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1 Introduction

There has recently been considerable work on defining and studying supersymmetric gauge
theories on curved backgrounds. The main reason for this interest is that these quantum
field theories possess classes of observables that may be computed exactly using localization
methods. Such non-perturbative results allow for quantitative tests of various conjectured
dualities, and have also led to the discovery of new dualities. A primary example is the
AdS/CFT correspondence, where exact strong-coupling field theory calculations may be
compared to semi-classical gravity.

In this paper we focus on rigid supersymmetry in d = 5 dimensions, which is currently
not as well-developed as its lower-dimensional cousins. Supersymmetric gauge theories were
constructed and studied on the round S® in [1-4]. The product background S' x S$* studied
in [5, 6] leads to the superconformal index. As in lower dimensions, the first constructions
of non-conformally flat backgrounds were produced via various ad hoc methods. These
include the squashed S® geometries of [7, 8], and the product backgrounds S3 x ¥ [9, 10]
and S2% x M3 [11-13]. In the latter two cases the spheres are round, while supersymmetry on
the Riemann surface X9 or three-manifold Mj is achieved via a topological twist utilizing
the SU(2)r symmetry of the theory. These constructions have been used to successfully
test AGT-type correspondences.

A systematic method for constructing rigid supersymmetric field theories on curved
backgrounds, in any dimension d, was initiated in [14]. Here one first couples the field



theory to off-shell supergravity, and then takes a decoupling limit in which the gravity
multiplet becomes a non-dynamical background field. This approach was applied to five-
dimensional Poincaré supergravity [15-17] in the series of papers [18-20].! Supersymmetry
of the background requires a certain generalized Killing spinor equation to hold, whose
related geometry was investigated in [18], together with an algebraic “dilatino” equation
which was studied in [19]. The latter reference recasts these conditions into local geometric
constraints on the five-manifold Ms5. As in lower dimensions, one finds that the background
is parametrized by various arbitrary functions/tensors. In particular (Ms,g) is equipped
with a Killing vector field & = 9y, with dual one-form S?(dy + p) and transverse four-
dimensional metric g, where locally the function S = ||£|| and tensors p and g are
&-invariant but otherwise freely specifiable.? The authors of [19] furthermore show that
locally all deformations of the background fields lead to Q-exact deformations of the action,
where () is the supercharge. Despite this generality, these backgrounds apparently don’t
include the conformally flat S! x S* geometry mentioned above [19]. We shall comment
further on these issues later.

In [1] a twisted version of N = 1 super-Yang-Mills theory is defined on contact five-
manifolds (Ms,n). Here 7 is a contact one-form, meaning that n A dn A dn is a volume
form. On a Sasaki-Einstein five-manifold [22] one can construct N' = 1 super-Yang-Mills
coupled to matter [23]. This is essentially because the two Killing spinors on a Sasaki-
Einstein manifold satisfy the same Killing spinor equations as those on the round sphere.

For the special class of toric (U(1)3

-invariant) Sasaki-Einstein manifolds of [24] the localized
perturbative partition function has been computed in [25-27], with the last reference also
giving a conjectured formula for the full partition function. The authors of [28] furthermore
show that one can define a twisted version of N' = 2 super-Yang-Mills theory on any K-
contact five-manifold. We also note that K-contact geometry arises as a special case in [18].

In the present paper we instead take a holographic approach, similar to [29] in lower
dimensions, to construct rigid supersymmetry in five dimensions. Here Mj5 is realized
as the conformal boundary of a six-dimensional bulk solution of Romans F'(4) gauged
supergravity [30]. Some of the groundwork for this was laid in [31, 32], where supergravity
duals of the squashed five-sphere backgrounds of [7, 8] were constructed (see also [33, 34] for
holographic duals to the supersymmetric Rényi entropy in five dimensions). We begin with
a general supersymmetric asymptotically locally AdS solution to the Romans theory, and
extract the conditions this imposes on the five-dimensional conformal boundary. Although
the resulting spinor equations are quite complicated, we will show they are completely
equivalent to a very simple geometric structure. We find that Ms is equipped with a
conformal Killing vector £ = 0y, which generates a transversely holomorphic foliation. This
is compatible with an almost contact form n = dy + p, where up to global constraints
that we describe the norm S = ||¢|| and p are arbitrary, and the transverse metric g is
Hermitian. The only other remaining freedom is an arbitrary function « (such that S« is
&-invariant), which together with the metric determines all the remaining background data.

1See [21] for the construction of supersymmetric Lorentzian backgrounds within the superspace formu-
lation of five-dimensional conformal supergravity.
2There are also additional freely specifiable fields, which determine the rest of the background.



This structure is similar to the rigid limit of Poincaré supergravity described above, but
with the addition of an integrable transverse complex structure and Hermitian metric. In

[13

fact it is a natural hybrid of the “real” three-dimensional rigid supersymmetric geometry
studied in [35, 36] and the four-dimensional supersymmetric geometry of [37, 38] (where
the four-manifold is complex with a compatible Hermitian metric).

The outline of the rest of the paper is as follows. In section 2 we summarize the form of
supersymmetric asymptotically locally AdS solutions to Romans supergravity, in particular
extracting the Killing spinor equations on the conformal boundary Ms. These are then
used as a starting point for a purely five-dimensional analysis in section 3. We show that
the spinor equations are completely equivalent to a simple geometric structure on Ms, and
present a number of subclasses and examples, including many of the examples referred to
above. In section 4 we construct N' = 1 supersymmetric gauge theories formed of vector and

hypermultiplets on this background geometry. Our conclusions are presented in section 5.

2 Rigid supersymmetry from holography

The bosonic fields of the six-dimensional Romans supergravity theory [30] consist of the
metric, a scalar field X, a two-form potential B, together with an SO(3)gr ~ SU(2)r R-
symmetry gauge field A® with field strength F* = dA* — %gijkAj A A¥ where i = 1,2, 3.
Here we are working in a gauge in which the Stueckelberg one-form is zero, and we set the
gauge coupling constant to 1. The Euclidean signature equations of motion for this theory
may be found in [32], although we will not require their explicit form here.

A solution is supersymmetric provided there exists a non-trivial SU(2)g doublet of
Dirac spinors €7, I = 1,2, satisfying the following Killing spinor and dilatino equations
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Here I'js are taken to be Hermitian and generate the Clifford algebra Cliff(6,0) in an
orthonormal frame, M = 0,...,5. We have defined the chirality operator I'y = il'g12345,
which satisfies (F7) = 1. The covariant derivative acting on the spinor is Dyse; = \V/ MEr+
‘AZ (01)1 €7, wWhere VM om + %QMNPFNP denotes the Levi-Civita spin connection
Whlle oi, 1 =1,2,3, are the Pauli matrices.

Given a supersymmetric asymptotically locally AdS solution we may introduce a radial
coordinate r, so that the conformal boundary is at r = oo and the metric admits an
expansion of the form

9dr?

ds? = 3,2 + 72 G + 29(2) + -+ | dztdax” . (2.3)



Here o#, n = 1,...,5, are coordinates on the conformal boundary, which has metric g =
(guv). Notice that the particular form of the metric in (2.3) is not reparametrization
invariant under r — Ar, where A = A(z*). However, the correction terms under such a
transformation are subleading in the 1/r expansion. This will play an important role in
the next section.

For simplicity we shall mainly consider Abelian solutions in which A! = A? = 0, and
A% = A, with field strength ' = dA. Similarly to the metric (2.3) we then write the
following general expansions for the remaining bosonic fields

1
X=145Xo+ -,
T

1
B=rb——drANA® +...
r
A=a+---, (2.4)
where we define f = da. Some of the terms a priori present in these expansions are set to

zero by the equations of motion; for example, the O(1/r) term in the expansion of X [32].
The Killing spinors similarly admit an expansion of the form

e =T < M ) + } (?”) +O(r32) . (2.5)
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Here we have used the orthonormal frame
3 dr
v
for the metric (2.3). Furthermore, the spin connection expands as
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Also as in [32] we consider a “real” class of solutions for which e satisfies the symplectic
Majorana condition & IJ ej = Cee; = €7, where Cg denotes the charge conjugation matrix,
satisfying F%F/[ =Cq 1Cs. The bosonic fields are all taken to be real, with the exception
of the B-field which is purely imaginary. With these reality properties, one can show that
the Killing spinor equation (2.1) and dilatino equation (2.2) for ey are simply the charge
conjugates of the corresponding equations for e¢;. In this way we effectively reduce to a
single Killing spinor € = €1, with SU(2)g doublet (e, ). We then note the following large

r expansions of bilinears:?

€l7e = 4aS+ -,
i€’ qye = 287Ky — 3v2dr + -+ (2.8)

Here we have defined I'ij) =T’ wEM and

S=xx. (2.9)

3Here we take the spinors to be Grassmann even.



We also note that the bilinear eTF(l)e is a Killing one-form in the bulk [32]. This will hence
restrict to a conformal Killing vector on the boundary at r = oco.

Substituting the expansions (2.5) into the bulk Killing spinor equation (2.1), at the
first two orders we obtain
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Here ~,, generate the Clifford algebra Cliff (5, 0) in an orthonormal frame, while V denotes
the Levi-Civita spin connection for the boundary metric g. Similarly, the bulk dilatino
equation (2.2) implies

1 V2 i i i
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As explained in [32], equation (2.10) may be rewritten in the form of a charged confor-
mal Killing spinor equation, with additional b-field couplings. Setting b = 0 one obtains the
standard charged conformal Killing spinor equation, whose solutions (twistor spinors) have
been studied in the holographic context for three-manifolds and four-manifolds in [29, 38—
41]. On the other hand, previous work on rigid supersymmetry in five dimensions [18-20]
has used Killing spinor equations of a different form, without the coupling to ¢ in (2.10).
We may make closer contact with this work by noting that supersymmetry in the bulk also
implies the algebraic relation

i 1%
o= —ax — i(Kz)w X - (2.13)

This follows from the bilinear expansions (2.8).
In the remainder of the paper we shall take equations (2.10), (2.11), (2.12), and (2.13)
as our starting point for a purely five-dimensional analysis.

3 Background geometry

In this section we begin with a Riemannian five-manifold (Ms, g), on which we’d like to
define rigid supersymmetric gauge theories. The gauge/gravity correspondence implies this
should be possible, provided the spinor equations derived in the previous section hold.
Let us summarize the background data. In addition to the real metric g, we have two
generalized Killing spinors x, ¢. Globally these are spin® spinors, being sections of the spin
bundle of Mj tensored with L=2 y,¢ € I'[Spin(Ms) ® L~/?], where L is the complex
line bundle for which the real gauge field a is a connection. This Abelian gauge field is a
background field for U(1)r C SU(2) g, with (x, x°), (¢, ¢¢) forming SU(2) g doublets, where
x¢ = Cx* with C the five-dimensional charge conjugation matrix. The spinors x, ¢ then
satisfy the coupled Killing spinor equations (2.10), (2.11), where the background b-field is



taken to be a purely imaginary two-form, A is a purely imaginary one-form, while Wy =
gvow,” s real and symmetric. Furthermore, x and ¢ are related algebraically by (2.13),
which introduces the additional background fields « and K5, which are respectively a real
function and real one-form. Finally we have the dilatino equation (2.12), which introduces
the real background function Xs.

In the remainder of this section we shall analyse the geometric constraints that these
equations impose on (Ms, g). Although the background data and equations (2.10)—(2.13)
appear a priori complicated, in fact we shall see that the geometry they are equivalent to
is very simple.

3.1 Differential constraints

In the analysis that follows it is convenient to assume that the spin€ spinor x is nowhere zero.
More generally x could vanish along some locus Z C M5, and the local geometry we shall de-
rive below is valid on M5\ Z. If Z is non-empty one would need to impose suitable boundary
conditions, although we shall not consider this further in this paper. A nowhere zero spin¢
spinor equips (M3, g) with a local SU(2) structure. Specifically, we may define the bilinears

1
S = x'x, K, = gxwa)x,
i 1
X)X (X)X (3.1)
Here we have introduced the notation 7, = %’ym...#ndxul A -+ A dzt, where x¥,
pw=1,...,5, are local coordinates on Mj. Since Y is nowhere zero the scalar function S

is strictly positive, and it makes sense to normalize the bilinears as in (3.1). We note that
K is a real unit length one-form, while J is a real two-form with square length ||.J]|? = 2.
Here the square norm of a p-form ¢ is defined via ||¢||? vols = ¢ A *¢, where * denotes the
Hodge duality operator on (Ms,g) and vol; denotes the Riemannian volume form. The
complex bilinear Q is globally a two-form valued in the line bundle L.

That x, or equivalently the bilinears (3.1), defines a local SU(2) structure follows from
some simple group theory. The spin group is Spin(5) = Sp(2) C U(4), with the latter acting
in the fundamental representation on the spinor space C*. The stabilizer of a non-zero
spinor is then Sp(1) = SU(2). When Mj5 is spin and L is trivial, so that x € I'[Spin(M5)],
this defines a global SU(2) structure. However, more generally we require only that M; is
spin®, and in this case the global stabilizer group is enlarged to U(2): the additional U(1)
factor rotates the spinor by a phase, which may be undone by a U(1) gauge transformation.
To see this in more detail we introduce a local orthonormal frame e*, a = 1,...,5, so that

Ky =¢’, J = el ne2+e3net, Q= (el +ie?) A (€3 +1ie?), (3.2)

where the metric is g = >.°_,(e%)2. The U(2) = SU(2) xz, U(1) structure group acts in
the obvious way on the C? spanned by e! +ie?, e +ie?. This leaves K1, J and the metric g
invariant, but rotates {2 by the determinant of the U(2) transformation. In order for this to
be undone by a gauge transformation, this identifies the line bundle as L = A?°. The latter

is the space of Hodge type (2,0)-forms for the four-dimensional vector bundle spanned by



el, €2, €3, e, and with almost complex structure I for which e' + ie? and e® + ie* are

(1,0)-forms. Thus our rigid supersymmetric geometry will in general be equipped with a
global U(2) structure on M5 (or more precisely on Ms \ Z).

The one-form SK; = XT'Y(I)X arises simply from the restriction of the bulk Killing one-
form eTF(l)e to the conformal boundary, and thus defines a conformal Killing one-form on
(Ms, g). This is easily confirmed from the Killing spinor equation (2.10) for x, which implies

v(,u(SKl)u) = Eg(log S)g;w s (3.3)

where we have introduced the dual vector field £, defined by g(¢,-) = SK;, and £ denotes
the Lie derivative.

One finds that the spinor equations (2.10)—(2.13) imply the following differential con-
straints:

V2 y 1
dS = —— (SKa +1i¢h) , d(Sa) = W

3 i¢da, (3.4)

d(SK,) = 2v2 [QaSJ + SKi A Ko +iSh— 2@5(*b)} (3.5)
d(SKy) = 1z5db —iLe(log S)b, (3.6)
d(SJ) = —V2Ky A (SJ), (3.7)
d(89Q) = —i <a —2V2aK; — V2 Kz) (59). (3.8)

Here (iv¢)a1--‘ap,1 7 ®bay---ap , defines the interior contraction of a vector V into a p-
form ¢. Notice that the background data Xo, A®) and w,, in (2.10)-(2.13) does not enter
equations (3.4)—(3.8): they simply drop out (one only needs to use the reality properties
we specified, together with the fact that w,, = w,, is symmetric).

It is straightforward to verify that (3.4)—(3.8) are invariant under the Weyl transfor-

mations
3
a— A, a — a, Ky — Ky — —dlogA,
2 2 2 g
S — AS, Ki — AKq, b — Ab,
g — ANyg, J — A%J, Q — AQ. (3.9)

This symmetry is of course inherited from invariance under the change of radial variable
r — Ar in the bulk. If S is nowhere zero notice that one might use this symmetry to set
S=1.

Using equations (3.4)—(3.8) one can show that the conformal Killing vector £ preserves
all of the background geometric structure, provided one rescales the fields by appropriate
powers of S according to their Weyl weights in (3.9). For instance, contracting £ into the
second equation in (3.4) shows that L¢(Sa) = 0. On the other hand, taking the exterior
derivative of the same equation one finds L¢da = 0. One can hence locally choose a gauge
in which a is invariant under L¢, so that the second equation in (3.4) is solved by

Sa = (3.10)

ZG
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In a similar way, one can show that also S™'b and S~2J are invariant under Le, while
S72Q) is invariant under L¢ in the gauge choice for which (3.10) holds. Notice that the
first equation in (3.4) implies that i¢ Ko = —%Lg(log S).

Without loss of generality it is convenient to henceforth impose L¢S = 0.4 In terms
of the bulk expansion in section 2 this means choosing the radial coordinate r to be in-
dependent of the bulk Killing vector. This is a natural choice, which in turn implies that
LeS =0 and SK; is Killing, and we shall make this convenient (partial) conformal gauge

choice in the following. We may then introduce a local coordinate 1 so that
§=0y . (3.11)
The condition L£¢S = 0 is then equivalent to S being independent of ).

3.2 Geometric structure

The Killing vector £ has norm S, and the dual one-form K; may be written locally as
Ky =Sy +p) = Sn, (3.12)

where i¢p = 0. Notice that 7 has Weyl weight zero and norm 1/S. The local frame
e1, €9, e3,e4 provide a basis for D = kern, and D inherits an almost complex structure
from J. One then defines an endomorphism ® of the tangent bundle of M5 by

®|lp=1, ®|=0, (3.13)

where I is the almost complex structure. One easily verifies that ®? = —1 + £ ® 1), which
is a defining relation of an almost contact structure. Moreover, the five-dimensional metric
takes the form

dsiy, = S*n* +dsj, (3.14)

where ds? is Hermitian with respect to I. Although ¢ is Killing, this structure is in
general not a K-contact structure, which is a stronger condition. In particular the latter
requires [42] that dn is the fundamental (1,1)-form J associated to the transverse almost
complex structure (which in general is not the case here), which in turn implies that 7 is a
contact form, i.e. that n A dn A dn is a volume form (which in general is also not the case
here). Notice that since £ is nowhere zero, its orbits define a foliation of Ms.

Let us now turn to the differential constraints (3.4)—(3.8). The two equations (3.4)
allow us to write

3
b:isn/\<K2+\/§d10gS>+bJ_, a = 2vV2San+a, , (3.15)
where b, and a, are basic forms for the foliation defined by &; that is, they are invariant
under, and have zero interior contraction with, £. Recall that in writing the gauge field
in the form in (3.15) we have made a (partial) gauge choice, as in (3.10). This leaves a

4An exception being the S* x S* geometry discussed in section 3.3.



residual gauge freedom a; — a; + dA, where \ is a basic ({-invariant) function. The
equation (3.6) is simply equivalent to b being invariant under &.
The differential constraint (3.5) reduces to

2
dp:;)/;(—im by +2ib; +4ald) . (3.16)
Here *4 is the Hodge dual with respect to the transverse four-dimensional metric ds?l, with
volume form e! A e? A e? Aet. Tt is then convenient to introduce

by =b"+b", (3.17)

decomposing into the transversely self-dual and anti-self-dual parts. Equation (3.16) is
then equivalent to

3 i
bt =i(4ad — —=5d +>, b =———=8dp™ . 3.18
1<a e Vo (3.18)

The constraint (3.7) simply identifies
0=J.dJ =—V2Ky —dlog$, (3.19)

with the Lee form 6 of the transverse four-dimensional Hermitian structure. That is, every
four-dimensional Hermitian structure with fundamental two-form J satisfies dJ = 0 A J.
Finally, the differential constraint (3.8) now reads

dQ = (0 —ia ) A Q. (3.20)

This implies that the almost complex structure I is integrable, thus defining a transversely

holomorphic foliation of Ms. We may introduce local coordinates 1, z1, z2 adapted to the

foliation, where the transition functions between the z1, zo coordinates are holomorphic.
Notice that we may rewrite (3.20) as

dQ = —iachem N 2, (3.21)
where we have defined

QChern = Q| — I(H) 5 (322)
and I(0) = —iysJ, where 07 is the vector field dual to §. To obtain an explicit expression

for the Chern connection acpem, We begin by noting that Q A Q = 2J A J. Using local
coordinates z%, o = 1,2, for the transverse space we may write

QO=fdtAd2,  J = %gggdza AdZP (3.23)

which implies that |f| = \/detg4). Notice that globally f is a section of L~!, where
L = A%0 = K is the canonical bundle. Writing f = |f|e!* we then have

1
dQ=dlog fAQ =i <2dc log det gt*) + d¢> AQ, (3.24)



where d° = I o d. We thus recognize (up to gauge)
L e ()
GChern = _id log det g (3.25)

as the Chern connection on the canonical bundle.

The geometric content of the differential constraints (3.4)—(3.8) may hence be sum-
marized as follows. M5 is equipped with a transversely Hermitian structure, so that the
metric takes the form

dsiy, = S*(dy + p)* + dsj] (3.26)

Here the Killing vector is £ = 9y, which generates a transversely holomorphic foliation.
The almost contact form is 7 = (dv + p), and ds? is a transverse Hermitian metric. One
is also free to specify the functions « and S. Given this data, the remaining background
fields a and b that enter (3.4)—(3.8) are determined via

a = 2\/55'0417 + achern + 1(0),

i i
——8Sn A0 —2dlog8S) + diad — —S(3dpT +dp7) . 3.27
VR ( og S) + 4ia 7 (3dp p) (3.27)

In particular the choice of a transverse Hermitian metric ¢(* fixes the two-form J, and

b:

hence the Lee form 6, while the Hodge type (2,0)-form ©Q and Chern connection achern
in (3.25) are also determined up to gauge. Notice that the terms San and I(f) entering
the formula for a in (3.27) are both global one-forms on M;, implying that globally a is a
connection on L = A?0,

We shall furthermore show in section 3.4 that any choice of transversely Hermitian
structure on M5 of the above form gives a supersymmetric background. In particular the
remaining background fields X», A©, and wyy appearing in the spinor equations (2.10)—
(2.13) are also determined by the above geometric data.

3.3 Examples

In this section we shall present some explicit examples of the above construction. These
include all explicit examples appearing in the literature (within the Abelian truncation on
which we are mostly focusing), including examples with six-dimensional gravity duals, plus
large families of new solutions.

General families. We begin by noting some special families of backgrounds:

e Setting p = 0 and S = 1 gives a product metric M5 = R x My or M5 = S' x My,
where M, is any Hermitian four-manifold. Notice this four-manifold geometry is the
same as the rigid supersymmetric geometry one finds in four dimensions [29, 37]. The
first reference here follows a similar holographic approach to the present paper, while
the second takes a rigid limit of “new minimal” supergravity in four dimensions.

e If df = 0 then the transverse Hermitian metric is locally conformally Ké&hler.

— If furthermore 8 = 0 then the transverse four-metric is Kahler.

~10 -



— If & = 0 and dp is a positive constant multiple of J then the five-metric is
locally conformally Sasakian. Supersymmetric gauge theories on Sasaki-Einstein
manifolds, for which furthermore S = 1 and g is a positively curved Einstein
metric, were defined in [23], and further studied in [25-28].

e We may take any circle bundle over a product of Riemann surfaces S! < £; x25. The
Hermitian metric may be taken to be simply a product of two metrics on the Riemann
surfaces, while p is the connection one-form for the fibration. One can generalize this
further by allowing S' orbibundles over a product of orbifold Riemann surfaces.

— If we only fibre over X1, this leads to direct product M3 x Yo solutions, where
Ms is a Seifert fibred three-manifold. Notice this three-manifold geometry is
the same as the rigid supersymmetric geometry in three dimensions [35]. Max-
imally supersymmetric Yang-Mills theory has been studied on similar back-
grounds in [9-13], including the direct products S® x ¥ and Mz x S2. Here the
spheres are equipped with round metrics and the associated canonical spinors,
while the spinors on ¥ and M3 are constructed by topologically twisting with
the SU(2) g symmetry.

e Finally, if dp has Hodge type (1,1) the transversely holomorphic foliation admits a
complexification [43], i.e. adding a radial direction to £ we naturally have a complex
six-manifold Mg, with a transversely holomorphic foliation. Notice that Sasakian ge-
ometry and the direct product S'x My are special cases. When the orbits of £ all close,
M5 fibres over a Hermitian four-orbifold My, and the associated U(1) orbibundle is
the unit circle in a Hermitian holomorphic line orbibundle over M. The correspond-
ing complex Mg is then simply the total space of the associated C* bundle over My.

Squashed Sasaki-Einstein. We have already noted that a Sasakian five-manifold is a
particular case of a supersymmetric background. Recall that Sasakian metrics take the
form

ds? =n? +ds3, (3.28)

where 7 defines a contact structure on Ms, with Reeb Killing vector field &, and ds? is a
transverse Kéhler metric. Moreover dn = dp = 2J. If the transverse Kéihler metric g(*
is Einstein, then the metric (3.28) is said to be a squashed Sasaki-Einstein metric.” For
a given choice of transverse Kahler-Einstein metric, we obtain a two-parameter family of
backgrounds, parametrized by the constants ci, co:

1
——0 =
V2
a = con, b=i(4e; — 3V2)J . (3.29)

S

1, a=cC, KQZ 0,

The Kihler-Einstein metric ¢(* satisfies the Einstein equation Ric® = 2(2v/2¢1 — ¢3) g,
Notice that we have presented the solution (3.29) in a different gauge choice to (3.10).

°In the mathematical literature [42] these are called n-Sasaki-Einstein metrics.
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We may impose the latter gauge choice by simply transforming a — a + (2v/2¢1 — co)dap,
although the form of a in (3.29) makes it clear that we may take a to be a global one-form
on My for this particular class of solutions.

When ¢4 is taken to be the standard metric on CP?, the above geometry is a squashed
five-sphere. This corresponds to the conformal boundary of the 1/4 BPS bulk Romans
supergravity solutions constructed in [32].

Black hole boundary. In this section we consider the conformal boundary of the 1/2
BPS topological black hole solutions constructed in [33]. We begin with the following
product metric on S' x H*, where H* is hyperbolic four-space:

1
¢ +1

ds? = dr? + dq® + ¢*(dv¥? + sin® 9de? + cos® ¥dp?) . (3.30)
Here 7 is a periodic coordinate on S!, ¢ is a radial coordinate with ¢ € [0,00), ¥ € [0, 7]
while ¢1, 2 have period 27. The metric in brackets is simply the round metric on a unit
radius S3. For this solution b vanishes identically, while a is gauge-equivalent to zero. The
Killing spinors for this background [33] in general depend on four integration constants
(being 1/2 BPS), but for simplicity here we present only the “toric” solution discussed
in [33]. The remaining fields are then

S=vg¢+1 a5
) 2\/§ q2+17
3 q 3 2

Ky = —— dg = ——_dlog(¢®> + 1), 3.31

while in a gauge® in which a = 0 the U(2) structure is given by

1

Ky = ———— [dr + ¢*(cos® ¥dipo — sin® 9dey)]
¢ +1
2

J = % sin 29 dd A (dp1 + dps) + dg A [dT + sin? dder — cos? Idpa | ,

_7
(¢*+1)
q ei(301777502)

2v/¢*+1

Q= sin 29 (¢d7 —idgq) A (de1 + de2) + g sin 20 dgy A dpa

+2igdd A (A7 + sin? 9de; — cos® Idips) — 2dg A dﬁ] : (3.32)

The supersymmetric Killing vector is
§=9(SKy, ) =0;+ 0, — 0y, - (3.33)

Furthermore, notice that rescaling J by 1/(¢?+1) leads to a closed two-form, hence showing
that the Hermitian metric transverse to £ is conformal to a Kéhler metric. Moreover, one
can also check that the almost contact form n = K;/S is a contact form in this case, i.e.
that n A dn A dn is a volume form.

5This is different to the gauge choice (3.10), where instead a = —3dr for this solution.
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Conformally flat S* x S§%. In this section we consider the conformally flat metric on
St x S, which we may write as

ds? = dr? + ds?., (3.34)

where
ds%s = dB? + sin® B(dv? + sin® 9dp] + cos® ¥dyp3) . (3.35)

Here 7 is a periodic coordinate on S*, while the metric in brackets in (3.35) is simply the
round metric on a unit radius S3, as in the previous black hole boundary example. The
polar coordinate § € [0, 7]. The metric (3.34) of course arises as the conformal boundary of
Euclidean AdS in global coordinates, and as such the background fields a = 0 = b. There
are many Killing spinors in this case, and here we simply choose one so as to present simple
expressions for the remaining background data. We find

S=e¢7, a=0, Ky=-—dr. (3.36)

g

The U(2) structure is given by
K1 =sinfdg — cosGdr,
J = sin” Bsin(p; + g02){ cot(p1 + @2) (A9 AdT — cot BdB A d¥9) — sin® ¥ AU A dgy

—cos? ¥ dv A depg + sin ¥ cos 9 [(cot BdS+dr) A (dp1 — dys)

—cot(p1 + p2) dp1 A dsﬁz] } ;

Q = isin sin(p1 + 2)[ ot FAB A A9 — A9 A dr + sind cos D dpr A |
+ sin? Bsinﬂ{sinﬁ +icos v cos(p1 + @2)} (COt BdB A dp; — cotddd A deo
+d7 A dgol) + sin? 6cosﬁ[cos19 — isin¥ cos(p1 + goz)} (Cot BdB A dps

+tanddd Ader + d7 A dgpg) . (3.37)

Notice that in this example we obtain a conformal Killing vector from the Killing spinor bi-
linear, but not a Killing vector. As described at the end of section 3.1, we may always make
a Weyl transformation of the background to obtain a Killing vector. In the case at hand
this corresponds to the Weyl factor A = €7, and the corresponding Weyl-transformed met-
ric is then (locally) flat, with the Weyl-transformed J and €2 both closed and hence defining
a transverse hyperKéhler structure. Nevertheless, the fact that the metric (3.34) leads to a
conformal Killing vector explains why this background is missing from the rigid supersym-
metric geometry in [18, 19]: in the latter references the corresponding bilinear is necessarily
a Killing vector. This also suggests that the conjecture made in [19] is likely to be correct:
that is, to obtain the S' x S% background from a rigid limit of supergravity, one should
begin with conformal supergravity in five dimensions, rather than Poincaré supergravity.”

"See [44] for a related discussion on this point.
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Squashed S®. We consider the squashed five-sphere metric
1
52

1
+1 cos® o sin? o(dB + cos ¥dp)?, (3.38)

1
ds% = < (dr + 0)2 +do? + 1 sin® O'(d192 + sin? ﬁd@z)

where s € (0, 1] is the squashing parameter and
1
C= —3 sin® o(dB + cos Ide) . (3.39)

The coordinates o, 8,9, ¢ are coordinates on the base CP?, with 8 having period 47, ¢
having period 27, while o € [0, 5], ¥ € [0, 7], and %dC is the Kéhler two-form on CP2. For
the “toric” family discussed in [31, 32] we find

cos2o  sin?o

S:
ba +b1’

(3.40)

where
by=1++V1-s2, by=1—+1-s2. (3.41)

The other background fields are, in an appropriate gauge (i.e. not that in (3.10)),

b1 (b1 + b2)(by — Tby + (b1 — ba) cos 20)
44/2(by cos? o + by sin? o)
0= 22+ 0)
i —by)
B 2v/2b1b2(by + bo)
\/§ (bl — bg) sin 20

Ky = —— do = —V2dlog (b cos® o + bysin® ) . (3.42)
b1 cos? o + by sin® o

)

)

The U(2) structure is

1
Ky = b1 + bo) (b1 — by + (b1 + bo) cos 20)d
! 4b1b2(b1 +b2)(b1 C0320-+b28in20_) |:( 1 + 2)( 1 2+( 1+ 2) COS O') T
1
—3 sin? o ((51 — b2)2 cos 20 + b% — 4b1by — b%) (dB + cos ﬁd@)} 7
sino
J = dcoso (2(by + by)do A d
8b1by (b + b2)? (b1 c0820+bgsin20) [ CObU( (b1 +b2) do T
—bido A (df + cos 19d<p)) + 2sindsino (by cos® o + by sin® )dd A dgo} ,
i i(t—B)
since
QO = ~sin20 (ising (bido Ad
8b1ba(b1 + b2)? (b1 cos? o + by sin? o) [ S J<lsm (bidp Adf

+2(by + by) d7 A dg) — 2(by + bo) AW A dr + by d0 A (dB + cos ﬂdgp))

—4(by cos® 0 + by sin? o) (sin® do A dp +1idd A da)} . (3.43)
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The supersymmetric Killing vector is
&= b10; + 2([)1 + 52)85 . (3.44)

One also computes

b?b% (bl + b2)2
2 (b1 cos? o + by sin? 0)5
x (b7 — b3) cos 20 + b — 6byby + b3) vols, (3.45)

nANdnAdn =

((b1 — b2)? cos 20 + b — 4b1by — b3)

where vol; denotes the Riemannian volume form and n = K3/ is the almost contact form.
The right hand side of (3.45) can have non-trivial zeros, and we thus see that in general n
does not define a contact structure. These backgrounds arise as the conformal boundary
of the 3/4 BPS solutions of Romans supergravity constructed in [31, 32].

3.4 From geometry to supersymmetry

In this section we will show that any choice of transversely Hermitian structure on M;y
defines a supersymmetric background. The background U(1)gr gauge field a and the b-
field are given in terms of the geometry by (3.27). It then remains to show that the
geometry also determines the fields X5, A©® and Wuw, in such a way that the original
spinor equations (2.10)—(2.13) are satisfied.

We first examine the Killing spinor equation (2.10) for x. In order to proceed it is
convenient to choose a set of projection conditions (see for example [45])

Yi2X = V34X = iX, Y5X = X - (3.46)

These allow one to substitute for the fields b and K in terms of the geometry, via (3.27)
and (3.19), into the right hand side of equation (2.10). In doing this calculation it is also
convenient to write 2 = Jo +1iJy, J = J3 so that

J1 =e1s +ea3 s Ja =e13 — e ) J3 =e2t+e3q . (3'47)

Notice that J;, ¢ = 1,2, 3 span the transverse self-dual two-forms, and hence may be used
as a basis thereof. One can furthermore make use of various identities that easily follow
from (3.46), such as iy, X = JmnY™x, where m,yn =1,...,4, and (87 )mpy™"x = 0 for any
transverse anti-self-dual two-form 5.

In this way it is straightforward to show that the p =5 (the 1 direction) component
of (2.10) simply imposes dyx = 0.8 Thus x is independent of . Taking instead p = m,
m =1,2,3,4, one finds (2.10) is equivalent to

1, i 1
vy = 10" YmnX = Q(QL)mX + 5(3m log S)x , (3.48)

where V@ denotes the Levi-Civita spin connection for the transverse four-dimensional
metric. Recall that the latter metric is Hermitian. It is then more natural to express

8Without loss of generality we take the four-dimensional frame e!, ..., e* to be independent of the Killing

vector £ = Oy .
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equation (3.48) in terms of an appropriate Hermitian connection, which preserves both the
metric and the two-form J. The Chern connection is such a connection, defined by

T 1 ern
Vi X = Omx + 7 (@)X
where (Wv(rjzhem)pq = (Wg))pq + §Jn;l(d<])npq . (3.49)

This coincides with the Levi-Civita connection if and only if dJ = 0 (equivalently 6 = 0),
so that the metric is Kahler.

Next, let us notice that under the Weyl transformation (3.9) we have y — A2y, so
that it is also natural to introduce

v=S5"Y2y, (3.50)

so that x is Weyl invariant. In this notation (3.48) becomes

VChemX + 2aChemx 0, (3.51)

where recall that acpern = a1 — I(f) is the Chern connection for the canonical bundle
K = A?0, given explicitly by (3.25). It is then a standard fact, and is straightforward to
show, that any Hermitian space admits a canonical solution x to (3.51). Specifically, any
Hermitian space admits a canonical spin® structure, with twisted spin bundles Spin® =
Spin ® K12, In four dimensions this is isomorphic to

Spin¢ & (AO 0 AO’Q) @ AL (3.52)

where AP? denotes the bundle of forms of Hodge type (p, q). In the case at hand, these are
defined transversely to the foliation generated by the Killing vector £&. Under (3.52) the
Killing spinor ¥ = S~1/2y is a section of the trivial line bundle A%?. Moreover, the Chern
connection restricted to this summand is flat, with the induced connection —%aChem on the
twist factor K ~1/2 effectively cancelling that coming from the spin bundle. Concretely, in
terms of local complex coordinates 2%, a = 1, 2, we have (wChem) f = (09™) 05 (g)78, and
using the projection conditions (3.46) one can show this precisely cancels the contribution
from (3.25). The spin® spinor x is simply a constant length section of this flat line bundle.

Put simply, the rescaled Killing spinor ¥ = S~1/2

X is constant.
Next we turn to the dilatino equation (2.12). Substituting for ¢ in terms of x, us-

ing (2.13), after a somewhat lengthy computation one finds the dilatino equation holds

A = Z (d b—\[b/\b> (3.53)

provided

and

3 (day, ) -

1 i
— 42 _ = _ )y _
X2 4o 4<K2,K2> S(?],A > 16

3
6v/2 1/2

Here we have introduced the notation ¢ A x¢po = Z%<¢1,¢2>V015 for the inner product

(Ko,dlogS) . (3.54)

between two p-forms ¢1, ¢o. Notice that the expression (3.53) for the imaginary one-form
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AO) coincides with that in [32], which was derived by solving the bulk equations of motion
near the conformal boundary, in terms of the boundary data. Notice that under the Weyl
scaling (3.9) we have

1 9
AO — n <A(O) + QidlogA#b> ; Xo —

1

1oz - (3.55)

The fact that Xy has Weyl weight —2 is clearly consistent with the bulk expansion (2.4), but
the “anomalous” transformation of A(®) in (3.55) naively appears to contradict (2.4), for
which A(®) has Weyl weight —1. However, this is where the comment above equation (2.4)
is relevant: the reparametrization r — Ar does not preserve the subleading terms in the
metric (2.3). It is therefore not a strict symmetry of the system we have defined. However,
the leading order terms in the expansions (2.3), (2.4) are invariant. This explains why the
differential constraints (3.4)—(3.8) have the Weyl symmetry (3.9), while the higher order
term A(® arising in the expansion of the B-field does not. One could restore the full Weyl
symmetry by adding a cross term 9%‘5de“ into the metric (2.3), so that

¢ — ¢ —dlog A, (3.56)

under 7 — Ar preserves the form of the metric. Then % is a new background field on M5,

A0) — _Z * [(d42€N) xb— 1\fb/\b : (3.57)

and one finds

This now has Weyl weight —1, as expected, and the anomalous variation in (3.55) arises
simply because we have made the gauge choice ¥ = 0 in our original expansion. In
general notice that a field of Weyl weight w will couple to a Weyl covariant derivative
D, =0, +w%,, and w = 2 for *b.

It remains to show that the background geometry implies the ¢ Killing spinor equa-
tion (2.11). At this point notice that everything is fixed uniquely in terms of the free
functions a and S, and the transversely Hermitian structure on M5, apart from the higher
order spin connection term wy, which appears in (2.11). After a lengthy computation, in
our orthonormal frame one finds the expression

1 1
= —6V2a% — —— (K9, Ks) — V2Xy — ——(da,J) — (Ks,dlog S),
ws5 o 3\/5( 2, K2) 2 2\/§< ay,J) — (Kz,dlogS)

1 1
Wsm = |———=1,.#b] +1 200 + —=Sdp~ = Wm5 ,
o = [ggingts tivase (2074 G007 )| =

Y 4 _ 1 _
Wmn = ?(KQ)m(KZ)n - v(4)(”1(K2)”) a (35& do \/idaL>mpJpn
V2, 1 !
+(2v20% + L2 Xp — —= (K>, Ks) + —=(d ’J>5mn' -
( g gt e ptden ) o

This is manifestly real and symmetric, apart from the last term in the penultimate line.
However, it is straightforward to show that (87 ),,J%, is symmetric for any transverse
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anti-self-dual two-form $~. Thus (2.11) is satisfied provided wy, is given by (3.58). We
conclude this subsection by noting the following formula

V2 1 1
wh = 2v20% + =Xy — (Ko, — —
3 2 <2\/§ 22

¥ (day,J) —VWOEKD . (3.59)
This trace will appear in the supersymmetric Lagrangians constructed in section 4.

Ky +dlog S) +

3.5 Summary

A supersymmetric asymptotically locally AdS solution to six-dimensional Romans super-
gravity leads to the coupled spinor equations (2.10)—(2.13) on the conformal boundary Ms;.
These are a rather complicated looking set of equations for the spin¢ spinors ¥, ¢, depend-
ing on the large number of background fields ¢, Xo,a, A® b and Wy on My, with ¢ and x
related to each other by the further background fields a and K via (2.13). However, we
have shown these equations are completely equivalent to a very simple geometric structure:

(i) The five-manifold Mj5 is equipped with a transversely holomorphic foliation, with
the one-dimensional leaves generated by the (conformal) Killing vector field £ = 0y.
This structure is a natural odd-dimensional cousin of a complex manifold, and means
we may cover My locally with coordinates v, z1, 29, where the transition functions
between the z1, zo coordinates are holomorphic (more formally we have an open cover
{U;} and submersions f; : U; — C? with one-dimensional fibres, such that on overlaps
U;NU; we have f; = gj; o f; where gj; are biholomorphisms of open sets in C2).

(ii) This foliation is compatible with an almost contact form 7 = d¢ + p. Choose a
particular p = pg, which notice is defined only locally in the foliation patches, gluing
together to give the global 17. Then for fixed foliation any other choice of p is related
to this by p = po + v, where v is a global basic one-form. That is, v is a global
one-form on Mj satisfying Lev = 0 = d¢v.

(iii) One can choose an arbitrary transverse Hermitian metric ds?, invariant under ¢ and
compatible with the foliation.

(iv) Finally, one is free to choose the {-invariant real functions o and S (with S nowhere

Z€ro).

An interesting special case is when all the leaves of the foliation are closed, so that &
generates a U(1) action on M5 and 1 is a periodic coordinate. In this case M5 fibres over
a complex Hermitian orbifold My = M;/U(1), where 7 is a global angular form for the
U(1) orbibundle. Different choices of v in (ii) above are then simply different connections
on this bundle, with (iii) giving different Hermitian metrics on Mjy.

We have shown that any choice of the data (i)—(iv) determines a supersymmetric
background, solving the spinor equations (2.10)—(2.13), and conversely any such solution
determines a choice of the above geometric data. Furthermore, solving (2.10)—(2.13) is
equivalent to finding a supersymmetric asymptotically locally AdS solution to Romans
supergravity, to the first few orders in an expansion around the conformal boundary Ms5.
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Of course whether or not this extends to a complete non-singular supergravity solution, as
some of the explicit examples in section 3.3 do, is another matter.

4 Supersymmetric gauge theories

In this section we construct N' = 1 supersymmetric gauge theories formed of vector and
hypermultiplets on the background geometry described in section 3.

We adopt the same notation as [2], in particular using £ and 7 to denote five-
dimensional Killing spinors. The 7, are 4 x 4 Hermitian matrices which form a basis of
Cliff(5,0) in an orthonormal frame. A complete set of 4 x 4 matrices is given by (14,74, Vuv)
and we choose V,upor = —€uvpor With €12345 = +1. The five-dimensional charge conjuga-
tion matrix, C = (Cop), is unitary and anti-symmetric in the spinor indices o, 8 = 1,2, 3,4
of Spin(5) = Sp(2). The matrices Cv, are anti-symmetric in spinor indices whereas Cv,,,
are symmetric. Spinor bilinears are denoted (1 #n€) = n%(CyH1Hn),5¢8. Finally, the
Fierz identity for Grassmann odd spinors in five dimensions is

1 1 1
YA (eyPr) = —i(nﬁ)vAvB A% — 1(?7%5)7%“73 A%+ g(nwuuf)vAv“”vB AL (4])

where ¥4, 7P denote arbitrary elements of Cliff(5,0).

4.1 Supersymmetry algebra

An off-shell N = 1 vector multiplet in five dimensions consists of a gauge field A, a real

scalar o, a gaugino Ay, and a triplet of auxiliary scalars Dy, all transforming in the adjoint

representation of the gauge group G. Here I, J = 1,2 are SU(2)r symmetry indices. The

gaugino is a symplectic-Majorana spinor which satisfies (A)* = eld CQB)@ whilst the auxil-

iary scalars satisfy (Dr;)T = e/®e/l Dy p, where recall that e/ is the Levi-Civita symbol.
We introduce the following covariant derivatives:

Fu = 0, A, — 0,A, —i[Au, A,
D,o = 0,0 —i[A,, 0],
DyAr = Vudr —i[Ay, Al
DDy = 0,Dry —ilAu, Drj], (4.2)

where V is the Levi-Civita spin connection. In general we may consider turning on an
SU(2)r background gauge field az, t = 1,2, 3, or equivalently we may introduce

i

Vurg = —§GL(01')1J7 (4.3)
where o;, 1 = 1,2,3, denote the Pauli matrices. In section 2 recall that for simplicity we
restricted to an Abelian background gauge field, with a! = a? = 0, a® = @, but in this
section we will relax this assumption. There is also a background two-form b-field and we
choose to introduce the gauge field 4, associated with restoring Weyl invariance — see
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the earlier discussion around equation (3.56). With this background gauge field active we
modify the covariant derivatives to

D,o = D,o —%6,0,

3
D,A\r = DA — 5@& ~ V',

D.Drj = DyDyj —2%,Dyr; — 2V, "Dk, (4.4)

so that they are covariant with respect to both Weyl and R-symmetry transforma-
tions. These correspond to Weyl weights w = (—1,0,—%, —2) for the gauge multiplet
(avAuv)‘I7DIJ)-

Given this background data we consider the following (conformal) supersymmetry

variations:

(550 = ie’f[‘]f[)\J y

55“4# = iﬁljgj’)/u)\J,

I i 2V/2i -
OeAr = —5’7“ & Fuw + €D po — D&l + 375”“ §1buo — ?&U;
o V2 - 1
6¢Dry = =2 y"DuAyy + 2[o,§rA ] + Tf(l)\]) 6[ 1V Anbw . (4.5)

This has Grassmann odd supersymmetry parameters &7, 5 7. We find that these transfor-

mations close onto

V2i

[0¢, 0plo = —iv"Dyo — 3¢, (4.6)
[567577]Au = —iv"Fyu+ D,T,
[0¢, 0] A1 = =Dy A1 + [T, A\f] — *gl Sodr+ RNy — 79 PBryaphr]

. . V2i
[(55, 577]_D[J = —IUVDVDIJ + 1[T7 DIJ] - T [2QDIJ + RIKDJK + RJKDIK] s
where we have defined

ot = 2el eyt
T = —QiEIJng]JO',
o = —2ie! (&g — i),
Ry = —=3i(§my + §mr — 1€y — 1)
. ~ - X 1
0 = —2ie! T (£1y*Pn; — iy Pes) — 2ie! (€m)b*P + f“ymﬁbuv”ﬁ ; (4.7)

and R,/ = e/® Ry, provided that the spinors (€,€) and (n,7) satisfy the SU(2)g-
covariantization of the (x, ¢) spinor equations (2.10)—(2.12). More precisely

V2 - i
D = — — — 7()]/ v 5 4.8
u&1 3 Yubr 123 p’)’u P+ —= 3\[ buvy YT ( )
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D,ugl = \[ ,uu'ngl - 7Dybp ’Y,uupogl + D bup’?/ypél - *D b,up'y PEr
W zsz ’Yu PEr — 4[ ;WI ’7 vEr — 7A 'Vuyél "’ A f[ ‘|‘ Wuu'y Y,
0= ,uzz'y 51 - £)(251 + D byp,yﬂl’Pfl - 714 Ngl - V,uzz[ e,
\f 4\f

with Vi, ' = 20,V,;1 = 2V}, KUV, ;7). Recall that b has Weyl weight w = 1, while the
spinors have weight w = +1/2.

It is crucial for the closure of the algebra that w,, = w,,, which is the same condition
used in deriving the differential constraints (3.4)—(3.8). Also as for that computation the
closure of the supersymmetry algebra is insensitive to the explicit form of w,,, AO or X5,
Let us also notice that the supersymmetry variations (4. 5) reduce to those of the round S°
in [2] (in particular b = 0 for the round S°, and §here = 1§there).

We now consider the on-shell hypermultiplet which con31sts of two complex scalars gy
and a spinor v, all transforming in an arbitrary representation of the gauge group. A system
of r hypermultiplets is described by qf‘, A with A =1,...,2r. The fields satisfy the reality
conditions (qf‘)* = QABefJ B and (ypAo)* = QABCaﬁwBﬁ with Qp being the invariant
tensor of Sp(r). The supersymmetry variations for the system of r hypermultiplets coupled
to the vector multiplet are

Seqt = —2iEp?,
ot = Dt +ie" Goq) - V2iel gl (4.9)

The commutator of two supersymmetry transformations leads to

V2i [3
[0¢, 6y lgft = —W“DMQI +iYqf — 5 [QQQI +Ri'q } ;

, . V2i oo
[6¢, 0p)ep™ = =10 Dyyp? +iTyp? — PwAﬁ%wﬂ
1 , I
+ §UPFP (17MDu¢A + oy + €IJ)\IQ§1 - fﬂ'w wAbuu)

— e (&xene) (W“DWA + ot + e\ g - vﬂ”zpf‘bw) . (4.10)

1
42
where

, 3
D.gi' = Ouqp —iAuq) — 5‘4&? — V't

D = Vit — 1A, — 26,07 . (4.11)

Closure of the algebra occurs only on-shell and this identifies the fermionic equation of
motion as

Ey = iy"D o + o + e A g — ——=4" b, =0 . (4.12)

1
4v/2
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Acting on Ey with the supersymmetry transformations gives the bosonic equation of mo-
tion:
1

el’ <D“Duq§ + 02q§l ~3

1 .
Xoq] + —=wuq] - 2(¢AAJ)> +iD"g} =0. (4.13)

V2

4.2 Lagrangians

The action for a vector multiplet in five dimensions is determined by the prepotential .7 (V),
which is a real and gauge invariant function of the vector superfield V. Gauge invariance
limits the prepotential to being at most cubic in V [46] and classically it takes the form

1 k
FV) =Tr| V> + V3. 4.14
Here g is the dimensionful gauge coupling constant and k is a real constant which is subject
to a quantization condition dependent on the gauge group [47]. Writing the components
of the vector superfield as V*T, = (0%Ty, AT, Ni Ty, DY ;1,) where T;, are generators of
the gauge group in the adjoint representation we find the cubic prepotential term in our
curved backgrounds to be

1 . .
»Ccubic = dabc [MqupUTAZFBpng + %EIJ( ?’Y'm/)\?})fﬁy + ;DG’IJ(Al})\?]):|

1 1 1
+ dapeo® {}“b FoM — SDuo"DHo® — - Dy, DY

47
V2
3

i

2v/2

i 1 1
+ 551 TAAPDLAG) — —el ANy, 0] + —=!/ ()\E}V””Aﬁ)bﬂ,,] .

1 2 )
o Fp, b + gabac ( w4+ 5 Xo — 18%,,1)“”) (4.15)

3

2 8v/2

Here dgpe ﬂ—kQTr (T(aTbTC)) is a symmetric invariant tensor of the gauge group. It vanishes”
for all simple gauge groups except U(1) or SU(N) with N > 3. The Lagrangian Leypic
is invariant under the superconformal transformations (4.5) provided the supersymmetry
parameters satisfy (4.8), and in addition A©) is given by

AO = _g * ((d+ 2EN) x b — l‘fbA b) , (4.16)

which matches precisely the expression (3.57) in section 3.
The quadratic term in the prepotential includes Yang-Mills kinetic terms and is not
conformally invariant. We therefore expect to break conformality by using the relation

& =—ar’éy - %(K2),ﬂ”§1, (4.17)

9For example, taking the gauge group to be G' = SO(N) so that the Lie algebra generators satisfy
T(: = —Ta then Tr (T(aTch>) =Tr (T(aTch))t = —Tr (T(aTch)).

- 29 —



which is the SU(2) gr-covariantization of (2.13). The Lagrangian describing the quadratic
piece can be found from L.ypic by identifying one of the vector superfields with a constant
supersymmetry preserving Abelian vector multiplet [7]. That is

1
Lyn = 2?212(1)%[)22] , (4.18)

where Y1) = (U(l),AE}),)\?),Dg). We choose o) = 1 and )\([1) = 0. Then VO is

supersymmetry preserving if the fermion variation

2\/§i \/5
i B J_Y2(K iz
3\@ Erbu 3 arjé 3 (K2)u"ér,

=0, (4.19)

1
5£>‘§1) = _§'YW€I]:;S ng ¢+

holds for non-trivial spinor parameters £; and some choice of p 17> A;(}) such that F(1) =
dAW. Here we have substituted for &; using (4.17). To progress, note that there are two
natural one-forms in our geometry namely K7 and Ks. If we concentrate on K7 which,
with S = 1, satisfies (3.5)

2
dK, = \?)f [QQJ + K1 AN Ko +1ib — 715(*b) (4.20)
then upon SU(2) gr-covariantizing and multiplying by —%*y’“’f 7 we find
I iv2 V2 8v/2i
0= _ify‘u 51 ((dKl)MV - Bbuu) - ?fyugl(KQ)u - 3 QIJ§J' (4-21)

To derive the previous equation we have used the projection conditions satisfied by the
background geometry: (Ki),v"x = x and J,,v""x = 4ix, along with (K)*(K2), =0 =
(K1)H€, and —i(K1)"by, = (K2), + %‘Ky. Comparing this to (4.19) gives the constant
vector multiplet as

v = (W AD AP DY) = (1, (K1), 0,2v2iar5) (4.22)

and the corresponding Yang-Mills Lagrangian is

1|1 by 1 1 o, 1 L 1y
Lyv = ?Tr Z]—"WP‘ — 5D,pDﬂa — 1PD + 5e (A1v*DuAg) — 3¢ Ar[Ag, o]

]' vpoT 1 14 ]' 14

+ gf'u P quFpO'(Kl)T — Eo'fuyb'u + 50'.?“ (dKl)uV (423)

, V2 2 5 . i .

—2V2icD" oy + o <3Wu“ + §X2 - Ebwb” 2\/§(dK1)Wb“
1 1J v 1 1J v 1 1J

+ =AY AN (AK )  + —="T (A" A )b — —= (At A )t | .
3 (A" A0)( l)u 82 (A" Ag) W \/5( A7) ]

The second candidate one-form is Ko but taking () = dK5 does not lead to (4.19).
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The superconformal Lagrangian for the vector coupled hypermultiplets exists irre-
spective of the gauge group and is straightforward to construct: we simply integrate the
equations of motion (4.12) and (4.13) found from closing the superalgebra to find

1 1 i
Lom = Qap | — 5" Dqi'Dugf + 5l o*af + Sai D4

1 1
—2eM g} (WBAy) + el g (mwu“ - 6X2>

1
(A DB) o — mw%ww%y} L 42

5 Discussion

In this paper we have constructed rigid supersymmetric gauge theories with matter on a
general class of five-manifold backgrounds. By construction these are the most general
backgrounds that arise as conformal boundaries of six-dimensional Romans supergravity
solutions. We find that (M5, g) is equipped with a conformal Killing vector which generates
a transversely holomorphic foliation. In particular the transverse metric ¢ is an arbitrary
Hermitian metric with respect to the transverse complex structure. This is a natural
hybrid/generalization of the rigid supersymmetric geometries in three and four dimensions
constructed in [35, 37, 38], and includes many previous constructions as special cases.

It is interesting to compare the geometry we find to the rigid limit of Poincaré super-
gravity [18, 19] and the twisting of [28]. In the former case the backgrounds naively appear
to be more general, as there is no almost complex structure singled out, nor integrability
condition. However, they don’t include the S' x S* geometry relevant for the supersym-
metric index, which as we showed in section 3.3 is included in our backgrounds. In fact
the singling out of the almost complex structure associated to J = J3, where recall that
Q) = Jo+1J1, in our geometry is almost certainly related to the fact that in section 3 we fo-
cused on the case where we turn on only an Abelian U(1)r C SU(2)g. This was motivated
in part for simplicity, and in part because the known solutions to Romans supergravity
discussed previously also have this property. Nevertheless, the supersymmetry variations
and Lagrangians we constructed in section 4 are valid for an arbitrary background SU(2)r
gauge field, and it should be relatively straightforward to analyse the geometric constraints
in this more general case. Indeed, this is certainly necessary, and presumably sufficient,
to reproduce the partially topologically twisted backgrounds S? x Ms of [11-13], since the
SU(2) spin connection of M3 is twisted by SU(2)r. On the other hand recall that the twist-
ing in [28] requires that M5 be a K-contact manifold. This shares many features with our
geometry, with one important difference: for a K-contact manifold the transverse two-form
J is closed, so the corresponding foliation is transversely symplectic; however, our case is
in some sense precisely the opposite, namely transversely holomorphic. These intersect
precisely for Sasakian manifolds. It is interesting that these various approaches generally
seem to lead to different supersymmetric geometries, with varying degrees of overlap.

Given the geometry we find and the results of [48], it is natural to conjecture that the
partition function and other BPS observables depend only on the transversely holomorphic
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foliation, i.e. for fixed such foliation they are independent of the choice of the remaining
background data (functions S, a, the one-form v defined in section 3.5, and the transverse
Hermitian metric g(4)). It will be interesting to verify that this is indeed the case, and
to compute these quantities using localization methods. Notice that locally a transversely
holomorphic foliation always looks like R x C2, which perhaps also explains why in [19] the
authors found that locally all deformations of their backgrounds were Q-exact. Finally, our
construction allows one to address holographic duals of these questions, which we plan to
return to in future work.

Acknowledgments

The work of L. F. A., M. F. and P. R. is supported by ERC STG grant 306260. L. F. A. is
a Wolfson Royal Society Research Merit Award holder. J. F. S. is supported by the Royal
Society. P. B. G. is supported by EPSRC and a Scatcherd European Scholarship.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] J. Kallén and M. Zabzine, Twisted supersymmetric 5D Yang-Mills theory and contact
geometry, JHEP 05 (2012) 125 [arXiv:1202.1956] [INSPIRE].

[2] K. Hosomichi, R.-K. Seong and S. Terashima, Supersymmetric gauge theories on the
five-sphere, Nucl. Phys. B 865 (2012) 376 [arXiv:1203.0371] [INSPIRE].

[3] J. Kéallén, J. Qiu and M. Zabzine, The perturbative partition function of supersymmetric 5D
Yang-Mills theory with matter on the five-sphere, JHEP 08 (2012) 157 [arXiv:1206.6008]
[INSPIRE].

[4] H.-C. Kim and S. Kim, M5-branes from gauge theories on the 5-sphere, JHEP 05 (2013) 144
[arXiv:1206.6339] [INSPIRE].

[5] H.-C. Kim, S.-S. Kim and K. Lee, 5-dim superconformal index with enhanced E,, global
symmetry, JHEP 10 (2012) 142 [arXiv:1206.6781] [INSPIRE].

[6] S. Terashima, Supersymmetric gauge theories on S* x S, Phys. Rev. D 89 (2014) 125001
[arXiv:1207.2163] [NSPIRE].

[7] Y. Imamura, Supersymmetric theories on squashed five-sphere, Prog. Theor. Exp. Phys. 2013
(2013) 013B04 [arXiv:1209.0561] [INSPIRE].

[8] Y. Imamura, Perturbative partition function for squashed S°, arXiv:1210.6308 [INSPIRE].

[9] T. Kawano and N. Matsumiya, 5D SYM on 3D sphere and 2D YM, Phys. Lett. B 716
(2012) 450 [arXiv:1206.5966] [INSPIRE].

[10] Y. Fukuda, T. Kawano and N. Matsumiya, 5D SYM and 2D q-deformed YM, Nucl. Phys. B
869 (2013) 493 [arXiv:1210.2855] [INSPIRE].

[11] J. Yagi, 3d TQFT from 6d SCFT, JHEP 08 (2013) 017 [arXiv:1305.0291] [INSPIRE].

— 95—


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1007/JHEP05(2012)125
http://arxiv.org/abs/1202.1956
http://inspirehep.net/search?p=find+EPRINT+arXiv:1202.1956
http://dx.doi.org/10.1016/j.nuclphysb.2012.08.007
http://arxiv.org/abs/1203.0371
http://inspirehep.net/search?p=find+EPRINT+arXiv:1203.0371
http://dx.doi.org/10.1007/JHEP08(2012)157
http://arxiv.org/abs/1206.6008
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6008
http://dx.doi.org/10.1007/JHEP05(2013)144
http://arxiv.org/abs/1206.6339
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6339
http://dx.doi.org/10.1007/JHEP10(2012)142
http://arxiv.org/abs/1206.6781
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6781
http://dx.doi.org/10.1103/PhysRevD.89.125001
http://arxiv.org/abs/1207.2163
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.2163
http://dx.doi.org/10.1093/ptep/pts052
http://dx.doi.org/10.1093/ptep/pts052
http://arxiv.org/abs/1209.0561
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.0561
http://arxiv.org/abs/1210.6308
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.6308
http://dx.doi.org/10.1016/j.physletb.2012.08.055
http://dx.doi.org/10.1016/j.physletb.2012.08.055
http://arxiv.org/abs/1206.5966
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.5966
http://dx.doi.org/10.1016/j.nuclphysb.2012.12.017
http://dx.doi.org/10.1016/j.nuclphysb.2012.12.017
http://arxiv.org/abs/1210.2855
http://inspirehep.net/search?p=find+EPRINT+arXiv:1210.2855
http://dx.doi.org/10.1007/JHEP08(2013)017
http://arxiv.org/abs/1305.0291
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.0291

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

S. Lee and M. Yamazaki, 3d Chern-Simons theory from M5-branes, JHEP 12 (2013) 035
[arXiv:1305.2429] [INSPIRE].

C. Cordova and D.L. Jafferis, Complex Chern-Simons from Mb5-branes on the squashed
three-sphere, arXiv:1305.2891 [INSPIRE].

G. Festuccia and N. Seiberg, Rigid supersymmetric theories in curved superspace, JHEP 06
(2011) 114 [arXiv:1105.0689] [INSPIRE].

M. Zucker, Minimal off-shell supergravity in five-dimensions, Nucl. Phys. B 570 (2000) 267
[hep-th/9907082] [INSPIRE].

T. Kugo and K. Ohashi, Supergravity tensor calculus in 5D from 6D, Prog. Theor. Phys.
104 (2000) 835 [hep-ph/0006231] [INSPIRE].

T. Kugo and K. Ohashi, Off-shell D = 5 supergravity coupled to matter Yang-Mills system,
Prog. Theor. Phys. 105 (2001) 323 [hep-ph/0010288] [INSPIRE].

Y. Pan, Rigid supersymmetry on 5-dimensional Riemannian manifolds and contact geometry,
JHEP 05 (2014) 041 [arXiv:1308.1567] [INSPIRE].

Y. Imamura and H. Matsuno, Supersymmetric backgrounds from 5d N =1 supergravity,
JHEP 07 (2014) 055 [arXiv:1404.0210] [iNSPIRE].

Y. Pan, 5d Higgs branch localization, Seiberg- Witten equations and contact geometry, JHEP
01 (2015) 145 [arXiv:1406.5236] [INSPIRE].

S.M. Kuzenko, J. Novak and G. Tartaglino-Mazzucchelli, Symmetries of curved superspace in
five dimensions, JHEP 10 (2014) 175 [arXiv:1406.0727| [InSPIRE].

J. Sparks, Sasaki-Finstein manifolds, Surveys Diff. Geom. 16 (2011) 265 [arXiv:1004.2461]
[INSPIRE].

J. Qiu and M. Zabzine, 5D super Yang-Mills on YP? Sasaki-Einstein manifolds, Commun.
Math. Phys. 333 (2015) 861 [arXiv:1307.3149] [INSPIRE].

D. Martelli, J. Sparks and S.-T. Yau, The geometric dual of a-maximisation for toric
Sasaki- Einstein manifolds, Commun. Math. Phys. 268 (2006) 39 [hep-th/0503183|
[INSPIRE].

J. Qiu and M. Zabzine, Factorization of 5D super Yang-Mills theory on YP? spaces, Phys.
Rev. D 89 (2014) 065040 [arXiv:1312.3475] InSPIRE].

J. Schmude, Localisation on Sasaki-FEinstein manifolds from holomorphic functions on the
cone, JHEP 01 (2015) 119 [arXiv:1401.3266] [INSPIRE].

J. Qiu, L. Tizzano, J. Winding and M. Zabzine, Gluing Nekrasov partition functions,
Commun. Math. Phys. 337 (2015) 785 [arXiv:1403.2945] [INSPIRE].

J. Qiu and M. Zabzine, On twisted N = 2 5D super Yang-Mills theory, arXiv:1409.1058
[INSPIRE].

C. Klare, A. Tomasiello and A. Zaffaroni, Supersymmetry on curved spaces and holography,
JHEP 08 (2012) 061 [arXiv:1205.1062] [INSPIRE].

L.J. Romans, The F(4) gauged supergravity in siz-dimensions, Nucl. Phys. B 269 (1986) 691
[INSPIRE].

— 96 —


http://dx.doi.org/10.1007/JHEP12(2013)035
http://arxiv.org/abs/1305.2429
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.2429
http://arxiv.org/abs/1305.2891
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.2891
http://dx.doi.org/10.1007/JHEP06(2011)114
http://dx.doi.org/10.1007/JHEP06(2011)114
http://arxiv.org/abs/1105.0689
http://inspirehep.net/search?p=find+EPRINT+arXiv:1105.0689
http://dx.doi.org/10.1016/S0550-3213(99)00750-6
http://arxiv.org/abs/hep-th/9907082
http://inspirehep.net/search?p=find+EPRINT+hep-th/9907082
http://dx.doi.org/10.1143/PTP.104.835
http://dx.doi.org/10.1143/PTP.104.835
http://arxiv.org/abs/hep-ph/0006231
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0006231
http://dx.doi.org/10.1143/PTP.105.323
http://arxiv.org/abs/hep-ph/0010288
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0010288
http://dx.doi.org/10.1007/JHEP05(2014)041
http://arxiv.org/abs/1308.1567
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1567
http://dx.doi.org/10.1007/JHEP07(2014)055
http://arxiv.org/abs/1404.0210
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.0210
http://dx.doi.org/10.1007/JHEP01(2015)145
http://dx.doi.org/10.1007/JHEP01(2015)145
http://arxiv.org/abs/1406.5236
http://inspirehep.net/search?p=find+EPRINT+arXiv:1406.5236
http://dx.doi.org/10.1007/JHEP10(2014)175
http://arxiv.org/abs/1406.0727
http://inspirehep.net/search?p=find+EPRINT+arXiv:1406.0727
http://dx.doi.org/10.4310/SDG.2011.v16.n1.a6
http://arxiv.org/abs/1004.2461
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.2461
http://dx.doi.org/10.1007/s00220-014-2194-7
http://dx.doi.org/10.1007/s00220-014-2194-7
http://arxiv.org/abs/1307.3149
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.3149
http://dx.doi.org/10.1007/s00220-006-0087-0
http://arxiv.org/abs/hep-th/0503183
http://inspirehep.net/search?p=find+EPRINT+hep-th/0503183
http://dx.doi.org/10.1103/PhysRevD.89.065040
http://dx.doi.org/10.1103/PhysRevD.89.065040
http://arxiv.org/abs/1312.3475
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.3475
http://dx.doi.org/10.1007/JHEP01(2015)119
http://arxiv.org/abs/1401.3266
http://inspirehep.net/search?p=find+EPRINT+arXiv:1401.3266
http://dx.doi.org/10.1007/s00220-015-2351-7
http://arxiv.org/abs/1403.2945
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.2945
http://arxiv.org/abs/1409.1058
http://inspirehep.net/search?p=find+EPRINT+arXiv:1409.1058
http://dx.doi.org/10.1007/JHEP08(2012)061
http://arxiv.org/abs/1205.1062
http://inspirehep.net/search?p=find+EPRINT+arXiv:1205.1062
http://dx.doi.org/10.1016/0550-3213(86)90517-1
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B269,691

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

L.F. Alday, M. Fluder, P. Richmond and J. Sparks, Gravity dual of supersymmetric gauge
theories on a squashed five-sphere, Phys. Rev. Lett. 113 (2014) 141601 [arXiv:1404.1925]
[INSPIRE].

L.F. Alday, M. Fluder, C.M. Gregory, P. Richmond and J. Sparks, Supersymmetric gauge
theories on squashed five-spheres and their gravity duals, JHEP 09 (2014) 067
[arXiv:1405.7194] [INSPIRE].

L.F. Alday, P. Richmond and J. Sparks, The holographic supersymmetric Rényi entropy in
five dimensions, JHEP 02 (2015) 102 [arXiv:1410.0899] [INSPIRE].

N. Hama, T. Nishioka and T. Ugajin, Supersymmetric Rényi entropy in five dimensions,
JHEP 12 (2014) 048 [arXiv:1410.2206] [INSPIRE].

C. Closset, T.T. Dumitrescu, G. Festuccia and Z. Komargodski, Supersymmetric field
theories on three-manifolds, JHEP 05 (2013) 017 [arXiv:1212.3388] INSPIRE].

L.F. Alday, D. Martelli, P. Richmond and J. Sparks, Localization on three-manifolds, JHEP
10 (2013) 095 [arXiv:1307.6848] INSPIRE].

T.T. Dumitrescu, G. Festuccia and N. Seiberg, Ezploring curved superspace, JHEP 08
(2012) 141 [arXiv:1205.1115] [INSPIRE].

C. Klare and A. Zaffaroni, Extended supersymmetry on curved spaces, JHEP 10 (2013) 218
[arXiv:1308.1102] [INSPIRE].

K. Hristov, A. Tomasiello and A. Zaffaroni, Supersymmetry on three-dimensional Lorentzian
curved spaces and black hole holography, JHEP 05 (2013) 057 [arXiv:1302.5228] [INSPIRE].

D. Cassani, C. Klare, D. Martelli, A. Tomasiello and A. Zaffaroni, Supersymmetry in
Lorentzian curved spaces and holography, Commun. Math. Phys. 327 (2014) 577
[arXiv:1207.2181] [INSPIRE].

A. Lischewski, Charged conformal Killing spinors, J. Math. Phys. 56 (2015) 013510
[arXiv:1403.2311] [INSPIRE].

C.P. Boyer and K. Galicki, Sasakian geometry, Oxford Mathematical Monographs, Oxford
University Press, Oxford U.K. (2007).

A. Haefliger and D. Sundararaman, Complexifications of transversely holomorphic foliations,
Math. Ann. 272 (1985) 23.

A. Pini, D. Rodriguez-Gomez and J. Schmude, Rigid supersymmetry from conformal
supergravity in five dimensions, arXiv:1504.04340 [INSPIRE].

J.P. Gauntlett, D. Martelli and D. Waldram, Superstrings with intrinsic torsion, Phys. Rev.
D 69 (2004) 086002 [hep-th/0302158] [INSPIRE].

N. Seiberg, Five-dimensional SUSY field theories, nontrivial fized points and string
dynamics, Phys. Lett. B 388 (1996) 753 [hep-th/9608111] [INSPIRE].

K.A. Intriligator, D.R. Morrison and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B 497 (1997) 56
[hep-th/9702198] [INSPIRE].

C. Closset, T.T. Dumitrescu, G. Festuccia and Z. Komargodski, The geometry of
supersymmetric partition functions, JHEP 01 (2014) 124 [arXiv:1309.5876] INSPIRE].

— 97 -


http://dx.doi.org/10.1103/PhysRevLett.113.141601
http://arxiv.org/abs/1404.1925
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.1925
http://dx.doi.org/10.1007/JHEP09(2014)067
http://arxiv.org/abs/1405.7194
http://inspirehep.net/search?p=find+EPRINT+arXiv:1405.7194
http://dx.doi.org/10.1007/JHEP02(2015)102
http://arxiv.org/abs/1410.0899
http://inspirehep.net/search?p=find+EPRINT+arXiv:1410.0899
http://dx.doi.org/10.1007/JHEP12(2014)048
http://arxiv.org/abs/1410.2206
http://inspirehep.net/search?p=find+EPRINT+arXiv:1410.2206
http://dx.doi.org/10.1007/JHEP05(2013)017
http://arxiv.org/abs/1212.3388
http://inspirehep.net/search?p=find+EPRINT+arXiv:1212.3388
http://dx.doi.org/10.1007/JHEP10(2013)095
http://dx.doi.org/10.1007/JHEP10(2013)095
http://arxiv.org/abs/1307.6848
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.6848
http://dx.doi.org/10.1007/JHEP08(2012)141
http://dx.doi.org/10.1007/JHEP08(2012)141
http://arxiv.org/abs/1205.1115
http://inspirehep.net/search?p=find+EPRINT+arXiv:1205.1115
http://dx.doi.org/10.1007/JHEP10(2013)218
http://arxiv.org/abs/1308.1102
http://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1102
http://dx.doi.org/10.1007/JHEP05(2013)057
http://arxiv.org/abs/1302.5228
http://inspirehep.net/search?p=find+EPRINT+arXiv:1302.5228
http://dx.doi.org/10.1007/s00220-014-1983-3
http://arxiv.org/abs/1207.2181
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.2181
http://dx.doi.org/10.1063/1.4906069
http://arxiv.org/abs/1403.2311
http://inspirehep.net/search?p=find+EPRINT+arXiv:1403.2311
http://dx.doi.org/10.1007/BF01455925
http://arxiv.org/abs/1504.04340
http://inspirehep.net/search?p=find+EPRINT+arXiv:1504.04340
http://dx.doi.org/10.1103/PhysRevD.69.086002
http://dx.doi.org/10.1103/PhysRevD.69.086002
http://arxiv.org/abs/hep-th/0302158
http://inspirehep.net/search?p=find+EPRINT+hep-th/0302158
http://dx.doi.org/10.1016/S0370-2693(96)01215-4
http://arxiv.org/abs/hep-th/9608111
http://inspirehep.net/search?p=find+EPRINT+hep-th/9608111
http://dx.doi.org/10.1016/S0550-3213(97)00279-4
http://arxiv.org/abs/hep-th/9702198
http://inspirehep.net/search?p=find+EPRINT+hep-th/9702198
http://dx.doi.org/10.1007/JHEP01(2014)124
http://arxiv.org/abs/1309.5876
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.5876

	Introduction
	Rigid supersymmetry from holography
	Background geometry
	Differential constraints
	Geometric structure
	Examples
	From geometry to supersymmetry
	Summary

	Supersymmetric gauge theories
	Supersymmetry algebra
	Lagrangians

	Discussion

