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1 Introduction

The AdS3/CFTy correspondence is an attractive testing-ground for gauge/gravity duali-
ties. On the gravity side, three-dimensional gravity possesses significantly fewer degrees
of freedom than higher-dimensional analogues due to the fact that tensor fields with spin
greater than one do not have any bulk degrees of freedom, but their dynamics are localized
at the boundary. This fact even allows an exact computation of the partition function of the
theory for the pure gravity case [1]. Therefore, gravity on AdSs spacetime is much simpler
than its higher-dimensional counterparts. On the field theory side, the Virasoro algebra of
the two-dimensional CF'T imposes an infinite number of constraints on the dynamics, and
this drastically facilitates the analysis of the theory.



Among various versions of the AdS3/CFTy duality, the recently proposed duality [2]
between pure gravity coupled to massless higher-spin gauge fields with two massive scalars
in an AdSs background and the large-N limit of 2d Wy minimal models is of great interest.
The key ingredients in this conjecture are the higher-spin fields. It has been shown that in
a d-dimensional background with constant negative curvature, an infinite tower of massless
higher-spin fields can be introduced with consistent interactions [3, 4]. Since the proposed
CFT dual to this higher-spin theory, the W,,-minimal model, is in principle solvable at
any value of the 't Hooft coupling, this duality is supposed to be easier to study than
the previously conjectured duality between higher-spin gravity in AdS, and the 3d O(N)
vector model [5]. Therefore, it serves as a useful tool to understand the connection between
the large-N limit of gauge theory and gravity beyond the pure gravity limit [2].

Several nontrivial checks have been done on the duality: including the matching of
the symmetries [6-9], the spectra [2], the partition functions [10] and the correlation func-
tions [11, 12]. Further studies of spacetime geometry in higher-spin gravity can be found
in [13-16] and of the higher-spin AdS3/CFTy correspondence in [17-20].

In this paper, we discuss the N' = 2 supersymmetric version of the duality [21], with
a particular emphasis on the correspondence of the symmetries. In the supersymmetric
case, it was proposed in [21] that N' = 2 higher-spin supergravity in AdSs based on the
higher-spin algebra shs[A] [23, 24] is dual to the 't Hooft limit of the /' = 2 CP™ minimal
model defined in [22] by the coset

SU(n+ 1) x SO(2n) (1.1)

SU)k+1 X U(L) (1) (k1)
The ’t Hooft limit is defined by!

n
=——— : fi . 1.2
n, k—oo, A S+ F) xed (1.2)

Although supersymmetry is not necessary to take full control of the theories on both
sides, it is still very useful to consider the supersymmetric version of the duality. First,
with supersymmetry, calculations are easier thanks to the presence of more symmetry con-
straints. Secondly, there are new objects we can study such as chiral rings and spectral
flow, which provide a larger stage to study the duality. Finally, the higher-spin theory is
expected to be related to string theory in the small string tension limit [6]. So, to make
a connection to superstring theory, it is very natural to consider the supersymmetrized
version of the duality.

The paper is organized as follows. In section 2, we review the Chern-Simons formula-
tion of A = 2 higher-spin supergravity based on the higher-spin algebra shs[\] [23, 24]. In
section 3, we discuss the asymptotic symmetry of the higher-spin supergravity theory and
obtain the non-linear super-W,.[A] algebra.? In section 4, we introduce the chiral superalge-

We follow the convention of [23, 24] for shs[A]. Their X is different from X in [21] by a factor of two,
and that is why there is two in the denominator of the following equation.

2This non-linear super-Wuo [A] algebra should be distinguished from the linear super-We.. algebra
obtained in [23, 24]. In the rest of the paper, the super-Wo.[\] algebra means the non-linear version unless
otherwise mentioned.



bra, denoted by SW,, of the dual CP™ minimal model and provide two non-trivial checks on
the correspondence of the symmetries. Finally, we conclude with a discussion in section 5.

As we were in the final stage of the work, the paper [25] appeared with some overlap-
ping results.

2 Higher-spin supergravity as a Chern-Simons theory

In [26, 27|, it was shown that classical three-dimensional Einstein gravity in an AdSs
background can be reformulated as an SL(2,R), x SL(2,R)r Chern-Simons theory. Define
the SL(2,R)z, x SL(2,R)r connections
1 ~ 1 ~
A= <wa+€e“>J“ , A= (w“—ge“)]a ) a=1,2,3, (2.1)
where ¢ is the radius of AdSs, J* are generators of SL(2,R)y, and J% are generators of
SL(2,R)g. The Einstein-Hilbert action can then be written as

. 2
Ipy = Ics(A) — Ies(A),  Icg(A) = ’1075 » Tr (A NdA+ZANAN A> . (22)

where the Chern-Simons level kg is related to the Newton’s constant in AdS3 spacetime as

14

— 2.

kcs =
and the trace Tr is taken over gauge indices throughout the paper. One can show that e®
and w® behave in the same way as the vielbein and spin connection, respectively, in Ein-
stein gravity on-shell [27]. This formulation is extended to particular types of higher-spin
theories with and without supersymmetry in [30]. In this section, we discuss how to extend
this Chern-Simons formulation to A = 2 higher-spin supergravity based on shs[A].

2.1 Supersymmetric higher-spin algebra shs[}]

The N = 2 higher-spin supergravity theory is formulated as a Chern-Simons theory based
on the super higher-spin algebra shs[A]. We start with a briefly review of this algebra.
shs[)] is a one-parameter family of Lie superalgebras [23, 24]. It admits N = 2 su-

persymmetry and consists of two sets of bosonic generators Lgi)i as well as two sets of
fermionic generators G,(Jg)i. s is an integer and satisfies s > 2 for Lﬁfl” and Gsfs)i, and

s > 1 for Lgf;)_. m takes values in the integers satisfying |m| < s and r is a half-integer
satisfying |r| < s — 1. The algebraic structure of shs[A] is provided in appendix A. Here,
we only make two points:[24]

e The shs[A] algebra contains an Osp(1,2) algebra generated by Lg” and G7(»2)Jr as a
subalgebra. (L%H,an‘q)ﬂ and (Lgﬁ)*,Ggsﬂ)*) form N = 1 supermultiplets of the
Osp(1,2) subalgebra with SL(2) spins (s,s —1/2) and (s, s + 1/2), respectively. The
Osp(1,2) generators Lg” and GQH, together with L%)_ and G$~2)_ generate an
Osp(2,2) subalgebra, where L(()l)_ corresponds to the R-charge of the superalgebra.



e The shs[A] algebra can be truncated at a special value of A. For A = 1/4, the +
sector (of generators with a “4” index) and — sector decouple, and the + sector
reduces to the N' = 1 superalgebra, which was used to construct N’ = 1 higher-spin
supergravity in [29, 30].

In the following, we relabel the generators in + sector and — sector as

L = [+ LE+Y2) = o) G = G+, Gt1/2) = gt (2.4)

T T

for notational simplicity.

The N = 2 higher-spin supergravity theory is formulated as a Chern-Simons theory
based on the gauge group shs[A]r, x shs[A|g.® The shs[\]1, x shs[\]r super-connections are
given by

P SAPLY - Y6 = AL+ SIPE . (25)

where A and A are expressed using (particular linear combinations of higher-spin analogues
of) vielbeins and spin connections as

m m

A — () 4 %e;? , A6 — o _ Lo (2.6)

where ¢ is the AdS radius and the action is obtained as a difference of two Chern-Simons
actions

Isis = los(T) — Ies(T) - (2.7)
With the help of the equations of motion, e® and w(® are identified with the vielbein and
spin connection and 9@, 1)) are identified as two sets of gravitinos.

2.2 Boundary conditions, constraints and gauge fixing

Now that the action is obtained, we discuss how one defines a consistent theory based
on this action. First of all, in order for the variational principle to be well-defined, the
variation of the action should not depend on the variation of the field at the boundary.
The variation of the action is

k k
5log = —-S5 [ Ty(T,6T_ —T_6T,) — CS/ (e.om.) (2.8)
4T Jom ar - pm
where we use coordinates (¢, p, ) to parameterize the spacetime manifold M, and define
o =t/0+6. One can set the boundary contribution to zero by fixing I'_ on the boundary:

I |, =0. (2.9)

We call this “minimal” boundary condition to distinguish it from the boundary condition
we impose in the next section from which we obtain the asymptotic algebra super-W[A].

3There can be several ways to embed the gravity sector into the higher-spin algebra. We take Lg),

Lﬁg/ 2), Gg) and Gﬁg/ ) as the generators associated with the N' = 2 supergravity.



We also need to fix the gauge degrees of freedom. We choose the gauge fixing condi-
tions, following [7], as
Ly =5 (0)9,b(p) . (2.10)

where b(p) is an arbitrary, but fixed, function of the radial coordinate p and takes values
in the group shs[\|. In the later sections, we take b(p) to be

b(p) = P15 (2.11)

for shs[A] Chern-Simons theory, but the discussions in this section are independent of the
choice of b(p). In the action, there is no time derivative of A;, implying that there is a
constraint. The variation of the action with respect to A; yields

ang + [Fp, Fg] =0. (2.12)
This can be solved uniquely by

Lo = b (p)v(t,0)b(p) , (2.13)
where 7(t,0) is an arbitrary function of ¢t and 6. Therefore, the degrees of freedom are
reduced to (¢, ) by the gauge fixing and constraints.

2.3 Global symmetry

We are ready to discuss the global symmetry of the theory with our minimal boundary
condition (2.9). The global symmetry is defined to be the residual symmetry after the
gauge fixing that leaves the boundary condition (2.9) and the gauge fixing condition (2.10)
invariant. The invariance of the gauge fixing condition (2.10), 6I'y = 0, implies that the
gauge transformation parameter A should satisfy

0N+, Al=0. (2.14)
This can be solved uniquely by
A =b"Yp)A(t, 0)b(p) . (2.15)
Now, the invariance of the boundary condition (2.9) imposes a further constraint
d-Aly =0 (2.16)

This implies that
At,0) = Az™T) . (2.17)

So, the time dependence of the transformations are fixed by the 6 dependence. Thus the
gauge degrees of freedom are completely fixed to A\(x™).

What we are interested in is to discuss the global algebra generated by these transfor-
mations. Note that the global charge of this algebra is given by [31, 32]

Q[A] = —’“2075 N df Tr(ATy) (2.18)



where ¥ is a constant time slice. From our boundary conditions and gauge fixing, we
have (2.13) and (2.15), which lead to
kcs
Q[A] = — 5 do Tr(\(0)y(0)) . (2.19)
T Jox

From this expression, given that the symmetry transformation parameters are A(6), the
generators of the global symmetries are () and their algebra is obtained by considering
the symmetry transformations of v(6). Namely,

51(6) = {QA0)} = —"2% [ a0 A@)12(8),7(0)) (220)

where {-,-} is the Poisson bracket. §v(#) on the left hand side can be derived from the
original gauge transformation of I'y. To see this, note that the gauge transformation of I'y

is given by
0Ty = OgA — [T, A]
= b7 (p) (DA (0) — [¥(6), A(O)])b(p) - (2.21)
Then, by comparing this with 6Ty = b=16+(6)b, one obtaines
67(6) = OpA(6) — [v(6), A(6)] - (2.22)

If one expands () in terms of the generators of the gauge group 7% as v(0) = > v*(0)T*
then the transformations (2.22) can be reproduced by the following Poisson bracket:
(O ) = o [K5 (0 - 0)  fohr0)60 — )] (2:23)
Cs

where K% is the inverse of the Killing form K, and f"bC are the structure constants of
the gauge group. One can expand 7%(#) in modes as

O p— > e (2.24)

Then, we get the affine Kac-Moody algebra associated with the gauge group:

{78,795} = imkcs K™ Smin0 — FcVrin - (2.25)

Note that this result is true for general gauge group. As a summary of this section, we
reviewed how higher spin supergravity is realized as a Chern-Simons theory and the global
symmetry of the theory with the minimal boundary condition (2.9). In the next section,
we impose a more restrictive boundary condition and see the super-Wy[)\] is realized as
the asymptotic symmetry.

3 Super-W,[A] algebra as the asymptotic symmetry

The goal of this section is to obtain the non-linear super-Wy,[\] as the asymptotic symmetry
by imposing additional boundary conditions. Super-Wy,[)\| is a higher-spin extension of
the AN/ = 2 super-Virasoro algebra. The boundary condition to obtain the super-Virasoro
algebra from the affine Kac-Moody algebra is known in the literature [28, 36], and we use
the same boundary condition and extend their analysis to higher spin cases.



3.1 Boundary condition for super-W[A] algebra

In order to obtain the super-Wx,[\] symmetry, we, impose a boundary condition:*

(F_FAdS;g)‘aM = 0(1) ) (31)
in addition to the minimal boundary condition (2.9), where I"pqg is the gauge field config-
uration corresponding to the global AdS geometry and is given explicitly by

1
T ads, = [ef’L?) + 46%(2;] do + b(p) " 9,b(p)dp + Tydt . (3.2)

where b(p) is the same as that in (2.11). The boundary condition (3.1) imposes constraints
on v(#). To see that, we expand () in terms of the shs[A] generators as

v(0) =D _a)(OLY + Y ¢ (0)GY . (3-3)

This, together with (2.10) and (2.13), fixes the super-connection as:
T =07 (p) (al) L) + ¥ G ) b(p)dd + b~ (p),b(p)dp + Trdt (3.4)

where the repeated indices are summed over. Here, the I'; is equal to I'y at the boundary
due to the boundary condition (2.9), though in the bulk, there is no restriction on it. This
time component, however, is expected not to affect the global symmetry of the theory
because the charge integral (2.19) is taken on a constant time slice, and the dependence
on the time component of the gauge field disappear. Therefore, we will not discuss I'; in
the rest of the paper.

The shs[A] commutation relations read

L, L) = —mL(), (LY, 6] = =Gl (8:5)

which reflect the fact that the commutator of any generator with L(()Q) just gives the con-
formal weight of the generator. Together with the Baker-Campbell-Hausdorff formula
and (2.11), (3.4) can be rewritten as

r= (emﬂaﬁgmﬁg) n e%ﬁs)a@) d0 + b~ (p)d,b(p)dp + Tyt . (3.6)

The boundary condition (3.1) implies that, at the boundary p — oo, the difference be-
tween (3.6) and (3.2) is order one. This imposes the following constraints:

a;” =1,
=0  (s>3,m>0), () =0 (i>0).

The constraints (3.8) are first class because the Poisson bracket, given in (2.23), between
any pair of them closes into a linear combination of (3.8).> Therefore, each of these first

4This boundary condition (3.1) has been extensively studied in three-dimensional gravity and its super-
symmetric extensions [28, 33-36].

SNote that a Poisson bracket between positive frequency modes close into a linear combination of
positive frequency modes.



class constraints generates a gauge symmetry. These (|s] —1)+(|s] —1) gauge symmetries
are fixed by the following (|s| — 1) + (|s| — 1) gauge fixing conditions
=0 (—|s]+1<m<0), P =0 (|-s]+3/2<m<0), (3.9

m

where |-| is the “floor” function. These conditions are second class because generally
commutators [agfl), a( ) 4+1] and {wr W T +1 close into certain linear combinations of con-
straints plus a§2), Wthh is non-vanishing under the constraints. Therefore, the only un-
constrained fields are
(s) _ 2m (s) _ 2m
a = ———as, = ———=1s . 3.10
1—s] kCSNsB s w3/2+[—sj k‘CSNsts ( )

where the normalization functions are defined by NP Tr(L( is | +1L(LZ—1) and NI =
Tr(G(i%iB /QG(LSJS |+3 /2) with [-] being the “ceiling” function. Their values at small s are
listed in appendix A.

The ~(0) in (3.3) is thus constrained by (3.8), (3.9) to be

2m 1 () Gl
0) = Ly + -~ Zl (MB%(Q)LLSJH NF%() sz ) - (3.11)
§>3/2,5€ 57

This is the most general form of the super-connection that is compatible with the boundary
condition (3.1). In the next subsection, we will derive the symmetry algebra that leaves
the form of the super-connection (3.11) invariant.

3.2 Super-Wg[A] symmetries

We are now ready to discuss the asymptotic symmetry under the boundary condition (3.1).
For convenience, we expand the gauge transformation parameter A, and the gauge varia-
tions of fields a(f) and 1(#) in terms of the generators of shs[\] as

A= > D EILE + Y € : (3.12)

$>3/2,s€17 \MEL reZ+1/2
da = Z Z Al U= Z Z Gl (3.13)
where we omit the argument . Then, under the gauge transformation (2.22), ¢, and ¢l

are found to be
B = 0068 + (—m + [s))EL) |

+Z Za 41 € rrjirtjt)l gt Tt (— [t 4+ 1, m A+ [t - 15 0)

—Zw O sz ottt BT ([t +3/2,m e+ [t = 3/20) | (3.14)



e\ = el 4 (=14 |5 +1/2) = 1/2)

+Z Z“ PR AR GRS RS TIE PY

_Zw |—t]+3/2 ::Lu tJt) 3/2 Eifswit(L_tJ +3/2,r + [~t] = 3/2% )| . (3.15)

where g5t, G5, h3t and kSt are the structure constants of shs[\] and we provide examples
of their explicit expressions in appendix A. The ranges of summations in (3.14) are

1
max(1+|m+[t]—1|,14+|s]—[t]) < [s+u—t] and 1 <u<2s— 3 (3.16a)
3 3 1
max(Q—I—}m—i—Ltj —5‘,2—%(3} — LtJ) < [s+v—t] and 1<v<2s— 5 (3.16b)
The ranges of summations in (3.15) are

max<2+\m+LtJ—l|, 1+[s] —LtJ) < [s4v—t] and  1<wv<2s— % (3.17a)

measc(14|m [£]— 1), 1+ [s]—[¢]) < [s+u—t] and 1<u<2s— % (3.17h)

The global symmetry consists of the transformations which preserve the structure (3.11).

In terms of c m, and c preserving (3.11) implies:

B =0 form#—|s]+1 and cﬁ}:@ for r # |—s] +3/2. (3.18)

One can solve these conditions. As a result, we find that the only independent transfor-
mation parameters are

gl.SJ L and €s = 6((3_3/2 (3.19)

and all other parameters can be expressed in terms of these independent parameters.

)

S .
Once all the transformation parameters é"m , €~ are solved in terms of 7, and €g4, one

can compute the variation of a’s and v’s (3.13). These variations can be written as:

kCS k(js
6Ba; = o 2 NPP i1 Ltj( s) 6Fay = o Nthtl m(es),
kC’S kcs
55¢t NF Ct,| - tJ+3/2(775) ’ 55% NF Ct, |- tJ+3/2(fs) . (3.20)
where 65U represents a variation corresponding to the bosonic (fermionic) generator with

spin s. The argument (7,) means that we turn on 75 and set €5 to zero, and similar for (e;).

(s)

Calculating the global symmetry algebra amounts to solve (3.18) and express all &,
and ) in (3.20) in terms of ns and €;. While solving (3.18) in full generality is a difficult
task, we focus on the variations including the lower spin generators. First of all, we find

that the variations including s = 3/2 and s = 2 are given by

kcs
6B ay = 2a9n’ + dhyn — ?77”’ ) (3.21a)



0y azs =0, (3.21b)
kes

531,9/2‘13/2 = —777 5 (3.21c¢)
85 1y = *1/1277 + hn + fes a3/2¢3/277 ) (3.21d)
52B¢3/2 = *¢3/277 + ¢3/277 + fos a3/2¢277 , (3.21e)
Sgyatha = 321 (3.21f)
S5)ath32 = an (3.21g)
kcs

68 hy = —2a9e + ? Sa§/2e + 75” , (3.21h)

85 32 = 2ag)9€' + e (3.21i)
o — 9ame — a2 o Fos .
(53/2@[)3/2 = 2026 kcsa3/2€ - €, (321.])

In(9) ()

where 7’ represents W and the subscripts s of 7, which are the same s as in the d5
are omitted.

To reproduce the standard form of the N/ = 2 super-Virasoro algebra, one first needs
to, as in [28], redefine the as as

:a2—|—

™
CL%VA 2]@‘05 (13/2(13/2 (322)

and the fermionic generators as inA = %(wg +13/2) and PSVA = %(1/12 —13/2), where PIVA
has U(1) g charge £1. Then, one can convert the variation into Poisson bracket using (2.20)
and expand the fields into modes using

— % > 0. (3.23)

PEL

Plugging this into the Poisson bracket gives the commutators between the modes. Finally,

one needs to modify the zero mode of a3¥* as

k
a5VA — a3VA — ﬁép, (3.24)

SV A

For example, the commutator between two a5’ “’s reproduces the Virasoro algebra:

CAdS ( 3

[(a2)m, (a2)n] = (Mm—n)(a2)min + 15 m” —m)dm4n,0, where cpqs = 6kos . (3.25)

This is how we obtain the standard form of the N' = 2 super-Virasoro algebra.
We have also shown that the variations of ag and 1 with s = 3/2,2 with respect to
generators with the spin greater than two satisfy

6Bay = |njany + (|n] — 1)al,n — I{f—ﬁsn"'émg ) (3.26a)
6Fay = ([—n] +1/2)né + (|—n) + 3/2)¢he + FBpa , (3.26b)

,10,



57?“3/2 =0, 55-1/2“3/2 =0, (3.26¢)
Oh_1/903/2 = —Une (3.264)
O age = —1hy_12€ , (3.26e)
55y = (n = 1/2)thnn + (n — \)n + BF, | (3.26f)
5571/21/’2 = thp_1/21 , (3.26g)
Ohthy = —2ane+ FF o, (3.26h)
55—1/21/’2 =(2- 2”)%—1/26, + (33— 2”)6;_1/26 , (3.261)
SR s2 = (n = 1/2)¢_1jon + (n — DY, _yn+ BF, 32 , (3.26j)
Sp_1 2372 = Yatl » (3.26k)
557/13/2 = (2n = 2)an_1/2€ + (2n — 3)61;1_1/26 ) (3.261)
55—1/27/)3/2 =2ane+ FF, 1,232 (3.26m)

where n € Z and BF; j, F'B; j and F'F; ; represent the non-linear terms, whose explicit forms
are given in appendix C. The results (3.26a) and (3.26b) correspond to the conditions that
a’s and v’s are primary fields at least at linear order.

Finally, we present the variations including s = 5/2 and s = 3.5 The bosonic variations

of a’s are
1—4A kosNg)y

68 yas)5 = [2a5 o+ /277] — N&, [2a00 + ajyn) + T/"W : (3.27)
552a3 = 3azjan’ + agn + 175 [3a3n’ 4+ azn] + BBs o3, (3.28)

B / / NgB " 4 1N "

03 az = 4asn’ + 2a4m — 1o [2@2 1N+ 9as + 15asn” + 10asn ]

1—4X kes NP

-I-W [Qagbn—i-gagﬂ+15a/5/277”+10a5/277'"] +%8377"'”+BB&3 , (3.29)

where BB; ; are the non-linear terms and the explicit forms are given in appendix C. The
bosonic variations of 1’s are

B

1—4M\ N.
552¢5/2 21/14774‘? [5¢5/2”/+21/’g/277] _T; [6¢277//+4¢§77/+1/J§/77] +BFs5/95/2, (3.30)

1—4 NE
Ogyats = ntorj2t—— [ 20V +5m'vs] — 75 [Wé’/z +4n'Y 0 +61"1; /2] +BFs54 ,(3.31)

7 1—4)
05 s = n'va + 209y — 30 [277%//2 + 614y p + 5n”w5/z]
NF
=S (05 + 150/ + 200" + 100" o] + BFy5 . (3.32)

5The computations of the variations including s = 5/2 and s = 3 were done using computer. As an
illustration, the computation of 552a5 /2 is presented in appendix B.1.
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The fermionic variations of ¢’s are

1—4A
55/21,&5/2 = 2a4€ + T [Sag’/Qe + 1Oag/26' + 10@5/26//]
B

N.
—% [3a'2’e + 10ahe’ + 10@26”] +
2(1—4))
15

B
kcsN. 3

12r € TEFspsp,  (3.33)

65/2¢3 = —3a’7/26 - 6a7/26' + [age + 2@36/]
NfSB 7 "o roon "
+ ag/9€ + 4y 5€ + 6ag " + dagje” | + FF5p3, (3.34)

12
1—4)\
6§¢3 = —2a4€ — T

NB k NB "
+—3 [3@’2’6 + 10ah¢’ + 10a26"] _fessC
6 127

[SQg/Qe + 100,{5/26, + 10@5/26”}
+FF33. (3.35)

Note that the variation (3.27) does not have any non-linear terms, it can be converted
into a commutator of the algebra after the shift (3.24)

kosNE

— 5 (=m0 (3:36)

C1-4\
3

(M=) (as )N o (M=) (a2)m-4n—

(@3)ms (a3)n]

This plays an important role in section 4, where we compare it with the commutator in
the dual CFT.

The super-W[A] we have just obtained is non-linear due to the non-vanishing curva-
ture of AdSs. As in the bosonic case [8, 37], these non-linear terms drop once the curvature
is taken to zero, and the super-W [\ algebra further reduces to the shs[A] algebra if one
takes its wedge subalgebra. To see this, one first converts the shift in mode (3.24) back to
a shift in the energy-momentum tensor according to (3.23):

as — a9 — 87 . (337)

Applying this to the variations of the super-W,[)\] algebra will generate some linear terms
from the nonlinear terms. The remaining nonlinear terms are negligible in the vanishing
curvature limit. The mode expansion according to (3.23) then takes us back to the shs[\]
algebra’ (e.g. (A.8)).

4 Identification with the CP™ chiral algebras

In this section, we examine the duality between ' = 2 higher-spin supergravity and N' = 2
CP™ model at large n [21] from the perspective of the symmetry. The authors of [21] pro-
posed in their work that N' = 2 higher-spin supergravity based on shs[\] x shs[\] algebra is
equivalent to the large-n limit of the N = 2 Kazama-Suzuki type coset model (1.1) (known
as CP™ model [22]) with

n
k — li — = = . 4.1
n, o, n,k:lgloo 2(TL+ ) 5 CAdS CCFT ( )

"Here we do not consider the central terms in the super-Ws, algebra.
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One can check that the relation between the central charge and the Chern-Simons level
is consistent with the asymptotic super-Virasoro algebra (See (3.21a), for example.). The
central charge of the coset model copr is known to be 3nk/(n+ k + 1), so after taking the
't Hooft limit, one obtains the identification
n(l—2\)
—
The goal of this section is to check this duality by understanding the underlying symme-

kcs = (4.2)

tries. The global symmetry of the higher-spin supergravity forms the super-Wo,[\] algebra
we obtained in the previous section, and the procedure we followed to get the super-Wyo[A]
algebra coincides with the classical Drinfeld-Sokolov (CDS) reduction of the shs[\] alge-
bra. On the other side of the duality, we consider the large-n limit of the chiral algebra
SW,, of the N' = 2 CP"™ model which comes from the quantum Drinfeld-Sokolov (QDS)
reduction of the Lie superalgebra A(n,n— 1) [38-40]. We propose that the SW,, algebra in
the large n limit coincides with the super-W,[\] with the parameter identifications (4.1).
In the following two subsections, we carry out two non-trivial checks to support the above
proposal. We first check the matching of the two algebras and then the relation between
the representations of the two algebras.

4.1 Large n limits of the CP™ chiral algebra

In this section, we match the two algebras by explicitly showing that the variation of the
higher-spin fields a5 under the asymptotic symmetry transformation agrees with the OPE
of the correspondirfg operators in the 't Hooft limit of the CP™ model. This non-trivial
check partially supports the claim that the two algebras are identical.

Before the actual check, we briefly review the chiral algebra structure of the CP™ min-
imal model. The chiral algebra SW,, can be derived from A(n,n — 1) by the QDS reduc-
tion [40]. Concretely, the higher-spin currents can be obained from the super-Lax operator

L(Z)= :(aD — O3 1(2))(aD — O (Z)) -+ (aD — ©1(Z)) :, (4.3)

where Z = (z,0) is the N’ = 1 superspace coordinate with z being bosonic and 6 being
fermionic, D = % —i—@% is the super-covariant derivative, : : denotes the normal ordering,
a is a bosonic parameter from the QDS reduction and 0;(Z) = (—1)""Y(A;—A;—1, D®(2)).
Here, A; is a fundamental weight of A(n,n — 1) with Ag = 0 = Agp41, ® is a free chiral
superfield, taking values in the root space of A(n,n — 1) and (-,-) represents the inner
product on the root space. One can expand L(Z) in terms of aD by moving aD to the very
right of the expression, then the coefficients of different powers of aD are the generators
of the super-W,, algebra [41]:

2n+1

L(Z) = (@D 4+ )~ W%-(Z)(aD)Q”H_i . (4.4)

i=2
The superfields W}, decompose into components fields. We present here how the first few
Wy’s are decomposed:

Wi(Z) = Wy (2) +i0[G3 (2) + G5 (2)] ,

,13,



Wa(Z) = aliGy (=) + OW5 (2)]
Wa(Z) = Wy (2) + G5 () + G5 (2)]
Ws(Z) = aliGy (2) + 9W3+(z)] ,

2

where I/VZ»jE are bosonic generators with conformal weight ¢ and G;t are fermionic generators
with conformal weight ¢ — % We identify W, and W3 with the familiar U(1) charge and
the energy momentum tensor J and T’ respectively. In addition to the matching of the
central charge, we can match the higher spin fields on the both side of the duality now.
The dictionary between the higher-spin fields in the asymptotic algebra and the primaries
in the CP"™ model is:

s <> W; ) agp1/0 & Wy, s <> G;‘_ ) VYiv12 < Gy
s,t €7, s>2, t>1. (4.5)

where the spin of the fields in the AdS side is matched with the conformal weight of the
operators in the CF'T side.

The OPEs between these operators can be computed from the free field realization
of SW, algebra [41, 42], where the results are explicitly known for n = 3. Computing
the OPEs in the 't Hooft limit requires the knowledge of the OPEs at general n, which
is complicated in general. Our strategy is to compute the OPEs at several small n first
and then extrapolate to results at general n. However, this extrapolation is possible in
principle but difficult in practice, because there are non-linear terms in the OPE between
higher spin operators. These non-linear terms make the extrapolation to general n difficult.
Nevertheless, in the supersymmetric setting, there are examples such as the W, W, OPE
that is linear. This makes the general n extrapolation straightforward. For this reason, we
restrict our attention to the W, W5 OPE.

Since our goal is to compare the algebra in the AdS side and that in the CF'T side, we
need to redefine the operators in the CF'T side in such a way that the higher spin operators
in the CFT are in the same bases as the ones in the AdS side. Up to the W, operator,
this can be done as follows:

1. Compute the relevant OPEs for n = 2,3,4,5 and extrapolating the results to the

general n expressions.®

2. Redefine the super-Virasoro operators, T and G* to T and G so that the OPEs
between the redefined operators match the variations on the AdS side (3.21).

3. Redefine the W, operator so that its OPEs with the operators J and the T match
with the corresponding variation on the AdS side (3.26¢) and (3.26a).
The redefinitions are explicitly given by

2 JJ
2n (1 + a® + na?)

T—T=T-— %&]— (4.6a)

8This procedure for J(2)W, (w) OPE is discussed in appendix B.2.
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T (1-n):JJ: (1+a®+n’a*—n(l+a®+a*)) T
_ Ly - 4.6b
Wy =Wy =W, +2(a na?o.J+ o 3 (s a) (4.6b)

Now we carry out the OPE between the modified operators Wz_ on the CFT side

(=14 n)n(=1+a’n) (1+a® + a®n) (2+ a® + a®n) (14 2a® + a®n)
2(=143n+ 3a?n + 3a?n?) (z — w)*
2(1+n) (1+a®n) (14 a* + 2a°n) V[N/'Q_
(—14+3(1+a?)n+ 3a?n?) (z — w)?
2(—1+n)n (—1—|—a2n) (1+a2+a2n) (2—|—a2+a2n) (1+2a2+a2n) T
B (—1+3(1+a?)n+ 3a2n?)? (z — w)?
B (1+n)(1+a?n) (14 a®+ 2a°n) 8WQ_ (47)
(—1+3(1+a?)n+3an?) (z — w) '
n(—1+n) (=14+a®n) (1+a*+a*n) (24+a*+a*n) (14+2a*+a*n) oT
B (=143 (1 +a?)n+ 3a2n2)? (z — w) '

Wy (2)Wy (w) = —

According to the duality proposed in [21], we take the 't Hooft limit (4.1):

n,k — oo, lim na®=— lim ———— = —2\. (4.8)
n,k—o00 nk—soomn+k-+1
then the above OPE can be rewritten as
~ o~ 22+1)2\ = 1) (1 = Mn
Wy (215 () R Tt
't Hooft limit
_2(3(1 — AW, +2Q2A+1)(A - 1)T)
9(z — w)?
3(1—4NOWy + 220 + 1)(A - 1)aT (49)
9(z —w) ' '

where we keep only the leading term at large n.

The OPEs in the CFT are functions of complex variables z and w, while the variations
of higher-spin fields under the asymptotic symmetry are functions of variable 0, so we
cannot compare them directly. Therefore, we first convert the results on the both sides to
commutators between modes. The converting in the AdS side is given in (3.23) and the
discussion there. The mode expansion on the CFT side is defined by:

W= Wy "hw (4.10)
nez

where h; is the conformal weight of W. Plugging this into the OPE (4.9) and redefining
Wy — —W, yield

p, Wr) = (1+2))(1 —182)\)(1 =N s
L2+ 2A9)(1 N ()T o LY

(m - n)WQTern (411)
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From the dictionary (4.5), we expect that this commutation relation should match with the
[(a 5 Vm, (a 5 )n] commutator (3.36) in the asymptotic symmetry algebra. Using the relation

between the central charge and the Chern-Simons level (4.2) and ng =(2/9)(-14+X)(1+

2)), one sees that this commutator exactly agrees with the one in the CFT side (4.11),
including the numerical coefficients!

This computation is possible only in the supersymmetric case, since in the bosonic
case, the OPE between any pair of higher-spin generators contains non-linear terms and
the large-n extrapolation is difficult as discussed above. However, in the supersymmetric
case, there exists an OPE (4.9) that is linear and the extrapolation is straightforward to
carry out. Note that the generator WQ_ is introduced by the A/ = 2 supersymmetry so the
possibility of this check is available to us only by introducing supersymmetry.

4.2 Degenerate representations

In this section, we compare the degenerate representations, whose Verma modules are
truncated by null vectors, on both AdS and CFT sides. We show that any degenerate
representation of the CP™ model in the 't Hooft limit can be a degenerate representation
of the asymptotic symmetry algebra of the higher-spin supergravity theory and vice versa.

Finding the degenerate representations on the CFT side is straightforward. The chiral
algebra of the A/ = 2 CP"™ minimal model is shown to be the SW,, algebra that can be
derived from the Lie superalgebra A(n,n — 1) by the QDS reduction [41]. We can find the
degenerate representations by explicitly constructing the null vectors in the modules and
the resulting expressions for the degenerate representations are known (see e.g. [41, 43] and
reference therein). We then take the ’t Hooft limit by simply applying the limit (4.1) to
the representations.

The degenerate representations of the asymptotic algebra are not explicitly known in
the literature. We thus take a step back and find them indirectly. First, note that the way
we get the asymptotic super-W[\] algebra on the AdS side is the same as the classical
Drinfeld-Sokolov reduction of shs[A]. Secondly, we utilize the fact that shs[A] is realized
by analytically continuing A(n,n — 1) to n = —2\ [10, 44]. Thirdly, we know that the
Quantum Drinfeld-Sokolov reduction of A(n,n — 1) gives SW,, algebra and we know how
to find its degenerate representations. Finally, one can take the classical limit that reduces
the Quantum Drinfeld-Sokolov reduction to the Classical Drinfeld-Sokolov reduction. This
limit corresponds to taking the level of QDS reduction, kpg, to infinity.” Thus, we can
start with any degenerate representation of the algebra SW,, and apply the combination
of these operation: n = —2\, kpg — 00, then the resulting representation is a degenerate
representation of the super-Wy,[)] algebra.

With this reasoning in mind, we can compare the degenerate representations on
both sides by starting with any degenerate representation of SW,, taking the two
limits, (i) Super-higher-spin limit: n = —2\ kps — oo and (ii) the 't Hooft limit:

In the duality, the central charges on both sides are identified. Since the central charge diverges in the
't Hooft limit in the CFT side, this implies that the central charge of the AdS side should also diverges.
This is equivalent to taking kps — oo, according to (4.15) and n = —2), o = kps + 1.
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n,k — oo, nh_}rrgo ﬁ = 2X. Then we compare the spectra of conformal weights and the

U(1) charges of the two resulting representations. The relation is clear in the following

diagram:
_92)\ |
Aln,n—1) 27722, shs[)| ; AdS;/CFT; Proposal
lQDS lCDS |
ccal limi : 't Hooft limit
SW, %’ super-Woo[A] 1 SW, *Oo?—lmisuper—Woo[)\]
DS — 00

Let us now move on to computing the degenerate representations. We start from any
degenerate representation of SW,,. In the bosonic sector, the highest weight state of the

module is characterized by a weight of the form:
A = OL+A+ + OéfAf N (412)

where a_ = —V/kps+1 and a_ay = —1. Ay and A_ are linear combinations of fun-
damental weights with non-negative integer coefficients. For a given A, the conformal
dimension is represented as [40, 43|

1
h(A) = §(A,A +2a_p), (4.13)
where p is the dual Weyl vector [45]. The U(1)r charge is given by
Q(A) - —CV_(A, l/) ) (414)

where v is the generator of the center of the A(n,n — 1) algebra.

We first consider the spectrum in the CFT side. To find out the relation between kpg
and the level in the coset model k, we match the central charge of SW, from the QDS
reduction with that of the CP™ coset model [40, 41, 43]. It yields

3nk
c = —
mm n+k+1
cps = 3n(l — (n+1)a?) (4.15)
1
Cmm = CDS = kDS + 1= m s (416)

where the subscript mm stands for the minimal model. Therefore, kps+1 — 0 (o~ — 0~
and oy — 00) in the ’t Hooft limit. What we are interested in is to extract representations
with finite conformal dimensions in the 't Hooft limit. The finiteness of the conformal
dimensions yields strong constraints on the allowed value of weight A. Plugging the A

given in (4.12) into (4.13), we have the following expression for the conformal weight of a

general degenerate representation: '’

n+k+1 (A_,A)

() = A A A - (AL A + $ () + G )

2n+k+1 n+k+1"

To further evaluate the inner products between weights, we decompose the weight A, and

A_ of the Lie superalgebra sl(n + 1|n) into sums of weights Ag) ,Af) , Q4+ of the bosonic

1%We replace the o3 ’s in various places by kps -+ 1 to simplify the expressions.
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subalgebra si(n + 1) @ sl(n) @ u(1) of the si(n + 1|n). This decomposition has already
been considered in [40]. It reads

Ar =AY + AP 4 Quv/(n+1), (4.18)

where we have factored out the explicit n dependence in the U(1) part, according to the
analysis in [40] so that Q@+ ~ O(1). We can further choose sets of orthogonal bases ¢;, d;
of the sl(n+ 1) and sl(n) on which the Ail) and AS_E) can be expanded. The bases satisfy

€; - ej = (51']' s di . dj = —(Sij y (4.19)

where the negative signatures of the inner products between d; bases are required due to
the negative signature of the si(n) part of the sl(n + 1|n). An advantage to adopt this
decomposition is that we can directly use the results in the bosonic computation in [10].
Thus, as in [10], we consider the following formal expansion of the weights:

n+1 B(1+)

. 14 1+
Ai):Zliei, lizrz( )_n+1’ B(H):Zrz( g (4.20)
=1
n (2+4)
R T T D DL AU (e}
i=1
n+1 (1-)
0Ny o 0B =3
Al _izlpze“ pi=T; _n—|—1’ B( )_Zrl , (422)
5 n 9_ B(z—) o 2
A2 =3 i, a=r" - n BED =37, (4.23)
=1

where 7} is the number of boxes in the it" row of the Young tableau corresponding to the
weight z, and B* represent the total number of boxes in the Young tableau. With these
notations, we can compute the conformal weights in the two limits and express the results
in terms of the Young tableau associated to each of the bosonic weights.

Requiring the representations to have finite conformal weights in the 't Hooft limit
yields the following conditions:

BCH = B0 NP2 32 g, =0, (4.24)

The conformal weight is thus'!

n n—1
B (A) = 2A(B) — B 4 57000 07 1 5703027 ) - BOH | (4.25)
=1 i=1

"The A-dependent part can be shown to be non-negative. From the decomposition (4.18) (see also [41])
and (4.20)—(4.23) (see also [10]), one can show that

N N N-1

B = Zs(mzs—l + mas) = Zsm2s + Z (5/ + 1) magr41
s=1 s=1 s’'=0
N—1 N-1 N-1

B®) = s(mas +mast1) = Z sMmas + Z §M2s+1
s=1 s=1 s=1

N
= B" —B®) = Nmoy +) ma1 >0,

s=1

where the m; is a non-negative Dynkin coefficient of the weight A of the original sl(n + 1|n) algebra.
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One can also compute the U(1) charge (4.14) under the requirement (4.24). It reads
Gmm(A) =20 Q. (4.26)

The fermionic sector represents the affine Lie algebra SO(2n) at level one. The
degenerate representation is characterized by a weight A and the contributions to the
conformal weight and the U(1)g charge are %Az and 3", A;, respectively [22]. Therefore,
the conformal weight of a degenerate representation ends up with

n n—1
_ _ 1-
By (A) =2X0(B1) — BC 1§72 00 00 L NT G0 .29y pUH L Z k2 (4,97
() =2)( >;Z<z>;1<z> A%, (4.27)
and the U(1)p charge with
Gmm (A, A) =20Q— + ) A, . (4.28)

Then, we compute the conformal weights and U(1)g charges of degenerate representa-
tions of the symmetry algebra in the AdS side. We take the limits n — —2X and kpg — oo,
where the general expression for the conformal weight reads

A A kps +1
hirs(A) = o)y A ERSED (h oy (A ) (s 1) (A p) . (4.20)
2(kps +1) 2
In this limit, one needs to set A_ = 0 to get representations with finite conformal

Weights. The C()Ilf()rlllal weight can be evaluated as
n (1) n—1 21) 1
hirs(A,A) = 2X(B B + E 1 i, g 1 ir; B + 2A . (4.30)

The U(1)g charge is evaluated as

qrs(AA) = 2)0Q4 + ) A (4.31)

Note that in these expressions, the symbols B, r, A are different from those in the other limit.

Now, we can compare the two limits. We see that the spectra of U(1) charges match
in a simple way. The spectra of A-dependent part of the conformal dimensions also
match straightforwardly. But the matching of the A-independent part in the conformal
dimensions is not obvious since they have different expressions. We thus leave a more
careful check of the matching of the A-independent part in future work and we conclude
here that any degenerate representation of the CFT in the 't Hooft limit can be a
representation of the bulk higher-spin theory and vise versa. This provides another piece
of evidence for the validity of the duality.
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5 Conclusion

In this paper, we have analyzed the asymptotic symmetry of the supergravity theory su-
persymmetrically coupled to an infinite tower of higher-spin fields. The matching of this
asymptotic symmetry algebra with the chiral algebra of the CP™ CFT model in the 't
Hooft limit provides another non-trivial check of the recently proposed supersymmetric
duality [21]. We have also shown that the degenerate representations on gravity sides can
be a degenerate representations of the CP™ model and vice versa.

For future directions, it would be interesting to extend the matching of the symmetry
algebras to higher order. Due to the technical difficulties, we found it hard to obtain the
commutators for higher-spin generators in the coset CFT for general n. It is, however,
possible in principle, and should provide firmer evidence for the duality. Another direction
is to compute the partition function and correlation functions on both sides and see the
agreement so as to provide other strong evidence for the duality. The one-loop partition
function was discussed in the recent paper [47].
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A Super higher-spin algebra shs[\]

We briefly summarize the basic facts about the shs[A] algebra. The super-higher-spin
algebra is generated by bosonic generators Lgﬁ)i as well as fermionic generators Ggs)i. It
can be obtained as the wedge subalgebra of the super-W,[A] algebra constructed in [24].12

The wedge is taken to be:

3
Im| <s—1, Ir| <s——. (A1)
2

This wedge condition restricts the generators with given spin s to be in finite-dimensional
irreducible representations'® of the bosonic si(2,R) algebra. A realization of these
operators as differential operators in A/ = 1 superspace is given in [24].

The following definition of the shs[A] algebra is convenient for our later discussion.
Consider the universal enveloping algebra of Osp(1,2) factered out an ideal x:

SEN = UOsL2)/x. x= (GO -A(A-3)) (42

2Note that this super-Wao(\) algebra in [24] is not the asymptotic algebra we found in the main text,
although accidentally they have the same name.
Bdim(L) =25 — 1,dim(G"®)) = 25 — 2, s € Z.
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where Co(Osp(1,2)) is the quadratic Casimir of Osp(1,2).'* The super-higher-spin algebra
(as a vector space) is identified with a subspace of SB[\J:

U(Osp(1,2))/x = shs[A] & C. (A.3)

The C is generated by the identity element 1, which corresponds the Lél)Jr generator
in the realization [24]. U(Osp(1,2)) is an associative algebra. We denote (associative)
multiplication between two elements in U(Osp(1,2)) as J = L. The commutator of shs[\]
is defined by the multiplication in U(Osp(1,2)):

[T L]=T*L—~LxJT. (A4)

In our computation, we further define a bilinear trace of the product of two elements in
SB[

KxL
m ‘7=0’

Note the product I+ £ can be expanded in terms of generators of SB[)], the right hand

Tr(K, L) = VT #£1 (A.5)

side of (A.5) means we keep only terms proportional to 1 (or L[()l)Jr in the language of [24])
and send all the other generators of SB[A] to zero. We further divide out a factor of
2)% — \ to make sure that our bosonic normalization functions N2, NI which are bilinear
traces of special pairs of elements in SB[)]

),  NF=Tr(@¥_, .G

By
N = Tr(LE) ) L ; fs1-3/2C =) 3/2)

—ls]+1s] -1 (A.6)

give the correct value at s = 2. We present here some examples of the normalization
functions that are used in our computation:

NgB - —2, Ng = 2’
2 2
NP = -1, Nj = -2,
2 2
NG = 51+ N)(1+2), N{ = —3(-1+0(1+2)),
2 2
2 2
NP = §(_1 + A)(1+2)), NI = g(—1+/\)(1 +2)). (A7)

The algebraic structure of the shs[A] algebra is encoded in the following commutation
relations:

s+t—1
LS, L) = Y gt (m,n, LG

m-+n
s+t—1
s ~5 s+t—u
(GP,G0Y =" Gt a, Ly
u=1
s+t—1
s s st+t—u
L. GO = > hit(m,q, NG,
u=1
s+t—1
S 7s s+t—u
(G, L) = 3 Rl pon, NG (A-8)
u=1

MEactoring out the ideal makes sure that representations with spin s are irreducible.
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where ht(m,q,\) = —h!*(¢,m,)\). The structure constants g5'(m,n,)\), G (p,q,\),
hst(m,q,\) can be derived from the associate multiplication (A.4) of SB[)]. Here we first
review the commutation relations in [24], then we show how to get the structure constants
n (A.8) from the results in [24]. The generators of the shs[A] algebra can be expressed in
N =1 supersymmetric language as:

s—1 5_*
£y = 3" ALY Ll - Z o) (A.9)

m=1—s 7’7——5

where A§2>(@£S)) are Grassmann even (odd) parameters and

A+ 4 209+ €Z
0 = - " § (A.10)
O6t3)= L A=)~ seZ+ %
with expansions A+ = S AP nts—1 and o6 =>. A¥E =3 Note we can

separate each individual mode L,(n)(Gg )) in (A.9) by setting A(_")L, — g5/ O/ (@(_52 — ~
J5,50r,). The commutation relation between generators can be computed as follows [24]:

s+t—1
[ﬁ(s)(Q(s)) r® Q(t) Z [(stHt—u) s+t) u)) (A.11)
2u—2 ) w 1
s+t—u u 2 12i(s+u -
5((3;Et) ) = st(A) Z (—1)lat2ilet )][ i/2 ]([25 = U)) [ 1—i/2) 4|22 [2u—2—i]
i=0
X ([2t = u])i/21 4 j2ulaifs (D'QD)(D?27Q1) | (A.12)

where u takes both integer and half integer values, i takes integer values and:

Inl2 = n—2[n/2],
0 0
D:%—eg,

(a)p =ala+1)(a+2)...(a+n—-1), (a)o=1,
[a] _ [a]!
bl [b]!]a—0]!"

1
B = FS() + () gy )

25—22t-2

D) 6(i4j—2s -2t +2u+2)

=0 j5=0

(25 + 2t — 2u — 2)!
(2s + 2t — [u] — 3)!

Fs%f()‘) :( )[s+t u—1]

XA’i(S’ % _ )\)Aj(t, )\)(_)2s+2i(s+t—u) 7

s — 1] ([ +1)/2] + 2X) (s—1/2-[(i+1) /2]
i/2 ([s +1/2])26—1—[s+i/2] '

This form of the commutation relation was derived in [24]. However, it is not convenient

Ai(&)\) _ (_)[5]—}—1—}—25(1‘—1—1)[

for us to use, so we convert the above results to the more familiar form (A.8): the structure
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constants g5'(m,n, \), 35t(p,q,\), hst(m,q,\) are simply the function 5( +t) W with only

A(_SznA(_tL, @(_S;G(f)q and A(_‘"’;l@(_’% turned on respectively as discussed below (A.10).1?

We give some examples from our computation at small s, ¢, u,m,n:

53 4 23 5 7
39 2§§ 1 37 1 A
30,1, 0)=—1, 957 (0,1,0) = (1=4N), ;2(071,)\) 1+5- A2,
93 5 ;; 7 55 2
hy?(=1,2,0) ==, hg’?(—l,z,A):l—(—1+4/\), h3? (-1, 2 )\ g( 1—A+2)%),
2

-3 1
h%’Q(O,I,A)=—§, 2%(0,1,0) = (0,1,)\): %( 1-2X+42%).

ki
ot m\o«

From the commutation relations of the shs[\] algebra, the generators Lﬁi),Gﬁf) with
s > N generate a proper subalgebra at the special value A = % with integer N > 2. In
addition, the bilinear trace (A.5) degenerates, explicitly,

Te(LE LYY =0, Tr(GYGY) =0, for s> N. (A.13)

This implies that we can consistently set all generators L&i), Ggs) with s > N to zero and
obtain a finite Lie superalgebra sl(N, N — 1).

B Two example computations including spin-2 operators

B.1 The computation of the variation 552a5/2

In this subsection, we explicitly show the derivation of (3.27). As explained in 3.2, we
compute the variation according to (3.20), where ¢f, is given by (3.14) and N/ is given
n (A.7). Since we are computing the variation generated by bosonic gauge transforma-
tions, all fermionic gauge transformation parameters 67(;) are set to zero. Then the only
task left is to solve the relevant bosonic gauge parameters 57(3/ 2 With m # |5/2] — 1 in
terms of 75/ = § Eggj_l, the only independent transformation parameter with s = 5/2.

The other relavant gauge parameters are related to 7/, as

(5/2) _
0

= 52
21a 2ma ne
g(751/2) _ 2775]/32 4 (1—4)) 5/2 775éz 5/2 .
kcs Ny 3kcs Ny 2

Plugging these into (3.14) and (3.18) reproduces (3.27).

B.2 The extrapolation of J(z)W, (w) for general n

In this subsection, we illustrate how we derive J(z)W, (w) OPE for general n by extrap-
olating from small n results. The extrapolations for other OPEs are done similarly. For

15We need an extra minus sign for §:f(p, ¢, A) due to the ordering of Grassmann variables.
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small n, the J(2)W5 (w) is given by

2a%(1+3a?) 1+ 3a?

=92 . = A
n J(Z)WZ (U)) (Z _ w)g (Z . w)g )
_ 6a?(1+ 4a?)  2(1 + 4a?)
n=3: J(2)Wy (w) = G_wp c_wE T
12a%(1 + 5a?)  3(1 + 5a?)
=4 J(2)Wy = .
n (Z) 2 (U]) (Z o w)g + ( ) + )
20a%(1+ 6 4(1+6
n=>5: Ty () = 2001+ 80Y) 401+ 6a)
(z —w) (z —w)?
where ... represents regular terms. We find the followmg expression fits the above re-
2 2
sults J(2)W, (w) = n("_l)‘zz(_li)(‘?ﬂ)a ) 4 (o= 1)((Z1+1(U7;+1)a ) and we claim this as the correct

expression for arbitrary n.

C Nonlinear terms in super-W,[A]

In this appendix, we present the non-linear terms in the super-W[A] algebra obtained in
section 3.2. First, the non-linear terms in the commutators of two bosonic generators are

47 (1 47(1 — 4X
BBsp3 = fwg)?/)sm%/z?? f5k)1/12¢377
7TN
—3 (¢3/2¢2 %/g%)ﬁ
167 N3 16m(1 — 4))
BBs3 = Shes az(azn)’ — W[(az%/z)lﬁ + 2aza51]
167 (11 + 2\ — 4)?) ,
15/?0st a5/2(a5/217)
472 (1 — 4\ 2m2NP
1(5]{:2)%/2(%&3/2%/2 + aharp3)n + Y a0 (391 — Uy 920
cs cs

117(1 — 4X
3(0]{)(21#2%/277/ + (2t52) 1 — 24b3 j91h3n’ — (13 /2%2)'n)
77rN3

7 NB / / /
1% (hatby 1/13/2%/2) T;CZ (2thy — ¢3/21/13/2)77

Then, the non-linear terms in the commutators of bosonic and fermionic generators are

™

FByo = @%/21/)3/267

us
FBs/2,2 = @%/21/)36 )

™

FBs3o = @%/21/)5/26 ;

2
BF33/5 = ks —— (a5 292 + agjo3)n ,
2
BF35 = ks —— (a5 /2132 + az/oths2)n

— 24 —



6m(1 — 4N) 2m(1 — 4N) 3rNP
BF5/55/2 = —W%/ﬂhn + W%/Q%U*‘ e azthan

B 2NB
12k (4a3/2¢3/277 + 2a3/27f)3/277 + a3/2¢3/277) 12]{:2 a3/2¢277a

67 (1 — 4\ 27 (1 — 4\ 2NB
BF5/53 = —(5]%5)@5/211)3/277 + 1(51@05)@3/2%/2" - @03/2%/277

TN3

Ny’ 3rNS
_%(agﬂlhn + 4a3/2¢2n’ + 2a3/2¢é77) + Yo a21/13/277,

o 27 (1 — 4)) 23m(1 — 4)) ,
BFa. = —1 L S ) _2om\ T A
33 = o (agjatbr/2 + as2tbs/2)n Shos ass an 5kes as/aan
1672(1 — 4)) w2 (1 —4N) 5 27 (1 — 4))
*Wagm%m%/zﬁ - W%ﬂ%ﬂn + W@%/M

(1 —4\) 167m(1 —4N) 27(1 —4\)
—W%/z%n - W%/z%ﬁ - W%/zwz{m

7(1—4)) 117r(1—4)\) , ©NE

32 NP 57rN b 2NB
2y 3 ag 9a21b3/0m — 6k az/os/on" — R, a3/27/’277

5577]\73 , brNP , , mNE, | 3rNB |
12hics aztpan] — ma?w%/ﬂ - %%/szn‘f‘ Wﬂw%n

TNB 5rNP w2 NB p
g /oy 19N — ——a' pth3/9n — a3 /203 921
2]{ / / k / / 2k%’5’ / /

TNP TnNB TNP
2k a3/2¢3/277+ s agthan — Gkes a3/21,b3/217

Finally, the non-linear terms in the commutators of two fermionic generators are

4
FF32 = @ag/z%/ﬁa

41
Flsp93/0 = g 18/205/2€ 5

TN <3ea'2§ +6a3 €' +4as (36’a’3 +ea; )) 3reasNE  dme(1—4N)asas
2 2 2 2 2 2/ 2 5
12kcs kcog + 15kcs
12me(1 — 4\)azas  breasaz Wlb%i//;dvg 3moipheNE
. 2 2 32 2 2 2

S5kcs kos + 12kcg B 4kcog ’

67 2m2(1 — 4)) , 127(1 — 4))
FF = = 7 == 7
5/2,5/2 1 03/207/2€ + 312 a3 905 /2€ Bhog | 205/2¢

3B 2\ B B B
TN 4 OmENg 3TN3 o TNy
W%/?E - %aw@e T os 2T Thee 3190 5€

7TN NB 7TN 4me(1 —4)\)a%a3

+3k‘ N3 a3/2a3/2€+ ko a3/2a3/26 + 2kcs a3/26 '+ 15kcs

+
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2 2
WN]33¢ o +37TN§3¢ o +127T6(3+>\*2)\)(Lg
- €+ —— €

12kcs 3/273/2 dkcs 2¥2 5k‘CSN§B ’
2

2w (1 — 4\ 4r(1 — 4N
FF5/3 = (?>k(;5)(a3/2a5/2)/6 + <3kcs)&3/2@5/26,
5rNP 10m NP NP N8
_ 3]{; (a3/2a2)/6 — 3]{705 a3/2a26’ + %a3/2aé/26 + %C%/QG,

B
11727:\[3 ¢3/21/)2 37:;[2 ¢é/2¢26,
T ea%Nf 5 ea%agNgF 27m2e(—1+4N)a 2% s 12me (—3—A+2)2) agg
Fhys =~ 1263, - 3k2, * 32, + 5o NE
37Tea%N:f 4me(1 — 4)\)a%a3 127e(1 — 4)\)(12@%
~ kes 15kcg + 5k
6reasar  Smepsy NI
+ 2 3 273
kcs 4kes

r 'q/ 12 2 .1 "
_W6¢2¢5N§7 - mN3 <12a%e a%+3€a% +6a%e +4ea%a%)

D Useful formulae for A(n,n — 1) algebra

In this appendix, we derive useful formulae to compute the conformal weight of the
degenerate representations of SW,. For A(n,n — 1), we take ¢; (i = 1,...,n+ 1) as an
orthonormal basis for R"*! and §; (i = 1,...,n) as that for R” with the inner product
defined as (e;,€;) = &5, (85,05) = —di5, (€,05) = (5,€¢;) = 0. In this parametrization,
there is a redundancy coming from the supertrace condition of sl(m|n), and it results in
the following identification [48]:

n+1 n+1

Zlel+2k5~2l+tez+z Vi (D.1)

The weight on the left hand side of this identification is denoted as (I1,...,lpt+1lk1,. .., kn)
for simplicity.

We use the pure odd simple root system «q,...ag, of A(n,n — 1), where as are
represented in terms of ¢; and J; as

Qgi = 0; — €41, Q2i—1 = € — 0;, (D-2)

and the fundamental weights are expressed as

n 7

Agifl = Z (5] — 6j+1), AQZ' == Z (Gj — 5J) . (D3)

j=i i=1

It is then easy to check the following identity:

(Ai, Otj) = 6ij . (D4)
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