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1 Introduction

Fixed points of the renormalisation group (RG) play an important role in quantum and
statistical field theory. Ultraviolet (UV) fixed points are key for a fundamental definition of
quantum field theory, while infrared (IR) fixed points relate to continuous quantum phase
transitions or chiral symmetry breaking. Moreover, scale symmetry at quantum critical
points often entails full conformal invariance [1], and enforces that quantum critical theories
are massless.

Interesting new effects occur if quantum scale symmetry at critical points is broken
spontaneously. In particular, a dilaton arises alongside mass scales which are not determined
by the fundamental parameters of the theory. In three dimensions, the classic example is
scalar (qﬁz)gd theory at large N [2-5], where scale symmetry is broken spontaneously at the
endpoint of a line of interacting ultraviolet (UV) fixed points owing to a non-analyticity of
the quantum critical potential. Subsequently, scale symmetry breaking has been observed
in more complex scalar [6], supersymmetric [7-9] and Chern-Simons theories coupled to
matter [10, 11]. More recently, the phenomenon has been observed at interacting UV fixed
points in perturbatively non-renormalisable fermionic (11)3, theories [12, 13]. An unexpected
feature is that even though the dynamical breaking of chiral symmetry switches on a fermion
mass and chirally odd interactions, the presence of chirally odd interactions alone does
not entail fermion mass [12, 13]. Finally, in four dimensions, it has been speculated that
spontaneous scale symmetry breaking may explain the Higgs as a “light dilaton” in extensions



of the Standard Model [14-16]. This type of mechanism may equally arise in UV conformal
theories [17-21] which serve as templates for model building [22-25].

In this work, we investigate the phenomenon of spontaneous scale symmetry breaking
and the generation of fermion mass in Gross-Neveu-Yukawa theories (GNY for short). They
are asymptotically free and perturbatively renormalisable, and may develop critical points in
the IR. In condensed matter physics, GNY models often arise as effective theories of massless
Dirac fermion excitations in honeycomb lattice models [26-30] or topological insulators [28, 31],
and are expected to belong to the same universality class as graphene [26, 27, 29, 30, 32-35].
Further, in the spirit of bosonisation, GNY theories are closely related to Gross-Neveu theories
(GN for short) [36-45] and offer a testing ground for spontaneous scale symmetry breaking
or the naturalness of fermion mass [12, 13].

With these considerations in mind, we identify the phase structure of GNY theories
including all critical points, clarify how fermion mass is generated dynamically in the absence
of chiral symmetry, and whether spontaneous scale symmetry breaking may occur at IR critical
points. The main new addition of our study are chirally odd cubic scalar self-interactions,
mimicking the role played by six-fermion interactions in GN theories. To achieve our goals,
we employ functional renormalisation in the local potential approximation, which becomes
exact in the limit of many fermion flavours. We also clarify in concrete terms the large- N
duality between GN and GNY theories, both along their functional RG flows, and on the
level of quantum effective actions.

The paper is organised as follows. After introducing GNY models and some of their
key specifics (section 2), we provide their functional RG equations to be used throughout
(section 3). We then identify interacting fixed points (section 4), scaling dimensions (section 5),
and the phase diagram including UV-IR connecting trajectories (section 6). We also find
the global fixed point potentials (section 7) to establish the spontaneous breaking of scale
symmetry and the generation of fermion mass (section 8). We continue with an analysis
of the large-N relationship between GNY and GN theories (section 9), and close with a
discussion and conclusions (section 10).

2 Gross-Neveu-Yukawa theories

We are interested in 3d euclidean quantum field theories of the GNY type, featuring N
flavours of four-component Dirac fermions v, and a single real scalar field ¢, with classical
actions of the form

Sany = / {Yadat $(00)° + Hobubu+ U0)]. (2.1)

Interactions in these theories are parametrised by the Yukawa coupling H and the scalar
potential U. In addition to possessing a global U(N) flavour symmetry,! the theories (2.1)

'"With four-component spinors, the flavour symmetry is actually U(N) x U(N) [46].



with four-component fermions may also be invariant under the discrete “chiral” symmetry

wa = 751#117
QZa = _d_}a’yg)v (22>
¢ = 7¢)7

inherited from the four-component representation of the Clifford algebra, provided that the
interaction potential U(¢) is an even function.
Incidentally, a similar role is played by parity transformations, x = (2°, 2!, 22) s 2/ =

(20, —x!, 2?), with?

%(96) = 'Ylwa(x/)a
Va(z) — qu)a(ac')vl , (2.3)
o(x) = —p(a'),

and ¢ a pseudoscalar. This symmetry also holds in the case of two-component fermions, where
the (euclidean) gamma matrices can be taken to be the Pauli matrices [40, 47]. Imposing
invariance under either chiral (2.2) or parity (2.3) transformations forbids any odd powers
of ¢ in the potential as well as odd powers of 11, such as a fermion mass term. In a slight
abuse of language, we will use parity and chiral symmetry interchangeably.

The GNY theory (2.1) can also be viewed as a bosonised version of the GN theory
with relevant four-fermion (4F) interactions ~ \gp(1qq)?, whereby the scalar field H¢
plays the role of 11, [36—45]. We postpone a detailed analysis of their interrelations at
large-N until section 9.

3 Renormalisation group

In this work, we are interested in theories (2.1) where chiral or parity symmetry is absent
due to interactions. It is important to clarify how this impacts on the critical points,
the phase structure of the theory, and the generation of fermion mass, which is no longer
protected by symmetry. To that end, we investigate the theories (2.1) using functional
renormalisation [48-51].

Briefly, the method proceeds by adding a Wilsonian cutoff term to the path integral
representation of the theory, bilinear in the fields, which acts to integrate out successive
momentum modes of the fields from the UV to the IR. By a Legendre transform, this
defines a coarse-grained effective action I'y, dependent on the RG scale k. It interpolates
between a classical action S at some UV scale k = A and the full quantum effective action T,
the generating functional of one-particle-irreducible correlation functions, obtained in the
IR limit where all fluctuations are integrated out (k — 0). The scale dependence of T’y is
governed by an exact functional identity [49]

Oy = S ST {07 + Ry) ™ - Oy} (3.1)

2Here we give the explicit form of the transformation in euclidean signature, where ~' is hermitian and
squares to the identity. For lorentzian signature, the transformation rule for i) has the opposite sign.



which derives from the regulated partition function, with ¢ = In(k/A). The right hand side of
this equation features a functional trace in position or momentum space, as well as a trace
over all internal indices. The quantity F,(f) + Ry, stands for the exact inverse propagator of the
regulated theory and includes the cutoff function Ry (q), which provides IR regularisation of
the functional trace. UV regularisation is provided by the insertion of the scale derivative of
the cutoff function, which vanishes rapidly for large momenta ¢g. We use optimised cutoffs [52—
55] for both the bosonic and fermionic regulators. Other choices of cutoff constitute different
RG schemes which alters non-universal aspects of RG flows but has no impact on the physics.

Our study is based upon an ansatz for the scale dependent effective action T'y, = T'[¢, ¥, 9]
of the form

L :/m{ZW/_}aWﬁ%Z¢(3¢)2+Hk¢1/3awa+Uk(¢)}, (3.2)

where Zy, 4 are scale dependent, but not field dependent, wavefunction renormalisation factors,
H}, is the running Yukawa coupling, Uy the running scalar potential, and [, stands for the
integral over 3d euclidean space. This ansatz with symmetric U(¢) has been widely studied in
the literature [29, 44, 45, 56-61], as it contains all necessary ingredients to capture the physics
of the theory’s interacting IR fixed point in the chirally symmetric setting, which is equivalent
to the UV fixed point of the 3d GN model [39-42, 44, 45, 62, 63], and yields exact results
for universal scaling dimensions in the large-N limit. As we will show, this equivalence also
extends to the case of explicitly broken parity by including parity-odd interactions ~ ¢ in the
scalar potential. Then, (3.2) accurately reproduces the line of fixed points found at large N in
the GN model [12], including its endpoints where scale symmetry is spontaneously broken [13].

It is convenient to introduce dimensionless, renormalised fields and couplings scaled
in units of the RG scale k as

o=2,"¢/k"?, (3.3)
h=(Zy23)""* Hy/k"?,
u(o) = U(¢) /K.

We further scale the numerical factor A = 372/(2N) into the scalar field and the effective
potential as ¢ — VAo and u — Au. This ensures that all scalar interactions are normalised
in units of perturbative loop factors and powers in NN suitable for a large-N limit.

In the infinite-N limit, the contributions of the scalar field fluctuations ~ 1/N are

suppressed, and the flow of the potential is driven entirely by the Yukawa interactions [45, 60]

1

TR (3.6)

1
Otu = -3u+ 5 (1 +77¢) a&,u—

While the anomalous dimension of the fermion field vanishes in the infinite-V limit, 7, = 0,
the scalar field anomalous dimension, defined as 14 = —d;In Z¢\g:0,3 can be non-trivial.
Here, it takes the form

ns = 3h*. (3.7)

3We evaluate the scalar field anomalous dimension at the background value o = 0, which is the location of
the scalar potential’s minimum in all cases of interest.



In consequence, the Yukawa interaction evolves as
Oth = —% (L—=ng)h. (3.8)

The RG flows (3.6) and (3.8) with (3.7) are the central equations controlling the model.

Let us briefly comment on the interplay of chiral symmetry and the generation of fermion
mass ~ Mp a1,. In the presence of chiral symmetry (2.2), an explicit fermion mass term is
forbidden. If chiral symmetry is absent, a bare fermion mass, or the generation of fermion
mass by fluctuations, become a possibility. To check whether this can happen in practice, we
project the functional flow (3.1) onto the fermion mass term. Expanding about vanishing
scalar field, we find Oymp = —mp, where mp = Mp/k is the dimensionless fermion mass.
Evidently, fermion mass is a relevant perturbation. However, the large- N flow shows that the
running is purely classical and fluctuations do not contribute to leading order in 1/N. We
may also expand the flow around the (dimensionless) minimum oq of the potential where
u'(09) = 0, and Ay = 92u(0q) the scalar mass in units of k. This corresponds to the symmetric
or symmetry broken phase if the dimensionful expectation value of the scalar field for £ — 0
takes a vanishing or finite value, respectively. We find

omp = —m l—i-L (3.9)
imp = —mp A+ m)oh ) .

We observe fluctuation-induced contributions to the flow, even though fermion mass remains
natural in that the flow vanishes identically for vanishing mass. Most importantly, the
results establish that fermion mass cannot be generated by fluctuations alone, even in the
presence of chirally odd interactions. We conclude that full chiral or parity symmetry is not
required to keep the fermions massless. Rather, the significantly milder constraint mpr = 0
is already sufficient.

4 Fixed points

In this section, we identify fixed points and scaling dimensions of the GNY theory in the
presence of chirally odd interactions.

From the running Yukawa interactions (3.8), we note that fixed points are either free
(hs = 0,17 = 0) or interacting (h.« # 0) with

ng =1. (4.1)

The fixed point condition states that the scalar anomalous dimension must exactly cancel
the canonical mass dimension of the Yukawa coupling. This entails that the mass dimension
of the Yukawa coupling is transfered to the scalar field, which now scales anomalously with
mass dimension unity rather than % Together with (3.7), this also determines the critical
Yukawa coupling as

h? =

*

(S]]

(4.2)

Notice that the fixed point value depends on the RG scheme and the choice for the momentum
cutoff function Ry, whereas the existence of the fixed point and its scaling dimension is



independent thereof. Also, the sign of h is physically irrelevant and we take h > 0 without
loss of generality. Together with (3.7) and in terms of h3 = h?(k = A), the Yukawa flow
can be integrated explicitly to give

Rk r2\17!
h2(k) = hi lhg +7 <1 — hg)] : (4.3)

The flow interpolates between the asymptotically free fixed point in the UV (k — A) and
the fixed point (4.2) in the IR (kK — 0). Provided that the initial Yukawa coupling takes
values in the range

0 < hi < hZ, (4.4)

the high scale can be removed (A — 00). The transition from the UV to the IR fixed point
is characterised by the RG invariant cross-over scale

with A%kcr = 0, which arises from dimensional transmutation close to the UV fixed point
(h3 < 1). By extension, the anomalous dimension then interpolates between 7, = 0 in
the UV and 74 = 1 in the IR.

In turn, provided the initial value of the Yukawa coupling h?\ exceeds its fixed point
value h?, the running coupling invariably exhibits a Landau pole at the scale

_ AR
h2 — h?

kL (4.6)
In this case, the flow is not connected to the free UV fixed point, the high scale A cannot be
removed (kz, > A), and the theory is effective rather than fundamental.
Next, we turn our attention to the self-interactions of the scalar field. To this end, we
expand the scalar potential in terms of n-scalar self-couplings A, at vanishing field
oo
u(o) = % Ao, (4.7)
n=0
allowing both even and odd interactions under the discrete symmetry (2.2). Inserting the
series into the flow equation (3.6) yields RG equations for A,. For the dimensionless scalar

mass term (A2 = m?2) we find

O = (=2 + 1g) A2 + 2h7, (4.8)

with the anomalous dimension 7, given by (3.7). Notice that the scalar mass is not natural
in that it will always be switched on by Yukawa interactions, regardless of its initial value.
Integrating (4.8) together with (4.3), and using A A = A2(k = A), we find

Ao A
1+ (2’1% 1) k] : (4.9)

Ao (k) = 2h% (k)




Provided the UV initial conditions obey Ay n > 2h%, the second term in (4.9) dominates
in the IR and we conclude that the physical scalar mass M2 = \o(k)k?~"% is positive and
finite for kK — 0, giving a disordered phase with a vanishing vacuum expectation value. By
the same token, Ay A < 2h12x implies a massive, ordered phase with a non-vanishing vacuum
expectation value. We conclude that the short-distance initial condition

Aon = 2h3 (4.10)

defines the boundary between an ordered and disordered phase, which is also a necessary
condition for a massless scalar field in the IR. We come back to this aspect in section 6.
Next, we turn to the chirally odd cubic scalar self-interaction A3, whose flow is given by

Oz = —3(1 —ng)As . (4.11)

The flow for A3 is natural in that the coupling cannot be switched on if set to zero at
any one scale. Further, the flow (4.11) vanishes identically as soon as 7y = 1, irrespective
of the value for A3. Stated differently, the Yukawa coupling taking an interacting fixed
point, (4.1), invariably turns the cubic self-interaction A3 into an exactly marginal coupling.
Thus, the canonical mass dimension [A3] = % of the classically relevant interaction has been
exactly marginalised quantum mechanically owing to strong fluctuations in the IR. This
non-perturbative effect entails that the cubic coupling becomes a free parameter,

A5 = free parameter, (4.12)

characterising a line of interacting IR fixed points. Integrating the flow for the cubic
coupling (4.11) and also using (4.3), we find

Ns(k) = Ag.p B (k) /13 (4.13)
)
at the IR fixed point can be traced back to initial conditions at the high scale as A3 =
A3 h3/h3.

Turning to the quartic and higher order scalar self-interaction, we find

where A3 o = A3(k = A). From (4.13), we observe that the exactly marginal parameter (4.12

Odn = [=3+ 5 (L+m5)] Au — anh”, (4.14)

with coefficients a,—even = (—1)”/ 2n! and ap—oqq = 0. It follows that all chirally odd self-

*

interactions \,—oqq are natural and admit free fixed points A*_ 4

4 = 0, irrespective of what
happens in the Yukawa sector, though with the exception of the cubic interaction which may
become exactly marginal provided h, # 0. On the other hand, all chirally even interactions
An—even take free fixed points provided that h, = 0, and non-trivial ones with
3= o
n—3

provided hy # 0. Altogether, we conclude that the theory admits two types of fixed points,

(4.15)

the Gaussian fixed point (h. = 0, = 0) where all couplings vanish identically, and a
line of interacting IR fixed points characterised by (4.2), (4.12) and (4.15). Notice also
that only the cubic scalar self-interaction A5 # 0 breaks the discrete symmetry (2.2) at
the interacting fixed point.



5 Scaling dimensions

Next, we turn to the universal scaling dimensions. In the vicinity of a fixed point, the RG
flow is characterised by a set of RG eigenoperators O,, ~ k377 which scale with universal
exponents 1,,. Positive exponents are associated to irrelevant operators, whose contributions
shrink towards the IR and do not affect the long distance physics, while negative exponents
indicate relevant operators. At a UV fixed point, the latter are in one-to-one correspondence
with the fundamentally free parameters of the theory.

At the asymptotically free UV fixed point, basic scaling operators are given by field
monomials such as ¢", (¢1))™, and combinations ¢™(¢1))™ thereof. Scaling exponents are
mostly determined by canonical power counting. Relevant perturbations are identified as
the mass terms, the Yukawa interaction ~ h ¢y with exponent

oV = -1, (5.1)
and scalar interactions ~ A,¢" with exponents
9V = -3+ 2. (5.2)

Of these, all interactions with n < 5 are relevant. The exponent ¢ = 0 relates to the
classically marginal sextic interaction ¢%. All higher order scalar self-interactions with n > 6
are irrelevant with 99V > 0. Our results for UV scaling exponents of scalar field monomials
are illustrated in figure 1 (magenta dots).

At the interacting IR fixed points, quantum fluctuations and strong coupling effects
modify the scaling behaviour. Eigenoperators are found by linearising the flow around the
fixed point. We find that the Yukawa interaction has become irrelevant with

IR =1, (5.3)
The scaling of the scalar self-interactions is modified by the anomalous dimension, giving
IR = _34n. (5.4)

Results confirm that ¢? interactions have become exactly marginal, (4.12), with A3 parametris-
ing the line of IR fixed points. Overall, only the scalar and fermion mass terms remain
relevant perturbations in the IR. Our results for IR scaling exponents of scalar field monomials
are illustrated in figure 1 (red dots). We observe that quantum effects have induced large
corrections to scaling exponents dictated by (4.1).

Switching on any of the relevant perturbations in the UV initiates a flow towards the IR.
The set of RG trajectories running out of the UV fixed point is then characterised by small
deviations da(A) = a(A) — a, from the (free) fixed point for any of the relevant or marginal
couplings a € {mp,A\a = m2, A3, 4, h, A5, \¢} at the high scale A. Below, we establish
in (6.2) that a tuned combination of Yukawa and scalar mass perturbations guarantee that
the interacting IR fixed points are reached.
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Figure 1. Shown are universal scaling exponents of the GNY theory at the UV and IR fixed points,

and their association to field monomials (solid lines are added to guide the eye). Scaling exponents
are shifted upwards in the IR due to quantum effects dictated by (4.1).

6 Phase diagram

In the UV, the theory displays an asymptotically free Gaussian fixed point where relevant
perturbations trigger RG flows towards the IR. For these, specific choices need to be made
in order to reach the line of interacting fixed points in the IR. A central role is played by
the Yukawa interaction, whose RG flow is given by (4.3).

Next, we identify the UV-IR connecting separatrices. For that, the fermion mass does
not play any role as it can safely be set to zero in the UV. However, since the scalar mass
term m?2 = \o is relevant at the IR fixed points, its UV initial value must be tuned precisely
to guarantee that the condition A5 = 2h?2 is reached in the IR, see (4.9), (4.10). The condition
for this to happen can also be understood by considering the ratio of couplings X = (2h2)/\s.
Using (3.8) and (4.8) we find

X =X(1-X). (6.1)
The flow has a free IR fixed point X, = 0 and an interacting UV fixed point X, = 1,
independent of 74. Therefore, the condition Ay = 2h? can only be achieved in the IR limit

provided that it already holds true for all scales. This demonstrates that the relation

Ao (k) = 2 h3(k) (6.2)



3 [ T 1 T LI | T ]
Phases 1 ]
I massless 1 |
II unstable 1

21 III effective
A ]

)\3 0 .chirali 1

U JR\\
-1} I

II

1 1 1

0.0 0.2 04 0.6 0.8

h

Figure 2. Phase diagram of the GNY theory in terms of the Yukawa h and cubic coupling Az,
and projected onto the hypersurface (6.2). We observe the free UV fixed point (black), a line
of interacting IR fixed points with stable (blue), or unstable ground states (dashed blue), UV-IR
connecting separatrices (red) and sample trajectories (gray). In region I (region III), we observe
massless fundamental (effective) theories which (do not) originate out of an UV fixed point. In region

II, theories are driven into vacuum instability; arrows point from the UV to the IR.

between the scalar mass and the Yukawa coupling identifies all separatrices connecting the
UV and IR fixed points, for all scales k < A, in accord with (4.9), (4.10). Accordingly, the
required initial condition for relevant perturbations in the UV read dA2(A) = 2 §h%(A).

By the same token, UV initial conditions of the form dA2(A) = 26h?(A) + €(A) which
deviate from (6.2), cannot reach the line of massless IR fixed points. Instead, we find different
types of massive theories in the IR, depending on the sign of €. For ¢(A) > 0, the IR theory
contains a massive scalar, whereas the fermions remain massless. For ¢(A) < 0, the scalar
potential develops a nontrivial minimum, implying that the fermions also become massive
due to Yukawa interactions. This pattern holds true regardless of whether or not chiral
symmetry is explicitly broken by cubic scalar interactions.

We are now in a position to discuss the phase diagram of the theory with cubic interactions.
The flow of the scalar mass does not influence this coupling, but we assume for argument’s
sake that m? has been tuned to lie on the separatrix trajectory. Figure 2 depicts the RG flow
in the (h, A3) plane. Selected RG trajectories are shown, with arrows pointing from UV to
IR. Highlighted on the left of the diagram is the UV free fixed point, which is connected via
RG trajectories to the IR line of interacting fixed points, highlighted in blue on the right of
the diagram. At the centre of the IR line, with A3 = 0, the chirally symmetric fixed point
is marked “chiral”. Endpoints are marked on the line to show the range of cubic coupling
values in the IR for which the scalar potential is bounded from below.

,10,



The phase diagram is divided into three regions. Region I consists of well-defined
asymptotically free trajectories which flow towards interacting conformal theories with stable
vacua in the IR. For these theories, all fields remain massless at all scales, despite the fact
that chiral symmetry is explicitly broken by the cubic interaction. Region II also comprises
asymptotically free trajectories, except that these are unphysical owing to an unstable vacuum
in the IR limit. Region III consists of well-defined effective theories whose running couplings
are not UV complete because they exhibit UV Landau poles. Outside the (h, A3) plane, mass
can be generated either explicitly, or dynamically via a non-trivial expectation value for the
scalar field, or spontaneously, via the breaking of quantum scale symmetry.

7 Global fixed points

In this section, we discuss the global form of the scalar potential u. (o) at the IR fixed points
of the flow equation (3.6) for all values of the field 0. The results we present in this section
arise as a special case of those in appendix B of [60] and agree with [45] in the chiral limit.
Setting the Yukawa coupling A to its IR fixed point value (4.2) where 14 = 1, and solving
the fixed point condition d,u = 0 for the entire scalar potential, we find

us(0) = 23 o3 + F(h.o), (7.1)

with F(z) = —1 + 2? + 23 arctan(z) an even function in z, and A3 the value of the exactly
marginal cubic scalar coupling at the fixed point. Expanding (7.1) in powers of o, we recover
all couplings A} determined previously from (4.14), (4.15). Given that all parity-odd couplings
bar A3 vanish at the fixed point, \,,—oqa£3 = 0, it follows that the non-perturbative function
F' resums all parity-even polynomial couplings.

Because F' is an even function, and because the Yukawa interaction is invariant under (2.2),
the fixed point theory represented by (7.1) with A3 = 0 is parity symmetric. For any A3 # 0,
however, parity symmetry is explicitly broken by the appearance of a cubic term in the scalar
potential. Note that the cubic coupling has mass dimension % at the classical level. Its
exact marginality in the IR originates from the anomalous scaling of the scalar field, which
effectively acquires a mass dimension of unity at the interacting fixed points.

We emphasize that the cubic interaction term in the potential may destabilise the theory.
This is so because the fluctuation-induced function F'(x) in (7.1) behaves asymptotically as
|x]3 for large arguments. As a result, the parity-odd and parity-even terms in (7.1) compete
and the effective potential may become unbounded from below if the parameter A3 becomes
large enough. More explicitly, for large fields, the potential behaves as

U (0) ~ § [A3 + Az rit 5g0(0)] o3, (7.2)
where we have introduced the critical parameter
A3.crit = 3mh3. (7.3)

Notice that the contribution ~ Ago? in (7.2) arises from the parity-odd cubic interaction

3

whereas the contribution ~ A3 it sgn(o)o” arises from the sum of all polynomial and parity-

even scalar self interactions. The effective potential found in a mean field analysis of the

— 11 —
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Figure 3. Shown are dimensionless global potentials at IR critical points (7.1) for different values
of A3, covering the parity-even potential (A3 = 0, dashed grey curve), and fixed points with A3 < 0
including a stable potential (solid blue), an asymptotically vanishing potential (purple), and an
unbounded potential (red). Examples with A3 — — A3 are obtained by reflection about the vertical
axis. Axes are scaled as X — X/(1 + |X|) for better display.

chirally symmetric theory has such a form [58, 64, 65]. From the explicit expression (7.2), we
conclude that the potential is bounded from below provided that

|>‘3| < )\3,crita (74)

as indicated in figure 2, but elsewise unbounded for large positive (A3 < —A3qrit) or negative
(A3 > A3 rit) flelds, respectively. In the special case |[A3| = A3 ait, parity-even and parity-odd
contributions cancel out exactly for asymptotically large positive (negative) fields.

Results are illustrated in figure 3, showing the fixed point potential for the parity-
symmetric theory (A3 = 0, dashed grey), as well as a (bounded) parity-asymmetric potential
(A3 = —%Ag}crit, blue), an unbounded potential (A3 = —2A3 it, red), and an asymptotically
flat potential (A3 = —A3 it, purple). By symmetry, and given that F in (7.1) is even, it follows
that critical potentials with parameter A3 <> —A3 relate to a reflection in field space o <+ —o.
Lastly, we emphasize that the loss of vacuum stability beyond the bound (7.3), (7.4) is a
non-perturbative effect. It required the precise knowledge of the potential at asymptotically
large fields, (7.2), for which any finite order polynomial approximation of (7.1) would not
have been sufficient.

8 Spontaneously broken scale invariance and fermion mass

The critical theories discussed in the previous sections, characterised by the value of the
exactly marginal cubic coupling, are all scale invariant at the quantum level. Provided that
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Figure 4. Shown are dimensionful fixed point potentials U,(p) at & = 0 in units of the high
scale A and for different A3, covering the parity symmetric case (A3 = 0, dashed grey curve), and
examples of fixed point potentials with A3 < 0 with a stable vacuum (solid blue), flat potential and
spontaneously broken scale symmetry (purple), and an unbounded potential (red). Potentials are
stable for [Az| < Ag.crit; axes are scaled as in figure 3.

the cubic coupling is not too large in magnitude, [A3| < A3 ¢, these theories also possess
stable ground states. In this section, we discuss how fixed points at the borderline of vacuum
stability (|A3] = A3 crit) give rise to the spontaneous breaking of quantum scale symmetry
and the generation of fermion mass.

To make this explicit, we recast fixed point potentials (7.1) in terms of the dimensionful
potential and fields. Recall that the scalar field scales anomalously at the IR fixed point,
with 14|« = —0;InZy|. = 1. The anomalous scaling changes the mass dimension of the
scalar field by %, corresponding to Zy|. = ko/k with ko a suitable reference scale. Therefore,
and in view of (3.3), it is convenient to introduce a new field ¢ with canonical mass
dimension one, ¢ = /kg¢ = ko, and to express the dimensionful fixed point potentials as
Ui () = k3u.(¢/k). In the limit where all fluctuations are integrated out (k — 0) we find
the full quantum effective potential as

Us () = & [As + Ascrit sgn(e)] ¢° - (8.1)

We emphasize that the theory sits precisely at the IR fixed point. From the explicit result, it
follows that the potential is globally unstable outside the range (7.4).

Figure 4 illustrates the fixed point potentials in (8.1) for several values of the free
parameter A3 (corresponding to their dimensionless counterparts in figure 3). Most notably,
spontaneous breaking of scale invariance is evidenced in the flatness of the critical potentials
with |A3| = Ag.crit- Here, the minima are degenerate, covering the entire positive (negative)
field axis provided A3 = —Ag.crit (A3 = A3erit). Using (8.1), the vacuum expectation value
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is determined from the condition

[)\3 + )\3,crit Sgn((’pO)] 30% =0, (8'2)

valid in the range (7.4). It establishes that the vacuum expectation value of the scalar field
either vanishes identically as long as [A3] < A3 qit, or, provided |A3| = A3 ¢, turns into
a free parameter of the theory,

|po| = free parameter (8.3)

up to its sign which is determined by the sign of A3. Most importantly, a non-trivial vacuum
expectation value (8.3) spontaneously introduces a mass scale despite of the fact that the
theory is tuned to a quantum critical point. The fermions thereby acquire a mass

owing to the Yukawa interactions, while the scalar remains strictly massless owing to the
flatness of the critical potential, irrespective of g. Thus, quantum scale symmetry is broken
spontaneously, leading to the generation of fermion mass. The breaking of scale symmetry
also entails a dilaton, which is expected to be massless at large N.

As a final comment, we stress that for the above mechanism to be operative, the absence
of parity symmetry is a prerequisite and not a consequence. Therefore, fermion mass is
generated at a critical point, spontaneously, without the breaking of a symmetry other
than scale symmetry itself.

9 Duality with Gross-Neveu theory

It is often argued that the IR fixed point of the chirally symmetric and perturbatively
renormalisable GNY theory can be viewed as the UV completion of the perturbatively
non-renormalisable GN theory with fundamental 4F interactions [36, 39-42, 44]. In this
section, we highlight similarities between GNY (2.1) and GN theories [12, 13] beyond chiral
symmetry, at and away from critical points, and establish the large-N equivalence of RG
flows and quantum effective actions.

The action for the 3d GN theory of interacting fermions 1, can be written as

SGN = /:c {%@%Jr V(&a"ba)} . (9'1>

The function V(z) (with z = @al/)a) contains interaction monomials ~ Ag,r 2". The fermion
anomalous dimension can be neglected in the large- N limit of many fermion flavours adopted
here. The theory is chirally symmetric if all Ag,,r = 0 for n = odd.

The theory has been studied using functional renormalisation (3.1) in [12, 13, 62]. Even
though the theory (9.1) is non-renormalisable in perturbation theory, it is non-perturbatively
renormalisable and predictive up to highest energies, curtesy of an interacting UV fixed
point [36, 39, 41, 45, 63, 64, 66-69]. Thereby, the classically irrelevant 4F coupling Asp
becomes relevant in the UV due to strong quantum effects. At the same time, the parity-odd
A6 becomes exactly marginal, while all other couplings A\,,p with n > 6 remain irrelevant [12].
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Consequently, the theory displays a line of UV fixed points characterised by the exactly
marginal coupling Agr. The critical line is found to be finite,

|>‘6F| < )\GF,crita (92)

because a well-defined quantum effective action ceases to exist for large sextic coupling [12, 13].
At the endpoint, quantum scale symmetry is broken spontaneously, leading to the generation
of a fermion mass and a massless dilaton [13]. The critical 6F coupling reads

A6F crit = 37/8, (9.3)

if we adopt the same RG scheme and fermionic regulator function as in this work [52, 53, 55].
In figure 5, we show the universal scaling dimensions associated to interaction monomials
~ 2™ at the interacting UV fixed point [12],

9N = 341, (9.4)

Notice that they differ substantially from the scaling dimensions 9SN|jg = —3 + 2n at the
free IR fixed point. The infinite set of scaling dimensions of the GN fixed point (figure 5)
agrees with those of scalar field monomials at the GNY fixed point (figure 1, IR line). The
equivalence also persists in the presence of parity-odd interactions. We may associate the
scaling dimensions (5.4) and the corresponding scaling fields in the GNY theory to the scaling
dimensions (9.4) and the corresponding scaling operators in the GN theory.

Away from critical points, a common feature is that fermion mass is not generated
explicitly by fluctuations, even though chiral symmetry is fundamentally absent. Instead,
mass generation remains an exclusively dynamical mechanism, tied to the existence of
quantum critical points, thus allowing the generation of mass without the (spontaneous)
breaking of a symmetry.

Further, the role played by the exactly marginal 6F coupling in the GN theory, (9.2), is
taken over by the exactly marginal cubic scalar coupling in the GNY theory, (7.4). In either
case, the line of fixed points defined by the marginal coupling is finite, and characterised by
a critical endpoint where quantum scale symmetry is broken spontaneously.

Given that the IR fixed points of the GNY theory (2.1) and the UV fixed points of the
GN theory (9.1) display equivalent conformal scaling dimensions, it strengthens the view
that the former can be interpreted as the UV completion of the latter even beyond the
chirally symmetric setting. At infinite IV, the GN theory is characterised by all polynomial
interactions ~ 2", while the GNY theory is characterised by all scalar field monomials ~ ¢,
in either case scaling according to (9.4). However, in addition, the GNY theory also displays
the Yukawa interaction, which, at the IR fixed point, is irrelevant with scaling exponent (5.3)
(see figure 1). This scaling exponent is part of the conformal data of the critical GNY theory,
yet it appears to have no direct counterpart in the critical GN theory.

This can be understood by noting that, although the Yukawa coupling is the crucial
ingredient responsible for generating non-trivial IR scaling behaviour in the GNY model,
any explicit dependence on H in the IR limit can actually be removed by rescaling the field
¢ — H¢. From the point of view of bosonisation techniques, it is only the ratio h?/\s,
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Figure 5. Shown are the universal scaling exponents at the non-chiral GN fixed points, and their
association to field monomials (lines are added to guide the eye). Notice that the scaling dimensions
agree with those at the interacting GNY fixed point (see figure 1).

which is proportional to the 4F coupling, that has physical meaning from the point of view
of the GN model [36-45].

Next, we discuss the equivalence of GN and GNY theories on the level of effective
actions. At large-N, it has been noted that they are related by a functional Legendre
transformation [43], whereby the quantity H¢ becomes canonically conjugate to the fermion
bilinear ¥q1),. Taking the constant-field limit of the map, we find that the fermionic potential
V in (9.1) is related to the scalar potential U as?

V(@awa) = H¢ f&awa + U(¢)7 (9.5)

where the scalar is considered as a function of the fermion bilinear via ¢ =
[U') 7Y (=H1atby) [43]. This entails a one-to-one correspondence between the scalar self-
couplings A, of the GNY theory and the 2n-fermion couplings As,r of the GN theory in
which the Yukawa coupling becomes a spectator.

Expanding (9.5) around U’(¢) = 0 which corresponds to 141, = 0, and using dimension-
less variables, we find concrete bosonisation relations for the fermion mass and all 2nF fermion

“We assume that U(¢) is convex.
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couplings in terms of the potential minimum o and all scalar self-couplings A, starting with

Xor = hoy,

Mp = —h%/ g, (9.6)
Ar = —h3A3/A3

A= bt (dods = 303) /3,

and similarly for the higher order couplings. A few comments are in order:

(i)

(iii)

Equivalence along trajectories and fixzed points

Taking the scale derivative of the relations (9.6) on either side reproduces the GN flows
given in [12] in terms of the GNY flows of this paper, and vice versa.’ The findings
imply that the Legendre transform (9.5) can be lifted to an identity valid at all RG
scales by promoting V', H and U to scale-dependent functions Vi, Hy, Ux under the
functional RG flow (3.1). Notice that the same momentum cutoffs have been used in the
GN and GNY versions of the functional RG flow to achieve the result. This also entails
equivalence of universal scaling exponents at quantum critical points, independent of
the momentum cutoff.

Naturalness of fermion mass

In the absence of explicit fermion mass terms, and irrespective of chiral symmetry,
GNY fermions remain massless provided the expectation value (H@) of the scalar field
vanishes. Correspondingly, since H¢ is canonically conjugate to the fermion bilinear,
the dual GN fermions remain massless as well. If (H¢) # 0, GNY fermions and their
GN counterparts become massive. The flows of the dimensionless mass terms 0; Aop in
the GN theory [12] and 0(h op) in the GNY theory (3.9) are identical after identifiying
couplings via the map (9.6). In either theory, fermion mass is found to be technically
natural in the sense of ‘t Hooft, in that it cannot be switched on by fluctuations
directly even if chiral symmetry is absent. Hence, the map on the level of mass terms
now “explains” the technical naturalness of fermion mass in GN theories even if chiral
symmetry is absent [12, 13] as a consequence of the very existence of a disordered phase
(H¢) = 0 with massless fermions in the dual GNY theory, and vice versa.

Critical endpoints and broken hyperscaling

At the endpoints of the IR critical line (figure 2), the exactly marginal cubic couplings
A3 = £A3 it (7.3) of the GNY theory are mapped by (9.6) onto their exactly marginal
6F counterparts Agr = FA6F crit (9-3), which are the endpoints of the UV critical line
of the GN theory. Further, along the entire critical lines of the GN and GNY theories
bar their endpoints, the correleation length exponent v and the specific heat exponent

5Tt was observed previously that the flow of the four fermion coupling A4r is identical to the flow of 7h2/ A2
in the GNY theory [45]. Our work establishes that this equivalence is embedded in the general map (9.5), (9.6)
and its scale-dependent uplift, with similar relations for all couplings.
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a are related by the hyperscaling relation
dv=2-—q«, (9.7)

with d the space-time dimensionality. At the endpoint of the UV line of the GN theory,
however, it has been shown that the hyperscaling relation is violated as a consequence
of scale symmetry breaking [13]. Given the map (9.5), (9.6), we conclude that the
hyperscaling relation is equally broken at the endpoints of the IR line of the GNY
theory studied in this paper (figure 2).

(iv) Role of the Yukawa coupling
As a final remark, we consider trajectories from the free UV fixed point to the line
of interacting IR fixed points (figure 2). Here, we note that the 4F coupling in (9.6)
relates to (6.1) as X = A\yp/A\jp. Since X =1 on UV-IR connecting separatrices (6.2),
it follows that the corresponding 4F coupling does not run and sits at its interacting
UV fixed point instead. The reason for this is that the canonical mass dimension of
the Yukawa coupling in the UV is smoothly rolled-over to effectively become half the
anomalous dimension of the scalar field in the IR, (3.8). In particular, this leaves
ratios such as A2 (k)/h?(k) = Ay a/h% and A3(k)/h3(k) = A3 o/h3 invariant under the
RG flow, (6.2), (4.13). For the higher order couplings with n > 3, and provided that
A/ (hp)" = M5, see (4.14), (4.15), the pattern percolates to the entire effective

potential. Hence, even though the scalar potential Ug(¢) and the Yukawa coupling Hy,

run on UV-IR connecting separatrices, the corresponding fermionic potential Vk(lﬁaiﬂa)
remains strictly at its UV fixed point, because the running is trivialised by the Legendre
map. This result also makes the spectator role played by the Yukawa interaction explicit
(see figure 1 vs. figure 5).

10 Discussion and conclusions

We have investigated 3d GNY theories (2.1) in the limit of many fermion flavours with the
help of functional renormalisation. These theories are renormalisable in perturbation theory
and asymptotically free in the UV. If chiral symmetry is manifest, the theory can develop an
interacting fixed point in the IR. Relaxing chiral symmetry, which is the main novelty of
this work, the classically relevant cubic scalar self-coupling with canonical mass dimension %
becomes exactly marginal in the IR due to strong quantum effects (4.11). This new effect has
opened up an entire line of interacting and globally well-defined IR fixed points (figure 2),
characterised by the value of the cubic scalar self interaction (4.12).

Moreover, we have found that the line of fixed points is finite rather than infinite. The
reason for this is that the increase of the cubic coupling above a critical strength triggers the
loss of vacuum stability, (7.4). Exactly at the endpoint of stability, the quantum effective
potential becomes flat implying a degenerate ground state (figure 4), and scale symmetry is
broken spontaneously. Most importantly, this leads to the spontaneous generation of a fermion
mass at a quantum critical point while the scalar remains massless, and a massless dilaton.
It will then be interesting to see if a similar mechanism can generate mass in weakly-coupled
particle theories at the end of their conformal window [17-21].
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Our results are also of interest from the viewpoint of symmetry. It is well known that
fermion mass is protected in the presence of chiral (2.2) or parity symmetry (2.3). In our
setting, however, chiral symmetry is absent due to scalar cubic interactions switched on at the
high scale. Still, we find that a non-trivial fermion mass cannot be switched on by fluctuations
alone, and chiral or parity symmetry are not required to protect fermion mass. Rather, the
significantly milder constraint mp = 0 at the high scale is already sufficient, e.g. (3.9).

From the viewpoint of mass generation, fermion mass only arises when the scalar field
develops a non-trivial vacuum expectation value and transitions from a disordered phase into
an ordered one. Along the IR line of critical points, and using the scalar mass parameter §Ao
as a small perturbation away from the fixed point, we find a disordered phase with a vanishing
vacuum expectation value and massless fermions for any dAo > 0. On the other side, we find
a massive and ordered phase with a non-trivial vacuum expectation value provided d Ao < 0.
As such, the model provides an example where mass is generated through a quantum phase
transition without breaking any symmetry.

We now discuss how our results for GNY theories (2.1) relate to GN theories (9.1).
At their critical points, theories display equivalent lines of fixed points characterised by
an exactly marginal coupling, and equivalent scaling exponents (see figure 1 and figure 5).
Moreover, we have demonstrated that the functional map between the GN and GNY-type
actions [43] remains valid along RG flows (3.1), resulting in exact relations between all running
couplings, (9.6). This strengthens the view that the critical GNY theories can be interpreted
as the UV completion of general GN theories. An intriguing implication of this Legendre map
away from critical points is that the naturalness of fermion mass in GN theories [12, 13] even
in the absence of chiral symmetry can now be understood as the consequence of naturalness
of fermion mass in their dual GNY theories.

Finally, we comment on corrections beyond large N. What changes is that the cubic
coupling A3 becomes weakly irrelevant in the critical region, the line of fixed points collapses
to a single point, and subleading 1/N corrections modify the generation of mass. Still, the
running of the A3 remains 1/N slow, and we expect to find a light rather then a massless
dilaton as a remnant of broken scale symmetry. Further, chirally odd interactions generate a
parametrically small fermion mass o< 1/N, and mass generation in dAs now takes the form of
a crossover. With increasing IV, the crossover becomes increasingly sharp, and practically
indistinguishable from a second order quantum phase transition. We conclude that key
features of theories at infinite NV remain of significance at finite N. A more detailed study
of finite N effects will be reported elsewhere [70].

Our results add to the extensive set of critical GNY theories studied in the context of
conformal field theory (CFT), see e.g. [7T1-78]. Here, the powerful links between fixed points
of the RG and CFTs [79] can be exploited to extract conformal data from our results. Further,
large- N theories of critical scalars or critical fermions have been shown to be dual to versions
of Vassiliev’s higher spin theories under the AdS/CFT conjecture [80-82]. As such, our
study offers new large-N conformal theories involving bosons and fermions simultaneously,
including in settings without parity symmetry. It would be intriguing to clarify whether
critical GNY theories have interesting gravity duals, and how the spontaneous breaking of
scale symmetry becomes visible in conformal correlators [83, 84].
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