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1 Introduction

Topologically Massive Gravity (TMG) [1, 2] in three dimensions has attracted a lot of
attention recently owing to its rich structure. Its wide range of solutions and also its
interesting properties at special values of its coupling constant has opened several directions
and venues for studying quantum gravity in the framework of a toy model.

Recall that Einstein gravity in three dimensions, even with a negative cosmological
constant, is too trivial a theory at a first glance. This is because the constraint equa-
tions are so strict that do not allow any local propagating degrees of freedom. Yet, the
theory contains the famous BTZ black holes [3] as well as the Brown-Henneaux boundary
gravitons [4]. This theory is conjectured to be dual to a, yet to be found, conformal field
theory that lives on the boundary of the space. The most trivial solution of the theory,
AdS3 vacuum, is conjectured to be dual to the classical limit of a highest weight state in
the CFT whereas the boundary gravitons are taken in correspondence with the descendant
states that constitute a Verma module on the highest weight.

Probably the most challenging question in this context is to give a clear account for
the microscopic origin of the BTZ black holes’” entropy. Perhaps the closest answer to this
question has been given in [5] where the BTZ black holes are interpreted as the classical
limit of highest weight states in the CF'T. This CFT is conjectured to have a global sym-
metry group that acts on the highest weight states and the dimension of the representation
determines the microscopic degeneracy of the black hole states.!

!For some issues related to the quantum behaviour of there dimensional gravity, see e.g. [6-8].



Propagating degrees of freedom can appear if higher derivative corrections are added
to the above system. In TMG these corrections are provided by the gravitational Chern-
Simons action

1 1
I = I I 1.1
™G = 16 < EH + 4 cs>, (1.1)
with
3 2 1 3 AUV TP p 2 o T
Ign = | &x/—g( R+ 2 ) Ics = 5 d’x/—geTh (0,18 + 3I’MTI‘W) , (1.2)

where ¢ determines the cosmological constant through A = —1/¢% and p is a coupling
constant.

TMG contains all the solutions of Einstein gravity including the AdS3 vacuum. Lin-
earized equations of motion around this vacuum first showed the appearance of a local
propagating massive normal mode 1™ as well as the usual left and right moving boundary
gravitons ¥’ and % [9]. Tt was then shown that either the massive mode or the BTZ
black holes have a negative mass unless the coupling constant takes the value p = 1/¢ [9].
At this point ¥ and 1’ become degenerate with zero energy and can be removed. This
is because exactly at this point gauge symmetry is enhanced to include all the left moving
Virasoro generators. What remains is the tower of right moving boundary gravitons which
are massless and of course the whole spectrum of BTZ black holes that have non negative
masses. The point u = 1/¢ was thus called the chiral point and it was conjectured that at
this point we are left with a chiral unitary theory.

Soon after, it was shown in [10] that the linearized equations of motion at the critical
point have a solution which may be interpreted as a left moving excitation.? However it
is worth mentioning that this new mode which has the same asymptotic behavior as AdS
wave solutions [21, 22] does not obey Brown-Henneaux boundary conditions [4]. Therefore
if we restrict ourselves to solutions which satisfy the Brown-Henneaux conditions one may
still have a chiral theory at least classically. On the other hand if we relax the boundary
conditions the theory will not be chiral and indeed it was conjectured in [10] and proved
in [23, 24] that the dual theory (in the sense of AdS/CFT correspondence [25]) could be a
logarithmic CFT (LCFT) [26].3

To explore some features of TMG we study quasi-normal modes (QNM’s) of the tensor
perturbations in the model. Having put the subject in the context of AdS/CFT correspon-
dence [25], the study of QNM’s of asymptotically AdS black holes becomes more interesting
as they are giving us information about the behavior of the dual thermal CFT that is living
on the boundary of the space time [35, 36]. For usual BTZ black holes in a theory of pure
gravity, gravitational tensor QNM’s cannot exist as there are no local propagating degrees

2Whether at the critical point the model is really chiral or not has been further investigated in several
papers including [11-19]. See also [20] for a rigorous definition of chiral CFT.

3Such a behavior has also been appeared in NMG [27-30], Born-Infeld gravity [31-33] as well as bigrav-
ity [34].



of freedom in the bulk. Therefore in such theories, the focus has only been on scalar,
fermion or vector perturbations on BTZ black holes [37].%

However, in TMG, as well as other higher derivative three dimensional gravities, gravi-
tons can propagate and hence gravitational QNM’s become relevant. Such an analysis has
recently been done for non-extremal BTZ black holes in TMG [40, 41] (for scalar pertur-
bation in TMG see [42]). In the following we extend these results to the case of extremal
BTZ black holes in TMG which requires an independent analysis and which demonstrate
some exclusive behaviors (for scalar and fermion perturbation on extremal BTZ see [43]).
For a recent review on QNM’s see [44].

The paper is organized as follows. In section 2 we will analyze gravitons on extremal
BTZ black holes in TMG by making use of the linearized equations of motion. Using the
result of section 2 we shall study the QNM’s of the tensor perturbations in section 3. the
last section is devoted to discussions.

2 Gravitons on extremal BTZ black hole

In this section we make a detailed analysis of gravitons on extremal BTZ black holes in
TMG for arbitrary values of pf. We choose the Gaussian Normal coordinate [47, 48] in
which the BTZ black hole is given by (for more information see appendix A)

ds* = (| LT du® + L™ dv? + dp? — (62p + L+L_e_2p) dudv |, (2.1)

where u =t/ — ¢, v =1t/ + ¢ and

(ry £r_)?

L* =
402

(2.2)

To get the AdSs solution one needs to set ri = —1 and r_ = 0, while the extremal BTZ
black hole is given in the limit of ;. = r_ where the corresponding metric in the Gaussian
Normal coordinate becomes [20, 43]

ds? = Gudxtdx” = rggﬁduz — 22 dudv + €2dp2 (2.3)

Our aim is to study the spectrum of linear perturbations around this background. To
proceed, consider the following perturbations

G = Guv + Py (2.4)

Since the background is stationary and static one may start with a general ansatz for the
excitations, v, as follows (see however [45])

wul/(uv v, p) = e_ihu_ithMV(p)7 (25)

*Quasi-normal modes of quantum corrected BTZ black hole have been studied in [38]. See also [39] for
early discussions on BTZ perturbations and quasi-normal modes.



whose real part represents the excitations of the metric; Re(t,) = hyy. It should also
be noted that since the direction ¢ is periodic, the corresponding momentum along this
direction must be quantized. In other words one has

h—h=FkE€Z. (2.6)

By making use of this ansatz the linearized equations of motion reduce to two first order

coupled differential equations®

Fév = _(,u - 1)Fvv - thpUa F;Iw = _(,u + 1)va - thpp, (2-7)

together with the following four algebraic equations®

ex?

(= 1)F,e? = 2i(hFy, — hFy,), Fope*? = 4(r2, Fyy + €' Fy), (2.8)

(4 1)Fpue® = 2i(hFyy — hFy),  pFppe” = 2i(hFy, — hF,,)e* + AF,,r?

From these equations it is straightforward to find that Fj, satisfies the following second
order differential equation

El +2F), + [4(hh + h*rZ e *)e ™ — (u—1)(u — 3)] Fuy = 0. (2.9)

It is evident from the above differential equation that for the case of h = 0 the equation
has no propagating solutions and therefore we will assume that h # 0. In this case it is
useful to define a new variable”

2 = 2ihrege” (2.10)

by which the equation (2.9) can be recast to a familiar equation, Whittaker equation, as

follows
d%F,, 1 X 1—m?
— F,, =0 2.11
P I A w =0, (2.11)
where \ = ziﬁez and m = £(4 — 1). Since the equation is symmetric under the sign of m,

in the rest of the paper we only consider the case of m = ‘2‘ —1.
The most general solution of the above differential equation which is suitable for all

ranges of m [46] is

F,, = 01W)\7m(2’) + CQW,)\7m(—Z), (2.12)
where
_ T(=2m) '(2m)
Wim(z) = (L —m—2) M)y m(2) + P(L4m—2) My (), (2.13)

5From now on we set £ = 1.
(D+1)(D-2)

SThis is consistent with the fact that the massive graviton in D-dimensional spacetime has A

degrees of freedom.
"The asymmetry of equations under h « h is a consequence of the absence of vv component in the
background metric.



and
1
My (z) = 2127202 <m — A+ 1+ 2m; z> (2.14)

with 1 F7 being the Kummer confluent hypergeometric function.
Having found F,,, the other components can be obtained from equations (2.8) and (2.7)

as follows
Fyp = % (10— 1)Fy + F,]
Fuv = _2%2 (1= 1)e* — 2hh) Fyp + (1 — 1)e* Fy, ]
Fpp = —732 (= 1)% = 2hr2 e — 2hhe™ ) Fyy + (1 — 1) Fy, ]
F,, = _]_; [((p =1)%€ = 20%r2, (= 1)e* + hh(1=341)) Foy + (u(p —1)e* — hh) Fy, ]
P = 2%4 (1l + 1)(p = 1)%e™ — 44°hhe™ + 2(h* — 12, (u* = 1)) Fyn
+u ((1? — 1)e* — 2hh) e* F), ] (2.15)

3 Quasi-normal modes

Black holes as thermodynamic systems, can be studied under small perturbations. The
decay of these perturbations are described by quasi-normal modes. In fact the relaxation
time for the decay of the black hole perturbation is determined by the imaginary part of
the lowest quasi-normal mode. In this section we would like to study the QNM in the
extremal black hole.

3.1 Direct derivation

In order to determine QNM’s, one needs to solve the wave equation in the black hole
background with the specific boundary conditions at horizon and the conformal boundary.
Usually one assumes that the wave function vanishes at the boundary while it should be
an ingoing wave at the horizon. The appearance of QNM’s is the reflection of the fact
that these boundary conditions lead to frequencies with a non-zero imaginary part. To see
whether we have QNM’s for the extremal back hole in TMG one needs to impose the above
boundary conditions on the solution that we have found in the previous section.
By looking at the behavior of the Whittaker’s function at z — oo (at horizon)

Wim(z) ~ e 2, W_xm(=2) ~ e*/227A, (3.1)

and from the equation (2.12) one can see that at the horizon one may have two different
modes as follows

Yoo(t, p) ~ e I (F2) ~ e IR 1520, (3.2)

It is then evident that for Re(1 + h/h) > 0, the solution (2.12) gives an ingoing wave at
the horizon provided C7 = 0. As we will see, since h is purely imaginary, the condition



Re(1 + h/h) > 0 is always satisfied. On the other hand taking into account that

Fl,~e¢*F, and F, ~ ehre=e™  as p— —o0, (3.3)
and from the equation (2.15), we find that if F, is ingoing at the horizon, then all other
components will be ingoing as well.

Having imposed the condition at the horizon one needs to be sure that the solution
vanishes as we approach the boundary. Therefore we should impose the condition that the
dominant component of the solution (2.15) is zero at the boundary, z = 0.

To proceed it is worth noting that the near boundary behavior of the Whittaker’s
function, where z — 0, is given by [46]

I'(—2m) Lim I'(2m) 1

W_ym(2) ~ —m 3.4
O o) T e men) o0

Therefore, whatever the dominant component would be, the possible poles one might have

could come from either the condition ; +m+A=0,-1,--- or % —m+A=0,-1,---.
Case 1. Consider the case where the poles are are given by % +m + A = —n, in which
h=—ire;(2n+p—1), for n=0,1,2,---. (3.5)

In this case the dominant component at the boundary will be F,, (see appendix B) which
has the following near boundary behavior

I'(—2m) zé"'m.

Fo o~
" m )

(3.6)

We thus find that this component vanishes as z — 0, if m + ; > 0 or u > 1. Note also
that the lowest mode (n = 0) also decays in time if p > 1. Therefore in this case we get
non-trivial QNM’s for 1 > 1 whose frequencies are given by

W =k — 2ire,(2n + p— 1), for n=0,1,2,--- . (3.7)

Case 2. If % —m + A = —n, for which

h = —ire:(2n + 3 — u), for n=0,1,2,---, (3.8)

it is evident form (2.15), and also from our discussions in the appendix B, that the dominant
component is F,,. The behavior of this component at the boundary is now given by

'(2m) 3
Foy ~ €¥E,, ~ Zz727m, 3.9
which vanishes for m + ;’ < 0 or u < —1. On the other hand for the lowest mode to be
a decaying mode in time one needs to have y < 3 which is automatically satisfied. So for
u < —1 we get QNM’s whose frequencies are given by

wn =k — 2irez(2n + 3 — p), for n=0,1,2,--- . (3.10)



To summarize, we find QNM’s for tensor perturbations on extremal BTZ black holes
in TMG when pul < —1 or pl > 1. The cases of ul = £1 will be discussed later. This result
is particularly interesting because QNM’s are usually associated with thermal properties
of the horizon. For an extremal horizon, a priori, it is not obvious why we should still have
QNM’s. Before making speculations on this point, we would like to compare our results
with those in the literature by rederiving QNM’s using a certain procedure that has recently
been used in [40], namely, by imposing the so called chiral highest weight condition. This
is the subject of next subsection.

3.2 Chiral highest weight condition

In this subsection we would like to compare our procedure to those in the literature
(see [40]). The main observation is that the QNM’s we have found in the previous sub-
section are given in terms of the Whittaker’s functions which satisfy a certain recursive
relation [46]

szWAm(z) = ()\ - ;) Wi m(z) — [m2 — <)\ — ;)2] Wi—1.m(2). (3.11)

In terms of the p coordinate, this relation may be recast to the following form

1

_ 1 1
- ( — Tex0p — th — ihrgme*%) W_xm(—2) = <2 +m + A) <2 —m+ A) W_r_1.m(—2).

(3.12)
Restricting our attention to the lowest mode, in which either % +m+ X or % —m 4+ A is
zero, and taking into account that the u and v dependence of the wave function is given

by (2.5), the above equation reduces to
1 I
~ 9 (Bu + 27“31672’) — rw@p)e*Zh“ﬂh”Fw =0. (3.13)
EXT

Now consider the following operators

1
LO - _2Te$ 8&7
eQrezu 2 9,
L1 = — o, [0u + 2176”0y — Tex0,),
6—27"exu
L, =—- o, [0y + 212, 2P0y + Tez0p). (3.14)

These operators satisfy the SL(2, R) algebra and are identified with the Killing vectors
of the background (2.3). We therefore find out that the recursive relations for Whittaker
functions require our lowest QNM to be annihilated by L;. That is, the lowest mode
satisfies a chiral highest weight condition.

Motivated by the above observation, one may turn around the argument as follows;
start by imposing the chiral highest weight condition on the lowest mode, solve the equa-

tions of motion and then impose the proper boundary conditions. That is, we start with

Ly, = 0. (3.15)



Using the notation of the previous subsection the above condition can be solved easily,
Fyy = Erz7e?/?,
B
F,, = <E2 — Bl z) 2 e,

By By g\ e
p:<E3—25 o2 |2 e*/?,

= rea(2ihEyz"" 4 Ey)ze?/?,

£

E _
p = Tex ( 15 z+ (E3 +2E,) + QihE5z_1> P
Fuu = 12, (B3 + 4ihEsz ' — 4h2Egz2)2 ¥/, (3.16)

where F;’s are constants to be determined by the equations of motion. In fact from the

linearized equations of motion, DM Y = 0, one finds

B — h+ire,(p — 1)E

R ey ’
B = 2(h + irw(/z — 1)))2(h + 22’7’635)E17
h + iTes h + 207 ey
o= (i )
By = (hFires(u- )()}(LT +)21rex)(h + 3iren) £
E = (h 4 irex(p— 1)) (h 4 2irey) (b + 3ires ) (h + 4ire,) . (3.17)

(hreg )

Moreover the highest weight, h, is found to be either h = —ire,(u — 1) or h = ire, (pu — 3),
which are indeed the poles of the lowest mode obtained in the previous subsection. In

particular for the case of h = —ire,(u — 1) the solution reads
0 0 0
F)u'l’ = 67 (Tezp hT’eze p) 0 1 2T€m€_2p 5 (318)

~2p pgr2 o4
0 2reze P 4ri e

which has to be compared with (B.6) obtained from the direct computations. This repre-
sents a QNM if p > 1 with the frequency w = k — 2ire,(u — 1), in agreement with (3.7).
On the other hand for the other case, h = ir.,(; — 3), the solution is given by

21

E2 = FL (,u - 2)E17
—4
By = oy (0 =2)(u—1)Ey,
—1
Ey= 5, (n=2)(p—1)E,
—27
Es = 3 :U’(:U’ - 2)(/‘ - 1)E1’
1
By = 5 m(p—=2)(u* = DBy, (3.19)



which represents a QNM if y < —1 with the frequency w = k — 2ir(3 — p) in agreement
with (3.10).

Note that what we have found in this subsection is the lowest QNM in two different
cases given by the highest weights h = —ire, (1 — 1) or h = ire,(u — 3). This confirms our
calculations in the previous section.

It is important to also note that imposing the chiral highest weight condition guaran-
tees that the the solutions we find are ingoing at the horizon. Moreover from the above
considerations one would expect that the higher QNM’s can be obtained by apply L_q on
the lowest mode. This is indeed the case if we use another recursive relation,

d
Woriim(=2) = (=1/22 + \) Wy m(—2) — 2. W_xm(—2). (3.20)
Writing the nth mode as
w(”)uy(u,v,p) = e*ih"”*iB"”W,Amm(—z), (3.21)

where hy,, = hy, — k, hy, = 2irez Ay and N\, = — (; +m + n), the (n 4+ 1)th mode is found
by using (3.20) and the fact that two consecutive A’s are related by Ap4+1 = A\, — 1,

YO (0, p) = e 2 )2 4 Ny = 20100, (w0, p). (3.22)
This can be written in a more suggestive form as
w(n—i_l)w/(uav,p) = _B_QTexUL*1¢(n);w(u’Uap)a (3.23)
where L_; is given in (3.14). We therefore find that

w(n);u/(ua v, ,0) = (_672716“)[/71)” ¢(O)uu(u’ v, p)' (324)

— 2TV

Comparing this with the non-extremal case, the factor of —e is all that remains

from L_;.

3.3 QNM’s for = +1

We now turn to the question of whether QNM’s persist to exist at the special values of the
coupling constant, p = +1.

Looking at the solutions we found in the previous sections at the special value of ,
say, 1 = 1, we find that they do not fall off at the boundary, and besides, the lowest
frequency has no imaginary part. This might lead to the conclusion that we no longer have
QNM’s at this point. But we should note that exactly at this point, the solutions we have
found degenerate with the left moving boundary gravitons and are no longer propagating.
However, a new propagating mode appears at this point which is logarithmic and which is
given by

iy

new __
w;w - d,LL

=—ilu, +v Yy e T RS 3.25
p=1 < dp d/i)ul ! . ( )



AFyu

new __
where F/7% = 7"

. At p =1 with h = —2ire,n, where the dominant component is
'[L:
F,,, one finds

wnew _ (_QTethvv + F;lvew) e—ik(t—¢)—4nrext‘ (326)

Vv

Using the explicit expressions for Fy, one observes that for n = 0 as we approach the

boundary one gets

. — 00, (3.27)
whereas for n > 1 we have
Yy, — finite. (3.28)
Therefore we get no QNM’s at u = 1.
At p = —1 with h = —2ir;(2 + n), where the dominant component is F,,, we have
Unet = (2reqt Py + Fev) e~ =04t 2)reat, (3.29)

Plugging the solutions in this expression we find that we have QNM’s in this case even for
n = 0 with frequencies given by (3.10) with p = —1.

3.4 Standing waves

To complete our analysis of the tensor perturbations, we will consider the case of h = 0.
Note that the results we have found so far were based on the assumption that h # 0 (see
equation (2.10)). Setting h = 0 one encounters two possibilities depending on whether h
is zero or not. Of course in both cases, the perturbations result in standing waves.

In the first case where h # 0 and p # —1, —2, the equations (2.7) and (2.8) can be

solved to give

Fuu(p) = Ci(p—1)e”®r
Fou(p) = 2ihCyre~ e

4C _
Foplp) = = M —1)r2, — h2e~ 43
Funlp) = — i (0 — 1)2r2, + B2l 4D (3.30)
Fpu(p) - :U'(:U' + 1) [(,U, 1) 7ﬂea: + h ]6
C
Fuu(p) = ' [+ 122, + B2 [( — 1)%r2, + h2e” F3P 4 Coelnte,

p(p+1)(p +2)

As we anticipated, the above solution is not well defined for 4 = —1 and p = —2. Indeed
for the latter case where I, is singular, one finds that the solution is modified to one with
a logarithmic behavior. More precisely in this case Fy,, is given by

Fuu(p) = [C1(h? + 972 ) (h% +12))p + Cyle". (3.31)

,10,



The other components can be read off from (3.30) with 4 = —2. For the case of p = —1,
the equations (2.7) and (2.8) put a constrain on the parameters h? + 472, = 0. The
corresponding solution is

Fu =0, Fy =01, F,,=4Cir2e ?, F, =—iCih, F,, =Cse %,
(3.32)

On the other hand for h = h = 0, from (2.7) and (2.8) we observe that p must be

either 4t =1 or u = —1. For the former case one finds
Fp=Fu =0, F,=0C1, F,,=4C1r2e ", F, =Cye *, F, =Cse*. (3.33)
while for p = —1 we get

Fy=0, F,=Cie %, F,=09", Fu,=-2r2C F,,=-4Cy2e *, F,,=Cs.

(3.34)
We note, however, that at © = +1, the model develops logarithmic solutions. In our
notation we get
n dF, 2
for gt B = | e,
dF,
for p=-1, Fpv="" ~ 3.35

which are the logarithmic solutions found in [10].

4 Discussions

In this paper we have considered tensor perturbations on the extremal BTZ black hole
in TMG. We have found that, imposing proper boundary conditions at the boundary of
the space and at the horizon, one finds QNM’s in the spectrum. These modes vanish for
rex = 0, where we have M = J =0, or T, = T = 0 from the boundary CFT point of view.

We note that our considerations do not have a counterpart in pure Einstein gravity
in three dimensions. This is due to the fact the gravity in three dimensions even with
a negative cosmological constant does not have propagating degrees of freedom. Higher
derivative terms allow for such propagating modes.

Since QNM’s are usually associated with thermal properties of the black holes, it is
quite interesting that the model we are considering supports QNM’s even for extremal
black holes. This is indeed one of the special features of TMG.

Recall that for generic values of 1, TMG contains negative masses either in perturbative
states or in the spectrum of BTZ black holes. Even at the chiral points up = +1, the
appearance of logarithmic modes render the system non-unitary unless a strict Brown-
Hennaux boundary condition is imposed. Whether or not such an assumption remains
valid at a quantum level, allowing for a chiral unitary sector to decouple at the chiral

— 11 —



points, remains to be verified. A natural venue for such an analysis is the AdS/CFT
correspondence where one can study the n-point functions of the dual field theory and see
whether the above decoupling is possible. Another direction is to calculate the gravitational
partition function of TMG around any of its vacua.

The non-unitarity of TMG might explain the appearance of QNM’s on extremal black
holes. Since we have allowed logarithmic boundary conditions for perturbations, these
modes persist to exist at the chiral point. It would be interesting to understand the
consequences of the result from the dual CFT.

As a final remark we recall that the boundary condition we have imposed was to have
an ingoing wave as we approach the horizon and all of our results rely on this assumption.
Another possibility is to impose a vanishing flux at the horizon and at the boundary. Using
the properties of the Whittaker’s function, one can see that this assumption requires h = 0
which, as we have seen, results in standing modes.

Acknowledgments

We would like to thank Ali Naseh for collaboration in the early stages of this project. We
would also like to thank O. Saremi and M. M. Sheikh-Jabbari for useful discussions and
also A. Akhvan, A. Davody, R. Fareghbal and A. Vahedi for discussions on different aspects
of NMG and TMG.

A Gaussian normal coordinates

The metric of BTZ black holes is usually written as
dr?

ds®> = —N2dt?® + N2 T r2(de + N%dt)?, (A1)
with
2 2 72
2 r 16G-J o AGJ
N _—8MG+€2+ 2 N? = — 2 (A.2)
If we define
r2 472 ror
M= T - J= T - A3
G2 4Gl (A.3)
then the metric takes the form
(r2 —r2)(r? —1r2) r202 rar_ 2
ds® = — M dt’ dr® +1°( do — dt) . (A4
° 202 * (r2 —r2)(r2 —r2) | de r2l (A-4)
By the following change of coordinates
P2 g2
r? =73 cosh®(p— po) — 2 sinh®(p — po), =77 T, (A.5)
we go to the Gaussian Normal coordinates [47, 48]
ds* = C[LTdu® + L™ dv® + dp® — (62p + L+L_e_2p) dudv], (A.6)

- 12 —



where u =t/0 — ¢, v =1t/0 + ¢ and

+r_)?
g . AT
402 (A7)
Changing the variables as
2p N
T =%, (A.8)
VLTL-
we obtain
ds* = C[LYdu® + L~ dv? + dp* — 2V L+ L~ cosh(2p)dudv]. (A.9)
Pure AdSj3 is obtained by setting
ri=-1, r_=0, (A.10)

If we make a second coordinate transformation as
i =2uVL, o =20VL—, (A.11)
we have

1 1 1
ds? = 1 4dﬁ2 + 4d®2 +dp? — ) cosh(QpA)dzld@} : (A.12)

which is the BTZ black hole with unit mass and zero angular momentum.
In the extremal limit, r; = r_ = re,, the transformation (A.8) is not well defined.
Starting from

g2 (TQ;;EQC)QM + 7"_2236)2(17«2 e <d¢ - :gﬂzdt>2, (A.13)
the transformation
E ;27"31, (A.14)
takes us to
ds® = g datde’ = r2du® — ?e* dudv + (*dp?, (A.15)
where u and v are defined as before. In this coordinate p = —oo corresponds to the location

of horizon, r = r¢;, and p = oo corresponds to r = oo.

B Dominant component

In this appendix we show that in the first case where the poles are given by % +m+ A=
0,—1,—2,--- , the dominant component is F},,, as we approach the boundary. To proceed
we note that the Whittaker’s function obeys the following recursive relation [46]

szW,\,m(z) = (A= 2) Wamz) - lmz _ ()\ _ ;)2] Wi m(2). (B.1)

,13,



Therefore setting
1
2—|—m—|—)\:—n with n=0,1,2,---, (B.2)
one gets
1
Fl, =2\ = 2)CoW_ym(—2) + 2n <)\ —m+ 2) CoW_x_1,m(—2). (B.3)

On the other hand, at the poles (B.2), by making use of the asymptotic behavior of the
Whittaker’s function one finds

I'(—2m) 1 A
Foo=CoW s (—2) = —z)2Tm (1 — 2 B4
I'(—2m) 1 222+ 2n(A+ 1) +2m+1
F = _ +m [ 9 _ 2
. CQF(%_mJFA)( 2)2 (()\+n) o+ 1 2+ 0() |,

as z — 0. Plugging these expressions in (2.15) we arrive at

1
F,, = — ; [iTex(2m + 1)(2X + 2m + 1+ 2n)z "1 + O(1)] Fy,

h
F,, = _B; [ires (2 +2)(2m + 1)(2A + 2m + 1 + 2n)2 "' + O(1)] Fy,

2 _
Fuu = =1, [r2,(2m + 3)(2m + 2)(2m + 1)(2X + 2m + 1 + 2n)z >
—2r2,(2m + 2)(2mA + 2m + 5 + 3)(2A + 2m + 1+ 2n)2 1 + O(1)] Fy,

which shows that the leading terms evaluated at the poles (B.2) are zero. Therefore all
components, at most, could be in the same order as F,. As a result to find the QNM’s it
is enough to impose the boundary condition on F,.

It is worth mentioning that since we are evaluating the expressions at the poles (B.2),
one has

I'(—2m)
=(-1)"2m +1 where (a), =ala+1)(a+2)---(a+n), (B.5
Py = CD @D, (@) =ala+D(a+2)+(@+n),  (BS)
which shows that at the points p =2 —k, k=1,2,--- ,n, the dominant term in the above

1 . . .
m+2+k) Nevertheless since we are interested in the case where

expansion starts from O(z
> 1, these points do not affect the validity of our conclusion.

Note that for the lowest mode, where h = —ir.,(u — 1), we get

1 —
Fuw = 27, h? (h+ireg(p —1)) [(/‘ —1)e* — Qihrem] Fow,
1 . . : 72,2 -
Fup == 53 (At irea(p—1) [k = 1)e = h(h = 2pires) — 2h°rZ,e ] Fo,
1 . T i
= e g (e rea(p = 1)) [1(p? = 1) = 2h(h + ireq (1 + 1)) (e + hreg)| Fou,

which are all zero. This leads to the following expression for the perturbations

0 0 0
Fo=Fu|[0 1 2rge? |. (B.6)
0 2re e 2 47”3366*4/)
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