations of motion (4.6) that any expression where Z,,,, appear
with contracted indices reduces to the geometric invariant R, R*”. There are two inequiv-
alent ways to contract indices of two distinct Z,,,,’s but one can show using the (anti-
)self-duality properties of F, jy that both also reduce to the geometric invariant R, R*":

1
1 ZLuwpoe T = Luype I = 1,017 = Ry R (4.7)

We can also form mixed duality invariants by contracting the matter tensor Z,, s
and the Riemann tensor R, ,,. The two distinct contractions again reduce to geometric
invariants

%IWPUR’WW = Luwpe R =1,/ R" = R, R" . (4.8)
Thus we find that duality symmetry for Einstein-Maxwell theory restricts all the on-shell
four-derivative terms to a linear combination of only Riem? and Ric?, with no explicit
appearance of the field strength F),, .

It has been noticed before that one loop corrections to Einstein-Maxwell theory reduce
to pure geometry in this way [6, 33, 34] and a relation to duality was mentioned [34] but
we are not aware of a detailed exposition of this feature.

4.2 Symplectic duality symmetry

We want to discuss four-derivative duality invariants in a much more general theory of
N = 2 supergravity. To get started, we first review the extended symplectic duality
symmetry of N = 2 supergravity.

In a theory with ny + 1 U(1) gauge fields (and no explicit sources for the gauge fields)
there is a U(ny + 1) compact duality symmetry that rotates the gauge fields and their dual
tensors into each other. When there are also scalars in the theory that transform under
duality, such as in A/ = 2 supergravity, the duality symmetry can further be extended to
a non-compact (sub)group of Sp(2ny + 2,R) [16].*

The dual field strengths Gp,,, (with I =0,...,ny) generalizing (4.2) are

> d(8nL)

’LG[,JV = W . (49)
In the case of the on-shell two-derivative Lagrangian (3.16)

Gl =NuFL . (4.10)

Under the Sp(2ny + 2,R) symplectic duality symmetry of A/ = 2 supergravity, the field
strengths F ;{u and the dual field strengths Gy, form a symplectic vector

F,ul/ = (Fyl,ya GI;U/) ) (411)
that transforms under duality as
I I IL K
B ) (U 2 L B ) (4.12)
GJuw Wik V; Grw

4Symplectic duality for A" = 2 is discussed in detail in e.g. [35-37], and also reviewed in e.g. [31, 38].
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with U, Z, W,V real matrices satisfying U'W — WTU = ZTV —VTZ = 0 and UTV —
WTZ =1. The infinitesimal version of this transformation is

1 I IL K
I I BT . 2N (4.13)
GJ;W C’JK (*A )J GL/J,Z/

where B and C are symmetric (real) matrices and A is arbitrary (real). The vector multiplet
scalars X' also transform under these transformations, forming a symplectic vector with
the prepotential derivatives F as

X= (X1, Fp). (4.14)

We can form symplectic scalars by taking the symplectic product of any two symplectic
vectors A, B

A-B=AQB, QE(OH(I;> . (4.15)

Such symplectic scalars generalize the invariant tensor (4.5) from Einstein-Maxwell theory.
As in that example, they generally transform under Lorentz symmetry (the Lorentz indices
may be uncontracted at this point).

The prepotential F(XT) is not a symplectic scalar even though it has no symplectic
index I. By integrating how the functions F7(X”) change under duality transformations,
one can find how the prepotential F'(X') transforms. The result is that, for a given
prepotential F(X7), the symplectic transformations (4.13) fall into two categories: the
transformations that leave the prepotential invariant, i.e. transformations that preserve the
functional form of F(XT): F(X!) — F(X! + 6X'); and the transformations that change
the functional form of the prepotential. The former transformations are true symmetries
of the particular N' = 2 theory with given F(X'), while the latter transformations are
not symmetries but rather symplectic reparametrizations that transform the equations of
motion of the theory into equivalent but different equations of motion [31, 37].

The generalized prepotential F (X', fl) needed to introduce four-derivative terms de-
pends on a (duality-invariant) chiral scalar A with Weyl weight two. In this setting we can
form the partial derivative F4 that also has no symplectic index I. This derivative has
zero Weyl weight and it is always a symplectic scalar [31, 35]. This will be important in
the discussion later on, particularly in sections 4.3 and 5.1.

4.3 Duality (in)variance of four-derivative corrections

It is well-known that the (two-derivative) Lagrangian of a theory with duality symmetry
is not itself invariant under duality transformations; the symmetry is manifest only at the
level of the equations of motion. The transformation properties of four-derivative terms
under duality symmetry are less familiar. We will show that the (on-shell) four-derivative
corrections must be duality invariant already at the Lagrangian level in the situations that
we are most interested in, but not in general.

Our claim generalizes a result by Gaillard and Zumino [16]. They showed that, if a
Lagrangian £ depends on a duality-invariant parameter «, and further that the duality
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transformations of the scalars do not depend on «, then 0,L is duality invariant. We can
apply this argument by identifying « as the coupling constant ¢4 introduced in section 2
as the coefficient that multiplies the four-derivative action

LY = e £ (4.16)

and conclude that the four-derivative action £ is duality invariant. This reasoning cer-
tainly applies when there are no scalars at all, such as the simple Einstein-Maxwell theory.
Therefore the four-derivative corrections must be duality invariant in this case, justifying
the assumption made in section 4.1.

However, for higher-derivative corrections to N/ = 2 supergravity we can generally
not choose an « that the scalars do not depend on: duality acts on coupling constants
and, specifically, the couplings encoded in the prepotential (3.24) are not duality invariant.
Generalizing the result of Gaillard and Zumino [16] to take dependence of the scalar trans-
formations on the coupling constant « into account we find (through a simple calculation
spelled out in appendix C.1)

oL® oLr®
) (4) — _BIJF(l) o BIJF(l) XK ) 41
L J 8XI JKaﬂ a(aMX]) ( 7)
Thus, in general, the four-derivative corrections to AN/ = 2 supergravity are not du-

ality invariant. Fortunately, they are not arbitrary: the transformation properties of
the four-derivative Lagrangian £*) are completely determined by the two-derivative La-
grangian £2),

We are particulatly interested in the class of solutions introduced in section 3.4 where
the scalars are constant and the superconformal field strength ]-7;, vanishes. In this case
the expression (3.12) of the (off-shell) two-derivative Lagrangian £2) gives

oL

50, 57) —0, (4.18)

] 8, X1=0
and, remembering the dependence of .7-";; on the scalars X', we have

oL 2
oxX1I

P (_%FI(O)}-JVIT—&-MV _ 3L'2F(0) (T"‘)2 + h.C.)

_ = 4.1

- 0, (@19)
8HX1:07]_-;-U:0 -F:ry:O

identically (without using the equation of motion). We conclude that the four-derivative
Lagrangian must be duality invariant when the scalars are constant and ]-";Fl, vanishes
4
[5£( )}auxfzo, Fh=0 0 (4.20)
This result does not in any way depend on supersymmetry, neither of the theory nor of the
solution.

In section 5.1 below we show that in N' = 2 supergravity the four-derivative corrections
are given by (5.2), an expression that only depends on the symplectic scalar function
Fy = FO and the (symplectically invariant) components of the Weyl multiplet. The
discussion in this section shows that corrections of this form must be invariant under
duality at the level of the Lagrangian.
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4.4 Four-derivative symplectic invariants with constant scalars

It is interesting to investigate how much we can constrain four-derivative terms using
symplectic duality invariance alone. In this section, we restrict ourselves to the case with
constant scalars and set all fermions to zero but impose no other restrictions on the bosonic
fields. This is a generalization of the discussion at the end of section 4.1 where we showed
that four-derivative corrections to Einstein-Maxwell theory can always be written in terms
of curvature invariants involving only geometry.>

As a first step we classify all invariants under duality we can construct using at most
two symplectic vectors and at most four covariant derivatives. We do not yet impose
Lorentz invariance. We will use the notation we introduced in (4.11) and (4.14) for the
symplectic vector of the (anti-)self-dual field strengths ]Fffy and the scalar symplectic vector
X (and its complex conjugate X). Our starting point is the on-shell Lagrangian (3.16) where
auxiliary fields have been integrated out.

At zero-derivative order, the only symplectic invariants are X-X = 0 and X-X = 87i /x>
(where we have used (3.11)). At one-derivative order, we have the symplectic invariant

1
+ 2
T, =—5-KkF

o
- F, X, (4.21)

and its complex conjugate, where we have recognized the auxiliary Weyl multiplet field
TJV from its two-derivative equation of motion (3.14). The only other possible symplectic
invariant with one derivative is IF‘ZV - X, which vanishes

Fi,-X=FiF - G}FWXI =FF - NuF X' =FF - FF, =0, (4.22)

using the explicit form (4.10) for the dual tensor G  and the special geometry identity

I pv
N X! = Fy.
At two-derivative order, we have the symplectic invariants

- { <
IQ/LVpO‘ = F:y ' Fpg’? va/j; - _%K/QVpF:V : X, Rw/pg . (423)

There are two other possible candidates but both vanish identically Ff,-F;, = V,(F,-X) =
0 using (4.10). Using similar arguments, at three-derivative order we can have

\V4 AIE‘:[,, . IF;,, \V4 AIF:,, ) vvaIFjW X, (4.24)

and their complex conjugates. Finally, at four-derivative order, we can have

VaFL, - VL F, VAVLFY, - F VaFL, - VL F,, VAVLEL, Fo . (4.25)

po? po po? po

and their complex conjugates.

5We are not yet setting .7-";2,[ = 0 so, as explained in section 4.3, the full four-derivative Lagrangian will
generally not be a duality-invariant. The duality-invariants we find in this section should therefore be viewed
as (at most) part of the four-derivative Lagrangian for constant scalars when F, j’l,l # 0; another (mandatory)
part of the Lagrangian must be given by a non-duality-invariant term that transforms according to (4.17).
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Having now determined all possible symplectic invariants with at most two symplectic
vectors, the next step is to multiply such invariants together and contract Lorentz indices to
form four-derivative terms that are invariant under Lorentz symmetry as well as symplectic
invariance. There are numerous options but the physically interesting ones are subject to
further constraints:

e Candidate terms for four-derivative corrections to N' = 2 supergravity must have
vanishing U(1)g charge. This is restrictive since X is charged under U(1)g;

e We can use the two-derivative on-shell Einstein equation to trade F:[p -, ? for R,
(a generalization of (4.6));

e We can discard terms that are equivalent up to a total derivative.

Using all of these properties we find (through straightforward but tedious calculations in-
volving the (anti-)self-duality of Fi,) that there are exactly five independent four-derivative
symplectic invariant terms:

Ryuvpe R*P7 Ry R, N TN, T0, 0 Ry, TR TP T, PT™WTE OTE . (4.26)

We spell out more details of the calculation leading to (4.26) in appendix C.2.

It is interesting that, even with the minimal assumptions made in this subsection, all
these terms involve only fields from the Weyl multiplet; all explicit dependence on the
vector multiplets has been eliminated using symmetries and equations of motion.

4.5 The Einstein-Maxwell embedding in N = 2 supergravity

We are particularly interested in the embedding of Einstein-Maxwell theory in N = 2
supergravity with any number ny of N' = 2 vector multiplets. As discussed in section 3.4,
the embedding presumes scalars X! = constant fixed at any constant value and, given
those scalars, specifies the N' = 2 vector fields as (3.29)

Fil=X'F}, (4.27)
for some Maxwell gauge field F},,,. Since this setting has constant scalars the results from the
previous subsection applies. However, in addition, the Einstein-Maxwell embedding (4.27)
demands that the superconformal curvature vanishes .7-";,1 = 0. In this setting the anti-
symmetric tensor T/fy (4.21) in the Weyl multiplet reduces to the Einstein-Maxwell field
strength F; ;;,, as noted in (3.31). Then the four-derivative invariants in (4.26) either vanish
due to the Maxwell equations/Bianchi identity on the Einstein-Maxwell field strength F),,
or reduces, through the Einstein equation (4.6) for Einstein-Maxwell theory, to pure geome-
try. Thus the four-derivative invariants respect the duality symmetry of the Maxwell theory
defined by F),, discussed in 4.1, and so we are left with the two independent invariants
W2 and Ej.

It is interesting to trace the origin of the Maxwell duality symmetry of F),, in the
underlying N' = 2 supergravity theory. Indeed, at first sight this duality symmetry is
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quite mysterious: since F ;;I transforms like X7 under the A" = 2 symplectic duality trans-
formations, the embedded Maxwell field F}f, defined in (4.27) is invariant under N = 2
symplectic duality. Therefore the duality symmetry of the Maxwell theory is not a subset
of the N/ = 2 duality symmetry.

We must instead pay attention to the U(1)g symmetry of N' = 2 supergravity: F leI is
uncharged and X7 is charged so, according to (4.27), the embedded Maxwell field F /j/ must
be charged under the U(1) symmetry (with charge opposite to that of X'). Therefore, it
transforms as (4.4) under the global U(1)z and we conclude that the U(1) duality symmetry
of the embedded Mazwell field F),, is identified with the U(1)g global symmetry of the N' = 2
theory. Thus it is ultimately the U(1)g of the underlying N' = 2 supergravity that is
responsible for the only allowed (on-shell) four-derivative invariants being the geometric
curvature invariants Riem? and Ric? or, equivalently, W? and Ej.

5 Supersymmetry and ¢ =0

In section 4 we showed that the only four-derivative terms allowed in our Einstein-Maxwell
embedding (introduced in section 3.4) are the geometric invariants £y and W?2. Duality
prevents explicit dependence on matter. In this section, we show how supersymmetry
further constrains the four-derivative terms such that only the Euler invariant F, can
appear, hence proving that the c-anomaly vanishes.

This section proceeds as follows. In section 5.1 we discuss simplifications of the four-
derivative Lagrangian (3.25) due to the form of the Einstein-Maxwell embedding introduced
in section 3.4. We will go on to discuss the two known four-derivative chiral multiplets,
the W2 multiplet and the T(log ®) multiplet, in section 5.2. We will use use the details of
these chiral multiplets to show how we are forced to have ¢ = 0 in section 5.3.

5.1 Four-derivative action in the Einstein-Maxwell embedding
The general form of the four-derivative part of the Lagrangian is given in (3.25). In the
Einstein-Maxwell embedding (3.29) we set

FJII :XIF;;, auX[ =0, (5.1)

so the supercovariant field strengths ]:fflf vanish, and then the Lagrangian simplifies to

@ _ b on iy (A Lt
c o F (X)<C T T A>+h.c.. (5.2)

We recall from (3.24) that the four-derivative prepotential term Fa = F() is a function
of the vector multiplet scalars, which are all set to a constant in the Einstein-Maxwell
embedding. In this context the four-derivative Lagrangian is therefore given by the super-
symmetric invariant
1 /. 1 "
- _ + tpv

LA_M(CMTWT “A), (5.3)
plus its Hermitian conjugate. This shows that, when considering the class of Einstein-
Maxwell solutions discussed in section 3.4, the only four-derivative Lagrangian that respects
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supersymmetry is made up entirely of Weyl and chiral multiplet fields; no couplings between
the chiral and vector multiplets are allowed when the supercovariant field strengths vanish
and the scalars are constant.

This supersymmetric invariant (5.3) matches the chiral multiplet density formula dis-
cussed in [39], after the truncation (3.22) has been imposed on the chiral multiplet field
content.

5.2 Chiral multiplet supersymmetric invariants

As discussed in section 3.3, our interest in the chiral multiplet A is to introduce higher-
derivative terms into the action. In this context the fields that make up the chiral multiplet
are not independent fields, but rather composites of fields that are already introduced as
components of other superfields. In order to introduce four-derivative interactions (e.g. R?,
F*, etc.) the chiral multiplet must have a Weyl weight w = 2. This also guarantees that
the supersymmetric invariant (5.3) is both symplectically invariant and U(1)p invariant,
as required by the discussion in section 4.4.

The only known chiral multiplets that fit these criteria are the W? multiplet (intro-
duced in [40] and reviewed in detail in [31, 32, 41]) and the T(log @) multiplet (introduced
in [17]). In the following, we will discuss the basic structures needed to establish the form
of the supersymmetric invariant (5.3) for each of these multiplets. These multiplets are
discussed in more detail in appendix B.

We first discuss W2, the more familiar of the two. Constraints can be imposed on
the Weyl multiplet (3.1) such that it forms a reduced chiral multiplet, denoted by W .
Using standard rules for performing algebraic operations on chiral multiplets, we can take
the product of this reduced chiral multiplet with itself to obtain a new chiral multiplet
W2 = W, W that is a Lorentz scalar. The components of W2 are given in appendix B.4.

The supersymmetrized invariant (5.3) with chiral field A = W? is

- 1 1 + v
W2 - @ (C‘WQ - ET‘U’VT # Aw2>

1 ) 1
= 5 Wipe WHP + %*WWMWWP“ + BT, T 43D

(5.4)

1 1

— et e po - +

+ o5 LT TR T Y = JTTD, DT,
1

— 24, ATH + §V;VZjV H¥ + (fermions) .

L2 thus contains a W, ;0 WH”P? term, in addition to many other terms formed from Weyl
multiplet fields. It is the supersymmetric completion of W, ,c W#*P? denoted schematically
in (1.3) as “W? + SUSY matter”.

Next, we discuss the less familiar T(log ®) multiplet. For an arbitrary chiral multiplet
®, we can take its Hermitian conjugate and then (using chiral multiplet algebra rules)
take the logarithm of this Hermitian conjugate, resulting in the anti-chiral multiplet log ®
with Weyl weight w = 0. We can act on this multiplet with the kinetic operator T, which
introduces two powers of derivatives in order to make the multiplet kinetic [42]. This new
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kinetic chiral multiplet has Weyl weight w = 2 and is denoted T(log ®) [17]. The field
content of the T(log ®) multiplet are discussed in appendix B.4.

As discussed in [17], the supersymmetrized invariant (5.3) derived from the chiral
multiplet A = T(log ®) can be written as

- 1 1 + v
[’T(logé) ~ 64 <C|T(10g‘i’) - ET#VT g A|T(10g *5)>

1 2 2 1 — 1 o NI
=—R,R" + §R _3Dp2 _ éRMz/TupT vp _ @TMVT ,uz/TpUT po -
1 1 o .
+ T DD, + A A — iv:/jv el

1
+ —V,V®+ (fermions),
2w

where V@ is given in terms of Al , &, F'7 |, &, and the Weyl multiplet fields as
log ® abllog ® Y

8

3
- . 1

- T T D Al + (DT F Pl AT D s (50)

C

V@ =4D"D?* A\, 5 — SR“bDbA\log@ + - RD"Al, 5 — 8iA“bDbA]10g¢>

2 1
+w| DR —4D"D — iDb(T‘“Tbt) ,

and w is the Weyl weight of the chiral multiplet ®. It is important to note that the only
dependence in (5.5) on the details of the chiral multiplet ® is in V¢. This means that, no
matter what ® is taken as starting point for the construction, the resulting supersymmetric
invariants are the same up to a total derivative.

The supersymmetric completion of the Euler invariant (denoted schematically as “E;+
SUSY matter” in (1.3)) is the sum of the two four derivative terms introduced in this
subsection:

1

i TR ,
= 5E4 + 5 W pe WHPT + A, APV + §VWZ]-VWg + %VQV“ + (fermions) .

(log @)
§ (5.7)

As discussed in section 3.1, we can consistently truncate the full off-shell supergravity
theory down to one with only a subset of the full bosonic content by using the trunca-
tion ansatz (3.11). The result of this truncation, when applied to the supersymmetric

invariants, is

1 i, L, i — A
Ewg = §E4 + 5 W pe WHPT + (R#V + wTupT;p> N ZT WD“DPT;; a QAWA )

1 S| 1
- = -t —pv + v
E']T(log ®) - (R#V + TGT},L[)TV ,0) + ZT " D#’DprV + A;WAM + %VQV‘Z ,

1 i . . 1
L3 =5 Eut 5 WonpaWHP + A AP 4 -V, V. .
5.8
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5.3 Supersymmetric invariants in the Einstein-Maxwell embedding

The final equations for the supersymmetric invariants (5.8) are for any solution that satisfies
the consistent truncation (3.11). We now further restrict to Einstein-Maxwell solutions that
result from the Einstein-Maxwell embedding (3.29). Then the remaining auxiliary fields
are set to

T, =4F), A,=0, (5.9)
where F),, is a U(1) field strength that sources the geometry via an effective Einstein-

Maxwell action ) )
Log=—=|R+-F,F") . 5.10
2K? < 4 > ( )

For such backgrounds the supersymmetric invariants (5.8) simplify to

_ 1 T, - _ 2 1 __
w2 = 5Bit 3 WopeWH?? + (R + F,,F7)" — iF W NPES,

_ _ 2o 1 1
Togd) = — (B + F FJ0) " + iF N NVPEE + 5. VaV®, (5.11)

1 i, , 1
£X — §E4 + 5 W/.Ll/pO'WN P + %VGV‘I .

The Einstein equation (3.18) and the Maxwell-Bianchi equations (3.19), (3.20) for
FEinstein-Maxwell embedding solutions become

Ry, =—F, ,Fi’, V,F5" =0, (5.12)

which are just the familiar equations of motion for the effective action (5.10). If we now
take the allowed four-derivative Lagrangians in (5.11), put them on-shell by using these
Einstein-Maxwell equations of motion (5.12), and drop any total derivative terms in the
Lagrangians,® we find that they collapse almost entirely:

Lo =Ly =iEi, L

5 Togd) =0 (5.13)

We have hence shown that, when considering Einstein-Maxwell solutions in N’ = 2 super-
gravity, he supersymmetrized Weyl and Euler invariants coincide, while the supersymmetric
invariant corresponding to the T(log ®) multiplet becomes trivial.

We first note that all field strength terms have dropped out of the allowed four-
derivative Lagrangians (5.13). This was expected, based on how the analysis of section 4
showed that electromagnetic duality prohibits such terms. However, the duality analysis al-
lowed for the possibility of independent W2 and Ej terms in the four-derivative Lagrangian,
since both terms are purely geometric.

What we have shown in (5.13) is that supersymmetry does not allow for a W2 term in
the four-derivative action. Both the supersymmetrized Euler and supersymmetrized Weyl

Although the Euler invariant E, can be written as a total derivative in four dimensions, it is a total
derivative acting on (non-covariant) Christoffel symbols that do not fall off to zero at infinity. Its con-
tribution to the anomalous trace of the stress tensor in (2.16) is therefore not automatically zero and is
instead proportional to the Euler characteristic (2.7) of the spacetime. The total derivative terms we drop
are "Wpo WHP? and V,V?, both of which give a vanishing contribution to (2.16).
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invariants coincide on-shell with the ordinary Euler invariant. Supersymmetry is therefore
responsible for drastic simplifications to the four-derivative action, even for solutions that
do not preserve any supersymmetries of the theory itself. This generalizes the results
of [43], where it was shown that the supersymmetrized Weyl invariant coincides with the
Gauss-Bonnet invariant for Einstein-Maxwell solutions to minimal A" = 2 supergravity.

In summary, we have shown that the c-anomaly must vanish for Einstein-Maxwell
solutions embedded in A/ = 2 supergravity: supersymmetry at the level of the effective
action guarantees that no W? term can appear. The result applies to each individual
N = 2 multiplet by itself and confirms explicit computations in [11]. It applies for any
Einstein-Maxwell solutions, including those that are not supersymmetric. As discussed in
section 2.6, the logarithmic corrections to black hole entropy are therefore topological. In
particular, they are independent of continuous parameters such as the black hole mass. The
coefficient of the logarithmic correction remains the same as we deform a supersymmetric
black hole off extremality and break supersymmetry by any amount.
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A Notation

The setting is a 4D Lorentzian spacetime, with (—+4+) signature, where spacetime indices
(also known as curved space indices) are denoted by pu, v, ... and flat tangent space indices
by a,b,.... Many of the fields of consideration will also be charged under an SU(2) gauge

group, and we will denote the corresponding SU(2) indices of these fields by i,7,.... We
denote antisymmetrized and symmetrized indices by
1 1
) = 5w —vp),  (wv) = 5 +vp), (A1)

with similar expressions for tangent space indices and SU(2) indices.

The spacetime metric is g, and the flat space metric is 7,,. The two are related
via the vierbein e,
indices on any Lorentz tensor. As such, we will be casual about whether we use flat or

allowing conversion between tangent space indices and curved space

curved indices. The only time where the distinction is important is in determining how
the supercovariant derivative acts, as it acts non-trivially on the vierbein, and thus the
supercovariant derivative acts differently on tensors in flat space differently than tensors
in curved space.

We will also make extensive use of the Levi-Civita tensor €,,, 0, a totally anti-symmetric
tensor normalized by

otz =+v/—g, P =- (A.2)

b
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In flat Minkowski space, the metric determinant is /—g = 1, and so this simply becomes
the usual Lorentzian Levi-Civita symbol. The Levi-Civita tensor satisfies the contraction
identity

€t gty €L — ) plglen el (A.3)

For a U(1) field strength F),,, we will denote the dual field strength by

- i
Fuy = ~5Cmpe . (A.4)

We can also express the (anti-)self-dual parts of this field strength as

FE = % (B F) (A.5)

B Off-shell 4D N = 2 supergravity

In this section, we summarize some of the important technical details of four-dimensional
N = 2 supergravity in the off-shell formalism. These details have been studied extensively
in previous works [31, 32, 42, 44-46]. We will first discuss the construction of the relevant
supersymmetry multiplets and then go into detail discussing the bosonic part of the N' = 2
conformal supergravity action that couples these multiplets together, complete with higher-
derivative interactions. We then go on to show how, through appropriate gauge-fixing,
we can obtain a Poincaré supergravity action. We conclude with the consistent bosonic
truncation that we make use of in this work.

B.1 N =2 superconformal gravity and the Weyl multiplet

We first want to construct an N' = 2 superconformal gauge theory in which all of the
generators act as internal symmetries. To do so, we can take the generators of the NV = 2
superconformal algebra and introduce a gauge field associated with each generator. These
generators and associated gauge fields are given in table 3.

In principle, we need to define a derivative operator D, that is covariant with respect
to the full set of N’ = 2 superconformal symmetries. Acting with the fully supercovariant
derivative on fields can in general yield very lengthy and complicated expressions due to
the multitude of gauge fields. We can define a new, simpler derivative operator D, that
is covariant with respect to Lorentz transformations, dilatations, R-symmetry transforma-
tions, and whatever other internal gauge transformations the field transforms under. For
example, if ¢#1Fn is a bosonic field with a Weyl weight w, a chiral U(1)r weight ¢, and
no SU(2)r charge, the covariant derivative D), acts on ¢*1#n by

Duqb“l"'“” = (VM — wbu — Z'CAM)Qbmm“n ) (B'l)

where V, is the ordinary covariant derivative in curved space with respect to Lorentz trans-
formations. We will eventually gauge-fix such that we obtain a Poincaré supergravity the-
ory in section B.5 and then truncate the theory such that all fermions and SU(2) g-charged
fields are set to zero in section B.6, all of which will make the covariant derivative (B.1)
more useful than the full supercovariant derivative D,,.
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Transformation | Generator | Gauge Field
Translations P, e,
Lorentz My wzb
Dilatations D bu
Special conformal K, I
SU(2)r v’ Vs
U(1l)g A Ay
Q-supersymmetry Q' w,ﬁ
S-supersymmetry S ¢,

Table 3. N = 2 superconformal symmetries and their corresponding generators in the N' = 2
superconformal algebra, as well as the gauge fields associated with each transformation.

To now obtain a conformal supergravity theory, the superconformal symmetries must
be realized as spacetime symmetries instead of internal ones. This leads to the (conven-
tional) constraints that make the fields

R (B.2)

into composite fields. In doing so, we are forced to introduce new auxiliary degrees of
freedom in the form of an anti-self-dual tensor 7,,, an SU(2) doublet of Majorana spinors
x*, and a real scalar field D.”

The remaining independent gauge fields, along with these new auxiliary degrees of
freedom, form a superconformal gauge multiplet known as the Weyl multiplet. The Weyl
multiplet, introduced in (3.1), can be represented as

(6ﬂa7¢L7bM7AM7V#i]‘7TFZJ7XiaD)) (BB)
with 24424 off-shell bosonic and fermionic degrees of freedom.

B.2 Other N = 2 superconformal multiplets

We now want to introduce matter in the form of other superconformal multiplets. In this
section, we will detail the field content of the vector, chiral, and non-linear multiplets.
The first multiplet we will consider is the vector multiplet given in (3.2). It is denoted as

x'=(x', of , Wi, Y}), (B.4)

with 84-8 off-shell bosonic and fermionic degrees of freedom in the form of a complex scalar
X1, an SU(2) doublet of chiral gauginos Q, a vector field W/f , and an auxiliary SU(2)

77

TAt this point, we have presented the R-symmetry gauge fields as real, physical fields. However, the
SU(2)r gauge field will eventually be gauge-fixed to zero, and the U(1)r gauge field does not have a kinetic
term at two-derivative order in the action. We can therefore, from the perspective of the on-shell N' = 2
supergravity formalism, consider these to be auxiliary fields with no true dynamical degrees of freedom.
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triplet of real scalars Yé . These vector multiplets are indexed by I. We need at least one
in the theory in order to have enough degrees of freedom to gauge-fix down to Poincaré
supergravity. From the perspective of the on-shell formalism, one of the vector multiplets
will get combined with the Weyl multiplet to form a gravity multiplet, while the remaining
off-shell vector multiplets will become physical vector multiplets. We therefore let the index
I range over

I1=0,....ny, (B.5)

where ny is the number of physical vector multiplets we want to couple to the gravity
multiplet.

The next multiplet we will consider is the chiral multiplet, introduced in (3.21). The
field content of the chiral multiplet is

A= (A W, By, Bg. A C), (B.6)

with 16+ 16 off-shell degrees of freedom in the form of the complex scalars A and C, SU(2)
doublets of left-handed fermions ¥; and Ai, an SU(2) triplet of complex scalars 3ij, and an
anti-self-dual tensor F' ., that is antisymmetric in its indices.® The chiral multiplet can in
principle be an independent multiplet, but we will eventually consider it to be a composite
function of the Weyl and vector multiplet fields in order to introduce higher-derivative
interactions into the action.

The last multiplet we will discuss here is the non-linear multiplet, denoted as

(@', X', M7, V,) . (B.7)
The non-linear multiplet consists of an SU(2) matrix scalar fields ®¢, (where i is the
SU(2)g index and a = 1,2 is an additional rigid SU(2) index), a spinor doublet \’, an

antisymmetric matrix of complex scalars M, and a real vector field V,. The constraint
D+ Lyw L0, [2 + DD, % + (fermions) = D + - B
VM—§V VM—ZI e+ oD, @ + (fermions) = +§R (B.8)

must be imposed on the non-linear multiplet fields to assure that the multiplet has the
correct 8 + 8 off-shell degrees of freedom.

B.3 Prepotential and the action

In the previous section, we constructed superconformal multiplets that each transform
under some representation of the full N' = 2 superconformal group. In particular, we
discussed the Weyl multiplet, vector multiplets, chiral multiplets, and non-linear multiplets.
We now want a theory that couples together the Weyl multiplet to ny 41 vector multiplets
and a single chiral multiplet. That is, we would like an action that couples all of these
multiplets together such that the A/ = 2 superconformal symmetry is preserved.

SWe write this anti-self-dual tensor in (3.21) as FM_,, instead of F;b In doing so, we have implicitly
converted from tangent space indices to curved space indices via use of the vierbein e,

— 28 —



One of the ways to accomplish this is to specify the interactions between the Weyl
multiplet and the matter fields in the vector and chiral multiplets by introducing a prepo-
tential F = F(X/, 121), a meromorphic function of the vector multiplet scalars X and the
chiral multiplet scalar A. Derivatives of the prepotential are denoted by

OF OF

The prepotential is holomorphic and does not depend on the complex conjugate scalars bl

and /1, and so F; = F)5 = 0. The prepotential is also homogeneous of second degree with
respect to Weyl-weighted scalings of X! and A, SO

FOXT AYA) = X2F(XT, A), (B.10)

where w is the Weyl weight of the chiral multiplet scalar A and ) is some arbitrary scaling
constant.
The action is

I:/d4:n —gL, (B.11)
where L is the Lagrangian for our off-shell theory that couples the Weyl multiplet, the

vector multiplets, and the chiral multiplet via interactions dictated by the prepotential:

_ /1 ; g
87L = [iD“FIDNXI —iF X! <6R - D> - %FI JYihy

) 1 1.
+ %FIJ (F/WI . 4XITW> (F,U«VJ _ 4XJTMV>

1 1 1
__F F+I _ 7XIT+ T-i-/u/ o —FT+ T-i-/u/
8 ( T e 32 (B.12)

i I S e N R ~ y

+ 5 Far <FWI — 4XITW> ) g ZFAIBMYIW
i . o .

+ §FAC — gFAABijBklélkEﬂ + 4FAAFWF‘W/:| + h.c.

+ (fermions) .

We will eventually be interested in purely bosonic backgrounds, so we do not need the
details of the fermionic terms. The covariant derivative D,, defined in (B.1) acts on the
vector multiplet scalars X' and the chiral multiplet scalar A by

DX = (9, —b, +iA)XT, D,A=(d, —wb, +iwA,)A . (B.13)
The Lagrangian (B.12) has a term linear in the auxiliary D field

stl =i(F X! — Frx1) (D — éR) +..0, (B.14)

which leads to inconsistent equations of motion. In order to fix this, we can couple the
theory to the non-linear multiplet (B.7) such that all linear terms in D are cancelled. We
add the term

_ _ 1 1 . 1
i(F X!t — Fr X7y (D“Vu — 5V Z|Mij|2 + D' D, % — D — 3R> (B.15)
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to the Lagrangian, modulo some fermionic terms. The non-linear multiplet constraint (B.8)
makes this vanish, allowing us to consistently add it to the Lagrangian and cancel out all
explict D-terms in (B.12). The resulting Lagrangian is

i o - , L 3
8L = —§(F1XI - FXHR+ [ZD“FIDHXI - gF JY,Ey i

+ iF]J]:;VIff’WJ — %F]fjfT*W _ épTlLTﬂw I %FAI‘F;VIF*/LV
— iFAIszY”j + %FAO — éFAABijBklgikgﬂ + ;FM_VF_NV] + h.c. (B.lﬁ)

o 1 1 :
+i(F X! — Frxt) (D“Vu =5V - Z\Mij\2 + D%Zapucpai)
+ (fermions) ,

where we have defined the supercovariant field strengths
1
+I _ 1 I+
Fup =Fu, — ZX Ty s
1

4

B (B.17)
Fol=F, - -X'T,, .
B.4 Introducing higher-derivative terms

We are interested in studying higher-derivative interactions in N = 2 supergravity. As
discussed in section 3.3, we can accomplish this by identifying the chiral multiplet (B.6) as
a composite multiplet of other fields. In this section, we will discuss the two known chiral
multiplets that introduce four-derivative terms into the action.

B.4.1 W? multiplet

The fields in the Weyl multiplet can be also be fit into a chiral multiplet, denoted as
W = (Aab7 Ui s Babij ’ (Fa_b)cdv Aabi; Cab) ) (Blg)
of which the bosonic components are

Aab ‘ Wab = T_

ab”’
Bavijlw,, = —8ekiVy kj) ;
_ _ 1 e d (B.19)
(Fab)Cd‘Wab = —8W,, -4 (5[;5b]d + 26Gb6d> D+ 162A[a[65b] | ’
Cablw,, = 4D[aDCTbTC + 4DCD[aTb]+C + 20,7 .
where we have defined
1 1

W(;b “d = 5 (Wade + i*Wade) ) *Wade = §€abefW6de . (BQO)

We can then obtain the chiral multiplet W?2 by squaring W, i.e.
W2 =W, W, (B.21)
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where chiral multiplets are multiplied using superconformal calculus rules discussed in [39].
The bosonic components of W2 are

Alw: =T, T,
Bijlw2 = =162V, "5 T,

a
Folw: =16 (Wabch_Cd + DT + 2iAC[abe) ,
Clw> = 32 (Wabcdwabcd + T WapedW ™ + 6D? — 24,5 A% (B.22)
o 1
+ 24,5 A% — §T’“bDaDCTC}: + ZR“,)T;CT”C

1 1 ) ) 1 o
+2—%TJ)T_“”TC§T+C‘1 +5Va V- 5valjj)/‘”’ﬂ Z) :

The scalar Clyy2 in the W2 multiplet has (Weyl)?-type terms in it. This introduces four-
derivative terms into the Lagrangian (B.16), making the W? chiral multiplet one way to
introduce higher-derivative terms into N/ = 2 supergravity.

B.4.2 T(log ®) multiplet
Let ® be an arbitrary chiral multiplet, denoted by

®=(A,9;, By, F,

e N C) (B.23)
The Hermitian conjugate of @ is the anti-chiral multiplet ®, denoted by
®=(A, V", BY FtL A, C). (B.24)

From the chiral multiplet ®, we can also construct the chiral multiplet log ®. Ignoring all
fermions, the bosonic components of log ® are related those of ® by

A‘log@ - 1Og*’4|¢1> 5

B..
Bijliog® = f ;
5
P Fy (B.25)
abllog ® — A @,

C 1 L R
C|1qu, = (A + m <€lk8ﬂBi]’Bkl — 2FabF ab))

P

We can also take the Hermitian conjugate of this multiplet to obtain the anti-chiral mul-
tiplet log ®. We can then construct the chiral kinetic multiplet T(log ®) whose bosonic
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components are related to the components of log ® by

A|T(log<i>) = C|log<i>a
Bijlr(og #) = (—2€z‘k€jl(Dc +3D) B — 22,V kiFJ;) log & »

_ S 1
- . — i pik - d
Fab|’ﬂ‘(log ®) <Tab|:|CA B gijvab ’;CB] + TGTachJcrlF—’—c

— 11, “ (4D.D°F., + (D.T;))D°A + (D°T;) DA — wD.DT.,) )

)

log ®

Clo(iog#) = (4(0c + 3D)0.A + 6(D, D)D" A~ 16D" (R(D),D"A)
1 B | B 1 _
- §D“(T;;)T DAY — ZDa(T;bT ND.A + ET(;ZT””C
1 an
+ QDC(TI;EF—HJC) + 2Da ((DbTbt)F-i-ac + T-i—acDbFl)Jg) - wVJr 1'V+a ij

ab j

)

—8wR(D)} R(D)T — %DGT;;DCT*@ - %DG(T;(;DCT*C”))
log ®

(B.26)
where w is the Weyl weight of the ® multiplet, II @ is the anti-self-dual projection
operator

Hc:b = 5a[cébd} + %gab0d7 (B27)
and R(D)?, is the self-dual part of the connection R(D)q, defined by
R(D)yur = 20yubiy + 5 Aus (B.28)

Note that the derivative operator D, appearing in (B.26) is the fully superconformally
covariant derivative discussed in section B.1, and the operator L. = D, D" is the super-
conformal d’Alembertian. These can be expressed in terms of the covariant derivative D,
and its square D? [39]. For our purposes, though, we will only need the particular lin-
ear combination of these fields appearing in (5.5), which simplifies in such a way that no
explicit occurences of the superconformal derivative appear.

B.4.3 Higher-derivative action

The Poincaré supergravity Lagrangian (B.16) couples an arbitrary chiral multiplet A to the
Weyl and vector multiplets. By identifying this chiral multiplet with a linear combination
of W2 and T(log ®), both of which contain four-derivative terms, the Lagrangian will
contain (at least) four-derivative terms in it. That is, we will set

A = a;W? + a;T(log ®), (B.29)

for some constants a1, as. This sets the bosonic components of A to be
A= a1A|W2 + a2A|T(log<i>)
Bii = a1Bijlwe2 + a2 Bi; 3

s Zj\ zjhraog ®) (B.30)

Fab = alFab’W2 + CLQFab"IF(log ®)

C = aiClwe2 + a2C|T(log<i>)
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Under this identification, the prepotential F(X?, A) is a function of the scalars X’ and

A = a1Alwe2 + a2A|rg0g 8)- Both Alwz and Alpee ) have Weyl weight w = 2, and so the
homogeneity relation of the prepotential (B.10) tells us that

FiXT 4+ 2F, A =2F . (B.31)

The Lagrangian (B.16), subject to the identification (B.30), can now contain higher-
derivative terms, with the derivative order depending on the form of the prepotential. We
will represent the prepotential perturbatively as

F(XT, A) =) FM (X A"
n=0

= FOXH) + FOXHA+ ...,

(B.32)

for some functions F(™(X'). The zeroth-order function F(©)(XT) dictates the two-
derivative terms in the Lagrangian, the first order function F (1)(X Ty dictates the four-
derivative terms in the Lagrangian, and so on. As discussed in section 3.3, we truncate the
prepotential to finite order:

F(x! A) = FOx) + FO(XHA, (B.33)

in order to have only two- and four-derivative interactions. The bosonic two-derivative
part of the Lagrangian is

srL®) = —(FOXT ~ F"X")R+ [iD“F}O)DMXI - SEYY
+ iF}f})f;J Fomwd éF}O)f,jJ T ;QF(O)TJVTWV] +he (B.34)

I 1 1 :
+i(FOXT - FOXxT (D“VM = VIV = 1M+ D%ZQD@%) ,

while the bosonic four-derivative part is

l

grL@W = —Z(FVXTA - FUXTAR + [z’D“(FI(l)fl)DHX] - %F}})ngyﬁjfl

2
U (V) I ] G (1) T i i

+ o Frg F FHA = OB FlTmA— 3—2F( )T, T A .
. . . 35

+ %F}”f;fﬁ—“” + %F(l)é - iF}”BUY”J} +he.

oA _ = 1 1 .
+i(FIXTA - FUXTA) (D“VM = SVIV = 1My + D“(I)ZQDNQC;) ,
subject to the identifications (B.30) for the chiral multiplet fields.

B.5 Gauge-fixing down to Poincaré

The Lagrangian (B.16) has an A/ = 2 superconformal symmetry that acts as an internal
symmetry. To obtain an A/ = 2 Poincaré supergravity theory, we must gauge-fix the extra
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symmetries of the superconformal theory, including special conformal transformations, di-
latations, and a local chiral SU(2)g x U(1)r symmetry. We gauge-fix the special conformal
symmetry by choosing the K-gauge

b,=0. (B.36)

To gauge-fix the dilatational symmetry, we choose the D-gauge that sets the Kéhler po-
tential to be constant:
8T

ek = ’i(F[XI — F[XI) =5 (B.37)
K

with the value of the constant chosen to reproduce the standard normalization of the
Einstein-Hilbert term in the action. The SU(2)r symmetry can be gauge-fixed by imposing
the V-gauge

P =6, (B.38)

«

on the non-linear multiplet, while the U(1)z symmetry can be gauge-fixed via the A-gauge
condition

X0 =x0. (B.39)

The D-gauge (B.37) and A-gauge (B.39) remove two degrees degree of freedom from the
vector multiplet scalars, and thus the Poincaré supergravity theory has only ny indepen-
dent scalars, as expected.

The gauge choices made here are by no means unique. And, since physical observables
should not depend on the choice of gauge, different sets of gauge-fixing conditions can be
useful for different types of problems. The gauge choices presented here are typical and
useful in a broad class of applications.

B.6 Consistent truncation

We now have a theory of Poincaré N' = 2 supergravity with higher-derivative interactions,
introduced by gauging the superconformal symmetries and making particular choices for
the chiral multiplet coupled to our theory. We are in principle at the point where we can
solve the full set of equations of motion to our theory and investigate particular solutions.
However, the action presented thus far is fairly complicated and includes implicit depen-
dence on a great number of fields, some physical and some auxiliary. This makes finding
solutions difficult. We will therefore look at how to consistently truncate our theory down
to a more manageable set of fields and interactions. We will do this by eliminating auxiliary
fields from our theory wherever possible.

We are primarily interested in purely bosonic backgrounds, and so we will turn off
all fermions. These backgrounds will still capture the most salient features of our theory,
including the structure of black hole entropy corrections. The fields Yé and Vui ; and
their derivatives couple either to fermionic terms, or appear at least quadratically with
one another. This is true even when higher-derivative terms are present. It is therefore
consistent to set them both to zero

yé =0, Vuij =0, (B.40)
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at the level of the action. Note that this sets the SU(2)g-charged chiral multiplet field
Bij = 0, and so we can ignore all such terms in the action.

Next, we want to eliminate the non-linear multiplet fields V,,, M;;, and P! from
our theory. The scalar fields ®¢, are easy to eliminate: the V-gauge condition (B.38),
combined with setting the SU(2)r gauge field to zero, makes the derivative Dﬂfbi o, vanish.
The remaining non-linear multiplet fields can be eliminated by noticing that they interact
with the other matter fields only through the Kihler potential e ™ = i(Fy X! — FrX7),
which is set to a constant via the D-gauge condition (B.37). The non-linear multiplet
fields effectively decouple from the rest of our theory, and so we can study their equations
of motion independently from the others. We find that we can choose

Vu=0, M;;=0, (B.41)

at the level of the action. Now that we have eliminated all of the non-linear multiplet fields
from the theory, the non-linear multiplet constraint (B.8) forces the background value of
D to satisfy

1
D= _§R _ (B.42)

The only remaining unconstrained auxiliary fields in our theory are the anti-self-dual
tensor T, and the U(1)g gauge field A,. In principle, we should find their respective
equations of motion, solve for these auxiliary fields in terms of physical ones, and then
replace them with their on-shell values at the level of the action. However, this procedure
only works when the fields are pure Lagrange multiplier fields with no kinetic terms. This is
spoiled by the higher-derivative interactions introduced in section B.4, which include terms
like =D, DPT,\, and A, A~"". The equations of motion for these fields are therefore
no longer algebraic, and so these auxiliary fields cannot be eliminated in closed form.
However, we take the view that the action is an effective action valid at energy scales well
below the UV scale. We will therefore treat the higher-derivative terms as perturbative
corrections to the two-derivative theory, and thus we will still always be able to eliminate
all auxiliary fields.

The result of the preceeding discussion, when combined with section B.5, is that we can
eliminate almost all of the fields from our theory. This is done by imposing the Poincaré
gauge-fixing conditions

b,=0, ®, =6, i(FX -FXx)= 8%, (B.43)
K

and then consistently setting
=V}, =V, = M;; = fermions = 0, (B.44)

at the level of the action. The Lagrangian (B.16) therefore becomes

1
L=—3 R+— iD'FiD, X" + FI g F g F) — FIJ-";VITJFW
K2
(B.45)
) A ) PPN
— 3—2FT+ T+ FA,f JET 4 SFAC + Fank F™ | +hee.
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Additionally, any solution to the equations of motion of this Lagrangian must satisfy the

constraints

. 1
X'=Xx" D= -3k (B.46)

We can also look at the two-derivative and four-derivative parts of the Lagrangian (B.45)
by using the two-term prepotential (B.33). These are given, respectively, by

1 1 i i
2) _ ; (0) T 0) o—1 r—pvJ (0) I ptpv
£? = —5 3Rt [zD“FI DuX! o+ P Fo F — U FT
- 312F(0)T;;T+’“’} +he., (B.47)
1 g . )
W= = [z’D“(FI(l)A)DﬂXI + iF}})f;Jf—WJA - éF}”f;JTWA
- ;—QF(I)T;,TJF‘“’A + %F}”f;f Fm oy %F(I)C’ +he., (B.48)

which are precisely the Lagrangians presented in (3.12) and (3.25).

C Duality calculations

In this appendix, we give more details on certain calculations relevant to section 4. First,
we will give more details of the transformation properties of the four-derivative Lagrangian,
as discussed in section 4.3. Then, we give more details on the calculations in section 4.4,
where the allowed four-derivative duality-invariant terms are studied.

C.1 More on duality transformation of four-derivative actions

We will give more details here for the derivation leading to (4.17) in C.1. We will also
discuss higher-derivative correction to Finstein-Maxwell theory in C.1.1, explaining along
the way how our results are consistent with earlier work regarding the duality-invariant
deformations of Maxwell theory with higher order terms, such as [47-49].

The derivation leading to (4.17) is a slight generalization of the derivation in ap-
pendix B of [16]. Using the notation of [16], let us consider the general situation with
gauge fields (suppressing Lorentz indices) F!, scalars x*, and duality transformation func-
tions of the scalars 6y’ = &'(x). The duality transformation of a Lagrangian is given
by [16]:°

0
9(9ux’)

.0 . o
SL = (glaxi + 9,8 + (FEA'K + GKBJK)W) L. (C.1)

If in addition the Lagrangian L gives rise to a duality-invariant theory, then the above

must reduce to [16]
5L = i <FJCJK1‘FK + GJBJKz'GK> . (C.2)

9This can easily be generalized to allow for higher derivative terms involving the scalars and gauge fields.
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Now, assuming that £ depends on a duality-invariant parameter A\, then we can take the
derivative of both sides of (C.1) with respect to A; after some rewriting we get

oLy _ 9 Lk kL g pik A 98O o6\ aL
5<8>\> = (5£ 4F C/™MF 4G B ™G X Oy Ou B 8(8,»&) .
(C.3)

If duality-invariance is preserved, we can use (C.2) and conclude

oc\  oc or o6\ oL
5(%)“%8%‘®<%>m@vf (C4)

This equation generalizes (B.3) in [16] to the case where the £ are allowed to depend on \.

Now, to use (C.4) in the context of four-derivative corrections, assume we have a
Lagrangian of the form

L) =L +2LW 400N, (C.5)

so that 9y(£) = L® 4+ O(X\). All functions of the fields should be viewed as having a
perturbative series in \; e.g. the functions £ can be written as

g =@ 4 \e@Wi (C.6)

Now, it can easily be seen that (C.4) can be rewritten as

s = —gwi 22 g (o) OED_ )
% 9(0ux")

to leading order in A. In other words, the duality transformation properties of the sub-
leading piece £*) are completely determined (to leading order in A) by the leading piece
L3 and the subleading piece of the duality transformation functions of the scalars & (4)i(X).
Finally, to arrive at (4.17) for the four-derivative corrections of N' = 2 supergravity, we
note that due to the expansion of the prepotential (3.24), the functions F; do indeed have
an expansion in A, leading to (4.17).

C.1.1 Example: Einstein-Maxwell

As mentioned in section 4.1, Maxwell theory with the Lagrangian (ignoring any coupling
to gravity here)

1
L= 1F2, (C.8)

has the duality symmetry given by SO(2,R) rotations of the vector (F,G) with G defined
by (4.2). If we wish to deform the Lagrangian by adding higher-order (in F') terms, the
duality vector (F,G) receives corrections due to the definition of G. Since the form of the
(altered) duality transformations themselves depend on the higher-order terms added to
the Lagrangian, it is in principle highly non-trivial to determine what can be added to
the Lagrangian while keeping duality invariance of the theory. In fact, it can be proven
that if we add any O(F?) terms to the Lagrangian, to ensure duality invariance we would
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also need to add an infinite amount of higher order terms F2" for all n > 2 [47-49]. One
possible way of doing so is Born-Infeld theory

~2
1 F? FF 1 1 1
Lor=— [ \1+2¢2— +g*— —1| =-F2——g*|F*— —(F?)?| + ... C.9
BI 92\/+94+94 1 I 4()+ ,  (C9)

for which the g — 0 limit clearly gives back the Maxwell action (C.8). There are other
non-equivalent ways to deform the Maxwell Lagrangian in a way consistent with duality
symmetry [48].

As we have mentioned many times in this paper, the point of view we are adapting
for the O(F*) terms in section 4 (and in particular section 4.3) is that these terms are a
perturbative correction to the two-derivative Lagrangian

L=L? 4+ gL 40", (C.10)

so that all relevant quantities must also be expanded consistently in orders of g. Thus,
to demand duality invariance of our theory at four-derivative order is demanding duality
invariance up to order O(g?) only, and not fully non-linear in g. For example, keeping
only the O(g?) terms in the Born-Infeld action (C.9), we see the unique four-derivative
duality-invariant term Z,/,,Z7"¢ (see (4.7)) appearing at four-derivative order. This is
consistent with our discussion in section 4.3 and above in appendix C.1, which implies that
in a theory without scalars, the four derivative corrections must be invariant under duality,
6L® =0, in order for the theory to respect duality symmetry.

C.2 More on four-derivative A/ = 2 invariants with constant scalars

We can provide a few more calculational details to the discussion in section 4.4, where
the allowed four-derivative duality-invariant terms are found for N' = 2 supergravity with
constant scalars, with the result (4.26) that there are only five such independent terms
on-shell.

In section 4.4, it was explained that the only duality-invariants containing at most two
symplectic vectors and at most four derivatives are given by (leaving out the zero-derivative
symplectic invariant X - X, which is simply constant)

+ ir? + ¥
Tl“/ == _%FNV . X, (Cll)
+ - + ir? + .%
Toywpo =T, F oy VI, = —%VPFW X, Ruvpo s (C.12)
V,\IF;,, . ]F;, , \Y4 AIF:;, -F,,, vpngF,jy X, (C.13)
VAIF:,, . vw]F,jU, VAVWIF:[,, -Foy, VA}FZ,, Vol , VAVW}FZV -F,,
(C.14)

and their complex conjugates. Note that each line gives the invariants at a given order in
derivatives (from one to four derivatives).

To now find allowed four-derivative terms on-shell, we should multiply the above terms
together in such a way that we get a four-derivative term, and then contract Lorentz indices
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to form a Lorentz scalar. We will use the following principles to determine such terms that
are allowed and independent:

e Respecting U(1)r symmetry: under the N = 2 global U(1) g symmetry, X and X carry
opposite charges (IE‘ZEV is uncharged). Since the four-derivative Lagrangian should
respect the U(1)r symmetry, any allowed term should have vanishing total U(1)g
charge.

e Discarding total derivatives: if two allowed terms 17,715 are related by a total deriva-
tive, Ty = T» + V,, T¥', then we consider T equivalent to 7} (and we can discard one
of these two terms). This is because we are interested in the independent terms that
can appear in a Lagrangian, so we are allowed to add total derivatives to these terms
at will.

e Using two-derivative equations of motion: when the scalars are constant, the two-
derivative Einstein equations (3.18) can be seen to equate R, to IQA(W)/\ of (C.12),
so we will freely interchange the two and use the relation to eliminate any terms
containing Z, )\(W))‘ in favor of R,,. A consequence is also that R = 0. We will also
use the two-derivative Bianchi identity and equations of motion (3.19), (3.20) for the
vectors, which allows us to set V, ,FT# =V F~H.

o (Anti-)self-duality of Fiy : finally, when contracting Lorentz indices to form a Lorentz
P
ferent ways of contracting Lorentz indices to each other. This will drastically reduce

scalar, we will use the (anti-)self-duality properties of F;., intensively to relate dif-
the number of independent four-derivative Lorentz scalars we can construct, as many
different contractions of Lorentz indices can often be shown to be equal using these
(anti-)self-duality properties. We will also allow ourselves to keep in mind the explicit

form of G'}'W

given in (4.10) in terms of F;/.
We now proceed systematically to investigate all possible four-derivative Lorentz scalar

terms that we can write down using the above principles:

e We can take a single term from the four quantities in line (C.14) and contract Lorentz
indices to obtain a four-derivative Lorentz scalar. First of all, it is obvious that we can

ignore the second and fourth terms in (C.14) as they are equivalent to the third and

+
I pv

in the vector Ff[l,, it can be shown that there are actually no non-zero contractions of
the first term in (C.14). Finally, there is only one independent non-zero contraction
of the third term, given by: V,Ft*V F/ but we can use the Bianchi identity and

equations of motion to relate V,F} = VP]FJ“;L, so that this term will also vanish.

first term, respectively. Using self-duality of F,f, and the explicit form (4.10) of G

e We can take a quantity from line (C.13) and multiply it by (C.11). However, we can
use total derivatives to relate any such resulting term to a term that is a product of
two quantities from (C.12), so there are no such independent terms.

e We can take two quantities from line (C.12) and multiply them together, contracting
Lorentz indices. The second quantity in (C.12) is charged under U(1)r and can be
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multiplied by its complex conjugate to obtain a U(1)g invariant term. There is one
independent way of forming a Lorentz scalar in this way:

v, TN, T (C.15)

We can also multiply the first or third quantities from (C.12) amongst themselves.
Using the Einstein equations of motion and (anti-)self-duality properties, we can see
that there are only two independent such terms:

Ry R*™ | Ryype RMP7 (C.16)

We can take a quantity from line (C.12) and multiply it twice with (C.11). We must
take care that the resulting term is U(1)g invariant. Then, again using the Einstein
equations of motion and (anti-)self-duality properties, we can conclude there is only
one independent such term:

Ry, THRT™VP (C.17)

Finally, we can multiply (C.11) or its complex conjugate with itself four times. We
must take a U(1)g invariant term, of course, and (anti-)self-duality properties tell us
there is only one such term:

T T T, . (C.18)

Putting everything together, we see we have obtained a total of five independent terms, as
given in (4.26).
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