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1 Introduction

In the past few years dualities between black holes and conformal field theories (CFT)
have been of considerable interest, yielding new insights into our understanding of gravity.
One of the most prominent among them is the “Kerr/CFT correspondence” [1], which
established a duality between the horizon of a Kerr black hole (bulk) and a 2d CFT. Many
other intriguing results [2] have obtained since then.

Recently a new class of rotating black hole solutions was obtained from the Kerr-
Newman-AdS metrics [8-10]. These black holes have been called super-entropic insofar as
their entropy is larger than that expected from the reverse isoperimetric inequality conjec-
ture [15], which states that the thermodynamic volume of a black hole provides an upper
bound on its entropy. The basic idea of the procedure is to transform an azimuthal coordi-
nate of a d-dimensional Kerr-AdS metric (written in rotating-at-infinity coordinates) and
then take the limit as its associated rotation parameter approaches the AdS length. The
new azimuthal coordinate is then compactified, yielding a black hole whose horizon is topo-
logically a (d — 2)-sphere with two punctures. These black holes form a new ultraspinning
limit of the Kerr-AdS class of metrics, and possess a non-compact event horizon of finite
area (and hence finite entropy), the first example of such objects in the literature to date.

The purpose of this paper is to study the Kerr-CFT correspondence for super-entropic
black holes. It is not a-priori obvious that the correspondence exists, given the non-
compactness of their event horizons; as we shall see some but not all super-entropic black
holes exhibit this correspondence. We will consider specifically the superentropic limit of
singly-spinning Kerr-Newmann-AdS black holes in d dimensions [10] as well as the ultra-
spinning d = 5 black holes of minimal gauged supergravity [11, 14]. Similar studies of
Kerr-Newman-AdS black holes [2] found that there exists a correspondence between the



extremal versions of these black holes and a d = 2 (chiral half of a) CFT at its boundary. A
key feature of these metrics is that in their near-horizon (NH) limits, the resultant metrics
acquire a new form that has an extended asymptotic symmmetry group (ASG) whose gen-
erators depend strongly on the boundary conditions imposed. These boundary conditions
have to be chosen in such a way that the charges associated with the diffeomorphisms
preserving them satisfy a number of conditions such as finiteness, integrability and so on.
These constraints ensure the existence of the charges (generators of diffeomorphisms); in-
deed, the consistency of the theory relies on them. Ignoring these constraints will certainly
lead to ill-defined diffeomorphism generators from which no physics can be deduced.

Moreover, the boundary conditions allow us to compute the central charges that stem
from the Virasoro algebra satisfied by the charges associated with the diffeomorphisms
preserving the boundary conditions. Once obtained, the central charges yield the CFT
entropy Scrr via the Cardy formula, which is expected to be identical to the Bekenstein-
Hawking S entropy of the black hole, thereby establishing the correspondence. It is not
a-priori obvious that super-entropic black holes admit such a correspondence, given their
properties. It is the purpose of this paper to demonstrate that such a correspondence exists
and indeed is robust.

Our paper is organised as follows. In section two, we provide a brief review of the
super-entropic black hole, highlighting its thermodynamic quantities and its relationship
to the Smarr relation and the reverse isoperimetric inequality. In section three, we review
the Kerr-CF'T correspondence for Kerr-AdS black holes, along with the choice of boundary
conditions. We then consider the Super-entropic-CFT correspondence, beginning with a
Kerr-Newman-AdS black hole and taking both its super-entropic and near horizon limits
in either order, and obtain the same results in either case. In section five, we perform a
similar analysis for super-entropic black holes of minimal gauged supergravity in d = 5 [14].
We conclude with some remarks on our results.

2 Super-entropic black holes

We begin with a review of super-entropic black holes and their construction.
Let us start with the Kerr-Newman-AdS black hole metric [10, 11]

Ao [ _dp)® %, Sa - in2f [ ik
ds® = ~y, [dt—asin2 QEﬂ —i—A—asz—i- §d92+ SS;: adt — (f2+a2)§¢
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2 2
Ezl—%, Szl—%cos2§, Y, =7 + a’cos?
a 2, 2 7 2
Wh:m, Aa:('l" +G) 1+ﬁ —Zm’r—i—q

and where Ay (7 =74 =0).



Taking the ultraspinning limit a — [ yields the super-entropic black hole, whose metric

is given by [10, 11]
A 2 g B Y o osin'f -
ds? = — S [df — Usin® B + Zdi” + — §d02 4T aE — (72 4 12)dg)?
A= —q—g(df— Isin®Qds)) (2.2)
where
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Y =7 +1%cos?0, A(F)= <l + l> —2mF + ¢° (2.3)

provided the rescaled coordinate 1)

Y 2

&:2, 521—% with @ — (2.4)

is taken to be periodic, identifying 1) ~ 1 4+ p. The quantity p can be regarded as the

chemical potential of the black hole [10].
The function A(7) admits roots r4+ only when

r2
m > my = 2r, <l; + 1) (2.5)
where
2 I? g
For an extremal black hole
2
Ty =Ty m:2r+<l;+1> (2.7)

and we note that extremality can occur even if ¢ = 0.
The super-entropic character of these black holes can be understood in the context of

an extended phase space framework [12], where the cosmological constant is identified with

the thermodynamic pressure according to

A (d=1)d-2)
P = —— =
8T 16712

(2.8)

in d spacetime dimensions, with its conjugate quantity treated as thermodynamic volume

V. The thermodynamic parameters of the super-entropic black hole are
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with = r4 /l. The quantities M, J, Q, ®,wp,V, K, Ty, A and S are the mass, the angular
momentum, the charge, the electric potential, the angular velocity at the horizon, the vol-
ume, the conjugate variable to the chemical potential i, the Hawking temperature, the area
and the entropy of the black hole respectively. The first law of black hole thermodynamics
is now extended to [13]

OM =T68S + wpdJ + ®6Q + VP (2.10)

with the quantities (2.9) satisfying the Smarr relation [13]

d—3 d—3 2
—M=T —oQ - —VP 2.11
d—9 S+whj+d_2 Q d—2V ( )
with d = 4. The quantity S in (2.9) violates the Reverse Isoperimetric Inequality, which
asserts [15]
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which clearly violates the inequality. The entropy of this class of black holes exceeds, for a
given thermodynamic volume, the bound set by (2.12), and hence are called super-entropic.

These singly spinning super-entropic black holes have extensions in any dimension,
with metric [11]
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and dQ?l is the metric element on a d-dimensional sphere, where as before we identify
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respectively denoting the mass, the angular velocity at the horizon, the Hawking tempera-
ture, the angular momentum, the Bekenstein-Hawking entropy and the volume of the black
holes respectively.

While there exist horizons in any d > 5 only when m > 0 and for d = 5 when m > 12/2,
the extremal limit exists only in d = 4. Specifically, extremal super-entropic black holes
are those for which .

) _
ot = (2.17)

whose only non-trivial solution is for d = 4. Henceforth we shall only consider this case.

3 The Kerr-CFT limit

Here we review the Kerr-CFT correspondence for the Kerr-Newman-AdS black hole. Re-
turning to the metric (2.1) in the extremal case and carrying out the near-horizon (NH)

transformation

where € is a small parameter, yields a metric of the form

dr? 0) (do 2
ds®> =T(6) [—r2dt2 + T% + (6)do* + % <E + krdt) ]

A= f(0) <dE¢ + krdt> (3.2)

in the ¢ — 0 limit where k is constant. The quantities I',a,, f are functions of the
variable # and can be computed from (2.1). However (3.2) is quite general: the metric of
any d = 4 stationary, axisymmetric extremal black hole, with a compact horizon section of
non-toroidal topology, will have a near-horizon limit of the form (3.2), with I, o, 7, f taking
specific values depending on the black hole studied [3, 4]. Note that the new coordinates
(t,¢,0,7) are dimensionless. The quantity ry is a parameter with dimension of length
whose value will be subsequently be fixed.
The metric (3.2) is invariant under the isometries [2]

Kl :8t, KQ :tat—rﬁr

K ! + t Oy — tro k(? Ky =20 (3.3)
— - _ —tr - = .
3 52 Ty | r = 0 1= 0y
which generate an S1(2,R);, x U(1)r symmetry group.

To study the corresponding CFTs, we will refer to the case of the Kerr-Newman- AdS
black hole explored in [2] and perform a similar analysis. The metric function A(r) in (2.1)

2
r
m22r*<l;+1>

has a root r; when



with 2
= [—1 — /12 + \/1+ 14a2/2 + a2 JI* + 1242/ 12

The thermodynamic quantities of the black hole (2.1) are

qr
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3 E2x
respectively being its mass, the angular momentum, the charge, the electric potential, the
angular velocity at the horizon, the horizon area, the Hawking temperature and thermo-
dynamic volume. For an extremal black hole Ty = 0 yielding

2
Ty =T, m:2r*<12*—|—1>
The Bekenstein-Hawking entropy as computed in [10, 11] takes the value

S=_(a®+713)= A (3.5)

4

(1] 3

noting that ¢ is defined in the interval [0, 27).
We now aim to compute the CFT entropy of the Kerr-Newman-AdS black-hole (2.1).
To this end, we first take the near horizon limit (3.1) and obtain the metric (3.2), with

by
L) = =
(9) 1+ a?/1? + 622
1+ a?/1% + 622
o(e) = L HCLE
~v(0) = Eilzl(aQ/l2 + 2%)%sin? 0
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and x = r /I as before. The asymptotic symmetries of this metric contain diffeomorphisms
¢ such that [2]
0cAp =LAy OcGuv = Lcguw (3.7)

as well as a U(1) gauge transformation

SyA=dY (3.8)



We will see shortly that the diffeomorphism and gauge transformations (¢, ) obey an
algebra and that their associated charges Q)¢ y obey the same algebra up to a central charge
term. The charge difference between two neighbouring metrics g, and g, + 0g,. is [1, 2]

5Qcx = o [ (clhig) + Kol asg, ) (39
with
ay =06Au,  hu =09
Kc[h;g] = ieaﬁ/w [C”D“h — ("Dsht? + (DM + %hD”C"’ — W7 D¢t
+ %h"”(D“CU + Dggﬂ)] dz® x dz” (3.10)
and

1
Key = geaﬂwj [( — th’“’ + 2FH*9 Y — 5F“”> (CPA, + 1) = F'"(ae — 2F*"("aq
— 3" 9" as(LcAp + @J’)} dz® x dz” (3.11)

with §F* = ghg"#(d,ap — Opas).

In order that the integral (3.9) be well defined we must impose suitable boundary
conditions which fulfil the conditions given in [5-7]. The choice of boundary conditions
determines the asymptotic symmetry group (ASG), which is nothing but the allowed sym-
metries (those preserving the boundary conditions) modulo trivial ones (those for which
the associated charges vanish). The idea is to make the boundary conditions as weak as we
can whilst keeping the consistency of the theory. Consistency implies that the charges asso-
ciated to the diffeomorphisms have to be finite (or may vanish). We show in the appendix
that the surface charges defined in (3.9) with the boundary conditions given in [1] are finite
and integrable. Choosing these same boundary conditions for the NH metric (3.2) yields

O(r?) O(1) O(1/r) O(1/r?)
O(1) O(1/r) O(1/r)
O(1/r) O(1/r?)

O(1/r%)

Dy ~

and for the gauge field
ay ~ O(r,1/r,1,1/r?) (3.12)

all in the basis (¢, ¢, 0,r). Making the choice
T =—f(0)e(9)

for the compensating gauge transformation [2] satisfies the above boundary conditions.
The most general diffeomorphism preserving these boundary conditions is

£ =[C+01/r*)]0; + [-r€ (¢) + O1)]0r + O(1/1)Ip + [e + O(1/7?)]Dy (3.13)



where C'is an arbitrary constant and €(¢) an arbitrary smooth function of ¢. This includes
the diffeomorphism
¢ =€edy — 10y (3.14)

where € = de/d¢. This yields the Virasoro algebra
i[Cmy Cn) = (M = N)Cmyn  With €, = —e~ ™
and

[Tma Tn]( = g:zaurn - Cﬁau’rm
W[ Yo, Tnle = (m —n)Yhpn

which is the algebra of the ASG.
As noted above, the charges @), associated with these diffeomorphisms and gauge
transformations ((,, Y,,) satisfy a similar algebra

Qo Qn} = (11— 1)Quin + — / (Kclhi g] + Keoxlhas g, A)

8w

= (m —n)Qmin + 1—02(7713 — M) 04,0 (3.15)

the distinction being the central charge contribution, where « is a constant obtained after
we parametrize Q). Proceeding as in [2] we therefore get a central charge

- % / IO @)a(@)do (3.16)

To determine the temperatures of the left and right-moving CFTs, we make use on
one hand of the first law
TdS = dM — (wpdJ + ®dQ) (3.17)

and its extremality constraints

TdS = dM — (wp*dJ + %dQ) =0 (3.18)
to obtain
TdS = —[(wp, —wpX)dJ + (P — )dQ)] (3.19)

These variations can also been expressed as

dJ d
aJ  dQ

s = T, 7T,

(3.20)
We recall that for a scalar field its expansion in eigenmodes of the energy and angular
momentum is [1]

® =" ®p. e PHIVL (1, 0) (3.21)
E,J,s



for a Kerr-AdS black hole. Near the horizon, the factor

e—iEeriJzL
becomes
o~ 1BTHITY _ —i(B—wp¥J)iro/etiJt _ —ingttingd (3.22)
upon using (3.1), where
nrg = (E - ng )7’0/6 nr = J (323)

For any system the density of states is p = e, with S the entropy. Using this fact we
extend the preceding expressions of nr and ny, for a Kerr-Newman-AdS black hole to

nr = (E —wi*J — Q)ro/e np=J (3.24)
so that the density matrix in the energy and angular momentum eigenbasis has the Boltz-
mann weighting factor

o~ (B—wnJ=®Q)/Ty _ ,~(nr/Tr)—(np/TL)-Q/Te (3.25)

and is a diagonal matrix when tracing over the modes inside the horizon. Comparing both
sides of this equation yields the temperatures of the left and right-moving CFTs

T — _aTH/asc _ Tyro
L= Owy, [0z |, R ox
0Ty /0x
T, = Z A 2
¢ 0®/0x |, (3:26)

as well as the T, term in (3.25). For extremal black holes Ty = 0 we see that Tp — 0
and a straightforward computation shows that the temperature of the left-moving CFT is
T, = ﬁ and
1 [3(a?/1? + 222) + 22 — 1](a? /1 + 2?)
°= 2nq @2 — 2/2)

(3.27)

which has units of inverse length (~ [71).

The upshot of this exercise is that an extremal Kerr-Newmann-AdS black hole is dual
to a 2d conformal field theory at its boundary with a mixed state whose density matrix
is expressed below. The Hartle-Hawking vacuum state is generalized around the Kerr-
Newman-AdS black hole with a density matrix

p=e TL Te (3.28)
Substituting our results into the CFT entropy from Cardy’s formula, which states that the
entropy of a unitary CFT at large T or with T >> ¢ satisfies
2

s
Scrr = ECLTL (3.29)



KNADS

KCFT

SE

SE-KCFT

Figure 1. The above diagram indicates the various limits we are considering for the Kerr-Newman-
AdS (KNADS) black hole: the Super-Entropic (SE) limit, the Kerr-CFT (KCFT) limit, and both
limits together (SE-KCFT). The horizontal arrows (in red) are the near horizon limit (NH) and
vertical ones (blue) the ultraspinning limit. The resulting black hole is obtained by taking both
limits one after another; we find that the same SE-KCF'T limit results, indicating that the square
commutes.

and yields

Scrr = =1%(a?/1? + 2?) (3.30)

(ml

which is in agreement with the expression in (3.5). Conditions for the applicability of (3.29)
have been given in [1] in situations where 7' > ¢ does not hold. We shall see that a sufficient
condition for the applicability of Cardy’s formula in the super-entropic case is to set the
electric charge g to be large.

4 Super-entropic-CFT correspondence

In this section we establish that the ultraspinning super-entropic limit (2.2)—(2.4) commutes
with the Kerr-CFT limit (3.1), as shown in figure 1.

Let us first consider the lower path in figure 1, which consists in starting with the
Kerr-Newman-AdS black hole and taking the super-entropic limit, obtaining (2.2). The
next step is to take the near-horizon limit of the extremal version of (2.2). We obtain the
metric (3.2), but now with

B 12 22 + cos? 6

) = —
(9) 2 14 322
2
0) = 1+ 322
o(0) sin29( +32%)
: 1+ 22)?
6) = Psintg LT )
v(6) St 22 4+ cos? 0
b T
T (14 22)(1 + 322)
5 12 1+22
Py = —————
07 21+ 322
1+ 22) 22 — cos? 0
70) = ¢4 (4.1)

r 24 cos20

whose functions are also given by the a — [ limit of (3.6). The resulting metric likewise
has the same topology as that of the metric (2.2), with punctures at the poles [10, 11].

~10 -



To compute the entropy of the corresponding CFT, the steps remain the same as
described in the previous sections. We impose the same boundary conditions and therefore
the same diffeomorphisms and ASG. The central charge is now

3k“ / VI(0)7(0)a(6)dd

3k,u, 3w pul?

A’ = 7(1 + 322)

(4.2)

using (4.1). We remark that c is very small when the electric charge ¢ becomes very large.
Considering the extremality constraint of the extended first law, we obtain

TdS = dM — (wi*dJ + ®dQ + K™dp) = 0 (4.3)

with g the new thermodynamic variable whose conjugate is K in (2.9). The first law then
takes the form

TdS = —[(wp, —wi)dJ + (& — &¥)dQ + (K — K*)dp] (4.4)
or alternatively
dJ dQ du
= — — 4.
ds ot T, (4.5)

In this case the Boltzmann factor reads as

e~ (BE—wnJ—®Q—Ku)/Th (4.6)

and we extend ngr and nj, as follows
ng=(E—wpJ —0%Q — K™u)ro/e, np=1J (4.7)
Then it takes the final form
e "R/TrR=nL/TL=Q/Te—p/Ty (4.8)
Evaluating np at the extremal limit, we find that it vanishes, unlike the situation for the
Kerr-CFT case. Hence ngi can be interpreted as a quantity that measures a deviation from

the extremal limit of a super-entropic black hole.
It follows from the preceding relations that

aTH/6T+ T0
T, = ———F—— Tpr = —T,
L Owy, [Ory |, = tH ox
0Ty /Ory 0Ty /Ory
0D /Or, ox . OK/Or4 | o (4.9)
which are explicitly
1 (T42?)(1+ 32?)
T T = 4.1
L= ork — 2mx r=0 (4.10)
T_i(?)x + 1) (2% + 1) T 1 (1+ 3z%)
g (22 —1) Bz g2

11 -



We remark that 7}, is a quantity inversely proportional to the square of a length (~ 172).
Furthermore, Ty, > c for sufficiently large ¢, justifying the use of Cardy’s formula (3.29)
at least in this regime. We therefore find upon insertion of (4.2) into (3.29) that

Scpr = %l2(1 + 2?) (4.11)

for the extremal super-entropic black hole.

Turning now to the upper path in 1, we must take the limit @ — [ in the metric (3.2)
using the functions (3.6). This is straightforward and yields exactly the equations (4.1),
where (as in (2.4)) we must rescale ¢ — 9= in (3.2), identifying 1) ~ ¢ + u once the limit
is taken. The Hartle-Hawking vacuum density matrix becomes

p=¢ TR (4.12)

with the temperatures identical to those in (4.10). Likewise, the Cardy formula (3.29)
yields (4.11) for the CFT entropy using central charge and the left temperature obtained
in (3.16) and (4.10)respectively, thereby establishing the commutativity of the Kerr-CFT

and super-entropic limits.

5 Super-entropic black holes of gauged supergravity

The second set of black holes are black holes of minimal gauged 5d supergravity whose

metric is [14]

2quw  fw? X, %
2 2 2 2
= — L —df
ds® = dry > +22—|—Adr +Sd
V3qw
A= 1
- (51)
where
272 =2 2 =2 | p2 -
dn? = _fpﬁd; T n20d8 + T cos? G
=ah = =b
v = bsin® 0d¢ + a cos? Odi)
Sdf _d _dy)
w=—_—— —asin29:¢ — beos? —
SaSb “a =b
S ==, cos? 0 + = sin? 0
(7% +a®) (7 + b*)p*/1* + ¢* + 2abq
A= = —2m
Y =7 +a?cos? 0+ b?sin?0, p? =742
_ a? b2
:azl_ﬁy :bzl_ﬁ
2abq
f= <2m+ 7 )2—(;2 (5.2)
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Considering coordinates that rotate at infinity

o a - b
¢=dr+ g, Y=VYr+ 5t (5.3)
we rewrite the metric in the more suitable form [16]
4 . .
ds® = —e%e + Z e'e’ (5.4)
i=1
with
| A [72 + 42
0 _ 1_ 7
e = 72 + y2w’ e = A dT’, (55)
Y ’ 2 + y2
2 _ | 2 3 _
e = m(dt —T dwl), € = % dy,
Ry (y? — 72)dipy — P2y dabg + _a w
7y ! 27 ab(F? + ¢?)
and

1 2 /12Y (a2 — 2\ (b2 — 2 )
vy A+y/ )(ay2 y=)( y)’ o = df + i
t =1 —(a®+ 0> — a’b* Py

a QER b 1;71{

N=ewE TE_as
e L G 1 in
2T a2 —a?) =, | blaZ—b2) 5,
y? = a®cos® O + b*sin? 0 (5.6)

Let us introduce new notations ¢ = ¢r/Z, and ¥ = ¥r/Z;. The thermodynamic quantities
for this black hole are

a(r? +b?) + bg

Yo = (r2 4+ a?)(r2 + b?) + abg
B b(r%_ +a?) + bq
e (r2 4+ 02)(r2 +b2) + abg
Tl (2 +a® +0)/1%)] — (q + ab)?
T 2mr [(r2 4 a2) (12 + b2) + abg]
20(p2 1 o2)(r2 1 B2
g™ [(ri +a”)(ry +b%) + abq] (5.7)

25,2y
which are the angular velocity in the direction @ at the horizon, the angular velocity in

the direction 9 at the horizon, the Hawking temperature and the entropy of the black hole
respectively. In the case of an extremal black hole r; solves

ri [+ (2r7 +a® +b%)/1%] — (g +ab)* =0 (5.8)

This equation admits a positive root that grows as long as the charge ¢ gets larger.
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Let us consider first the upper path as in figure 1. Assuming extremality via (5.8),
upon taking the NH limit

t=trg/e O=0 7
Y= cp—i—w(ptro/e 7]) = z/1+w¢tr0/e (5.9)
the vielbeins (5.5) take the form

O = JTO)rdt, o' = r(a)%,

e? = aje; + azey, € =+/T'(0)a(0)dd

et = Brer + Paes (5.10)
where
12 )
') = — 5.11
(©) 43ri +124a>+1? (5:11)
Pt
) —
a(®) (Zqcos? 0 + Zpsin? 0)T(0)
e1 =dp+ kirdt, ey = d + kordt
2 Pl(r3 + a*)(r% 4+ b?) + abq]
07 42 (3r2 + 12+ a2+ b?)
by — 12[[a(7“_2|r +b?) + bq] (ri +b2) + bqri]
YT 2 (2 + a?) (2 + 0) + abg][3r2 + 2 + a2 + 7]
L PO 0 +agl + ) +agrd]
2 2r+[(r3_ + az)(ri + b2) + abq| [37‘3 + 12+ a® + b?]
and

Y ri+a?
a1 =a
1 r2 +12 a2 — b2
b Y ri+b2
a prd
2 r_2|_+y2b2—a2

8, — (a® — y?)[aqy® + b(r} + a®)(r} + y?)]
b riy(a® —02)(r2 +y?)

(b* — y*)[bgy® + a(ri + b*)(r1 + y?)]
rey(b? —a?)(ry +1?)

Be = (5.12)

The computation of the central charge requires the choice of boundary conditions

Ry ~ o O(1/r) (5.13)
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in the basis (¢, ¢,1,0,r). The diffeomorphism that preserves these boundary conditions is

E=[CH+01/r®))0; + [-r(€ (@) + €)) + O1)]0, (5.14)
+O(1/r)0 + e(p) + O(1/r)]d, + [e(¥) + O(1/r%)]y

It clearly contains the diffeomorphisms

(o = €(9)Dp — 7€ (9)0r
Cp = €(1)dy — 1€/ (1))0r (5.15)

When following the same steps as in the previous cases the diffeormorphism (, gives rise
to the central charge

3k
o [ VI ashi — b dsdpds
37rk:1 [(r2 + a?)(r2 + b%) + abg] (5.16)
2ry B
Similarly for the diffeomorphism (y,
3k:
== / VI(0)a(0) (2 By — 01 82)2dOdpd)
_ 37rk2[(7“+ +a )(Hrt—i- b?) + abq] (5.17)
2r =50
The first law of thermodynamics and the extremality constraint (5.8) give
TdS = —[(wy — wy)dJy + (wy — wy)dJy + (& — )dQ)] (5.18)
and can be rewritten as 0 iy 40
45 =22 4 28 4 OF 5.19
T, + Ty T, ( )
The Boltzmann factor for black holes of gauged supergravity reads as
ef(Efwawfwawf‘bQ)/TH — e*ﬂR/TR*%/%*nw/Tw*Q/TE (520)
where
nr = (E — ngjcp — wfj‘Jw — (I)BXQ)T()/E Ny = J%w (5.21)

We then get the temperatures of the left and right-moving CFT’s as well as the quantity
T, associated with the electric charge

T :_8TH/(9T+ 1 T __8TH/87“+ _i
YT Owy/Ory |, 2k, v= Owy /Ory | o 2ky
THT() 8TH/8T+
Tr = = Te=——F—7— .
=, 0 ‘ v /or, |, (5.22)

~15 —



The applicability of the Cardy formula (3.29) again requires large ¢ and small rotation
parameter compared to the AdS raduis a < [. Thus, the CFT entropy is

2 2 r2 +a®)(r2 + 2 + ab
Sorr = Fresty 4 Tyt = 10 2PN 4 b

for the extremal black hole (5.4).
The super-entropic limit of (5.4) can only be taken in one azimuthal direction [11].

pr— 5.23
2r 2,2 ( )

Without loss of generality, we choose this be the ¢-direction, setting a — [ and requiring
the new coordinate ¢ to be periodic with period . Replacing ¢r/Z, with ¢, the vielbeins
and associated parameters are obtained by setting a = [ in (5.5) and (5.6) respectively.
The thermodynamic quantities of this super-entropic black hole are [11]

M:H(m+bq/l)(2+:b)’ J@ZElmj—bq’
8 = 4 =
p2bm + q(b? +12)/1

Jd,:g — 5

b

Y [(r2 +b%) + bq
7 (2 +12)(r2 + b2) + 1bg’
b(r2 +12) +lq
r3 4+ 12)(rd + %) + lbg’
ri2+ (2r} +6%)/1] — (¢ +01)°

w¢:(

Trr —
T 0mr (72 + 12)(r2 +0%) + lbg]
. prl(rd + 1) (r2 4+ b?) + lbq] _A
4y 5, 1
3 2
®=5 \/;qr+ g M/ (5.24)
(r3 +12)(r1 + b%) + lbg 8=y

and are the mass, the angular momentum in the direction ¢, the angular momentum in the
direction 9, the angular velocity in the direction ¢ at the horizon, the angular velocity in
the direction ¢ at the horizon, the Hawking temperature, the Bekeinstein-Hawking entropy,
the electric potential and the electric charge of the black holes respectively.

Upon taking the NH limit (5.9) for the extremal case

P4 (2r + 12+ 0% /1] — (g +1b)* =0 (5.25)

we obtain (5.10), (5.11), (5.12) but with @ = [. This is the same result as that would be
obtained if the super-entropic limit of (5.10) were taken.
After fixing the same boundary conditions (5.13) we find

 Bkap[(rf 4+ 12)(r3 4 %) + Ibg]
N 4r F,

Co (5.26)

and
i Skop[(r2 + 12)(r? + b%) + Ibq]
v 47"_1_5[)

(5.27)

for the central charges, a result valid for both the upper and lower paths of figure 1.
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For either path the first law of thermodynamics and its extremality constraint are
TdS = —[(wy — Wy )dJp + (wy — wy )d Sy + (& — &¥)dQ + (K — K)dy] (5.28)

which we write as

dS= —*+ —+ —+ + (5.29)
T, Ty T. 1T,
and the Boltzmann factor is
B_ﬁ(E_MPJ%_w@wa_(DQ_K“) — 6_%_%_%_%_ﬁ (530)

where
ng = (B — 0T, — w3y — 8Q — Kp)
€

The temperatures of the two left and one right-moving CFT’s and the quantities 7, and
T}, respectively associated with the electric charge and the chemical potential are

o aTH/aT‘+ 1 o 8TH/8’I“+ 1
r,= S0 _ 1 o w0y 1
8w¢/ar+ ex ka &uwf /8T+ ex 2k¢
TH’I“O aTH/8r+
T = =0 T, = - HTE
r o 0%/, |,
8TH/8T+
" 8K/8T‘+ ex ( )
upon comparing the two equations in (5.31).
Finally, we find that the CFT entropy is
242 +0%) +1b
Scrr = prrl(ry + D)y 67) + lba] (5.33)

4T+Eb

for both paths. As before, a sufficient condition for the Cardy formula (3.29) is that the
electric charge ¢ is sufficiently large, thereby ensuring that T, > ¢ and T, > c.

6 Conclusion

We have demonstrated that super-entropic black holes, despite the non-compactness of
their horizons, have well-defined Kerr-CF'T correspondence limits. These limits are robust:
the CF'T limit of a super-entropic black hole yields the same results as the super-entropic
limit of an extremal near-horizon Kerr-AdS metric. Indeed, we verified that we always end
up with the same outcome depending on whether we follow either the upper or lower path in
figure 1. Our work enlarges the class of metrics respecting the Kerr-CFT correspondence in
novel directions (black holes with non-compact horizons of finite area) whose implications
remain to be explored.

A remarkable feature of super-entropic black holes is that the new variable p, in-
terpreted as the chemical potential and obtained from compactification of the azimuthal
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direction, not only enters into the Cardy formula to yield an entropy for the CFT, but also
yields a new quantity 7, that appears in the Hartle-Hawking density matrix. The latter
scales as the inverse of the square of a length (~ [72) in 4d or more generally as (~ [2~%)
in all dimensions d.

We note that the Kerr-CFT correspondence only applies for singly-spinning super-
entropic black holes in d = 4, since the extremality condition does not hold for d >
4. The d = 5 gauged supergravity super-entropic black holes, however, do exhibit the
correspondence. In both cases, a sufficient condition for the applicability of the Cardy
formula (3.29) is that the electric charge of such black holes is taken to be large. This is
in contrast to both Kerr-Newman-AdS and gauged supergravity black holes in which both
large electric charges and small rotation parameters compared to the AdS radii (a < 1),
are required.

We expect that the Kerr-CFT correspondence for the recently obtained multiply spin-
ning super-entropic black holes [11] can be established using arguments similar to the ones
that we have presented.
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A Vanishing charge difference between neighbouring metrics

Here we determine explicitly the charge difference between two neighbouring metrics (3.9),
which in turn gives rise to the central charge.

Prior to computing the integrals that contribute to the central charge we have to
determine the non zero components of h,, (at leading order), which are

"

hy = —2EIT2(I€2’)/ —I') hyy= —%F hgp = 26l'y (A1)

Upon inserting these expressions into (3.10), (3.11), we obtain

ik(l/// Yo

Kg—i—KQT:? —€,,€ —i—I‘Qemen—l—I{Ze;n(fen—i—'f)—(mﬁn))cwquﬁ—i—--- (A.2)

F m-n

where a,~,I" and f are functions of # and k is a constant. The first two terms in the
above equation are the gravitational and gauge contributions to the integrand of (3.9), and
respectively yield the two central charge terms in (3.15); the third term is eliminated via
the gauge choice T = —f(0)e(9).

The remaining terms in the ellipsis are those that vanish when r — oo or are not
tangent to the surface over which the integration (3.9) is taken [1]; hence they do not
contribute to the integral. We have checked that all such terms vanish. Rather than
providing an exhaustive list of these terms, we shall provide only a few examples. The
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terms that stem from the boundary conditions (3.12) are of the form

1
K¢ D Jeuas h7DHGy da® x dz?

1
D —5913922h131“§3§3d9 X do
k? v 1

=710 (r> € df x do (A.3)

whereas the contributions coming from the gauge field have the form

1
Kex D s€uapF" (Tag dz® x da?

8
1

» —59119221?12@“0% do x do
kf 1

1.2 .3

where the coordinates (z!, 2% 23, 2%) are (t,7, ¢,0) respectively. It is clear that all these

contributions are finite and vanish for r — oo.
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