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1 Introduction

It has been known since a long time that it is not possible to construct standard gravita-
tional interaction for massless higher spin s > 5/2 particles in flat Minkowski space [1-3].
At the same time, it has been shown [4, 5] that this task indeed has a solution in (A)dS
space with non-zero cosmological term. The reason is that gauge invariance, that turns out
to be broken when one replaces ordinary partial derivatives by the gravitational covariant
ones, could be restored with the introduction of higher derivative corrections containing
gauge invariant Riemann tensor. These corrections have coefficients proportional to in-
verse powers of cosmological constant so that such theories do not have naive flat limit.
However it is perfectly possible, for cubic vertices, to have a limit where both cosmological
term and gravitational coupling constant simultaneously go to zero in such a way that
only interactions with highest number of derivatives survive [6, 7]. Besides all, it means
that the procedure can be reversed. Namely, one can start with the massless particle in
flat Minkowski space and search for non-trivial (i.e. with non-trivial corrections to gauge
transformations) higher derivatives cubic s — s — 2 vertex containing linearized Riemann
tensor. Then, considering smooth deformation into (A)dS space, one can try to reproduce
standard minimal gravitational interaction as a by product of such deformation. Recently
we have shown that such procedure is indeed possible on the example of massless spin 3
particle [6] using cubic four derivatives 3 — 3 — 2 vertex constructed in [7, 8].



Besides gravitational interaction one more classical and important test for any higher
spin theory is electromagnetic interaction. The problem of switching on such interaction
for massless higher spin particles looks very similar to the problem with gravitational
interactions. Namely, if one replaces ordinary partial derivatives by the gauge covariant
ones the resulting Lagrangian loses its gauge invariance and this non-invariance (arising
due to non-commutativity of covariant derivatives) is proportional to field strength of
vector field. In this, for the massless fields with s > 3/2 in flat Minkowski space there
is no possibility to restore gauge invariance by adding non-minimal terms to Lagrangian
and/or modifying gauge transformations. But such restoration becomes possible if one
goes to (A)dS space with non-zero cosmological constant. By the same reason, as in the
gravitational case, such theories do not have naive flat limit, but it is possible to consider a
limit where both cosmological constant and electric charge simultaneously go to zero so that
only highest derivative non-minimal terms survive. Again it should be possible to reproduce
standard minimal e/m interaction starting with some non-trivial cubic higher derivatives
s — s —1 vertex containing e/m field strength and considering its smooth deformation into
(A)dS space. An example of such procedure for massless spin 2 particle has been given
recently in [9], while candidate for appropriate s — s — 1 vertex was given in [7].

It is natural to suggest that in any realistic higher spin theory (like in superstring) most
of higher spin particles must be massive and their gauge symmetries spontaneously broken.
As is well known, for massive higher spin particles any attempt to switch on standard
minimal gravitational or electromagnetic interactions spoils a consistency of the theory
leading first of all to appearance of non-physical degrees of freedom and/or non-causality.
But having in our disposal mass m as a dimensionfull parameter even in a flat Minkowski
space we can try to restore consistency of the theory by adding to Lagrangian non-minimal
terms containing the linearized Riemann tensor (e/m field strength). Naturally such terms
will have coefficients proportional to inverse powers of mass m so that the theory will not
have naive massless limit. However, it is natural to suggest that there exists a limit where
both mass and gravitational coupling constant (electric charge) simultaneously go to zero
so that only some interactions containing Riemann tensor (e/m field strength) survive.
Again it suggests that the procedure can be reversed. Namely, one can try to reproduce
minimal gravitational (e/m) interactions starting with appropriate higher derivative non-
minimal interactions for massless particle and performing smooth deformation into massive
case. The first step towards such construction of gravitational interactions for massive spin
3 particles was performed in [6], while electromagnetic interactions for massive spin 2
particles where considered in [10].

In both cases it is crucial to have non-minimal higher derivative cubic vertices for
massless particles in a flat Minkowski space (some recent reviews on higher spin interactions
see [11-14]). Last years there appeared a number of important and interesting results in this
direction both in a light cone [15, 16] and a Lorentz covariant [7, 8, 17-22] approaches as well
as in attempts to extract useful information from strings [23-26]. One of the important
general facts on these vertices is that the higher spins one tries to consider the more
derivatives one has to introduce. It seems that there is a general agreement [15, 16, 21, 22]
that the minimal number of derivatives necessary to construct non-trivial cubic vertex for



massless particles with spins s1, so and s3 such that s; > sy > s3 is equal to:
n =81+ S — S3

Till now most of the results on such vertices where obtained in a metric-like formalism where
for the description of massless spin s (s+ %) particle one uses completely symmetric (spin-)
tensor of rank s. In this, the Lagrangians for these vertices turn out to be very complicated.
Moreover, higher derivatives in the field equations and especially higher derivatives of gauge
parameters in gauge transformations make the consistency check in such theories to be
highly non-trivial. The aim of this paper is to show that such investigations can be greatly
simplified if one uses a frame-like formalism [27-29] (see also [30, 31]). In this, as it will
be shown, higher derivatives of physical fields are replaced by so called auxiliary and extra
fields, while higher derivatives of main gauge parameters are replaced by additional gauge
parameters that are present in a frame like-formalism. As an illustration we choose massless
spin 3 particle and try to reconstruct a number of cubic vertices describing interactions of
this particle with lower spins 2, 1 and 0 ones.

The plan of the paper is simple. In section 2 we give all necessary information on the
frame-like description of massless spin 3 particle, including Lagrangian, gauge transforma-
tions, expressions for auxiliary and extra fields in terms of derivatives of physical ones and
a number of identities that will be heavily used in what follows. For completeness and to
fix notations we also give relevant formulas for lower spins 2, 1 and 0 as well.

In section 3 we systematically reproduce a number of cubic vertices for the spin 3
particles interacting with the lower spin ones in such frame-like formalism. Almost all
these vertices (except the 3 — 2 — 1 one as far as we know) where known previously in
a metric-like formalism. Note also that all vertices have minimal number of derivatives
possible in agreement with the formula given above. In all cases we give Lagrangian and
gauge transformations as well as check the closure of the algebra of gauge transformations.

Notations and conventions. We work in a flat Minkowski space with d > 4 dimensions.
We use Greek letters for world indices and Latin letters for local ones. Surely, in a flat
space one can freely convert world indices into local ones and vice-versa and we indeed
will use such conversion whenever convenient. But separation of world and local indices
plays very important role in a frame-like formalism. In particular, for all vertices we
consider the Lagrangians can be written as a product of forms, i.e. as expressions completely
antisymmetric on world indices and this property greatly simplifies all calculations.

2 Kinematics

In a frame-like formalism free Lagrangian for massless particle contains two main ob-
jects [27-29]: physical field (analogue of frame e,*) and auxiliary field (analogue of Lorentz
connection wﬂ“b). In this, equations for auxiliary field turn out to be algebraic and their
solution allows one to express this field in terms of first derivatives of physical one. Besides,
frame-like formalism contains a number of so called extra fields which do not enter free

Lagrangian but play an important role for the description of interactions (as it will be seen



in particular from the results of this paper). These extra fields also can be expressed in
terms of higher derivatives of physical field. As it will be explained in the next section a
modified 1 and 5 order formalism we will use requires such explicit solutions for auxiliary
and extra fields. Moreover, a number of identities that holds on the solutions only will be
heavily used in what follows.

In this section we will give all necessary information on kinematics of massless spin 3
particle in flat Minkowski space including expressions for auxiliary and extra fields and cor-
responding identities. For completeness and to fix notations we also give relevant formulas
for lower spin fields 2, 1 and 0.

2.1 Spin 3

Frame-like description of massless spin 3 particle in flat Minkowski space requires two main
objects [27-29]: physical one form <I>ﬂ“b which is symmetric and traceless on local indices

abe wwhich is symmetric on first two indices, completely traceless

and auxiliary one form €,
on all local indices and satisfies a condition QM(“b’c) = 0, where round brackets denote

symmetrization. Corresponding free Lagrangian can be written as follows:

abc

1, .., 2
Lo=— ¢ { o} 2 000,00 + Q000,60 — L {110} 0,000,8,0 (21)

where { ZI? } = et e’y — e’ ety and so on. This Lagrangian is invariant under the following
gauge transformations:

5q)“ab — a‘ugab + nab“, 6Q“ab,c — a‘unab,c + Cab,cﬂ (22)

where parameter £% is symmetric and traceless, 7%¢ has the same properties on its local

ab,c Cab,cd

indices as ,%¢, while parameter is symmetric on first as well as second pair of
indices, completely traceless and satisfies a condition ¢ (@9 = (.

As can be easily seen from the Lagrangian, the equation for € field is algebraic and
allows one to express this field in terms of first derivatives of physical field ®. To obtain
explicit expression let us first of all introduce a ”torsion” two form Tﬂ,,“b which is invariant

@:¢ ones):

under £% transformations (but not under the 7
T = 0,2," — 0,2," = 0,92,)*,  T,*=Tn"™, T,'=0
By construction this two form satisfies the following identities:

ab b b v
0 Tw™® =0, 9T =0,T" 8,1," =0

Using this two form the explicit expression for € field can be written as follows:

1
QM7046,V = 4 [2TMV70¢5 o TM%”ﬁ o TM@V@ o TVOJ,Mﬁ - TVﬁvlwé] o

1
_4(d —2) [g’/aT(Hﬁ) + gVﬁT(,ua) + g,uaT(yﬁ) + gugT(m) —

—QQQQT(MV) - QQﬂVT(aﬁ)] (23)



By straightforward calculations one can check that under 5<I>ﬂ“b = n“bu such Qﬂ“bvc indeed
transforms as 6Q,%¢ = 9,7 + (¢, where

1
Cunas = 4 [Outlapy + Ounap,u + Oalw,p + Iptu,al +

+ 91/04(877)#6 + guﬁ(aﬁ)ua + gua(an)VB + guﬁ(aﬁ)va -

4(d — 2) [
—2904/3(677);w — 29w (an)aﬁ]

Here (0n)ap = 0*1ap,,- Moreover, the following useful identity holds:

Q" =T (2.4)

Now we introduce a curvature tensor for €2 field:
Ruyab,c — a[ﬂQU]ab,c’ Rﬂa,b — ijau,b, RY — Ruyau,u — _Rua,u’ Ruu,a -0 (25)

By construction it satisfies usual differential identities:

Ry ™ =0 = 0uRu/" = -0, Ry"", 20,R,""+9,R,"*=—-0,R" (2.6)

Also, as a consequence of Q[M“by] = TH,,“b, we obtain:

Ry ) = 0 a) = 0 Toa " =0 = Ry =0 (27)
As can be easily seen from the Lagrangian, dynamical equations (i.e. equations for physical

field <I>ﬂ“b) can be written in terms of this curvature tensor. Direct calculations give us:

oL 2 1
0 [Ra,b,u + Rb,a,u + Ra#,b] - 3 [g,uaRb + gubRa] (28)

E = = —
mab = 5 ab T3

The invariance of these equations under the 5<I>M“b = Bufab + n“bu gauge transformations
is related with appropriate identities:

G“Eﬂab =0, 2Ea,bc - E(b,c)a + [2gbcEa - ga(bEc)] =0 (29)

1
(d—-1)

where £ = E,1*.

Curvature R,
Cab,cd

abe is invariant under €% and ¢ transformations, but not under the

ones. So we proceed by introducing a so called extra field ﬂ“b’Cd which has the same
properties on local indices as parameter (*¢¢ and will play a role of gauge field for this
transformations:

6E“ab’6d — aﬂgab,cd (210)

Besides, we will require that the following identity holds:

ab,e ab,c
X[ R R



9 A9
~

where means ”on-shell”. This requirement together with symmetry properties and the

form of gauge transformations completely and unambiguously fix the solution for Euab’“l
in terms of RW“I”C. By straightforward but rather lengthy calculations we obtain:

1
Epab,cd — 4[Rpa,cd,b_|_pr,cd,a+Rpc,ab,d+de,ab,c] +

1
. [Racp[b,d] Rbcp[a,d} Radp[b,c] Rbdp[a,c}]
1
(d 2) [2gab Epcd QQCd Epab gac prd gad prc gbc Epad gbd Epac]

1
_ (d )2(d 2) [ gabgcd _ gacgbd _ gadgbC]Ep +
1

ab c b _alc a b(c d
+2(d —1)(d-2) [(29 ep( —€yg (e €p g ( VE ) + (ab < cd)] (2.11)
In this, the exact form of algebraic identity (that will be heavily used in what follows) looks
as follows:
1
abe - _ ab,c c ab a be
E[l‘ v = Rl“/ + 2(d _ 2) 26[;1, El/} - 6[;1,( Eu} ) + (212)
4 2 [2gab6[ ‘g | — ¢ (agb)c ]] . 3 el ¢ }(aEb)
(d—1)2 e A @1

At last we introduce a truly gauge invariant tensor — curvature for the X field:
leab,cd _ a[ﬂzy]ab,cd (2.13)

Apart from being invariant under all €%, 7 and (¢ gauge transformations, this tensor
has one more very important property. Namely, its contraction vanish on-shell and can
be expressed through the first derivatives of dynamical equations. By straightforward
calculations (where all identities given above were heavily used) we obtain:

ab,cv (d - 3) crnoab (a g b)e 1 ab c c(a b)
Jaber — _ 20°E, ™ — 9 E 29 (OE),° — E),Y)—
RM 2(d—2) 9 12 9 2] + (d—l)( g (a )M g (8 )M )
1
_ 92 ab E°¢ — c(a Eb) 92 ab CE c(a b)E
* g ! 1y (€70 B = 26,00°E e, (0P ) -
1 ¢ a a b)c
(a1 29" — eu"g")(OB) (2.14)

where (OF),* = 0,E,.

2.2 Spin 2

Frame-like description of massless spin 2 particle is very well known. We need main physical
one form h,* as well as auxiliary one form w,ﬂb antisymmetric on its local indices. In a
flat Minkowski space the free Lagrangian can be written as follows:

1 vo al c
{ }wl" w’/ - 2 { gbc }w“ bal/ha (215)



This Lagrangian is invariant under the following gauge transformations:
Shy® = 0, + 1", dw,™ = 9™ (2.16)

In what follows we will need a solution for the algebraic equation for the w field. It can be
easily found to be:

1
9 [Tab,c - Tac,b - Tbc,a] — w[my}a = T,ul/a (217)

Wa,be =

where we have introduced torsion two form 7},,* = 9,,h,* — 0, h,*, which is invariant under
the £ transformations (but not under the n? ones).

Then we introduce curvature tensor for the w field
R = 9,0, — 9w, Rap = Racs’ (2.18)

which is invariant both under £ and n® transformations. By construction it satisfies usual

differential identity:
OpRa)™ =0 = 0uRW* =0,R," (2.19)
Besides, as a consequence of wy, ,,* = T),,* we have algebraic identity:

R[,Wya]a = 3[ wma]a = 3[ Tya]a =0 = R[MV} =0 (2.20)

Iz Iz

2.3 Spin 1

For the description of spin 1 particle we will also use frame-like (i.e. first order) formalism.
We introduce main physical one form A, and auxiliary antisymmetric second rank tensor
F?_ The free Lagrangian then has the form:

1 1
Lo = 8F“b2 - { "} F,A, (2.21)

Solution of algebraic equations for F field gives us:
Fu=0,A,—0,A, = Ot =0 (2.22)

2.4 Spin 0

Similarly, for the description of spin 0 particle we introduce physical scalar ¢ and auxiliary
vector m*. The free Lagrangian looks like:

1
Lo=—,m’ +{}n"Oup (2.23)

and by solving algebraic equations for the 7% we obtain:

Ty = Oup — ({9[ﬂﬂ'y] =0 (2.24)



3 Cubic vertices

In all investigations of massless particles interactions gauge invariance plays a crucial role.
Not only it determines a kinematic structure of free theory and guarantees a right number
of physical degrees of freedom, but also to a large extent it fixes all possible interactions of
such particles. This leads, in particular, to formulation of so-called constructive approach to
investigation of massless particles models [3, 7, 32—40]. In this approach one starts with free
Lagrangian for the collection of massless fields with appropriate gauge transformations and
tries to construct interacting Lagrangian and modified gauge transformations iteratively
by the number of fields so that:

L~Ly+L14+ Lo+ ..., O~dg+01+02+...

where £ — cubic vertex, Lo — quartic one and so on, while §; — corrections to gauge
transformations linear in fields, do — quadratic in fields and so on.
In a frame-like formalism it means that one starts with the free Lagrangian Ly con-

taining physical ® and auxiliary €2 fields and their initial gauge transformations dg® and

0o€) such that:
0Lg 0Ly

50 oo + 50

Then in the first non-trivial approximation one has to achieve:

5 =0

?$%¢+?S%Q+%?&¢+?$&Q:0

From one hand one can use honest first order formalism here treating both ® and €2 as
independent fields. But this requires a lot of calculations including corrections to gauge
transformations of auxiliary field 2 which often turn out to be the most complicated ones.
At the other hand in frame-like formulation of gravity and supergravity there is a well
known 1 and é order formalism. Here one takes into account variations of physical field
® only but all calculations are made on the solutions of complete algebraic equations for
auxiliary field £2:

[5c1 6Lo 0

50 do® + 50 51@] .
60
Thus there is no need to consider corrections to §2 field gauge transformations but one has
to solve non-linear equations for this field and this can be a non-trivial task. In this paper
we will use modified 1 and ; order formalism very well suited namely for investigations of

cubic vertices:
[?§%®+%S%Q+?$&ﬂ 0:O:o
602
Here also there is no need to consider corrections to 2 field gauge transformations but
we have to make all calculations on the solutions of free ) field equations only. And the
very same solutions of free {2 field equations will be used in investigations of different cubic

vertices. Note at last that we will use the same strategy for the extra field ¥ as well.



3.1 Vertex 3-0-0

One of the simplest examples of cubic vertices for spin 3 particle is a three derivatives 3-0-0
vertex [41] (see also [14, 18, 40, 42, 43]). As is known, to construct such a vertex one needs
at least two different spin 0 fields, the vertex being antisymmetric on them.

Let us first consider this vertex in a metric-like formalism. We introduce completely
symmetric third rank tensor ®,,, with gauge transformations:

5(1);“/04 = 8(u§ua)7 f;w = guua guu =0

and a pair of scalars ¢, i = 1,2. Then the most general ansatz for the vertex can be
written as follows:

[,1 = 6@']'(1)#1/04 [ala“ya@i@j + a28ﬂygpi8agpj] +
eI [a3070,0' 07 + 410?00’ + 450,50 O] (3.1)
where iu = ®,,", 0 = 0,0, and so on. To compensate a non-invariance of this vertex

under the &, gauge transformations we have to consider all possible transformations for
scalar fields with two derivatives. The most general ansatz looks like:

3" = [ O’ + a2(9€)" 9’ + a3(90€) ] (3.2)

Recall that in any case where the number of derivatives in the interaction Lagrangian
is greater or equal to that in a free Lagrangian one always has a possibility to make
field redefinitions. In this, all interacting Lagrangians related by such redefinitions are
physically equivalent, so one can freely use this freedom to simplify Lagrangian and/or
gauge transformations. In the case at hands such redefinitions have the following form:

q),uua — q),uua + ’fleijg(uugpiaa)@ja Soi = Qpi + eij [KQ(i)MaMSDj + ﬁ3(8(i))gpj]

We use this redefinitions to set a1 = 0, as = as = 0. Then the requirement that the
Lagrangian be invariant under the gauge transformations (in the linear approximation)
gives us:

Ly = Oéosij (20470, 0" Bap? + @*(20° 0 D’ + Do’ 0ai?’)]
5" = e EM 9,0 53
i

Now let us reconstruct this vertex in a frame-like formalism. In this case the ansatz
for interacting Lagrangian can be written as follows:

L1 =Y { ZZ} @H“C(al&,ﬂb’iﬂ'c’j + agal,ﬂ'c’iﬂ'b’j) (3.4)

But now we have to take care on two gauge transformations 5‘1>H“b = 8ﬂ£“b + n“bu. It
is easy to check that this Lagrangian is invariant under 7% transformations provided
a1 = 2as. Then the non-invariance of the Lagrangian under the €% transformations can
be compensated by appropriate transformations of scalar fields:

5ot = —3ape €9, my (3.5)



3.2 Vertex 3-1-1

Similarly to the previous case to construct such vertex [14, 41] we need three derivatives
and at least two different spin 1 particles, the vertex being antisymmetric on them.

Let us consider metric-like formalism first. In this case the most general ansatz for
the Lagrangian and gauge transformations turns out to be rather complicated. At the
same time there exists a lot of possible field redefinitions. We have explicitly checked that
by using these redefinitions one can bring the Lagrangian into the form which is trivially
invariant under the vector field gauge transformations 5Aui = 8,)@, so that vector fields
enter the Lagrangian and gauge transformations through gauge invariant field strengths
AWi = 8[“A,,]i only. In this case the most general such Lagrangian and gauge transforma-

tions can be written in the following form:

Ly = 9[a1 P9, ALs  Anp® + aa® 0, Anp' A’ + az®(0A) 5 A,57) (3.6)

5A“i €ij [04150{6604146;/ + a2£pa(aA)aj + a38a£ﬁquzﬁj + a4(8£)aAaﬂj] (37)

Note that the transformation with parameter as is a so called trivial symmetry, i.e. just a
symmetry of free Lagrangian not related with any non-trivial interactions. Note also that
we still have one possible field redefinition of the form:

A= A+ ke DA,

We use this freedom to set ay = 0. Then the requirement that the Lagrangian be invariant
under the gauge transformations (in linear approximation) leads to the following result:

L, = CZ%”[-Q{)“”O‘(?”AygiAaﬁj + 10, Anp' Aag’ + 401 (0A)5" A,67)
5A, = ape (36700 Ap,? + 0alpuAag’] (3:8)

Now let us reconstruct this vertex in a frame-like formalism. In this case the most
general ansatz has the form:

Ll — 6ij { gbl/} [al q)ucdayFac,ind,j + a2q)uacayde,tid,j + agq)uacachd,ind,j] (39)

Again we have to take care on two transformations with parameters £ and n®°¢. By
straightforward calculations it easy to check that if we set ay = 2a; and ag = ay then the
non-invariance of the Lagrangian can be compensated by the following transformations for
vector fields:

5Aui = alaij [3§“b3anuj — numeab,j] (3.10)

3.3 Vertex 3-2-2

In a metric-like formalism such cubic 3-2-2 vertex with three derivatives has been con-
structed in [8]. As in both previous cases its construction requires at least two different
spin 2 particles. In metric-like formalism such vertex turns out to be very complicated, so
we will not reproduce these results here.

,10,



Let us try to reconstruct this vertex in a frame-like formalism. Results of met-
ric like formalism, obtained in [8], suggests the following form of the Lagrangian and
gauge transformations:

L1~ PRw P Quuw, Oh ~ RE ® wns @ Qna, 0P ~ wno

Here ® and €2 — physical and auxiliary fields for spin 3 particle, w and R — Lorentz

e and n® corre-

connection and curvatute tensor for spin 2 particle, while n3 and e — 7
spondingly.

Let us consider ® Rw terms. The most general ansatz appears to be very simple:
[rl — gij { le;cofjﬁ} @Mae[alRyabe,iwﬁcd,j + agRyabc’inde’j] (3.11)

Due to well known identity J;, R, @ — () variation of this Lagrangian under 6® ,ﬂb = Bufab
gauge transformations gives us terms of the form ¢ RR only:

5&61 = (a2 - al)em { 5(,1/21'8} gaeR,ul/be’ZRaﬁcal’J = 8(@1 - a2)5w [RabZ - 29ale]Rac,bd]£Cd

where the last form was obtained using R, 4" = 0 and such terms can be compensated
by 0h ~ R transformations (see below).
Now we introduce all possible terms of the form Quww:

£2 — £l { le;ca [blguad,bwyce,zwade,] + bQQMad,ewybc,zwade,j + ngMad,ewybd,zwace,]] (312)

First of all it is easy to check that at b3 = —2by such Lagrangian is invariant under the
ab,c

5QM“b’c = Cab’cu transformations. So we proceed and consider 5<I>Mab = nabu, 09,
8,m“b’c transformations. Both Lagrangians give contributions of the form n3Rw. Moreover,
if we set

b1 = 2@2, bz = —ay, al = —2a2

then these variations are reduced to the form:
5773 (ﬁl + £2) - _8a2€Z] [Rabz - 29abRZ]wa6dJT/bC7d

and can be compensated by dh ~ wn3 transformations.
We have no free parameters left but we still have to take care on &uuab = Bunab trans-
formations which give us terms of two types. The first ones — RS9 happily combine into:

.. . 1 . .
8(126” [Rabz _ 2gasz]Qabc,dncd,j

and can be compensated by dh ~ o transformations. At the same time variations of
the second type 0Q2wny can be compensated by corrections to @M“b transformations (recall
that dynamical equations for @ field are related with curvature tensor for € field):

50, = Gage" [uw, “@in)>T — Tr]

— 11 —



Collecting all pieces together we obtain finally the Lagrangian:

L = CL()&” { gch(zlﬁ} q)“ae[_2Ryabe,zwﬁcd,j + Ryabc,lwﬁde,j] + (313)
+a0€ij { le;ca [2QHad,bwyce,iwade,j _ Quad,ewybc,iwade,j 4+ 2QHad,ewybd,iwace,j]

as well as corresponding corrections to gauge transformations:

5h,ubi _ 8@08” [3R,uc,bdj§Cd + wucd,jnbc,d . Qubc’dnCdJ]
6@, = 6ape™ [wuc(“’inb)c’j —Tr] (3.14)
One more important requirement for the consistency of this vertex is that the algebra

of gauge transformations has to be closed. Due to simple structure of results obtained it
is an easy task to check that in this case algebra is indeed closed (in the lowest order):

[51,62]hﬂa’i — a‘uéa,i + ﬁua,i’ éa,z' — 8a06ij77bc,j ab,c, ﬁab,i — _8a0€ijgac,bdncd,j
[51752]q)uab _ 8Mgab7 gab _ 6a0€ij771ac,i772bc,j —Tr— (1 PN 2)
3.4 Vertex 3-3-2

In a metric-like formalism a cubic vertex 3-3-2 with four derivatives has been constructed
in [8] (see also [6, 7]). Again the results in a metric like formalism appear to be very
complicated so we will not reproduce them here.

Let us try to reconstruct this vertex in a frame-like formalism. The structure of
results obtained suggests the following general structure for the Lagrangian and gauge
transformations:

L~QQR,  Sh~Sn@Q(, &b~ Ry

Note that the spin 2 field enter through the curvature tensor only so the Lagrangian is
trivially invariant under its gauge transformations. The most general ansatz for such
vertex has the following form:

El _ { ggglﬁ} [alguae,fgybe,fRaﬁcd +GQQMef7adef7bRa56d + agQMae,bQch,dRaﬁef +
+a4Q, 0, Rog + 59,70, Rog ) (3.15)

By construction this Lagrangian is invariant under the £%° transformations so we have to
take care on n?¢ and ¢*“? transformations only. Let us begin with the 5Q,ﬂb’c = Cab’cu
transformations. By straightforward calculations one can show that at:

a; — 2a0, as = —5@0, az — —4@0, ay — 160,0, as — 8a0

corresponding variations of the Lagrangian are reduced to a simple form:
1 cd,e ~cd,eb
5C£1 = —48&0 Rab - 2gabR Qa ’ C ’

and can be compensated by dh ~ Q( transformations (see below).

- 12 —



Let us turn to the 5Qﬂabvc = Qm“bvc transformations. We have no free parameters left,
nevertheless by rather lengthy calculations we can show that all such variations can be
compensated by & ~ Rn and dh ~ ¥n transformations. Thus we obtain:

1
5q)uab _ _72&0 ijacnuc,b + G(d i 1) 6'UJ(OLRb)c,de,',}cal,e +

1
R, € ab,c
Tlg—oy™m Ty

5hua _ 48@0 [QMCd’bCab’Cd o Euab,cdncd,b]

1

cd,(a, b) 1
(d— 2)2Rcd77 eu (3.16)

Again due to a simple structure of gauge transformations it is an easy task to see that
the algebra of gauge transformations is closed:

[51’ 52]hﬂa _ Hga + ﬁua, éa _ 48aogab,cdncd,b’ ﬁab — 48a04?0,d8<307d6 _ (1 PN 2)

3.5 Vertex 3-2-1

As far as we know cubic vertex 3-2-1 with four derivatives has not been considered earlier.!
Our analysis of this vertex in a metric-like formalism (which we will not reproduce here
due to its complexity) showed that by using possible field redefinitions one can always
bring this vertex into the form that is trivially invariant under the spin 2 and spin 1
gauge transformations so that these fields enter the Lagrangian and gauge transformations
through curvature tensor and field strength correspondingly. This in turn suggests the
following general structure for the Lagrangian and gauge transformations in a frame like
formalism:

L ~ QRF, 0h ~ OFn, 0A ~ Rn
The most general ansatz for this vertex can be written as follows:
[ — { pro [alguda,bRyaceFde + GQQMda’bRyadche + agQMad,eRyachde +

abc
+a4Q“ad,eRyaderc + af)Quad,eRyabche + a6Qﬂae,dRyabche

(3.17)

But due to identity Ry, o
the wuab field) not all these terms are independent. Namely, there exist combinations of

@ = 0 (which holds on the solutions of algebraic equation for

parameters a1, as, ag and aq, a4 which turn out to be proportional to this identity. In what
follows we choose a; = 0, as = 0. Moreover, there exists one possible field redefinition:

hua — hua + ’{Q,uab’chc

and we use this freedom to set a3 = —ay/2.
By construction such vertex is invariant under the 5<I>Mab = 8M§“b transformations, so
we have to take care on 7 and (?»? transformations only. Direct calculations show that

'Partial results on this vertex were obtained and used in [6] where gravitational interactions for massive
spin 3 particle were investigated.
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the vertex will be invariant under the 5QH“I”C =( “b’cﬂ transformations provided as = —2ay4.
At the same time, if we set ag = 2as5 then variations of the vertex under the 5Qﬂ“b’c = (%nab’c
transformations can be compensated by appropriate corrections for h,* and A, fields.
We obtain:

r— ap { pra [_Qﬂad@Ryachde + 2Qﬂad76Ryaderc

9 abc
—40 ad,eR bche — 80 ae,dR bche] (3 18)
" va I va .
5Au = 4a0R,ua,bcnab’ca
2
0hy" = 6ag | O Feun”™ — 3(d Q)eu“achdn”c’d (3.19)

3.6 Vertex 3-3-1

In a metric-like formalism cubic vertex 2-2-1 with three derivatives of the form OhOhFE as
well as its generalization on arbitrary integer spin of the form 9°~'®9*~'®F have been
constructed in [7]. In [9, 10] frame-like version of 2-2-1 vertex has been constructed and
used in the investigations of electromagnetic interactions for massless and massive spin 2
particles. This vertex has the form:

L= — A el { le)/} [wul76dej7CdFab o 2wuz’“wa]’CdFCd + 4wuz,acwyj,bchd] (320)

By construction its invariant under the 6h,% = 0,£" transformations, while invariance
under the n“b transformations requires appropriate corrections to gauge transformations:
SA = a eijw i,ab, j,ab

" 0 o n

1

(Shﬂi’a = 2a0€ij QFanjﬂb - (d 2)

e (FnY (3.21)

Results obtained in a metric-like formalism [7] suggest the following general structure
of the Lagrangian and gauge transformations in a frame-like version for the case of spin
3 particle:

L~ 3YF, 0A ~ X, 0P ~ O(F()

Moreover, if we introduce a notation:

v ab,cd __ ab,cd cb,ad
5,00 — 3, obed _ 31

then corresponding cubic vertex with five derivatives can be written exactly in the same
form as in the case of spin 2:

L= _Uilo 6ij { thl/} [i}‘ui,ce,dfiyj,ce,dfFab _ Qiui,ae,bfiyj,ce,dchd + 42ﬂi,ae,cfiyj,be,dchd]

(3.22)
By construction such Lagrangian is invariant both under ¢% and 7€ transfor-
mations, while invariance under the 52Mab’0d = 8MC“b’Cd transformations requires
corresponding corrections:
5AM — 3a0€ijzui,ab,cd<-j,ab,cd
50,7% = 18age™ 9°[F,¢I b4 — Tr] (3.23)
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Again it is trivial to see that the algebra of gauge transformations is closed:

[01,00] A = 0uA, X =3age? (0GP — (1 2)

4 Conclusion

Thus, we have seen that in a frame-like formalism the Lagrangians for higher derivative non-
minimal vertices indeed become much simpler. In this, an important role here plays the fact
that such Lagrangians can be written as a product of forms. It is this (almost) coordinate
independence that greatly simplifies calculations and, in principle, allows straightforward
deformation into (A)dS spaces. Also the structure of gauge transformations turns out to be
rather simple and it is almost trivial task to check that the algebra of gauge transformations
is closed. At last but not least, in many cases the very structure of the vertex suggests
natural generalization on arbitrary spins.
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