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1 Introduction

In quantum field theory containing scalars, it may occur that there are more than one local
minima in configuration space. In such cases, a system trapped in a metastable vacuum
will decay towards a vacuum with lower energy through quantum tunneling. Semiclassical
methods can be used to describe the procedure [1, 2]. In this approach, the theory is
studied in Euclidean space and a classical tunneling solution that matches the appropriate
boundary conditions is constructed. This solution describes a bubble, which separates the
true vacuum from the false vacuum and after its emission starts expanding asymptotically
with the speed of light.

Typically, it is very difficult to find analytic solutions for any given potential that
contains a metastable vacuum. The original papers [1, 2] focus on a limit, in which the
energy difference between the true and false vacua is small. In this limit, the radius
of the emitted bubble is large in comparison to its width, thus the name “Thin Wall
Approximation” for this approach. This limit allows for analytical expressions of the bubble
emission rates. However, such a limit destroys all other potentially interesting features of
the solution, especially in the interior of the bubble.

In order to describe potential barriers that are not appropriate for the thin wall ap-
proximation, one can either make a numerical computation, or approximate the potential
with another one that is exactly solvable. This approach is used in [3], where a triangular
and a rectangular potential are analytically solved and the relevant decay rates are calcu-
lated. However, if the actual potential is smooth, such potentials are clearly not a very
good approximation for the regions of the two vacua and the top of the barrier, so several
qualitative features of the solution, related with these regions of the potential barrier, may
be lost. For example, the discontinuity of the potential in the rectangular approximation
removes all dynamics as the field rolls towards the true vacuum. Smoother, exactly solvable
potentials are studied in [4, 5], where the bounce solutions are calculated.

In this paper, we will extend the study of the triangular model and moreover solve some
more realistic, still analytically solvable potentials, and try to extract qualitative features of
the related physics, and possible cosmological implications. It is going to turn out that the
triangular model with parameters of Planck scale can provide an elegant explanation for the
order of magnitude of the measured dark energy density in our universe, failing, however, to
provide the appropriate equation of state. Other options based on more singular potentials
also exist, predicting the correct order of magnitude for the dark energy.

2 Framework

We are going to study exact tunneling solutions in the simple case of a single scalar field and
a potential containing a unique false vacuum. We are particularly interested in analytically
continuing our solutions to imaginary Fuclidean radius in order to study the evolution of
the field profile inside the bubble. The Lagrangian describing our system is

L= (00 ~V(9), (21)



where the scalar potential V(¢) contains the true and a unique false vacuum. From now
on, we name the positions of the top of the potential barrier and of the true and false vacua
as ¢, ¢_ and ¢ respectively and the relevant values of the potential Vp, V_ and V..

It has been proven that in scalar field theory the spherically symmetric solutions are
favoured [6]. Since the interior of the bubble lies in the true vacuum, it corresponds to an
energy gain by the emission of the bubble proportional to the volume of the bubble. On the
other hand, the bubble wall has to lie at the potential barrier corresponding to an energy
loss by the emission of the bubble proportional to the surface of the bubble. Thus, the
fact that spherical bubbles are favoured is intuitively expected, as the sphere maximizes
the ratio of volume to surface. So, from now on, we assume that the tunneling solution
depends only on the Euclidean radius p.

Under the assumption that the solution depends only on the Euclidean radius, the
Euclidean field equation is reduced to

5+ f}é —V/(9), (2.2)

where the dot implies differentiation with respect to p and the prime implies differentiation
with respect to the field ¢. The solution has to obey the following boundary conditions
lim ¢(p) = ¢y,  $(0)=0. (2:3)

p—r00

In the following sections, we are going to make assumptions for the form of the potential,
that are going to allow us to find analytic solutions.

2.1 Two kinds of solutions

Before we proceed to solve the equation of motion, we would like to make a comment on
the general form of the solutions. Typically we are going to assume that the potential is
described by different formulas before and after the top of the barrier. One would expect
that we would result in a solution of the form

¢—, p<R-

¢ _ le(p), R_< p< RT (24)
$2(p), Rr <p< Ry

¢+7 p>R+

This describes a bubble whose profile can be described as following: outside a certain
radius R4 the field rests in the false vacuum. Inside this radius the field climbs the barrier
between Ry and Rp and then rolls down to the true vacuum between Rp and R_ and
then stays there. In such cases the analytic continuation to imaginary Euclidean radius is
trivially ¢ = ¢_. In [3] we see that in the rectangular approximation, tunneling solutions
always look like that, however in the triangular approximation we may get a solution of this
kind or not depending on the parameters of the potential. In the triangular approximation,
and as we will show later on in other cases, it may be true that the field never reaches the
true vacuum in Euclidean space. The conditions leading to such a result in the triangular
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Figure 1. The volcanic approximation.

approximation are not very restricting on the parameters of the potential. In such cases
the solution is of the following form

¢1(p) , p< RT
¢=1q¢a(p), Rr<p<Ri (2.5)
¢+ ) p > RJr

and the analytic continuation to imaginary proper time is non trivial. We will show that
actually the field in such cases never reaches the true vacuum, but performs a damped
oscillation around it. The rest of the paper focuses in this class of solutions.

3 A volcanic potential and the field in the interior of the bubble

3.1 The approximation

The only selections of potential that preserve the linearity of the equation of motion is a
linear and a quadratic one. The quadratic is naturally the most obvious selection to ap-
proximate the region around a vacuum, thus we will start our analysis studying a potential
barrier built out of quadratics. The simplest possible barrier potential built by quadratics

is described by

} 2 _ 2 4
V(g) = 5P —d+)"+ Vi, ¢ <dr 51)

1
§m2_(¢— P +V_, ¢>or

and looks like in figure 1. Because of the shape of such a potential, we will call this the

volcanic approximation.

3.2 The instanton solution

In order to find the tunneling solution we need to find the general solution to the equation

5+ f’)«s — (6 — o). (3.2)



If we make the substitution

Y
¢ - ¢0 = (33)
P
the equation is written as
P2ii+ py— (m2p* + 1)y =0, (3.4)

which is exactly the modified Bessel equation, z2y” + zy’ — (2% + o2)y = 0 for 2 = mp and

«a = 1. Thus, the general solution is

I K
¢ = o + = 1<mp)t)02 (mp) (3.5)
where I,, is the modified Bessel function of the first kind and K, the modified Bessel

function of the second kind. During the construction of the instanton solution, we are

going to need the derivative of the solution. This is given by

c1lz(mp) — caKa(mp)
m .
p
Using the above result, it is clear that a solution that does not reach the true vacuum

¢ = (3.6)

in Euclidean space will look like

c1-Ii(m-p) + ca— Ki(m-—p)

¢—+ P ) :0<RT
= ci-Ii(m + coL K1(m 3.7
1) by + 1+11(myp) ; 24+ K1 ( +P)’ Ry <p<R. (3.7)
¢+a ,0>R+.

Let’s now apply the boundary and matching conditions to specify the undetermined con-
stants ¢1_, co—, ¢14, co4 and the radii Ry and Ry. The solution has to be stationary at
the origin. As K7 diverges at the origin, and [; is stationary, we get

Co_ = 0. (38)

Demanding continuity of the solution and its derivative at p = Ry gives us the following
two equations

e+ li(myRy) + cor Kai(my Ry) =0, (3.9)
Cl+12(m+R+) — CQ+K2(m+R+> =0. (310)
As both modified Bessel functions of the first and second kind are positive, the only solution
to this problem for any finite R, is ¢14+ = coy = 0. However, as modified Bessel functions

of the second kind decrease exponentially at infinity, we have the option that actually R
is infinite and

c1s =0. (3.11)
Demanding that lim ¢(p) = lim ¢(p) = ¢ gives us
p—Rp~ p—RpT
¢ — or
_=———"—R 3.12
C1 Il (m_RT) T ( )
_ 916 p (3.13)



Figure 2. The numerical part of the solution.

We have managed to express all parameters in terms of R7. Finally demanding continuity
of the derivative at p = Ry, specifies this last unknown parameter. This results in
Ki(myRr) b(m-_Rr) _ my ¢r — ¢+
Ky(myRy) Ii(m_Rr) — m_¢_ —oér’
This equation is not analytically solvable, so we cannot acquire an analytic expression
for Rr.
To sum up the tunneling solution is

_ Re(o- — 1) Tim_p)

(3.14)

_ R
(b: (b 1% Il(m_RT), P = T (315)
by + Rr(or — ¢4) Ki(myp) -
" p Ki(myRr)’ P T7

where Rp is given by (3.14).

3.3 Condition for not reaching the true vacuum in Euclidean space

We expect that in analogy to the triangular approximation [3], if equation (3.14) does not

(z)

have a solution, the solution reaches the true vacuum in Euclidean space. Functions %(I)
Iy(z)
I (z)
can see in figure 2. Thus there is exactly one bounce solution, as long as

m4 o7 — o4

m— ¢— — ¢r

otherwise we should expect a bounce solution that reaches the true vacuum in Euclidean

and are both monotonically increasing and take values between zero and one, as one

<1, (3.16)

space. However, such a solution will look like

¢—7 ,0< R_
ci_Iiyim_p)+co_Ki(m_
. 1( P)p2 1( P)y R <p< Ry
b= (3.17)
cieIli(m 4+ cor K1(m
by + 1411 (mp) p 24K ( +P)7 Rr<p<R,
o+ p>Ry.



Demanding continuity and smoothness at p = R_, gives us

cl_Il(m_R_) + CQ_Kl(m_R_) =0, (3.18)
ci—la(m_R_) —ca_Ks(m_R_) =0. (3.19)

As the modified Bessel function are positive, the only solution to the above system of
equations for any R_ > 01is ¢c;_ = co_ = 0. The only way to save this is to set R_ to zero.
Then smoothness at p = R_ gives us ca— = 0. However then the field has not reached the
true vacuum at p = R_, as lim @ = % #0.

Thus, it looks like ﬁndilgig a solution that reaches the true vacuum in Euclidean space
is problematic. Indeed we can see that condition (3.16) is always satisfied. From the

expression of the potential (3.1) we can find

my ¢or — ¢4 [Vr =V

oo\ (3.20)

which is always positive and smaller than one since Vpr >V, > V_

That means that condition (3.16) always holds. Thus, in the volcanic approximation,
there is always exactly one tunneling solution, that never reaches the true vacuum in
Fuclidean space. This implies that we should expect to find some non trivial field profile
in the interior of the growing bubble.

3.4 The analytical continuation to Lorentzian spacetime

The solution of the volcanic potential is very easy to analytically continue to imaginary
proper time. The modified Bessel functions are analytic functions having the property
I (z) = —iJi(iz), where .J,, is the Bessel function of the first kind. Thus, for p = iT we get

_ Rr(¢- —¢r) Ji(m-1)
T Il(m,RT) ’

o(7) = ¢ (3.21)

which clearly describes a damped oscillation of the field around the true vacuum in the
interior of the bubble. For large 7 we can use the asymptotic formula for the Bessel function

o(r) ~ ¢+ \/Z RZ((Z_R;?)T) o (mT; ti), (3.22)

to get

The solution is plotted in figure 3.

In the previous subsection we showed that in the case of the volcanic approximation
the field never reaches the true vacuum in Euclidean space. This means that this kind of
damped oscillations of the field around the true vacuum in the interior of the bubble, which
we discovered by analytically continuing to imaginary Euclidean radius, are present for any
parameters of the volcanic potential. As this behaviour is determined by the potential at
the region of the true vacuum, the fact that the solution in the case of the triangular or
rectangular approximation may be constant for imaginary Euclidean distance [3], is an
effect because of the non-smoothness of the potential in the region of the true vacuum.
We expect that any smooth potential produces a tunneling solution with the characteristic
behaviour of the damped oscillation around the true vacuum in the interior of the bubble.
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Figure 3. The instanton solution.

3.5 The stress-energy tensor in the interior of the bubble

Under the scope of possible applications in cosmology, it would be interesting to calculate
the stress-energy tensor in the interior of the bubble. Unlike traditional treatment, where
the stress energy tensor contains only the vacuum energy of the true vacuum, here the
damped oscillation around it is going to contribute too.

The stress-energy tensor is given by

oL

TH, = ———0y, — LY. 3.23
50,6) " (3:29)

Substituting our Lagrangian we get
T, = "0, ¢ — Lo} . (3.24)

Our solution depends only on proper time, thus

. Ty
L) = 1 2
Using the above we get
.o b
TH, = >V Lo 3.26
P (3.26)

The first term of the stress-energy tensor is the kinetic energy of the remnant of the bubble
wall inside the bubble. Far away from the bubble wall, it contributes only to the time-time
component of the stress-energy tensor, thus it behaves as dark matter. The second term
is identical to vacuum energy, that does not only originate from the energy of the true
vacuum, but also on the oscillation of the field. We can define

Pvac = %(_¢2 + m2_(<b - ¢—)2) +V_, (327)
Puall = O (3.28)



Using our solution we get

m? R3(¢— — ¢r)*

Pvac = o7, (;_RT)Q:; (—Jl (m77)2 —+ Jg(m,T)Q) +V_,

m? R3(¢— — ¢1)?
Li(m_Ryp)?7?

For large 7 we can use the asymptotic formula for the Bessel function to get

m—R%(QZ)— _¢T)2 . ™ 2 T 2
Pvac = Wll(m,RT)QT*Q’ — Sin m,T—Z + cos nLT—Z +V_,

2mR(9—— or)" cos < 7r>2.

wly(m_Ryp)?73 Ty

Jo(m_1)2.

Pwall =

Pwall =

(3.29)

(3.30)

(3.31)

(3.32)

As expected from virial theorem, the average of kinetic and potential energy terms in the

Lagrangian cancel out, because of the quadratic form of the potential around the true

vacuum. However, this kind of ideas can in general provide a cosmological constant that

depends on the size of the bubble. It could be a promising candidate for the explanation

of the small size of the observed dark energy density.

3.6 The decay rate

The volcanic potential may be used to approximate decay rates of metastable vacua, in the

case of a potential that does not fit the requirements for the thin wall approximation. Thus,

it is interesting to calculate the decay rate. The decay rate per unit volume is given by

r
V = Ae_%

where coefficient B is given by the Euclidean action of the tunneling solution

B = Splé(p)] — Selo+].

Spherical symmetry of the tunneling solution implies

elo(o)] =2 | 500’ (145(/))2 T va)]) |

[1+ O],

2
Using the formula of our solution we get
2 fir
B = Splé(p)] - Spl6+] = 263(V_ V) /0 5pp”
m*m? RE.(¢- — )

Rr
/0 Spp[Li(m_p)*+1Ix(m_p)?]

I, (m_Rr)?
WQm?l-RCQZ“(¢T—¢+)2 o0 ) ,
Ki(myRr)? /RT(SPP[K1(m_p) + Ky (m_p) ] )

Applying properties of modified Bessel functions, we find
(Vo — V4) Ry
2
Q(m,RT>

I
2 3 2
+ 7 m_Ryp(¢- — ér) Ti(m_Rr)

B =

Ky (my Rr)

2 3 2
+ 7 my Ry (o1 — ¢4) r(msRy)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)



Finally, using equation (3.14) we find

RV -VORL o, Ry r)
B= T MR (G- = 64)(01 — ) e S

The first term corresponds to the vacuum energy gained in the volume of the bubble, while

(3.38)

the second term corresponds to the energy spent on the bubble wall.

It would be interesting to study whether the decay rate that we just calculated reduces
to the known formula in the thin wall limit. In the limit where the energy difference between
the true and false vacuum is small, we can derive from the form of the potential that

m_¢_ +mipy € 2
or = + O0(e%), 3.39
’ m_ +my m_my(p— — d) () (3.39)
where ¢ = V. — V_. We can use the above to find
my ¢r — ¢y € 2
— =1- 5 ——— +0(). (3.40)

m_¢_—¢r (oo —oy)

That means that the right hand side of equation (3.14) is very close to one, thus Ry has
to be large, as expected for the thin wall limit. This allows us to use asymptotic formulas
for the modified Bessel functions to approximate the left hand side of (3.14) as

K Is(m_ 1
WmBr) bim-Br) _, 3, <z) 7 (3.41)
K2 (m+RT) Il(m_RT) QMRT RT
where
m—_m4
=—. 3.42
hE (3.42)
So, we can calculate the size of the emitted bubble to be equal to
3 - 2
Rr = W +0(eY) (3.43)
and finally substituting to formula (3.38) we result in the desired decay rate
27 pt (¢ — ¢4)° 1
B = — . 44
32¢3 +O g2 (344)
In the thin wall approximation, as described in [1], the B factor equals
27725}
B= 1 A
iy (3.45)

where o
S = /(p don/2V (@) — V. (3.46)

In our case it is not difficult to calculate Sy, when the vacua energies are close

m_¢_+my oy é

si= [ T demio-on)+ || dom_(p_ —d)+0(E)  (347)

m_¢_+my by
b+ Tty

,10,



and after some algebra

S1= W +0(e). (3.48)

Substituting the latter to (3.45) gives us exactly the same result as (3.44).

Another interesting limit to check is the tunneling without barrier limit, which is
discussed in [7]. In our case, this clearly corresponds to the limit my — 0. In this limit,
we can use asymptotic formulas for the modified Bessel functions of the second kind to

approximate

Ki(myRr) myRr 9
Ko ] = 3 o). (3.49)

This allows us to write equation (3.14) as

m_Ry Ia(m_Rr) ¢ — ¢4

= . 3.50
2 L(m-Rr) ¢-—¢r (3.50)
The same asymptotic expansions allow us to write equation (3.38) as
(V- — V,)R}
p="l ORE 92 BE (6 — 0)6r - 64). (3.51)

2
Now we distinguish two cases. If ¢7 — ¢ < ¢_ —p7 we can use asymptotic expansions
of modified bessel functions for small arguments and equation (3.14) can be written as

(m-Rr)*  (m_Rr)* 6 p6y _ PT — O+
S+ T+ om® Ry = S0 (3.52)

We can solve for Rp
8 pr—oy 8 <¢T—¢+)2 [<¢T_¢+ﬂ
R% = — + + 0| ——— . 3.53
T m2 o —ér  3mE\é- —or - — or (3.33)
Substituting in (3.38) and using V_ — V. = %mz_(qﬁ_ — ¢7)? we find

_ 1672(¢pr — ¢4)*(p— — é7)
3Vo—Vy)

This agrees with the results in [7] up to a factor of 2 that occurs because in our case the

B +0[(6r — 04)"]. (3.54)

rolling region of the potential is quadratic instead of linear.
If o7 — &4+ > d— — ¢ we can use asymptotic expansions of modified bessel functions
for large arguments and equation (3.14) can be written as

O — by

m,RT

0 po
5 T O(m_Ry) = r—— (3.55)
Again we solve for Rp
o A4 (er—9:\ Kw—mﬂ
Hr = m?% (¢—¢T> "o ¢— — o1 (3.56)
and substitute in (3.38) to find
200 o 4
B= U0 | ol - 4417, (3.57)

(V- —=V4)
which agrees with the results of [7].

— 11 —
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Figure 4. The smooth quadratic approximation.

4 A smooth quadratic potential and the size of the emitted bubble

4.1 The approximation

The volcanic approximation is a bad non-smooth description of the barrier top. We can
use the fact that quadratic potentials are solvable, in order to improve our approximation,
and search for new qualitative properties of the solutions that originate from the form of
the potential at the barrier top. An appropriate approximation is

L, 2
§m+(¢— P1)*+ Ve, o<

1
V(o) = —§m%(¢ — o)+ Ve, $1 <o <o (4.1)

1
§m2—(¢_¢—)2+v—) ¢>¢)27

which is plotted in figure 4. Such an approximation provides quite a large flexibility in
fitting an arbitrary potential. We can select the above potential in such a way that matches
the actual potential in positions and energies of the true and false vacuum, as well as the top
of barrier, and moreover the curvature of the potential in these positions or alternatively
select it so that it matches the positions and energies of the vacua, as well as one the three
aforementioned curvatures and simultaneously be smooth at ¢; and ¢5. The latter case is
also studied in [4] in a different context focusing on particle creation at the background off
the bounce solution generated by the smooth quadratic potential.

4.2 Two classes of bounce solutions

First we note that at the region between ¢ and ¢o the equation of motion can be solved in
exactly the same way as we did in the volcano potential, with the only deference of getting
the Bessel functions instead of the modified Bessel function. The equation of motion is

b+ f’)é = m2(6 — o) (4.2)

— 12 —



and the general solution can be written as

b= do + c1J1(mp) ;czYl (mp) . (4.3)

For later use, we also calculate the derivative of the solution

o C1J2(mp) + c2 Kz (mp)
p

Similarly to the volcanic potential, we expect that there are no solutions that reach

b=—

(4.4)

the true vacuum in Euclidean space. We separate two classes of bounce solutions in the
same way as in [4]. In the first class, the solution does not reach ¢, inside Euclidean space

1

and in the second it does." Here we will study the first class, as it is simpler and it is

characterized by interesting qualitative features. Such a solution will look like

carJi(mrp) + corYi(mrp)

¢T+ P s p < Ry
= c+I1(m + cor K1(m 4.5
¢ o+ + 1h(mp) : 2+ K ( +,0), Ry <p<R, (4.5)
¢+7 p>R+

Exactly as in the volcano potential case, 2 has to be infinite, and the boundary conditions
for the solution imply

CoT = 0 ) (46)

Cl4 = 0.

Demanding that lim ¢(p) = lim ¢(p) = ¢1 gives us
p—R1~ p—Ry T

¢1— ¢r
=—R 4.8
ar J1(mrRy) 1, (4.8)

b1 — ¢4
=——R. 4.9
C2+ K1(m.Ry) 1 (4.9)

Finally, smoothness at p = R; implies

Ki(myRy) Jo(mrRi) _ my ¢1 — ¢4

— . 4.10
Kay(myRy) Ji(mpRy) mr ¢ — ¢1 (4.10)
Thus, the instanton solution is given by
Ri(¢7 — ¢1) Ji(mrp)
o — R p < Ry
b= p Nilmrki) (4.11)
Ri(¢p1 — o) Ki(m
by + 1( 1 +) 1( +P) p> Ry,

p Ki(myRy)’
where Ry is given by (4.10). Our result agrees with the results of [4].

Tn [4], the first class is described as a bounce solution where the bubble wall does not lie entirely in
Euclidean space, while the second class of solutions is described as bounce solutions where the entire bubble
wall lies in Euclidean space. In this terminology, the bubble wall is considered to be the region of the bubble
where the scalar field takes values in the region where the scalar potential has negative curvature.

,13,
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Figure 5. The numerical part of the solution.

Figure 6. The first solutions in the smooth quadratic approximation.

4.3 Uniqueness of the solution and the radius of the emitted bubble

As in previous cases, the existence or non-existence of a solution is decided by the last equa-

tion, that occurs by the demand of smoothness of the solution, in our case equation (4.10).

Eg and ﬁg; The first graph suggests that we are going to have

In figure 5, we plot %
infinite solutions.

In figure 6, we plot the first solutions. Actually, any other solution except for the first
one is not valid, since for all other solutions it is true that in some region of p with p < Ry
region, it holds that ¢ < ¢1, on the contrary to what equation (4.11) requires. Let’ sketch
a proof for that.

The function W

describes an oscillation whose amplitude decreases monotonically,
as it can be seen in figure 6. Based on that and using properties of Bessel functions, one

can show that if pg is a stationary point of this function, then

J
> 1(mTp)
p

ps

for any p > pg. Applying this for p = Ry in equation (4.11) it is easy to find that for any

— 14 —



stationary point pg, with pg < R it is true that

(05 — o1 > o1 — ¢1. (4.13)

For any solution except for the first one, there are at least two stationary points in the
region p < Ry, including the one at the origin of the Euclidean space. Because of the
oscillatory nature of the solution, for at least one of them, ¢g is going to be smaller than
¢r. For this point, the above inequality is written as

b5 < ¢1. (4.14)

For ¢g < ¢1, the oscillatory solution in terms of Bessel functions is not valid any more,
but a solution in terms of modified Bessel functions is required, thus our solution is not
valid. This means that any solution except for the first one is not valid and the solution is
unique.

This is not a general proof of the uniqueness of the solution for a general potential,
however, in this case the oscillatory behaviour of the solution in the region of the barrier top
resembles exactly the general behaviour that could produce multiple solutions in general.

So, the only solution it may hold is the first solution, which is valid if ¢(0) < ¢2, or else

2Jy(mrRy) o _fr =
mr Ry b2 — ¢

If this condition does not hold, we should search for a solution of the second class.

(4.15)

Figure 5 implies that the curvature of the potential at the top is strongly related with
the size of the emitted bubble. As we stated above, the only valid solution is the one
corresponding to the smallest solution of equation (4.10). From figure 5, we can see that
this solution always satisfies

1,1 2,1
e <R1<p
mr mT

where p, , is the n’th root of J,. We note that p; 1 ~ 3.83 and p2 1 ~ 5.14. This result is
identical to the findings of [4].
So the characteristic radius of the emitted bubble is always of the order mLT As

(4.16)

this class of solutions is the one that actually lies as far as possible from the thin wall
approximation, in which the radius of the bubble tends to infinity, we expect that actually

p LL serves as a general lower bound for the radius of the emitted bubble.

4.4 The decay rate

As we did in the volcanic approximation, we can calculate the B factor of decay rate from
the Euclidean action. Using the form of our solution we find

Ry
B = Sglé(p)]-Sp(p+] = 2n° (Vr— V+) pp’

™ mTR2 ¢T ¢1 2
Ji(mrRy)? 0

m2m2 R3 (1 — ¢4 )% [ 2
1) K m_p)°+Ko(m_ . 4.17
K e pp[Ki(m_p)*+Ky(m_p)*] . (4.17)

Ry
Spp[—Ji(mrp)?+Ja(mrp)?]
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Applying properties of Bessel functions and modified Bessel functions we find

72V — V{)R!

B 2
Jo(mpRy) Ko(myRy)
2 3 2 S22\t 2 3 o A2\
- R3(pr — ¢1)2 22T R3($1 — ¢y )2 o)
Tmr 1(¢T ¢1) Jl(mTRl) tm 1(¢1 ¢+) Kl(m+R1)
Finally using equation (4.10) we find
72(Vp — Vi) R} Ks(myRy)
B = 1 2 R3 _ o + )
5 + m°my Ry (o7 — ¢1)(¢1 ¢+)7K1 (. )

(4.18)

(4.19)

As in the volcanic potential, the first term corresponds to the vacuum energy gained in

the volume of the bubble, while the second term corresponds to the energy spent on the

bubble wall.

4.5 The second class of solutions for the smooth quadratic potential

An instanton belonging in the second class will be of the form

,

c-Ii(m_p
cpatten
arJi(mrp) + corYi(mrp
¢ = oT + ( )p ( ), Ro<p< Ry
ca+ Ky (m4p)
b+ + - 5, p> Ry,

(4.20)

where we have already embodied the necessary boundary conditions. Demanding that

?(R1) = ¢1 and ¢(R2) = ¢2 and continuity results in

 pr— -
‘- = Il(m_Rg)R27
Cyr = ¢ — ¢y
T Ki(myRy)
and
e = Y1(mrRe) (01 — 1) Ry — Yi(mrR1)(d2 — d7) R
7 Ji(mpR1)Yi(mrRy) — Ji(mrR2)Yi(mrRy)
o = J1mTR1)(d2 — ¢1) Ry — Ji(mr Ro) (¢ — $1) By
T Ji(mrR)Y1(mrRs) — Ji(mrRe)Yi(mrRy)

Finally demanding smoothness results in the following set of equations

mr [ClTJQ(mTRl) + CQTYQ(mTRl)] =-—m_ci_Iy (m_Rg) ,

mr [cirJo(mrRs) + corYa(mrRa)| = mycar Ko(my Ry).

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
(4.26)

These two equations provide a solution for Ry and Ry. Unfortunately the problem is very

complicated, and has to be numerically solved. In figure 7, we show how a solution to this

problem looks like.
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Figure 7. The solution for the smooth quadratic potential.

Vi)
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Figure 8. The triangular approximation.

5 A triangular potential and a candidate for dark energy

5.1 The approximation

We will now study the case of a potential barrier approximated by segments of linear
potentials. Such a potential looks like in figure 8. This approximation has been analysed
in [3]. We review this derivation and then analytically continue to negative proper time.

In the following we use the definitions

AV:E = VT — V:t , A¢i = i(¢T — ¢:|:) y (5.1)
AV, A

= — = —. 2

Ax A¢j: ) c A+ (5 )

Using the above definitions, the potential barrier is described by

V(¢):{A+<¢—¢+>+v+, ¢+ << or (53)
“A(6—d )+ Vo, dr <P <o
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5.2 The bounce solution

In order to find the appropriate solution we need to solve the equation

. 3.
P+ =\ (5.4)
p
It is not difficult to show that the general solution is
Ay
=— —+ K. 5.5
o=35/+ 5+ (5.5)

Using the above, an instanton that does not reach the true vacuum in Euclidean space
will look like

=< A c 0.6
¢ ip2+p7—;+K+, Rr <p< R: ( )

¢+a p>R+‘

Let’s now apply the appropriate boundary and matching conditions to determine the
constants c_, ¢y, K_, Ky, as well as the radii Ry and R,. The field must be stationary
at the origin. This implies that

c.=0. (5.7)
Demanding continuity of the derivative of the field at R = Ry gives us
A
cp = %Ri. (5.8)
Then we demand continuity at R = R, and R = Ry and we find
M
Ky =¢+— Ry, (5.9)
_ Ar p2 p2y2 A2 Ao
K_—¢++ 5 (R+ RT) + RT—¢T+ RT—¢0' (510)
S8R 8 8

Continuity of the derivative at R = Rp gives us
RY =(1+¢)Rt. (5.11)

So far we have expressed all unknowns in terms of the unknown radius Rp. In order to
determine this final unknown parameter, we demand that ¢(Rp) = ¢p. We result in

M (VT e 1) R (5.12)

Now we have completely determined the tunneling solution. To sum up

o — Py =

A

do — §p2, p < Rr
— A1
T or+ Sl R Br<p< B (5.13)
¢+ ) P > R+,
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where the two radii are given by (5.11) and (5.12) and the value of the field at the origin
¢o is given by (5.10).

If we want our solution to make sense it has to be that ¢y < ¢_. Otherwise the field
has already reached the true vacuum in Euclidean space. The above condition implies that

¢——¢T> c
o — P+ (\/1+c—1)2'

(5.14)

If this condition holds, the field never reaches the true vacuum in Euclidean space and
thus, we expect to perform a damped oscillation around the true vacuum in the interior
of the bubble. Otherwise, the field equals exactly to ¢_ inside a sphere of finite radius in
Euclidean space, thus, the analytical continuation for imaginary Euclidean time is trivially
¢ = ¢_. Such a solution is well analyzed in [3] and we will not study it here.

5.3 The analytical continuation to Lorentzian spacetime

We are interested in studying the solution for imaginary Euclidean radius. As we com-
mended in section 2.1, this is interesting only if condition (5.14) holds. In such case the
solution is given by (5.13). We substitute p = i7 in the formula for the solution that is
valid for p < R to get

A
bo + §72. (5.15)

This grows indefinitely as 7 decreases. This means that at some finite 7 it reaches the
true vacuum. After that point, the solution we have is not valid anymore and we need to
find an appropriate solution for ¢ > ¢_. We approximate the potential around the true

vacuum as
A (P-d )+ Vo, P<é
V() = { N (5.16)
A (p—9)+Vo, o>o-,
where obviously A~ = A_. So, after the 7 where the solution reaches the true vacuum, we
have to fit a solution of the form
AT, e
(;5:—?7' +ﬁ+K‘ (5.17)

However this solution will reach a maximum and return to the true vacuum, with some
non-vanishing derivative, thus enforcing us to fit again a solution of the form

A c
¢:§72+3+K, (5.18)

and so on. So we are going to get an infinite sequence of segments describing a damped
oscillation around the true vacuum. So, we need to solve the general problem of fitting a
solution of the form (5.17) or (5.18) to the boundary conditions

o(Ty) =o—,  &(Tp) = Do, (5.19)
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or else solve the matching conditions

AT

c
b = i§T§ + 7 + K, (5.20)
. AT 2¢
by =+—TH) — —. (5.21)
4 Tg
It is not difficult to find that the solution is
A T
=+T74— 0 5.22
c 8 0 2 ) ( )
A dyTH
K=¢_ FT7 5.23
) 1 Lo 5 (5.23)

Once we find the right expression, we need to find the new point where the solution reaches
the true vacuum. Demanding that ¢(71) = ¢_, we take

4PThH
T2 =T¢ = (5.24)
. . . Ty
¢(T1) = q)l = _(I)OT . (525)
1
Thus, we can express the solution inductively as
AT Cont1
——? nQ + Kont1, Tont1 <7 <Thy
¢ = 8 T (5.26)
A 9 Con,
?T +?+K2n7 Top <7 <Top-1,
where the constants in solution are given by
AT (i)g T3 AT (i)2 71T23 -1
Con+1 = _§T24n - RTZn ) Con = ?T24n—1 - % ) (527)
At Oy, T A~ Doy 1Ton—
K2n+1 = (b— + 7T22n + 2n_2n y Kop = (b— - 7T22n71 izl ) (528)
4 2 4 2
and the T),’s and &,,’s can be calculated inductively by
409, 1 Top1 409, Ty
Ty, = Ti 1 + % ; Ty = Ton — % ; (5.29)
. . Ty . . T
By =~y Dapy1 =~y (5.30)
2n 2n+1

Finally, the initial values for 7" and $ can be easily calculated by equation (5.15), which
also defines ¢y and K,

T3 = %(éf — o) (5.31)
Py = %TO. (5.32)

The solution is plotted in figure 9.
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Figure 9. The bounce solution.

5.4 Asymptotic behavior of the solution

For large 7, expressions (5.29) and (5.30) can be approximated by

2P 295,
Tops1 = Top — )\En ; Top ~Top—1 + ;i L

: : 20y, . . 209, 1
¢2n+1 ~ —(bzn <1 + — > s (PQn ~ —<D2n71 (1 — )ﬁ%_l) . (534)

(5.33)

In order to avoid the alternation of signs in @, we find recursive relations with step two

Tonto =~ Ton — 2cPo, (5.35)
(I)Q,H_g ~ ®y, + 222 (536)
T2n

where ¢ = /\% + )\% We are interested in finding the asymptotic behavior of 15, and <i>2n.
We try a solution of the form

Top ~ an’®, (5.37)
Py, ~ bt (5.38)

The recursive relations at leading order become

asn®~t = —2cbn!, (5.39)
9 b2 2t—s

ot =220 (5.40)

a

which imply that

s—t= 5.41
; (5.41)
—as = 2cb, (5.42)
at = 2cb. (5.43)
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The solution is

— == 44
s=—t=1. (5.44)

a = —4ch. (5.45)

b is undetermined and depends on the initial values for the series, or else in the parameters
of the potential. Thus, the asymptotic behaviour of the bounce solution is

Ton = —4cby/n, (5.46)
b
vn

Using the above equations, we can find asymptotic expressions for any element of the

Dy, = (5.47)

solution. Combining them, we get
Doy = ——— . (5.48)

5.5 The stress-energy tensor in the interior of the bubble

Now we know the asymptotic form of the solution, thus we can calculate the asymptotic
form of the stress-energy tensor in the interior of the bubble. Equation (5.48) implies

1 '2 A

— ~—. 5.49

(3#)~% (5.49)

Now the potential is not quadratic, which means that kinetic and potential energy do not
average at the same value. Virial theorem implies

1

V@) -V =2(38 ). (5.50)

This means that the average value of the Lagrangian does not wash out, but asymptotically
behaves as

A
—(Ly~—+V_. 9.51
(L)~ 25+ (551)
If we calculate the stress-energy tensor

m
oy ahr
T“zzqu -

_ [ad 52
oz Loy, (5.52)

it is now going to contain except for the kinetic energy of the wall, a cosmological constant
like term that depends on the size of the bubble like

A
A~ 54V, (5.53)

where ¢ depends on the specific parameters of our potential.
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5.6 A candidate for dark energy

Let’s now take a wild guess. Let’s suppose that big bang was the emission of a bubble,
so we are actually living inside a bubble with the size of the universe. Let’ also suppose
that the potential of the phase transition is well fit by the triangular approximation. It
actually suffices that the potential in the region of the true vacuum is triangular. The
natural selection of the potential parameters is that they are of Planck scale. Finally, let’s
suppose that the energy of the true vacuum is exactly zero.

Under these assumptions, we should today observe an effective cosmological constant
of the order

Mg,
~ ,

universe

A (5.54)
which obviously depends on the age of the universe. The size of the observable universe
today is about 10’ in Planck units. Thus, the cosmological constant we should observe in
our scenario, would be

A~ 1072007, . (5.55)

This is the right order of magnitude that we measure today [8-11].

With this model, we do not solve the original cosmological constant problem [12],
namely why the vacuum energy of SM does not gravitate. Most probably we need more
information on quantum gravity to resolve this. However, it resolves the cosmological
constant problems that occurred after the recent measurement of it [13]. It explains its
order of magnitude and if we assume that matter originates from the kinetic energy of
bubble walls, then our model also explain why the matter content and dark energy content
of our universe are of the same order of magnitude.

The idea of relating physical constants with cosmological quantities is not new at
all. Paul Dirac in the 1930’s observed that ratios of orders of magnitudes of cosmological
quantities are similar to ratios of orders of magnitudes concerning the fundamental inter-
actions. Conjecturing that this cannot be a coincidence, he expressed the large number
hypothesis [14-16], according to which fundamental constants of nature, such as Newton’s
gravitational constant, depend on the age of the universe. The recent discovery of another
large number, namely the ratio of the theoretical and observed vacuum energy densities,
led to similar tries to connect the energy density of the vacuum with the age of the uni-
verse [17], as we do in this paper.

Additionally, the idea of the dark energy originating from a scalar is not new, too.
Quintessence models can describe the dark energy content of the universe. In this approach,
the dark energy is the effect of a slow rolling scalar field instead of one that performs a
dumped oscillation, as in our case. The subject of quintessence is quite broad. A nice
review is given in [18].

One critical objection about our model is the singular form of the potential at the
position of the true vacuum. One should be able to find a model which predicts the
existence of such a vacuum and moreover develop quantum field theory in the region of
such a vacuum to show that the low energy effective description is also singular. However,
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Figure 10. The form of the potential.

linear potential can occur by brane interactions in an orbifold like in the ekpyrotic scenario
for the big bang [19-21]. Definitely further study is required on this field.

6 The asymptotic damped oscillation inside the bubble

6.1 The asymptotic solution for potential V' = a(¢ — ¢p)"

It is interesting that the Stress-Energy tensor in the interior of the bubble has a direct
dependency on the size of the bubble. It is also interesting that depending on the potential,
this Stress-Energy tensor may represent a substance with negative pressure, thus providing
a candidate for dark energy. Although it is impossible to find exact solutions for general
form of the potential, we will try to calculate the asymptotic form of this damped oscillation
for a potential of the form V' = a(¢ — ¢o)"™. In order to simplify things, we assume that the
potential is infinite for ¢ < ¢, or else ¢q is the boundary of the configuration space. Thus,
the solution gets reflected when it reaches ¢g. This may represent an effective field theory,
where the scalar is a moduli describing geometry of some brane configuration living in an
orbifold.

We are interested in the damped oscillations a field performs around the area of the
vacuum of a potential of the form

o, ¢ < ¢0
1% = 6.1
() {a(qb — )", P> - (6.1)

The potential is sketched in figure 10.
Assuming a spherically symmetric solution, the equation of motion is

b+ 26=-v(9), (62)

where dot represents differentiation with respect to 7. If we define

%(;52 +V(p)=E, (6.3)

— 24 —



the equation of motion can be written as
) 3.
E =S¢ (6.4)
T

This form of equation gives us a better point of view about how the system dissipates. We
cannot find an exact solution to the above, but we expect that when 7 is large, the losses
are small in one period and thus, we can express the above equation as
. 6
(E) = —=(T), (6.5)

T

where T' = %(;32 Now we can use the explicit form for our potential

V =a(¢— ¢o)" (6.6)
and the virial theorem. The latter instructs us that
n 2
T) = E =—(F). .
(M) = —(B), (V)= ——(B) (67)
Using the above, equation (6.5) can be written
. 6n (FE)
E)=— — 6.8
(E) n+2 71 (6.8)
whose solution trivially is
6n
(E) = e nt2, (6.9)

The parameter ¢ depends on the potential. If we assume that a characteristic mass scale
of the potential is My, then the above solution behaves as

_on=4
M n+2
(B) ~ —g— . (6.10)

Tnt2
If we are about to explain the dark energy content of the universe as this energy stored
in the damped oscillation of the scalar field, we should check what is the appropriate value
for the potential mass scale My . In such case, (E) has to equal the dark energy density
measured today, and 7 should equal the size of the observable universe Ry. Then, My
must be N
_1ln42 B0
My ~ (E) 2n=1R[". (6.11)
If we use (E) = 10*120MZ§l and Ry = 10917, we get the behaviour shown figure 11.
Here we would like to notice three interesting cases.

1. n = 1. This case has already been studied in section 5. The scale of the potential
turns out to be the Planck scale, which obviously is a natural choice. Our result
obviously agree with the results of the previous section.

2. n= % In this case it turns out that My = 10_17Mp, thus it is about 100 GeV, the
electroweak scale. It could provide a connection to other known physics.

3. n — 0. In this case the size of the universe does not help us at all to solve the
hierarchy problem between the potential scale and the cosmological scale. We just
convert the cosmological constant problem to a classical fine tuning problem, as we
need a potential with characteristic scale the cosmological one.
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Figure 11. The scale of the potential as function of n.

6.2 The stress-energy tensor and the equation of state of the dark matter
candidate

The stress-energy tensor is given by
T, = "0, ¢ — Lo} . (6.12)

Our solution depends only on proper time, thus

8,6 = d(r) \/3% . (6.13)

Using the above, we get
T, = 952% — Lo". (6.14)
(1%,) = 27 2T) — () — (1) (6.15)

In the far future or in local coordinates, this is diagonal and describes an average
energy density and pressure

Use of virial theorem is adequate to calculate

p_n—2

w - = )
p n+2

(6.18)

which is plotted in figure 12.
In the previous section we distinguished three interesting cases. It turns out that the
calculated w for those is also interesting.

1. n=1. In the case of a linear potential it turns out that w = —%. This is exactly the
boundary case between an accelerating expanding universe and a decelerating one.
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Figure 12. w as function of n.

2. n= % In this case we find w = —%. This is not the most favoured value experimen-
tally, however, it corresponds to an accelerating expanding universe.

3. n — 0. This gives us w = —1 which is the most favourable value for the dark energy
as measured today, and indistinguishable from a cosmological constant term, as long
as the equation of state is considered.

We would like to notice here that although the equation of state does not agree for
all selected cases with the measured one, there may be other resolutions to this problem.
The stress energy tensor is made of two parts, one that obeys a matter equation of state
corresponding to the kinetic energy of the wall and one, proportional to the Lagrangian
density, that obeys the equation of state of a cosmological constant term. A possibility
resolving the aforementioned problem is that the energy corresponding to the first term is
wasted in particle creation leaving only the cosmological constant like term. More research
is required in order to study this kind of scenarios.

6.3 Inhomogeneities in the dark content

We should not forget that actually the field performs an oscillation around the vacuum.
That means that a fair question is whether the period of this oscillation is large enough
in order to allow for measurable phenomena. If we neglect the dissipation term, we can
estimate the period of the oscillation, just using conservation of E.

1
n

_ 0+(%) 1 V(%) 1 (B I
T_\/§/¢O VE—ao—ar | T(52) \/E(a) ' (6.19)

As the period depends on F like Eifé, for any n smaller than 2, it turns out that as
universe grows, the period of the oscillations is getting smaller and smaller. If we use the
experimental values for dark energy density and the radius of the universe, we result in a
period of oscillations at our age, that is even smaller than the Planck time, thus making
these oscillations experimentally unmeasurable.
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Having such high frequency of oscillations seems peculiar, however, we study a strange
field theory, where the potential around the vacuum is not harmonic. Further study on
such field theories is required.

7 Discussion

We analysed tunneling solutions for some potentials that can provide us with analytic
solutions. We learned several qualitative facts about phase transitions in field theory, as
well as we acquired some useful tools.

The volcanic and ever better the smooth quadratic potential, can provide tools for
calculating decay rates in several problems, where the thin wall approximation [1] does not
apply. Of course, we already have the tools of rectangular and triangular approximation [3],
however, as the decay rate per unit volume depends on the Euclidean action exponentially,
a calculation of greater accuracy may be useful.

As the volcanic potential model teaches us, it is typical for such bubble solutions
that the field never reaches the true vacuum in the interior of the bubble. Instead, it is
performing a damped oscillation around it, whose amplitude is some kind of function of
time that depends on the form of the potential around the true vacuum. This phenomenon
may be of significant interest depending on the form of the potential.

The description of the barrier between the true and false vacuum by a non-convex
potential generates questions about the uniqueness of the tunneling solution. Naively, such
a potential corresponds to an oscillatory behaviour of the field at the region of the top of
the barrier that could result in multiple solutions. Although we do not have a proof, the
smooth quadratic potential example shows that this is not the case.

The smooth quadratic potential teaches us another interesting lesson. The size of
the emitted bubble strongly depends on the curvature of the potential at the top of the
barrier. In this toy example the size of the bubble is of the same order of magnitude of the
inverse of the aforementioned curvature or at least the latter serves as a lower bound for the
radius of the bubble. This has an interesting implication in the case of an asymptotically
expanding universe. Typically, phase transitions in field theory occur at temperatures of
the order of characteristic quantities of the potential describing the system. Masses are
such quantities. Thus, according to our previous arguments, the size of emitted bubbles is
going to be of the order of inverse temperature. Depending on the cosmological model, the
radius of the universe is also a function of temperature, thus resulting in an upper bound
for the possible number of bubbles emitted. This restricts the number of bubble collisions
resulting in several cosmological predictions. Of course this is not going to be the case in
a post-inflationary universe.

The most interesting result of our study is the fact that in a triangular potential, we
observe an effective cosmological constant in the interior of the bubble that decreases as
the bubble expands, in such a way that its scale asymptotically equals the geometric mean
of the size of the bubble and the scale of the potential. Assuming that the parameters of
the potential are of Planck scale and that the true vacuum energy vanishes, we make a
very good prediction for the cosmological constant order of magnitude, which agrees with
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what we measure today. Of course, this effective cosmological constant term is not the
only contribution to the stress-energy tensor, resulting in the ratio of pressure to energy
density in the interior of the bubble being larger than the experimentally favoured value
—1. However, the model we use contains only one scalar and is very simplistic. The idea
may be useful in the construction of a more realistic model.

Later we extend our analysis to study the damped oscillation for a more general poten-
tial. It turns out that other interesting options also exist. If the potential is proportional
to the square root of the field, then a potential with characteristic parameters of the
electroweak scale predicts a dark energy content of the right order of magnitude and an
accelerating universe.

Of course such a model for the cosmological constant predicts a vacuum energy that
depends on the distance from the bubble wall, thus, on the position inside the bubble.
Current experiments do not rule out such a dependence, thus, this is a direct experimental
prediction of our model.

Such a time dependent cosmological constant is also predicted by quintessence models.
The advantage of our approach is that the value of the observed cosmological constant is
related with the size of the universe in a more direct way.

Moreover, even in the case of a quadratic potential there is still some non-trivial form
for the stress-energy tensor that could have interesting cosmological implications in the
expansion of the universe. In the case of more singular potentials, a connection with
inflation could also be interesting. Finally, there is the open direction of generalizing to
different potentials, or greater number of fields. Interesting behaviour, like the one we
discovered in the triangular model, may appear in different cases. We believe that the
most interesting future direction would be the inclusion of gravity into the problem. This
way, we would be able to directly observe the effects of the discovered phenomena in the
evolution of the universe.
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