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1 Introduction and summary

This is a continuation of our recent works [1, 2] in which the two- and three-point correlation

functions of the supercurrents and flavour current multiplets in three-dimensional (3D) N -

extended superconformal field theories have been computed for the cases 1 ≤ N ≤ 4. The

present paper extends the results of [1, 2] to the 3D field theories possessing N = 5 [3] and

N = 6 [4, 5] superconformal symmetry. The N = 6 superconformal field theories are often

referred to as the ABJ(M) theories.1

Although the family of N -extended superconformal field theories in three dimensions

is very large for N ≤ 4, it becomes much smaller for 5 ≤ N ≤ 8. The latter families in-

variably consist of superconformal Chern-Simons theories interacting with supersymmetric

matter in the bi-fundamental representation of the gauge group G such that the amount

of supersymmetry depends on the choice of G. The allowed gauge groups are as follows:

Sp(2M) × O(N) for N = 5 [3], U(M) × U(N) or Sp(2M) × O(2) for N = 6 [3, 4], and

only the gauge group SU(2) × SU(2) for N = 8 [8–10]. Clearly the range of N = 5 and

N = 6 superconformal field theories are still pretty wide, and their properties are known

to be quite fascinating.

In supersymmetric field theory in d dimensions, the supercurrent [11] is a supermulti-

plet containing the energy-momentum tensor and the supersymmetry currents, along with

some additional components such as the R-symmetry current. Thus the supercurrent con-

tains fundamental information about the symmetries of every supersymmetric field theory.

1These theories possess the remarkably simple formulation [6] in N = 3 harmonic superspace [7].
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In the case of 3D extended superconformal field theories with N > 4, the supercurrent was

introduced in [12, 13] (see also [1]). It is described by a primary real SO(N ) four-form

superfield JIJKL = J [IJKL] of dimension 1, I = 1, . . . ,N . The conformal supercurrent is

subject to the conservation equation

DI
αJ

JKLP = D[I
α J

JKLP ] −
4

N − 3
DQ

α J
Q[JKLδP ]I , (1.1)

where DI
α denotes the spinor covariant derivative. In the N = 5 case, it is convenient to

replace the four-form JIJKL with its Hodge-dual one-form JI defined by

JI :=
1

4!
εIJKLPJJKLP . (1.2)

In terms of JI , the conservation equation (1.1) turns into

D(I
α JJ) −

1

5
δIJDQ

α J
Q = 0 . (1.3)

In the N = 6 case, it is useful to switch from JIJKL to its Hodge-dual two-form JIJ

JIJ :=
1

4!
εIJKLPQJKLPQ . (1.4)

In terms of JIJ , the conservation equation (1.1) turns into

DI
αJ

JK = D[I
α J

JK] −
2

5
DQ

α J
Q[JδK]I . (1.5)

A remarkable property of N = 6 supersymmetry in three dimensions is that the supercur-

rent conservation equation (1.5) coincides with the Bianchi identity for an Abelian vector

multiplet [13].

An important feature of the 3D extended superconformal theories with N ≥ 5 is

the non-existence of conserved flavour current multiplets. This point has recently been dis-

cussed in [14], and here we follow almost verbatim the discussion in [14]. In supersymmetric

field theory in d dimensions, the conserved current multiplet is defined to be a supermulti-

plet containing a single conserved vector current V a (equivalently, a closed (d− 1)-form),

∂aV
a = 0, along with some other scalar and spinor components. In three dimensions, one

may think of a conserved current V a as the Hodge dual of the gauge-invariant field strength

F = dA of a gauge one-form A. For this reason an N -extended conserved current multiplet

may be characterised by the same superfield type and the differential constraints as the

field strength of an N -extended Abelian vector multiplet [7, 15–19].2 Thus for N > 2,

the conserved current multiplet should be defined to be a real antisymmetric superfield,

LIJ = −LJI , constrained by

DI
αL

JK = D[I
αL

JK] −
2

N − 1
DL

αL
L[JδK]I . (1.6)

For N > 4, it turns out that the off-shell multiplet constrained by (1.6) possesses more

than one conserved current at the component level. Moreover, it also contains higher spin

2The conserved current multiplets with N ≤ 4 were reviewed in [1, 2].
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conserved currents forN > 4 [20, 21]. Indeed, forN = 6 the conservation equation (1.6) co-

incides with the supercurrent conservation equation (1.5). As a consequence, LIJ contains

a symmetric, traceless and conserved energy-momentum tensor T ab

T ab = T ba , ηabT
ab = 0 , ∂bT

ab = 0 , (1.7)

In the N = 5 case, LIJ contains a conserved symmetric spinor current Sαβγ = S(αβγ)

(supersymmetry current) defined by

Sαβγ ∝ εIJKLMDI
αD

J
βD

K
γ LLM |θ=0 . (1.8)

In this paper we find the most general expressions for the two- and three-point corre-

lation functions of the N = 5 and N = 6 supercurrent multiplets, which are allowed by

the superconformal symmetry and are compatible with the conservation equations (1.3)

and (1.5), respectively. We show that the functional form of each of these correlators is

determined by these requirements modulo a single overall coefficient to be denoted by cN
for the two-point functions and dN for the three-point ones. The ratio of these coefficients

turns out to be fixed by the superconformal Ward identities.

Every N = 5 or N = 6 superconformal field theory is a special N = 4 superconformal

field theory. It is of interest to understand what additional restrictions on the structure of

N = 4 correlation functions are implied by the N > 4 extended superconformal symmetry.

For this we consider the reduction to N = 4 superspace of the obtained correlators of the

N = 5 and N = 6 supercurrents and compare them with the results of the work [2]. It is

worth recalling that in general N = 4 superconformal field theories the supercurrent three-

point function has two linearly independent functional structures with free coefficients dN=4

and d̃N=4. We demonstrate that one of these coefficients is equal to zero for all N -extended

superconformal field theories with N > 4, d̃N=4 = 0. In general, it was shown in [2] that

d̃N=4 is non-zero in those N = 4 superconformal theories which are not invariant under

the mirror map. As discussed in [2], d̃N=4 is proportional to the difference of the numbers

of left and right hypermultiplets [2]. However, it will be demonstrated in section 2.3 that

every N > 4 theory has an equal number of left and right hypermultiplets in the same

representation of the gauge group. As a consequence, all N > 4 superconformal field

theories are invariant under the mirror map.

As a by-product of the N = 4 superspace reduction of the N = 5, 6 supercurrent

correlation functions, we obtain new correlators in the N = 4 superspace which correspond

to conserved currents of extended supersymmetry and R-symmetry. These results are

presented in the next two sections, which are devoted to the N = 5 and N = 6 theories,

respectively.

In the study of correlation functions we follow the superspace approach which was

originally elaborated for 4D N = 1 superconformal field theories in [22] and generalised

to the 4D N = 2 case in [23]. For 3D superconformal field theories this approach was

originally developed in [24] and recently applied in [1, 2] to study correlation functions of

supercurrents and flavour current multiplets. In the present paper we use the superconfor-

mal formalism and definitions introduced in our works [1, 2], which are somewhat different

from those adopted in [24]. The summary of our definitions is given in the appendix.

– 3 –
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2 N = 5 superconformal field theories

General N = 5 superconformal field theories are supersymmetric Chern-Simons-matter

models with appropriately chosen interaction potentials [3, 5]. In this section we compute

the two- and three-point correlation functions of supercurrents in such theories and consider

their reduction to N = 4 superspace.

2.1 Correlators of N = 5 supercurrent

As discussed in section 1, the N = 5 supercurrent is a primary dimension-1 superfield

JI obeying the conservation equation (1.3). The two-point function of the supercurrent,

which is compatible with this conservation law, reads

〈JI(z1)J
J(z2)〉 = cN=5

uIJ12
x12

2
, (2.1)

where cN=5 is a free coefficient. Using the explicit form of the two-point structures x12
2

and uIJ12 given by (A.4) and (A.5), respectively, it is not hard to check that (2.1) obeys (1.3)

at separate points, z1 6= z2.

We look for the three-point function 〈JI(z1)J
J(z2)J

K(z3)〉 in the form

〈JI(z1)J
J(z2)J

K(z3)〉 =
uII

′

13 u
JJ ′

23

x13
2x23

2
HI′J ′K(X3,Θ3) , (2.2)

where HIJK is a tensor depending on the three-point structures (A.8). Since the super-

current has dimension 1, this tensor should have the following scaling property

HIJK(λ2X, λΘ) = λ−2HIJK(X,Θ) , (2.3)

for a real positive λ.

The supercurrent conservation law (1.3) implies that the tensor HIJK obeys the dif-

ferential equation

D(I
α HJ)KL −

1

5
δIJDM

α HMKL = 0 , (2.4)

where DI
α is the generalised covariant derivative (A.13).

The ansatz (2.2) can be applied to different orders of the operators JI(z1), J
J(z2) and

JK(z3). In particular, interchanging the order of the operators JI(z1) and JJ(z2) in the

correlator (2.2), one finds the following symmetry property of HIJK

HIJK(X,Θ) = HJIK(−XT,−Θ) . (2.5)

Similarly, swapping the operators JI(z1) and JK(z3) in (2.2), one uncovers the constraint

HIJK(−XT
1 ,−Θ1) = x13

2X3
2uJL13 U

LJ ′

3 uII
′

13 u
KK′

13 HK′J ′I′(X3,Θ3) . (2.6)

This equation was derived with the help of identities (A.9).

– 4 –
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We find the general solution of the equations (2.3)–(2.5) in the form:

HIJK=4dN=5ε
IJKLM ALM

X3
+ dN=5(δ

IJεKLMNP − δIKεJLMNP − δJKεILMNP )
ALMANP

X5
,

(2.7)

where dN=5 is a free coefficient and the matrix AIJ is defined in (A.12). It is possible to

show that the tensor (2.7) obeys also the equation (2.6) which ensures the invariance of

the correlation function under the replacement JI(z1) ←→ JK(z3). In checking this, it is

useful to express (2.7) in terms of the orthogonal matrix U IJ given in (A.11)

HIJK = −
1

12
dN=5(H

IJK
1 − 8HIJK

2 +HIJK
3 ) , (2.8)

where

HIJK
1 = (δIKεJPQRS + δJKεIPQRS + U IJεKPQRS)

UPQURS

X
, (2.9a)

HIJK
2 = (U ILεJLKPQ − ULJεILKPQ − εIJKPQ)

UPQ

X
, (2.9b)

HIJK
3 = εIJKLM ULMΘ4

X3 . (2.9c)

Here we have used the following identities:

X2 =X2 +
1

4
Θ4 , (2.10)

(εILKMNALJ + εJLKMNALI)AMN =
1

4
(δIKεJMNPQ + δJKεIMNPQ

−2δIJεKMNPQ)AMNAPQ , (2.11)

AIJεKLMNPALMANP =−2εIJKPQAPQΘ4X2+2(ΘKΘL)εIJLPQAPQΘ2X2 .

(2.12)

The identity (2.10) follows from (A.10) while the other two are direct consequences

of (A.12).

Using the identities (A.9) it is not hard to verify that each line in (2.9) obeys (2.6).

This ensures the invariance of the obtained expression for the correlation function (2.2)

under the interchange of operators JI(z1) and JK(z3).

2.2 N = 5 → N = 4 superspace reduction

As discussed in section 1, every N = 5 superconformal field theory is a special N = 4

one. The N = 5 supercurrent is equivalent to two N = 4 supermultiplets, one of which is

the N = 4 supercurrent. As a result, the three-point function of the N = 5 supercurrent

is equivalent to several three-point functions in N = 4 superspace. Here we elaborate on

the N = 5 → N = 4 superspace reduction of the N = 5 supercurrent and its correlation

functions.

We split the Grassmann coordinates θαI of N = 5 Minkowski superspace M
3|10 onto

two subsets: (i) the coordinates θα
Î
, with Î = 1, . . . , 4, corresponding to N = 4 Minkowski

– 5 –
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superspace M
3|8; and (ii) two additional coordinates θα5 . The corresponding splitting of

the spinor derivatives DI
α is DÎ

α and D5
α. Given a superfield V on M

3|10, its bar-projection

onto M
3|8 is defined by V | := V |θ5=0. The N = 5 supercurrent JI reduces to the following

N = 4 superfields:

S Î = J Î | , J = J5| . (2.13)

The N = 5 supercurrent conservation law (1.3) implies that S Î and J obey the constraints

D(Î
α SĴ) −

1

4
δÎ ĴDK̂

α SK̂ = 0 , (2.14a)

DÎαDĴ
αJ −

1

4
δÎ ĴDQ̂αDQ̂

α J = 0 . (2.14b)

Eq. (2.14b) tells us that J is the N = 4 supercurrent [1, 2]. The second multiplet, S Î ,

contains among its components the current of the fifth supersymmetry and the currents of

the remaining SO(5)/SO(4) R-symmetry.

Note that the two-point structure uIJ12 is the integral part of two- and three-point

functions (2.1) and (2.2). Its reduction to N = 4 superspace leads to

uÎ Ĵ12(N=5)| = uÎ Ĵ12(N=4) , uI512(N=5)| = δI5 . (2.15)

Here we have assigned the labels (N = 4) and (N = 5) to distinguish these structures in

the corresponding superspace. Below we will omit these labels to simplify the notation.

Using the relations (2.15) we find the N = 4 superspace reduction of the two-point

correlator (2.1)

〈S Î(z1)S
Ĵ(z2)〉 = cN=5

uÎ Ĵ12
x12

2
, (2.16a)

〈J(z1)J(z2)〉 =
cN=5

x12
2

. (2.16b)

The latter correlation function coincides with the two-point correlator of the N = 4 super-

current found in [2] provided we identify cN=4 = cN=5.

The N = 5 supercurrent three-point correlator (2.2) reduces to the following four

correlation functions of the N = 4 superfields S Î and J

〈S ÎSĴSK̂〉 , 〈S ÎSĴJ〉 , 〈S ÎJJ〉 , 〈JJJ〉 , (2.17)

which can be found from different projections of the tensor (2.7). In particular, since

H Î ĴK̂ | = 0 and H Î55| = 0, two of the four correlation functions in (2.17) vanish

〈S ÎSĴSK̂〉 = 0 , 〈S ÎJJ〉 = 0 . (2.18)

The other two correlators are non-trivial. They are

〈S Î(z1)S
Ĵ(z2)J(z3)〉 =

uÎ Î
′

13 u
Ĵ Ĵ ′

23

x13
2x23

2
H Î′Ĵ ′

N=4(X3,Θ3) , (2.19a)

H Î Ĵ
N=4 = H Î Ĵ5| = 4dN=5ε

Î ĴK̂L̂A
K̂L̂

X3
+ dN=5δ

Î ĴεK̂L̂M̂N̂ AK̂L̂AM̂N̂

X5
, (2.19b)

– 6 –
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and

〈J(z1)J(z2)J(z3)〉 =
HN=4(X3,Θ3)

x13
2x23

2
, (2.20a)

HN=4 = H555| = −dN=5ε
Î ĴK̂L̂A

Î ĴAK̂L̂

X5
. (2.20b)

We recall that the most general form of the function HN=4, which defines the correla-

tion function of the N = 4 supercurrent, is [2]

HN=4 =
d̃N=4

X
− dN=4ε

Î ĴK̂L̂A
Î ĴAK̂L̂

X5
, (2.21)

where dN=4 and d̃N=4 are two independent coefficients. Comparing (2.21) with (2.20b)

we make the following two conclusions: (i) only those N = 4 superconformal field theories

for which

d̃N=4 = 0 (2.22)

may possess extended N > 4 supersymmetry; (ii) the coefficients dN=4 and dN=5 are equal,

dN=4 = dN=5 . (2.23)

Recall that the coefficients cN=4 and dN=4 are related to each other by the superconformal

Ward identity [2]. As a consequence of (2.23) the same identity holds for cN=5 and dN=5:

dN=4

cN=4
=

dN=5

cN=5
=

1

16π
. (2.24)

In conclusion of this subsection, let us briefly comment on the condition (2.22) which is

satisfied for all N > 4 superconformal models. In [2] it was shown that the d̃N=4-part of the

N = 4 supercurrent correlation function is non-trivial for those N = 4 models which have

non-equal numbers of the left and right hypermultiplets (transforming in (2,0) and (0,2)

representations of the group SU(2)L × SU(2)R which is the double cover of the N = 4 R-

symmetry group SO(4) ∼=
(

SU(2)L×SU(2)R
)

/Z2. Thus, only those N = 4 superconformal

field theories may possess extended N ≥ 5 supersymmetry which contain the same number

of left and right hypermultiplets. In the next subsection we will confirm this statement

by considering equations of motion of general N = 5 superconformal theories. We will

demonstrate that every N = 5 superconformal field theory realised in N = 4 superspace

has equal number of left and right hypermultiplets.

2.3 Superconformal theories in N = 5 superspace

The R-symmetry group of the N = 5 super-Poincaré algebra is SO(5) ∼= USp(4)/Z2, where

the group USp(4) consists of matrices g = (ga
b) ∈ GL(4,C) constrained by

g†g = 14 , gTΩg = Ω , (2.25)

for a given non-singular real symplectic metric Ω = (Ωab) = −ΩT. This tensor is used to

raise and lower the USp(4) indices,

Xa = ΩabXb , Xa = ΩabX
b . (2.26)

Here Ω−1 = (Ωab) is the inverse of Ω, ΩabΩ
bc = δca.

– 7 –
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We recall that the isomorphism SO(5) ∼= USp(4)/Z2 can be established by making use

of a set of gamma-matrices γI =
(

(γI)a
b
)

for SO(5) with the properties

γIγJ + γJγI = 2δIJ14 , γI
† = γI , γI

TΩ = ΩγI , I = 1, . . . , 5 . (2.27)

An explicit realisation for the matrices Ω and γI is as follows:

Ω =

(

ε 0

0 ε̃

)

, ε = (εij) = −εT , ε̃ = (εĩj̃) = −ε̃T , ε12 = ε1̃2̃ = 1 (2.28a)

and γI = (~γ, γ4, γ5),

~γ =

(

0 i~σ

−i~σ 0

)

, γ4 =

(

0 12

12 0

)

, γ5 =

(

12 0

0 −12

)

, (2.28b)

with ~σ the Pauli matrices. Here and below, we represent an USp(4) index as a pair of

SU(2) ones, Xa = (Xi, X ĩ).

They allow one to establish an isomorphism between R
5 and the following linear space

L of 4× 4 matrices X̂ constrained by

X̂† = X̂ , X̂TΩ = ΩX̂ , trX̂ = 0 . (2.29)

The isomorphism between R
5 and L is defined as follows: given a five-vector ~X = (XI) ∈

R
5, its image is X̂ = XIγI ∈ L. The group USp(4) naturally acts on L by nonsingular

linear operators. Given a group element g ∈ USp(4), the corresponding transformation ĝ

on L is defined by ĝ : X̂ → gX̂g−1. This induces a linear transformation A(g) on R
5 that

preserves the inner product 〈 ~X|~Y 〉 = 1
4tr(X̂Ŷ ). It may be checked that the correspondence

g → A(g) defines a homomorphism of USp(4) onto SO(5) with the kernel Z2 = {±14}.

Using the symplectic metric Ω and its inverse Ω−1, let us introduce gamma-matrices

with upper and lower indices

(γI)
ab = Ωac(γI)c

b , (γI)ab = Ωbc(γI)a
c = (γI)ab . (2.30)

These matrices are antisymmetric and Ω-traceless

(γI)
ab = −(γI)

ba , (γI)
abΩab = 0 . (2.31)

Thus, any SO(5) vectorXI is equivalent to an antisymmetric Ω-traceless second-rank spinor

Xab := γabI XI , XI =
1

4
γIabX

ab . (2.32)

Using the rule (2.32) we introduce the spinor covariant derivatives with SO(5) spinor

indices, DI
α → Dab

α = γabI DI
α. Their anti-commutation relations follow from (A.14),

{Dab
α , Dcd

β } = 2i(ΩabΩcd − 2εabcd)∂αβ . (2.33)

Let us consider a gauge theory in the N = 5 superspace

∂αβ → ∇αβ = ∂αβ + iVαβ , Dab
α → ∇ab

α = Dab
α + iV ab

α , (2.34)

– 8 –
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where (Vαβ , V
ab
α ) are gauge connections. To describe the vector multiplet, the gauge co-

variant derivatives are subject to a covariant constraint which implies

{∇ab
α ,∇cd

β } = 2i(ΩabΩcd − 2εabcd)∇αβ + εαβ(Ω
acW bd − ΩbcW ad − ΩadW bc +ΩbdW ac) .

(2.35)

Here W ab = W ba is the field strength obeying the Bianchi identity

∇a(b
α W cd) +

1

3
Ωa(b∇α

c
eW

d)e = 0 . (2.36)

In complete analogy with the N = 6 analysis in [18], we now consider a matter super-

field Φa in some representation of the gauge group. The equation of motion for the matter

superfield is

∇a(b
α Φc) −

1

5
Ωa(b∇c)d

α Φd = 0 . (2.37)

The consistency condition for the equation (2.37) is

W (abΦc) = 0 . (2.38)

To solve this constraint we should assume that W ab is a composite of the matter superfields

W ab = W ab
A TA , W ab

A = iκ gABΦ̄
(aTBΦb) , (2.39)

where κ is some coefficient, TA are generators of the representation and gAB is an invariant

quadratic form on the Lie algebra of the gauge group. Note also that the Hermitian

conjugate for Φa is Φ̄a = (Φa)†, where we assume that Φa = (Φa
p) is a column vector in

some representation of the gauge group and the letters p, q, r, s from the middle of Latin

alphabet denote gauge indices.

Substituting (2.39) into the consistency condition (2.38) we find

gABΦ̄
p(aΦb

qΦ
c)
s (T

B)p
q(TA)r

s = 0 , (2.40)

or

gAB(T
A)p

(q(TB)r
s) = 0 . (2.41)

The latter equation imposes strong constraints on the possible gauge group and its repre-

sentations. These constraints were analysed in the works [3, 5] where the admissible gauge

groups were classified.

Let us consider the N = 5 supercurrent JI in the USp(4) spinor notation Jab = γabI JI .

The conservation law (1.3) turns into

Dab
α Jcd +Dcd

α Jab +
1

10
(ΩabΩcd − 2εabcd)Def

α Jef = 0 . (2.42)

For the N = 5 superconformal theories described by the equations (2.37) and (2.39), we

find the following expression for the supercurrent in terms of the matter superfields

Jab = Φ̄[aΦb] +
1

4
ΩabΦ̄cΦc . (2.43)
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It is possible to check that this expression obeys (2.42) due to the equations of motion (2.37)

and (2.39).

Now we consider the N = 4 superfield reduction of N = 5 superconformal models

described above. This reduction amounts to setting θ5α = 0 in the superfields Φa and W ab.

The R-symmetry group of the N = 4 superspace is SO(4) ∼=
(

SU(2)L × SU(2)R
)

/Z2. This

suggests that the USp(4) index ‘a’ splits into a pair of SU(2) indices i and ĩ,

Φa → (qi, qĩ) . (2.44)

Here qi and qĩ are left and right hypermultiplets, correspondingly. The N = 5 gauge

superfield strength W ab has the following four N = 4 superfield components:

W ab → (W ij , W ij̃ , W ĩj , W ĩj̃) . (2.45)

Here the superfields W ij and W ĩj̃ constitute the field strength of the large N = 4 vector

multiplet [25].

It is not hard to check that the N = 5 equation (2.37) leads to the standard hyper-

multiplet equations of motion

∇ĩ(j
α qk) = 0 , ∇i(j̃

α qk̃) = 0 . (2.46)

The N = 5 Bianchi identity (2.36) leads to the Bianchi identities for the N = 4 large

vector multiplet

∇ĩ(i
α W jk) = 0 , ∇i(̃i

α W j̃k̃) = 0 . (2.47)

Reducing the equations (2.39) to the N = 4 superspace gives

W ij
A = iκ gAB q̄

(iTBqj) , W ĩj̃
A = iκ gAB q̄

(̃iTBqj̃) , (2.48a)

W ij̃
A = iκ gAB q̄

(iTBqj̃) , W ĩj
A = iκ gAB q̄

(̃iTBqj) . (2.48b)

The equations obtained coincide with the N = 4 superfield equations of motion in the

ABJM theory, which were given in [25].

The relation (2.44) has the following important consequence: every N = 5 supercon-

formal field theory contains the same number of the left and right N = 4 hypermultiplets

transforming in the same representation of the gauge group. This explains the vanishing

of the coefficient d̃N=4 in (2.21) for those N = 4 superconformal theories which possess

N = 5 extended supersymmetry.

3 N = 6 superconformal field theories

Three-dimensional N = 6 superconformal field theories play an important role in

the AdS4/CFT3 correspondence which has been intensively studied starting from the

works [4, 5]. The equations of motion of such theories in N = 6 superspace were studied

in [18]. In this section we will compute the two- and three-point correlation functions of

the supercurrent in these models and study their reduction to the N = 5 and N = 4

superspaces.
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3.1 Correlators of N = 6 supercurrent

As discussed in section 1, the N = 6 supercurrent is a primary dimension-1 superfield

JIJ = −JJI subject to the conservation equation (1.5). The two-point function which is

compatible with this conservation law is given by

〈JIJ(z1)J
KL(z2)〉 = cN=6

uIK12 uJL12 − uIL12 u
JK
12

x12
2

, (3.1)

where cN=6 is a free coefficient.

For the three-point correlator we make the standard ansatz

〈JIJ(z1)J
KL(z2)J

MN (z3)〉 =
uII

′

13 u
JJ ′

13 uKK′

23 uLL
′

23

x13
2x23

2
HI′J ′K′L′MN (X3,Θ3) , (3.2)

where the tensor HIJKLMN = H [IJ ][KL][MN ] obeys the equation

2

3
DP

αH
IJKLMN +

1

5
DQ

α (H
QIKLMNδJP −HQJKLMNδIP )

−
1

3
(DI

αH
JPKLMN +DJ

αH
PIKLMN ) = 0 , (3.3)

which is a consequence of (1.5). It has the scaling property similar to (2.3)

HIJKLMN (λ2X, λΘ) = λ−2HIJKLMN (X,Θ) , (3.4)

and obeys the equations

HIJKLMN (X,Θ) = HKLIJMN (−XT,−Θ) , (3.5)

HIJKLMN (−XT
1 ,−Θ1) = x13

2X3
2uII

′

13 u
JJ ′

13 uKK′

13 uLL
′

13 uMM ′

13 uNN ′

13 UK′P
3 UL′R

3

×HM ′N ′PRI′J ′

(X3,Θ3) , (3.6)

which follow from the invariance of the correlation function (3.2) under interchange of the

order of operators.

We look for a solution of the above equations for the tensor HIJKLMN in the follow-

ing form

HIJKLMN =
∑

n

cnH
IJKLMN
n , (3.7)
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where cn are some coefficients and

HIJKLMN
1 =

εIJKLMN

X
, (3.8a)

HIJKLMN
2 =

APQ

X3
[εJKMNPQδIL + εILMNPQδJK − εIKMNPQδJL − εJLMNPQδIK ] ,(3.8b)

HIJKLMN
3 =

APQ

X3
[εIJKMPQδLN − εIJLMPQδKN − εIJKNPQδLM + εIJLNPQδKM ] , (3.8c)

HIJKLMN
4 =

APQ

X3
[εKLJMPQδIN + εKLINPQδJM − εKLIMPQδJN − εKLJNPQδIM ] ,(3.8d)

HIJKLMN
5 =

APQARS

X5
[εMNPQRS(δJKδIL − δIKδJL)] , (3.8e)

HIJKLMN
6 =

APQARS

X5
[εIJPQRS(δLMδKN − δKMδLN )] , (3.8f)

HIJKLMN
7 =

APQARS

X5
[εKLPQRS(δJMδIN − δIMδJN )] , (3.8g)

HIJKLMN
8 =

APQARS

X5
[εJKPQRS(δIMδLN − δINδLM )− εIKPQRS(δJMδLN − δJNδLM )

−εJLPQRS(δIMδKN − δINδKM ) + εILPQRS(δJMδKN − δJNδKM )] , (3.8h)

HIJKLMN
9 =

APQARS

X5
[εIMPQRS(δJKδLN − δJLδKN )− εJMPQRS(δIKδLN − δILδKN )

−εINPQRS(δJKδLM − δJLδKM ) + εJNPQRS(δIKδLM − δILδKM )] , (3.8i)

HIJKLMN
10 =

APQARS

X5
[εKMPQRS(δILδJN − δJLδIN )− εLMPQRS(δIKδJN − δJKδIN )

−εKNPQRS(δILδJM − δJLδIM ) + εLNPQRS(δIKδJM − δJKδIM )] , (3.8j)

HIJKLMN
11 =

εPQRSTUAPQARSATU

X7
[δJK(δIMδLN − δINδLM )− δIK(δJMδLN−δJNδLM )

+δIL(δJMδKN − δJNδKM )− δJL(δIMδKN − δINδKM )] . (3.8k)

The tensors (3.8) obey the constraints (3.4) and (3.5) by construction. Imposing the

equation (3.3) we find the coefficients cn

c1 = 2dN=6 , c2 = c3 = c4 = dN=6 , c11 =
1

24
dN=6 , (3.9)

c5 = c6 = c7 = c8 = c9 = c10 =
1

4
dN=6 , (3.10)

where dN=6 is a free coefficient. It is possible to show that for these values of the coefficients

the tensor (3.7) obeys the equation (3.6) which ensures the invariance of the correlation

function under the interchange of operators JIJ(z1) and JMN (z3). However, it is a tedious

exercise to demonstrate this directly. Instead of embarking on such an exercise, we will

take a shortcut and prove the required symmetry property using the N = 6 → N = 5

superspace reduction of the superfield operators and their correlation functions.
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3.2 N = 6 → N = 5 superspace reduction

Let us split the SO(6) index I as I = (Î , 6), Î = 1, 2, 3, 4, 5. Upon reduction to N = 5

superspace, the N = 6 supercurrent JIJ leads to two N = 5 superfields, one of which is

the N = 5 supercurrent J Î and the other is an antisymmetric tensor K Î Ĵ :

J Î = J Î6| , K Î Ĵ = J Î Ĵ | , (3.11)

where the bar-projection means setting θ6α = 0. As a consequence of the N = 6 supercur-

rent conservation equation (1.5), J Î proves to obey the N = 5 supercurrent conservation

equation (1.3), while for K Î Ĵ we obtain the following constraint

DÎ
αK

ĴK̂ = D[Î
αK

ĴK̂] −
1

2
DL̂

αK
L̂[ĴδK̂]Î . (3.12)

The N = 6 → N = 5 superspace reduction of the two-point structure uIJ12 is similar

to (2.15). Therefore, the reduction of the two-point correlation function (3.1) is rather

trivial

〈K Î Ĵ(z1)K
K̂L̂(z2)〉 = cN=6

uÎK̂12 uĴL̂12 − uÎL̂12 u
ĴK̂
12

x12
2

, (3.13a)

〈J Î(z1)J
Ĵ(z2)〉 = cN=6

uÎ Ĵ12
x12

2
. (3.13b)

The three-point function (3.2) reduces to the following four correlation functions in

the N = 5 superspace

〈K Î ĴKK̂L̂KM̂N̂ 〉 , 〈K Î ĴKK̂L̂JM̂ 〉 , 〈K Î ĴJK̂J L̂〉 , 〈J ÎJ ĴJK̂〉 . (3.14)

These correlators can be obtained by considering different components of the tensor (3.7).

In particular, from the explicit form of the tensors (3.8) we immediately see that two of

the four correlators vanish

〈K Î ĴKK̂L̂KM̂N̂ 〉 = 0 , 〈K Î ĴJK̂J L̂〉 = 0 . (3.15)

For the other two we find

〈J Î(z1)J
Ĵ(z2)J

K̂(z3)〉 =
uÎ Î

′

13 u
Ĵ Ĵ ′

23

x13
2x23

2
H Î′Ĵ ′K̂

N=5 (X3,Θ3) , (3.16a)

H Î ĴK̂
N=5 = H Î6Ĵ6K̂6| = dN=6

1

4
(δÎ ĴεK̂L̂M̂N̂P̂ − δÎK̂εĴL̂M̂N̂P̂ − δĴK̂εÎL̂M̂N̂P̂ )

AL̂M̂AN̂P̂

X5

+dN=6ε
Î ĴK̂L̂M̂ AL̂M̂

X3
, (3.16b)
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and

〈K Î Ĵ(z1)J
K̂(z2)K

M̂N̂ (z3)〉 =
uÎ Î

′

13 u
Ĵ Ĵ ′

13 uK̂K̂′

23

x13
2x23

2
H Î′Ĵ ′K̂′M̂N̂

N=5 (X3,Θ3) , (3.17a)

H Î ĴK̂M̂N̂
N=5 = H Î ĴK̂6M̂N̂ | = 2dN=6

εÎ ĴK̂M̂N̂

X

+dN=6
AP̂ Q̂

X3
[εÎM̂N̂P̂ Q̂δĴK̂ − εĴM̂N̂P̂ Q̂δÎK̂ − εÎ ĴN̂ P̂ Q̂δK̂M̂

+εÎ ĴM̂P̂ Q̂δK̂N̂ − εK̂ÎM̂P̂ Q̂δĴN̂ + εK̂ĴM̂P̂ Q̂δÎN̂ + εK̂ÎN̂P̂ Q̂δĴM̂ − εK̂ĴN̂P̂ Q̂δÎM̂ ]

+
1

4
dN=6

AP̂ Q̂AR̂Ŝ

X5
[εK̂P̂ Q̂R̂Ŝ(δĴM̂δÎN̂ − δÎM̂δĴN̂ )− εĴ P̂ Q̂R̂Ŝ(δÎM̂δK̂N̂ − δK̂M̂δÎN̂ )

+εÎP̂ Q̂R̂Ŝ(δĴM̂δK̂N̂ − δĴN̂δK̂M̂ ) + εM̂P̂ Q̂R̂Ŝ(δÎK̂δĴN̂ − δĴK̂δÎN̂ )

−εN̂P̂ Q̂R̂Ŝ(δÎK̂δĴM̂ − δĴK̂δÎM̂ )] . (3.17b)

Comparing (3.16b) with (2.7) we find the relation among the coefficients

dN=6 = 4dN=5 . (3.18)

This relation, in conjunction with (2.24), gives us the ratio between the coefficients of two-

and three-point functions

dN=6

cN=6
= 4

dN=5

cN=5
=

1

4π
. (3.19)

This relation is a manifestation of a Ward identity which relates the supercurrent two-point

and three-point functions.

The tensor (3.17b) can be represented in the equivalent form

H Î ĴK̂L̂M̂
N=5 = dN=6

∑

n

anH
Î ĴK̂L̂M̂
n , (3.20a)

where the coefficients an are

a1 = a2 = 1 , a3 = a4 = −
1

2
, a5 = a6 = a7 = a8 =

1

2
, a9 = −

1

4
, (3.20b)

a10 = a11 = a12 = a13 = a14 = a15 =
1

8
, a16 = −

3

8
, a17 =

3

64
, (3.20c)
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and the tensors H Î ĴK̂L̂M̂
n are expressed in terms of the covariant objects (A.8)

H Î ĴK̂M̂N̂
1 =

εÎ ĴK̂M̂N̂

X
, (3.20d)

H Î ĴK̂M̂N̂
2 =

U K̂′K̂εÎ ĴK̂
′M̂N̂

X
, (3.20e)

H Î ĴK̂M̂N̂
3 =−

1

2

U P̂ Q̂

X
(εĴM̂N̂P̂ Q̂δÎK̂ − εÎM̂N̂P̂ Q̂δĴK̂) , (3.20f)

H Î ĴK̂M̂N̂
4 =

1

2

U P̂ Q̂

X
(UM̂K̂εN̂ ÎĴP̂ Q̂ − U N̂K̂εM̂ÎĴP̂ Q̂) , (3.20g)

H Î ĴK̂M̂N̂
5 =−

1

2

U P̂ Q̂

X
(εÎ ĴM̂P̂ Q̂δK̂N̂ − εÎ ĴN̂ P̂ Q̂δK̂M̂ ) , (3.20h)

H Î ĴK̂M̂N̂
6 =

1

2

U P̂ Q̂

X
(εK̂ÎM̂P̂ Q̂δĴN̂ − εK̂ĴM̂P̂ Q̂δÎN̂ − εK̂ÎN̂ P̂ Q̂δĴM̂ + εK̂ĴN̂P̂ Q̂δÎM̂ ) , (3.20i)

H Î ĴK̂M̂N̂
7 =

1

2

U P̂ Q̂

X
(U ĴK̂εM̂N̂ ÎP̂ Q̂ − U ÎK̂εM̂N̂ĴP̂ Q̂) , (3.20j)

H Î ĴK̂M̂N̂
8 =

1

2

U P̂ Q̂U L̂K̂

X
(δĴM̂εL̂N̂ ÎP̂ Q̂+δÎN̂εL̂M̂ĴP̂ Q̂−δĴN̂εL̂M̂ ÎP̂ Q̂ − δÎM̂εL̂N̂ ĴP̂ Q̂) , (3.20k)

H Î ĴK̂M̂N̂
9 =

1

4

U P̂ Q̂U R̂Ŝ

X
εK̂P̂ Q̂R̂Ŝ(δÎM̂δĴN̂ − δĴM̂δÎN̂ ) , (3.20l)

H Î ĴK̂M̂N̂
10 =

1

4

U P̂ Q̂U R̂Ŝ

X
[εÎP̂ Q̂R̂Ŝ(δĴM̂δK̂N̂ − δĴN̂δK̂M̂ )− (Î ↔ Ĵ)] , (3.20m)

H Î ĴK̂M̂N̂
11 =

1

4

U P̂ Q̂U R̂Ŝ

X
[εM̂P̂ Q̂R̂Ŝ(δÎN̂U ĴK̂ − δĴN̂U ÎK̂)− (M̂ ↔ N̂)] , (3.20n)

H Î ĴK̂M̂N̂
12 =

1

4

U P̂ Q̂U R̂Ŝ

X
[εM̂P̂ Q̂R̂Ŝ(δÎK̂δĴN̂ − δĴK̂δÎN̂ )− (M̂ ↔ N̂)] , (3.20o)

H Î ĴK̂M̂N̂
13 =

1

4

U P̂ Q̂U R̂Ŝ

X
[εĴ P̂ Q̂R̂Ŝ(δÎM̂U N̂K̂ − δÎN̂UM̂K̂)− (Î ↔ Ĵ)] , (3.20p)

H Î ĴK̂M̂N̂
14 = εÎ ĴK̂M̂N̂ Θ4

X3 , (3.20q)

H Î ĴK̂M̂N̂
15 =

U K̂′K̂εÎ ĴK̂
′M̂N̂Θ4

X3 , (3.20r)

H Î ĴK̂M̂N̂
16 =−

1

2

Θ4

X3U
P̂ Q̂(εK̂ÎM̂P̂ Q̂δĴN̂−εK̂ĴM̂P̂ Q̂δÎN̂−εK̂ÎN̂ P̂ Q̂δĴM̂+εK̂ĴN̂P̂ Q̂δÎM̂ ) , (3.20s)

H Î ĴK̂M̂N̂
17 =

Θ8

X5 ε
Î ĴK̂M̂N̂ . (3.20t)

In verifying that (3.20) coincides with (3.17b), it is advantageous to use the rela-
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tions (2.10)–(2.12) as well as the following N = 5 superspace identities

AIJAKL = A[IJAKL] −
1

3
X2(BIKBJL −BJKBIL) , (3.21)

4

3
BQK(BPIεMNJPQ −BPJεMNIPQ) =

4

3
BPK(BQMεIJNPQ −BQNεIJMPQ)

−2Θ2BPKεIJMNP , (3.22)

APQ(BIKεMNJPQ −BJKεMNIPQ) = APQ(BNKεIJPQM −BMKεIJNPQ)

−Θ2APKεIJMNP , (3.23)

where BIJ ≡ ΘIαΘJ
α.

For the tensor H Î ĴK̂M̂N̂ in the form (3.20) it is possible to check that it obeys the

equation

H Î ĴK̂M̂N̂ (−XT
1 ,−Θ1) = x13

2X3
2uÎ Î

′

13 u
Ĵ Ĵ ′

13 uK̂K̂′

13 uM̂M̂ ′

13 uN̂N̂ ′

13 U K̂′P̂
3 HM̂ ′N̂ ′P̂ Î′Ĵ ′

(X3,Θ3) ,

(3.24)

which ensures the invariance of the correlation function (3.17) under the interchange of

operators K Î Ĵ(z1) and KM̂N̂ (z3). Thus, the two N = 5 projections (3.16) and (3.17)

are invariant under interchange of positions of operators. This proves that the N = 6

correlation function (3.2) also respects this symmetry.

3.3 Further N = 5 → N = 4 superspace reduction

The N = 6 correlator (3.2) reduces to two N = 5 correlation functions (3.16) and (3.17),

one of which is just the N = 5 supercurrent correlator while the other is the mixed

correlator. The reduction to the N = 4 superspace of the N = 5 supercurrent correlation

function was considered in section 2.2. Here we will study the N = 4 superspace reduction

of the mixed correlator (3.17).

In this subsection the SO(5) indices are denoted by I, J,K, . . ., while the SO(4) indices

are denoted by the same letters with hats, e.g., Î , Ĵ , K̂, . . . The N = 4 superspace com-

ponents of the N = 5 supercurrent are given in (2.13). We define the N = 4 superspace

projections of the antisymmetric tensor KIJ as

LÎ Ĵ = K Î Ĵ | , RÎ = K Î5| , (3.25)

where the bar-projection means θ5α = 0. As a consequence of (3.12) they obey the following

equations

DÎ
αL

ĴK̂ = D[Î
αL

ĴK̂] −
2

3
DL̂

αL
L̂[ĴδK̂]Î , (3.26)

D(Î
α RĴ) −

1

4
δÎ ĴDK̂

α RK̂ = 0 . (3.27)

The latter equation coincides with (2.14a) while the former shows that LÎ Ĵ describes the

N = 4 flavour current multiplets. The antisymmetric tensor LÎ Ĵ can be further decomposed

into two components LÎ Ĵ
+ and LÎ Ĵ

− with different self-duality properties

1

2
εÎ ĴK̂L̂LK̂L̂

± = ±LÎ Ĵ
± . (3.28)
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The correlator 〈KIJJKKMN 〉 reduces to the following six correlation functions of the

N = 4 superfields

〈LÎ ĴSK̂LM̂N̂ 〉 , 〈LÎ ĴJLM̂N̂ 〉 , 〈LÎ ĴSK̂RM̂ 〉 , 〈LÎ ĴJRM̂ 〉 , 〈RÎSK̂RM̂ 〉 , 〈RÎJRM̂ 〉 .

(3.29)

They can be found by taking N = 4 superspace projections of the tensor (3.17b). In

particular, it is easy to see that three of these six correlators vanish

〈LÎ ĴSK̂LM̂N̂ 〉 = 0 , 〈LÎ ĴJRM̂ 〉 = 0 , 〈RÎSK̂RM̂ 〉 = 0 . (3.30)

For the other three we find

〈LÎ Ĵ(z1)J(z2)L
M̂N̂ (z3)〉=

uÎ Î
′

13 u
Ĵ Ĵ ′

13

x13
2x23

2
H Î′Ĵ ′M̂N̂ (X3,Θ3) , (3.31a)

H Î ĴM̂N̂ = dN=6

[

2
εÎ ĴM̂N̂

X
+

1

4

AP̂ Q̂AR̂Ŝ

X5
εP̂ Q̂R̂Ŝ(δĴM̂δÎN̂ − δÎM̂δĴN̂ ) (3.31b)

+
AP̂ Q̂

X3
(εĴM̂P̂ Q̂δÎN̂ + εÎN̂ P̂ Q̂δĴM̂ − εĴN̂ P̂ Q̂δÎM̂ − εÎM̂ P̂ Q̂δĴN̂ )

]

,

〈LÎ Ĵ(z1)S
K̂(z2)R

L̂(z3)〉 =
uÎ Î

′

13 u
Ĵ Ĵ ′

13 uK̂K̂′

23

x13
2x23

2
H Î′Ĵ ′K̂′L̂(X3,Θ3) , (3.32a)

H Î ĴK̂L̂ = dN=6

[

2
εÎ ĴK̂L̂

X
+

1

4

AP̂ Q̂AR̂Ŝ

X5
εP̂ Q̂R̂Ŝ(δĴK̂δÎL̂ − δÎK̂δĴL̂) (3.32b)

+
AP̂ Q̂

X3
(εÎL̂P̂ Q̂δĴK̂ − εĴL̂P̂ Q̂δÎK̂ − εÎ Ĵ P̂ Q̂δK̂L̂ + εK̂ÎP̂ Q̂δĴL̂ − εK̂ĴP̂ Q̂δÎL̂)

]

,

〈RÎ(z1)J(z2)R
Ĵ(z3)〉 =

uÎ Î
′

13

x13
2x23

2
H Î′Ĵ(X3,Θ3) , (3.33a)

H Î Ĵ = −dN=6

[

εÎ ĴK̂L̂A
K̂L̂

X3
+

1

4
δÎĴεK̂L̂M̂N̂ AK̂L̂AM̂N̂

X5

]

. (3.33b)

The correlation function (3.31) can be decomposed into two parts with opposite self-

duality properties

〈LÎ Ĵ
± (z1) J(z2)L

M̂N̂
± (z3)〉 =

uÎ Î
′

13 u
Ĵ Ĵ ′

13

x13
2x23

2
H Î′Ĵ ′M̂N̂

± (X3,Θ3) , (3.34a)

H Î ĴM̂N̂
± =

1

2
H Î ĴM̂N̂ ±

1

4
εÎ ĴK̂L̂HK̂L̂M̂N̂ = dN=6

1

X
(εÎ ĴM̂N̂ ± δÎM̂δĴN̂ ∓ δÎN̂δĴM̂ )

−
1

8
dN=6

AP̂ Q̂AR̂Ŝ

X5
εP̂ Q̂R̂Ŝ(δÎM̂δĴN̂ − δĴM̂δÎN̂ ± εÎ ĴM̂N̂ )

+
1

2
dN=6

AP̂ Q̂

X3
[εĴM̂P̂ Q̂δÎN̂ + εÎN̂ P̂ Q̂δĴM̂ − εĴN̂ P̂ Q̂δÎM̂ − εÎM̂ P̂ Q̂δĴN̂

±2δP̂ Ĵ(δN̂ ÎδQ̂M̂ − δM̂ÎδQ̂N̂ )∓ 2δP̂ Î(δN̂ĴδQ̂M̂ − δM̂ĴδQ̂M̂ )] . (3.34b)

This correlator was found in [2] in another form within the iso-spinor formalism. We point

out that in (3.34a) there is no mixed correlator involving both LÎ Ĵ
+ and LÎ Ĵ

− .
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4 Discussion

As continuation of the program initiated in [1, 2], in this paper we have computed the two-

and three-point correlation functions of the supercurrent multiplets in general N = 5, 6

superconformal field theories in three dimensions. We demonstrated that the functional

form of each of these correlators is completely determined by the superconformal symmetry

modulo a single overall coefficient. The ratio of the coefficients arising in the two-point

and three-point functions is fixed by the Ward identities. The remaining coefficients are

model-dependent.

Every N = 5 or N = 6 superconformal field theory can be viewed as a special N = 4

superconformal field theory. We demonstrated that the general property of the N = 5 or

N = 6 superconformal field theories is that they are invariant under the N = 4 mirror map.

As is explained in section 1, the N = 5 supercurrent is described by an iso-vector

JI while the N = 6 supercurrent is given by an antisymmetric tensor JIJ . As a conse-

quence, their three-point correlation functions are specified by rank-3 HIJK and rank-6

HIJKLMN tensors, respectively. Although the form of the tensor HIJK is relatively com-

pact, see (2.7), the N = 6 tensor HIJKLMN has rather clumsy form because of proliferation

of SO(6) indices (3.8). It is desirable to develop a superspace formalism that provides a

compact form for these correlators. It is natural to expect that this should be a version of

harmonic/projective superspace since supercurrents in such superspaces may be realised

as scalar superfields.

A few years ago, ref. [26] presented a family of homogeneous spaces, M3|2N ×X
N
m , of the

3D N -extended superconformal group OSp(N|2,R), for any positive integer m ≤ [N/2],

with [N/2] the integer part of N/2. Here M
3|2N denotes the compactified N -extended

Minkowski superspace on which the superconformal group OSp(N|2,R) acts by well-defined

transformations. The usual Minkowski superspace is embedded in M
3|2N as a dense open

subset. The internal sector X
N
m of M3|2N × X

N
m is realised in terms of odd supertwistors

subject to certain conditions [26]. For many applications, it suffices to work with the

dense open subset M3|2N × X
N
m of M3|2N × X

N
m . Then the points of XN

m can be identified

with m complex N -vectors Zj = (ZI
j) ∈ C

N − {0} which are required to (i) be linearly

independent; (ii) obey the null conditions

Zj · Zk := ZI
jZI

k = 0 , ∀j, k = 1, . . . ,m ; (4.1)

and (iii) be defined modulo the equivalence relation

ZI
j ∼ ZI

k Dk
j , D = (Dk

j) ∈ GL(m,C) . (4.2)

In the case N = 3 and m = 1, M3|6 × X
3
1 may be seen to be equivalent to the standard

N = 3 harmonic superspace M
3|6 × CP 1 [7]. It was shown in [26] that for N > 2 and

m = 1 the internal manifold X
N
1 is a symmetric space,

X
N
1 = SO(N )/SO(N − 2)× SO(2) , N > 2 . (4.3)

When dealing with the N = 5 supercurrent JI , it is natural to make use of the

harmonic/projective superspace M
3|10 × X

5
1. Using the null five-vector ZI parametrising
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X
5
1, we introduce the first-order operators

Dα := ZID
I
α , {Dα,Dβ} = 0 (4.4)

and associate with JI the superfield J := ZIJ
I . Then, the supercurrent conservation

equation (1.3) implies that J is an analytic superfield,

DαJ = 0 . (4.5)

When dealing with theN = 6 supercurrent JIJ = −JJI , it is natural to make use of the

harmonic/projective superspace M
3|12 × X

6
2. Using the null six-vectors ZI

j parametrising

X
6
2, we introduce the first-order operators

D
j
α := ZI

jDI
α , {D

j
α,D

k
β} = 0 , j, k = 1, 2 (4.6)

and associate with JIJ the superfield J := 1
2εjkZ

j

IZ
k
JJ

IJ , with εjk an antisymmetric tensor.

Then the supercurrent conservation equation (1.5) implies that J is an analytic superfield,

D
j
αJ = 0 . (4.7)

It is clear that the correlation functions of the N = 5 and N = 6 supercurrent mul-

tiplets should simplify if the above harmonic/projective superspace settings are used. It

would be interesting to develop superconformal formalisms to compute correlation func-

tions of primary analytic superfields in such superspaces.

In a recent work [27], a non-standard N = 6 harmonic superspace was introduced

with the aim to study the three-point correlation functions of BPS operators in N = 6

superconformal field theories. It was pointed out that the supercurrent multiplet is a BPS

operator, and therefore [27] provided a harmonic-superspace expression for the supercurrent

three-point correlator. However, the authors of [27] did not describe how their harmonic

superspace is related to the superspacesM3|12×X
6
m introduced in [26]. As a result, a precise

relationship between the results of [27] and the present paper remains to be understood.

Another possible extension of the present work is the study of four-point correlation

functions of conserved currents in three-dimensional superconformal field theories. One can

hope that the extended supersymmetry imposes so strong constraints, for sufficiently large

N , on the four-point correlators that their form can be found explicitly, as demonstrated

for the 4D N = 4 SYM theory [28]. We leave these issues for further studies.
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A Two- and three-point building blocks

In this appendix we give a brief summary of the two- and three-point superconformal

structures N -extended superspace, which were introduced in [1]. These structures have

been used in the construction of the supercurrent correlation functions in the main body

of the paper.

ConsiderN -extended Minkowski superspaceM3|2N parametrised by real bosonic xαβ =

xβα and fermionic θαI coordinates

zA = (xαβ , θαI ), α = 1, 2 , I = 1, . . . ,N . (A.1)

Here α, β are the SL(2,R) spinor indices, while I is the R-symmetry index. All building

blocks are composed of the two-point structures

x
αβ
12 = (x1 − x2)

αβ + 2iθ
(α
1I θ

β)
2I − iθα12Iθ

β
12I , (A.2a)

θα12I = (θ1 − θ2)
α
I . (A.2b)

The matrix (A.2a) has the following symmetry property

x
αβ
21 = −x

βα
12 . (A.3)

A useful object is the square of this matrix

x12
2 := −

1

2
x
αβ
12 x12αβ . (A.4)

One more important two-point structure is the N ×N matrix

u12 = (uIJ12 ) , uIJ12 = δIJ + 2iθαI12 (x
−1
12 )αβθ

βJ
12 , (A.5)

where

(x−1
12 )αβ = −

x12βα

x12
2

(A.6)

is the inverse for (x12)
αβ , that is (x−1

12 )αβ(x12)
βγ = δγα. One may check that the matrix

u12 is orthogonal and unimodular,

uT12u12 = 1N , detu12 = 1 . (A.7)

As is shown in [1], the two-point structures (A.2a), (A.4) and (A.5) transform covariantly

under the superconformal group i.e., as the tensors with Lorentz and SO(N ) indices at both

superspace points. Here we do not give their transformation laws referring the readers to

our previous works [1, 2].

Associated with three superspace points z1, z2 and z3 are the following three-point

structures:

X1αβ = −(x−1
21 )αγx

γδ
23(x

−1
13 )δβ , (A.8a)

ΘI
1α = (x−1

21 )αβθ
Iβ
12 − (x−1

31 )αβθ
Iβ
13 , (A.8b)

U IJ
1 = uIK12 uKL

23 uLJ31 . (A.8c)
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These objects are labeled by the index 1 reflecting the fact that they transform as tensors

in the superspace point z1. Performing the cyclic permutation of superspace points z1, z2
and z3 one can obtain similar objects transforming as tensors in points z2 and z3. The

three-point structures at different superspace points are related to each other as follows

xαα′

13 X3α′β′x
β′β
31 = −(X−1

1 )βα =
X

αβ
1

X1
2
, (A.9a)

ΘI
1γx

γδ
13X3δβ = uIJ13Θ

J
3β , (A.9b)

U IJ
3 = uIK31 UKL

1 uLJ13 . (A.9c)

The three-point structures (A.8) have several important properties. In particular, the

tensor (A.8a) can be decomposed into symmetric and antisymmetric parts

Xαβ = Xαβ −
i

2
εαβΘ

2 , (A.10)

where the symmetric spinor Xαβ = Xβα is equivalently represented as a three-vector Xm =

−1
2γ

αβ
m Xαβ . Here and below we suppress the subscript labelling the superspace point.

Next, the matrix (A.8c) can be expressed in terms of (A.8a) and (A.8b) similarly

to (A.5):

U IJ = δIJ + 2iΘI
α(X

−1)αβΘJ
β = δIJ − 2

AIJ

X2 +
ΘIαΘJ

αΘ
2

X2 , (A.11)

where

AIJ = iΘIαXαβΘ
Jβ . (A.12)

We point out that the three-point objects (A.8) look like local expressions. In fact,

in computing correlators we consider functions of these objects obeying certain differential

equations. These differential equations involve generalised superspace derivatives such as

DI
α =

∂

∂Θα
I

+ iγmαβΘ
Iβ ∂

∂Xm
. (A.13)

This derivative should not be confused with the usual superspace derivative DI
α = ∂

∂θα
I

+

iγmαβθ
Iβ ∂

∂xm which acts on the superspace coordinates (A.1). The anticommutation relations

for these derivatives are

{DI
α, D

J
β} = 2iδIJ∂αβ , (A.14)

and similar for the generalised ones (A.13).
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