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a careful analysis of the canonical structure the local degrees of freedom of the theory are
identified in the static symmetric sector of phase space.
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1 Introduction

In the framework of the AdS/CFT correspondence [1-3], asymptotically locally AdSs black
holes represent the gravitational configurations dual to conformal field theories at finite
temperature. In this setup, charged AdS black holes are specially relevant to address a
vast variety of problems essential to describe phenomena like thermalization in the presence
of chemical potentials and superconducting phases, among others.



In AdS/CFT, a crucial role is played by local symmetries. Local symmetries in the
bulk correspond to global symmetries at the boundary, and thus symmetry breaking in the
bulk induces quantum anomalies in the dual CFT. In this context, if one is led by the gauge
invariance principle to build a sensible gravitational theory, it is quite natural to investigate
the case of Chern-Simons (CS) supergravity theories. Among the attractive features of CS
supergravity in AdS, we find that in such a setup the graviton, the bosonic matter, and
the fermions enter on equal footing in the action, all of them being different components of
the same connection for a supergroup that contains the AdS isometry group, the internal
gauge symmetry group, and the supersymmetry transformations.

An additional motivation to consider pure CS gravity theories comes from the fact
that they belong to the class of Lovelock theories, which provide the natural generalization
of General Relativity for higher dimensions. At the point in parameter space of the five-
dimensional Lovelock theory that corresponds to CS gravity, the local symmetry of the
theory is enhanced from SO(4, 1) (Lorentz group) to SO(4, 2) (the AdSs). CS supergravities
with local symmetries that contain AdS groups are genuine gauge theories of gravity and
are known in all odd dimensions refs. [4-7].

Here we focus on the five-dimensional asymptotically locally AdS spacetimes whose
three-dimensional constant-radius section is maximally symmetric. The interest in this
particular example is that in such case the boundary corresponds to four-dimensional flat
space, which is the physically interesting case for holographic applications. Besides, five
is the smallest dimension in which a CS supergravity model contains a propagating gravi-
ton [8, 9], in contrast to the 3D case where CS gravity is a topological theory with no local
degrees of freedom [10, 11].

The minimal content of physical fields necessary to have a charged black hole solution
in AdS; CS supergravity, contains the SO(4,2) gauge field associated to the graviton,'
and an Abelian gauge U(1) field that introduces electromagnetic interaction. The smallest
supersymmetric extension of AdS; x U(1) is the supergroup SU(2,2|N'), which in addition
contains non-Abelian SU(N) interaction, and fermions. The gauge connection 1-form A for
this supergroup has associated field-strength 2-form F = dA + A A A. A gauge-invariant
quantity constructed from F is the trace %Tr (F AF AF) = dLcg which is an exact six-form
that can be locally written as the exterior derivative of a Chern-Simons five-form. This CS
from defines a five-dimensional Lagrangian density, Lcg(A), which is gauge-invariant up to
a boundary term. This formalism naturally describes a Riemann-Cartan spacetime, where
curvature and torsion enter in the AdS components of the gauge supergroup field-strength.

In order to study charged black holes, torsion, fermions and non-Abelian gauge fields
can be switched off, keeping only the metric (or vielbein) and the Abelian connection as
fundamental fields. The fermions can be added later to study the stability of the solution
through its preserved supersymmetries. This technique has been applied to CS supergravity
for instance in ref. [12], where a global AdS solution containing Abelian matter with non-
trivial winding was shown to be stable due to some supersymmetries that remain unbroken.
In this work, we are interested in a symmetric ansatz, in which the static black hole metric

'"Hereafter, we will refer to SO(4,2) group as AdSs group.



possesses maximal number of isometries and is charged only under the Abelian field. As
shown below, there are no charged black hole solutions because gravity decouples from the
U(1) field, unless the spacetime has torsion. Indeed, in order to couple electromagnetism
and gravity torsion is needed, and the way torsion enters in the CS action resembles the
so-called universal axion of string theory (see, for example, ref. [13]).

The paper is organized as follows: in section 2, the CS gravity of interest is reviewed
and its field equations are presented. Section 3 discusses the static black hole solutions
with locally flat horizon, and our results are compared with other found in the literature in
section 4. In section 5 it is shown that the most general solution exhibits properties that are
a consequence of additional local symmetries in the theory. A proof of this claim is given
in section 6 using the Hamiltonian analysis. Finally, section 7 contains the conclusions.

2 Chern-Simons AdS supergravity in AdSxU(1) sector

Electrically charged AdS black holes in five-dimensional Chern-Simons (CS) supergavity [4,
6, 7] can be obtained from the AdSxU(1) sector of this theory, that is, when the fermions
and non-Abelian bosons are switched off. The full CS supergravity action is given in
appendix A. Then, the Lie algebra-valued gauge connection 1-form is

1 1
A= w®J o + € Ja+ ATy, (2.1)

where Jg, P, T are the anti-Hermitean generators whose algebra is s0(4,2) @ u(1). Here
Jaw = —Jpy (@ = 0,...,4) and J,, generate Lorenz rotations and AdS boosts, respec-
tively, and T is the Abelian generator. When the five-dimensional bulk manifold M
is parametrized by the local coordinates z#, the fundamental fields in (2.1) are the viel-
bein e® = ef(z)dz", spin connection w® = wzb(m) dzt and electromagnetic gauge field
A = A,(x)dx*. The associated field strength,

1 1
F— 5 F®3 .+ ; T°J,+ FT, (2.2)

is related to the Lorentz curvature 2-form R = dw® + w® A w® through

1
b b b

e :R“—I—ﬁe“/\e, (2.3)
and the spacetime torsion 2-form is 7% = De® = de® 4wy A b, with gauge group covariant

derivative D = d + [w, ]. The Abelian field strength is F' = dA.
The CS Lagrangian for AdS gravity in five dimensions can be implicitly defined in a

gauge-invariant way as
) 1

dLos = % (F%), = 3 9MNK FM A FN A FK (2.4)
Here (.. .>g is defined by the symmetric invariant tensor gyyg = i(TMTNTK)g, where
the generators are collectively denoted Ty = {Jaup, Po, T1}. The most general form of
this invariant tensor has all components non-vanishing, except of gi11p721 = 0. The Cartan



metric (T Tk) , can always be chosen flat and the invariant tensor of AdS group that
exists in any odd dimension is given by the completely antisymmetric tensor. Therefore,
non-vanishing components of the invariant tensor can be written as

Yalbe][de] = k €abede »

G1jabljcd] = @ (MacTbd = Madbe) 5

Jlab = —QTab
g1 =0, (2.5)
where k,  and 8 are real constants, and [ab], [cd], ... are pairs of antisymmetrized indices.

In our notation, the signature is n,, = diag(—, +, +, +, +).
Dropping the wedge product for the sake of simplicity, the CS action can be written as

i 1 1
ICS[A]:/ Les(A) = 3/ <AF2—2FA3+10A5>
M M

_ / [Laas(e,w) + Ly (A) + Lins (e, w0, A)] (2.6)
M
where the pure AdS and U(1) CS Lagrangians read

k 2 1
Lags(e,w) = 1 Cabede (R“bRCd + 32 R%eced 4 o e“ebeced> e,

Ly)(A) = BAF?. (2.7)

The Abelian Lagrangian is normalized by choosing f = 3. In CS supergravity, § is pro-
portional to % - %, so that S = 0 corresponds to CS supergravity invariant under the
super AdS group SU(2,2[4). In that case, however, the theory has functionally dependent
constraints around the most symmetric AdS background, that has to be specially dealt
with [12, 14, 15]. The choice 5 = 3 avoids this problem since it implies N' # 4. The
particular value 3 is chosen for simplicity of equations, as the constant always appears in
the combination 3/3.

In CS supergravity there is a non-minimal coupling between geometry and the elec-
tromagnetic field brought about by the symmetric invariant tensor component gi4p,

@ ab 2 ab a
Lin =5 [R Ry + (Reqc — T T)} A, (2.8)

where R®R,;, is the Lorentz Pontryagin four-form and T°T, — R%ese, = d(T%y,) is
the Nieh-Yan invariant [16]. These define two topological invariants in four-dimensional
Einstein-Cartan geometry, and the combination of both is the AdS Pontryagin four-
form [17].



Varying the action (2.6) with respect to the connection AM yields the equations of
motion gyvx FNFX = 0. More explicitly, they can be written as

k 2
b 0=La=" Cabote FF" TQ T,F, (2.9)
k
Sw 0= Lap = 7 Cabode FTe 4 20 Fyy F (2.10)
« Qa « a
SA ozﬁzFF+§RbRab—ﬁd(T €a) - (2.11)

These equations explicitly depend on the torsion tensor 2-form, 7¢ = %Tgy dxtdx?. If
T® = 0, the manifold possesses both curvature and torsion, that describes a Rieman-
Cartan spacetime.

In string theory, torsion Ty, = eq\T",, appears through the NS-NS field strength
Hy, = Ty + Ty + Tyn, of the antisymmetric tensor field contained in the gravitation
supermultiplet [13]. Then the H-torsion 3-form H = T“%g, is related to the completely
antisymmetric part of the torsion tensor. Anomaly cancelation requires the inclusion of an
AdSxU(1) CS terms, so that the Bianchi identity of the H-torsion takes the form

% dH = FF + % RRyy, (2.12)
which, in this case, is the dynamical equation (2.11).

It is common in gravitation to use the second order formalism, where the fundamental
fields (e, Eb) are replaced by the metric, gy, = nap €, b and the affine connection F{}H =
el (8ue§ +wzbeby) that defines parallel transport on the manifold M. The symmetric
part of the connection is the Christoffel symbol (determined by the metric), while its
antisymmetric part is the torsion tensor, T/LV = F,))M - I‘ﬁy. For more about the Riemann-
Cartan spaces, see appendix B.

The bosonic sector AdS; x U(1) of CS supergravity action can be cast in the more
familiar second order formalism with non-vanishing torsion. The purely gravitational part
of the action includes the Gauss-Bonnet (GB) term and a negative cosmological constant
with fixed coupling constant ¢2/4,

6 (2
Ings = / d’z/—g [R+ + = <R2 4Rﬂ”RW+Rﬂ”aﬁRaauu)] : (2.13)

where the CS level k = —¢3/167G is related to the gravitational constant G. Note that in
a spacetime with torsion, the curvature tensor R,g,, is not symmetric under swapping of
pairs of indices [a3] and [pv], and the Ricci tensor R, is not symmetric in (u, ). This
is because the connection also contains torsion-dependent terms. The choice of coupling
constants in (2.13) with ratios 6/¢% : 1 : £2/4 is such that the Lagrangian becomes a CS
form [18]. For this unique ratio and in the absence of matter, the theory possesses a unique
AdS vacuum. For a generic choice of coefficients, instead, the theory has two branches,
each one having its own AdSs vacuum [19]. As mentioned before, the uniqueness of the
GB constant that maps GB to CS gravity also yields an enhancement of local symmetry
from the Lorentz group, SO(4,1), to the AdSs group, SO(4, 2), although it is hard to see
the enhancement in this representation.



The electromagnetic kinetic term is described by the Abelian CS action,
1
Ty = — / &Pz e P E,, FugAy (2.14)
and the interaction between gravity and the electromagnetic field explicitly involves the
torsion tensor,

o V 4 2
Lini = _8/d5x eHvaBA (RHVVP R’)’Paﬁ + 72 Ruya/g ) T,)//,LVT'YOC/B> Ay (2.15)
The field equations that extremize this action with respect to the metric are
1 3 Lo
R,uu - 5 Guv R — ﬁ Guv + H,LLI/ = @ vV —9g Euaﬂ'y)\Ty aBF’YA ; (216)

where the contribution of the quadratic terms in curvature is given by the Lanczos tensor,
1 Ba ey aff
o = 5 (RWR — 2R,0sR? — 2R, R% + R, Raﬁyk)

1
— < v (B = 4R Rgo + R Ropas) (2.17)
The electromagnetic field equations read
1 « o
Eﬂaﬁ’y)\ <4 FaﬁF'yA + g RTJaﬁ To:y)\ - ﬁ vaTﬁv)\> =0, (218)

where V is the covariant derivative defined with respect to the affine connection '3, The
equations explicitly involving torsion are

A paf )\ « )\

v]y a\u]

)\a A oz
+2R, T, — AR\, T, — AR, ;77 — 2R’ T,

a\u]

«Q )\ «a A A
+ RS T 4R[MT&|V]+RTW+£—2< AT +T)

al 1
= op =g FromFos Tl F 9 €apre F77 =0, (2.19)
where A}, B, = 1 5 (A,B, —A,B,) and T}, = TCY . In our conventions, €,,48x is the Levi-

Civita tensor densfcy, with €g1234 = 1, while \/7 eteBA and V=9 €uvapx are covariantly
constant tensors. Conventions for the e-symbol are given in appendix B.

Although first order and tensorial formalisms are two alternative descriptions expected
to give (at least classically) physically equivalent results, it is clear from the form of tensorial
equations (2.16)—(2.19) that they are too cumbersome to be useful. In contrast, first order
formalism equations (2.9)—(2.11) are simple, which justifies our working with the latter.

There is also a deeper reason to work with the vielbien and spin-connection instead
of the metric and contorsion as fundamental fields. In the presence of fermions that live
in the tangent space, or non-minimal couplings as in our case, the two formulations are
not equivalent in general. A well-known example of a theory that does not possess (so far)
first order formulation is New Massive Gravity; another example is Topologically Massive
Gravity where the two formulations have different quantum anomalies. Thus, the fact that
we work in the first order formalism is not just a simpler choice, but a necessity due to
presence of torsional degrees of freedom, fermions and non-minimal interaction.



3 Static, symmetric black holes

3.1 The ansatz

We are interested in finding an exact charged black hole solution to the field equations (2.9)—
(2.11). In the local coordinates x* = (t,r,2™) (with m = 2,3,4), we seek black hole
solutions with planar horizon, with a metric of the form

dr?

f2(r)

We restrict to spacetimes where the radial coordinate in non-negative. The generalization

ds* = —f2(r)dt* + + 1728, dx™da™ . (3.1)

to the case of constant curvature horizons, Rjj" = x ;7" with k = 0, £1, is straightforward.
The only modification required is the shift in the metric function f2(r) — f2(r) + x. Since
our motivation is in applications to holography, we restrict our analysis to the planar
case K = 0.

For non-compact 3D space with the metric d,,,dz™dx™ and a specific form of the
metric function f(r), this solution represents a black 3-brane, while for discrete quotients
of the 3D transverse space the geometry could be that of a topological black hole.

In the 3D transverse section, we use 1, j, k,... = 2, 3,4 to label tangent space indices,
while the spacetime indices in a coordinate basis are labeled by m,n,[,... = 2, 3,4 referring
to coordinates (22, 2%, %) := (x,y, z). The third rank Levi-Civita tensor on the tangent to
the transverse section is

(3)6mnl = €mnl = €trmnl (3.2)
and () Jmn = Omn is the corresponding flat metric. For more details on these conventions,
see appendix B.

Splitting the group indices as a = (0, 1,1), the vielbein can be chosen as

dr ) ) .
eV = f(r)dt, el = ——, e' =rd,,d"™ =rdz". (3.3)
f(r)
The corresponding torsion-free spin connection, @, and curvature R, are given in ap-
pendix C. In this ansatz, the torsion-free part of the Pontryagin form vanishes,

R®R,, =0, (3.4)

as it corresponds to a parity-even solution.
The isometry group of the five-dimensional AdSs black brane (3.1) is ISO(3) x R

and is generated by seven Killing vectors: d; (time translation), e,,, *2™dy, (rotations in

mn
the transverse section), and 0,, (translations in the three flat transverse directions). As
explained in appendix C, the gauge field 1-form A compatible with these isometries has

the form
A= A(r)dt+ A.(r)dr. (3.5)

Let us assume that the space is torsion-free, 7 = 0. In this ansatz, the component
Lo Adr =0 of (2.9) becomes

0 r r2
Vo -m) (=) =0 .



which leads to the uncharged black hole, f2(r) = Z—; — w and the U(1) field decouples from
gravity. As shown next, the situation changes drastically if one assumes 7% # 0. The
torsion 2-form with the same isometries above, is given by the ansatz (see appendix C)

T — —% dtdr, TV = fx, dtdr,
T = (wt dt + 1, dr) da® + 2¢ 6 € dz"dz™ (3.7)

The gravitational constant, k = £3/¢3,, where £p is the Planck length ¢3, = 167G, and
the non-minimal coupling constant o are dimensionless, and the fields A, and x,, have units
of inverse length, while v, and ¢ have dimensions of length and length square, respectively.

In the present ansatz, one can show that the full Pontryagin density need not vanish,

v
f2

RabR —d ﬂ ¢2 2 )2 dkd N g™ 3.8
ab=d |5 12r2+f(@br r) — €knm dx"dx"dz™ . (3.8)

Let us write now the field equations for this ansatz. In components, egs. (2.9) become

2

Lo = ke FUFIF T T°F
9
Ly = —k e ORI — ;TlF
. . 92
Li=keij (FOlFJ’f - 2FOJF1k) - 70“ TF, (3.9)

and egs. (2.10) read
k ij ok 01
Eo1zzeiijjT — 20 FF,

k , ‘
Loi = =7 Cisk <2F13Tk + ijT1> — 20 FOF,

k . )
Lii = 7 e <2F07Tk n FJkTO) + 20 FLF,
2%
Lij = e (FOTE — FOT! 4 FETO) 4 20 FyF . (3.10)

All field equations are 4-forms so that their components are obtained by multiplication by
1-forms and using the identity dtdrda™dz"dz* = —e™* ddx.

In order to find the analytic solution it is convenient to write the equations of motion
in components. Starting by equation L1 = 0, we find two nonvanishing components,

2 4
0= (M4 P2+ -, (311)
i 2o\ ey
0=( EREAC )+f2—2)¢r+r(;¢—¢), (3.12)

where the prime stands for the derivative with respect to r. Note that the interaction
term proportional to e does not contribute to this particular field equations in this ansatz.



Assuming 1), # 0, combining these two equations gives a differential equation in the field
¢ whose general solution is

¢ = 2077, (3.13)

with an integration constant C. The other equation implies that other fields must satisfy
07 rt

T(r) =~ + (4 - r)’ 4+ O — 55 =0, (3.14)

Note that, without torsion (¢, = 0, C' = 0), the only solution to 7 = 0 is AdSs with flat
transverse section, f2 = 2—;, as expected.
Next, equation Ly = 0 yields two conditions,

0= (xe — ff)T(r),
3
0= (Tf¢tXr + 2 — R+ P — P 2+ ;f) T(r), (3.15)

which are identically satisfied for 7 (r) =
Similarly, equation £ = 0 in (2.11), using F/F = 0, (C.18) and (3.8), can be written as

o= (G702 610

is also identically satisfied for 7(r) = 0 and ¢ = 2072
The non-vanishing components of equation £ = 0 are also proportional to 7 (r),

2
0=drLy ~ (Xt¢r —rxe — ff e +rff - Zg) T(r), (3.17)

0=dtLy ~ (=rf>xer + 12 X0 + o+ 1" —rfor) T(r), (3.18)

and, again, they are not independent from eq. (3.14).
Let us focus first on solving 7 (r) = 0. Defining the new function 7n(r) as

Y =1+ ? : (3.19)
eq. (3.14) reads
4
Py = €y f\/ + C?%r2 — % , gy = *1, (3.20)

where 7% + C?r? — Z—; > 0, automatically solves (3.14)—(3.18).
Next, equation £; = 0 reduces to

Cla
p TQthr —rfxebe + 2 —r Py

E(r) =

f +7“ 2fxe+rxen =2 2 —rff'n=0, (3.21)

and, by the same token, Lg; =0 and L1; = 0 are automatically satisfied as well.
Finally, for C' # 0, equations £;; = 0 lead to the last nontrivial expression, namely

2
S(r) =nxie — [xete =[x+ 72 2+ 2 — 2—2 f=0. (3.22)



3.2 Charged black hole solution

The field equations can now be solved to obtain explicit expressions for the fields f(r), A(r),
d(1), Xp(r), P¥q(r), with p,q = (r,t). The general solution to the system (3.11)-(3.22) is
too cumbersome to extract physical information from it at first sight. It is better to begin
by analyzing special cases; for instance, by studying solutions with only some non-zero
components of the torsion.

Black hole solutions with non-vanishing torsion have been previously considered in the
literature. For example, in ref. [20], a solution with a metric of the form (3.1) and axial
torsion (¢(r) # 0) was considered. That solution, however, is uncharged and so it does not
require (and does not include) other components of the torsion (¢, or x4). In turn, the
first example we would like to investigate is the simplest case in which, apart from ¢(r),
an additional component of the torsion is switched on, so that the resulting electric field
is non-zero.

Consider, for example, the case with ¥y = x, = x¢ = 0, but with non-vanishing v, and
¢. In this case, the metric function f(r) is given by

2 r’
Fir) =g +br—u, (3.23)

where b and p are arbitrary constants.

The metric (3.1) with (3.23) is the five-dimensional analogue of the hairy black hole
solution considered in conformal gravity and massive gravity in three dimensions [21, 22].
This is also reminiscent of the solution of four-dimensional conformal gravity [23], which
also exhibits a linear damping off ~ br in the metric function f?(r). In dimension grater
than three, however, the metric is conformally flat only if 4 = 0. Indeed, the components
of the (torsionless) Weyl tensor of our five-dimensional solution read

woi — Koo i wli — o1 i

Z_6r26627 Z__67"266z’

wor— _ o1 Wi — H g (3.24)
22 ’ 62 ’ ’

Thus, the parameter b can be regarded as a gravitational hair. For some range of the
parameters p and b, the solution represents a topological black hole (or black brane).
Indeed, these solutions have flat horizon and can be regarded as black branes in the case of
non-compact base manifold with flat metric and R? topology. For horizons of non-trivial
topology, like T3, or more general structure R?/T", where I' is a Fuchsian-like subgroup,
these solutions represent topological black holes.

If b < 0, horizons exist provided b*¢% 4+ 4 > 0. These horizons are located at

be? i
For 1 = —¢?b?/4 and b < 0 the solution is extremal in the sense that its two horizons

coincide and the near horizon geometry is AdSy x R3.

,10,



Notice that inner horizon 7_ is also positive if and only if 0 > p > —b2¢?/4. If b > 0,
instead, then the solution may only present one horizon, ry > 0, provided g > 0. This

horizon is located at
be? 4

For b # 0, the solution (3.23) is asymptotically AdSs in a weaker sense. That is, the
next-to-leading behavior of the metric components in the large r limit is weaker than the
standard asymptotically AdS conditions [24]. In particular, we find

T2 £2 5
Git ~ 2 +O(r), G ™~ 2 +0(1/r°). (3.27)

Notice that the O(r) term can be absorbed by the change r = ' — bf?/2, so that a metric
obeying asymptotic behavior (3.27) can be turn into one obeying the standard (stronger)
asymptotic behavior

7“2 EQ 4
gu~ O, g+ O, (3.28)

However, being a b-dependent coordinate transformation, the shift » = ' — b¢?/2 is not
enough to change a whole set of metrics obeying (3.27) into a set of metrics obeying (3.28),
but merely in making b to dissapear from the leading piece of the large r behavior of a
particular member of such a set of metrics. This remark is important because, in the context
of holography, the notion of the set of asymptotically AdS solutions [24] is the one that
becomes relevant. It is also worth pointing out that such shift in the coordinate r does not
suffice to eliminate the parameter b completely from the metric, but only from its leading
terms in the large r behavior. In fact, the parameter b represents an actual parameter of the
solution, just as u, and can not be eliminated by a coordinate transformation. This can be
verified by explicitly computing the scalar curvature associated to metric (3.1) with (3.23),

which reads
20 gb 61

R
and explicitly depends both on z and on b. Nevertheless, the fact that the shift r = r'—b¢2 /2
makes the g;; component of the metric to take the form in (3.28) leads us to argue that the

R=-— (3.29)

physical mass of the solution would be given as a function of the the linear combination
@ = p+ (bl/2)? and not just p.

The axial component of the torsion remains ¢(r) = 2072, with C a third independent
integration constant. The new non-vanishing component of the torsion is now

B T\/T'Q + 2br — 2p — ey/r2 — (2C2
V24 02br — 2 '

(8 (3.30)

with €, = £1; we consider the case €4, = +1. Recall that the other components are
Ye=xr =xt=0.

— 11 —



From the field equations one easily verifies that for this configuration the electric field
is non-zero and for ¢, = 1 it is given by

E o [r2  br 72 r?
A = (I) _——_— —_— - — - - -5 2 A’f‘ — 9 * 1
¢ Cla €2+2 \/<€2~I—br u><€2 C’) , 0 (3.31)
where ® is a new arbitrary constant.
At large r, the electrostatic potential (3.31) goes as
Ay(r) Const—k% —024—% 9—#0(1/ %) (3.32)
tr 4Ca \! 4 ) r r )

This means that, for b # 0 and b # +2,/C? — /¢, the field strength F' = dA behaves
asymptotically like F,; ~ O(1/r?), and this implies that the solution exhibits infrared
divergent field energy, and is in this sense reminiscent of the self-gravitating Yang monopole
solutions [26]. On the other hand, A:(r) remains finite for 0 < r < oo. The curve
b = £2,/C? — 11 in the parameter space seems special. In particular, this curve includes
the point b = p — C? = 0 with g4 = 1, at which the asymptotic electric field loses the
1/r term in the expansion (3.32) and the field energy becomes finite. In fact, at this
point the electric field vanishes (A; = Const.) and the solution (3.23)—(3.31) reduces to
VY =0, ¢(r) = 2Cr?, with f2(r) = r2/¢*> — C?, which turns out to be a special case of the
solution found in ref. [20]. In the next section we discuss the relation with that solution in
more detail.

On the curve b = £2.,/C? — ;1 the mass of the solution can be seen to give

302 Vol(73 b202\°
M = 167((; ) <u+ 0 ) : (3.33)

where Vol(v3) stands for the volume of the horizon three-surface. This value for the mass
can be computed by the Hamiltonian method [25], see appendix E. Notice that expres-
sion (3.33) is positive definite provided horizons exist, and it vanishes at the extremal case
ry=r_=02b/2.

The Hawking temperature of black branes solutions (3.23) is given by

1
T = m (T+ — 7"_) s (334)
which also vanishes when p = —¢2b? /4, namely when r, =r_ = —(2b/2.

On the other hand, an entropy formula for these solutions can be inferred from as-
suming the the first law of black holes thermodynamics actually holds. In fact, assuming
OM =TS, the entropy would take the form

(s — ) Vol(13)

5= 16G

(3.35)

As probably expected, expression (3.35) scales as ~ ri /G in the limit ry > r_|
reproducing the standard behavior of b = 0 topological black holes of locally flat horizons

— 12 —



in five-dimensional Chern-Simons gravity. In general, being solutions of a higher-curvature
theory, Chern-Simons black holes do not obeyed the area law. In particular, we see in (3.35)
that for these solutions the entropy goes as the cube of the distance between the two
horizons multiplied by the volume of the r-constant surfaces, Vol(~s).

3.3 Torsion and degeneracy

Let us now consider the cases in which other components of the torsion are switched on.
The next example is that with non-vanishing ;. In that case one gets
2

r
f2:€—2+br—,u+9, = 2072,
k !
A= - - (rff’+rn> : z/»zw% (3.36)
7029// 7"4
_ _ 2 2,2 _
Xr th ) wt Ell)f n +C*r 02

where 6(r) is an arbitrary function. Here, a distinctive feature of Chern-Simons (su-
per)gravity theories is found; that is, the appearance of arbitrary functions that arise from
degeneracies in the symplectic structure on certain special submanifolds of phase space. At
those degeneracy surfaces the system acquires extra gauge symmetry and looses dynamical
degrees of freedom. This is a generic feature of higher dimensional CS systems [8, 9, 14],
but it has been known to exist in all generic Lovelock theories [27-29] (see also the dis-
cussions in [30-32] and references therein), as well as in many mechanical systems [33].
In the above solution, both x,(r) and ¥, (r) remain undetermined, as 6(r) and n(r) are
arbitrary functions of . General Lovelock theory has a pathological structure of its phase
space because of the non-invertible relation between the metric and its conjugate momen-
tum [28, 29]. This introduces an indeterminacy in the dynamical evolution and leads to
degenerate dynamics. At the CS point of the parameter space, the degeneracy is much
more dramatic and of a peculiar class, generically yielding a plethora of undetermined free
functions.

This phenomenon occurs also in the present case for ¢, = 0 and x; # 0. Then we have
n(r) = eyry/r2/f? —C? > 0 (the manifold is not complete), there is also one arbitrary
function 0(r) and the fields read

2
f2=€7+br—ﬂ+9, ¢ = 2072,
k n Ui
A= — — (ppp 17 e =741
! Cla <rff T r’“) ’ br=rt g (3.37)

y /2 +Xt7
r \/ﬁ—i-br—,u—i-é

Xt = X? exp Ensf/dr

where x? is a constant and y;(r) is a partial solution of the non-linear differential equation

2
02 /"
v, V.2 =t (3.38)

Xt — Entf 5 Xt—z-
r2 = tbr—p+0
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In the case of more general solutions (e.g. x; # 0), the number of arbitrary functions

increases, as will shown below.

3.4 General solution

Consider now the general solution within the proposed form (3.1), (3.5)—(3.7). The spher-
ically symmetric ansatz depends on eight independent functions, namely f, A;, A, 1y,
Ur, Xt, Xr, and ¢. In the static case, the component A, does not change the electric field
F,, = — A} and can be gauged away to A, = 0, therefore we take

4
A, =0, ¢=2072, wr:r+?, wtzswf\/n2+02r2—22, (3.39)
2 o2 T =1 3.40
nm+ et 2 = €y = : (3.40)
The metric function f(r) can be determined from S(r) = 0,
ry r !

while the electric potential A; is calculated from £(r) = 0,

2
=g [ |- = e (4 )]

“ Cla ) v o f
k[ f2 e Xrtr
=— |- —= - — dr | — — ) 3.42
Cﬁa[ 2 20 r+/r rf p TX| TS (342)
where, again, ® is an arbitrary constant. Integrating by parts in eq. (3.41) yields
nxt  Xrr / Ao
/dr(rf_ . —Xt>:—7"ff "‘TXt‘f‘?‘f'Tég- (3.43)
Plugging this integral into the expression for A;, the electric potential is obtained as
_ k L
A= Clo (rff + o) - (3.44)

Note that this expression for A; suggests that this solution is non perturbative in the sense
that it has a dependence 1/a. However, it is possible to rescale A; — aA; as with the
electric charge in the Maxwell field. Notice that the axial torsion C' # 0 also enters in the
solution in a seemingly non-perturbative way.
Finally, we can write equation for f(r) given by (3.41) as follows
/
(f - xt> - = 25 (3.45)
The arbitrary functions n(r), x¢(r) and x,(r) can be replaced a different set of arbitrary

functions 0(r), 6,(r) and 6,(r) which we choose as follows

r2f 6,
= = 4
7“2f
= 3.47
Xt 2,’7 61/e y ( )
7"29”
=", 3.48
Xr =50 (3.48)
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The transformation (x¢, xr,n) — (04, 0., 0) is invertible given v, x¢,n # 0, provided n
satisfies (3.40), or equivalently

rfo, 22 9

Equations (3.47) and (3.48) can be integrated directly as

" 2x(s)n(s) , /” 2xr(8)¢e(s)
= RSP = REACASIA LA 4
Qt ('I”) / ds 32 (3) 5 01,, (7«) dS 82 (3 9)
Combining these with (3.45), (3.46) can be integrated for 6 as function of f, to finally give

2

[ =T b= 0(r). (3.50)

Since #(r) is arbitrary, it can absorb all r-dependent terms, including constants b and u.
This would, however, change the behavior of other fields that depend on 6, so that we

prefer to keep the form (3.50) for notational convenience.
In terms of the functions s, the metric and electromagnetic fields read

=5

E o [r?  br rd, r? (6. — 0;)
A =d— — |42 4Tt [ _ T\ V)
! Cla e2+2+9'—94+9t<e2+br “+9>+ > ]

A, =0, (3.51)
while the components of torsion are

¢ = 2072,

r2 r2 ro, 2 r2
wt :8¢€f7”\/€2+b7“—ﬂ+0\/<€2+b’l"-/i+0> <W> +02_ﬁ’

ro,
. = 14—t
v T<+9/—9'+9t>’

Xt = — 5 >

0//
Xr = S : (3.52)

2 r2 ro, 2 2 r2
and we observe a high degree of degeneracy, brought about by the arbitrariness in

04(r),0,(r), and 0(r).
As we said before, the appearance of arbitrary functions is a distinctive feature of CS

gravities, although it is not an exclusive property of the Chern-Simons form, nor is it due
to the presence of torsion. Indeed, already Wheeler noticed that so-called “geometrically
free solutions”, whose metric is not fully determined by field equations, typically appear
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in Lovelock gravity? when its coupling constants are such that it has a degenerate AdS
vacuum [27]. In this sense, CS AdS theory is a special Lovelock gravity in odd dimensions
whose vacuum has maximal possible degeneracy.

On the other hand, metrics with undetermined components were reported in higher-
dimensional theories in the torsionless case as well, e.g., in Einstein-Gauss-Bonnet AdS
gravity when the transverse section of the metric is maximally symmetric [34]. If the
metric functions are time dependent they can still possess undetermined components in
Chern-Simons theories [32].

It has been argued that the arbitrariness in the metric that appear in five-dimensional
CS AdS gravity can be removed either by gauge-fixing [35], or by changing the cosmological
constant so that CS gravity becomes effectively EGB gravity [36]. The solution of ref. [35],
however, is still degenerate even though the gauge-fixing hides the original arbitrariness in
the metric.

In section 6 we examine the canonical structure of CS AdS gravity about the
sector of solutions of interest here in order to understand better the origin of these
arbitrary functions.

4 Comparison with the axial-torsion solution

Before going into the analysis of the peculiarities of the sector of the solution space we
are considering, it is of particular importance to compare it with, at first sight, a very
similar uncharged black hole geometry presented in ref. [20] that possesses only the axial
component of torsion. As mentioned before, the axial-torsion solution and the one presented
in section 3 coincide at a particular point of the space of solutions. More precisely, a
special case of our solution (3.23)-(3.31) coincides with the axial-torsion one (see egs.
(19)-(20) in [20] and/or egs. (4.1)—(4.1) below). Then, a natural question is whether the
whole family of axial-torsion solutions actually corresponds to a particular case of ours for
Ve = ¥ = Xr = X¢ = 0 and constant A;.

As we shall see below, the answer is no. In fact, the two solutions belong to different
branches of the space of solutions and they only meet at a particular point of their respective
parameter spaces. Roughly speaking, while the solution considered here amounts to solve
T (r) = 0 so that it possesses five non-vanishing torsion components (see for instance (3.14)),
the axial-torsion solution in general solves equations of the form x,7 (r) = 0 and ¢, 7 (r) =
0, with p = r,t, by choosing ¢, = x, = 0. Both solutions (five-component torsion and
axial-torsion ones) coincide at the point x,7 () = 1,7 (r) = T (r) = 0, which occurs for
b=0and u = C?.

More concretely, the axial-torsion solution has the form

Xp =0, Y, =0, b =2072. (4.1)

2 Again, we emphasize that, apart from the indeterminacy that higher-curvature Lovelock theory has per
se, the CS theory corresponds to a peculiar point of the parameter space at which the degeneracy drastically
increases due to the symmetry enhancement.
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The metric, on the other hand, is given by (3.1) with f completely determined to be

2
Py =" n (1.2)
The indeterminacy in the metric can be removed by imposing all components of the torsion
except the axial one (¢(r)), to vanish. Naively, this choice resembles fixing of the functions
0; however, we will show that this corresponds to a new branch of solutions independent
from ours.

It can be explicitly shown that these two solutions are not connected by a gauge
transformations. Let us denote by A our solution (3.51) and (3.52) for the symmetric
ansatz of the theory when all five torsional components ¢, ¥y, 1., x¢, and x, are switched
on; and let us denote by A the axial-torsion solution (4.1) and (4.2). In the latter case,

=0, FO = — (FF") dedr,
T =0, FY% = — f2 ' dtda®
T = %ykeknm da"da™, F" = —fdrds' — & € da’ da*

(fz ¢’ ) datdz? .

We are interested in finding a gauge transformation g € SO(4,2) x U(1), if it exists,
that maps A into A according to the transformation law

F=g'Fg. (4.4)

Consider first the infinitesimal gauge transformation, g = e ~ 1 + A. The solution
T of the form (3.7) is connected to the axial-torsion solution T with non-trivial fields
¢ =2Cr? and f? = r%/0? — [ if there exists a A such that

T=T+6,T, (4.5)

where, in components

1
7 beley, . (4.6)

The transformation law of the gauge fields in components is given by eq. (C.28).
Let us start with 7% = T% + §,T%, that is,

T =T"+ <f ’—22) (—f&odt+€fdr> dz'

¢\ .
(f2 -5+t e 4> 8y, Em dz" dz™

OAT* = R%e, — XT, + —

<f eloik — )\’k>¢eknmdx”d:v (4.7)
2r
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Then the component along dtdr is trivially satisfied, and the components along dtdz™ and
drdx™ yield

1 - _
rmz—Qf—;)ﬁ%

1 T el
. = — ). 4.8
pe=(7-3)5 )
For the axial-torsion solution, we have ff’ —r/¢?> = 0, and the parameters ” and ! in the
first two equations cannot be solved, thus the components ¢, and 1, cannot be switched
on by applying such a gauge transformation.
The equation along dz"dz™, multiplied by /™, fixes the following gauge parameters,
Cc-C TR C% — i
elzfi’ )\ZJIGUmem _ H
c f 2Cr

Similarly, the equations for 79 and 7' imply that the components y; and Y, cannot be

(4.9)

switched on by gauge transformations, and also
A=, A“:—ig". (4.10)
T
This gauge transformation does not introduce new components, but merely changes the
values of the integration constants of already existing fields. A similar conclusion is reached
for the diffeomorphisms as well — they just map one integration constant to another, and
cannot switch off (or on) the torsion components.
Then, in spite of their similarities, the two solutions belong to different branches.
Nevertheless, and as we already discussed, there is a limit in which our solution coincides

with the axial-torsion one. In fact, asking that the non-axial torsion vanish (¢, xp = 0)

and f? = Z—; — 1, we get n = —rf and, as a consequence, the electromagnetic field vanishes,
A =0 — % = Const. Thus, this limit is possible only for fixed values of the coupling

constants u = C?, so the axial-torsion solutions with y # C? are not accessible from our
solution space.

Another way of seeing that both solutions belong to different branches is by direct
analysis of the field equations. When the torsional degrees of freedom 1), x,, vanish, it is
possible to solve the equations so that

2
T(r) =12 <f2+02—22>7é0. (4.11)
Comparing with (3.14) it is clear that the two solutions would coincide only for the special
case C? = pu.

Yet another way to verify that the solutions belong to gauge-inequivalent sectors is by
showing that they have different Casimir invariants. Namely, if F and F are not connected
by any finite gauge transformation g, they will have different gauge invariants of SO(4, 2) x
U(1) such as, for example, U(1) and AdS invariants

2 v
) = B ',

2
Flas = 99" B Fof’ nacmpp = U,y " = 5T, T, (412)

where the subscript AdS refers to the SO(4, 2) piece of the group.
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We shall choose the constant electric potential so that F%(l) =0,

k
Ay=d— — 4.13
t Clo 57 ( )
where 8 = Const. This condition determines the torsion component as
=17+ -0 (4.14)

Furthermore, non-vanishing components of F45 of the axial-torsion solution are
T =Cré,,, demda™,
FY9 = (u—C?) 6,6} dz™dx"
FY'=_Cfé, — dxmda™, (4.15)
leading to the AdS Casimir invariant in the form
FRis = % (12 +C* = 6uC?) . (4.16)

It would be enough to show that there is at least one configuration of our general solu-
tion whose Casimir invariant cannot be matched by the axial-torsion one (4.16). Choosing
the particular configuration in our solutions for which f(r) is the same as in [20] and both
Xp vanish. As a consequence,

n=§ (B—Z) : (4.17)

The constants yu, 3, C? are arbitrary, so that ¢, and 1; do not vanish in general (unless
p=p=C?), and we get

XT:()v Xt:07 @/}T:%(ﬁ_u)v

oG GG

We observe that the Casimir invariant is clearly different from that in eq. (4.16), as it reads

12 (4C0 + p2C? — 2BuC? — 202 — 8BCH + 5uCt + 26 — pp?) b — 4CH(C%u — B7)

Fias = = T :
r (28-C?—p) m +C?u—p
(4.19)
When p = 3, the factors u — C? cancel out and we get
9 12 (,u2 —4C* — MC’Q) ;—3 +4C*u
Fras = 3 2 ; (4.20)
T = 7]
and in the limit 4 = C? we obtain
48C*

Thus, the invariant takes the same value as in (4.16) only for u = C2. In contrast, when
the 1), components are non-vanishing, the two Casimir invariants clearly have different
forms, showing that the configuration of [20] and the one discussed here are physically
inequivalent. Switching off the s transforms one solution smoothly into the other.
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5 Local symmetries

It is natural to expect that the presence of three arbitrary functions in the general solu-
tion (3.51) and (3.52) are the consequence of a gauge symmetry. This symmetry cannot be
a restriction of the gauge transformation A’ = g~!(A + d)g that preserves the form of the
spherically symmetric ansatz A. In appendix C, it is shown that the infinitesimal gauge
transformations that preserve this ansatz are necessarily rigid (¢ = Const). Thus, residual
gauge symmetries of this kind cannot explain the existence of arbitrary functions in the
general solution.

On the other hand, the dynamical structure of CS theories is complex. Namely, these
theories are by construction invariant under spacetime diffeomorphisms and gauge trans-
formations, but one diffeomorphism is always dependent from the gauge transformations
in generic CS theories, that is, the ones that possess minimal number of local symme-
tries [8, 9]. It may happen, however, that the CS theory is not generic, but it possesses
accidental local symmetries, where “accidental” means that they appear only around some
backgrounds.

Because of these special features of the dynamics of CS theories, we suspect that, in
our background, there are additional local transformations (different from A and &). The
proof is given in the next section using Hamiltonian analysis. Here we take a shortcut by
noticing that the functions 0 are arbitrary as long as fi;x:n # 0, so the general solution
is insensitive to the infinitesimal changes

00 = 20(r),
50, = Z/drT(r),
56, 2/drp(r)+2/dr /Ord57(5)+20(r). (5.1)

This induces the following local transformations of the metric, the electromagnetic field
and the torsion components,

:
5f =5

MT:ZT_&” (5.2)
= () oo (77 -m).

OXt = p,
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where we used the auxiliary expression

2
U rf
m=-—s0+—7——p. 5.3
o (53)
Direct calculation shows that these transformations, with local parameters o(r), 7(r) and

p(r), leave the field equations invariant,

§T(r) =0,
0E(r) = &(r) fi ,
5S(r) = S(r) % . (5.4)

Also, the transformations are Abelian because [01, d2] = 0 upon acting on any field, so the
operators that generate them must also commute. This new unexpected on-shell symmetry
U(1) x U(1) x U(1) cannot be a Cartan subgroup of SO(2,4) x U(1) because we already
showed that there are no residual gauge symmetries.

In the next section we will prove that the Hamiltonian is (off-shell) invariant un-
der 4-parameter local symmetry that on-shell reduces to the 3-parameter transformations
eq. (5.2).

6 Hamiltonian analysis

We shall work in a radial minisuperspace reduction of CS AdS gravity, in which the r
coordinate plays the role of time. This is a consistent truncation of the theory involving
only relevant degrees of freedom. In practice, it means plugging in an ansatz of the fields
directly in the action and studying its effective behavior. The first order CS action is
expected to remain linear in velocities also in the approximation.

The validity of the approximation is guaranteed by the theorems of Palais [38]. It can
be successfully applied to a gravitation theory possessing highly symmetric solutions [39]
provided the components gy and g, are kept independent since, as noted in [40], assuming
gugrr = —1 can lead to inconsistencies. In what follows we will check explicitly that our
effective action gives rise to the same equations of motion as the original one.

6.1 Effective action and equations of motion

We generalize the metric ansatz (3.1) in the coordinates x* = (t,r,2™), m = 2,3,4, so
that g = —h%f? and g, = 1/f? describe independent metric fields of a static, spherically
symmetric, planar black hole,

d 2
ds? = g, da*dz” = —h*(r) f2(r) dt* + f;; ] + 126 dz™ da" . (6.1)
T
The vielbein is given by
eV = hfdt, elzc?, el =rdt dr™, (6.2)

— 21 —



and the spin connection reads
WOl = wdt — xdr, wlt = vdat, (6.3)
WV = —pda’, wi = —pe?, dzk. ’

The components of w® are fundamental fields in the first order formalism, and they are
defined by

o / Xt _ Xr _ ¢
w_f(fh‘)_hv X_hv @_27421

L _ Y
v = T(@/Jr ), w_rhf' (6.4)

Thus, in this section, the dynamical fields are {¢, 1, v, w, x} instead of the torsion com-
ponents {¢, ¥y, ¥r, xt, Xr}, and their dimensions in the length units are 1/L for w and
dimensionless for all other fields.

Imposing the spherically symmetric ansatz on the electromagnetic field
A= A(r)dt, (6.5)

we find that the electromagnetic kinetic term vanishes, and the interaction Lin; = a dBA A
can be calculated using the identity showed in appendix C,

1 a ]' al a
iziabJRabJr?2 <R begep — T Ta):dB, (6.6)
where
Beo(lpzpe g2 da® A da™ A da™ 6.7
=¢l3¥ +v7 = — 72 ) Ghnm d x x™. (6.7)

Plugging in the ansatz (6.2)—(6.5) in the CS action, we obtain the effective action

k h
Tefr = 0 dr [(—w’r+w+hfx¢+hfu’+r> (v? — * —v?)

] 7 [
W'y wur?  hfr?
hrd ol (1 r2
S <3 o* + 07— % — £2> @AQ] : (6.8)

where Zog = Io5/Vol(OM) is the action per unit time and unit volume of transversal
section. It can be further simplified, up to a boundary term, as

k h 2
Ieff:% dr {(W—i-hfxlb%—hfz/—i-r—i-w) (1/12—902—1/2+T>

i 2 2
al (1 2
= 2(rw+hfv) g — <3 @+ 12— — gz) soAé] . (6.9)
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This action leads to the same field equations as non-truncated CS AdS gravity evalu-
ated in the ansatz. To show this, let us denote

2

Tilr) =2 = =+ 55,
Si(r, h) :V(hf),—hfxﬂf—y;u—i-rw’—}g;aa
h ¢
Sl(r,h):%+hfx¢+hfu’+7§+w+%4px42. (6.10)

Then the equations of motion that render the effective action (6.9) stationary are

Sh: 0= (WJFV/*@TJC) Ti(r) —2v ¢,
Sf: 0= <x¢+1/—WQ> Ti(r) —2v ey,
hf
2 !
JA;: 0= (7'1(7“)¢+ 3@3> , (6.11)

and for the torsion components
ox: 0=hfyTi(r),
dp: 0=8i(r,h)p+ - Ti(r)A;,
6 0=hfxTi(r)+2&(r,h) Y,

Sv: 0= 2T 4 5 (I Tar)) +hf op! +E(rh)v

2f
ow: 0= (1—{—;)7}(7“)—27“(,090'. (6.12)
In the particular case h = 1, we get
h=1, o=0= p=0C,
2 2 o 17
0="Ti(r)=9"—¢°—v +€7’
14
0=&ilr1) = I+ V& 5wt T+ Al
O:Sl(r,l):I/f/—fXZ/)—%—{—T‘w/—E%, (6.13)

concluding that the above system indeed reproduces the CS field equations (3.13), 7 =
—r2Ty, & = —r?f& and S = rfS; (see egs. (3.14), (3.21) and (3.22)).
6.2 Constraint structure

As mentioned before, keeping the metric functions A(r) and f(r) independent ensures the
validity of the minisuperspace approximation, as they usually describe dynamically prop-
agating degrees of freedom. In the considered CS gravity, however, the metric component
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h(r) is not dynamical, that is, the field equations do not imply h = 1. As shown in ap-
pendix D, h can change arbitrarily due to a one-parameter local transformation. Thus,
h =1 can be chosen as a gauge fixing. The effective action also shows that setting h = 1
gives another consistent truncation of the action in the sense that it has an extremum
on the correct equations of motion. From now on, therefore, we will set h = 1, but in
appendix D we prove that the results are the same as for general h(r).

The generalized coordinates gs(r) and their corresponding conjugate momenta p®(r) =
0Zot/0q, define 14-dimensional phase space T,

as ={f, A, 0,0, v, w, x}, P° = {Df, DA Dos Pips Puvs Do Dy} - (6.14)

Their fundamental Poisson brackets (PB) taken at the same radial distance r,

/ /

g5, p" ] =45 . (6.15)

Since the action (6.9) is first order (it does not contain second derivatives), all momenta
become algebraic functions of the coordinates, giving rise to the primary constraints

Cr=pr=0, C'u:pu—%fﬂ’fvoy

Cy =py =0, Cg,:p(p%—%(rw%—fu)gozo, (6.16)
Cy=p,~0, Ca=pa—Adap®—6a¢Ti ~0. ‘
C,=p,~0,

The constraints Cs(q,p,r) ~ 0 define the primary constraint surface Xp.

Let us recall that the weak vanishing of some smooth, differentiable function
X(q(r),p(r),r) means that it vanishes on the constraint surface, that is, X ~ 0 & X|y, =
0. In order the equality to become strong, one needs both X and X’ to vanish on the con-
straints surface, i.e., X =0 < X, X[y, = 0. A strong and weak equalities are equivalent
up to a linear combination of the constraints, that is, X ~ 0 < X = u®Cy .

The canonical Hamiltonian obtained from the effective action (6.9) has the form

6k
He(psg,r) :psq;—ﬁefm—7 <°‘}V+fxw+2;+w>ﬂ, (6.17)

and it naturally leads to the definition of the total Hamiltonian that also depends on
Lagrange multipliers u®(r),

HT(p7Q7uv 7’) =Hc +u’Cy. (618)

Consistency requires that all constraints remain vanishing throughout their evolution,

oC.
Cy = aTq + [Cy, H1] = 0. (6.19)
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These conditions give rise either to secondary constraints, or they determine some mul-
tipliers w®. Choosing the branch with féwy # 0, we find that C';( ~ 0 leads to a
secondary constraint

Ti~0, (6.20)

whereas C!, ~ 0 solves a multiplier
uf =0. (6.21)

The constraint Cy does not change along r, and C’{Z) ~0,C)y~0,C,~0and C</p ~ 0
determine three Hamiltonian multipliers,

k wv r
A_ v o —1 o v
ut ==y (f +fx¢+€2+w+fu),
u¢:w_1<uu”—é;>,
1 fwr T
w_ L L
u . < 7 +fx¢+€2 v ) (6.22)

Finally, the secondary constraint 7; does not change along r. We conclude that the final
constraint surface, X, is defined by the sets

Primary constraints : {Cy,Cy, Cy, C, Cy, Cyp, Ca}

Secondary constraints : {T}.

In order to identify the local symmetries, we have to separate first class constraints.
By definition, first class constraints G, ~ 0 commute with all other constraints on the
surface >, while second class constraints S, ~ 0 have nonsingular PBs on .

A separation between first and second class constraints (G, S,) has to be achieved by
redefinition of constraints so that the surface 3 remains unchanged. Hence, the first class
constraints (G, are obtained as

14
Gf:f<Cf—er>,

G, =G+ 50— Len,
G = (- TS cat i),
Gy =0C,. (6.23)
They satisfy the first class subalgebra
G,,Gfl =G, G-,Gf]l =G-. (6.24)

The second class constraints S, have the form

1
SwngC@, qu:an,
Sy, = %Cw, Sa=Cy, (6.25)
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and their PBs define the symplectic matrix Q,3 = {Sa, S} that is invertible on 3,

12k:
[S<p7 Sw] f 2

[Sc,m SA] = 6o 9071 y

[Sy, Sa] = 1200 (6.26)

It can be seen that Q4 is indeed non-singular, det Q|y, = 144 ak f ¢3 /¢ # 0.

The first and second class constraints are easily distinguished if they commute with
each other on Y, and this is in fact the case,

(S, Gy = G- — Sy,
[Scpa GT] = GT - Sw 5
S, Gyl = S - (6.27)

Adding the secondary constraint G, with the multiplier U” to the total Hamilto-
nian, plugging in all solved multipliers u® and redefining unsolved multipliers as U/ =
uf /f ,U” = u” and UX = uX, the extended Hamiltoniani is obtained

Hg = Ho + UGy, (6.28)

where from now on U%(r) are field-independent Lagrange multipliers. The new canonical
Hamiltonian reads

’Hoz—% <f+fxw+ w>ﬂ+<f+fxw+ )Cr
T k [wr r Ca

Hamilton’s equations can be shown to be equivalent to the Euler-Lagrange ones. Using
q; ~ [q87 HO] + Ua[f? Ga]:

e fUr, ! (VUV r) 7

02
Y AU, R e 1 +f<UT—uUf>,
rf r 72
y . (6.30)
V= U, AQ%—Mapl(erfwar +w+fU”+fUT>

By direct replacement of the above expressions, all multipliers cancel out and the Euler-
Lagrange equations 71(r) = 0, S1(r) = 0 and & (r) = 0 are reproduced.
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6.3 Counting of degrees of freedom

Dirac’s procedure allows counting the physical degrees of freedom in a theory, the ones
that remain after gauge fixing of all local symmetries and after elimination of non-physical
variables due to second class constraints. In a theory with n generalized coordinates, ny
first class constraints and ng second class constraints, the number of degrees of freedom is
F=n—n— %nQ.

In our case there are n = 7 fundamental fields ¢s = {f, As, ¢, ¥, v,w, x} and n; = 4,
ne = 4 constraints, leading to one degree of freedom,

F=1. (6.31)

On the other hand, the degrees of freedom can be counted for generic CS gauge theories
in D = 2k + 1 for a non-Abelian Lie algebra with N generators [8, 9]: the theory has N
first class constraints Gy ~ 0 (generators of gauge transformations) and a set of 2kN
mixed first and second class constraints ¢} ~ 0, where m = (¢, m) denotes the boundary
spacetime indices. In general, there is no simple algorithm to separate first and second
class constraints among the ¢7%. The symplectic form is

_ i T Ty T 1 P K Ky
{qbn]\}[a(b%} = WJ\%}V p= T S T "YMNK, Ky 4 lelm ’ HFTﬁ:fllﬁk—l : (6‘32)

In general, the number of first class among the ¢l corresponds to the number of zero modes
of the 2kN x 2kN matrix Q7'%, while its rank corresponds to the number of second class
constraints. As shown in refs. [8, 9],  has always at least 2k zero modes, H;; = FAL B
which generate diffeomorphisms in the transverse section, while the radial diffeomorphism
is not an independent symmetry.

Clearly, the rank of 2 and the number of its zero modes depend on the values of the
components FX. at each point in spacetime. A generic configuration is, by definition,
one in which the rank of € is the maximum possible and therefore the number of local
symmetries is minimal. In such case, €} has exactly 2k zero modes, and the number of
degrees of freedom is the maximum a CS theory can have. In those sectors, there are
ny = N + 2k first class constraints (Gas, Hm) and ng = 2kN — 2k second class constrains
corresponding to ¢}, where the H,; have been eliminated. Applying the Dirac formula for
n = 2kN gauge fields AY (without the Lagrange multipliers A}M), one obtains

Fes generic = kN —k — N . (6.33)

An explicit separation of first and second class constrains in a generic sector of a G x U(1)
CS theory was done in refs. [8, 9], however, the separation for other CS theories is not
known in general.

In our five-dimensional case (k = 2), the Lie group AdSs x U(1) has N = 16 generators,
so the generic CS AdS gravity has Fcg generic = 14 degrees of freedom, that is much more
than what we proved to exist in the background of section 3, 7 = 1. We conclude that the

symmetric background, whose symplectic 2-form Qy;n = gnrvk FX has components
@

Qu=pF, Qla:*ZTaa Ql[ab]:aFaba Qap = —ane F,
k k
Qa,[bc] = 9 €abede r ) Q[ab] [cd] — & (nacnbd - nadnbc) F— z €abede T (634)
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is not in a generic sector of CS AdS gravity, but it contains additional zero modes, related
to the accidental local symmetries discussed in section 5. In the next section, we study
these symmetries in the context of Hamiltonian formalism.

7 Hamiltonian local symmetries

Dirac’s method provides a systematic way to identify local symmetries of the Hamiltonian
system. A symmetry with local parameters A\%(r) = (A, A7, A\”, AX) is obtained from a
generator G[A] constructed from first class constraints,

G[A] = NG, . (7.1)
Then, local transformations of the form

dqs = [QSv G[)‘H ) op® = [ps’ GP‘H ) (72)

leave the Hamiltonian Hy invariant. Explicitly, the fundamental fields change as

5f = fA, S = v A,

ox = A, 5w:£<)\T—y)\f),

) (7.3)
ov =\, 5A; = —7fgo‘1()\7+>\”).
[0

dp =0,

This four-parameter local symmetry is non-Abelian. On the other hand, the on-shell local
symmetry of the Lagrangian presented in section 5 is three-parameter one and Abelian.
A relation between the Hamiltonian and Lagrangian symmetries is given by Castellani’s
procedure [45], where a difference occurs when there are secondary constraints that are a
part of the symmetry generator. In fact, for each secondary first class constraint, the La-
grangian generator involves one first derivative of local parameters associated to primary
first class constraints. These derivatives of Lagrangian parameters are treated as inde-
pendent local parameters in the Hamiltonian procedure, which means that Hamiltonian
symmetries always possess larger number of local parameters when secondary first class
constraints exist.

Similar situation happens in Maxwell electrodynamics, where the first class constraints
generate the Hamiltonian local transformations 0A; = € and dA; = 0; A with two indepen-
dent parameters ¢ and \, whereas the Lagrangian transformation law, 0 A, = 0, A, relates
these parameters as ¢ = A

In our case, there is one secondary constraint, 7; ~ 0 and therefore one parameter
among the \%s is expected to be a first derivative of the others; as shown below A7 is that
parameter. We are interested in showing the on-shell equivalence between the Lagrangian
transformations (5.2) and the Hamiltonian transformations (7.3). Thus, it is not necessary
to apply Castellani’s method in full, it is enough to check invariance of the Hamiltonian
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equations. To this end, we first write the transformations (5.2) in terms of more familiar
variables (f, v, v, w, x, ¢, A¢). Additionally, we change the local parameters as (o, p,7) —
(0,7,€), where v = ¢/ —p and £ = (rf7 —vp)/(ff —w). Then the Lagrangian local
transformations become

6Lf—?, dpw =1, orp =0,
w—% L, 5Lu=%a+f,
Sp A = —% <m+ 2}’0+fg> . (7.4)

Although originally they seemed to depend on second derivatives of the parameters, it is
explicit from (7.4) that this dependence is on first derivatives only.
Now we turn to the Hamiltonian local transformations. The extended Hamiltonian

equations (6.30) are invariant when the multipliers transform as
SUS =Y, sUux=(0X),  sUY =\, (7.5)

and
1
SUT = (\7) — X + (Uf—”—) AT+ (Uf—w—XV> A
rf r
y 2
+(x1/1+ +—2—U” UT) M (7.6)
rf o f
Castellani’s method is based on the total Hamiltonian that does not include secondary
constraints, thus a relation between two (physically equivalent) descriptions in terms of
either Hr or Hg is by setting U™ = 0 and, consistently, 5U™ = 0. The last condition means
that (A7) becomes a linear combination of other parameters,

TN __ L 1_ f T AY rrf v
()\)_W\X+<Tf+r U>)\ +(f2+ U)A

y 2
—(=—-xv+— +—U”>)\f. 7.7
(7 TRE "
As the last step, we redefine the Hamiltonian local parameters (A, \V, A7) — (0,7, €) as
o
)\f - ﬁ 5
L, v
A P o+ 5 s
v
AN =—o0+- 7. 7.8
7 7 (7.8)
The parameter \X is not independent due to the relation (7.7) that gives
2 / / 2
X v v(o' —7) O(ff —w) = firx
AX:—( >0++ N+ £ 7.9
f? P? f2h fo ! f2? (7.9)

— 29 —



Comparing the Hamiltonian transformations with the Lagrangian ones (7.4), we con-
firm that they are all the same. This proves that the effective action indeed possesses
accidental local symmetries in the spherically symmetric, static background with flat
transverse section.

8 Conclusions

We have presented an Anti-de Sitter (AdS) black hole solutions in five-dimensional Chern-
Simons (CS) supergravity. More precisely, we considered charged black holes with flat
horizon, which approach locally AdSs spacetime at large distances. The minimal setup
admitting such AdSs x U(1) configurations in the context of CS supergravity was argued
to be the theory formulated on the supergroup SU(2,2|A) which, in addition, contains
non-Abelian gauge fields and fermionic matter.

We have shown that, in this theory, black hole solutions charged under the U(1) field
do exist, provided the spacetime torsion is non-vanishing. Therefore, we analyzed the most
general ansatz consistent with the local AdSs5 isometries in Riemann-Cartan space. The
coupling of torsion in the action resembles that of the universal axion of string theory, and
here it appears to be associated to the U(1) field.

We found explicit charged black hole solutions, which may exhibit locally flat horizons
as well as horizons with non-vanishing constant curvature. Motivated by the possible
relevance for AdS/CFT, we focused our attention on the flat horizon solutions. These
geometries appear as torsionfull five-dimensional generalizations of the three-dimensional
black hole [47]; although, in contrast to the latter, our five-dimensional black holes do
not present constant curvature; in fact, they present a curvature singularity at the origin
hidden behind either one or two smooth horizons.

The simplest charged solutions we found exhibit non-vanishing components of the
torsion tensor on the horizon three-surface (axial torsion) as well as along off-diagonal
directions involving the radial coordinate. These in turn generalize previous ansétze studied
in the literature, where only axial torsion was considered.

In the generic case, the fall-off behavior turns out to be weaker than the standard
Henneaux-Teitelboim asymptotically AdS boundary conditions [24]. However, despite this
weakened asymptotics, the solutions exhibit finite mass and finite Hawking temperature in
the generic case. An extremal configuration also exists, for which the two horizons coincide
and the Hawking temperature vanishes. In that case the mass also vanishes and the near
horizon geometry is AdSs x R3. There are particular solutions that are conformally flat,
reminiscent of the Riegert’s solution of conformal gravity [23].

We also studied more general solutions, allowing for more non-vanishing components of
the torsion tensor that do not violate existing isometries of the spacetime. Such solutions,
however, exhibit a peculiar feature: they are characterized by arbitrary functions of the
radial coordinate that remain undetermined after the field equations are imposed. Such
solutions with a “free geometry” of spacetime was noticed thirty years ago by Wheeler
within Lovelock gravities [27]. This is also a typical feature of CS gravity theories, which
are well-known to contain this type of degeneracy in sectors of its phase space.
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Having found new asymptotically AdSs charged black holes with flat horizon, one
can’t help speculating about possible consequences that such geometries could have in the
context of AdS/CFT correspondence. These solutions could, in principle, lead to gravity
duals for conformal field theories (CFT) at finite temperature. However, before trying to
interpret our results from the holographic point of view, there are two preliminary questions
that should be answered. First, is a general question about the role played by torsion in
AdS/CFT. This issue has been addressed in the literature, in particular in the context of
CS theory in three [48] and five dimensions [49], where it was argued that torsion induces
new sources in a dual CFT, and in the case of higher-order interactions, it can produce a
new kind of conformal anomaly [50].

Second, the question is about the propagating degrees of freedom of the theory. Due
to the frugality of CS gravity theory in what regards to its local degrees of freedom, we
should wonder how many propagating modes the theory actually has about the symmetric
sector of solutions we consider. The answer turns out to be quite interesting. In fact, it
is the torsion field the one that makes the theory acquire local degrees of freedom, and
through a careful analysis of the canonical structure of the theory, we showed that there is
only one dynamically propagating mode in the static symmetric sector of its phase space.
This result is in contrast with a generic CS AdS gravity with a U(1) field that possesses 14
dynamically propagating modes. Both theories have the same field content, but they are
defined around different backgrounds, i.e., in different sectors of phase space. As discussed
in [8, 9], generic theories have maximal number of degrees of freedom (14 in this case),
and that means that the missing degrees of freedom are related to an increase in local
symmetries.

This last observation is supported by the fact that a general, torsionful, symmetric
solution contains a number of indefinite functions of radial coordinate, which produce a
three-parameter Abelian on-shell symmetry different from AdSs; x U(1). At first sight,
an appearance of this additional “accidental” symmetry was unexpected. However, its
existence is understood through a careful canonical analysis of the effective action stem-
ming from an approximation that keeps only the relevant (symmetric) degrees of freedom
switched on. Using this minisuperspace approximation, the Hamiltonian analysis reveals
that the symmetric action is indeed invariant under a 4-parameter non-Abelian off-shell
symmetry that is not present in the generic phase space region. Comparison with the
Lagrangian symmetries confirms that, on-shell, both local transformations match exactly.

The example analyzed here is, therefore, an explicit realization of a non-generic CS
gravity. The metric is not a physical field in this sector, even though a particular gauge
fixing (i.e., the metric ansatz choice) can make it looks so. Only the knowledge about
the existence of accidental symmetries can help to formulate a simple criterion that avoids
such unwanted degenerate ansétze. As shown here, the simplest way to avoid an unphysical
metric is to assume the most general symmetric ansatz and solve it in such a way that there
are no indefinite functions associated to it. We used exactly this method to identify two
interesting solutions: the one with the axial torsion already known in the literature [20],
and a new 2-components torsion solution studied in section 3.2.
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A Chern-Simons AdS supergravity in five dimensions

The five-dimensional Chern-Simons AdS supergravity is a gauge theory based on a super-
symmetric extension of the group SO(4, 2), the super unitary group SU(2,2|N) [4, 42, 43].
Its fundamental field is a gauge connection 1-form

1 1 _ _
A = Al (2)dz" Gy = 7ot 5wabJab + AN, + (P5Q0 — QYY) + ATy, (A)

where ¢ denotes the AdS radius. The gauge fields contained in the bosonic sector of theory,
that is AdS; x SU(N) x U(1), are the vielbein (e?), the spin connection (w?), the non-
Abelian gauge field (A*) and the Abelian gauge field (A). In addition, there are N gravitini
s that are Dirac fields transforming in a vector representation of SU(N). When N = 1,
the non-Abelian generators are absent and the bosonic sector is just AdSs x U(1).

The Lie algebra of the bosonic generators is su(2,2) + su(N) + u(1), and the super-
symmetry generators extend this algebra as

943, Q2] = —5 (Mas)3 Q2. [T, Q4) = 5 Q3 (Tan)
[Ta, QS] = (ma); QF [T, Qu] = —Q0 (7a); (A.2)
(11N S (11N A,
[T1, Q5] = —i <4_N> s [TI’QO‘]_Z(ZL_N) Q. -

All generators are anti-Hermitian and the dimension of this superalgebra N2 4+ 8N + 15.
The AdS indices are denoted by A = (a,5), so that the AdS translations correspond to
Jos = Jg and T'ys = I’y are the Dirac matrices in five dimensions with the signature
(—,+,+,+,+). We also have the matrices 'y, = % [Ca,Tp) and the ' x N matrices 7o
that are generators of su(N). When N = 4, the U(1) generator T; becomes a central
charge in the algebra psu(2,2[4).

The supersymmetry generators Q% and Q¢, carry Abelian charges ¢ = + (% — Tb‘) and
their anticommutators read

~ 1
{Q:.Q5) = o (M%) Jap — 65 (%), Ta+id5 0, T1. (A.3)
The corresponding field-strength can be written as
1 1 - _
F = FJi+ FJ o+ FATA + (V' Qs — Q°V) + F Ty, (A.4)
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where the components have the form

1 1 o ar
F*= 2T+ ST, FA = FY 9 (7))

) - i (A5)
F® =R+ Zete’ — Sy Ty, F=dA —ip*s.

Here, T% and R are the spacetime torsion and curvature 2-forms, respectively, F» is the
field-strength 2-form for su(N'), and the covariant derivative acts on fermions as

1 1 i /1 1
Vi, = <d +3 w™T gy + 57 eara> s — AN (1)) Y+ <4 - N) Atps. (A.6)

The invariant tensor of rank three of the supergroup, completely symmetric in bosonic
and antisymmetric in fermionic indices, is defined by

. 1 ENE
JMNK =1 <TMTNTK>g = B Str [(Ty Ty + (—)™MNTyNTy) Tk] - (A.7)

For the particular super unitary group, its nonvanishing components are

k k
YAB)[CD]EF) = 5 €ABCDEF J1[AB][CD] = 1 NABJ[CD] >
. k
gA1A2A3 - Zk: (TA1TA2TA3) ) glAlAQ - N gA1A2 9
_ik o e k(L 1Y (A-8)
aniey(y) = 7 TaB)sor, Gies) = "2 \a T ar) %80
ik, s 1 1
gA(g)(E) - 5 5ﬂ (TA)T ) g1 =k <42 - J\/2> )

where the Killing metric of AdS group is napjjcp] = n14ac 18D —NAD NBC, With nap = diag
(Nab, —)- Similarly, ga, A, is the Killing metric of SU(N).

Having the gauge group and its symmetric invariant tensor, the Chern-Simons La-
grangian Lcg(A) is implicitly defined as a five-form whose exterior derivative gives a
Chern class,

i 1
dLcs(A) = 3 <F3>g = 3 9MNK FMpNpE, (A.9)

where k is a dimensionless constant and the wedge symbol between forms is omitted for
simplicity. The explicit expression for the CS action reads

) 1 1
Ies [A] = / Les(A) = Z/ <AF2 _ AR 4 — A5> : (A.10)
M 3 Ju 2 10 p
and it can be written, up to boundary terms, as
L = Ladas + Lsuwy + Lu(1) + Lermions - (A.11)

The gravitational sector of the theory is given by the Einstein-Hilbert Lagrangian with
negative cosmological constant and the Gauss-Bonnet term with fixed coupling,

k 2 1
Lads = 7 €abede <R“bRCd + 35 R%ecet + = eaebeced) e’ (A.12)
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The matter sector is described by

ik
LSU(/\/) 23 Tr <A]:2 A3.7:+ .A5>

k(1 1 k 72
Ly = — = < - ) A(dA)* + <T“T — = R™Ry, — R“beaeb> A

3 \42 N2 402
k
— S FARAA
/\/ A
Liermions = 7¢s Ta R 4 L et + 26 i+1 dA — ", | Vb
fermions — 62 ab N 4 r s

b (f; -3 wws) Vi + .,

(A.13)
where F? = F A(TA) Supersymmetry algebra of this action closes off-shell by construction,
without addition of auxiliary fields [44].

The case N = 4 is special, because the gravitini are electrically neutral in this case
and the Abelian generator becomes a central extension in the superalgebra su(2,2|4), since
the component gi11 vanishes. This significantly changes the dynamics of Abelian field and
may produce a change in number of degrees of freedom in some backgrounds [14].

B Riemann-Cartan geometry

In Riemann-Cartan geometry, the vielbein e* and w® are independent fields. The spin
connection, however, can be decomposed to the torsion-free connection, @, that fulfills
D(@)e® = 0, and the contorsion, K% = — K,

w® = 5% + K. (B.1)

The contorsion one-form K® = K “bu dx* is related to the torsion two-form T¢ =

;Tgy dz" A dz¥, by T® = K% A e’. They are in turn related to the torsion and con-

torsion tensors, Whose components in the coordinate basis are defined by Ty = eaTlf‘V, nd
K ab# = e‘}\ei’)K Ap u- The following identities can be verified,

1
T/\,ulz = K)\Vu - K)\w/ , OT K/\/U/ = 5 (T,u)\l/ - T/\,ulz + TI//\,u) . (B2)
If the torsion tensor is axial (i.e., totally antisymmetric), then K),, = —% Tau- The

curvature 2-form R = dw® 4+ w®% A w® can also be decomposed into the torsion-free
part,R* = du® + w A &, and the contorsion-dependent terms,

R¥®=RY® + DK™ + K% N K. (B.3)
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As a consequence, with the help of the identities
DK™ A DKy = d (K“b A f)Kab) 2R A KA K,
R®A DKy, =d (R“” A Kab) ,
DEK®ANK, A Ky = % d (K“b AK,S A ch> ,
KCANKPANKANKg =0, (B.4)

the Pontryagin density can be written as

L - . .2
R® A Ry = R A Rgp + d <K“b A DKy +2K% A Ry + 3 K®ANKS A ch) . (B.5)

C Symmetric ansatz in AdS space
Consider a static topological black hole ansatz in the local coordinates z# = (t,r,z™),
m = 2, 3,4, by writing the vielbien as
0 1 dr i Ai Ai m
e’ = h(r)f(r)dt, e :m, e =ré' =reé,,(x)dz™. (C.1)
T

Here, f and h are arbitrary functions of the radial coordinate and é is the 3D vielbein
of the transverse section. Without loss of generality, f and h can be chosen non-negative.
The corresponding Levi-Civita connection

= f(fh)dt, ot =—feé, @M=", (C.2)
In terms of the metric, this ansatz takes a familiar form,

dr?
f2(r)

where the transverse metric, Yy, = €.,é, d;;, describes a maximally symmetric 3D manifold

ds® = Guv datdx” = —h2(7“)f2(7“) dt® + + r2’ymn(x) dz"dx"™ , (C.3)

of unit radius, R}}"(v) = /15[[,;7;]” }, whose geometry can be flat (k = 0), spherical (k = 1)
or hyperbolic (k = —1). Hereafter, let us consider v, = dmy (i.e. & = 0) for simplicity.
Then €, = d%,.

The isometries of spacetime are obtained from the Killing equation

Legu = 0 gr + 0 g + EXNgu = 0. (C.4)

The general solution for a Killing vector is,
1
§=8E'0,=cO + 3 a™™ (21, 0m — TmOn) + bmOm (C.5)

describes the time translations, d;, translations in flat directions, d,,, and spatial rotations
in transverse section, x,0, — m0y. The Abelian gauge field ' = dA has the same
isometries (C.5) if it satisfies

£eFv = 0,8 Foy + 0y Fruoy + €00 F 0, = 0, (C.6)
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that means that its form has to be F' = F,.(r) dt Adr. Choosing the Abelian gauge field as
A= A(r)dt, (C.7)

the field-strength reads
F=dA=—A(r)dt Ndr. (C.8)

Similarly, if we require that the torsion tensor has the same isometries as a topological
AdS black hole, it must satisfy
£§T;w/\ = 8,u§aTau)\ + &JfaT,ua)\ + 8)\§aT/woc + €aaocT;w)\ =0. (CQ)

Invariance under J; and 0, implies that 7}, can be a function of the radial coordinate
only. Furthermore, solving the above equation gives the most general spherically symmetric
torsion tensor,

Tyr = Xt(r) ) Thtm = wt(r) 5nm ’ Tmk = ¢(T) Enmk - (C 10)
Trtr = Xr (T) ) Torm = Yr (T) Onm -
The torsion 2-form is then
Xt
T = — 2L dt nd
hf "
T = fx,dt Adr,
1 . )
T = = (Ypdt + . dr) Ndz' + QE 6 €prm dz™ A dx™ . (C.11)
r r
Using the formula (B.2), we find the non-vanishing components of the contorsion,
Kt = Xt Kinm = ¥t dpm Kk = _% ¢ €nmk 5 (C 12)
Ky = Xr s Kipm = ¢r 6nm )
and the contorsion 1-form,
KO = — L (xpdt + xodr) , KY = L2 dgt |
K% = — % da K = — 2 ¢k gy, da™ . (C.13)
The full spin connection then reads
WOl = wdt — xdr, wlt = vda®
W = —pdat, Wi = —p ek dry, (C.14)
where we introduced new fields
w=fm) =g v=tEE =
)= 35, o= (C.15)
The torsionless Riemann curvature in given ansatz has the form
RO = — (f(fn)) dt ndr,
RY = —f2(fn) dt A da',
RY = —f'dr Nda',
RY = —f2da’ Nda? | (C.16)
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and, consequently, the torsion-free Pontryagin density vanishes,

1 pab D,

§R /\Rab - 0 (017)
The torsional invariants are

TYNT, = 2rp [hfw dt + (1 + ;) dr} o Az A dz™ A dz™
T A eq = 120 €pm dz® A dz™ A dz™ . (C.18)
The contorsion invariants have the form

1 _
§Kab ANDKa, = =2fo(f + V) €knm dz® A da™ A dz™,

K®A Ry = 120 €rnm dz® A dz™ A dz™,
1

1
gK“b/\(Kz)abch §@2+(f+v)2—7,/)2 €knm dz® A dz™ A dz™ . (C.19)

The full Riemann curvature can be written as

R = —u'dt Ndr,

RY — wudt Adat — (XI/ + w’) dr A dz* — Y eijk da? A daF ,

RY = ()@/} + 1/) dr A dz' —Ywdt A dx' + goueijk da? A da®

R = — T dr A da® + (0% — 9> — v2) da’ A da? . (C.20)
It is also useful to write the Einstein-Hilbert and Gauss-Bonnet terms in Riemann-Cartan
space,

3 2

/
€abede R N e Ne? Ae® = 36d°x [—w; + w? +hfr? (x¢ + V) + hr (P? — * =) |,
€apede R N RN\ e = 24 d°x [(—w’r - % +hf (xv+ V')) (¥ — > %) +
+ wr (1/2 - 1/)2)/ —2hfv gpgp’} . (C.21)
Besides, the expression for B which appears in Ly, = adB A A is given by
B =L K®DK, + KPRy + K (K?) , — L ae
2 “ ab T g ab P2 a:
L 2 o 17 k n m
=elg® +vei = ) €knm dx” A dz™ N dz™ . (C.22)

Levi-Civita conventions. It is useful to clarify how the three-dimensional flat
transverse subspace is embedded in the five-dimensional manifold from the point of view
of its constant tensors. The five-dimensional Levi-Civita tensor €,p.q. in the tangent space
is normalized as €p1234 = 1. Then, the spacetime volume form in five dimensions is given
by

dat A da? A dx® A dx’ A da? = —eoPY oy (C.23)
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01234 _ Etm:yz —

what is consistent with the fact that e —1. In the coordinates used here,

the volume element reads d°z = dt A dr A dz A dy A dz. Covariant Levi-Civita tensors are
V=9 €uap and \/%—g e"veB  where the Jacobian is \/—g = hr.

On the other hand, assuming the planar horizon for the sake of simplicity, the three-
dimensional Levi-Civita tensor is

®3)

Emnl = Emnl = €trmnl » Ymn = Omn - (C.24)
Using this notation, we find the relation between 3D and 5D tensors to be
€01ijk = €mnt 07070}, = €iji; (C.25)
We can also write the 5D volume element as
dt A dr A dz™ A dz™ A da® = €™ P (C.26)
Other examples that often appear in our calculations are
emni dz™ A dz™ A da! = 6d3x,
€orijk Oy 0107 dt A dr A dz™ A da™ A da' = 6d°x . (C.27)
Residual gauge transformations. Gauge transformations AdSs; x U(1) with the

local parameter A = %e“Ja + % A®J,, + 0T, act on the gauge field as 6A = D(A)A or,
in components,

0A =db,
5e® = D(w)e® — \%ey

1
dw® = D(w)A® + 7 (eaeb - eaeb) . (C.28)

We look for a restricted form of A that does not change the original spherically symmet-
ric ansatz of the quantities defined on the spacetime manifold given by egs. (C.3), (C.10)
and (C.7). In other words, we want to check whether there are gauge transformations
that map one spherically symmetric set of fields A(h, f, ¥, x, ¢, A) into another one,
AW, 10X, ¢, A'), at the same point of spacetime.

The transformation law of the Abelian field A gives

SAydt = 8,0 dt + 0,0 dr + 0,0 dz™ (C.29)

and the only transformations that fulfill this are the global ones, # = const. Thus, there is
no residual U(1) symmetry.
In what follows, we solve the parameters €%, A*® assuming

h=1, f40 $#0 w#0. (C.30)

The expression for de” and de! written in components lead to

5f=wel, A =20
f
Ni=—pet, N = e (C.31)
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and the conditions on local parameters,

O:w51+f2(ar€1_XT€0)a
0=we’— f2(8rao — Xr 51) . (C.32)

Writing also de’ in components gives that €” and ! are not independent,

Mgt at o Nm = V= —‘Z’ £ (C.33)
t

Writing out the transformation law for éw® in components and using previous solutions,
we find

0
Sxr = =0 [f (0r — xr V)] + ;Tf . (C.34)

Finally, the transformation laws dw%, dw!® and dw™ give

5w 2 8 ?,Z)t _r2 ﬁ 0
= [0’ + T I nxr €2f€,
0 1 r? 1
on =y (0re —xre)—ﬁe,
5p=0. (C.35)

In sum, we have to solve the system (C.32) for €', and if non-vanishing, it induces two
other non-vanishing parameters: €? and A\°!, both functions of £'.

Let us solve the system (C.32). One solution that always exists is ¢! = 0, meaning
that there are no residual gauge symmetries. The other possibility is e' # 0, but this
is not possible generically, but only for particular solutions of the fields, and then ¢! is
completely (globally) determined, that means that there are no remaining local symmetries
in this theory.

In any case, there are no local transformations that leave the ansatz invariant.

D Constraint structure of the effective action with h # 1

We consider the metric components g;; = —(hf)? and g, = 1/f? as independent dynam-
ical fields. The generalized coordinates are gs = {f, h, A, ¢, ¥, v,w, x} and the effective
spherically symmetric CS action is given by

2
Lelg, 4] = A /dr [<+hfxw+hfv ++w)< —p*—v +£2>

2
— 2(rw+hfv) ¢ ? < o+ 17 1/;2—;2),4;}.
(D.1)
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We proceed similarly as in section 6.

The primary constraints obtained from Z.g read

Cr=pr=~0, Co =puw=0,
6k
Ch:ph%[), Cu:pu_7hf7-1%07
12k (D.2)
Cy =py =0, C¢=p¢+7(rw+hfv)<p%0,
Cy=py=0, CA:pA—4ozg03—6oup’T1%0,
and the canonical and total Hamiltonian have the form
6k [wv hr
~—— | —+h —
HC / <f+ fX¢+€2+w>7'17
Hr =He +u’Cy, (D.3)

respectively. For nonvanishing torsion, fh¢yy # 0, the consistency conditions for the

primary constraints give rise to only one secondary constraint,

Ti~0, (D.4)
and four out of eight multipliers become determined,
u? =0,
k wr hr
A -1 v
ut == ( 7 +hixy + 5 twthfu ) :
u? =t <Vu” - ;;) ,
w 1 fwr hr 1 h ¥
u —T<f+hfxw+€2>—r(fyu -l—hyu). (D.5)

The separation between first and second class constraints is achieved through redefinition

of the constraints Cs — (G, Sa),

First class :

Second class :

Gq = {GhaGf7Gl/7GX7GT}7
Sa = {S<p7SuJ7S’LZ)7SA} )

where the constraints are redefined in a way that do not change the constraint surface,

Gh:h<Ch—f;4VC’w>, Sy =¢Cy,
Gf:f<cf_hrycw>7 Sw:ﬂcw7

o (LG E 1 _1 (D.6)
GT_hf( 57'1 Vi OAJWC”)’ S¢_¢C¢,

B v k hf B
GV_CV+¢Cw_Oé€(pCA’ Sa=0Cy.
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It can be checked that the Jacobian of these transformations is nonvanishing for fhgypy # 0.
The first class constraints close the algebra

[Gh7 Gl/] - _GTa [GTa Gh] = G7'7
[Gfa GI/] — 7GT 5 [GTa Gf] — GT 5 (D7)

and the second class constraints have invertible symplectic form Q5 = {Sa, Sz},

12k
[SSO7 w] = Thf 9027

[S<p7 SA] - 604907-1 ;

[Sy, Sa] = 120 (D.8)

The rest of commutators vanish on the constraint surface,

[Sw’ Gf] = Su,

[Swa Gh] = Sw

[Sp, Gu] = Gr — Su, (D.9)
Sy, Gyl = Gy — S,

The symplectic matrix of these constraints can be transformed (e.g., by taking dif-
ferences G, — G, and G}, — Gy) into the one equivalent to setting h = 1, because the
generator that appears due to dynamical field h(r), that is G, — G, commutes with all
other generators and, therefore, contributes as zero column (row) in the symplectic matrix.
This generator corresponds to an Abelian symmetry that can can be gauge fixed by h = 1.
This gauge fixed system identically matches the one obtained by setting A = 1 directly in
the action. This is why, for the sake of simplicity, we start from A = 1 in subsection 6.2.

E Black hole mass

So far, we have neglected all boundary terms in the Hamiltonian first order action l.g =
Vol(OM) Zeg. The boundary OM is a time-like surface of the form R x 3, where 73 is the
flat transversal section.

In order to connect the integration constants p, b and C with the conserved charges,
i.e., the mass of the black hole M, we have to supplement the action (6.9) by a boundary
term B defined at r — oo,

Ip=Zg+ B. (E.1)

In the Hamiltonian approach, the black hole mass is related to the boundary terms chosen
so that Zp has an extremum on-shell [25]. In practice, it means that 0Zp has to vanish
on-shell when the fields are kept fixed on the boundary. Varying egs. (E.1) and (6.9) with
w=f(fh) —xt and k = —¢3/167G leads to

302 d

oy =~ 2o [[ar 4t |+ Datam + 160 T~ 20f o' 1)

4
— (rw + hfv)dp? — %6 ® (3 ©? — T1> 5At] + 0B +e.om., (E.2)
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where e.o.m. are the bulk terms that vanish using the equations of motion. In order to
have 0Zg = 0 on-shell, we find that the boundary term has to satisfy

0B=——= lim | ((v+ f)6(fh)+hfov)Ti

(4
= 2] o ) — (o f) 02 = 5 (560 =0T ) o)
(E.3)
The mass M (u, b, C') can be obtained only if one is able to integrate out the variation

IM (p,b,C) = Vol(vy3) 0B(u, b, C) for a particular solution. To analyze it better, let us look
at the black hole solutions discussed in sections 3 and 4.

I. Uncharged, static black hole without torsion. The mass for this CS black hole
was calculated in ref. [46]. The non-vanishing fields are h = 1 and f = —v = \/2—5 — [y

and the function 77 = —f% + Z—; is non-vanishing. The mass is obtained from
302Vol(vy3) . 5 T2 5 302Vol(r3)
M) == S (- )of == g rn, (E4)

that can be easily integrated out. We arrive to the result

_ 302Vol(vs) o

M= " (E-5)

where the integration constant is chosen so that the mass vanishes for the vacuum solution.
This result matches the one found in ref. [46].

II. Static, charged black hole with two components of torsion. Here we calculate
the mass for the black hole solution found in subsection 3.2, which has only the axial torsion

Trmk = ¢ €nmi and the torsion components T = ¥y dpn non-vanishing. They correspond
to the fields ¢ = C and v = —\/2—; — C2. The metric functions are h = 1 and f =

\/Z—; + br — p, and the electric potential at the infinity is Ay(c0) = ® — 5 (u+ C? + 1 b?).
In this case, the first term in eq. (E.3) that was dominant in the torsionless case now
vanishes due to 77 = 0, leading to

_ 30*Vol(y3)

(E.6)

4ol
3k ’

lim [(r ff + fv)oC?* + — C35 A,

where we replaced ¢ — —/ in this branch of the solution. Keeping the electric potential
zero at the boundary, we find

302 Vol ol

The mass M (u,b,C) cannot be integrated out for general choice of the integration
constants. In the particular point in the space of parameters when C? = p + %, then
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the electric potential loses the 1/r term in the asymptotic expansion (3.32) and the elec-
tromagnetic field energy becomes finite. Then the mass can be integrated to give

302 Vol(vs) b202\ °
M = . E.
167G <“ * 4) (E8)

When b = 0, the mass is a double of the torsionless one, that shows that these solutions
are not equivalent.

III. Static, uncharged black hole with axial torsion. When only the axial torsion,
@ = C, is present [20], we have h =1, f = —v = \/2—; —pand T; = —C? — f2 + 2—;. Then

B 302 Vol(v3)

oM (1, C) = lim [5@02 —u®) + 2 502} , (E.9)

327G r—oo
and the mass cannot be integrated out in general. Again we set £ — —/ in this branch. At
the particular point C? = j, the mass is

_ 302Vol(v3) o

167G (E-10)
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