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1 Introduction

Progress in M-theory would hinge on deeper understanding of its non-perturbative effects.
A part of these effects appear as membrane instantons in M-theory [1]. During the last
couple of years, there has been remarkable progress in understanding the membrane instan-
ton effects. In [2], the authors have completely determined the non-perturbative structure
of the free energy of M-theory on AdSy x S7/Z; based on many different previous results.
First of all, the M-theory on this background is expected to be dual to low-energy effective
theory of multiple M2-branes [3]. Meanwhile it turns out that the M2-brane theory is
described by an AN/ = 6 supersymmetric Chern-Simons matter theory (CSM) with gauge
group U(N)g x U(N)_ commonly referred to as ABJM theory [4]. While M-theory re-
gion (k < N 1/ ®) cannot be accessed by the ordinary perturbative technique in the ABJM
theory, the supersymmetry localization [5] reduces the partition function of the ABJM
theory on S? to a matrix integral [6] called ABJM matrix model. This matrix model has
been extensively studied by many approaches [2, 7-20]. After the studies of the 't Hooft
expansion [7, 8, 10, 11] and the leading order in the M-theory limit [9], there appeared a
seminal work [13], which rewrites the ABJM matrix model as an ideal Fermi gas system
(see also [12, 21]). This Fermi gas approach enables us to reveal structures of the par-
tition function [2, 15-20] and BPS Wilson loops [22-24] in the ABJM theory, including
non-perturbative effects expected from the gravity side [1, 10, 25]. As a result, it turns out
that the ABJM free energy is completely determined by the refined topological string on
the “diagonal” local P! x P! whose Kihler parameters for two P!’s are equal [2].

In this paper we extend the above analysis to the so-called ABJ theory [26, 27], which
is the N' = 6 CSM with more general gauge group U(N )i x U(N + M)_,. The ABJ theory
is the low-energy effective theory of N M2-branes on C*/Z; with M fractional M2-branes
at the singularity. From the AdS/CFT perspective, one expects that this theory is dual to
the M-theory on AdSy x S”/Z;, with a discrete torsion, and the type IIA superstring theory
on AdS; x CP? with a nontrivial B-field holonomy. Furthermore the recent studies [28, 29]
indicate that this theory has also a relation to the A/ = 6 parity-violating Vasiliev theory
on AdS, with a U(N) gauge symmetry, when M,k > 1 with M/k and N kept fixed.
Thus the ABJ theory is one of the most important supersymmetric gauge theories having
M /string/higher-spin theory dual. The aim of this paper is to determine non-perturbative
structure of free energy of the M-theory on AdSy x S7/7Z;, with the discrete torsion via the
supersymmetry localization, Fermi gas formalism, and refined topological string.

Let us briefly summarize our result.! Our starting point is a matrix integral represen-
tation for the ABJ partition on S3 obtained by the localization method [6, 31, 32]:

ik N+M N
e i (ijl =201 Vi)

—L(NZ- 2)sign e
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'Recently an apparently similar conclusion was obtained in [30] by a different approach. While the
values of the canonical partition function and finite part of grand potential presented in [30] are totally
consistent with our values, there is an important difference of physical interpretation between [30] and ours.
We will clarify an important difference between conclusions of [30] and our work in section 4.4.
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which we call the ABJ matrix model. After conjectured in [33], the article [34] has proven
that this matrix model has another equivalent representation suitable for a Fermi gas
approach as explained in the next section. The Fermi gas expression of the ABJ matrix
model is obtained by going to the grand canonical ensemble, i.e. by introducing the chemical
potential 4 and summing over IV, as usual in the statistical mechanics. Moreover one can
show that the computation of the grand canonical partition function boils down to construct
a series of functions, which can be solved recursively. Thus we can exactly calculate the
canonical partition function for various k, M, up to a fairly high N = Nyax. Indeed we
have obtained exact values of the partition function for (k, M, Nyax) = (2, 1,65), (3,1,31),
(4,1,62), (4,2,29), (6,1,23), (6,2,21) and (6, 3,22), which are partly listed in appendix D.
Then we compare these exact data with an expectation from the refined topological string
on local P! x P! with general Kihler parameters, which is a natural generalization of the
ABJM case [2]. We will argue that the grand potential J,EM) (u) of the ABJ theory is
completely determined by the refined topological string free energy,
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where the parameter g; is related to the Chern-Simons level k as

2
gS = %7 (13)
and Tleg are the effective Kéhler parameters given by
4/1 T (1 M 4,Ua ff at M

T () = ke + 2mi <2 - k:> ;o T5T () = Te — 2 5 %) (1.4)

with the effective chemical potential ji.g defined in (4.29). Here Fi,, and Fng are the
free energies of the un-refined topological string and the refined topological string in the
Nekrasov-Shatashvili limit, respectively [35]. Although each individual terms in (1.2) have
apparent divergences for physical integer k, a careful treatment shows that these diver-
gences are actually canceled as in the ABJM case [19]. Then it remains a finite part, which
will be presented in (4.39) for even k and (4.40) for odd k, respectively. Given the grand
potential, we find that the ABJ partition function is written as the following sum of the
Airy functions,

ZWNN+M) () = O35 ATIO(N, M k) Zg\g ) (k)

Z gem <_£\7> Ai

£,m=0

4
o (N—B—|—2£+ ;”)] (1.5)

where gy, is a polynomial explicitly determined by the grand potential J,gM) (1), and C
and B are the coefficients appearing in the perturbative part of the grand potential,

2 1k k(M 1\>
— £  B=_—_ 4 (=_Z). 1.
= 3k 12+2(k 2) (1.6)



The overall constants ngw)(k:), (N, M, k) and A will be given by (2.2), (2.3) and (4.4),
respectively. The indices (¢, m) label the number of D2-brane instantons and worldsheet
instantons from the type IIA string viewpoint, while these are lifted up to membrane
instantons wrapping two different three cycles in the M-theory. We will see that the large N
asymptotic behavior of (1.5) reproduces the results of the classical supergravity (SUGRA)
and the one-loop quantum SUGRA [36], and the correct weights of the instantons.

This paper is organized as follows. In section 2, we present the Fermi gas formalism of
the ABJ partition function on 2. In section 3, we compare the exact values of the partition
function with the results on the gravity side. In section 4, we describe our conjecture (1.2)
for the grand potential in terms of the refined topological string and perform a nontrivial
test of (1.2) by using the exact data. Section 5 is devoted to discussion.

2 ABJ theory as a Fermi Gas

In this section we will show that the partition function of the ABJ theory on S? is described
by an ideal Fermi gas system as in the ABJM case [13]. This picture enables us to compute
the partition function exactly.

2.1 Rewriting canonical partition function

Let us consider the U(N); x U(N + M)_; ABJ partition function on S3. We begin with
the ABJ matrix model (1.1) obtained by the localization method [6, 31, 32]. It is not so
obvious (except M = 0 corresponding to the ABJM case) whether this expression of the
ABJ partition function has an ideal Fermi gas description or not. However, it has been
proven [34], after conjectured in [33], that the partition function has another equivalent
representation, which is suitable for a Fermi gas approach. Although this representation
takes seemingly different forms between M < |k|/2 and M > |k|/2, we will show below
that the ABJ partition function can be rewritten for? all (k, M) as

2NN (k) = P NAE 260 () 2NN (1), (2.1)

where Zg‘SJ)(k) is the U(M) pure CS partition function on S3 given by [39-42]

u M= s\ ¢
e || <2sin|k’> , (2.2)

s=1
and O(N, M, k) is the phase of the partition function,
GIONMR) _ sNM ,— & M(M2-1) (2.3)

The quantity ZN.N+M) (k) mainly used below, is the absolute value of the partition function
divided by the pure CS contribution,

Z(N,N—I—M) (l{?)
M
265 (k)

Z(NNAM) (1) (2.4)

*For M > |k|, the ABJ partition function vanishes [33, 34] since Z(CAS/[)(k) = 0 for this case. This is
consistent with an expectation that spontaneously breaking of the supersymmetries occurs in this regime [26,
37, 38]. Hence we consider the case for M < |k| below.



It turns out that Z(V:N+M )(k) has a simple integral representation
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Here the product over s runs with the step As = 1. By using the Cauchy identity
9 za - 1
H tanh - Z H 2a—Z2g(a) ’
1<a<b<N o€SN a=1 COsh —

we can rewrite the partition function as an ideal Fermi gas system,

(NN+M)
Z N Z / (i) e Hp (Y Yo(a)) (2.7)

ocESN
where the density matrix p(x,y) is given by

V@)

— (2.8)
cosh Tky

p(r,y) =

In the rest of this section, we will prove that the ABJ partition function (1.1) can be
written as (2.1) for all k£ and M.
2.1.1 For M < |k|/2

For M < |k|/2, the previous study has shown [34] that the ABJ partition function (1.1) is
equivalent to

. oo N _
Z(N,N+M)(k) — ]‘eZG(N,M,k)Zé]SM)(k)/ ( d Yy H tanh2 Ya Yo

N oo (Am|k|)N 2k
1<a<b<N
N ]Mgl
1 Yo + 2mi(s + M/2)
_ anh . 2.

8 H[2coshy2“ H 2|k| (2:9)
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2

If we integrate this integrand along the contour Cy +Cy+ Cs+Cy depicted in figure 1 (left),

then we can easily see that the integration vanishes by the Cauchy integration theorem.?

Since the integrals along Cs and C4 becomes zero in the limit A — oo, we find

ZN+M) (o) / Nya(-) = / ¥ ya(--). (2.10)

The right hand side is nothing but (2.1).

®Note that poles of 1/ cosh ¥ at yo = —(2m~+1)mi withm = 1,2, -+, [(M —1)/2] are canceled out due to
zeros of [] tanh %W Also, poles of tanh %ZW are not located inside of C1 +Ca+C3+Cy.
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Figure 1. (Left) Explanation of the integral contours C7,C5,C5 and C4. The real positive
parameter A is taken to infinity. (Right) Explanation of the integral contours Cy, Cg, C7 and Cs.

2.1.2 For M > |k|/2
For M > |k|/2, the ABJ matrix model (1.1) is also written as [33, 34]

1 . 00 dN _

N,N+M _ i0(N,M.k) (M) Yy 2Ya — Yo

Z( )(k) = N° ( )ZCS (ki)/ W | bl tanh “on
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(2.11)

By considering an integral contour C5 + Cg + C7 + Cy in figure 1 (right) with the same

integrand, the partition function becomes

200000 = [ ¥y = [ i,

Cs

as in the case for M < |k|/2. Thus we obtain

00 N
ZONNEM) 1ei0(N,M,k)Z(M)(k)/ dy ] tant? Yo — Ub
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Noting that

[k|—1
2

H tanh +2mis 1 for k: even
2[k|  |tanh¥ for k:odd ’
T
2

(2.12)

(2.13)



we find the following identity

|k|—M—1 M—1
1 2 211 1 2 i
v 7 H tanh L2 _ - . H tanh 22T
e2 + (—1)kl-Me=2 T 2|k| ef + (—1)Me 5 i 2[k|
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Plugging this into (2.13), we obtain the same expression (2.1).

2.1.3 Remarks on Seiberg-like duality

From the representation (2.1), one can see that the ABJ partition function transforms
properly under the Seiberg-like duality [26] between the ABJ theories with different gauge
groups

UN)g xUN+M)_ and U(N + |k| — M) x U(N)_g. (2.15)

This duality comes [43] from the Giveon-Kutasov duality [44], which has been proven for
the S3 partition function [45].

Let us check this duality in terms of (2.1). First, it is well-known that the pure CS
partition function Zggf)(k) enjoys the level-rank duality (See e.g. [43] for a proof)

255 (k) = 205~ (k). (2.16)

Next, using (2.14) one can easily see that the integral representation of ZW-N+M) (k) in (2.5)
is also duality invariant,

ZINNAM) 1y = G (NNHR=M) gy (2.17)

i0(N, M, k)

Finally the phase factor e given in (2.3) is not duality invariant but appropriately

transforms as discussed in [43, 45].
In what follows, we will assume k > 0 without loss of generality. Since Zg\s/[)(k) and
ZN.N+M) (k) depend only on the absolute value of k, (2.16) and (2.17) imply that they are

invariant under the exchange M < k — M:
M k—M 5 2 _
750 (k) = 28 k), ZONNFM) () = ZINNFR=M) (g, (2.18)

2.2 Grand canonical formalism

Let us switch to the grand canonical formalism. We define* the grand partition function
as the generating function of ZWV-N+M) (k) in (2.4),

oo e (N,N+M)
=(M) N Z N &(N,N+M _ Z N|Z (k)
N=0 N=0 CS ( )

4One could define the grand potential in terms of the whole partition function Z V-~ +M) (k) rather than
ZWNN+M) (k) Then the N-dependent factor of the phase (2.3) can be absorbed by redefining the chemical
potential as p — p + iM7/2, while the N-independent factor of the phase and pure CS partition function
Zgg[)(k) can also be absorbed by redefinition of the perturbative coefficient A in (4.4). Particularly, in
our definition of the grand partition function (2.19), we will see that corresponding topological string free
energy is invariant under the Seiberg-like duality (2.15). If we did not drop the phase in defining the grand
partition function, then corresponding topological string free energy do not become duality invariant.



where 2 is related to the chemical potential u by
z=el. (2.20)

From the representation (2.7) of Z(>"N+M) (k) as the sum over permutations, one can show
that the grand partition function is written as a Fredholm determinant,

=M (2) = Det(1 + zp). (2.21)
It is also convenient to introduce the grand potential as

T () = 10g ZM (2). (2.22)

Given the grand partition function E](CM)(Z), we can easily come back to the canonical

partition function ZN-N+M) (k) by

2 dz 1 —(M
ZWNN+M) () = fmzwzg )(2). (2.23)

As explained in [17, 46], the grand potential consists of a primary non-oscillatory part and
an oscillatory part. The non-oscillatory part® JliM) (1) satisfies the following relation

(e.)
F(M) (M) ;
eJkM (W) — E eJkM (p42min) (2.24)
n=—oo

Then we can deform the integral contour in (2.23) to the whole imaginary axis, by just
replacing the total grand potential j,gM) () with its non-oscillatory part J,gM) (1), namely,

FINNEM) () — / B exp [J,EM)(M) — uN|. (2.25)
Now let us describe our method for the exact computation of the partition functions.

As discussed in [17] (see appendix A for details), thanks to the Tracy-Widom’s lemma [47],
the grand canonical partition function is determined by a series of functions gﬁf (v),

o0 N (o)
—_ z n
=M (2) = exp [ > Tl | Y6/ (0)2, (2.26)
n=1 =0
where py and ¢; (y) are given by
x,y) + plx, —y Ei(z)E (y x
p+($7y) _ p( ) 10( ) _ +( ) +( ) E+(l‘) — cosh — V(I),

2 cosh £ + cosh ¥ ’ 2k

5The oscillatory part is defined by

i (M) ) (M)
g |14 3 e omrmm—r 0 |

n=—o0,n#0

although we will not use this expression explicitly below.
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In particular, ¢;'(y) can be constructed recursively starting from ¢¢ (y) = 1. Using the
above formula, we have computed the exact partition functions of the ABJ theory for
(k, M, Nmax) = (2,1,65), (3,1,31), (4,1,62), (4,2,29), (6,1,23), (6,2,21) and (6, 3,22).
The explicit values of the partition functions are listed in appendix D.

3 Test of AdS/CFT correspondence

In this section, using our exact data of the partition function, we test the AdS/CFT
correspondence between the ABJ theory and M-theory on AdS; x S7/Z; with a discrete
torsion.

3.1 Expectation from the gravity side

Here we describe some expectations from the gravity side.

3.1.1 Classical supergravity

The U(N)i x U(N + M)_j ABJ theory [26, 27] describes the low-energy effective theory
of N M2-branes with M fractional M2-branes. In the near-horizon limit, the geometry
associated with this brane configuration becomes AdS; x S7/Z; with M units of discrete
torsion realized by a discrete holonomy of the 3-form field [26].

When k > N5, the curvature becomes very small and we expect that the eleven-
dimensional classical SUGRA on AdS; x S7/Z; provides a good approximation of the
gravity side. The free energy of the classical SUGRA with the boundary S® obeys the
famous N%/2-law [48], given by (see e.g. [49] for a derivation)

™2k
Fsuera = ——5— 3 N3/, (3.1)

In the next subsection we compare this with our exact result on the ABJ side in the large
N regime with fixed k.

3.1.2 One-loop quantum supergravity

The one-loop correction of the SUGRA can also be analyzed by the technique successful
in computing the logarithmic correction to the black hole entropy [50-54]. The authors
in [36] have shown that the free energy of the eleven dimensional SUGRA on AdS; x X7,
where X7 is a seven-dimensional manifold including S7/Zj,, contains the following universal
logarithmic correction,

1
~ 1 log V. (3.2)



For N/ = 3 necklace quiver CSM with coincident rank of gauge groups, it has been shown
that this logarithmic behavior comes from the large N asymptotics of the Airy function [13]
in the perturbative part of partition function (See also [55] for N' = 2 case).

Strictly speaking, in the presence of the discrete torsion, there might be further massless
degrees of freedom and the logarithmic correction could change.® However, as we will see in
section 4, the exact ABJ partition functions show a nice agreement with the Airy function,
and hence the ABJ partition function also exhibit this 1-loop behavior (3.2).

3.1.3 Non-perturbative effects

One expects two kinds of non-perturbative effects on the gravity side as in the ABJM
case [10, 25]. If we identify a direction of M-theory circle with the orbifolding direction
and consider a large k regime, then the eleventh dimension in the geometry AdSy x S7/Zy,
shrinks and the bulk theory reduces to the type ITA string theory on AdS; x CP3. Since CP3
has a nontrivial 2-cycle CP! and a Lagrangian submanifold RP?, we expect that the dual
type IIA string theory has the worldsheet instanton [25] and the D2-brane instanton [10]
corrections characterized by the following weights, respectively,

exp —TFlVol((CIF’l)} = exp (—277\/?), exp
(3.3)

As discussed in [8], the worldsheet instanton also receives the following contribution from
the coupling to the background NSNS 2-form field

1 M
/CP1 BNS = 5 - ? (34)

We also expect that the D2-instanton has a coupling to the background RR 3-form field.

[o—

—TDQVol(]RP?’)] = exp (—77 2kN>.

From the viewpoint of M-theory, these instantons correspond to M2-branes wrapping
three cycles known as membrane instantons [1]. The worldsheet instanton effects in (3.3)
and (3.4) have been successfully reproduced from the ABJ matrix model in the 't Hooft
limit [8]. In section 4, we will show that the ABJ partition function contains all the
expected instanton effects and determine the structure from the refined topological string.

3.2 Comparison with the gravity side

Let us compare our exact result of the partition function with the classical SUGRA re-
sult (3.1). In figure 2 (left), we plot the exact values of the free energy log Z(N-N+M)([)
listed in appendix D against N3/2 for some cases. As expected from the gravity side, we
observe that the free energy is approximately proportional to N3/2 in the large N regime.
Figure 2 (right) compares our result with the classical SUGRA result. In this plot, we fit
the ratio between the exact free energy and classical SUGRA free energy by linear functions
of 1/N, whose intercepts should be almost 1 if the AdS/CFT correspondence is correct.
We easily see that the data points are well fitted by the fitting functions in the large N

region, and indeed the values of these intercepts are almost 1. Although we have plotted

5We would like to thank Ashoke Sen for explaining this point.
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Figure 2. (Left) The free energy log Z(N-N+M) (k) is plotted to N3/2. (Right) The ratio between
the exact free energy log Z(N.N+M )(k) and the classical SUGRA free energy Fsygra is plotted
against 1/N. The symbols and dashed lines denote the exact data and fitting functions in the large
N region, respectively.

only for (k,M) = (2,1),(3,1),(4,2) and (6, 3), we have checked that similar result holds
also for (k, M) = (4,1),(6,1) and (6,2).

We can reproduce the classical SUGRA result also from the thermodynamic limit of
the Fermi gas system as in the ABJM case [13]. In the large N limit, the free energy is
approximated by a saddle point of the p-integration in (2.25) as

07" ()

log ZWNANFM) (k) ~ JIEM) (1) — N, with 5
w

~N. (3.5)
U=

Hence we can estimate the large N free energy if we find the large pu asymptotic behavior
of the grand potential, which is captured by a semi-classical expansion of the Fermi gas
system. By introducing the quantum mechanical operators ¢ and p satisfying [q, p| = 27ik,
and §|lz) = z|x), we can rewrite the density matrix p(z,y) as a quantum mechanical
operator

ol y) = (aleH@D |y e HG@D = V(G —— JV(g), (3.6)

2cosh §

where H is the Hamiltonian of the Fermi gas system. The asymptotic behavior of the
classical Hamiltonian for |g|, |p| > 1 is given by

lq| + |p|

HCI(Q7p) ~ 9 > (37)

which is exactly the same as in the ABJM case [13]. Thus the same analysis as [13] gives
the large pu grand potential and the saddle point . as

kN

B e =T (3.8)

T () = .

3n2k

We can easily see that plugging this into (3.5) reproduces the result of the classical super-
gravity.
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Using the expression of the saddle point value i, in (3.8), we can translate the instanton
effects (3.3) on the gravity side into the language of the grand canonical formalism. In terms
of ., we can express the instanton factors as

exp <—27rﬁ) = exp (—2u:), exp (—m/QlTN) — exp <—4Z*>. (3.9)

If we assume that the free energy on the gravity side receives a series of multi-instanton

corrections, we would expect that the ABJ grand potential have the following expansion,

T =Y fim(p) exp [ (2z + 4;:) u], (3.10)

l,m=0

where f},,,(1t) is a polynomial of y1, whose coefficients depend on M and k. Although there
is no currently available technique to determine the coefficients f;,, (1) of instantons from
the computation of the gravity side, the ABJ matrix model and its relation to the refined
topological string give a very concrete prediction for these coefficients, as we will see in the
next section.

4 ABJ partition function from the refined topological string

In this section we propose that the ABJ free energy including the non-perturbative effects
is completely determined by the refined topological string on local P! x P'. As explained
in [7], the partition function of the ABJ theory on S can be analytically continued” to
the partition function of the L(2,1) lens space matrix model [39, 40] which comes from
the pure Chern-Simons theory on S2/Zs. The lens space matrix model corresponds to the
topological string on local P! x P! via a topological version of the large N duality [59].
Thus we expect that structure of the ABJ free energy is captured by the topological string
on local P! x PL.

For the ABJM case, as the special case of the ABJ theory, this expectation has been
confirmed quite successfully. In [2] it is discussed that the grand potential of the ABJM
theory corresponds to the free energy of the topological string on the “diagonal” local
P! x P! in large radius frame, where the Kéhler parameters of two P’s are equal. More
precisely, it has been shown, based on the exact and numerical results [15-17, 19], that
the perturbative and worldsheet instanton parts of the ABJM grand potential are given
by the free energy of the un-refined topological string on the local P* x P! [13, 17], while
the D2-brane instanton part and its mixed contribution with the worldsheet instanton are
captured by the Nekrasov-Shatashvili limit [35] of the refined topological string on the
same local P! x P!,

In this paper we generalize this argument to the ABJ theory. From the topological
string viewpoint, this amounts to consider non-diagonal local P* x P!, or equivalently local
P! x P! with general Kihler parameters. For this purpose, we decompose .J(p) into the

"There is much strong evidence for this relation [7, 10, 14, 17, 33, 34, 56-58].
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perturbative part Jpert (1) and the non-perturbative part Ju,(u) as

T (1) = Toert (1) + Jup (). (4.1)

We propose that structure of the ABJ grand potential, or equivalently the ABJ partition
function, is completely determined by the topological string including the non-perturbative
effect and test this proposal by using our exact data of the partition functions.

4.1 Perturbative part

In order to study the non-perturbative structure of the ABJ grand potential in terms of
the exact data, we shall first determine the perturbative part of the ABJ partition function
to subtract this from the exact data. In this subsection, we determine the perturbative
part of the ABJ grand potential by using the un-refined topological string.

As explained in [60], the perturbative part of the free energy of un-refined topological
string on a Calabi-Yau manifold (CY) X is given by

1 1 1
Foot = — ——1-—= , 4.2
pert Ggg/J/\J/\J 24< gg)/JACQ ( )

where J is the Kéhler form and c; is the second Chern class. From this general expression,
we expect that the perturbative part of the grand potential of ABJ theory is given by

T3+ T3 — 31T, — 30013 1 1
Jpert (1) = ——2 1 24— (1-5 | (i +T)+ A 4.3
pet(u) 693(47‘@)2 24 52, ( 1+ 2)+ ) ( )
where T} 5 are the Kihler parameters of local P! x P!, whose relation to p will be explained
shortly. Here g5 denotes the string coupling g5 = 2/k defined in (1.3) and A is given by

C(3)k? 1. 4r

A=—log|Z8D (k)| - en T glos— +20(-1)

1 [ 3 1 3 1
e R Y (A . 4.4
3 /0 v <$3 T xsinh2x> ekr — 1 (4.4)

Apart from the first term in (4.4), A is the so-called constant map contribution analyzed
n [14] in detail. The first term — log ]Zg\s/[)(kﬂ in (4.4) comes from our definition of the
grand partition function (2.19). In order to reproduce the worldsheet instanton factor
e~ /% (3.9) together with the effect of the B-field (3.4), it is natural to make the following
identification of the Kéahler parameters

4 (1 M 4 (1 M

With this identification, the Seiberg-like duality (2.18) is naturally realized as the exchange
of two P'’s of local P x P!

M-sk—-M < T < Ts. (46)
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Then the perturbative grand potential in (4.3) becomes

C
Tpert (1) = 2 1” + B+ 4, (4.7)

where C' and B are defined in (1.6). This expression (4.7) of the perturbative part is
consistent with the result for the ABJM case [13] and the same as the proposal in [30].

Then, as in the ABJM case, the perturbative canonical partition function Z (N’N+M)(k) is

pert
given by the Airy function,
. o q
Zyo M (k) = / Lo oNn Z cBANCTAN - B). (48)
—100

Below, we will show that this is indeed the correct perturbative partition function by
comparing with our exact data. In the large N limit with fixed k, the perturbative part of
the free energy becomes

log ZN M) (k) = —20—1/21\73/2 +C~Y2BNY2 ilogl\f +0O(1). (4.9)

The first term reproduces the classical SUGRA result (3.1) and the third term agrees with

the logarithmic behavior (3.2) of the one-loop quantum supergravity [36].
Z(N’N+M)

pert (k) with our exact data of partition functions. For this

Let us compare
purpose we decompose the canonical partition function as

. ~(N,N+M g
Z(N,N+M)(k) _ ZI()ert + )(k) (1 + ZI(IJ};/,NJFM)(;C)) ’ (4.10)
where S (N, N+M)
. ZWNAM) ()
ZWNN+M) oy = 2 (4.11)
np 5(N,N+M
Z;()ert - )(k)
If ZA;()g ’tNJrM)(k) is the correct perturbative part, then Zr(lg’N+M)(k) should correspond to

the non-perturbative part of the partition function and it is expected to behave as
5(N,N+M —2my /2%
Z(NN+ )(k):(’)(e ™% ) (4.12)

in the large N regime. Figure 3 shows the plots of }EJPV’N*M)(k) against 2m/2N/k in
semi-log scale for (k, M) = (2,1),(6,1),(6,2) and (6,3). We can easily see that the data
points are on the straight lines in the large N regime, which imply the exponentially

. /2N
suppressed behavior of I(lg’NJrM)(k) by e 2V

. Thus we conclude that Jpert (1) given
in (4.7) is indeed the correct perturbative part of the grand potential. Since this consistency
check shows the presence of the “—i log N” term (3.2) in the canonical partition function,
we have also tested the AdS/CFT correspondence at 1-loop level of the dual quantum
supergravity [36]. Although we have not explicitly shown, similar result holds also for

(k, M) = (3,1), (4,1) and (4,2).

4.2 Non-perturbative effects and the refined topological string

In this section we briefly review [2] and write down an expected form of the ABJ grand
potential from the refined topological string on local P! x P! with non-diagonal Kéhler
parameters.
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Figure 3. ZA,(IJJ’N+M)(k) is plotted to 2w+/2N/k in semi-log scale. (Left) A plot for (k, M) = (2,1).
(Right) Plots for (k, M) = (6,1), (6,2) and (6,3). The blue circle, purple square and yellow diamond
symbols show the cases for M =1, M = 2 and M = 3, respectively.

4.2.1 The refined topological string

Let us first recall the structure of the un-refined topological string on CY X with Kéahler
parameters T7. The free energy of the un-refined topological string in the large radius
frame is given by [61]

Fiop(Tr;gs) = > Y ( w2 — q_w/2>29 “qQu, (4.13)

g>0w>1 d

where

gs=e%, d=(d,da,-+), Q=[]Qr. Q=" Q'=]J[@F (414
I I

Here g, is the topological string coupling defined by §s = 2migs. The integer numbers n;l
are the so-called Gopakumar-Vafa invariants of X.

The free energy of the refined topological string is obtained by a one parameter defor-
mation of the standard topological string free energy originated in the Nekrasov instanton
partition function [62]. The refined free energy is determined by the supersymmetric index
N jdL jr Which counts the BPS states in the M-theory compactified on X down to 5 dimen-
sions [63]. These BPS states come from M2-branes wrapping a two-cycle of X with degree
d. They behave as massive particles in the 5 dimensions, carrying spins (jr,jr) of the

little group SO(4) ~ SU(2) x SU(2). The refined free energy takes the form of

L+R . WYy w

Nd Xz (47)Xjr (4R) wd

Fref(TI>€17€2 Z ZZ ]LJR(U)/Q L_w/g)(qi/g q_w/2)Q )
2 42

Jrdr>0w>1 @ — %
(4.15)
where
_ 2%+1 _ ,—2j-1
. €1—€3 e1tey q q
sSLR=2jLrR+1, qu=e"2 , qr=¢€¢ 2 , qa=¢e"? x;(q) = oq—q '
(4.16)
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It is often useful to introduce another invariant nd by

grL-9r
sp+sr ard d 3 —342 3 312
Z ( 1) L RN]L ]RX]L (QL)XJR (QR) Z ngL,gR(qIQJ - qL 2) 9L (qI%L - qRQ) gR‘
Jjr,.jr=0 91,9r=>0
(4.17)
The un-refined topological string corresponds to the following particular limit:
€1 = —€2 = Js, (4.18)
with an identification
ng = ngo. (4.19)
As discussed in [2], the Nekrasov-Shatashvili (NS) limit
eg="h, € —0, (4.20)

of the refined topological string plays an important role in the D2-instanton corrections.
Since the refined free energy has a simple pole (~ 1/e2) in this limit, we introduce the NS
free energy as

FNs(T]; h) = lim GQF(T]; h, 62)

ea—0
S ZZ U v X (0@ qua g g
JLJR qw/2 _ q—w/2 ’ ’
]L,]R>1w>1

where
q = el =¥l (4.22)

4.2.2 ABJ partition function

As a natural generalization of the ABJM case, we conjecture that the ABJ grand potential
can be written in terms of the free energy of the refined topological string on local P! x P!,
For later convenience, we decompose the non-perturbative grand potential Ju, (1) into the
worldsheet instanton part Jyws(u), the D2-brane instanton part Jpo(p) and the mixed
contributions Jwsp2(u),

Jup (1) = Jws (1) + Jp2(p) + Jws+p2(w)- (4.23)

As in the ABJM case [2, 8, 17], we expect that the perturbative part plus the worldsheet
instanton part is described by the un-refined topological string,

Jpert(,u) + JWS(:U) = Ftop(Tla TQ; 98)7 (424)

where g; = 2/k in our definition (1.3). More explicitly, the worldsheet instanton part
Jws (1) is given by®

g d sp sin 2EMSL

+sp+1 1,d2 k d1T1+d2T:

JWS Z Z SL o N]L,]R B (2 sin 2Trm)2 sin 47rme m( . 2 2) ) (425)
m=1d12,j..r k Tk

8Note that this expression is ill-defined for physical integer values of k. Hence this formula should be
understood as the simple analytic continuation to unphysical values of k. As we will see in section 4.2.3,
the divergences at integer values of k are actually apparent and canceled out if we take into account
contributions from D2-brane instanton.
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dida -
(d1, d2) 2 jnin Nipin UL JR)

(1,n),n >0 (0,n+3)
(2,2) (3:4) 20,9 @ (0,3)
(2,3) (L, 5) @ (5,5 @ (5,4 ©2(0,3) @ (0,3) (0, 3)
(2,4) GnedPem,PHe2i6)e@d,5a20 )o@, 4

(3,3) 2P e G nNe 3,631, ) e ;.02 Y)®3(3.6) ®(1,3)
@3(3,5) ©4(0,5) ®2(3,4) ®3(0,5) & (3,3) ©3(0,5) #(0,3) & (0, 3)
(2,5) 2,NeEaeEne20, ) e, B)e23.0e (1Y) a2(1,6)
®3(0, 5) @ (3.5) ©2(0, 5) ® (3,4) ©2(0,5) @ (0, 7) @ (0, 3)
(3,4) B.PeG.9e(E.8)a3(2, ) e (2,.9)a2(2,%)e4(3,8)
B(L ) ®(2,5) 4G, 7) @71, F) ©2(3,8) © (0, F) 9 2(3,6)
@6(1, ) ©7(5,7) © (0, %) ®(3,5) ®5(1, %) ®8(3,6) ®7(0, )
©2(1,3) ©6(3,5) ® 6(0, 3) @ (1,5) ©4(5,4) ©7(0,3) ® 2(3,3)
8400, D) @ (3,2)83(0,3) & (0, 2) & (0, 3)
Table 1. BPS index N{*%2 of local P! x P! up to dy +dp = 7.

where N denotes the BPS index of local P! x P! partly listed? in table 1.

JL.JR

It is also expected that the D2-brane instanton part is captured by the Nekrasov-
Shatashvili limit with the effective shift of the chemical potential,

1 9 et st
Jper J = Jper — | gsF} L2 4.26
s 1)+ To2(08) = Tt i) + 55 [gs s (2 g)] (4.26)
In this expression, we treat ng and g, as independent variables, namely
aTeff
12—y, (4.27)
99s

As discussed in [2], the effective K&hler parameters are determined by the so-called quantum
A-period, whose closed form is not known for the general value of g;. However, for the
physical case of integer k, we can write down the effective Kahler parameter ng in terms
of a hypergeometric function (see appendix C for an explanation)

Teft T _Tr 33 _T

L2l e o By <1,1,,,2,2,2;166 g§> for g;lez

gs s 2°2
oTeft  oT _2r 33 21y 1

L ==L 4o o 4F (1,1,,,2,2,2;16e > for g7'e€Z+<,  (4.28)
Js Js 2°2 2

which gives the effective chemical potential peg as
{u —9(—1)5 Me=2 Py (1, 1,332,922 (—1)§*M166—2M) for k : even
fheff = :

ot e 4By (11,3,4,2,2,2 - 160°%) for k +0dd

(4.29)

9A part of the data is extracted from the table in section 5.5.2 of [63]. We are grateful to Can Kozcaz
to tell us the other data of the BPS index, which is not listed in [63].
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The second term of the right hand side in (4.26) takes the following explicit form

1 0 Teff Tt
Py gSFNS( L ’ 2 7>
27”895 gs gs Js
SL+5R+1
dy,ds
- Z Z NjLJR

m=1d1 2,j..rR

sin I‘“”;SL sin kmgsR k sy, cos kWQ”SL sin ’“”;‘SR + spsin Img‘SL cos kWSSR
7m sin® lme 2 sin® kanm
. kmms . kwms
k kmm sin L sin £ km off off
+ — (3w cot + dy T + doTsT 22 o (WTTHERTI N (430)
27’[’ sin T,

This shift of the chemical potential also plays an important role to describe the mixed
contribution of the worldsheet instantons and D2-instantons by

Jws (1) + Jws+p2(i) = Jws(Hefr)- (4.31)

To summarize, we conjecture that the total ABJ grand potential is given by

1 9 Teff Teff 1
JliM)(:“) = FtOp(TleﬁaT;Hv )+ 21 8 [gSFNS < gls 7928;93)]

C
= g/ﬁgﬁ + Blesf + A

sL+sR+1 d1,d2
SN N

m=1d12,j..rR

. 4dwmsy,
[_ SRS 5= —m(dy T +do TST)
(2sin 271)2 gjp 47m
k Tk
1 | sin I‘“”;SL sin ]‘WSSR k sy, cos k”TQ”SL sin ’“”;SR + spsin ’””;SL cos kmsz
+4m wmsin® —]‘”;m 2 <ind kgm
. kmms . kmms
k kmm sin L sin E 1 km g et off
—l-Qf 37 cot + lefﬁ + dgTQEH 2 T 2 ez (T +d2 T30 |
T sin® “m

(4.32)

We can rewrite this expression in the form of (3.10) and read off the coefficient fi,,(u) of
the term e~ (2+4m/k)i a5 expected from the gravity side.
By exponentiating JIEM) () in (3.10), we find the following expansion

(M) C 4m
e’k Z gi,m (1) exp [3M3 + ( — 20— k:> M] ; (4.33)

1,m=0

where g; (1) is a polynomial of i explicitly determined by the coefficient f; ,,, (). Then we
come back to the canonical formalism by applying the integral transform (2.25) to (4.33),

Z(N,N+M)( — 5 Z glm< >A1

1,m=0

o3 <N —B+2+ ?)] (4.34)
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Since the Airy function satisfies the differential equation

d2

@Ai[z] = zAi[z],

the canonical partition function given in (4.34) can be rewritten as a combination of the
Airy function and its first derivative alone.

The expression (4.32) has apparent divergences at some values of the Chern-Simons
level k, in particular at physical integer k. For example, for odd k such divergences occur
when m in (4.32) is a multiple of k for the worldsheet instanton and even integer for D2-
instanton, respectively. In the next subsubsection, we discuss that these divergences are
actually canceled out and we compute the finite part of the grand potential.

4.2.3 Cancellation of divergence between instantons
Here we show the cancellation of apparent divergences in the grand potential (4.32) and

compute its finite part.

Even Chern-Simons level. Let us first consider the even k case; we set k = 2ng with
some integer ng. By expanding!® the m-th worldsheet instanton term with m = nof (¢ € Z)
around k = 2ng, we find that the worldsheet instanton part (4.25) has poles at k = 2ng:

(_1)SL+SR+(n+M)Zd,

sRsLNdl 2 o 2ld+ prest

Angl JL-JR
4n? 4n 1 2
1 — 22 k—2 4.
w20k —2n0)2 | PPk —2ng) | w2 3L Ok =2n0) |, (4:35)
where we have introduced the notation
dy = dy £ ds. (4.36)

The contribution (4.30) from Fyg, which gives the part of the D2-instanton correction, has
also poles for arbitrary m:

(_1)(sL+5R+1)(mn0+1)+de,+d7mn0e—2md+ueff SLSRNCvll ,d2

JL)JR
4m
m2m?2 (k — 2ng)? * m™m2k —2ng 2 * 6 (5 + 5R)
2d> 2, d*
_7-(2;0 ,ug,ﬁ” — mueﬁ + 27?7/0(n0 — M)2 + O(k’ — 2’/10) . (437)

It is easy to see that these poles are canceled with each other if

(—1)setsrtl =1, (4.38)

10This expansion should be handled with care. See the comments below and section 4.4 for detail.
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It turns out that the non-zero values of the BPS index NV ;ls”?; for local P! x P! appear only
for the spins obeying the condition (4.38), and hence the poles are indeed canceled. After
the pole cancellation, we find the finite part of the grand potential as'!

C
J(n) = S g + Bhen + A

3
—2mmid_ (- s 4mmsy,
I 3L+3R+1Nd17€12 _e (2 k )SR S11 % 6_4de+:u‘6ff
Z Z JL:JR m(2sin 2™ )2 sin —47];7”
m 2m/k7£Zd1 2,JL,R

SLSR d1 do
DY NG
m=1d1 2,j..rR

2d2 2d

Meflel(( )(%+M)d+e—2d+ueg> _ %MeﬁrLiQ((_1)(§+M)d+e—2d+ueg)
™

1. k _
,ﬁLl3((,1)(2+M)d+6 2d+ucﬂ)

+{(16+k2)s%+k25§% 84K P (k
2

2
= (2 _Mm Lis ((—1)(5+M)d4 p—2d presr |
. Ly )}m<w o2t

(4.39)

Some comments are in order here. First, when taking the limit k& — 2ng in our general
expression (4.32), we should treat k and 7 f2 as independent variables since we have imposed
the condition OT¢% /0gs = 0. This means that k in the expression of T f2 in (1.4) is set to
2ng before taking the limit k — 2ny. Second, the resulting finite part (4.39) is invariant
under the Seiberg-like duality M <+ k — M for even integer k. The same comments can be
applied also to the odd k case.

Odd Chern-Simons level. When k£ is odd, there are also apparent divergences in the
worldsheet instanton with m = k¢ and the D2-instanton with m = 2¢ (¢ € Z). As in the
even k case, similar calculation shows that these divergences are canceled again and the
finite part of the grand potential is?

C
T(1) = e + Biterr + A (4.40)

—2mmid_ (% %) s 4dmrmsy,

+ (71)5L+5R+1Nd1,d2 76 SRS —¢ —4de+/tcf-f
Jr.JR m(2sin 22m)2 gjp 4m ¢
m,2m/k#7Z d1,2,jL,R S

k

SLSR Nd 2d3 . d, —4d d4 . 4 —4d
s ;;Pﬁﬁw«&wwﬂ%—ﬂmmwww4%ﬂ

d1,2,jL,R

1
_7L13((_1)d+6_4d+#cﬁ)

472
16+ k)53 + K253, 8+k> d2 [k ;. )
4_{( ;f Lo T g M) LDt
d_
—|—* Z N;Q’Jd;Pd+ Ps.sp+ P, sp) (—1)T+§(SL+SR+1)ArCtanh(e—2d+HCH)’
dl 2:JL,R
11We have used the deﬁnitlon of polylogarithm Lis(z) = ;‘)0:1 ;;’;.

—1
o1 2p + = Arctanhz.

12We have used 3°°
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where P, denotes the projection to even [,

P = 7(1 + (—1)’). (4.41)

4.3 Test of our proposal

Let us test our conjecture of the finite part (4.39) for even k and (4.40) for odd k, expected
from the refined topological string. Since the odd number of D2-instanton does not appear
in the finite part of the expected grand potential for odd & in (4.40), we can rewrite the

expansion of the grand potential (4.34) as'3

o0
(M) R
eli ) = e N " g () exp

m=0

, (4.42)

C 4 4m
= B-— =
gt (B4

where §,,(p) is a polynomial of p. Since we know the values of the BPS index N f;f}i up

to dy + da = 7 from table 1, we can explicitly write down §,, () up to m = 7. Using these

coefficients G, (u) (m =0,---,7), we define the putative partition function
! 0 4m
Zr—ingy = € mZ::ogm <_6N> Ai|C™1/3 <N —- B+ k)] : (4.43)

If our conjecture is correct, then this quantity should be the canonical partition function
including the instanton effects up to the order of 7-th worldsheet instanton correction.
Hence we expect that the difference between the exact partition function ZA,(CM) and 27_inst

behaves as

U0~ Gro_ T RSO N =B 2)] e

Zpert Aifc-13(N - B)] ’
(4.44)
in the large N regime. Here « is some non-negative integer depending'? on k and M. In
figure 4, we plot the quantity
A (M .
RYENGIY: 2 )A Pt , (4.45)
Zpert

against 2m/2N/k both in semi-log scale (left) and log-log scale (right) for various values
of (k,M). From figure 4 one can see that this quantity (4.45) is extremely small, and
this already gives strong evidence for our conjecture. We can argue more precisely as
follows. If Z7_inst properly contains the instanton effects, then this quantity (4.45) should

2N
be exponentially suppressed by e ™% in the large N regime. On the other hand, if

13Note that this expression of course includes also D2-instanton effects since k£/2-th worldsheet instanton
actually contributes by the same weight as /-th D2-instanton.

HMFor example, if (k, M) is (2, 1), the formula (4.39) implies o = 16. This is because the grand partition
function contains a term with O(u'%e™'%*) coming from the p*-terms in the first D2-instanton correction
of the grand potential.

- 21 —



14 2 |Z—Z7—ms|
e L |

""‘JETV |Z-Z70a |
e A

Zpe Z
oo, .
[T —— _
k, M)=(2, 1) PRt k, M)=(2,1) - )
10-20 -_-" 10-20F o
1024 .’ ° 1024} . ‘
102 ’ 10728} L
10732 : 10-2k °
107'&6 10736'
: L L L L L 2 2N ° L L L L L 2 2N
10 20 30 40 50 T\ Tk 10 15 20 30 507 &
14 3 |2*274m\ 14;{\/% |Z*Z7ﬂnsn|
e EEEe— e Er—
Zpert Zpert
-
Leseccce *0cea,, FRRTILLLL L S,
oLk, M)=3,1) .- 108 (k, M)=(3, 1) .
10-204 . ° o . .
1072 . 10°22 .
10724F . 10724 °
10726} 10726
L L L L Il 2 2N L L L Il 2 ZN
5 10 15 20 25 307 & 10 15 20 307 &
|4n\/% |2*Z7—-m\ 147 2 |2—274m|
e EEre— e -
Zpert Zpent
107 JERRTTTTE e 1079 L en——
k=4 ik k=4 et
1012} =" 1012} . "
. .
1075 . ecee 1075 " oo
ceee
. ° ....'--0.. . ° ° ...“'Oo.
10718 e "o, 10718 = y
.,
. . .
o,
1021} o, 102}
10-2] 10240
L L L L L L Il 2 2N L L L L 2 2N
5 10 15 20 25 30 357 10 15 20 30 TN
14;{\/2% |Z*Z7ﬂnsl| N |27277|ns\
e ~ e N
Zpert Zpert
1077 . 107,
Leee ceea.,,
k=6 . ....----tna.,.:' k=6 .
107 L. 10-8F ..
. .
. .
107° ¢ " 1079 ¢ "
. .
10710 ° 10-10L °
. .
107[] 10*“ L
. .
—12 —12
1077 10 .
L L L L L L L Il 2 ZN L L L L 2 2N
4 6 3 10 12 14 16 187 ¢ 3.0 5.0 7.0 10.0 150 ™ %

Figure 4. The quantity el4ﬂmk|Z,gM) — ZA7,inSt|/ZApert is plotted to 2m1/2N/k both in semi-log
scale (left) and log-log scale (right) for (k, M) = (2,1),(3,1),(4,1),(4,2),(6,1),(6,2) and (6,3).
The blue circle, purple square and yellow diamond symbols show the cases for M =1, M = 2 and

M = 3, respectively.
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27_inst had wrong information at 6-th or lower order of worldsheet instanton effects, we
could observe an exponential blow-up of this quantity. The semi-log plots in figure 4 (left)
show that such exponential blow-up does not occur. We also see from the log-log plots in
figure 4 (right) that the data points give a power law behavior in not so large N region. This
behavior is consistent with our expectation (4.44) since the data should show such a power
law behavior before going to exponentially suppressed region. Thus we conclude that the
grand potential (4.32) coming from the refined topological string is correct at least up to
the order of 6-th worldsheet instanton corrections. In particular the case of (k, M) = (4,1),
plotted in the second bottom of figure 4 (left), clearly exhibits the exponentially suppressed
behavior. This strongly supports our expectation (4.44).

To summarize, all cases we studied strongly support our conjecture that the ABJ grand
potential is given by the general expression (1.2) in terms of the refined topological string
on local P! x P!, with an appropriate identification of the Kihler parameters (1.4).

4.4 Comments on Matsumoto-Moriyama proposal

Recently an apparently similar form of the grand potential was proposed in [30] by a
different approach, which uses a relation between the ABJ partition function and the half-
BPS Wilson loops of the ABJM theory. The work [30] have calculated the ABJ partition
function exactly or numerically with high precision for (k, M, Npmax) = (2,1,4), (3,1,3),
(4,1,2), (4,2,2), (6,1,3), (6,2,2) and (6,3,2). These values are totally consistent with our
exact values listed in appendix D. However, there is an important difference of physical
interpretation between [30] and ours.

This difference comes from an ambiguity for taking the limit to a physical Chern-
Simons level in the apparently divergent grand potential (4.32). Suppose that we take
the limit & — ko (ko € Z) in (4.32). In section 4.2.3, we have expanded (4.32) around
k = kg after fixing k = kg in the effective Kahler parameters TIOH since we have imposed
OT¢% /0gs = 0, while the authors in [30] expanded the total expression (4.32) around
k = ko. This difference of taking the limit affects the finite part'® of the grand potential
after the cancellation of divergence. Since the latter prescription does not agree with the
exact data, the authors in [30] added an extra new term, whose origin is unclear from the
topological string perspective, in such a way that the finite part agrees with their exact
and numerical data. It turns out that the finite part of our grand potential, corresponding
to (4.39) and (4.40), agrees with the one given in figure 4 of [30]. However, our grand
potential before cancellation (4.32) is different from the proposal in [30] with an extra term
added. We believe that our prescription is more natural since everything can be completely
explained by the refined topological string.

5 Discussions

In this paper we have studied the partition function of the ABJ theory on S°. By using
the Fermi gas formalism and Tracy-Widom’s lemma [47], we have exactly computed the

5Fortunately or unfortunately, this difference vanishes for M = 0. Therefore this ambiguity of how to
take the limit is irrelevant for the ABJM case [2].
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ABJ partition function for (k, M, Nmax) = (2,1,65), (3,1,31), (4,1,62), (4,2,29), (6,1,23),
(6,2,21) and (6, 3,22). These exact data enable us to test the relation between the ABJ
partition function and the free energy of the refined topological string on local P* x P! with
non-diagonal Kéhler parameters. We conclude that the ABJ partition function is com-
pletely determined by the refined topological string including full series of the membrane
instanton effects in the M-theory dual.

Although here we have focused on the usual AdS/CFT correspondence between the
ABJ theory and the M-theory on AdSy x S”/Zy, it is also interesting to study the higher
spin limit [28, 29], corresponding to the regime where M,k > 1 with M/k and N kept
fixed. It would also be interesting to study the eigenvalue problem of the Hamiltonian (3.6)
of the ABJ Fermi gas, as in the case of the ABJM theory [20]. We leave this for future
work.

Throughout many previous works about the ABJM theory and this work, we have seen
that the (refined) topological string is a very powerful tool to determine the structures of
the partition function and the BPS Wilson loops in the ABJ(M) theory. However, if we
consider more general M2-brane theory beyond'® the ABJ(M) theory, the correspondence
to the topological string is rather obscure, and it might be the case that there is no such
relation in general. Therefore even if we can exactly compute the partition function for the
case other than the ABJ(M) theory for some discrete values of parameters, we do not have
a good guiding principle to extend the non-perturbative effects to more general parameters.
Although this problem can be overcome for the “orbifold ABJ(M) theory” [46] due to a
relation to the ABJ(M) theory, we need to develop a new approach to study more general
M2-brane theories. It is very interesting to study the instanton effects in other M2-brane
theories having AdSy dual.
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A Algorithm for exact computation of ABJ grand partition function

In this appendix, we show that the grand canonical partition function of the ABJ theory
is determined by a series of functions q§l+ (y) which can be computed recursively by the for-
mula (2.27). Our algorithm is essentially a simple generalization of the ABJM case [16, 17].

5For previous studies, see e.g. [64-69] in the M-theory limit, [70-73] in the 't Hooft limit and [13, 46, 55,
74, 75] in the Fermi gas approach.
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As discussed in section 2, the ABJ grand partition function is given by

o0 _1 n
=M (3) = exp [_Z( )
with the density matrix (2.8)
P1, P2 as

Trp™
n
n=1

(A.1)
Here we define multiplication and trace for certain matrices
et Tros — a2
p1p2(T,y) /_Oo 5P (@ )P2(a,) p1 /oo 5 P1(0:4)
respectively. Then we decompose the density matrix into the even and odd parts
p(@,y) = p+(z,y) + p—(z,y)

(A.2)

_ plz,y) £ p(z, —y)
2
=01,

p(z,y) =

In terms of py, we rewrite the grand partition function as
=E4(2)E

Note that p1 takes the form of

Det(1 + zp+)
p:t(xv ):

Ey(v)EL(y)

cosh £ + cosh ’
Therefore, both p+ have the form of

(A.5)
E(z)E(y)

M (z) + M(y)
by a series of functions ¢;"(y)

where the Tracy-Widom’s lemma [47] is applicable. Then the power of py is determined
Y
it

(@, >_cosh —F(:oshyZ

)3 1),
E 2n—1
P (x,y) = COSi _Coshy Z )61 (),
1 [ d
@ = 5 | gt

N 27rkpi(:v,q)Ei(Q),

qbat(:c) =1.
At this stage, it seems that we should find the two series of the functions ¢;"(y) and ¢, (y)
following convenient identity,

[I]

[I]

(A.6)
to obtain the grand potential. However, similar to the ABJM case [17], one can show the

Z ¢ (0)2,
which implies that we need information of only (ﬁf (y). Plugging this into (A.4), we arrive
and Trp exactly.

(A.7)
at (2.26). In the rest of this section, we present a concrete algorithm to compute ¢, (y)
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A.1 Algorithm for even Chern-Simons level

y

,v = e, the recursion equation (2.27) becomes

By changing variables as u = e

M-—1

27s

k

1 u © gzl v+1 v—e &k

+ = — d — | (v). A8

P () 2 u + 1/0 ook 4 (—1)M [ 1;[[71 U+62§§s]¢l ) (4.8)
s=—=

If we assume the form of ¢;" (u) as

A9 (u) (log u)?, (A.9)

M-

i
o

¢ (u) =

with rational functions Al(j ), we find!7

! Waa!
0

2ru+1 Y +1
M—-1 .
log v 3l v+1 ﬁ v— e F
> Res, |A Bj+1< ) - e % |-
ol 211 ) u+v ok 4 (—1) T vte k

(A.10)

The symbol >_ e
¢;" (u), we can find p2"(u,u) as

indicates the summation over all the poles of the integrand. From

M-—1
k 2mis 2n—1
1 w2 (u+1) 2 u—e "k ydo ( )
2n l
p ('U/, u) =5 TS ( ) ¢ n— ( )
o = b T[] S
2
(A.11)
By expanding p2"(u, u)/u in terms of the power of logu
1 2n—1
e — (4) J
= R 1 A.12
'LLp+ (’U,, u) Jgo n (U)( og U) ’ ( )

where RSZ ) (u) is some rational function of u, then the trace of p?" can be obtained as a

log u
- . A.13
() By ( 2mi ( )
'"Here we have used an integral formula noted in [16],

/ @) log v = - F f 4,0(0) By (log?’) :
0 ¥

sum of residues

2n—

1 (2mi)i Tt
Trpi”:f% il ZRebu
j=0

poles

j+1 27

where C(v) is a rational function and Bj1 is the Bernoulli polynomial. Choosing the branch cut of logv
as the positive real axis, the integral contour v goes from 400 to 0 infinitesimally below the branch cut and
then to 400 infinitesimally above the branch cut.
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A.2 Algorithm for odd Chern-Simons level

When k is odd, by introducing the variables u = e¥/?k y = e¥'/2k we can rewrite the
recursion relation (2.27) as

2mis

2 e8] k—1 2 2 2
¢l++l<u>:1“/0 o2 vl [ I1 “%m]@(). (A.14)

2ru? +1 u? + 02 0%k 4+ (=1)M Ty vt te
- 2

By expanding qb;fH as (A.9), we find

2

U l i)+l
¢lt_1(u) = _l Z (2- )

2
T U -l—lj:O j+1
k—1 2 1\1 1 271'25
logv) o*~ ve41
ReS +1< > TiS
I%g v J 27 u2_|_02 ,U2k+(_1)M szl;[{ ) U +e 2k

(A.15)

Then p3"(u,u) is rewritten as

. l<:+1 (u2 N ) M;l u2 _ e_% 2n—1 d¢ ( )
2n l
pH(u,u) = 102 — D + (D)) nM_l M] l:o( 1) T O3 ().

(A.16)
In a similar way as the even k case, by expanding pi”(u, u)/u in terms of the power of logu

2n—1

1 . )

*pi"(u u) =Y RY(u)(logu)?, (A.17)
j=0

the trace of p%r" can be obtained as a sum of residues

log u
RY)(u Bj1 < 57 )] (A.18)

1 (271) J+l
Trpi":—} T ZResu

7=0 poles

B w7V term of ZWV:N+M) (k)

In this appendix, we will briefly discuss the structure of the highest transcendental term of
the partition functions of the ABJ theory listed in appendix D, and the partition functions
of the ABJM theory in [17]. As mentioned in [17] for the £ = 1 ABJM theory, the coefficient
of the highest transcendental term 7% in the canonical partition function can be expressed
in terms of the Hermite polynomial using the relation

62:1:2—22 —

(B.1)

We will see that the partition functions of ABJ theory also have a similar structure.

—97 —



B.1 (k,M) = (2,1)

The partition function of (k, M) = (2,1) case has the structure

NN
ZINN+D) (o Z Lm. (B.2)

—N in Z(N-N+1)(2). We observe that such
highest term of ¢;(u = 1) comes from the (logu)’ term in the expansion (A.9)

Let us consider the highest transcendental term 7

+ l
cbf(u) :gl¢1l<'u) 4+ €1 :\@sin (7T(2l4—|—1)> ::|:1,
¢+(1)l e
¢l+(1)highest =€ 1“ = (47rl)ll!’ (B.3)
where
o7 (u) = ﬁ log u. (B.4)

Tr p2m with m > 2 is always less transcendental compared to T~

transcendental term comes from Tr p3 =

—N

of the highest term 7~ is given by

o0 (V)
NEN ~ _ ~Trpiz
> Ny =
s

2m

, and the only highest

. Thus we find that the generating function

(Z (bl hlghestz >

N=0
_3;722 < z n z >
=€ ™ COS — Sln —_—
4 47
1 1 1 5
=14 — 2 _ 3 IRy B.5
Tt T 6m2Y T o6m8” T 30m2md” T (B.5)
We further find
oo
Trpim 9 22 24 26 28 2
> m 2 = osgz t 93 T qioganae T gi6,2 915 (1 +COS*) to (B

m=1

B.2 (k, M) = (4,1)

In a similar manner, the highest transcendental term for the (k, M) =

to be

22 z
= e _——
*P 6472 8w

3
=1 z+ 2

(4,1) case is found

zZ
— € p+)hlghest ( E (bl hlghestz )

T 2 4,

1
T 8rC " 128n2°
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The next-to-highest term is

(N)

> c z 22 3z
N “N—-1
—_— = — —+ — . B.8
D2 N = g e <647r2 * 87r> (B-8)
N=1
Therefore, we find
22 z z z
E(Z) = e64n2 87 |:1+176€E+:| . (Bg)

B.3 Summary of the higher transcendental part of grand partition functions

By inspecting the exact partition functions, we find a similar structure for other cases.

Here we summarize the higher transcendental part of grand partition functions E,(CM) (z) for

various k and M,

Ego)(z):exp 25;+;427r] . {1+Zg—ii+gieii...]

SURMN I R

Ego)(z):eXP _221772 _29.2?))#2 +210§§57r2 +21zirz +22f4008h2;7+”l
-:1+§cosh%+---}

—(1) [ P 2 PA 20 24 5z

E) () = exp T2 2ig2 T 29.372  210335;2 21672 T o 008 5o T ]
-:cosi—i—sini---}

Eio)(z):exp __4.217@4_”}'[1—%126_12228&1121—#'“]

Efll)(z):exp _4_;17#—;—1----]-[1—1-;6;4-"'}

=0(2) = exp GZ;FZJF] 1+;lcosh6ir+f§jsmh&r+

Eél)(z):exp :_6-;7@4_”} : {cosé—i—siné—i—-"]. (B.10)

We do not have a clear understanding of the origin of this structure. We leave this for a
future work.

C Picard-Fuchs equation and effective Kahler parameters

In this appendix, we will explain that the effective Kéhler parameters for integer k are given
by (4.28), which are essentially equal to the classical periods of diagonal local P! x P!.
The Picard-Fuchs equation of local P! x P! for the classical periods II is

011 = 27(201 + 262) (201 + 20, + 111, (I=1,2) (C.1)
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with

0
0[ = 218721. (02)

Note that 6; measures the exponent of 2}
0127 =nzy. (C.3)

The classical A-period is a solution of the Picard-Fuchs equation (C.1)

(2k + 21 —
=log zr + 2 Z CIE zfzé. (C.4)
k,1>0

For the diagonal case z; = z9 = z, this reduces to

(2n +1)12 2n
(n4+1)13 n!

() - ()
m=0

As discussed in [17], the effective Kéhler parameter is given by the quantum A-period.

3 3
4 =logz+ 422 =log z + 4z4F3 <1, 1,-,-,2,2,2; 162) , (C.5)

22

where we have used the identity

For even k, the quantum parameter ¢ is equal to the classical value ¢ = ¢/ = 1, and the
instanton factors for the D2-brane become “diagonal”

z=e T12/9s — (—1)§_Me_2“7 (C.7)

although the worldsheet instanton factors are non-diagonal e~'! # e~72. Therefore, the
quantum A-period is reduced to the classical period (C.5). In [19], it is conjectured for the
ABJM case that the quantum period for the odd k case, corresponding to ¢ = —1, is also
expressed in terms of the hypergeometric function, obtained by simply replacing z — 22
n (C.5). We expect that this is also the case for the ABJ theory.

D Exact results on ABJ partition function

In this section, we present exact results of the ABJ partition function for various k, M
and N. Although we have indeed obtained the exact values for (k, M, Npax) = (2,1,65),
(3,1,31), (4,1,62), (4,2,29), (6,1,23), (6,2,21) and (6,3,22), we list these values up to
N = 20 at most. This is because the expressions for larger N are too long. The other
values are available upon request to the present authors. Our values are consistent with
the result obtained in the work [30] by a different approach, which has calculated the ABJ
partition function exactly or numerically with high precision for (k, M, Npax) = (2,1,4),
(3,1,3), (4,1,2), (4,2,2), (6,1,3), (6,2,2) and (6,3, 2).
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