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ABSTRACT: We study the three-dimensional gravity with torsion given by the Mielke-
Baekler (MB) model coupled to gravitational Chern-Simons term, and that possess elec-
tric charge described by Maxwell-Chern-Simons electrodynamics. We find and discuss this
theory’s charged black holes solutions and uncharged solutions. We find that for van-
ishing torsion our solutions by means of a coordinate transformation can be written as
three-dimensional Chern-Simons black holes. We also discuss a special case of this theory,
Topologically Massive Gravity (TMG) at chiral point, and we show that the logarithmic so-
lution of TMG is also a solution of the MB model at a fixed point in the space of parameters.
Furthermore, we show that our solutions generalize Godel type solutions in a particular
case. Also, we recover BTZ black hole in Riemann-Cartan spacetime for vanishing charge.

KEYWORDS: Classical Theories of Gravity, Black Holes

ARX1v EPRINT: 0907.4165

© SISSA 2011 doi:10.1007/JHEP08(2011)089


mailto:pgonzalezm@ucentral.cl
mailto:yvasquez@ufro.cl
http://arxiv.org/abs/0907.4165
http://dx.doi.org/10.1007/JHEP08(2011)089

Contents

1 Introduction 1
2 Three-dimensional gravity in Riemann-Cartan space 3
3 Solutions 6
4 Particular cases 9

4.1 Case: azoy — (215)2 # 0 9

4.2 Case: azay — (2111)2 =0 11
5 Final remarks 13
A Gravitational equations 14
B Asymptotic behavior 17
C Conserved charges 17

1 Introduction

In recent years, there has been a remarkable activity in the study of three-dimensional
models of gravity. In particular, we have the BTZ black hole [1], which is a solution to
the Einstein equations with a negative cosmological constant. This black hole solution has
interesting both classical and quantum properties, and it shares several features of the Kerr
black hole of four-dimensional General Relativity (GR) [2]. In fact, the existence of BTZ
black holes is what makes the three-dimensional gravity a striking toy model.

Recently, remarkable attention was addressed to Topologically Massive Gravity
(TMG), a generalization of three-dimensional GR that amounts to augment the Einstein-
Hilbert action adding a Chern-Simons gravitational term, [3, 4]. Here, the propagating
degree of freedom is a massive graviton. TMG also admits the BTZ (and other) black
holes as exact solutions. The renewed interest on TMG relies on the possibility of con-
structing a chiral theory of gravity at a special point of the space of parameters, what it was
suggested in ref. [5]. This idea has been extensively analyzed in the last three years [6]-[17]
and it gave raise a fruitful discussion that ultimately led to a much better understanding
of the model [18]. Also, recently has been showed that in three-dimensional massive grav-
ity, where the action is given by the Einstein-Hilbert action having square-curvature terms
which gives raise to field equations with a second order trace admits exacts Lifshitz metrics
and black hole solutions, which are asymptotically Lifshitz, [19]. However, the formulation
of a quantum theory of gravity is an open problem in theoretical physics. Some approach



at this problem has been done in superstring theory and loop quantum gravity. Thus,
it is worth to explore new possibilities such as gravity with torsion which in (2+1)D are
relationships with the continuum theory of lattice defects in solid physics, [20, 21].

So, a possible extension of TMG is to add torsion in the game. In fact, the three-
dimensional theory of gravity that includes torsion (along with the Einstein-Hilbert and the
gravitational Chern-Simons term) is known with the name of Mielke-Baekler theory [22],
and this model is itself a Chern-Simons theory which includes a translational term as well,
and therefore this is a striking mathematical model in its own right. Moreover, in regarding
the applications to physics, it is well-known that the introduction of torsion in the game
often induces new physical effects and changes the local degrees of freedom of the theory. In
ref. [23] Klemm and Tagliabue investigated the introduction of torsion in three dimensions
and discussed it, according to AdS/CFT correspondence. This is very interesting if, in
addition, one takes into account that a generalization of the BTZ black hole solution with
torsion also exists in the literature [24]. In a more recent context, and also related to
AdS/CFT applications, the so-called degenerate point of the Mielke-Baekler theory (for
which the equations of motion associated to the vielbein coincides with those associated to
the spin connection) can be shown to exhibit features that are similar to the so-called chiral
point of TMG [25] (e.g. leading to the same value of the boundary central charges [23]).
Three-dimensional gravity with torsion was also recently considered in ref. [26], where
the supersymmetric extension in the Chern-Simons formulation was investigated. FExact
solutions with torsion in three dimensions were analyzed recently in refs. [27]-[29].

In this paper, we study a general 3D model of gravity based on Riemann-Cartan Geom-
etry, whose fundamental fields are both metric and torsion. We consider topological model
of gravity proposed by Mielke and Baekler [22], and we include the matter content given
by the Maxwell action augmented by a topological Chern-Simons term, that is, Einstein-
Cartan gravity with arbitrary cosmological constant coupled to a gravitational topological
term and topologically massive electrodynamics. Chern-Simons modifications to gravity
were first considered in 241 dimensions [3, 4]. These modifications could in principle arise
as a truncation of a consistent theory of quantum gravity, such as string theory or M-theory.
A discussion on how the gravitational Chern-Simons term may appear from compactifying
R*-terms of 11D supergravity has recently been given in [30]. On the other hand, in what
concerns the translational Chern-Simons term, for example, many models of loop quantum
gravity or string theory predict a coupling/term in the action with the Nieh-Yan topolog-
ical invariant which is associated to it; the inverse of the coupling constant of such term
is often called the ”"Immirzi parameter”. In turn, it is perfectly conceivable that both the
gravitational as the translational Chern-Simons gravitational terms appear as reductions
of fundamental theories. Also, it is known that Einstein-Maxwell-Chern-Simons theory in
(241) dimensions can be viewed as a lower dimensional model for the bosonic sector of
5-dimensional supergravity [31]. In references [32] and [33] the authors investigated the
structure of the gravitational Chern-Simons term modifications to General Relativity, and
also showed how such terms could arise as a low-energy consequence of string theory; in [34]
it is discussed that these terms could also arise by anomaly cancelation in particle physics,
string theory and loop quantum gravity.



Independent gravitational fields in this framework are the vielbein e and the Cartan
spin connection w. On the other hand, the curvature and torsion describe the gravitational
dynamics. We write an action for this theory using first order formalism of Poincaré gauge
theory of gravity (PGTG). Then, the theory in second order formulation, presented in
terms of the metric field g and affine connection I', is easily obtained using the metricity
condition Dg = 0, with D being a covariant derivative with respect to the affine connection.
This method allows us to find new analytic solutions to this theory representing charged
rotating black hole solutions that, in turn, generalize previous solutions reported in the
literature. For vanishing torsion, these solutions by means of a coordinate transformation
can be written as a three-dimensional Chern-Simons black hole. Also, we show that the
logarithmic solution of TMG, found in ref. [14], is solution of the Mielke-Backler model at a
special point of space parameters. We will also briefly comment a solution that generalizes
the Godel spacetime obtained in ref. [35] in terms of spacetime that includes torsion and
gravitational topological term. The Goddel like solution is supported by an abelian gauge
field, and it is necessary to include an additional Chern-Simons term which produces the
energy-momentum tensor of a pressureless perfect fluid. In ref. [35] it is show that in 241
dimensions the Maxwell field minimally coupled to gravity can be the source of such a
fluid, when it is increased with a topological mass up.

In the case of pure gravity, knowing the black hole content in the spectrum turns out
to be a crucial point to fully understand the theory’s properties. In particular, in the
asymptotically AdSs sector this is important to try to reconstruct the dual CFT5. The
appropriate classification of bulk geometries that contributes to the partition function is a
crucial step that could shed light on the quantum gravity theory. Of course, the problem
of quantizing the theory in presence of matter (e.g. of U(1) matter) is far from being a
tractable task to our knowledge. Nevertheless, the question about the theory’s black hole
content still represents a well motivated classical problem.

The structure of the paper is as follows. In section 2 we introduce the model and we
derive the field equations. Then, in section 3 we solve the field equations with an ansatz
for the vielbein and the gauge field, and in section 4 we analyze the solution for some
particular cases and limits. To conclude, our remarks are in section 5.

2 Three-dimensional gravity in Riemann-Cartan space

In the Einstein-Cartan geometry the basic gravitational fields are the vielbein 1-form e® =
e dzt and the spin connection 1-form w® = wfjbdx“,l we take our local coordinates to
be z* = t,r,¢. By simplicity in the notation, it is standard to work with a dual spin

connection

1
w® = —2e“bcwbc . (2.1)

!Latin indices label the components with respect to a local Lorentz frame and Greek indices refers to
the coordinate frame.



So, the torsion 7% and the curvature R® are given by
T = de® + el wbe”, (2.2)
1
R* = dw® + QGngbwc . (2.3)

We will consider the model proposed by Mielke-Baekler charged under Chern-Simons
electrodynamics, which is given by the following action

1 A 1
S = / < eq R — 3 apcee’e’ + as <w“dwa + 3eabcwawbwc> + aue, T + £F> , (2.4
K

where 1
Lr=— F'F- “QEAF, (2.5)

k = 887G, ag and up are the gravitational and electromagnetic Chern-Simons coupling
constants, respectively, oy is the torsion coupling, A is a cosmological constant, A is the
potential 1-form, F' = dA and €4, is the completely antisymmetric symbol with epo = +1.
Using the metricity condition we arrive to the following useful relation

w'=w"+ K, (2.6)

where @® is the Riemannian connection and K¢ is the contortion 1-form. The contortion
is defined through
T = € K% . (2.7)

Relation (2.6) allows us to express the Cartan curvature in terms of the Riemannian cur-
vature and the contortion as

L 1
R =R+ DK" + QEgCKbKC : (2.8)

Where, D is the covariant derivative with respect to @®. The spacetime metric is G =
nabeZe?, and we have adopted the convention n,, = diag(+1,—1,—1).
In order to obtain the field equations we vary the action with respect to the independent
fields e® and w® getting
1 LR
R — Ael ePe® + 20T = — , 2.9
. €phe + 4 56@ ( )

1
203 R + cugelebe + T =0, (2.10)
K

from these expressions we obtain the torsion and the curvature, which can be expressed as

T — ;egcebec = T;Xa, (2.11)
b
R — QGgCebec = —Zxa, (2.12)
where 5e
Xa=— (2.13)

des ’



is the (Maxwell) energy-momentum current and we have introduced the following constants

2 1
a= O3ht p=— 1t (2.14)
2 2 .
azoy — () 30 — (4,)
1
m— o3 n = 2 (2.15)

azag — (4)° azag — (4)*

with the condition aszay — (215)2 # 0 . The energy-momentum tensor is calculated by
1
Sp =" (e"x) = —F*Fye + 0 (F*“Fua) (2.16)

and the energy-momentum current can be written as

Ya = €apes’e’, (2.17)
with
1
5% = — (sg - 25;;5) e’ (2.18)
where S =S¢, is the trace of the energy-momentum tensor. Replacing, the expression for

the current, in the gravitational equations, we obtain

1

T¢ = QGgC(aeb + ms®)e, (2.19)
1

R* = QE‘gc(beb — nsb)e, (2.20)

and by using eq. (2.19) we find that the contortion can be written as

1
2

K’ = <aeb + msb) . (2.21)

Now, by varying the action with respect to 1-form A we obtain the modified Maxwell
equations
d'F + pugF =0, (2.22)

which includes the contribution of the electromagnetic Chern-Simons term. Later by re-
placing the expression (2.21) for the contortion in eq. (2.8), we find the following expression
to the Cartan curvature

_ _ 1
R* =R+ T;Ds“ + 86‘50 <(126beC + 2ams’e’ + mzsbsc> . (2.23)

Taken this last equation together with the second gravitational eq. (2.20), we finally obtain

2

_ _ 1
R = —Weg‘csbec ~"psa ™ €l s°s +  Aegel.ebe’ (2.24)
2 2 8 2
where we have defined
am
y=n+ (2.25)



the effective cosmological constant as

a® 1
A =b— " =— 2.2
eff 4 127 ( 6)
and
Ds® = ds® + e &’s° (2.27)

as the covariant derivative (with respect to @) of s®.

3 Solutions

Now, for the metric we consider the following stationary circularly symmetric ansatz?

V(1) o < Cr ? 1 2

ds® = dt?> — f(r) | do + dt| — dr?, 3.1

™ IO 10 ™) oy
in the local coordinates z# = t,r, ¢, with 0 < ¢ < 27 and the following ansatz for the
U(1) field

A = Aydt + Agde (3.2)

which is a spherically symmetric gauge field in the gauge A, = 0. Also, we consider A; to
be a constant and Ay = I + Hr , with I and H as constants, this yields

F =dA=Hdrdg . (3.3)
In addition, we will choose f(r) and (r) as quadratic functions of r

f(r)=Mr*+ Nr+ L, (3.4)
P(r) =Pr*+Qr+R,

where M, N, L, P,Q, R are integration constants to be determined.
The orthonormal basis is determined up to a local Lorentz transformation and we
choose this basis to be

e = \/f(r) <d¢ 4 or dt> , (3.8)

f(r)

and for the electric field
F = E(r)ee! — B(r)e'e?, (3.9)

“Note that this form for the metric agrees with the one used in [36], see eq. (39) therein and consider
—2
r=r.



by contracting the electromagnetic tensor with itself we obtain the electromagnetic invari-
ant

FyF® =2(B% — E?), (3.10)

from this result the energy-momentum tensor reads

5 (E* + B?) 0 EB
S = 0 2 (E% - B?) 0 : (3.11)
—EB 0 —3(E? + B?)

and the trace of the Maxwell energy-momentum tensor is

S = ;(E2 —- B?), (3.12)

from the modified Maxwell equations we get the following pair of equations

VUE + ;\/¢‘§E+MEB =0, (3.13)
T L A L

Taking into account the ansatz for the electric field in local coordinates is F' = Hdrdo,
we obtain the following electromagnetic field that generate the gravitational field

CHr
E(r) = ) (3.15)
v
B(r)=—-H 7/17 (3.16)
f
with C'= pp. From the energy-momentum tensor we determine the 1-form s* and we get
1
0 = - (3B* + E?) e’ — EBe?, (3.17)
1
st = —4(}32 — B%)e!, (3.18)
1
s2 = 4(32 +3E%)e? + EBe° . (3.19)

The null torsion condition yields the Riemannian connection
De® = de® + el &’ =0, (3.20)

considering the expressions for e* we have

0 = —; <1 —r?) e? — ;\/wj;leQ, (3.21)
ot = —; <1 —7“?) el (3.22)
@? = —2\% <¢’—w";> e°+;c<1—r";> 2, (3.23)



based on expressions obtained above, we get the Riemannian curvature

" / " / I\ 2
R = =0ttt - <iw’f p I 02< f> )eleZ, (3:24)

fo2nf AT f
/ l I\ 2
o (1 (o) de (7)) e
. 1 f// /f/ f/2 3 f/ 2 1 fl/
Rﬁ_<2¢f+ v ¢f 4¢F‘1120_Tf>>&é_2cﬁf¢w%?
(3.26)

Therefore, from the gravitational equations (See appendix A) we obtain the following
algebraic system of equations

m2 R
8 L

3
H* + <7 + 2mC> H?—-2M =0, (3.27)

R 9 1 5 o R
3ML +C* +4Ag = 5 <7+ 2mC’> H I (3.28)

with the following constraints between the coefficients

P = ? M +C?, (3.29)
Q:?N, (3.30)
and the function ¥ (r) takes the form
R 2.2
W(r) = Lf(r) + Cre . (3.31)

Therefore, the solution for gravitational equations is

R 4 2 4 1
o= H2L = (— (v +mug) + \/9 (v +mpp)* — 3m2 (1% +4Aeﬂ?)> , (3.32)

m? 3
R 1 1 ) R
pI:ML:—3(M2E+4Aeff)+6<’Y—|—2m,UE>H2L . (3.33)

To sum up, egs. (3.32), (3.33) along with the ansatz eqs. (3.6)—(3.9) and the connection
given by eq. (2.6) represent an exact solution of the theory, (2.4). Next, we will fix N = 2.

It is worth noticing that for vanishing torsion this solution is related by a coordinate
transformation to analogous solutions in a torsionless theory of topologically massive grav-
ity coupled to topologically massive electrodynamics. In fact, the metric given in eq. (3.1)
is related to the metric of eq. (3.17) of [37] by the following coordinate transformation
between r and the radial coordinate p used in that paper

N 1
p=—Cr— }20 (3.34)
2LC1+ 16t



Also, the integration constants in both metrics are related by

MR R rN:
B=1+_ "0, M=—_ un aes (3.35)
Le T+iee (4 ed)
M N RMN 1
; . . 3.36

Therefore, our solution generalizes the three-dimensional torsionless Chern-Simons
black holes of [37] to spacetime with torsion. Where we have also included a transla-
tional Chern-Simons term in the action. It is interesting to notice that this topological
term induces an effective cosmological constant even if the bare cosmological constant A
and the gravitational Chern-Simons coupling a are both zero (see eq. (2.26)).

4 Particular cases

In this section we discuss particular cases of our solution to view the physical content
involved by taking some limits.
4.1 Case: asay — (21[,”)2 #0

First, let’s consider the case a3 =0 (m = 0) and L = 0. In this case egs. (3.27), (3.28) can
be simplified to

—kH? = M, (4.1)
Q 2 5 Q
M 4Ag = —kH 4.2
3 N +C* + off K N ( )
and we obtain 0 1

2l 2
H N~ 2 (ME‘ + 4Aeff) ) (43)

Q Lo
MN =, (1f + 4Acq) - (4.4)

The conserved charges (See appendix C) can be expressed as

(1 + 4her) 1 _
o g I=0, (4.5)

where O, M and J denote the electric charge, the mass and the angular momentum,

Q=0, M=

respectively, and the gauge field is given by

KE 1
A= F  dt+ " 4+ Hr|de. (4.6)
Vol /-

Arriving to the following solution for the metric and gauge field
1

flr) = 9I2 M (M%F — 4) r2 4+ 2r, (4.7)
P(r) = 02 (Hpl? +4) r* — 26 Mr | (4.8)
1 L !

A:\/— (u212 — 4 [— " dt—i—(r— " >d¢] .
e VEE T [7 e b (402~ 1)
(4.9)



The gauge field in eq. (4.9) is real if

— M;QM (upl* —4) > 0. (4.10)
Therefore, we have the following cases
a. pEl> —4>0and M <0.
b. p2l? —4<0and M >0 .
In the first case,
1. f(r)y=0atr =0and r = —:%’zl;ﬁ > 0. f(r) changes sign and there is closed

timelike curves (CTC).
2. ¢(r) =0,at r =0 and at r = 55{\2441-24 < 0. It’s important to note that for 0 <
E
r < — 45122/\4 , Killing vector, 0, is spacelike. So, there isn’t horizon and the solution
nil2—4 ¥
represent Godel Particles.

In the second case,

I. f(r)=0atr=0and r = —ig”l;/fi > 0, therefore, there is CTC.
E

_ _ _ 4MI? ARMI2 _ 4kIPM .
2.¢9(r)y=0atr=20 a;md T= a1 > 0. Also, 2114 < EEare So, there is a
35?2/1 , and it is in the normal region, where 0, is spacelike and the

E

solution represent a Goédel Black Hole, [35].

horizon at r =

A Godel black hole describes a black hole in a rotating Gédel background (with horizons
in the normal region), while a Gédel particle describes a particle-like solution in a rotating
Godel background. The asymptotic behavior of these solutions is similar to the asymptotic
behavior of the Godel Universe (i.e. they are asymptotically Godel).3

As pointed out in ref. [37] the gravitational constant can be positive or negative in 2+ 1
dimensions [38], also it is well know that in topologically massive gravity the gravitational
constant should be taken as negative to avoid the appearance of ghosts, [3, 4]. We mention
that in this case we have M > 0 and choose £ < 0 in eq. (4.9), to arrive to a real solution.

It is worth noticing that is possible to make the following coordinate transformation
¢ — i¢p, t — it and r — —r [35] to find a new solution, in this case the metric and the
gauge field become?

ds? ¥(r)

_ 2 (_f(r

Cr

2
— 1 712
—f(?“)dt> o) (@1

A= + Hr | do, (4.12)

KE 1

K dt + K

1 1
N N
3Notice that by ’particle-like solution’ we mean a solution which exhibits a naked conical singularity;
it is horizonless in the normal region. This is totally analogous as when Deser-Jackiw-t"Hooft identified

conical singularities in 3D gravity as particle-like solutions in GR.
1Because N is arbitrary we also make the change N — —N = 2.

,10,



and
M}zg + 4Aeﬁ‘) 1

_ _
Q=0, M=- 2K M’

J=0. (4.13)
In this case, we have a real solution for M < 0 and x > 0 and we see that our black
hole generalizes the Einstein-Maxwell-Chern-Simons solution (with negative cosmological
constant) obtained in ref. [35]% to spacetime with torsion and the solution admits naked
closed timelike curves.’

We also find that when M%ZQ = 4 the fluid disappears, the energy-momentum tensor
vanishes and the metric reduces to the BTZ metric in Einstein-Cartan spacetime (also valid
for the general solution, egs. (3.32), (3.33)).

In the case of not charged solutions, from the gravitational egs. (A.13)—(A.17) with
H =0, we recover the BTZ black hole in Riemann-Cartan spacetime (M =0, C' = ?)

4.2 Case: agay — (21[,”)2 =0

In this case the field equations degenerate to a single equation, which is

1 1
R® + T + el elet =0, 4.14
2K03 2 (2/4043)2 be ( )
making 2k = 1 and by identifying, az = i and A = _112 and along with the condition

ag = — \/i It yields to a point analogous to the chiral point, ul = —1, of TMG. Therefore,

we consider the metric”

st = f (1)261702 b2 (dé+ C (r)dt)? (4.15)
with
B 2 T B klln (7“2/7“2) -
F0)= oy 90 = Co=="0 0 h(r) = \Jr2 + ki2In (2/r2) .

(4.16)
Where, through simplicity and without the loss of generality we have chosen M = 0,
in eq. (5) of ref. [14]. This metric, corresponds to a one-parameter deformation of GR
solutions and is continuously connected to the extremal BTZ black hole. The vielbein is

¥ = f(r)dt, (4.17)
el = g (17") dr, (4.18)
e = h(r)(dp + C (r)dt) , (4.19)

Shere the gravitational constant is positive.
®In ref. [35], oo = — 7.

"For k=0, this metric corresponds to the metric of BTZ extremal.

— 11 —



and the spin connection is given by eq. (2.6), where the Riemannian connection is

k r? + kI?
-0
= dt — d 4.20
) hr)y (4.20)
1—1 2 /.2
ot = Kl=In(r 2/T0)dr, (4.21)
r h(r)
1 2
@ = hr) ((k: (1—1In(r?/rf)) — ’;2> dt —kl (1 —1n (r*/rg)) d¢> . (422)
and the Riemannian curvature is®
_ 2k 2k 1
RY = Vel + ( — ) ete?, 4.23
h(r)® hr)? P2 429)
_ 1
R! = — 2 ele?, (4.24)
_ 2k 1 2k
R? = + ) Vel + ele? . 4.25
<h(7")2 & h(r)? 429)
Now, through following ansatz for the contortion
K° =T +x(r) (e’ —¢?) , (4.26)
K' =Te!, (4.27)
K% = x(r) (eo — 62) + Te?, (4.28)

With T constant. The gravitational equations can be written as

1
€l KY€ + 9 el ebet =0, (4.29)

o 1
R*+ DK®+ e} KYK* +
2% 2Ka3 2 (2ras)

and the solution to this equation is given by the following cases:

T =0, (4.30)
kl Cte * 12
x(r) =— > g (2 + N , (4.31)
Pk (12) 2 hiin (2
or
2
T=, (4.32)
Elln(r? Ct
x(r) = mr) + ‘ (4.33)

2kl (1) r2 kP (1)

where, C'te is an arbitrary integration constant that is consequence of the degeneracy of
the field equations. For M # 0 the solutions take the form

2 _ 4G M 2
() = — kl2 o+ Ctex (r 2G 12) ’ (4.34)
P2 ki (PIGMI) g2 g i (1 AGMT)

0 0

8These expressions are given in ref. [39].

- 12 —



wnd klin(r? — AGMI2) c
n(r* —4GM te
X (’I") = 9 M2 + 2 4G MI2 ) (435)
P2 ki (TAGMI) 2y g2 (7 AGME )

0 0
Therefore, in the last case the torsion is given by
0o_ 4129 0,1 1,2 1_ 402 2 4 01 0,1 1,2

T° = jee —x(r)e'et — x(r)ee*, T = €€ T =-,ee —x(r)e’e’ — x(r)e‘e” .
(4.36)

Note that the torsion is a function of r. Now, if we take the limit & = 0 we recover

the extremal BTZ metric with non constant torsion (if, in addition Cte = 0, we recover

BTZ metric with torsion). As a result, we obtain for the conserved charges (applying

directly expressions (3.3a) and (3.3b) of [39] and taking the reference configuration k& = 0

and M = 0) the following values for the mass and the angular momentum in this last

case eq. (4.35):

kl
Ml:_jZQG'

This result gives the same conserved charges of the torsionless logarithmic solution of TMG.

(4.37)

Note that these charges do not depend on the integration constant Cte. Therefore, the
logarithmic solution of TMG, found in ref. [14], is also a solution of the Mielke-Baekler
model.

The fact that solutions with logarithmic asymptotic behavior arise in the degenerate
point of Mielke-Baekler theory is reminiscent of what happens in topologically massive
gravity (TMG) at the chiral point, where such a logarithmic behavior has been observed
and leads to the so-called Log-gravity. As pointed out in [30], there exists a remarkable
similarity (though not equivalence) between the chiral point of TMG and the degenerate
point of Mielke-Baekler Chern-Simons gravity; the fact we observe such a behavior to
emerge at this special point of the space of parameters supports this parallelism between
both models.

We note that for this solution to emerge at the singular point requires ay = —} # 0.
This implies that the translational Chern-Simons term must be included in the action for
this solution appears in the case of adding torsion.

The logarithmic solution emerges in this theory because as we see from eq. (4.29)
torsional degrees of freedom are playing a role analogous to that of Cotton tensor of TMG
and has not constant curvature neither constant torsion. Both quantities depend on the
radial coordinate r and the sum R® + 2k1(13 T® is constant. Which, can be see directly from
eq. (4.14).

5 Final remarks

In this work, we have discussed black holes solutions to three-dimensional Einstein the-
ory with torsion coupled to topologically massive gravity and charged under topologically
massive electrodynamics. For vanishing torsion, the solution that we found by means a
coordinate transformation can be written as a three-dimensional Chern-Simons black holes.
Also, we showed that the logarithmic solution of TMG is a solution of the Mielke-Baekler
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model at a special point of the space of parameters. Our solution generalizes previous
solutions reported in the literature, so that it may contribute to a better understanding
of the solutions content of this interesting toy model of gravity. However, some of our
particular cases that we have analyzed are restricted at integrability conditions of the con-
served charges (See appendix C). So, it might be interesting to use another approach for
the calculation of the conserved charges for this type of spacetime and compare them with
the Hamiltonian method used here, e.g. see [35, 39, 40]. Currently, we are working on
the latter, also we are determining some properties of this spacetime, which we expect to

report in the near future.
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A Gravitational equations

In this appendix we write a number of auxiliary expressions used in the text. We start
with covariant derivatives of the vector s® related to the energy-momentum current

Ds® = ds® + e @bs (A1)
Its components are

N <0 H? / 2,.2 H? / 2 0,1
Ds :_<4f2f (3¢+CT)\/1/1+4f (3¢ +2C r)\/w>ee

H? (3w+CQT2) <¢/f—7/)f/> el + CH2 <¢ n 27“ W — T fl> ole?

8V f? fo2f 2f?
27172 ! 2 !

_C Hf?“\/w <1 _H}) el _ 8]1:[\/1/} <¢1_¢];> (CQTQ_w) elel

B 503;127“2 (1 —r‘?) ele? _ ;CQH;T\/T/) <1 —7“';/) el (A.2)
Ds' = — ij (;C (1 - 7"?) (v + C*r?) = Cr (g —d{:)) le?, (A.3)
_ H? f! 1
Ds* =", <_2f2 (v +3C%r%) + ; (v +602r)> Vipele?

_ C:;P (1/1 +36’2r2) <1 — V“ff/> Vel + CH? (1; + T}/}I - ;ﬂ;é}f,) Vet

_ inZ (v + 027°2) <1 — 7"‘?) Vel — ;CQlquT Vi (1 - 7“‘?) ele?

RPN
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Next, we need the following vector constructed from s¢

X = €l 55, (A.5)
Its components read
; (E* - B?) (3E® + B*) e'e* + EB (E* — B?) %', (A.6)
1
(8 (3E* + B?) (E* + 3B%) — 2E232> e'e?, (A.7)
1 1
X? = — (E* — B?) (E® +3B%) %' + BB (E* — B?)e'e?, (A.8)
and the vector
V¢ = €l sbe (A.9)
which components are
1
Y0 = 5 (E* + BQ) ete? — EBe%!, (A.10)
Yl = —; (B? — EB%) %, (A.11)
Y? = ; (E*+ B?) %' — EBe'e? . (A.12)

Using the useful expressions from above, the gravitational equations can be written as the
following algebraic system of equations

r‘];/ = 701;[27" - mf;f' (31,Z)+C’2r2)+mf; (31,!)/+202r)+m;H2 <¢/ff_27/’f/>
_;’m(ﬁf? (1— ?)— ;C;I;T (€22 —y) | (A.13)
A ey L
“rem (G- ) 1O ()
I 808 (O )~ At (A14)
() (o)) e
O ()5 ()
+”;2 (;?j (3¢ + C%r?) (¢ + 3C%?) — 202];24’"%) + At (A.15)
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L, 3 3 73 N1 H? 22
—2¢f—|—2¢—41/1f+41/1f2—402<1—7°f> ——4’yf(¢+0r)

+mC;l1}12 (1 —rf/> (¢+202T2) — ?CfQ <¢+M,Z/ — 27’1/)'?)
2H4
+76n4 f2 (—¢+CQT2) (3¢+CQT2) — Aegr (A.16)
f// - CHQT’ H2 f/
B S <_2f2
1 CQHQT‘ ) fl H2 fl
" < _Tf> "M g

By adding eq. (A.13) and eq. (A.17), we obtain

(¢ + 3027"2) + }, (W + 6027")>

m2 CH*r

(—T,Z) + 0272) + 8 f2

(¢ +C*?%). (A.17)

— [+ C*r2f —2C%rf + f' =0, (A.18)

from this equation we find the following constraints between the coefficients

P= ];M+CQ, (A.19)
Q= i%N . (A.20)
Therefore, the function ¢ (r) forms as
R 2,2
P(r) = Lf(r) + Cre . (A.21)

Now, as we go back to the system of equations and find that only two equations are
independent allowing us to get the constants M and H. Adding eq. (A.14) and eq. (A.15),
yields

m? R

3
4 2 _— _
o H't <w+ 2mC> H?—2M =0. (A.22)

By multiplying equation eq. (A.14) by 3 and adding the result to eq. (A.16), we obtain

J //_’YH2 2 9 5 20 1 CH*r r_ 1 CHzrfll/J
T/ff"‘Qw _2f(¢+0r)+4mCHf—i—4m I Y m 2
1 C3HZ2 1 C3H2S3f  m2H
_ 4m f ' + 4m f2r / +n; 12 C?%r? (T/J_C2T2) — Al (A.23)

and from this equation we arrive to another independent relation

R, 1 5 R
= . A24
BM | +C% + dAeq 2<7+2mC>HL (A.24)

It is worth noting that when L = 0, R must vanishes, and our solution is given by replacing

R/L by Q/N.
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B Asymptotic behavior

The asymptotic behavior of the vielbein and the Cartan connection are determined by the

following expansion

P 1/Q N1
: ! - i B.1
e \/M<+2<P M>T+O(r)>, (B.1)
S (B.2)
2 IN 1/(L 1N*\1 )
€o \/M<r—|—2M+2 M a2 r+0(r) 7 (B.3)
C IN1 )
6tM\/J\4<1_2J\M+O(”>' (B.4)
_ 1 P 1/Q N\1
$ - ! a ’ B.
Wy QC\/M< +2<P M>T+(’)(7°)>, (B.5)
» 1Q 1/ L R 1N? 1Q*\1
: o — _ 2
Wy \/PM<T’—|—2P—|-2< M+P+8M2 4 P2 744_(9(7:) , (B.6)
% = O, (B.7)
5 107 1N 1 )

- - B.
T aym o, TO0)) (B.8)
5 1 B 1N 3/1L _1N2 1 ,

Wy 20\/M r—+ 9o 0 + o\ ar a2 ), +0(?%) ) . (B.9)
1 3 R P 1/Q N\1
0 _ 2 B )
K, 9 (a 4mH L> \/M <1+2 (P M> T+(9(r )> , (B.10)
K9 ~ H2\/ B L -
00, (B.11)
2 1 ¢ 3 R C N1 )
Koo\ =™ ar) Eoag, 7007 ) (B.12)
2 1 IN 1 /L 1N?*\1 L )
Kg~ aVM (r+ 0 4o ) 4M27_+8m¢M(P+%UT
1 H? 1N 9 1NQ 1L 3 N2 S0\ 1
Sy <Q—2M(P+3C )+<R—2 Iy +<—2M+8M2> (P+3C )> T)
+0(r?) . (B.13)
AN (B.14)

C Conserved charges

In this appendix we calculate the mass, angular momentum and electric charge of our
solution. The asymptotic behavior of the vielbein and the Cartan connection is given in

appendix B. The canonical generator has the following form in the asymptotic region

G=-G, —Gs, (C.1)
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with

G =€ [e8 M0 + oKy + (p€f) 7 + (B,wf) TIE + (9,40 7] (C.2)
G =— A\ (aawa - 2uEemﬁaaAﬁ) , (C.3)
% = — kF" — pupet®P Ay . (C.4)

The expressions for H, and K, can be found in appendix C of [27] (see also [41]). The
variation of the generator produces

« a 1 a 1
6Gy = &P <_26t 89, [epé <2ﬁwaﬁ + a4ea5> + wpd (2,«;%6 + 043Wa5>:| + 57';)
+ regular terms, (C.5)
5 = —A (aa(sw“ - 2uEet“58a5Aﬁ) : (C.6)

where, 57'; = éemﬁ eééxiaﬁ comes from the Maxwell energy-momentum current which is

given by? ! = ;Xzydx“dx”. Using the asymptotic behavior of the vielbein and the con-
nection (appendix B) we obtain the conserved charges. For simplicity, we take ag = 0.
The integrability conditions of our solution is satisfied only for the case that L depends of
M (L= f(M)), e.g. for L = | we obtain

Q= (C.7)
1 (1 +1 1 Ly +1 o AV M
= — a — m g «
M 2I_@P o HUE Ar HUE 4H1E 2/7 p g
2
oz (p pp 1 mopg\ [ 3
M <2+ g Tt g ) < ppta 4m0> ’ (C-8)
1 1 ¥ 1 1
J = — ) <G+ME+4mo'>—|-(113 <G+ME+4mU> +a4+a3p—2\/;At\/M M (C.9)
and
pll/fa mo 9 UE o
AV M =2 4 — —
at \/0 L <2+8p(p+ V) 2>+a4 MEP]
P 1 o\? a mao UE 2
2 — (-1 4u%) — C.10
063\/0 (p+uE) ( +2muEp> +<2+ 8 5 (p+4up) =", ) ],( )
Ay
Ay =1+ Hr = + Hr, (C.11)

KE

where O, M and J denote the electric charge, the mass and the angular momentum,
respectively.
In the limit a3 — 0 (m — 0) the equations (3.27) and (3.28) can be written as

—kH?* = M, (C.12)
R R
3M ™ +C?+4Ag = —kH? | (C.13)
L L
See appendix C [27].
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and we obtain

B = (it ak) | (C.14)
M]; = —; (1% + 4Aeq) (C.15)
Also, the conserved charges are given by
Q=0, (C.16)
m= J;:Aeﬁ) A‘; (C.17)
7 - _M: 1\14 , (C.18)

and

KE 1
A= 5 dt+ £ 4 Hr|de. (C.19)
TR WAY

So, we get the following solution for the metric and gauge field

1 kT

272 2
= “—4 2r — C.20
F0) = gy g (R =) 420 =" (C.20)
P(r) = 02 (LBl +4) r® — 26 Mr + up (C.21)
1 L !
A:\/ pal? —4 " dt + | r + " do| .
) FO TS GO
(C.22)
For L = 0 and a3 = 0, we obtain
2
(1 + 4Aerr) 1
Q=0, M R (C.23)
KE 1
A= Fooodt+ ® + Hr | do . (C.24)
yorar -
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