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1 Introduction

Quantum electrodynamics is among the most successful theories ever designed. At very low energy, up
to a few MeV, its predictions have been tested and confirmed to a fantastic level of precision. At higher
energies, with the advent of the Standard Model (SM) arises the possibility for the electromagnetic
current to induce flavor transitions. This peculiar phenomenon requires a delicate interplay at the
quantum level between the three families of matter particles. So delicate in fact that in the presence
of physics beyond the Standard Model, significant deviations are expected. As for the past 150
years, electromagnetism could thus once more guide our quest for unification, and enlighten our
understanding of Nature.

For this reason, the b — sy and p — ey transitions have received considerable attention. The
former is known to NNLO precision in the SM [1], and has been measured accurately at the B
factories [2]. It is now one of the most constraining observables for New Physics (NP) models. The
latter, obviously free of hadronic uncertainties, is so small in the SM that its experimental observation
would immediately signal the presence of NP [3]. Further, most models do not suppress this transition
as effectively as the SM, with rates within reach of the current MEG experiment at PSI [4].

The s — d process is complementary to b — sy and p — e, as the relative strengths of these
transitions is a powerful tool to investigate the NP dynamics. However, two issues have severely
hampered its abilities up to now. First, the s — dv decay takes place deep within the QCD non-
perturbative regime, and thus requires control over the low-energy hadronic physics. Second, these
hadronic effects strongly enhance the SM contribution, to the point that identifying a possible de-
viation from NP is very challenging both theoretically and experimentally. To circumvent those
difficulties is one of the goals of the present paper.

Indeed, the experimental situation calls for improved theoretical treatments. The recent experi-
mental results [5] for the K+ — 77 7%y decay, driven by the s — dv process, should be exploited. More
importantly, several K decay experiments will start in the next few years, NA62 at CERN, KOTO
at J-Parc, and KLOE-II at the LNF. In view of their expected high luminosities, new strategies may
open up to constrain, or even signal, the NP in the s — d~ transition. This requires identifying the
most promising observables, both in terms of theoretical control over the SM contributions and in
terms of sensitivity to NP effects. These are the two other goals of the paper.

In the next section, the anatomy of the s — dv process in the SM is detailed, together with the
tools required to deal with the long-distance QCD effects. From these general considerations, the best
windows to probe the s — dv decays are identified. These observables are then analyzed in details in
the following section, where predictions for their SM contributions are obtained. Particular attention
is paid to their sensitivity to short-distance effects, and thereby to possible NP contributions. This
is put to use in the last (mostly self-contained) section, where the signatures of several NP scenarios
are characterized in terms of correlations among the rare and radiative K decays, as well as Re(¢’ /e).

2 The flavor-changing electromagnetic currents

In the SM, the flavor changing electromagnetic current arises at the loop level, as depicted in figure 1.
When QCD is turned off, and m, 4 < my, ¢, the single photon penguin can be embedded into local



Figure 1. The flavor-changing electromagnetic currents in the Standard Model.

effective interactions of dimension greater than four:
+ Ht + H+t
Hly = CyQy +CLQ5 + he., (2.1)

with the magnetic and electric operators defined as

Qae — Qae .
QF = 1672 (50" dp £ 5po™dr) Fu , Qe = 1672 (50.77dr + 5rY"dR) 0" Fp (2.2)
and 20" = i[y*, "], Q4 = —1/3 the down-quark electric charge. For a real photon emission,

0" F,,, = 0 so only the magnetic operators contribute. The corresponding Wilson coefficients are [6]

Qu(CI — CF) = V2Gp Dy (z:) ms , Qa(Cy +C) = V2GpA\iDj () ma (2.3)

and

Qa(Ch + CL) = =2v2GpXiDo (z:) , Qa(Ch —CL)~ 0, (2.4)

where i = u, c,t, A\; = V. V;q the CKM matrix elements, and D((]I) (z; = m? /MZ,) the loop functions (see
e.g. ref. [6] for their expressions). Summing over the three up-quark flavors, it is their dependences on
the quark masses which ensure the necessary GIM breaking, since otherwise CKM unitarity A, + A\ +
At = 0 would force them to vanish. In this respect, D{(z) is suppressed for light quarks, while Dg(x)
breaks GIM logarithmically both for + — oo and  — 0. However, QCD corrections significantly
soften the quadratic GIM breaking of D{(z) in the x — 0 limit [7-9], and exacerbate the logarithmic
one of Dy(z) [10], making light-quark contributions significant for both operators.

In the presence of NP, new mechanisms could produce the s — dv transition. Since the NP
energy scale is presumably above the electroweak scale, these effects would simply enter into the
Wilson coefficients of the same effective local operators (2.1). This is the shift we want to extract
phenomenologically. In this respect, the magnetic operators are a priori most sensitive to NP for two
reasons. First, the electric transition is essentially left-handed and the magnetic operators are very
suppressed in the SM because right-handed external quarks (s,d)r are accompanied by the chiral
suppression factor mg 4. These strong suppressions may be lifted in the presence of NP, where larger
chirality flip mechanisms can be available. Second, the magnetic operators are formally of dimension
five, and thus a priori less suppressed by the NP energy scale than the dimension six electric operators.
Sizeable NP effects could thus show up, as will be quantitatively analyzed in section 4.

With the help of the standard QED interactions, the Hzﬂ operators also contribute to processes
with more than one photon, where they compete with the effective operators directly involving several
photon fields. For example, for two real photons, the dominant operators are

Qi

) = (rdr =+ Srdr) Fu P, QF (5pdR + 5rdp) Flu F* (2.5)

vl =



with Fr = eMP?Fy, /2. In the SM, the additional quark propagator in the two-photon penguin
induces an z~! GIM breaking by the loop function (see figure 1b). Hence, the ¢ and t-quark contribu-
tions are completely negligible compared to the u-quark loop. Further, NP effects in these operators
should be very suppressed since they are at least of dimension seven. So, whenever it contributes,
the two photon penguin represents an irreducible long-distance SM background for the SD processes.
The same is true for transitions with more than two photons, with the NP (up-quark loop) even more
suppressed (enhanced), so those will not be considered here.

2.1 Long-distance effects

Once QCD is turned back on and with m,, < mgq < me;, the ¢ and ¢ contributions remain local, but
not the up quark loop. At the K mass scale, the former are, together with possible NP, the short-
distance (SD) contributions, and the latter are the SM-dominated long-distance (LD) contributions.
Note that the SD contributions are also affected by long-distance effects, since phenomenologically,
the matrix elements of the SD operators between low-energy meson states is needed.

To deal with these LD effects, the first step is to sum up the QCD-corrected interactions among
the light quarks into an effective Hamiltonian [6]

10
Her(p 1 GeV) = Cy (1) Qi (1) + Hg () + -, (2.6)
=1

with the four-quark current-current (Q12), QCD penguin (Q3, . 6), and electroweak penguin (Q7,... 10)
operators, and H g (1) as in eq. (2.1). Short-distance physics, including both the SM and NP effects,
is encoded into the Wilson coefficients C; (1), see figure 2. The low-virtuality up, down, and strange
quarks, i.e. the dynamics going on below the QCD perturbativity frontier u =~ 1GeV, are dealt
through the hadronic matrix elements of the effective operators.

At the hadronic scale, the strong dynamics is represented with chiral perturbation theory (ChPT),
the effective theory for QCD with the octet of pseudoscalar mesons as degrees of freedom [11]. At
O(p?), the strong interaction Lagrangian is

F2
Estrong = 4 <DMUD;LUT + X(]Jr + UXT> ) (27)

where F' = F; =~ 92.4MeV, U is a 3 x 3 matrix function of the meson fields, x = 2By diag(m.,, mg, ms)
reproduces the explicit chiral symmetry breaking induced by the quark masses, and (...) means the
flavor trace (we follow the notation of ref. [12]). The covariant derivative includes external real or
virtual photons, D,U = 0,U — ieA,[U,Q], Q = diag(2/3,-1/3,-1/3), as well as static Z or W
currents coupled to leptonic states which do not concern us here.

To the strong Lagrangian (2.7), the electroweak operators of Heg are added as effective interac-
tions among the pseudoscalar mesons. So, the non-local, low-energy tails of the photon penguins of
figure 1 are reconstructed using the effective hadronic representations of @1,... 10 to induce the weak
transition, and the photon(s) emitted from light charged mesons occurring either as external particles
(bremsstrahlung radiation) or inside loops (direct emission radiation), see figure 2. Note that the
mesonic processes not only represent the u quark loop in figure 1, but also d and s quark loops since



.....

Ky d -

S <

q q )
Electroweak scale ~1GeV Hadronic scale

Figure 2. Description of the radiative K decays, starting with the electroweak scale interactions down to
chiral perturbation theory, with illustrative examples of mesonic processes (the photons can be real or virtual).
The green vertices arise from the currents in eqs. (2.8), (2.9), the blue disks and square from the O(p?) weak
Lagrangians eq. (2.14) and O(p*) weak counterterms eq. (2.16), respectively, and finally, the strong (black) and
QED (red) vertices from eq. (2.7).

the Fermi interaction is effectively replaced by the whole set of Q1. 10 operators at long-distance.

So, let us construct the hadronic representations of Heg, starting with the electromagnetic operators.

2.1.1 Electromagnetic operators

The chiral realization of the Qiﬂ operators requires that of the vector and axial-vector quark bilinears.
At O(p?), these currents are related by the SU(3) symmetry to the conserved electromagnetic current,
and are thus entirely fixed from the Lagrangian (2.7):

F? _ F?
aintal =i, DU agptap =i, (DPUUNDT (2.8)

The SU(3) breaking corrections start at O(p?) and are mild thanks to the Ademollo-Gatto theo-
rem [13]. They can be precisely estimated from the charged current matrix elements, i.e. from K3
decays. See ref. [14] for a detailed analysis.

The chiral realization of the tensor currents in Q,jyt is more involved and starts at O(p?) since two
derivatives or a field strength tensor are needed to get the correct Lorentz structure. Further, it cannot
be entirely fixed but involves specific low-energy constants. By imposing charge conjugation and parity
invariance (valid for QCD), the antisymmetry under p < v, and the identity isO‘ﬁWUW = 200 s,



only two free real parameters ar and a/, remain (parts of these currents were given in refs. [15, 16])

F? JI
@'owPra’ = =i’ ar (DU DU = DU DUV — iy DPUTDTUUT)
P2 . .
+, ap((Fl, —iFL U+ UNER —iFR )T (2.92)
I J I t o ot
0o Pra’ = =i, ar (PWUDUM ~ DUD,U + igys D'UDUTU )
F? - .
+, ap(U(FL, +iF,) + (F, +iE)u)’t (2.9b)

Numerically, we will use the lattice estimate [17]
Br(2 GeV) = 2mgar = 1.21(12) . (2.10)

To O(p?), all the matrix elements (P|go,,q|P), P = m, K,n, are simply related since the SU(3)
breaking corrections proportional to ms —mg(,) arise only at O(p®). In this respect, the value (2.10)
derives from a study of the (r|50,,d|K) matrix element, not from an extrapolation from AS = 0
matrix elements, and is thus well suited to our purpose.

A similar estimate of B, = 2mga/, is not available yet. Instead, we can start from (y|uo,,ysd|7m™)
and invoke the SU(3) symmetry. Ref. [18], through a study of the VT correlator, get a’. = By/MZ and
thus B, = 2.7(5), assuming the standard ChPT sign conventions for the matrix elements. Another
route is to use the magnetic susceptibility of the vacuum, (0|go,,q|0). From the lattice estimate
in ref. [19], we extract using a’, = —x7Bo/2 the value B/.(2GeV) = 2.67(17). Both techniques give
similar results though their respective scales do not match. In addition, sizeable SU(3) breaking
effects cannot be ruled out since there is no Ademollo-Gatto protection for the tensor currents. So,
to be conservative, we shall use

B (2 GeV) = 2mgal = 3(1) . (2.11)

At O(p*), the magnetic operators contribute to decay modes with at most two photons. With
the chiral suppression expected for higher order terms, decays with three or more (real or virtual)
photons should have a negligible sensitivity to Q,jyt, hence are not included in our study.

In the SM, since the local operators sum up the short-distance part of the real photon penguins,
the factor ms 4 ~ O(p?) in eq. (2.3) are not included in the bosonization. Instead, they are kept as
perturbative parameters in the Wilson coefficients Cff, to be evaluated at the same scale as the form
factors By and B/.. Numerically, to account for the large QCD corrections, the Wilson coefficient of
the magnetic operator in b — s+ can be used for Im Cvi, since the CKM elements for the u, ¢, and ¢
contributions scale similarly. With C7,(2 GeV) ~ —0.36 from ref. [6], we shall use!

Im C(2 GeV)su Crv(2GeV) my(2 GeV)
= FV2
Grmpg Qa mg

'For convenience, the same normalization by Grmx will be adopted throughout the paper. Also, if not explicitly
written, the C’ﬂjf are always understood at the p = 2 GeV scale.



to be compared to F0.17Im \; with only the top quark. The 25% error stems either from the PDG
evaluation mg(2GeV) = 101f§? MeV [20], for which the LO approximation is adequate, or from
a conservative estimate of the NLO effects if the lattice average mgs(2GeV) = 94 + 3MeV [21] is
used. For Re C’vi, contrary to the situation in b — sv, the top quark is strongly suppressed as
Re A: = —Re Ay > Re \;. With the light quarks further enhanced by QCD corrections, an estimate

is delicate. Naively rescaling the above result gives

Re Cf{t(2 GeV)SM N Re A\, " Im C,:Yt(Q GeV)SM

s ~ F0.06 . 2.13
GFmK Im)\c GFmK - ( )

Evidently, one should not take this as more than a rough estimate of the order of magnitude of
the ¢ quark and high-virtuality v quark contributions. In any case, we will be mostly concern by
CP-violating observables in the following, so we will not use eq. (2.13).

2.1.2 Four-quark weak operators

By matching their chiral structures, the four-quark weak current-current and penguin operators are
represented at O(p?) as [22, 23]

Ly = F'Gg(N\6L, L"), (2.14a)
4
Lor = 1 GH (L)L) + (aL,) (M) — 100 L) (A1) + 183 L) (QL))
4
20 G ML OGLH) + DaLd s L) + 206 L) (s 1H) | (2.14b)
Lew = FO2Goy (AUTQU) | (2.14c)

where L* = UTDFU, \; are the Gell-Mann matrices, and Goy = G%Q = G;éz in the SU(3) limit. If
QCD was perturbative down to the hadronic scale, the low-energy constants could be computed from
the Wilson coefficients at that scale as

{C1 — C3,C3-4,C9,C10} — Gs , {C1+Co,Cy,Cro} — Gar , {C7,Cs} — Geyy - (2.15)

The ChPT scale is too low for this to be possible however. Instead, the low-energy constants are
fixed from experiment, especially from K — 7w7m. The consequence is that neither the AT = 1/2 rule,
embodied in their real parts as Re Go7/ Re Gg = w = 1/22.4, nor the direct CP-violation parameters
like & generated from their imaginary parts, can be precisely computed from first principles.

At tree level, if Lg, Lo7, or L, contribute to a radiative decay, it is only through bremsstrahlung
amplitudes [24-26]. The dynamics is therefore trivial at O(p?) because Low’s theorem [27] shows that
such emissions are entirely fixed in terms of the non-radiative K — 2m, 3w amplitudes. Thus, the non-
trivial dynamics corresponding to the low-energy tails of the photon penguins arise at O(p*), where
they are represented in terms of non-local meson loops, as well as additional (’)(p4) local effective
interactions, in particular the AI = 1/2 enhanced Ny, ..., Nig octet counterterms [28, 29]:

LS =—i6(N1a{ f, LuLy} + Nis Ly f17 Ly + Nig{ iﬂ/aL/JLI/}+N17LﬂfﬁyLu+iN18(f<2kul/_fz,ul/)»’
(2.16)



with f = FIY + UTFgVU, and F}" = Fg” = —eQFH" for external photons. There are also
counterterms relevant for the renormalization of the non-radiative K — nm amplitudes occurring in
the bremsstrahlung contributions, for the strong structure of the 77~ ~* or KK ~~* vertices, and
for the odd-parity sector (proportional to e tensors) which will not concern us here. Note that the
need to compute the Q)1 . 10 contributions at O(p*) also follows from the chiral representation (2.9)
of the magnetic operators starting at that order.

The structure of the effective interactions (2.16) is dictated by the chiral counting rules and the
chiral symmetry properties of the underlying weak operators, but the (renormalized) N; constants
cannot be computed from first principles and have to be fixed experimentally, exactly like the O(p?)
constants Gg 27,¢ Of eq. (2.14).

2.1.3 The hadronic tails of the photon penguins

The set of interactions included within ChPT is complete, in the sense that all the possible effective
interactions with the required symmetries are present at a given order. So, it may appear that at
O(p*), once the weak interactions (2.14) are added to the strong dynamics (2.7), and including the
counterterms (2.16), there is no more need to separately include the SD electromagnetic operators
through eq. (2.8) and (2.9). All their effects would be accounted for in the values of the low-energy
constants. Indeed, these constants should sum up the physics taking place above the mesonic scale,
i.e. the hadronic degrees of freedom just above the octet of pseudoscalar mesons [29, 30] as well as
the quark and gluon degrees of freedom above the GeV scale [31, 32].

This actually holds for Qii, but not for Q,jyE Indeed, only the former have the same chiral
structures as the IN; counterterms. Whenever Qi contribute, so do the N;, but Qﬂf can contribute
to many modes where the N; are absent (see table 1 in the next section) and must therefore appear
explicitly in the effective theory. Including the AT = 3/2 suppressed E%T [28, 33] or the e2-suppressed
Egg [34] counterterms would not change this picture, so for simplicity we consider only EgT.

This mismatch between EgT and Q,jyE has an important dynamical implication since the weak
counterterms reflect the chiral structures of the meson loops built on the Q1,19 operators (2.14) at
O(p*). While these meson loops can genuinely represent the low-energy tail of the virtual photon
penguin, i.e. the log(z, ) singularity of the Dy(z) function, they never match the chiral representation
of Qi[. The meson dynamics lacks the required mg 4 chirality flip at O(p?), relying instead on the long-
distance dynamics, i.e. momenta. One can understand this phenomenon as the low-energy equivalent
of the known importance of the Q5 = (5¢)y—4 ® (¢b)y_a contribution to b — sy [7-9]. Clearly,
s — dv has to be even more affected than b — sy by QCD corrections since the photon is never
hard (q?, < m3%), and an inclusive analysis is not possible. So for s — dv, the Q% = (5u)y_4 ®
(ad)y_a contribution, represented through @i, 10, corresponds to a whole class of purely long-
distance processes, often including IR divergent bremsstrahlung radiations. They are not suppressed
at all, contrary to the naive expectation from D{(z) — x as  — 0, but instead dominate most of the

radiative processes.?

2By comparison, though the Tnami-Lim function Co(z) for the Z penguin scale like Df(z) in the z — 0 limit, this
behavior survives to QCD corrections, and the light-quark contributions are very suppressed, see ref. [35].



With this in mind, we can understand at least qualitatively another striking feature of all the
radiative modes where Qi is absent. The meson loops are always finite at O(p*), except for K; —
atr =m0 (y) [26]. This means that not only the SD part of the magnetic operators decouples, but
also to some extent the intermediate QCD degrees of freedom (i.e., the resonances®). By contrast,
the N; combinations occurring for the modes induced by Q,jyi are always scale dependent, somewhat
reminiscent of the factorization of the low-energy part of the virtual photon penguin. So, the behavior
of the flavor-changing electromagnetic current is not very different from that of the flavor-conserving
one. In that case, being protected by the QED gauge symmetry, the form-factor for (y(q)|x"7~)
or (y(q)|KTK™) is not renormalized at all at ¢*> = 0, while vector resonances saturate the off-shell
behavior [29, 30].

From these observations, we can reasonably expect that whenever a finite combination of /N;
occurs for a process with only real photons, it should be significantly suppressed. Indeed, not only
the divergences cancel among the N;, but also the large Qi contribution embedded into them (this
was already noted using large N, arguments in ref. [39]), as well as the resonance effects describing
the purely strong structure of the photon. As our analysis of K+ — 777% in section 3 will show,

this suppression is supported by the recent experimental data, see eq. (3.10).

2.2 Phenomenological windows

The K decay channels where the electromagnetic operators contribute are listed in table 1, together
with their CP signatures. For the electric operators, at least one of the photons needs to be virtual,
i.e. coupled to a Dalitz pair £7¢~. In this respect, remark that all the electromagnetic operators
produce the T/~ pair in the same 17~ state, so the electric and magnetic operators can only be
disentangled using real photon decays.

For most of the decays in table 1, the LD contributions are dominant, obscuring the SD parts
where NP could be evidenced. The situation is thus very different than in b — sv, where the u
quark contribution is suppressed by V,;, < 1. However, in K physics, the long-distance contributions
are essentially CP-conserving. Indeed, CP-violation from the four-quark operators is known to be
small from Re(e’/e)®*P. In the SM, this follows from the CKM scalings Re A\, > Re \; ~ Im \; and
Im A\, = 0. So, for CP-violating observables, one recovers a situation reminiscent of b — s, with the
dominant SM contributions arising from the charm and top quarks, both of similar size a priori. Only
for such observables can we hope that the interesting short-distance physics in fo and Qf/i emerges
from the long-distance SM background.

All the decays in table 1 have a CP-conserving contribution, and thus in most cases the best
available CP-violating observables are CP-asymmetries. Since they arise from CP-odd interferences
between the various decay mechanisms, the dominant CP-conserving processes must be under suffi-
ciently good theoretical control. In addition, these CP-asymmetries being usually small, the decay
rates should be sufficiently large, and not completely dominated by bremsstrahlung radiations. Indeed,
even though these radiations are under excellent theoretical control thanks to Low’s theorem [27],
they would render the short-distance physics too difficult to access experimentally.

3Though the counterterms are also scale-independent in the odd-parity sector, driven by the QED anomaly, the
resonances are known to be important there [36-38]. We will be mostly concerned by the even-parity sector here.



1 I M E L

Ky — vy aly Re C;" Im 7 -

Ky — 10y aly ImC;  ReCf Ky — 1%  ar - — Im C;r(*)
KT — atyy 3ar +ayp  CF CF KT — 7ty ar - - C;r(*)
Ky — m0m0%yy al ReCr ImC; K;— 707%  ar - — Re C;(*)
Ky —»ntm~yy  ar,ay Re Cj/‘ ImC, Ky — 7t~y ar Re Cj/‘ ImC,  Re C;(*)
KT —atr%yy  ar,dy CF c;, K'— ata%  ar ct (O C;(*)
Ky — 310~ aly ImC; ReCS Ky—3n'y ar - - Im C;r(*)

Table 1. Dominant processes where the electromagnetic operators contribute, omitting the K — (mr)’y*'y(*),
n > 0 decays. The K; ~ Kg processes are obtained from Ky ~ K by inverting real and imaginary parts.
The symbol L (||) means the photon pair in an odd (even) parity state, i.e. a F,, F* (F,, F*) coupling, and
similarly, M (E) means odd (even) parity magnetic (electric) emissions. For 77 modes, the lowest multipole

is understood (i.e., 77 in a S wave for vy modes, and a P wave for v modes). The last column denotes

longitudinal off-shell photon emissions, proportional to ¢2g®? — ¢®¢” with ¢ the photon momentum, for which

the Q,jf* operators also enters. The K — 3my(v) decays with charged pions are not included since dominated
by bremsstrahlung radiations off K — 3x [26]. Finally, ar and a/. are the low-energy constants entering the
tensor current (2.9).

Imposing these conditions on the modes in table 1, the best windows for the electromagnetic
operators are:

e Real photons: Since the branching ratios decrease as the number of pions increases, the best
candidates to constrain fo are the Ky g — 7y decays for two real photons and the K — 7wy
decays for a single real photon. All the other modes with real photons are either significantly
more suppressed (see e.g. ref. [16, 24] for a study of K’ — 7y7), or dominated by bremsstrahlung
contributions. By contrast, these radiations are suppressed for Kj — 777~ since K, — w7~

is CP-violating, and for K+ — 77 7%y thanks to the AI = 1/2 rule. The relevant CP-violating

asymmetries are those either between K — K decay amplitudes, between K™ — K~ differential
decay rates, or in some phase-space variables. This latter possibility usually requires some
additional information on the photon polarization, accessible e.g. through Dalitz pairs. But
besides the significant suppression of the total rates, this brings in the electric operators, making
the analysis much more involved, so these observables will not be considered here (see e.g.

ref. [40-43]).

e Virtual photons: The best candidates to probe the electric operators are the Kj — 70¢T¢~
(¢ = e, ) decays, for which K — 7%*[— ¢7¢~] is CP-violating hence free of the up-quark
contribution (see e.g. ref. [44]). As detailed in section 3.3 (see figure 6), there are nevertheless
an indirect CP-violating piece from the small ¢Ks component of the Kj as well as a CP-
conserving contribution from the four-quark operators with two intermediate photons, but these
are suppressed and under control [45, 46]. The direct CP-asymmetry in K+ — 75¢+¢~ is not
competitive because of its small ~ 10~ branching ratio, and of the hadronic uncertainties in
the long-distance contributions [10, 47].
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With K, — 79014~ sensitive to Q;;, information on (). would also be needed to disentangle the
left and right-handed currents. But since (7|Q;*|K0(q)> ~ ¢"q"F,, = 0, and with K — 7"y
sensitive again to Q;@, the simplest observables are the K — mry* and K — mrny*y*) modes,
which are suppressed and dominated by LD contributions. For the time being, we will thus
concentrate only on QZ{L*

In summary, the best windows to probe for the electromagnetic operators are the CP-asymmetries
in the K, s — vy, Kp,g — 7"m 7, and KT — 7tn0y decays, and the K — 794t ¢~ decay rates.
For completeness, it should be mentioned that the magnetic operators also contributes to radiative
hyperon decays [48, 49] or to the By — B}y transition [50], which will not be analyzed here.

3 Standard Model predictions

In order to get clear signals of NP, the SM contributions have to be under good theoretical control. We
rely on the available OPE analyses for the Wilson coefficients in the SM [6], and concentrate on the re-
maining long-distance parts of these contributions. For CP-violating observables, they originate either
indirectly from the hadronic penguins Q)3 — (19 or directly from the magnetic operators Qﬂf Since
the former indirect contributions are suppressed, while the C'$ are very small in the SM, both often
end up being comparable. These LD contributions have to be estimated in ChPT. This is rather imme-
diate for Qiﬂ given the hadronic representations (2.9), but significantly more involved for the hadronic
penguins, requiring a detailed analysis of the meson dynamics relevant for each process. In addition,
some free low-energy constants necessarily enter, which have to be fixed from other observables.
Thus, the goal of this section is threefold. First, the observables relevant for the study of Qiﬁ are
presented. This includes the K — 7wy rate and CP-asymmetries, the K7, g — 7y direct CP-violation
parameters, the rare semileptonic decays K — 7¢7 ¢~ and finally, the hadronic parameter ’. Second,
the hadronic penguin contributions to the radiative decay observables are brought under control by
relating them to well-measured parameters like ¢/. In doing this, special care is paid on the possible

impacts of NP in Q3 — @10, which have to be separately parametrized. This is crucial to confidently
+
’y )
of the section: To establish the master formulas for all the observables relevant in the study of Qit,

extract the contributions from =, where NP could also be present. This constitutes the third goal

which will form the basis of the NP analysis of the next section.

3.1 K — 7wy

From Lorentz and gauge invariance, the general decomposition of the K (P) — m (K1) ma (K2) v (q)
amplitude is [51-53]
KYKy-q— KI'K, - &P Ky, Ko ,q
MK = mmyy) = |E(z) 200 P02 () el gy (3.1)
M M

The reduced kinematical variables 212 = K2 - q/m%( are related to the energies of the two pions
which we identify as mimo = 7t ™, 7070, or 7170, and 23 = 21 + 20 = E. /mg is the photon energy
in the K rest-frame.
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The two terms FE (z;) and M (z;) are respectively the (dimensionless) electric and magnetic am-
plitudes [54], and do not interfere in the rate once summed over the photon polarizations. The electric
part can be further split into a bremsstrahlung and a direct emission term:

E(z1,2) = Erp(z1,22) + Epg(z1, 22) , (3.2)

while the magnetic part is a pure direct emission, M = Mpg. When the photon energy goes to zero,
only Erp is divergent and, according to Low’s theorem [27], entirely fixed from the non-radiative
process K — mms.

The direct emission terms Epgp and Mpg are constant in that limit. In addition, they can be

expanded in multipoles, according to the angular momentum of the two pions [55]:
Epgp(z1,22)ePE = By (23)e' + Fa(23)e™2 (21 — 29) + E3(23)e' (21 — 22)% + ... | (3.3)

and similarly for Mpg. There are several interesting features in this expansion [12]: (1) for K° decays,
the odd and even multipoles produce the 77 pair in opposite CP states (2) when CP-conserving, the
dipole emission F; dominates over higher multipoles which have to overcome the angular momentum
barrier (]z1 — 22| < 0.2), (3) the strong phases can be assigned consistently to each multipole since

)

contributes to the electric (magnetic) dipole emission amplitudes when w7 = 7t7? or 77—, and

it produces the 77 state in a given angular momentum state, (4) the magnetic operators @~ +

(5) the Erp and Epg amplitudes interfere and have different weak and strong phases, hence generate
a CP-asymmetry for both the neutral K% — 77~ and charged K+ — 77% modes. That is how
we plan to extract the ()5 contribution, so let us analyze each decay in turn.

3.1.1 Kt — ataly

For the KT — 7t 7%y decay, instead of 21,2, the standard phase-space variables are chosen as the 7+
kinetic energy T and W2 = (q- P)(¢q - K1)/m2,.m3: [55]. Indeed, pulling out the bremsstrahlung

2) W4> . (34)

where A;jp = A (K+ — 7T+7T0) is constant but both Epg and Mpg are functions of W2 and T*. The
main interest of KT — 770y is clearly apparent: A;p is pure AI = 3/2 hence suppressed, making

contribution, the differential rate can be written

o921 _ 0°T'1p (1_2m72r+ Re(EDE>W2+mi+ < Epg 2

eA[B

MpE
eA[B

8TC*3W2 3T:8W2 meg eA]B mﬁ(

the direct emission amplitudes easier to access. Note that the strong phase of A;p is that of the n7w
rescattering in the I = 2, L = 0 state, as confirmed by a full O(p*) computation. This is not trivial a
priori since both Watson’s and Low’s theorem deal with asymptotic states. Actually, Low’s theorem
takes place at larger distance scales than Watson’s theorem, in agreement with the naive expectation
from the relative strength of QED and strong interactions.

Total and differential rates. Given its smallness, we can assume the absence of CP-violation
when discussing these observables. Experimentally, the electric and magnetic amplitudes (taken as
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constant) have been fitted in the range 7)) < 80 MeV and 0.2 < W < 0.9 by NA48/2 [5]. Using their
parametrization,

_ —Re(Epg/eArB)

Xy — =(-24+£4+4) GeV* 3.5
E m3. cos(6] — 03) ( ) Ge ’ 1350
Mpp/eA
Xy = | DE/; 18] _ (254 +6 +6) GeV ™, (3.5b)
M

with 5§ the strong mm rescattering phase in the isospin I and angular momentum J state. The
magnetic amplitude is dominated by the QED anomaly and will not concern us here (see e.g.
refs. [36-38, 56]). For the electric amplitude, we obtain at O(p?*):

_ 52 2 \/
XE_ 3G8/G27 COS(5DE 50) ElOOP(WQ,T:)_mKReN

= 3.6
40m2F2m?2. cos(6t — 63) m2 —m2 |’ (36)

with the expression of E'°°P given in appendix A. The N term contains both the EgT counterterms [51]
and the @7 contributions
2Gp , ReCy

Re N = (47)? Re(N1y — Ni5 — Nig — Ny7) — Br

3G8 GFmK ’ (37)

when 27-plet counterterms are neglected (or rather parametrically included into the Nj;, together
with higher order momentum-independent chiral corrections). To a good approximation, the loop
contribution E°°P(W?2, T*) is dominated by the leading multipole E\°°P(z3), in which case dpp = 01
Note that EiOOP(zg) is still a function of the photon energy, hence indirectly of W? and 7).

In our computation of EiOOP, we include both the Lg and L7 contributions. Indeed, as shown
in figure 3, the large 77 loop occurs only for the AT = 3/2 channel, making it competitive with
the AT = 1/2 contributions arising entirely from the small 7K and nK loops. As a result, we find
EiOOP(O) = —0.25, to be compared to —0.16 in ref. [53]. In addition, the 77 loop generates a significant
slope. Though this momentum dependence over the experimental phase-space is mild, these cuts are
far from the z3 = 0 point, resulting in a further enhancement. Indeed, over the experimental range
(but not outside of it), E°°P is well described by

*

T
)} ~ —0.260 — 0.051W +0.089 " © . (3.8)
T3 <80MeV,0.2<W<0.9 mg

1 *

ERE:

Since experimentally, no slope were included, we average E}OOp over the experimental range (using
the dT}dW measure to match the binning procedure of ref. [5]), and find

<E{°°P(W T

e

)> — 0280 — X9 = _17.6 GeV 4. (3.9)
T*<80MeV,0.2<W <0.9

Note that we checked that in the presence of the slopes as predicted at O(p*) that the fitted values
of Xg and Xjs are not altered significantly.
Once Ei‘mp is known, we can constrain the local term N using the experimental measurement of
XEg:
Re N = 0.095 + 0.083 . (3.10)
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Figure 3. Basic topologies for the K — w7y loops, with the vertices colored according to the conventions of
figure 2. The photon is to be attached in all possible ways. However, in accordance with Low’s theorem, most
of these diagrams renormalize the O(p?) bremsstrahlung process, leaving only genuine substracted three-point
loops (thus involving at least one charged meson) for the direct emission amplitudes. The transition is AT = 1/2
(3/2) when the weak vertex is K*n~n or Kntn~ (K*tx~n°). The counterterms and Q7 contribute only to
K+ — 7ta% and K° — 7ntn—~.

This is much smaller than the O(1) expected for the N; on dimensional grounds or from factoriza-
tion [51], but confirms the picture described in section 2.1.3. Evidently, so long as the N; are not
better known, we cannot get an unambiguous bound on ReCJ . Still, barring a large fortuitous
cancellation,

|Re O |

<S0.1. 3.11
oo S (3.11)

Note that this bound is rather close to our naive estimate (2.13) of the charm-quark contribution to
the real photon penguin in the SM.

Direct CP-violating asymmetries. CP-violation in K+ — 7nt7%y is quantified by the parameter
€'t o, defined from

EDE + + 0 RGEDE 2 . 9
Re <€AIB> (K — T 7) ~ eRe Arp [cos(5DE —85) Fsin(épr — 50)5;0«/] , (3.12)
as [12]
/ o ImEDE ImA[B

pu— - . -1
6+Oﬂ/ Re EDE Re A[B (3 3)

To reach this form, we use the fact that both Im Epg and Im A;p change sign under C'P, but not the
strong phase dpp and 58, and work to first order in Im A;p/ Re Arp. Since Es has the same strong
phase as A;p, and higher multipoles are completely negligible, we can replace Epg by the dipole
emission F; to an excellent approximation, so that dpg = ;.

Plugging eq. (3.12) in eq. (3.4), we get the differential asymmetry, which can be integrated
over phase-space according to various definitions. Still, no matter the choice, these phase-space
integrations tend to strongly suppress the overall sensitivity to 5;07 since the rate is dominantly
CP-conserving [12]. For example, NA48/2 [5] use the partially integrated asymmetry

o, OTT /W2 — a0~ JoW? —2m2, m3 XpW? sin(dpp — 63) €0,
acp(W ) = =

_ _ . (3.14
or+/oW?2 4 9I'- JoW? 1+ 2m2, m3 XpgW? + mfr+m‘}((|XE|2 + | Xn )W (3.14)
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where the dependences of Xg and Xjps on T are dropped, which is a reasonable approximation
within the considered phase-space. Given the experimental values for Xp and Xj;;, and combined
with sin(6f — §2) ~ sin(7°) =~ 0.12 [5, 57], acp(W?) < 0.01¢/,, over the whole W?2 range. Clearly,
integrating over W? to get the total rate charge asymmetry (or the induced direct CP-asymmetry in
K* — 770 [58]) would suppress the sensitivity even more. Because of this, the current bound is
rather weak [5]

sin(6pp — 02)e gy = (—2.5£4.2) x 1072 (3.15)

Actually, thanks to the fact that Xz < 0, there is an alternative observable which is not phase-
space suppressed. Defining (92Fj5 5= o°T+ — (9211?3, and integrating over T, the direct emission
differential rates (91’75 5/ OW? and oL/ OW? vanish at slightly different values of W2, so we can
construct the asymmetry,

w2, - W2
Ty, p/OW?2=0 O/ OW2=0
agp = 2 oe/ L o/ = —tan(dpr — 02)e’sq, - (3.16)
ort ./ow2=0 Al p/OW2=0

The zeros are around W? = 0.16, i.e. within the experimental range 0.2 < W < 0.9. Of course, it
remains to be seen whether the experimental precision needed to perform significant fits to the zeros
of T}, ,/OW? is not prohibitive.

Let us analyze the prediction for 5'+0y in the SM. At O(p*), discarding for now the counterterms
and the electromagnetic operators, we obtain (see appendix A)

\/2‘8/’f -1 Q w5h20(23)
w

(23’9) ) f(Z3,Q) = 1 +Wh20(2’3) - 1-01 +Wh20(23) ’ (317)

el—f—O'y(Z?)) =
where w = 1/22.4, hgy(z3) is the ratio of the Ga7 and Gg loop functions, enhanced by the 77 contri-
butions to the former, while dhag(23) is the ratio of the G, and Gg loop functions and is O(1). The
parameter € is defined as

Im A2
= w2 . 1
T Ay w (3.18)

It represents the fraction of electroweak versus QCD penguins in &/,

(Q-1). (3.19)

S 18585 ImAs ImAg et03=80) Tm Ay
=1 w — w
\/2 Re Ay Re Ay \/2 Re Ay

As shown in figure 4, a conservative range is Q2 € [—1,40.8]. Values between [+0.2, +0.5] are favored
by current analyses in the SM, but large NP cannot be ruled out.

A crucial observation is that €/+0»y is rather insensitive to €2, because wdhgg(23) is suppressed by
w, so that f(z3,Q) ~ —2/3. Varying 2 in the large range [—1,40.8], as well as including the potential
impact of the LT counterterms (subject to the constraint eq. (3.10)) does not affect €', much (see
appendix A), and we conservatively obtain

2 /
V2l _ —0.64(31) x 1074 (3.20)
w

€' 0,(Q3,...10) = —0.55(25) x
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-1.5 -1.0 -0.5

Figure 4. Fractions of QCD and electroweak penguins in &’. The absence of electroweak penguins corresponds
to 2 = 0. Destructive interference occurs for values between 0 and 1 (with a singularity at 1 since it corresponds
to a complete cancellation between both types of penguins). Current analyses in the SM favor a limited
destructive interference, i.e. Q € [+0.2,40.5] (see e.g. ref. [59-61]).

using Re(e’/e)®P = (1.65 & 26) x 1073 [20]. The slight growth of €'y, With z3 is negligible compared
to its error. Since it is based on the experimental value of |¢’|, and given the large range allowed for
), this estimate is valid even in the presence of NP in the four-quark operators.

The stability of this prediction actually means that even a precise measurement of 5'+0y would
not help to understand the physical content of &/, which would require measuring Q. On the other
hand, it may help to unambiguously distinguish a contribution from @7,

_ ImEpp(Qy)  Br Gr/Gar ImC

ImC;
&0y (Q5) = = v28(7) ,

Grmg

= 3.21
Re Epg 2072 F2(m2 — m2)Xp Gpmg ’ ( )
™ K s

where we used the experimental determination (3.5) of Re Epg. So, the magnetic operator is com-
petitive with the four-quark operators already in the SM, where we find from eq. (2.12),

e 0,(Q7 )|sm = +1.2(4) x 107 . (3.22)

Hence, summing eq. (3.20) and (3.22), there is a significant cancellation at play and €', [sm =
0.5(5) x 10~%. This is still far below the current bound on e'tg, derived from eq. (3.15), which

translates as
Im C;

= —0.08+0.13 3.23
Grmx ’ ( )

thus leaving ample room for NP effects.

3.1.2 K; —»ntny

For this mode, the large 77 loop is present in both the AT = 1/2 and AI = 3/2 channel, see figure 3,
so including the latter does not change the picture for the total rate. On the other hand, the situation
for the CP-violating parameter &/, ., defined from [12]

s = B AKL = 77 Y) B pt _ AKp — ntn™)
t=y = Th=y T Ty =y Ks — 115 1 == 4 Kg — ntn—)’
V) Erp+E

(3.24)
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is altered significantly. The restriction to the dipole terms originates in their dominance in the Kg

+

decay. The parameter 74 _ is then purely CP-violating since the Kj — 77~ dipole emissions

+

violate CP. The direct dipole emission amplitudes EIL S for K L, — m 7w 7 are functions of the

photon energy z3 only, and can be written as
EY =ReE, , BF=ilmE, +ZReFE,_. (3.25)

Parametrizing the CP-violating IB amplitude as EILB = n+_E;qB, including the strong phases but
working to leading order in w and in the CP-violating quantities [12],

_ (5189 MK 2122 ReE, <5’+z’ <ImA0 ImE+>> ‘

- 2
o ev/2 Redy ReAy ReFE,_ (3.26)

As stated in ref. [12], &' __ is a measure of direct CP-violation. The 2122 momentum dependence comes
from the bremsstrahlung amplitude E}gB, which we write in terms of the K — 7m isospin amplitudes
using A(Kg — m77n~) = v/2A4y + As. Over the K — 7+ 7~ phase-space, 212 is the largest when
EZ is at its maximum (and the bremsstrahlung at its minimum), but always strongly suppresses the
asymmetry since zjzo < 0.030. Following ref. [62], to avoid dragging along this phase-space factor,

we define the direct CP-violating parameter aﬁr,,y

=/
€+_'Y — 77+_'Y = N4— (3 27)
2129 2129 ' '

/
Ef_y

Experimentally, this parameter has been studied indirectly through the time-dependence observed
in the 777~ v decay channel [63] (using material in the beam to regenerate Kg states), which is sensi-

tive to the interference between the K; — n' +

n-yand Kg — 7w~ ~ decay amplitudes. Importantly,
the experimental parameter 7, _. used in ref. [63] (also quoted by the PDG [20]) is not the same as
the one in eq. (3.24) but requires additional phase-space integrations. Following ref. [62] to pull these

out, the experimental measurement 7j+_, = (2.35 & 0.07) x 1073 translates as
€' | < 0.06 . (3.28)

The E,_ amplitude can be predicted at O(p*) in ChPT, with the result (neglecting the coun-
terterms and electromagnetic operators for now)

ImE; . ImAg 1+ wQ(hhy(z3) + 0hhy(23))

= 3.29
ReE,;_ ReA 14 whiy(23) ’ (3:29)

where 2 is defined in eq. (3.18), and hf,(23), 0k, (23) are ratios of loop functions (see appendix A).
Because the w7 loop is allowed in the AT = 1/2 channel, hhy(z3) =~ 1/v2 < w™! while dhb(z3) is
tiny and can be safely neglected. Plugging this in 6;7,\/, the sensitivity to € disappears completely

is1_s0ymK Re By (52—
5;—«/(@3,...,10) — 4ei(01 58)6\/1(2 Rezjlro 5’\ <e (33 —45) —1> . (3.30)

As for €/, there is no way to learn something about &’ by measuring €', . Also, remark that ¢/, _
is suppressed by the AT = 1/2 rule through its proportionality to |¢’|, contrary to 6;07 in eq. (3.20).
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The same combination of counterterms occur for K% — 7#tn~y and K+ — 7t7%. The bound
in eq. (3.10) shows that this combination is of the order of the 7K and nK loops, which are much
smaller than the 77 loop. So, they can be safely neglected and we finally predict

m2

el (Qs, 10) = (4ﬂ§)2h0(23/2) x |e'] x e7/3 = —1.5(5) x 1078 x e7/3 | (3.31)

with ho(23/2) &~ —4vV2Re hpr (—23) = —2.2, 62 — 03 ~ —45°, and 01 — 62 ~ 7°. We conservatively add
by hand a 30% error to account for the chiral corrections to the loop functions. This result is an order
of magnitude below the bound derived in ref. [12] because having kept track of the Gg, Ga7, and Gey
contributions, we could prove that aﬁr,,y(Qg,___’lo) is suppressed by the AI = 1/2 rule. As for €/+0w
this estimate is valid even in the presence of NP in the four-quark operators since it is independent
of © and takes Re(¢’/2)®*P as input.

With 6/_’__W/(Q3,___710) extremely suppressed, 6’+_W becomes sensitive to the presence of the Q7
operator, even in the SM. Its impact on EgE is negligible given the bound (3.11) but EBE receives

an extra contribution (see appendix A), so that

_GF/GS m}l( ImC; ImC,Y*

/ -\ — T by
€+*’Y(Q’y) - 6(27T)2 TF2 62 v~ 02

) by
(m3. —m2) Grpmy Grmg

, (3.32)
with ¢, = 6 — 60 + 7/2 &~ 52° and G5 < 0 in our conventions. With the SM value (2.12) for Im Cy,
this gives

€ (Q7)sm = +8(3) x 107 x &7, (3.33)

which is about five times larger than €/+_,\/(Q3 .10), but still very small compared to 6{’_07. The

goo

CUI‘I‘QD( m(fabur“m(fnt (3.28) I‘(fqun‘(fb
< ().3 3 3.:;4

which is slightly looser than the bound (3.23) obtained from the direct CP-asymmetry in K+ — 770,

3.2 Krgs—y

CP-violating asymmetries for K — v can be defined through the parameters (adopting the notation
of ref. [12])
L AKs = (7)1) AKL = (7))

= :6—'—6’ s || = :6+€/. 335
S ARG — (v9)1) LS AR — () ” (3.35)

Experimentally, these CP-violating parameters could be accessed through time-dependent interference
experiments, i.e. with K° or K9 beams [64-66], so the photon polarization need not be measured using
the suppressed decays with Dalitz pairs.

Let us parametrize the K° — ~y(k1, u)v(ko, ) amplitudes as

1

A(K® = (yy))) = \/QA% x (aGpmp) x (kYK — ki - kag"”) | (3.36a)
AK? = ()1) = \}2A#y x (aGrmp) X ie"P7ky ykoy (3.36h)
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Tc,KJL/M’L Y

Figure 5. The transition K — ~~ in the SM, with the vertices colored according to the conventions of
figure 2. The meson loop produces the v state, while the meson poles produce the vy, state thanks to the
QED anomaly. The direct Q$ contributions produces both the vy, and v states.

so that the direct CP-violating parameters are expressed as

ImAl-  ImA
=il " A mao) (3.37)
’ ReAl; Redo

We can fix |A|ﬁlﬁf| = 0.133(4) and |A$/| = 0.0800(3) from the Ky g — -y decay rates [20], which are

dominantly CP-conserving. In ChPT, Aufy originates from a 777~ loop and A#,Y is induced by the
7%, m, 7 meson poles together with the QED anomaly, see figure 5.

3.2.1 Two-photon penguin contributions

In the absence of the electromagnetic operators, K0 — ~v is induced by the two-photon penguin.
The parameters 61 L are then generated indirectly by the @3 . 10 contributions to the weak vertices
in figure 5, and directly by the two photon penguins with ¢ and ¢ quarks (see eq. (2.5)). However,
as said in section 2, these short-distance contributions are suppressed by the quadratic decoupling of
the heavy modes in the two-photon penguin loop [12]:

Re All-+ Im At I
’ € Ay ‘Cﬂf < 10—4 _ ’€1| J_‘ct ~ | m A~y e m>\c % 10—4 ~ 10—7 ) (3.38)
|Re A}, T |RedAfl,  Rede

This contribution will turn out to be negligible both for ¢/, and 8‘/ E

Concerning the long-distance contribution, let us start with 8‘/ E Since Agy is induced by a 7w

loop, CP-violation comes entirely from the K* — 7+

7w~ vertex, as is obvious adopting a dispersive
approach. By using A (Kg — 777n~) = /240 + Ay (without strong phases), we recover the result of

ref. [67]

£(Qs,...,10) (3-39)

:ZRer V24w 1+w/Vv2 .

As for 6;07 and 6;7,\/, 6"‘ is insensitive to (), so this expression remains valid in the presence of NP.
Also, being suppressed by the AT = 1/2 rule, the tiny value |6‘,‘(Q3,___710)| ~ 4 x 1076 is obtained.
The situation is different for &/, . It was demonstrated in ref. [68] that only the )1 operator has the

Im Ay <\/2—|—wQ 1) B & e—i(05—07)

right structure to generate A% through the QED anomaly. Then, Im A% = 0 since current-current
operators are CP-conserving (proportional to A\, = V5 Viy4), leaving &/ as a pure and Al = 1/2
enhanced measure of the QCD penguins

Ion . \/2‘8/’
=1

€' (Qs,.10) = “TRedy lw(1-0)° (3.40)
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One may be a bit puzzled by the appearance of Im Ay in this K — =+ observable. Actually,
this originates from the very definition of € in the K — 7m system. It is the choice made there to
define a convention-independent physical parameter which renders it implicitly dependent on K — 7w
amplitudes. Besides, eq. (3.40) is clearly only valid in the usual CKM phase-convention, contrary to
eq. (3.37) which is convention-independent. For example, if the Wu-Yang phase convention Im Ay = 0
is adopted [69], then (yy|Q1|KL) gets a non-zero weak phase since Im \,, # 0, and ¢/, stays the same.

Evidently, given the current information on the Qg contribution to &', it is not possible to give a
precise prediction for ¢/, . With Q € [—1,+40.8], ¢/, spans an order of magnitude:

5x107° < —ie/, (@s,..10) < 7x 107*. (3.41)

A value of a few 107 is likely as € [+0.2, +0.5] is favored in the SM, see figure 4.

This result is different from earlier estimates [67], obtained before the structure of the Kj — 77
amplitude was elucidated ref. [68]. Further, from that analysis, we do not expect that the residual
Q¢ contributions in Ko — v could alter eq. (3.40), especially given its large AI = 1/2 enhanced
value (3.41). Indeed, the origin of the vanishing of the Ky — 7~ amplitude at O(p*) is now understood
as the inability of SU(3) ChPT to catch the @1 contribution at leading order. But once accounted for
either through higher order counterterms or by first working within U(3) ChPT, this 1 contribution
is seen to dominate the Ko — ~~ amplitude.

Though not much smaller than e, measuring ¢/, would be very challenging. Still, any information
would be very rewarding: with its unique sensitivity to the QCD penguins, it could be used to finally
resolve the physics content of /. Further, it would also help in estimating e precisely, since the term
iIm Ag/ Re Ag enters directly there [60, 70].

3.2.2 Electromagnetic operator contributions

The magnetic operators Q,jyE contribute to K — ~7 as

7,+
2F; B cy

Al oAl 4 )
Rl Rl 97TmK TGFmK

(3.42)

Given the good agreement between theory and experiment for the Kgj — <7 rate, we require that
their contributions is less than 10% of the full amplitude, giving
ReCHl 5 (3.43)
Grmpe <03 .

The stronger bound (3.11) from K — 77 7%y thus shows that the impact of Q,jyt on the total rates
is negligible (assuming | Re CF| ~ | Re C7|).

Plugging eq. (3.42) in eq. (3.37), the Qﬂf contribution to the direct CP-violation parameters are
3 1|ImC7|
@I~ g g @)
In the SM, \a"‘(Q;)\ ~ 1.4 x 107? is nearly an order of magnitude larger than ETI(Qg,___,lo), eq. (3.39).
On the contrary, the SM contribution [¢’, (QF)| & 2 x 1072 is too small to compete with &', (Q3,....10),

B 1 [ITm Cf|

~ . 44
2 Gpmg (3.44)

eq. (3.40). In the absence of a significant NP enhancement, ¢/, thus remains a pure measure of the
QCD penguins.
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Figure 6. The anatomy of the rare semileptonic decays, following the color coding defined in figure 2. For K —
7vp, only the Z penguin contributes. For K7 — 7%/, in addition to the direct CP-violating contributions
(DCPV) from the Z and 7* penguins, the long-distance dominated indirect CP-violating contribution (ICPV)
and the CP-conserving two-photon penguin contribution (CPC) also enter. The J¢ state of the lepton pair
is indicated, showing that only the DCPV and ICPV processes can interfere in the 1=~ channel.

3.3 Rare semileptonic decays

The K; — 70t ¢~ decays are sensitive to several FCNC currents. In the SM, both the virtual and
real photon penguins, as well as the Z penguins can contribute (together with their associated W
boxes), see figure 6. Since NP could a priori affect all these FCNC in a coherent way, they have to
be accounted for. Further, to separately constrain the Z penguins, we include the rare K — wvv
decays in the analysis. So, in the present section, we collect the master formula for the K; — m%ete™,
K — mutp=, KT — ntvo and K;, — 7%0 decay rates, starting from the effective Hamiltonian

_Gpa

He = /2 Z (CoeQue+CveQui+CapQay)+ hc., (3.45)
l=e,p,T

Que =5d @yl , Qag=35v"d @ lysl, Que = SY"'d @ Upyu(1 — v5)ve

+

to which only the magnetic operators fo should be added, since Qv* are implicitly included in Qy,.

3.3.1 Electric operators and SM predictions

Thanks to the excellent control on the vector currents (2.8), the branching ratios for k' — 7vw are
predicted very precisely:

B(K" — ntym) = 0.1092(5) - 1071 x v X wy0]® (3.46a)
B (K — mv) = 0.471(3) - 107 x r2, x (Imw,0)? | (3.46b)

us

with r,s = 0.225/|V,s| and w,, = C,,,g/lO*‘l. Since experimentally, the neutrino flavors are not
detected, the K — mvv rate is the sum of the rates into v, -

As shown in figure 6, the situation for Kj, — 7% ¢~ is more complex as the indirect CP-violation
K| = eK; — 7*[— £1¢7] [10] and the CP-conserving contribution Kj — 70yy[— ¢T¢~] [45, 46]
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have to be included (see appendix B for an updated error analysis):

B(Ky — 7% 07) = (Cliurdy + Chysrus + Chgad + CL, ) -10712,
Cir = 2.355(13) (wire +wi ), Clh =0.553(3)wi,, + 1.266(12)w? ,, |

Che = 7.3(2) [-7.0(2)] wye , Cl, =1.73(4) [-1.74(4)] wy,, , (3.47)
c. = 12.2(4) [11.5(5)] , ch. =281(6),
Cce, =0, Ch, =4.7(1.3) ,

with ag = 1.25(22), wx, = Im CX,5/10*4. Importantly, if there is some NP, it would enter through
w; only because all the rest is fixed from experimental data [44]. The theoretically disfavored case
of destructive interference between the direct and indirect CP-violating contributions is indicated in
square brackets [39, 45].

In the SM, the QCD corrected Wilson coefficients wS’}}/[ are known very precisely. Though wgl\f is
slightly different than wS’CM(M) owing to the large 7 mass, the standard phenomenological parametriza-
tion employs a unique coefficient,

WM = — AXe A.4 E‘e AclPe +0Pue) _ 4.84(22) — i1.359(96) |, (3.48)

27 sin® Oy x 10~4
valid for ¢ = e, pu, 7, with X; = 1.465(16) [71], P. = 0.372(15) [72-74], 6P, = 0.04(2) [35] (with
A = 0.2255). The difference wS™ . — wg’l\f is implicitly embedded into the definition of P., up to a

v,e(p)
negligible 0.2% effect [6]. With the CKM coefficients from ref. [75], the rates in the SM are thus

B(Kt — ntvp)S™M =8.25(64) - 1071 | B(K} — 7)™ = 2.60(37) - 1071 . (3.49)

For K; — w%¢*¢~, the Wilson coefficients are Im C; = Im \y; with yi%(MW) = —0.68(3) and
YN (=~ 1 GeV) = 0.73(4) [6]. Using again the CKM elements from ref. [75] gives the rate

B(K, — m%Te™ )™ = 3.237090 . 1071 [1.377035 - 1071, (3.50a)
B(Kp — n’upm )™ = 1297032 . 107 [0.8670 15 - 1071 . (3.50b)

The errors are currently dominated by that on ag.

These predictions can be compared to the current experimental results

B(K* — atvp)®™® = 1.737 152 x 10710 [76, 77], B(K[ — nlete™ )P < 2.8 x 10710 [79], (3.50)
B(Kp — mvp)™P < 2.6 x 1078 78], B(Kp — mutp=)®P < 3.8 x 10710 [80].
At 90% CL, this measurement of B(K* — ntvi) becomes an upper limit at 3.35 x 10710 [76, 77].
Improvements are expected in the future, with J-Parc aiming at a hundred SM events for K; — v,
and NA62 at a similar amount of K+ — 77 v events. The Kj, — 7% ¢~ modes are not yet included

in the program of these experiments, but should be tackled in a second phase.
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3.3.2 Magnetic operators in K° — 70¢¢~

Only the Q:/F operator occurs in the K0 — 79T ¢~ decays:

eGp CQF

A(K(P O =
(KO(P) = 7y (q))qﬁ 24+/2m2 T Grmy

(qQP“ —g"'P - q) . (3.52)
For Kg — m¢*¢~, this contribution is CP-conserving and parametrically included in ag since it is
fixed from experiment. If we require that there is no large cancellations, i.e. that the ij‘ operator at
most accounts for half of |ag| ~ 1.2, we get from eq. (B.1) in appendix B,

ReCF 3la
| Re G5 <Blasl o5 (3.53)
GFmK 2BT

This bound is nearly an order of magnitude looser than the one derived from K — v in eq. (3.43).
For K1 — w200~ the whole effect of Q7 is to shift the value of the vector current [44, 81]J:

Qa4 Br(0) ImC,;r
2v/2r f+ (0) Gpmk

1 ImC’j{r

x107* =ImC
Wit mCve+ 21.3 Gpmpy

~ImCyy — (3.54)
where we assume the slopes of By(z) and f, (z) are both saturated by the same resonance (which is
a valid first order approximation). The relative sign between the ij‘ and Qv contributions agrees
with ref. [81].

In the SM, ImCy; =~ 0.99 x 107* and |Im CH/Grmg ~ 4 x 1075, so the shift is negligible.
However, in case there is some NP, it quickly becomes visible. In the absence of any other NP
effects (which is a strong assumption, as we will see in the next section), the current experimental
bounds (3.51) imply
+

ImC
Kp — mleTe” = —0.018 < 7 < 40.030 (3.55a)
GFmK

0, +,— — _ Im C
K — 7%~ = —0.050 < < +0.063 , (3.55b)

Grmp
at 90% confidence and treating all theory errors as Gaussian. This is about an order of magnitude
tighter than the bound (3.23) on Im C derived from K+ — 7%y,

3.4 Virtual effects in £'/¢

Up to now, the photon produced by the electromagnetic operators was either real or coupled to a
Dalitz pair, but it could also couple to quarks. At the level of the OPE, such effects are dealt with as
O(a) mixing among the four-quark operators, and sum up at u ~ 1 GeV in the Wilson coefficients of
eq. (2.6). The non-perturbative tail of these mixings are computed as QED corrections to the matrix
elements of the effective operators between hadron states. Currently, only the left-handed electric
operator (i.e., the virtual photon penguin) is included in the OPE [6] and in the K — 77 matrix
elements and observables [82]. The magnetic operators are left aside given their strong suppression
in the SM.
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K° K° K° K° K T
7T TC

Figure 7. The virtual effects from QF on AS = 2 observables (reversed diagrams are understood) and on ¢’
from K° — 7+7~. Red vertices stand for the SM transitions (which are not necessarily local, see for example
figure 5), while green vertices are induced by Qﬁ.

3.4.1 Magnetic operators in hadronic observables

In the presence of NP, the magnetic operators could be much more enhanced than the electric op-
erators, so their impact on hadronic observables must be quantified. Though in principle we should
amend the whole OPE (i.e., initial conditions and running), we will instead compute only the low-
energy part of these corrections. Indeed, the photon produced by fo can be on-shell, so the dominant
part of the mixing of Q,jyt into purely partonic operators is likely to arise at the matrix-element level.
In any case, the missing SD contributions do not represent the main source of uncertainty. Indeed, the
meson-photon loops induced by fo are UV-divergent, requiring specific but unknown counterterms.
So, at best, the order of magnitude of the LD mixing effects can be estimated. To this end, the
loops are computed in dimensional regularization and only the leading log(u/my) or log(u/mg) is
kept, with p ~ m,. Parametrizing the momentum dependences of the By, B} form-factors and of
the electromagnetic form-factors of the 7 and K mesons using vector-meson dominance would lead
to similar results.

Let us start with the impact of Q,jyE on ¢. The diagram of figure 7 induces a correction to
ny_ = A(Kp — ntm)/A(Ks — 7wtn~) and thereby, discarding strong phases for simplicity

Re(e//e)ly _ 3a o Gr log(my/my) [InCy| _ [TmCy

~ ~ . 3.56
Re(e//e)exp ~ 25613 1 |Gs| |e| Re(e' /2)o® Grmy Gpmy (3:56)

The photon loop is IR safe since ()} does not contribute to the bremsstrahlung amplitude in K 0
777~ 7. Let us stress again that this is only an order of magnitude estimate. Besides the neglected SD
mixings, unknown effects of similar size as eq. (3.56) are necessarily present to absorb the divergence.
Plugging in the bound on Im € obtained from the measured K * — 770 direct CP-asymmetry,
eq. (3.23),
/

(o)™ = ’RPZ?S /i j)i; = (16 + 26)% . (3.57)
So, even in the presence of a large NP contribution to ()5, the impact on ¢’ remains smaller than its
current theoretical error in the SM.

For completeness, let us also compute the contribution of the magnetic operators to the AS = 2
observables, for which perturbative QED corrections are significantly suppressed. At long distance,
the magnetic operators contribute to (K°|Hy/|K°) through the transitions K° — 7y* — K% and
K% — 4y — K9, see figure 7. Neglecting the momentum dependences of the K — vy and K — 7v*
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Figure 8. The gluonic penguin in the SM.

vertices and keeping only the leading log(m,/my), we obtain

Ui = = + ar +a s 3.58
12 M A [exp (a'y'y a "/) Grm 'y'y G m ( )

with (see eq. (3.36) for the definition of A?_ and eq. (B.1) for that of ag)

GFmK

‘a'y'y‘ 72 3 T AMeXp

A y1og(m,/mp) ~ 7 x 1076147 |, 3.59%a
P 7Y

Q

MK
[ 51275 Brla Sy AMexp log(m,/my) ~ 8 x 107" . (3.59b)

Numerically, ary ~ ar~, even though they are not of the same order in «, because of the absence of a
K° — 70~* vertex at leading order (see eq. (B.1) in appendix B), and because the momentum scale
in the ar~ loop is entirely set by the pion mass instead of the transferred momentum of O(mg), as
in a,,. With such small values for a., and ar,, neither AMK(Qf/E) ~ Re p12 nor e (Q~) ~ Im pu12
can compete with the non-radiative AS = 2 processes, even in the presence of NP in Qiﬂ

3.4.2 Gluonic penguin operators

In complete analogy with the electromagnetic operators, gluonic FCNC are described by effective
operators of dimensions greater than four. For instance, the chromomagnetic operators producing
either a real or a virtual gluon are

Hie =CrQF + he., QF = (5L0°Pt%dR + Spo“Pt )Gy . (3.60)

16 2
The chromoelectric operators Q;‘i, whose form can easily be deduced from eq. (2.2), contribute only
for a virtual gluon.

In the SM, both Qi and Q . arise from the diagram shown in figure 8. As for Qi the former
are suppressed by the light- quark chirality flips hence completely negligible, but the chromoelectric
operators are sizeable and enter into the initial conditions for the four-quark operators [6]. They are
thus hidden inside the weak low-energy constants in eq. (2.15), together with the hadronic virtual
photon and Z penguins (see figure 2).

The chromomagnetic operators are not included in the standard OPE, since they are negligible
in the SM. But being of dimension-five, they could get significantly enhanced by NP. This would
have two main effects. First, through the OPE mixing,* Qgi generate Qiﬂ When both arise at a

4The Qf — Q;‘ mixings are not included in eq. (3.61), even though they become relevant if C’jf > C’;‘. However,
such effects are presumably LD-dominated, and thus were already included in eq. (3.56).
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high-scale unyp 2 My, assuming only the SM colored particle content, neglecting the mixings with
the four-quark operators, and working to LO [81]:

C (ne) =17 [C5 (unvp) +8(1L =0 )Cq (unp)] ,  Cf (pe) = nCy (unp) |
N 220 £ 0o tmd)\ 2 [ as(my)\ %2
nzn(/wp):< SwNP)) ( s )> ( sl b)> . (3.61)

as(my) s (my) s (pe)

Numerically, n(x) = 0.90,0.89,0.88 for = 0.1,0.5,1 TeV, respectively. Indirectly, all the bounds on
C% can thus be translated as bounds on C;E.
However, there is another more direct impact of Qgi on phenomenology since it contributes to
K — 7w, hence to &' [81]
11 w m?rm%( ImCy

Re(¢'/e), = nBeIm C; ~ 3Bg

_ , 3.62
9 6472 |e|| Re Ag| Fr(ms + my) (362)

G FME
with, neglecting AT = 3/2 contributions, | Re Ag| = V2F,(m2 —m2)|Re Gs| and F; = 92.4 MeV. The
hadronic parameter Bg parametrizes the departure of ((77)o|Q, |K) from the chiral quark model,
and lies presumably in the range 1 — 4 [81]. Given that the SM prediction for Re(e’/e) is rather
close to Re(e'/)®™*P [61], but its uncertainty is itself of the order of Re(¢'/e)®*P, we simply impose
that |Re(¢’/e)4| < Re(e’/e)™*P, which gives,
| Im Cy |
<5x1071. 3.63
il (369
For comparison, imposing that |Re Ag|, is at most of the order of [Re Ag|**" gives the much looser
constraint |Re C | /Grpmk < 10. Note, however, that the bound (3.63) is not to be taken too strictly.
First, the Bg parameter is set to 1, but could be slightly smaller or bigger. Second, Q;t is not the
only FCNC affecting Re(¢’/¢) (see figure 2). This bound could get relaxed in the presence of NP in
the other penguins. This will be analyzed in more details in the next section.

4 New Physics effects

In most models of New Physics, new degrees of freedom and additional sources of flavor breaking
offer alternative mechanisms to induce the FCNC transitions. The goal of the present section is to
quantify the possible phenomenological impacts of NP in the dimension-five magnetic operators Qiﬂ of
eq. (2.1). As discussed in details in the previous sections, CP-conserving processes are fully dominated
by the SM long-distance contributions. So, throughout this section, we concentrate exclusively on
CP-violating observables, from which the short-distance physics can be more readily accessed along
with possible signals of NP.

The cleanest observables to identify a large enhancement of Qiﬁ are the direct CP-asymmetries
in K — 7y and K — (v7)), which would then satisfy

_[Im |

~ : 4.1
Grmx (4.1)

1 / . /A
3\5;07(@;)’ ~ blely _(Q7)] = 3le)(Q7)]
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Indeed, the contributions from the four-quark operators (QCD and electroweak penguins) is small
and under control,

3w, ,
2\/2|€+0’y(

with w = 1/22.4. By using the experimental ¢’ value, these estimates are independent of the presence

5)
@s,..10)| = 2|5/+77(Q3,...,10)| ~ |€)(@s,...,10)] = €], (4.2)

of NP in Q3. 10. On the other hand, the Kg 1 — (v7)1 asymmetry is very sensitive to (2, representing
the ratio of the electroweak to the QCD penguin contributions in &’:

Ion . \/2|€,|

1[Im C|
T"Redy  w(1-9Q)

N2 GFmK ’

(@3, 10) = €' (QF)] (4.3)
So, knowing the impact of Q:/F , the asymmetry ¢/, can be used to extract the otherwise inaccessible
QCD penguin contribution to &’.

The experimental information on these four asymmetries is however limited, with only the loose

bound (3.15) on €/, and (3.28) on €/, currently available. So, to get some information on Qiﬂ

, two
routes will be explored.

First, we can use the K7, — 7%¢*¢~ decay rates, for which the experimental bounds are currently
in the 1071% range. As shown in figure 9, these modes are rather sensitive to Q once |Im CF |/Gpmg
is above a few 1073, In the absence of any other source of NP, the experimental bounds (3.51) give

+

ImC
K — m%te” = —0.018 < 7 < 40.030 , (4.4a)
GFmK

0, +,—  _ Im CF
Ky — %t = 0050 < , 7 <+0.063. (4.4D)

FMMEK

To compare with the direct CP-asymmetries (4.1), sensitive to Q5 , we first need to study how NP
could affect the relationship between ij‘ and Q. If the SM relation Cj{‘ ~ —C7 survives, the direct
CP-asymmetries could be relatively large, with for example —8% < 6;07 < 5% from Kj — mleTe.
Then, since NP can enter in K; — 7°¢T¢~ through other FCNC, for example by affecting the
electroweak penguins, we must also study their possible interferences with Q¢ , and quantify how
broadly the bounds (4.4) could get relaxed.

A second route is to use ¢’. Indeed, in many NP models, the magnetic operators Qiﬁ are accom-
panied by chromomagnetic operators ;E, which contribute directly to &,

Im Cg_

Re(¢'/e), ~ 3Bg Grmic

, (4.5)
with B¢ the hadronic bag parameter a priori of O(1). If the Wilson coefficients of fo and Q;‘E are
similar, the current measurement Re(e’/e)™P = (1.65426) x 1073 [20] imposes strong constraints, and
would naively imply that the direct CP-asymmetries in eq. (4.1) are at most of O(1073). However,
not only the relationship between Q;E and fo is model-dependent, but as for K; — 7%¢*¢~, many
other FONC enter in ¢’ and their possible correlations with Q;t must be analyzed.

The only way to relate the NP occurring in the various FCNC is to adopt a specific picture for
the NP dynamics. Evidently, this cannot be done model-independently. Instead, the strategy will
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Figure 9. The sensitivity of the K; — 7%¢*t¢~ decays to the magnetic penguin operator ?YL, in the ab-

sence of any other source of NP. These curves are actually parabolas, but blown out to emphasize the small
Im CF /Gpmy region (whose SM value is in the 10~° range). The horizontal lines signal the experimental
bounds on K; — 7%¢*¢~. The contours stand for 90% confidence regions given the current theoretical errors
in eq. (3.47). Their apparent thinning as | Im C;r | increases is purely optical, except just below 1072 where the
nyr contribution precisely cancel out with the SM one in the vector current (positive DCPV-ICPV interference
is assumed).

be to classify the models into broad classes, and within each class, to stay as model-independent as
possible. In practice, these classes are in one-to-one correspondence with the choice of basis made for
the effective semileptonic FCNC operators. Once a basis is chosen, bounds on the Wilson coefficients
of these operators are derived by turning them on one at a time. In this way, fine-tunings between
the chosen operators are explicitly ruled out. This is where the model-dependence enters [83]. On the
other hand, the magnetic operators are kept on at all times, since it is precisely their interference with
the semileptonic FCNC which we want to resolve. Note that the alternative procedure of performing
a full scan over parameter space is (usually) basis independent, but we prefer to avoid that method
as the many possible fine-tuning among the semileptonic operators would obscure those with the
magnetic ones. Further, we will see that with our method, it is possible to get additional insight
because the bounds do depend on the basis, and thus allow discriminating among the NP scenarios.

4.1 Model-independent analysis

The most model-independent operator basis is the one minimizing the interferences between the NP
contributions in physical observables [83]. It is the one in eq. (3.45), which we reproduce here for

convenience:
Gra + A+
Hpheno = — /2 > (Cot Que+ Crve Que+ Car Qap) + CFQT + hec. (4.6)
Z:e,ﬂ,T
Que =5Md @ lyl, Qap=35v"dR byl , Que=35v"d @ vpyu(l —v5)ve
e ,_ _
Q$ = 1%71_2 (SLO"uudR + SRO'“VdL) FIW .
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The four-fermion operators do not interfere in the rates since they produce different final states,
while ij‘ and @5 have opposite CP-properties (see table 1). On the other hand, Qﬂf and Qv > Qii
involve an intermediate photon hence necessarily interfere. Note that the coefficients in eq. (4.6) are
understood to be purely induced by the NP: the SM contributions have to be added separately.

Given the current data, the bounds on the CP-violating parts of the Wilson coefficients are (we
define p=! = 21.3G pmy from eq. (3.54))

Kt — 7taly = 160 < pIm C; < 80 ,
Ky —nlete” = —14<ImCy,e—pImCl < 8@ [-10 <ImCp, <11A —8<pImC} < 14],
Ky — %~ = —29<ImCyy — pImCF <24@[-16 <ImCypy < 18 A —24 < pIm CF < 29]
Kt —atvp = —M4<ImC <17 l=eDpudT).
(4.7)
All the numbers are in unit of 107%. The symbol “®” stands for the exclusive alternative, since e.g.
U4 and Cy are not turned on simultaneously, while ”A” means that the bounds are correleted, i.e.
the coefficients fall within an elliptical contour in the corresponding plane. For comparison, Im C‘S}}\é[,
Im Cil’\g and Im C’USIXI are all around 10~*. For the magnetic operators, the SM value in eq. (2.12)
implies pIm C’,Yi’SM ~ F0.015Im )\, ~ O(1076).
For the neutrino modes, NP is separately turned on in each ImC, 4, ¢ = e,u,7. Assuming
leptonic universality would decrease the bound by about V/3 since then all three Cre=0Cpu=0Cyr

0

would simultaneously contribute. The direct bounds on Im C,, 4 from K; — 7 vv are currently not

competitive, so the experimental bound on the K™ — 7vi mode is used setting ReC,y = 0. The

0

maximal value for K; — 7 vv can then be predicted

B(Kp — ) < 1.2 x 1077, (4.8)

which corresponds to a saturation of the Grossman-Nir Bound [84] (including the isospin breaking
effects in the vector form-factor, but forbidding a destructive interference between the CP-conserving
SM and NP contributions since ReC,y = 0). This is more than an order of magnitude below the
current experimental limit, but about 50 times larger than the SM prediction.

For Kj — w¢*¢~, the bound on the vector current is less strict than on the axial-vector current
because of the interference with the indirect CP-violating contribution. The theoretically favored case
of positive DCPV-ICPV interference is assumed (relaxing this would not change much the numbers).
Finally, the impact of () on ¢’ is estimated to be below 30% of its experimental value given the
bound from K+ — 7+7%, see eq. (3.57), hence is neglected.

To resolve the bound in the vector current and thereby disentangle Cj and Cy, one is forced to
specify at which level a destructive interference becomes a fine-tuning, see figure 10. This introduces
some model-dependence since a specific NP model could generate Q,jyt and Qv (or foc) coherently.
In this respect, it should be noted that the basis of four-fermion operators in eq. (4.6) is not complete.
It lacks the scalar, pseudoscalar, tensor and pseudotensor four-fermion operators. Naively, all these
operators produce the lepton pair in different states and do not interfere in the rate [44]. Introducing
large NP in any of them would thus render the bounds (4.7) weaker. There is however one exception.
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Figure 10. The band in the ImCy, — Im CF plane allowed by the K — 7%¢*¢~ experimental bounds.
The degree of fine-tuning is represented by the radiating areas, where [Im Cy — pIm CF|/|pIm CF| < 1/r,
r = 2,5,10,30. Assuming InC = —ImC, €, could thus reach its K™ — 77y experimental bound
for r 2 5.

In Kj — 7%t ¢~, the tensor operators,
Qre=350"d® lo,l (4.9)

do produce the leptons in the same 17~ state as Qv and Q;L [44]. So, effectively, Q7 can be
absorbed into Q)y¢. But then, owing to their similar structures, it is not impossible that Q$ and Qry
are generated simultaneously, and thus that QiE is tightly correlated to this effective Qv 4.

In the next two sections, several NP scenarios are considered, in order to investigate under
which circumstances the bounds on C;L and Cyy can be resolved. Of course, ultimately, better
measurements of the direct CP-asymmetries are the cleanest option to get to Cf. But before pushing
for an experimental effort in that direction, it is essential to have a more precise idea of their maximal
sizes under a large spectrum of NP scenarios.

4.1.1 Hadronic current and Minimal Flavor Violation

The NP scenarios are organized into two broad classes according to the way the leptonic currents
of the effective operators are parametrized. So, before entering that discussion, let us consider here
their hadronic parts, whose generic features transcend the various scenarios.

Only the vector current 57v,d enters in eq. (4.6) because the axial-vector current 5v,7vsd drops out
of the K — nvv and K, — %1/~ matrix elements. It would thus be equivalent to replace 5v,d by
the SU(2);, ® U(1)y invariant forms Qv,Q and Dv,D, with QT = (u,d);, and D = dg. By contrast,
the magnetic operators require an extra Higgs doublet field to reach an SU(2);, invariant form:

Qf ~ (Qo" DH + Do QH*) F, . (4.10)

After electroweak symmetry breaking, this operator collapses to that in eq. (2.2). Consequently, if the
NP respects the SU(2);, ® U(1)y symmetry, Q$ and semileptonic operators are equally suppressed
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by the NP scale since they are all of dimension six. However, the magnetic operators are a priori
much more sensitive to the electroweak symmetry breaking mechanism, so that the scaling between
the two types of operators cannot be assessed model-independently. Its phenomenological extraction
is thus important, and could help discriminate among models.

The effective operators in eq. (4.6) induce the s — d flavor transition, while the leptonic currents
(or the photon) are flavor diagonal. Model-independently, the underlying gauge symmetry properties
of an operator does not preclude anything about its flavor-breaking capabilities. However, the situa-
tion changes if we ask for the NP to have no more sources of flavor breaking than the SM. This is the
Minimal Flavor Violation hypothesis [85-89]. For the operators at hand, it implies that the hadronic
currents scale as

QM (YIY )Y Q7, DIy (YaYIY YD DT Qlo (YIY,Ya) D, (4.11)

with v¥Yg = my, vY, = m,V, m, 4 the diagonal quark mass matrices, and v the Higgs vacuum
expectation value. The CKM matrix V is put in Y, so that the down-quark fields in the operators
of eq. (4.6) are mass eigenstates. Also, we limit the MFV expansions to the leading sources of
flavor-breaking (i.e., minimal number of Y,, 4) for simplicity.

Under MFV, the NP operators acquire many SM-like properties. First, D'yMD is doubly sup-
pressed by the light quark Yukawa couplings, and is thus not competitive with Q'yMQ. Second, the
chirality flip in Q'o* D’ comes from the external light quark masses, and are thus significantly

suppressed. Finally, the s — d transitions become correlated to the b — d and b — s transitions since
V(YY) ~miV Vs (4.12)

Of course, this correlation is not always strict as additional terms in the MFV expansion can be
relevant. Still, it drives the overall scale of the observables in each sector.

We do not intend to perform a full MFV analysis here. Instead, our goal is to quantify, under the
MFV ansatz, the maximal NP effects Qﬂf could induce given the current situation in b — svy. From
eqs. (4.10), (4.11), (4.12), discarding m(q) against my),

Qflsma  ViVig my

= . (4.13)
Qi lbs ViV my

Q* 14t a7 ~ Cry(upw) (@7 0™ (YLY,Y0)" DY) H F,,

The flavor-universality of the Wilson coefficient C7,(ugpw) embodies the MFV hypothesis. The NP
shift still allowed by b — sv is [90]

6Cr (pw) = [—0.14,0.06] U [1.42,1.62] , (4.14)

for constructive and destructive interference with the SM contributions. The latter has a lower
probability, and would require significant cancellations among the NP effects in B — X /T¢~. From
eq. (2.12), and including the LO QCD reduction [6], such a shift can be written in our conventions as

ImC’i‘ ImCﬂ 2
TIMEV_ TIM o~ 47 Tm A 6C ) 4.15
Grmy Grmy 3 m Ag 7’Y(:U'EW) ( )
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For comparison, the SM prediction is F0.31(8) x Im A¢. So, there would be no visible effects for
0C7y(nEw) € [—0.14,0.06], and at most a factor four enhancement for §C7, (npw) € [1.42,1.62].

This is hardly sufficient to push any of the asymmetries within the experimentally accessible
range, while the impact on K — 7°¢*t¢~ would be buried in the theoretical errors, see figure 9.
However, it is well-known that MFV is particularly effective for K physics since it suppresses the NP
contributions by the small V;:V;4 ~ 107%. So, this is the best place to test MFV. A deviation with
respect to the strict ansatz (4.13) could lead to visible effects.

4.2 Tree-level FCNC

The basis of operators in eq. (4.6) maximally breaks the SU(2);, ® U(1)y symmetry. Neutrinos are
completely decoupled from the charged leptons, and the vector and axial-vector operators (as well
as Q1 and Q) maximally mix currents of opposite chiralities. To be specific, the SU(2) ® U(1)y

invariant basis [91] is, after projecting the hadronic currents of semileptonic operators on their vector

components,
Gra
Hcauge = — V2 > (CrLeQre+Cry Qe+ CreQre) + CHRQE R + hec. (4.16)
£:67M7T
QL = sy"d® Ly, L, Qp =5"d® Ly,e®’L, Qp=35"d® Ev,E
Qae " Qae  _
Q“Lf - 16720 Spotd H Fya Qﬁ - 1672w SLJWdRHFW ’

with LT = (vp,f) and E = fp. It is related to the phenomenological basis (4.6) through nearly
democratic transformations

Cuy 1 10 Crye _
Tl ) C;\ 1({1-1)\[cCE
Cve | =5 1 —11 ClLe ’<Cj>_2<1 1><C§ ; (4.17)

CAj -1 11 CRJ

for each £ = e, u, 7. As in eq. (4.6), the SM contributions are not encoded into Hgauge, and have to
be added separately.

The Hgauge basis represents a class of models where the four-fermion effective operators arise
entirely from some high-scale SU(2);, ® U(1)y invariant tree-level interactions. It is characterized
by the correlations it imposes among the phenomenologically non interfering operators in Hppeno. A
well-known example of model within this class is the MSSM with R-parity violating couplings [92-95],
but more generic leptoquark models are also of this form [96]. Note that in these two cases, the QAI;? L
operators nevertheless arise only at the loop level since both the photon and the Higgs (see eq. (4.10))
have flavor-diagonal couplings at tree-level.

The Haauge basis completely decouples the three leptonic flavors. This is adequate since generic
leptoquark couplings do not respect leptonic universality. Actually, one would expect that lepton-
flavor violating (LFV) operators should arise, inducing in particular K — (7)en which corresponds
to an s + u — d + e transition. Those modes are very constrained experimentally, with bounds often
lower that for lepton-flavor conserving (LFC) modes. So, if LFV and LFC couplings have similar
sizes, there can be no large effects in the LFC modes. However, to relate the LFC and LFV couplings
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Figure 11. Tree-level FCNC scenario, with CVL*R together with either C, Cr, or Cr turned on. The diagonal
bands show the model-independent limits of figure 10.

is far from immediate, and requires some additional inputs on the dynamics (see e.g. ref. [97-99] for
studies within MFV). So in the present work, we concentrate exclusively on LFC decay channels.
Still, let us emphasize again that leptonic universality is not expected to hold in the present scenario.

Adopting the SU(2);,®U(1)y invariant basis, the Wilson coefficients of the semileptonic operators
in eq. (4.16) are turned on one at a time while either C’,’Y; or C’,]f is kept on. The bounds are then
completely resolved and rather strict (all numbers in units of 107%)

K —nlete” = —20 < (—ImCp, ©ImCy , ®ImCre) <24 A —14 < pImCF <19,
Ky —mutp~ = =33 < (-ImCp, ®ImC} , ©ImCr,) <37 A =30 <plmCF <36, (4.18)
Kt —7rtvr = 28 < (ImCr, @ ImCp ) <34 ({=e@pdT).

Indeed, C% and C’f cannot grow unchecked since the bounds from K; — 7°(¢*¢~);-— would then
require a large interference with Cr,, C , or Cr . But these Wilson coefficients also contribute either to
the neutrino modes (via @, ¢) or to the axial-vector current (via @4 ¢), which are separately bounded
since non-interfering. So, Cr, C7, or Cr have maximal allowed values, and so have CVL and Cf.
The slight asymmetries between minimal and maximal values are due to the SM contributions. As
in eq. (4.7), “®” denotes exclusive alternatives and “A” means that the bounds are correlated. For
example, both Im C7, o and Im C’,;L cannot reach their maximal values simultaneously, but rather should
fall within the elliptical contour in the Im C7, ,~Im C,, plane, see figure 11. Looking at these contours,
the bound from K; — n%te™ is clearly tighter than that from K+ — ntvo, but K, — n0utp~ is
less constraining (except of course for Cr ;). Thus, as long as leptonic universality is not imposed,

0

Cr,u and C/Lu are only bounded by K+ — ntvi, and K;, — 7'vi can reach is maximal model-

independent bound (4.8). Still, even if K+ — 7tv limits Clg)u’ the K — 7%utp~ rate can always
reach its current experimental limit either through Cg , or with the help of Q¢ .

The comparison of these bounds with eq. (4.7) illustrates the consequence of introducing some
model-dependence. A scenario with tree-level FCNC is completely bounded by the data. Further,
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both Q%’R contribute to all the decays in table 1, since C = %—(—)C’,‘YF when CE(L) is turned on.
Thus, we give in eq. (4.18) the bounds on Im C’j , which directly translates as maximal values for all
the direct CP-asymmetries (4.1), (4.3). Since leptonic universality holds for Qit, the tightest bound

0

from K; — m’ete™ must be satisfied, i.e.

Im CF
—003< 7 <0.04. (4.19)

FMEK
This represents only a slight extension of the range (4.4), obtained in the absence of NP but in Qiﬂ
Scalar or tensor four-fermion operators are not included in eq. (4.16), even though they could
arise from leptoquark exchanges. The reason is that they cannot alter the bounds (4.18) if we write
them in SU(2);, ® U(1)y invariant forms. The only four-fermion operators able to interfere with the
vector ones is Q7 of eq. (4.9), but it must here be replaced by

Qfy=50"d® LowE, Qf,=s0"d® Eo,L . (4.20)

Each of these operators has a pseudotensor piece so*’d ® !70“”756 which is the only current able to
produce the lepton pair in a 17~ state [44]. There is thus no entanglement, and Q%Z and Q%Z are
both directly bounded by the total K;, — 7% ¢~ rate. Hence numerically, the bounds are similar to
those in eq. (4.18), and eq. (4.19) is not affected.

4.3 Loop-level FCNC

For a given lepton flavor, the Hqgauge basis maximally couples the semileptonic operators, while the
Hpheno basis maximally decouples them. An intermediate picture emerges if the NP generates FCNC
only at the loop level. This can be due to some discrete symmetries (like R-parity) or to some gen-
eralized GIM mechanism. By construction, most NP models are of this type, for example the MSSM
(see section 4.3.3), little Higgs [100-102], left-right symmetry [62, 103], fourth generation [104, 105],
some extra dimension models [106],..., because the loop suppression of the FCNC naturally allows
for the NP particles to be lighter, hopefully within the range of the LHC.

An appropriate basis to study this scenario is derived from the situation in the SM. Indeed,
the NP should induce the quark flavor transition s — d, but the lepton pair is flavor-diagonal and
could still be produced by SM currents, i.e., v and/or Z bosons. So, in the absence of new vector
interactions, the SM basis is adequate:

Gra

Hpp = — /2 (Cz Qz+CaQa+CsQp)+CLEQME + hee. (4.21)

with (s}, = sin? 0y = 0.231)

Z penguin : Qz = sty Qr + (1 — s%,)Q), + 253, QR , (4.22a)
2
) s
¥ penguin: Qa ="V (@1~ Q) +2Qn) (4.22b)
W boxes : QBE—;QL— ;QIL (4.22¢)
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In the presence of NP at the loop-level, it is natural to use the SM-like Qf/’R operators of eq. (4.16)
since the chirality flip is a priori different for the L. — R and R — L transitions. Indeed, even
though the drastic SM scaling Cﬂf ~ mg > C’,]f ~ mg needs not survive in the presence of NP, it is
nevertheless expected that (C’% + Cf“)/(CyL - Cf“) is of O(1).

The Qr,, Q) and Qpr operators are never independent in this scenario, even before the electroweak
symmetry breaking takes place. Indeed, though there is a one-to-one correspondence between the
W4 penguin and Q' , the B* penguin generates both @, and Qg with a fixed (“fine-tuned”) relative
coefficient. Combined with eq. (4.17), the transformation back to the phenomenological basis is

Cy 1 0 —4 Cy
Cve | =, 452, —1 8%, 1 Cy |, (4.23)
Cay 1 0 —1 Cp

while the QAL,’R operators are related to the fo as in eq. (4.16). In the SM without QCD, the
semileptonic coefficients are directly given in terms of the Inami-Lim functions as (beware that the
SM contributions are not included in Hpp, which parametrizes only the NP contributions) [6]

CEM - _)\tDO(xt)/ﬂ'S%/V 5 C;M = _)\tCO(xt)/ﬂ'S%/V 5 C%M = —)\tBO(l't)/ﬂ'SIQ/V s (424)

so the Hpp basis coincides with Penguin-Box expansion of ref. [107]. Remark that lepton universality
is strictly enforced to match the physical picture of NP entering only for the s — d penguins, but this
can easily be lifted. Also, (pseudo)scalar or (pseudo)tensor operators are not introduced, as none of
the SM penguins can produce them.

In the SM, only specific combinations of the electroweak penguins and boxes are gauge invari-
ant [107]. Those combinations are precisely those entering into C, s, Cy,, and Cy4 g, since their
operators are directly producing different physical states. Of course, by construction, the Hgauge
basis (4.16) is also gauge invariant. To check this starting with the SM expressions (4.24) requires
first extending the basis (4.21) to differentiate the boxes according to the weak isospin state of the
lepton pairs [107]

_1 / Q) (41 @B 11/2
Qpxijp=,@£0) (%) = <_1 1) <Q3,1/2> . (4.25)

The combination Qg occurs in eq. (4.22) because its Wilson coefficient is separately gauge invariant,
see ref. [107], while Q'5 is redundant once the gauge is fixed (we work in the t’"Hooft-Feynman gauge).

So, if one insists on gauge invariance, the Hpp basis collapses either onto the Hppeno basis or
the Hgauge basis. Still, using directly the Hpp basis for parametrizing NP makes sense because its
operators encode different physics [107, 108]. Indeed, the dominant NP contribution in the Z penguin
effectively comes from a dimension-four operator after electroweak symmetry breaking [109], while
the v* penguin is of dimension six. The box operator Q5 is there to complete the basis, but is
rather suppressed in general. Finally, the magnetic operators Qﬁ T are separately gauge-invariant, of
dimension five after the electroweak symmetry breaking, and require a chirality flip mechanism. So,

it is only if there is a new gauge boson, and a corresponding new penguin not necessarily aligned with
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the SM structures, that significant fine-tunings between the Hpp operators could arise. This will be
dealt with in the next section.

Coincidentally, the Hpp basis is rather close to the model-independent basis Hppeno, because
45%[, ~ 1. Indeed, @z essentially drops out from the vector current, leaving Q) 4 and ij‘ completely
entangled in K; — 7%(¢*¢7);-—, while the Qp and Qz pair is fully resolved through the non-
interfering C, » and C4 ¢ contributions to K — 7vv and Ky, — 770(€+€_)1++70_+. The main difference
between the Hpp and Hppeno bases is in the magnetic penguins, since the former relates Q¢ and Q7
through (CL + ¢ /(CL — CE) ~ O(1).

Turning on Cz, C4, and Cp one at a time while keeping Cf L on, the bounds are (in units of
1074)

K —n%te” = —14 < (s3/2)ImCy — pImCF <8 &
[—20 < (ImCz & —ImCp) <24 A =8 < pImCF < 14],
Kp—mputp™ = =29 <(s}y/2)ImCp — pImCf <24 & (4.26)
[-33 < (ImCz @ —ImCp) <37 A —24 < pImCH < 29],
Kt —7ntuvr = —15<(ImCyz @ —4ImCp) < 21.

As before, “A” denotes a contour in the corresponding plane within the quoted extremes, while “®”
is the exclusive alternative. Comparing with eq. (4.7), the presence of )z or @) p in the vector current
has no impact on the range for ImC;'. The bound from K* — 7fvi are stricter because leptonic
universality is now imposed. This actually permits to combine all the modes, so that Im C is best

Yete™ together with K+ — 7w, and Im Cp entirely by K+ — 7w thanks

constrained by K; —
to the factor —4 in eq. (4.23). The photon operators @4 and Q,jyt are unconstrained at this level, so

let us investigate how to resolve this ambiguity within the present scenario.

4.3.1 Hadronic electroweak penguins

The photon and the Z boson are also coupled to quarks, and thus affect €’. So, if NP generates the
@z and @4 operators entirely through these SM gauge interactions, we must impose

Re(e'/e)NP ~ 753, Im [11.3 x Cz + 3.1 x C4 +2.9 x Cp] . (4.27)

This simplified formula is obtained from ref. [61] by parametrizing the NP contributions to the OPE
initial conditions at My, in terms of Cz 4 B, setting the bag factors to their large NN, values, and taking
ms(me) = 121 MeV. We do not include the Q7 contribution to " since the experimental bound (3.23)
implies that it is below 30% of Re(g' /)P, see eq. (3.57). It should be clear that this formula is only
a rough estimate. Deviations with respect to the strict large N, limits are likely, even though the
coefficients of C'z and C'4 are most dependent on BS/Q which is better known than Bé/2 (see ref. [61]).
To account simultaneously for this uncertainty and that on the SM contribution, we conservatively
require | Re(e’/e)NP| < 2Re(e /e)®P.

Even if rather imprecise, the constraints from Re(¢’/¢) are currently tighter than those coming
from rare decays for Cz and C'4. Numerically, turning on one semileptonic operator at a time,
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Figure 12. Loop-level FCNC scenario, with each electroweak operator separately turned on together with
QF. (a —¢) Contours in the ImCy, — ImCS plane as allowed by the K™ — ntww, K, — «%*(~, and
¢’ experimental bounds. (d) The correlation between K7 — 7mete™ and K; — 7mu*u~, when generated
exclusively by Qz, Qa, or Qp (red), or with one of these together with Qﬂ; (blue). The grey background is the
area accessible with uncorrelated vector and axial-vector currents (assuming leptonic universality). See ref. [44]
for more information.

eq. (4.27) imposes (all numbers are in units of 10~%)
Re(¢'/e) = |ImCy| <4 @ |ImCxl <15 @ |[ImCp| < 16 . (4.28)

As shown in figure 12, for such values, the contributions to Cy, are tiny. Thus, the maximal values

for Im C7 are the same as without any other NP sources, eq. (4.4), which requires that Kj, — 7%"e~

saturates its current experimental limit. Since lepton universality holds, the Kj — 7%uTu~ rate is

0

smaller but tightly correlated to K — ne™e™, see figure 12. Concerning K — 7w, if one assumes

that Cp < Oy, as in the SM, then K — 7w is strongly limited by &’:

0 < B(Kp — n%w) <16 x 10711 |

4.29
7x 1071 < B(KT — atuw) <12 x 10711, (429)

Ca=Cp=0 =>{

However, the current KT — 7 v experimental limit can be saturated when Cg ~ C, in which case

0

K, — v could reach the model-independent upper limit of eq. (4.8)

B(Kp — 7°vp) ~ 4.3(B(K+ — ntvi) — B(KT — nTv)™M) < 1.2 x 1077 . (4.30)
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With &’ so constraining, even a slight cancellation among the electroweak penguins could have a
significant outcome for Im Cj{‘ . This could occur in most models since the Hpp operators are usually
not independent but arise simultaneously. Indeed, the intermediate loop particles are in general
coupled to both the v and Z bosons. Let us stress, as said before, that we do not expect a fine-
tuning among these electroweak penguins, at most some cancellations, because their SU(2)-breaking
properties are significantly different. Still, it is worth to investigate this possibility, so let us relax the
one-operator-at-a-time procedure.

Once eq. (4.27) is added to K — wvv and K; — 7%T¢~, the system is sufficiently constrained
and the bounds can be resolved even when all the semileptonic operators are turned on simultaneously
(all the bounds are in units of 107%)

Re(e'/e) = |[ImCy+3.9ImCy| < 19
Kt —rntvp = A —-15<ImCyz—4ImCp <21
Kp—mlefe” = A[-32<ImCz <35 A —14 < pImC < 18]
= A[-49<ImCz <53 A =30 < pImCf <35] .

(4.31)
Ky —mutp

We indicate the main source driving each bound, but it should be clear that all the experimental
constraints are entangled, and all are necessary to get a finite-size area in parameter space.

Interestingly, these bounds are not very different from those derived on the SU(2);, @ U(1)y
operators of eq. (4.16). The reason is that Re(e'/¢) in eq. (4.27) imposes the tight correlation C'y ~
—4Cyz, upon which Cyz, C4, and Cp are all ultimately bounded by the rare decays through C, , and
Cay, exactly like Cp, C7, and Cr were (see eq. (4.17)). Still, the origin of the observed correlations
among C, ¢, Cy and Cy in these two scenarios is obviously very different. It directly comes from
the assumed NP dynamics when using the Hgauge basis, but is entirely driven by the sensitivity of
Re(e’/e) to electroweak penguins when using the Hpp basis.

If the electroweak operators are induced by SM-like Z and 7* penguins, such a tight C'y ~ —4C',
correlation is rather unlikely given the intrinsic differences between those FCNC (dim-4 versus dim-6).
So, when

raz = <1, (4.32)

one would rather conclude that a non-standard FCNC, not aligned with the SM penguins, is present.
Since C'4 + 4C is the gauge-invariant combination driving the vector coupling (which is known to
dominate in &’ [107], as is obvious in eq. (4.27)), one would need a new enhanced penguin not coupled
to the vector current, or not coupled to quarks.

The experimental signature for this scenario requires disentangling C'4 and C'z. Since the ex-
perimental K™ — 77w bound can be saturated with the help of Cg only, it has no discriminating
power in 74z. The maximal attainable value for Im Cj , and thus for the CP-asymmetries, is not very
sensitive to 74 either, see figure 13. On the other hand, the correlation between K; — n%te™ and
K1 — 7%~ shown in figure 13 could signal such a scenario. Indeed, without fine-tuning, one is back
to the situation shown in figure 12, i.e. both rates saturated by a large Q,JYr contribution in their vector
current when they deviate from their SM predictions. On the other hand, as 4z decreases, more and

more of the model-independent region in the Kj — 7%ete K — 7%~ plane gets covered.
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Figure 13. Loop-level FCNC scenario, with all the electroweak operators as well as Q$ simultaneously
turned on. (a — b) Correlations between Im C4, Im C, and Im Cy, as implied by the experimental bounds
on K — ntvw, K, — 7%t~ and ¢. (¢) Contours in the Im Cy,, — Im C plane, with the color lightness
indicating the level of fine-tuning between C4 and Cyz, see eq. (4.32). (d) The correlation between Kz, — meTe™
and K; — 7°u*pu~, again as a function of the fine-tuning between C4 and Cz. Compared to figure 11, a
larger range is attainable. Note that here, the theoretical errors in Ky — 7°¢*¢~ are discarded for clarity.

4.3.2 QCD penguins

If SU3)c ® U(1)em stays unbroken at the low scale, the FCNC loops must involve intermediate
charged and colored particle(s). The photonic penguin is thus necessarily accompanied by the gluonic
one. Further, if NP enhances significantly the chromomagnetic operators Q;t (defined in eq. (3.60)),
the magnetic operators Qvi are then directly affected through the RGE (3.61),

CE(pe) =0 [C5 (uvp) +8(1 =0~ )Cq (unp)] + Cf (1e) = nCy (unp) - (4.33)

So, Cgi(,uNp) act as lower bounds for C’Wi(,uc). The opposite cannot be asserted from eq. (4.33)
since the O(«) mixings Qiﬁ — Q;‘E are missing. However, those mixings are presumably long-distance
dominated, hence have to be dealt with at the matrix-element level. For instance, in the case of &, the
@ contribution is subleading even when Im C_ saturates the experimental limit on the K +t = rtaly
CP-asymmetry, see eq. (3.57). So, the mixing effects do not forbid a large splitting C$ () > Cgi (te)-

Still, owing to their similar dynamics, Cf(,uNp) and Cgi(,uNp) may have similar sizes. Then,
since Q; contributes to &', both magnetic operators are tightly bounded

[Im [ |[ImCy|

~ <5x10°% 4.34
GFmK GFmK ~Y X 7 ( )
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if we require |Re(e’/e)y4| < Re(e’'/e)™P and set Bg = 1. This is extremely constraining, and would
rule out any effect of the magnetic operators in rare decays or in CP-asymmetries.

The presence of the other FCNC could significantly alter this bound. So, let us again turn on
all the penguin operators but freeze the relation among the magnetic ones, |Im C’,‘YF | = 1.5[ImC|.
Also, we neglect the chromoelectric operators (the usual QCD penguins), as their impact is less
important [61]. Then, using eq. (4.27) together with (4.5), the bounds can be resolved except when
¢’ and K — 7%*¢~ just happen to depend on the same combination of Im C'4 and Im C'j,g, which
occurs for ImCf = —3Im C; (with Bg = +1).

In this scenario, the driving force is the cancellation between the two largest contributions to &',
i.e. between Im € and Im(4Cz + Cy4). The electroweak operators are not fine-tuned except for the
Im Cz —Im Cp correlation imposed by the rare decays, which stays as in figure 13. So, in this scenario,
large effects are possible in K — 7w thanks to @ and Qz, while K; — 70T/~ receive sizeable
contributions in both their vector and axial-vector currents. Contrary to the situation without Q;t,
these latter decays can no longer be used to probe the cancellations in &’ since they do not directly
depend on the chromomagnetic operators.

Actual numbers for the bounds on the Wilson coefficients would not make much sense here, be-
cause the fine-tuning in Re(¢’ /) reaches horrendous values before the rare decay constraints can kick
in. As shown in figure 14, individual contributions to Re(¢’/¢) can be as large as 10%. Instead, let us
freeze the situation and set the @, contribution to Re(e'/¢) at 2 x 1072. As shown in figure 14, this re-

quires a large but not impossible 90% cancellation between the electroweak and the gluonic penguins.

To uniquely identify this cancellation, the best strategy relies on the direct CP-asymmetries (see
figure 14). The first step is to exploit the RGE constraint Cﬂf (te) 2 C’;t (t¢), which implies that the
asymmetries in eq. (4.1) are all at the percent level

€ ImCy  Re(/e)y 142 (4.35)
Grmg ~ Gpmg 3B¢

Since €’ ¢, €/, and eh are mostly insensitive to the hadronic penguin fraction in &', they would
cleanly signal the presence of NP in Q7. The second step derives from the pure AI = 1/2 nature of
the chromomagnetic operator. Since it enters only in K — (77)o, its presence would be felt in &,
(see eq. (4.3)), in addition to that of Q7. So, using eq. (4.5) and enforcing | Tm CF| = 1.5/ Tm C;/ |, we
can write

V2

€' [elg = § Re(e'/e)y = 0.65 , | /e|l, = Re(e'/e)y =~ 2.2, (4.36)

1
Ael
with w™! = Re Ag/ Re Ay ~ 22.4 the AI = 1/2 enhancement factor, and Bg = +1. By contrast,
electroweak penguins contribute mostly to the K — (7m)y amplitude, and have thus a negligible
impact on &', compared to Q. So, in principle, by combining &', with &',y , €, ., or 8‘/ > it s possible
to evidence NP in both Q,jyE and Q. Of course, this whole program is very challenging experimentally,
but completing the first step may be feasible, since ()5, could push eﬁroﬂf and eﬁrfﬂf up to less than an
order of magnitude away from their current limits.
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Figure 14. Loop-level FCNC scenario, with all the electroweak operators as well as Qﬁ 4 simultaneously turned
on, but imposing Im C’j =+1.5ImC; . (a) Correlation between the electroweak and gluonic contributions to
¢’, imposing |Re(e’/e)N"| < 2Re(e'/e)™P. (b) The ImC range as a function of the fine-tuning between
Re(e'/e)pw and Re(e’/e),. (c) The corresponding contours in the Tm Cy,, — Im C plane. In (a) and (c), the
lighter (darker) colors denote destructive (constructive) interference between Q4 and QF in Ky — 7%¢*t¢~.

4.3.3 Minimal Supersymmetric Standard Model

The MSSM with R-parity is a particular implementation of the loop-level FCNC scenario discussed in
the previous section. All the bounds derived there are thus not only valid, but could become tighter.
Indeed, the various FCNC could be more directly correlated once the NP dynamics is specified. In
addition, the MSSM introduces only a finite number of new sources of flavor-breaking through its
soft-breaking squark mass terms and trilinear couplings.

The most important correlation is that between the gluonic and photonic penguins, as analyzed
in details in ref. [15, 81]. Both can be generated by gluino-down squark loops, so that [110]

Ctmg) = """ [(@F)or £ (3Ru)or] Pl Flag) = F(1) = { (4372)
Citmg) = "0 (0o £ (3R] Gl Glg) = GO = = 1 (1.370)

where x4, = mé/mg, mgg) the squark (gluino) mass, and F(z4), G(z4g) the loop functions. The
chirality flips are induced by the SU(2), breaking trilinear term AP parametrized through the mass
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insertions (657 )21 = (075)%,. At the low-scale, the Wilson coefficients obey

+ _ F(zqg)
Cy (he) = (nG(xqg)

In the absence of any other supersymmetric contributions to &', this leads to the tight con-
straint [111-113]

+8(n — 1)) CE(pe) = —1.6CF (uc) - (4.38)

[Tm Cy (ee)|

/
Re(e'/e) = Grmx

<H5x 1070 — | Im(68, )a112] <2 x 1075 . (4.39)

~

Before discussing how this bound could get relaxed by NP effects in the other FCNC, let us
consider the MFV prediction for 6%, , to get a handle on the “minimal” size of Cf/fg. The U(3)5 flavor
symmetry-breaking of A” imposes an expansion at least linear in the Yukawa couplings [85-89]

AP ~ A()Yd(ao]_ + alYlYu +.. ) , (440)

with v4Yy = my, v, Y, = m,V, v, 4 the vacuum expectation values of the H 27 4 Higgs boson, Ag
setting the SUSY breaking scale, and a; some free O(1) parameters (which can be complex [114, 115]).
In that case, (67)rs ~ mgs/mj ~ 107%, and no visible deviations could arise in &’ or in the other
CP-violation parameters (4.1). Turned around, this means that these observables are particularly
sensitive to deviation with respect to MEF'V. Since this framework is only one particular realization of
the flavor sector of the MSSM, motivated in part by the tight constraints in the b — s,d or £ — ¢’
sectors, and in part by its rather natural occurrence starting from universal soft-breaking terms at
the high scale, it has to be confirmed experimentally also in the s — d sector.

Before exploiting the analysis of section 4.3.2, there is another important correlation arising in
the MSSM. The AS = 2 observables can be induced by the same source of flavor-breaking as the
magnetic operators. One derives for mg = 500 GeV [111-113]:

I 3 | Re Cfﬂ
AMg = \/Re(62,)3, < 3 x 10 <01, (4.41a)
FMMK
Im C+
EK = \/Im(agL)gl <4x107* | a <0.01. (4.41Db)
FMK

The absence of a large cancellation among the supersymmetric contributions is explicitly assumed, for
example with the processes where the flavor-breaking originates from the SU(2);, conserving squark
masses (most notably 67} ). At this stage, we want to point out that the bounds on Re C% obtained
from radiative decays are competitive with that from AMp:

ReCZ;
Kt - rtn% = | a <01 — |Re(0R)a] <3x1073, (4.42a)
GFmK
0 |Re O] D -2
K — vy = <03 — |Re(dgp)a| <1077, (4.42b)
Grmg

assuming C,;L ~ +C. Compared to the bound from AMf, radiative decays directly constrain
Re(&IQL)Ql, and there can be no weakening through interferences among SUSY contributions since
only Q,jyE enter.
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Let us consider the bound from € as the maximal allowed value for Im Cﬂf. We can now directly
connect the present MSSM scenario to that discussed in section 4.3.2 since the bound (4.41b) matches
that in eq. (4.35). Given the constraint (4.38), which also matches that of section 4.3.2, such values
for Im C’ig are only possible provided there is a large electroweak-gluonic penguin cancellation in &',
of about 90% of their respective contributions, see figure 14.

This cannot be excluded a priori, even though the electroweak penguins are not directly correlated
with gluonic penguins in the MSSM. With the SU(2);, conserving mass insertions 5EL limited by the
AS = 2 observables, electroweak penguins arise essentially from the flavor-breaking in the up-squark
sector. Indeed, when AY = A)Y, + ..., the quadratic combination of mass-insertion (6%5)13(6%5)33
gets significantly enhanced by the large top mass [116]. This scenario was analyzed in details e.g.
in refs. [81, 117], where significant deviations with respect to the SM where found to be possible
for K — mvw. In particular, the box diagram was found to be sizeable in ref. [118]. Though these
scenarios concentrated on the low to moderate tan § = v, /vg regime, the situation is similar at large
tan §. Indeed, on one hand, Cﬂjﬁg and thus Re(¢’/e), could reach larger values even under MFV since
Y, = my/vy gets enhanced, but on the other, the charged Higgs contribution to the electroweak
penguins can kick in, making them sensitive to the flavor-breakings in the 5}%% sector.?

Altogether, there can be two different situations in the MSSM:

e If there is a large cancellation between gluonic and electroweak penguins in €', large enhance-
ments are possible in the rare decays. This is the scenario of section 4.3.2. The KT — nvp

mode can saturate its current limit, and K; — x°

vy can reach the model-independent
bound (4.30). The K; — m%%e™ can also saturate its experimental bound, while leptonic
universality then limits K7 — 7°u*u~ to about 40% of its current (looser) bound. As in sec-
tion 4.3.2, the direct CP-violating parameters in radiative K decays could reach the percent

level, see figure 14, and would be the cleanest signatures for this scenario.

e On the contrary, if there is no large cancellation in €, say not beyond about 10%, then Cff
are indirectly limited by the tight correlation (4.38), and all the direct CP-violating parameters
would be small, presumably beyond the experimental reach. Further, a fine-tuning between the
Z and virtual v penguins able to push 74z in eq. (4.32) to small values is not possible. Both
are driven by the same mass insertions, with the generic result Cz > C4 (see e.g. ref. [117]).
So, this corresponds to the first scenario of section 4.3.1, characterized by the bounds (4.28).
The K+ — n7vw and K, — 7'vi could still be very large if the boxes are sizeable (Cz ~ Cp),
but K; — n%te™ and K — 7%t~ cannot because Cj{‘ ~ —1.605:,IE is too small to enhance
them (see the red areas in figure 12d).

In summary, to probe for a possible large electroweak and QCD penguin cancellations in &',
the K — wvv are useful only if the scaling between box and penguins is known. However, telltale

0

signatures would be large enhancements of K — mete™ and K; — 7n%utpu~ as well as large CP-

violating parameters in radiative K decays.

At large tan 3, Higgs mediated penguins could also appear. Those are embedded in helicity-suppressed scalar and
pseudoscalar semileptonic operators. We refer to ref. [44] for an analysis of their possible impact.
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Conclusions

In this paper, the s — dv process has been thoroughly studied. The best phenomenological windows

are the direct CP-violating parameters in radiative K decays for real photon emissions, and the rare

K; — mete™ and K, — 7%~ decays for the s — dv* transition. For all these observables, a

sufficiently good control over the purely long-distance SM contributions has to be achieved to access

to the short-distance physics, where NP effects could be competitive. So, in the first part of this

paper, the SM predictions were systematically reviewed, with the results:

1.

K+ — 770y We included the AI = 3/2 contributions, which were missing in the literature,
and found that they enhance the loop amplitude by about 50%. As a result, the recent NA48
measurement [5] of the direct-emission electric amplitude can be well-reproduced without the
inclusion of significant counterterm contributions. Concerning direct CP-violation, we identified
an observable, eq. (3.16), which is not phase-space suppressed, and could thus help increase the
experimental sensitivity to 6{’_07. Thanks to the improved experimental and theoretical analyses,
the prediction for €/+07 in the SM is under good control, though a large cancellation between
and Q7 (magnetic operator, see eq. (2.1))

the Q3. 10 (four-quark operators, see eq. (2.6))
=5(5) x 107°.

contributions limits its overall precision, €/+07

. K% — 7t7~5: The inclusion of the AI = 3/2 contributions, together with the experimental

extraction of the counterterms from K+ — 7770y, permits to reach a good accuracy. Contrary
to previous analyses, we found that the )3 .19 contribution to the direct CP-violating parameter
e’+_y is suppressed by the Al = 1/2 rule and negligible against that of Q. Altogether, the
very small value ¢/, _ = 0.8(3) x 1075 is obtained in the SM.

. K — ~v: For the direct CP-violating parameter 8‘/ )y we confirmed the computation of ref. [67]

for the @3, 10 contribution. However, that of ), was missing, and lead to a factor five enhance-
ment to 6"‘ ~ 1.4x 1075 in the SM. For the parameter ¢, , the situation changes completely com-
pared to ref. [67]. Indeed, the anatomy of K — 77 has been clarified in ref. [68], where the ab-
sence of QCD penguin contributions at leading order was proven. As a result, we got the striking
prediction that ¢/, is a direct measure of these QCD penguins, €', (Q3,...10) = —iIm Ag/ Re Ay,
while the Q1 contribution is much smaller in the SM. So, this AT = 1/2-enhanced observable
could resolve the QCD versus electroweak penguin fraction in & (to which ¢, , €}, ., and 51 |
have essentially no sensitivity), and could improve the theoretical prediction of eg.

. Ki — 7%*¢=: We have updated the branching ratio formulas of refs. [44-46], which now

reflect the better experimental situation for K; — 7%y, the extraction of the matrix elements
from K3 performed in ref. [14], and the reanalysis of the error treatment (along the lines of
refs. [10, 45]) for the indirect CP-violating contribution detailed in appendix B.

. Re(¢'/e): We have computed the long-distance part of the magnetic operator contribution to

¢/, as well as to AMg and ex. While it is (as expected) negligible for the last two, it could
a priori be sizeable for & if (5 is enhanced by NP. Even though this contribution cannot be
predicted accurately, and the short-distance part is lacking, we proved that the recent NA48
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bound [5] on €', ensures that it does not exceed about 30% of Re(¢'/¢)*P, and thus, for the
time being, can be neglected.

In the second part of the paper, the possible NP impacts on the s — dvy process were analyzed.
The direct CP-violating parameters in radiative decays offer the cleanest accesses to s — d~y since they
are free from any competing NP effect (except €’,) once the Q3 . 10 contributions are fixed in terms
of Re(¢'/e)®*P. However, these parameters are not yet tightly bounded experimentally. By contrast,
the Kj — 7%t ¢~ decays are sensitive to both s — dy and s — dv* processes, as well as to many
other possible FCNC, but are already tightly bounded experimentally. So, to resolve the possible
interferences among NP contributions, and thereby assess how large the CP-violating parameters
could be, several scenarios were considered. The main discriminator was chosen as the assumed NP
dynamics, which translates as a choice of basis for the effective four-fermion semi-leptonic operators.
To summarize each scenario:

1. Model-independent: The basis (4.6) is constructed so as to minimize the interferences between
the NP contributions in physical observables [83]. Its main characteristics is the entanglement
of the magnetic operator ij‘ with the semileptonic operator Qv = 5vy,d ® ("0, since they
both produce the £T/~ pair in the same 17~ state. So, if these two interfere destructively,
the CP-violating parameters in radiative decays could be large. For example, if there is a 80%

cancellation between Q;/F and Qv in K7, — 70

ete, 6{‘_07 could saturate its current experimental
limit —22(36)% [5], see figure 10. By comparison, a strict enforcement of the ME'V hypothesis
would suppress all these CP-violating parameters down to the 10~% range. This shows the power

of these parameters in exhibiting deviations with respect to MFV.

2. Tree-level FCNC': The basis (4.16) assumes that the NP is invariant under SU(2);, ® U(1)y,
and generates the semileptonic operators through tree-level processes. The main characteristics
is the strong correlation between K — mvw, Ki — 70((*07);——, and Kj, — 7(0T07) 4+ g+
for a given lepton flavor, but the absence of leptonic universality. This is sufficient to resolve
the entanglement between Q# and Qyy. The CP-violating parameters are then bounded by

K; — 7Y

ete™, see figure 11, with e.g. |¢/ o, | < 11%. In this scenario, the rare decays can reach
their current experimental limits (except for K; — mVv& for which the model-independent

bound (4.8) is tighter), but this cannot occur simultaneously for all the decay modes.

3. Loop-level FCNC/electroweak penguins only: The basis (4.21) provided by the SM electroweak
penguin and box operators is adequate when the FCNC originates entirely from loop processes.
The main characteristics of this scenario is the entanglement of the s — dv and s — dy* photon
penguins in Kj — 7(¢*¢7);--. However, once in this basis, it is natural to allow the photon
and Z to couple also to quarks, bringing &’ in the picture. Then, the only way to have sizeable
effects in rare decays is to allow for a large box operator, to fine-tune the electroweak penguins
so as to avoid the large vector current contribution in &', or to allow for Q,jyt to be large. The
main issue is thus to resolve the fine-tuning in &’. Indeed, if it is extreme, one would conclude
that the chosen basis is inadequate, and NP is not aligned with the Z or v penguins. While the
direct CP-violating parameters are rather insensitive, and could reach at most a few percents,
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the correlation between the K — n%%e™ and K — 7% "~ modes can be used to signal

such a fine-tuning in &', see figure 13.

4. Loop-level FCNC/electroweak and chromomagnetic penguins. When generated at loop level,
the magnetic operators are always accompanied by the chromomagnetic operators since the
SU@3)c ® U(1)enm quantum numbers must flow through the loop. Their relative strength, how-
ever, cannot be assessed model-independently. If one forces the two to be of similar strengths,
the main characteristic of this scenario is then the tight fine-tuning required by &’ between the
gluonic and the electroweak penguins, see figure 14. To resolve this, rare decays are rather
ineffective, but the direct CP-violating parameters are perfectly suited since they directly mea-
sure Q$. The parameter €, is particularly interesting, since it is also directly sensitive to the
ATl = 1/2 chromomagnetic operator @, through its dependence on Im Ay / Re Ap.

5. Loop-level FCNC/MSSM. The main characteristics of the MSSM is the strict correlation between
the magnetic and chromomagnetic penguins, eq. (4.38). Depending on the level of fine-tuning
between gluonic and electroweak penguins in €’, this scenario collapses either to scenario 3 or 4.
In the former case, both magnetic penguins have to be small since they are correlated, and the
MSSM further forbids the specific fine-tuning between the electroweak penguins required by &’.
As a result, the rare decays are tightly constrained, see figure 12, with the possible exception of
K — 7wvv if the box amplitudes are exceptionally large. It should be stressed though that the
cancellation between the gluonic and electroweak penguins required in €’ need not be extreme
to leave room for sizeable supersymmetric contributions to both K — 7%T¢~ and direct CP-

violating parameters, see figure 14. Finally, radiative decays were found to provide a competitive
bound on Re 13, see eq. (4.42).

In conclusion, the stage is now set theoretically to fully exploit the s — d~ transition. The SM
predictions are under good control, the sensitivity to NP is excellent, and signals in rare and radiative
K decays not far from the current experimental sensitivity are possible. Thus, with the advent of
the next generation of K physics experiments, the complete set of flavor changing electromagnetic
processes, s — dvy, b — (s,d)7, and £ — {7y, could become one of our main windows into the flavor
sector of the NP which will hopefully show up at the LHC.
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A The K — mm~y decays in Chiral Perturbation Theory

At O(p?), the direct emission vanishes while E;p is fully predicted in terms of the O(p?) K — 7w
amplitudes. Including O(p*) corrections, the IB amplitudes become

em} A (Kt — 7T+770)phy8 +

Ki-qP-q

_\ph
EHH0 _ Eit— — _em?(A (Kl - )p " (A.l)
15 L Ki-qKy-q
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while E7f~ = E?% = EI% = 0 in the limit of CP-conservation (v2|Ka1) = |K°) + |K°) in the
usual ChPT conventions [12]). The subscript ”phys” means the full O(p*) on-shell decay amplitudes,
i.e. with physical (renormalized) weak couplings, masses, decay constants, and including the strong
phases arising from the 77 loops [120].

Once the IB amplitudes are correctly renormalized, the left-over O(p*) contributions are purely
of the direct-emission type, i.e. vanish in the limit ¢ — 0 (which translates as Epg — ¢, given the
factored out projector in eq. (3.1)). The loop contributions, still in the limit of CP-conservation, are

2 2
Eng(J)EJO = _e(mKSWQT;W)mK [h(zl) + g(z2) — AA My (—z3) + 2Ahk K (—23)] , (A.2a)
2 2
14— e(mK - mﬂ)mK 0 ew
Eloop - 87T2F7T [h('zl) + h(ZQ) — 8A hyr (_23) —4Ahg K (—2’3)] s (A2b)
2 2
o1 e(my —mz)mg
Eloop - 87T2F7T [h(zl) - h(zZ)] 5 (A2c)
F200 _ e(m%( —m2)mg Aod
loop — — 87T2F7T [g(zl) - 9(22)] > ( : )
Elloooop =0 ) (AQQ)

where h(z) = AShky(2) + A%hrk(2) — AThi(2) and g(2) = 2AT (hai(2) + hrr(2)). The loop
functions h;;(2) are given in ref. [53] in terms of the subtracted three-point Passarino-Veltman function
Cop, and the A’ are expressed in terms of the O(p?) on-shell (but not necessarily physical) K — PP

amplitudes:
A (K+ — 7T+7T0) 5 3/2 1
At — = 0GR pew A3
OF,(m% —m2) 6 2 27 (A.32)
A(K) —7trn7) 1 12 5 32
0 ew
= =G G Gy — A A.3b
2F, (m2, — m2) 81 gGar + oG ’ (A.3b)
—V3A(K* — mtg) 4 a2 5 32 3
A8 _ — _ — AV A.
OF, (m2 —m2) Tl TG T AT (A.3c)
A(KY - KTK 262 F3G oy
pew — Al N 25) — e (A.3d)
2Fr(mge —m3) 2Fy (my —m3)

with |Gs| = 9.1x 10712 MeV =2, |Gar| = |G3L*| = |G2L?| = 5.3x 10713 MeV~2, and sign(Gs/Gar) = +1.
The vanishing of Ellooo% is a consequence of the CP symmetry combined with Bose symmetry. All the

loop amplitudes are finite, but some separately finite counterterms contribute (N; = N1y — Ni5 —
Nig — Ni7)

o QeGgm‘;’(

(BLLY, EL, BEL) = 5 (=Ni, 2Re N, 2iTm ;) , BT =EX=Ef=0. (A4)
Finally, the )7 operator enters as

eBTm%(
3(2m)2 Fy

Note that these Q) contributions cannot be absorbed into the N;.

(B, B B = (=Cy, Re €y, itm ), BXT = B =B =0 . (A5)

4T -



For K — 7t 7%y, the function E'°°P(W?2 T*) occurring in eq. (3.6) is
GgE'"P(z1,z) = Re [h(21) + g(22) — 4A hrr (—23)] ) (A.6)

as obtained from eq. (A.2) by neglecting Re A < Re Gga7 (since G, is entirely generated by
the electroweak penguins). The real part refers to the weak phases only. Performing the multipole

expansion and expressing the K — PP amplitudes parametrically in terms of the K — 7m isospin

amplitudes
Ay = V2F 2 2 L 2, _ 2 2y |9 3/2 1 ew
0= w(mf —m3) G8+9G27 —3A , Ao = 2F(m3% —mZ) 9G27 —3A . (AT
we find
00 —em
GsE°P (25 = 22) = (4nF" f)g [Aoho(2) + Asha(z) + Asebha(2)] | (A.8a)
ho(2) = V2(hiy(2) + haic (2)) (A.8b)
3 1

ho(2) = 4h,k(2) + 2hK7r(z) —6|har (—22) | — 2hKn(z) , (A.8c)
0ha(z) = 3hky(2) — 6hkk (—22) , (A.8d)

where Asy = —(2/3)Fr(m% —m2)A°¥. For the small §hy(2) term, we can further set Im Ay &~ Im Ay
since CP-violation from Qg dominates in the Al = 3/2 channel. Eq. (3.17) is then found by defining
(0)hoo(2z3) = (0)ha(2)/ho(z). Let us stress that Ay, As are just convenient parameters to keep track
of the weak phases of Gg, Gao7, and Gey. As such, they do not include any strong phase. Further,
the strong phase originating from h,, is discarded since already taken care of through the multipole
expansion (the absolute value is adequate since Re hrr (—z3) > 0 over the phase-space).

Similarly, the K — 77~ direct emission amplitude occurring in eq. (3.25) is the dipole part
of the amplitude in eq. (A.2),

Bi(23=22) = — (i;?SQ [Aohly(2) + Aghly(2) + Agadhhy(2)] — 46GP§:”?1’< N; (A.92)
hy(2) = V2(hicy(2) + harc(2) — har (—22) ]) (A.9b)

Wy(z) = = g haen(2) + hac(2) = o (2) — e (~22) | (A.9¢)

Shhy(2) = 3hiy(2) + 6hrcx (—22) . (A.9d)

Again, defining (0)hb,(2z3) = (6)h4(2)/h{(z) immediately leads to eq. (3.29).

It is worth noting that contrary to what is generally stated, the amplitude for K; — %%y does
not vanish at O(p?*), but is suppressed by the AI = 1/2 rule. Being in addition a pure quadrupole
emission, the rate is tiny

B(Ky — 1°7%°)g,, = 7.3 x 10713 . (A.10)

For comparison, ref. [51] found using dimensional arguments that the Gy contribution at O(p°) is of
the order of 107!°, much larger but still far below the experimental bound 2.43 x 1077,
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A.1 €\, beyond O(p?)

To get an estimate of the possible impact of higher order corrections, let us include the counterterms
N in eq. (3.17), so that

\/2|€/| 1+ wQ(hQQ(Z) + (ShQO(Z)) —Imdy 1
! = 0,9 0,0y) = — -1, (A.11
€+0’Y(z) w f(Z, ) N) ; f(Z, ) N) (Q— 1)(1 +Wh20(2) —RG(SN) 0-1 ; ( )
with \/ ) \/ )
1 2m _ 2 m _Re Ag
oN = K N, Iméy = K ImN . A12
ReON = ho(zym2 —m2 RN 00N = ey e Zn2 P N 1 g (A.12)

Parametrically, N accounts for all the O(p*) counterterms, as well as for the momentum-independent
parts of higher order effects. To proceed, some assumptions have to be made on its weak phase.
From the experimental data, we know that Re IV is of the typical size expected for O(p®) corrections
instead of O(p*). Since both Qg and Qg contribute at O(p®) through two-loop graphs, N a priori
receives contributions from all the penguin operators, besides the current-current operators. On the
other hand, the magnetic operators are too small to affect Re N, allowing their impact to be pulled
out and treated separately (see main text).
So, inspired by the O(p*) loop result, we parametrically write:

N =b((1-a)Ay+aAs +idalm As) , (A.13)

with b ~ O(p%)/O(p*). Assuming the corrections parametrized in terms of Ag and Ay are of the
same sign as at O(p*), we take a € [0, 1] to span from the pure QCD penguin to the pure electroweak
penguin scenario, and a ~ (1+w)~! &~ 0.95 if the O(p*) scaling between the Gg and Ga7 contributions
survives at O(p°®). In a way similar to what happens at O(p*), the parameter a allows for additional
Qs contributions in the imaginary parts. Since at O(p*), it comes entirely from K — 7nand K — KK
vertices and misses the K — 7w vertex and its associated loop, we expect da < 1. With this,

Iméy (1 —a)+ (a+da)w

= A4
Redy (1—a)+aw ( )

By varying Q € [~1, +0.8], a € [0,1], |da|] < 0.1, and Re N within 1o of the range (3.10), we get the
final prediction (3.20).

B Updated error analysis for B(Ky — w%01£7)

Besides minor changes in the conventions, essentially to pull out an outdated value of Im A; from the
coefficients in ref. [44], we have updated most of the numbers in eq. (3.47) to reflect a better treatment

of the errors. For Cﬁ the smaller errors are taken from ref. [19], relying on precise extraction from

ir?
K3 decays.

The new value of C%, reflects the improved experimental situation on Kj — w97, whose rate
went down and is now in perfect agreement between KTeV [121] and NA48 [122]. We note that
this agreement, together with that on the contribution of the resonances (assuming vector meson

dominance (VMD)), renders the error on C%, extremely conservative [46].
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For the coefficients Cf;lix and C?¢

int» the changes are deeper. These coefficients are sensitive to the

Kg — m¢*t¢~ amplitude, which is entirely dominated by the virtual photon penguin:
0 x* eGFp 2 P m e

AKL(P) = 1 (@) = ¢ 5 Ws(2) (P —¢"P-q) , Ws(2) =as+bsz+WI"(2), (B.1)
where z = ¢*/M?%, and aen ~ 1/137. As detailed in ref. [10], the only assumption behind the
parametrization of the Wg(z) form-factor is that all the intermediate states other than w7 are well
described by a linear polynomial in z, and thus can be absorbed in the unknown substraction constants
as and bg. The 77 loop function W™ (z), the only one to develop an imaginary part, was estimated
+ 0

including both the phenomenological Kg — "7~ 7

+

vertex (i.e., including slopes), and the physical
7trT — 4% vertex (i.e., with its VMD behavior). Because Kg — 77~ 7" is dominantly CP-violating,
and bg is higher order in the chiral expansion, the leading term ag dominates.

Given the current error on the Kg — 7w'¢T/~ rates, setting bg/as = 0.4 and keeping only
quadratic terms in a% give reasonable predictions for the Kj rates. However, in preparation for
better measurements, we prefer to systematically account for the momentum dependence of the form-
factor in extracting the coefficients of the master formula (3.47). To this end, and contrary to previous
parametrizations, we find that it is not convenient to use ag as the parameter entering eq. (3.47),
because this necessarily overlooks the other terms of Wg(z).

To construct the alternative parameter ag occurring in eq. (3.47), we start by defining for the
muon and electron modes:

iy AW (2) 2

@(,n) fayd®e Ay = By (2) By (2) (1 + 217 /2)dz (B.2)

with By (2) = /1 —4r2/z, B (2) = A2(1,r2,2), Ma,b,c) = a® + b* + 2 — 2(ab + ac + be), and
r; = m;/mg. The expansions of ag( A) in terms of ag and bg read:

a? = a% + 0.278asbs — 0.015a5 + 0.031b% — 0.005b5 + 0.0003 (B.3a)
a? y = ag + 0.443agbs — 0.029ag + 0.057b% — 0.009bs + 0.0005 (B.3b)
a’ = a% + 0.585a5bs — 0.052ag + 0.091b% — 0.018bs + 0.0011 . (B.3c)

The subscript A, if present, indicates a cut for z > A2 /M12<0 Experimentally, it is set at A = 165 MeV
for the electron mode to deal with Kg — 77° backgrounds. In terms of these, the Kg rates are,

exp

B(Kg — mete )y =2.41-107" a2y = (3.07]5 +£0.2) - 1077 [123], (B.4a)
B(Ks — r%utp™) =0.990-107% o, = (2,973 +0.2) - 1077 [124]. (B.4b)
The numerical coefficients have no significant errors since they are functions of the masses, Gg, Qem,
and 7g only. To optimize the theoretical and experimental information, we want to average these two

measurements. This makes sense because, as 0.1 < bg/ag < 0.7 and 0.8 < |ag| < 1.6, the following
ratio is very stable, even though it depends on the sign of ag:

Te/p = aﬁ/ag,A = 1.035(24) [1.071(25)] , (B.5)
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with ag < 0 indicated inside brackets. The error is mostly driven by the range on bg, but given that

VMD would fix bg/ag =~ m%(/m?) ~ 0.4, we think 0.1 < bg/ag < 0.7 is very conservative. Note that

2
I

e/u with A =
165 MeV as ag = 1.25(22). The difference between ag < 0 and ag > 0 is negligible compared to the
experimental errors. The error on r

with the cut A > 2m,,, this ratio would be closer to one and even more stable as the ag A and a
expansions in ag and bg tend to coincide. We therefore define the average of az and ag AXT

e/u 18 not included in ag, but instead in the coefficients of eq. (3.47).

The pure indirect CP-violating contribution is found from I'(Kj — 7007 ) cpy = |e]*T(Kg —
700T07) with |e| = (2.228 £ 0.011) x 1073, This immediately gives the coefficients C*. in eq. (3.47)
for the muon mode, to which we assign an error of 2.3% due to eq. (B.5). For the electron mode,
there is an additional source of error due to the extrapolation from A = 165 MeV down to A = 2m,.

To control that, we use
a? y/aZ = 1.053(29) [1.076(30)] , (B.6)

as 0.1 < bg/ag < 0.7 and 0.8 < |ag| < 1.6. This means that the phase-space increase as A — 2m, is
dampened by the form-factor. We add the error from eq. (B.5) and (B.6) in quadrature to assign a
3.6% error on C¢

mix

in eq. (3.47). Note that this extrapolation error may be dropped if the A cut is

Yete~, which may be the case to deal with the (CP-violating) backgrounds

also needed for Ky — 7
from K — 7979 decays.

We proceed similarly for the interference term:

Im (eWs (2)) ¢.ra5°

Chy x as = 5337wy x [ vy £ ()™

53.37?1}7\/ X /d‘I)g f+ (Z) WS (Z) s (B.?)
with fy (2) the form-factor of the FCNC matrix element (7°|5y#d|K"). The error on the numerical
prefactor is negligible. Let us rewrite Cfnt in terms of ay:

rt = (B.8)

{ CC, X ag = T.793wry X Gep X 15 [ddy fy (2) W (2)
I = w m .
Cint X as = 1.650w7v Xy X Ty s qu)é % \/fA dq)£|WS (Z) |2/fA d(I)g

4

The ratios 75, can be studied as 0.1 < bs/ag < 0.7 and 0.8 < |ag| < 1.6, and are found very stable:

re, = 0.965(13) [—0.957(14)] , rf = 1.0455(8) [—1.0530(6)] . (B.9)

The error on r{,, is larger than that on ! because of the extrapolation from A = 165MeV down to
A = 2m,.. So, in terms of the average ag, and including the ~ 2% error due to eq. (B.5) gives the
coefficients in eq. (3.47).

Finally, it should be stressed that the intrinsic errors on the coefficients C’f;ix and C’fm are already

below 5% thanks to the ratios (B.5), (B.6), (B.9), but could in principle be improved in the future by
better constraining bg/ag using the experimental my spectra for both Kg — 7%¢*¢~ decay modes.
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