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ABSTRACT: We investigate the evolution of entanglement within an open, strongly coupled
system interacting with a heat bath as its environment, in the frameworks of both the doubly
holographic model and the Sachdev-Ye-Kitaev (SYK) model. Generally, the entanglement
within the system initially increases as due to internal interactions; however, it eventually
dissipates into the environment. In the doubly holographic setup, we consider an end-of-the-
world brane in the bulk to represent an eternal black hole coupled with its radiation and the
evolution of the global thermofield double (TFD) state. For small black holes, the reflected
entropy between the bipartition exhibits a ramp-plateau-slump behavior, where the plateau
arises due to the phase transition of the entanglement wedge cross-section before the Page time.
Similarly, the mutual information between the bipartition displays a ramp-slop-stabilizing
behavior. In quantum mechanics, we consider a double copy of the SYK-plus-bath system in
a global TFD state, resembling an eternal black hole interacting with an environment. The
Rényi mutual information within the double-copied SYK clusters exhibits a ramp-plateau-
slope-stabilizing behavior. The dynamic behaviors of the entanglement quantities observed
in these two models are attributable to the competition between the internal interaction of
the system and the external interaction with the baths. Our study provides a fine-grained
picture of the entanglement dynamics inside black holes before their Page time.
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1 Introduction

Understanding the nature of Hawking radiation in black hole physics requires us to consider
the evaporation procedure from the quantum mechanical point of view, which is a formidable
challenge due to the intricacy of the interaction between quantum fields and spacetime
itself. This challenge leads to the renowned black hole information paradox, which asks
whether black hole evaporation is a unitary process [1-7]. The early work by Hawking
suggests that the nearly thermal spectrum of Hawking radiation implies a continuous increase
in the entanglement between the black hole and the radiation, such that the information
would be unavoidably lost after the black hole has evaporated completely. However, from
the perspective of unitary quantum physics, in particular, viewing the black hole and the
radiation as a joint system described by quantum states which are governed by random
evolution, the entanglement entropy of the radiation is expected to decrease at late stages,
aligning with the dynamics depicted by the Page curve [8-10)].

Recently, the Gauge/Gravity duality offers a clear correspondence between black holes in
AdS space and strongly coupled quantum systems, where unitarity could be implemented
during evolution. Within this framework, significant progress has been made in revealing the
entropy dynamics during black hole evaporation [11, 12]. This advancement can be ascribed
to the fact that the generalized gravitational entropy can be geometrically described by
extremizing the area of the minimal surface [13, 14], allowing the entanglement attributed to
Hawking radiation to be encapsulated by the quantum extremal surface (QES), as delineated
by the island formula [15]

S[R] = min {ext
T

I[Amﬂ

4@V+SmuﬂH, (1.1)

with A the area, R and Z the radiation and the islands, respectively. According to the
island formula (1.1), the entanglement entropy of radiation can be computed, and it turns



out that throughout the evolution it aligns with the Page curve [16]. See [17-47] for further
investigations and discussions on the island paradigm. This formula was initially introduced
in a model featuring two-dimensional gravity coupled with two-dimensional CFT matter
sectors [15].

In addition to black hole evaporation, the information paradox also manifests in the
equilibrating process between an eternal black hole and its thermal radiation, maintained
at the same temperature [48, 49]. Despite the absence of energy exchange in the radiation
exchange process, the entanglement between the black hole and the radiation does not grow
indefinitely. Consequently, a similar Page curve is expected to emerge, indicating a turnover
in entanglement entropy over time. Notably, the concept of the island remains relevant and

applicable in these static geometries.

To compute the second term in the island formula (1.1) in a non-perturbative way,
one can consider the radiation as a 2-dimensional CFT [48] or a holographic CFT, which
allows for a higher dimensional gravity dual, namely doubly holographic setup [15, 50, 51],
generalized from the holographic dual of boundary conformal field theory (BCFT) [52-56]. In
the doubly holographic setup, the black hole is modeled by a tensioned brane under Neumann
boundary condition [57, 58] and the QES is translated into a standard Hubeny-Rangamani-
Takayanagi (HRT) surface within the higher dimensional geometry. In this framework,
realizing a dynamical Page curve requires a sufficient number of degrees of freedom (DOF)
on the brane [59-62], and various methods for incorporating adequate DOF have been
suggested [59]. For further explorations of brane-world models in higher dimensions, refer
to [60-70]. In path integral formalism, islands arise due to the predominance of a specific
saddle point, which serves to link different replicas and is called replica wormholes [49, 71-73].
It becomes dominant when the black hole has been coupled to the radiation for a long time,
which leads to the Page time.

From the boundary point of view, the above equilibrating process corresponds to the
evolution of the system-plus-bath in a global thermofield-double (TFD) state. The interaction
between the system and the bath leads to the production of entanglement entropy without
energy exchange. However, due to the finite size effect of the system, the entanglement entropy
ceases to grow and saturates to the thermal entropy after the final thermalization of the
system in its environment. Microscopic models could be realized in the SYK clusters [74-76]
coupled to heat baths, where the baths could be taken as other SYK clusters [49, 77-81]
or Majorana chains [82, 83]. In addition to the replica diagonal solution [80], a new replica
wormhole solution emerges. This configuration demonstrates a robust correlation among
distinct replicas, mediated by the intersecting interaction between different replicas of the
systems and the baths. It becomes dominant after the Page time and leads to the saturation
of entropy.

However, to completely understand the dynamic behavior of the entanglement in the
whole system during evolution, the mere study of the entanglement between radiation and
black holes is not enough. Instead, one needs to further consider the interior entanglement
inside the black hole. It is well known that the environment renders the decoherence
and disentanglement within a system [84-88], where interactions between the system and
environment can lead to a reduction of system purity and internal entanglement. Such effects



are anticipated during the evolution of radiating black holes and SYK clusters coupled to baths.
Nevertheless, the chaotic nature of black holes and the SYK model, which promotes rapid
entanglement growth within the system, must also be taken into account. Consequently, the
evolution of interior entanglement is likely a result of competing dynamics: the thermalization
driven by interactions with the bath and the local thermalization stemmed from the internal
interactions within the system.

We anticipate a common occurrence of competitive dynamics during the evolution of
radiating black holes and strongly coupled open systems. The evolution of entanglement
between separate black holes has been explored in previous studies [83, 89-91], as well as within
the SYK model [92]. However, these scenarios lack direct strong interactions between distinct
black holes or between two SYK clusters. Therefore, the type of competition in the literature
is almost one-sided, primarily driven by the interaction of the system with its environment
rather than interactions within the individual components of the system. Consequently, our
study aims to further explore the entanglement properties within strongly coupled systems,
by focusing on the interior of gravity or SYK systems. We will particularly focus on how
internal interactions generate entanglement within the system, and how interactions with
the environment (typically a heat bath) can disrupt this internal entanglement. This paper
will analyze such competing dynamics in the following two strongly coupled systems: Firstly,
we set up a finite-sized gravity system coupled to a heat bath, and calculate the interior
entanglement within this gravity system. Secondly, we construct a combined SYK system
by coupling a SYK cluster to a huge SYK bath, and in a similar vein, we focus on the
interior entanglement within the SYK cluster. For simplicity, in the gravitational system,
the interior entanglement will be measured by the reflected entropy, which was applied to
the black hole information problem [93-96]. While in the SYK system, it will be measured
by the Rényi mutual information.

The structure of our paper is organized as follows: in section 2, we explore a doubly
holographic setup in (3+1) dimensions, which corresponds to a black hole on the brane coupled
to a heat bath at its boundary. We then compute the holographic reflected entropy and
mutual information respectively, to describe the mixed-state entanglement of the black hole
bipartition. In section 3, we couple the SYK clusters to baths and calculate the second Rényi
mutual information between the bi-partition of the SYK clusters. By numerically solving the
Schwinger-Dyson equation, we find replica wormhole solutions and observe a growth-decay
behavior for the second Rényi mutual information before the Page time. Conclusions and
discussions are presented in section 4.

2 The doubly holographic setup

Within the framework of double holography [15, 60], we consider a (d + 1)-dimensional AAdS
spacetime, which is intersected by a d-dimensional end-of-the-world (EOW) brane, denoted
as B. This brane meets the conformal boundary 8 at an intersection of dimension (d — 1),
which we denote by 9B [15, 48, 52, 60]. This system can be equivalently described from
three different points of view as follows. Firstly, we articulate the action of the gravity



theory in (d + 1) dimensions as:

I= l/dd+1azf(R+( )+2/dd V—haKp
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In this formulation, the Newton constant in the bulk is represented by G(dﬂ) while the
AdS radius is denoted by L. The terms Kg and hg correspond to the extrinsic curvature
and the induced metric of the conformal boundary 9, respectively. Meanwhile, K, h, and
a denote the extrinsic curvature, the induced metric, and the tension component on the
EOW brane B. On the intersection 0B between B and 8, the induced metric and the
internal angle are expressed as X and 6y, respectively. Moreover, one can also introduce a
Dvali-Gabadadze-Porrati (DGP) component [97, 98] into this gravitational action to tune
the effective Newton constant on the brane.

From a wider lens, this viewpoint is often termed as the “bulk perspective”. There
are also two alternative interpretations of this system from either the brane perspective
or boundary perspective:

Brane perspective. The gravity of dimension (d 4 1) in the bulk finds its dual in a semi-
classical gravity on the brane B, housing a CFT on both B and the heat bath 8 [99].

Boundary perspective. The combined gravity and matter field on the brane can be mapped
to a (d — 1)-dimensional conformal defect system on 0B [15]. Within this frame of
reference, the entire construction is encapsulated by the BCFT [52, 60].

The primary framework discussed in this section is expounded from the bulk perspective.
To facilitate dynamical gravity on the brane, we set Neumann boundary conditions on the
EOW brane (also refer to [58, 100, 101] for diverse perspectives). These conditions are
articulated as:

Kij — Khzj + Oéhij =0, (22)
with h;; denoting the induced metric on the brane B.

2.1 The background

However, the backreaction of the brane B to the bulk spacetime leads to a complicated bulk
metric, which cannot be expressed analytically. For simplicity, in this paper, we consider
the case with the vanishing of brane tension, i.e. a = 0.

The AAdS spacetime with a brane is considered to be the TFD state at inverse temperature
B, which leads to a compactification along imaginary time 7, namely 7 ~ 7 4+ 5. From the
brane perspective, this combined system is dual to an equilibrium system, where a two-sided
black hole exchanges Hawking modes with heat baths. Here we consider a compactification
along y direction, namely y ~ y + [. Due to the compactification along 7 and y directions,
we expect two solutions in bulk: the black hole solution and the thermal gas solution. As
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Figure 1. The spatial slices of the (3 + 1)-dimensional AAdS spacetime with the EOW brane depicted
in brown. The ambient geometries show the (a) black hole solution and (b) the thermal gas solution.

we will determine the solution below, the black hole solution becomes dominant when g8 < [,
and the thermal gas solution becomes dominant when 5 > I.
The black hole solution renders a standard Schwarzschild-AdS metric as:

dz?

e +da? + dy?| (2.3)

ds® = = [—f(z)alt2 +

) =1- (h)3

where 7 = it, 0 < y < land z;, = 33/4m. To be consistent with the tension-vanishing condition,
the positions of the conformal boundary and the EOW brane are respectively denoted as:

0: z=0 and B: x=0 (orequivalently 6y = 7/2). (2.4)

The spatial slide of the black hole solution is shown in figure 1(a).
It is noteworthy that z = zj delineates the locus of the event horizon, which gives the
Hawking temperature of the boundary combined system:

(2.5)

To determine the solution, we will calculate the on-shell action via the free energy. The
renormalized action in 4-dimensions can be expressed as [102-104]

1
817G\ Len = §/d4x\/—g (R+6)+ / B/ —haKp +/ dPz\/—hg(Rg + 4)
o 0
+ brane terms, (2.6)
where we have set L = 1 and Ry is the Ricci scalar associated with the induced metric hg on
the boundary. The dual Brown-York tensor for the boundary field theory can be obtained as
01ren 1 1

] 1 — 1 .. PR —_ ..
<sz> = _221_1)% Z\/% (5(h3)ij - 87TG§3) ll_r% ; [G[ha}w - (Ka)zj (2 KB) (ha)m]a (2'7>

with G[hgli; being the Einstein tensor associated with hg. With these expansions in hand,
the free energy and the thermal entropy of the combined system can be expressed by

F=E-T,Sh Sp=A,/4G (2.8)



Figure 2. The HRT surfaces anchor at = 2* on the conformal boundary that separates the black
hole system (0 < z < z*) and the radiation system (z* < x). (a): The connected surface penetrates
the event horizon. (b): The disconnected surface ends on the EOW brane.

with F := [ Tyodzdy the total energy of the combined system and Ay, the area of the event
horizon. The black hole solution (2.3) has the Euclidean on-shell action

472 ]

Isn = BFeu = —— 5 73 Las
217G 82

(2.9)
where L, is the regularized length in z direction.
The thermal gas solution can be obtained via the double Wick rotation of (2.3) as

dz?

2 52
h(z)+dx di?|, (2.10)

1
ds® = ] [h(z)aly2 +

wo-i-(2)

with the periodicity y ~ y+[ and 7 ~ 743 and without a horizon. Here zy = 3!/47 and S}, = 0.
The spatial slide is shown in figure 1(b). From the same holographic renormalization (2.7)
and (2.8), the thermal gas solution (2.10) has the Euclidean on-shell action

472 B

Itg = BFrc = ——— 5 5 La- (2.11)
271G\ I”
Comparing (2.9) with (2.11), we have
Ar? [ I}
IBH - ITG - —74 (2 - 2) LZ‘ (212)
271G\ \p?

Therefore, for Tyl > 1, the system is in the black hole phase; while for Tyl < 1, the system is
in the thermal gas phase. The entanglement proprieties are trivially static when the system is
in the thermal gas phase. So we only focus on the entanglement properties when the system is
in the black hole phase, and in the next subsection, we will evaluate the entanglement entropy
of the radiation system first, in preparation for analyzing the mixed-state entanglement
of the black hole interior.

2.2 The entanglement entropy of the radiation

In this subsection, we will study the entanglement between the black hole and the radiation.
First, we will construct the HRT surface of the radiation system to describe its entanglement
entropy. Then, we will calculate the growth rate of the entanglement entropy.



From the brane perspective, we bipartition the whole system into black hole part BH
and the radiation R. Specifically, we refer to the region within 0 < z < z* as the black hole
system BH [59], while the remaining bath within x > z* as the radiation system R, i.e.

BH = {(z,2,9)]z=0,0 <z <2",0<y<l},

(2.13)
R={(z,z,y)|z=0,2 >2",0<y <I}.

For a fixed [, the larger x* is, the more degrees of freedom there are within the black hole.

Intuitively, we will call a black hole containing more(less) degrees of freedom a larger(smaller)
black hole.

2.2.1 Plateau values

The entanglement between the black hole and radiation will be calculated by the HRT formula
in a doubly holographic setup. In light of the Island rule, the entanglement entropy of the
radiation system R is determined by a quantum extremal surface. This can be dual to a
(d 4+ 1)-dimensional HRT surface, given as [51, 60, 64, 65]

1 .
S[R] = W min {e)I(t [A(’YZUR)]} ; (2.14)

where yzuRr represents the HRT surface that shares its boundary with Z U R. Within the
framework of double holography, two distinct candidates emerge, each characterized by the
HRT surface illustrated in figure 2. One is the connected surface presenting an HRT surface
~r anchored to both the left and right baths, and the island Z is absent — figure 2(a); the
other is the disconnected surface presenting a surface «; anchored on the EOW brane B with
a nontrivial island Z on the brane. The presence of island Z ensures that the von Neumann
entropy (2.14) remains finite after the Page time [48] — figure 2(b). Note that the HRT
surface cannot pass through the x = +oo lines in figure 2. Therefore, there are no other
candidate HRT surfaces besides the two mentioned above.

On the one hand, when the entanglement entropy of the black hole system is described
by a disconnected surface, it typically reaches a saturation point given by

1 20 (#=dz |1
S[R] = — 5 Adis == —/ — = +v(2)? (2.15)
4G 1V Je 2\ 1)

with y(z) representing the parameterization of the disconnected surface and zs being the
turning point in z direction. On the other hand, in cases where the entanglement entropy of
the black hole system is represented by a connected surface, it increases over time, initially
expressed at t = 0 as

1 20 onde [ 1
SR = ——Acon = 7/ == (2.16)
o AGWTT TP e 22V f(2)

Based on these formulae, (2.14) can be expressed as

S[R] - % min {Adisa Acon} . (217)
e



2.2.2 Evolution

Investigating the dynamical evolution of entropy in doubly holographic models is typically
challenging, mainly due to the complexity of solving the backreaction of the brane on the
ambient geometry, which limits data accessibility inside the event horizon during evolution [59].
To circumvent these difficulties, in the current work, we adopt the probe limit approach,
similar to [59]. In such scenarios, the EOW brane B does not exert backreaction on the
ambient geometry, allowing the examination of time-dependent entanglement properties.
When the entanglement entropy in a black hole system is characterized by the connected
surface, it usually grows with time and can be written in the Eddington-Finkelstein coordinates

{v.z,2,y} as

SR = < | S/~ T 0+ 220 (2.18)

with A\ being the intrinsic parameter of the connected surface (2.18) and

; dz
v=t— [ ——.
f(2)
Since the integrand in (2.18) does not depend explicitly on v, one can derive a conserved
quantity as

f(z)v + 2/

C= :
22 /=0 [f(2)v + 22]

(2.19)

It is also noticed that the integral shown in (2.18) is invariant under the reparametrization.
Hence, the integrand can be chosen freely as

Vv )+ 2] = 22, (2.20)

Substituting (2.19) and (2.20) into (2.18), we have

2 - max
d g _ 2 /T o)

rad ]_4G§3> P 221)
ma 2%
t:/o AN/ CEReEs (2.22)

Here zpax is the turning point of the connected surface and the relation between zpm,x and
the conserved quantity C is given by

f(Zmax) + C%28 .. = 0. (2.23)

At late times, the connected surface tends to surround a special extremal slice at z = zjy,
as shown in [105]. Define

F(z) = Y1) (2.24)

I

22



we find that C? = F (zmax)2 keeps growing until meeting the extremum at zpm.x = 27,
where we have

—2 pr Py
F'(zpr) = =223\ —f (2m) — ;\A;% = 0. (2.25)

By solving (2.25), we finally obtain the evolution of the entropy as

_d 2 I V3,

For all the parameters considered in this paper, the S[R] grows from (2.16) with rate (2.26)
and reach a plateau (2.15) at the Page time %/ (limtﬁxoo %[ZQ])’ as shown in figure 5.
In the following two subsections, we will study the entanglement between the bi-partition
of the black hole, by calculating the holographic reflected entropy and mutual information
respectively.

2.3 The reflected entropy of the bipartite black hole

To study the entanglement inside the black hole, We further partition the black hole into
two subsystems as

BHi ={(z,2,y)]z=0,0<z<z*0<y<l/2},

(2.27)
BHo ={(z,z,y)]z=0,0<z<a*1/2<y<l}.

2.3.1 Plateau values

To quantify this mixed-state entanglement, we turn to calculate the holographic reflected
entropy [42, 106], which is proposed to be measured by the area of the quantum entanglement
wedge cross section (Q-EWCS).

Beyond the quantum extremal surface, we can introduce the Q-EWCS to delineate the
contributions of quantum fields within the entanglement wedge. This can be further dual
to the classical EWCS in a one-dimensional higher spacetime in the doubly holographic
setup [107, 108]. The EWCS between BH; and BH; is defined as the minimal codimension-two
cross-section in the entanglement wedge, which can be articulated as:

SE[BH, : BH,] = p 2

Gy

A(E[BH1 : BH,)), (2.28)

where E[BH; : BHs] stands for the EWCS dividing the entanglement wedge of BH; and
BHsy. Notably, it is characterized by having a minimal area and is bounded by the HRT
surface and EOW brane.

When the HRT surface of the black hole system is dominated by the connected surface,
there exist two possible phases for E[BH; : BHz]. The first phase we call Ph-T, is a
co-dimension two surface, which pierces the event horizon and ends on the opposite conformal
boundary as depicted in figure 3(a). As this surface evolves temporally, the correlation
between BH; and BHs correspondingly increases, which can be initially given at ¢ = 0 by

8x* /Zh dz 1
== _ [ =/ 2.29)
1 5 (
o 4G Je 2V f(2)

SE[BH, : BHa)]
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Figure 3. The EWCS represented by the 2-dimensional green surface between the black hole
bipartition BH; and BHs in (a) the first trivial phase Ph-T1, (b) the second trivial phase Ph-Ts, and
(¢) the island phase Ph-I.

Alternatively, the second phase that we call Ph-Ts, is a co-dimension-two surface that
terminates on the same side of the conformal boundary, as illustrated in figure 3(b). The
corresponding reflected entropy can be expressed as

R . — 8a” /Z5 % 1 /()2
S [BHl BHQ] = 4G§é) 2 f(Z) +y (Z) R (2.30)

where y(z) represents the parameterization of the Ph-Ty, and z4 is the turning point in
z direction. The green minimal cross-section in figure 3(b), representing a saddle point,
spontaneously breaks the Zy symmetry between the subregions BH; and BHs. This green
surface shifts outward or backward relative to the red surface, towards the viewer’s perspective.
The degeneracy can be lifted by slightly breaking the symmetry between the sizes of the
subregions BH; and BHs. A similar phenomenon occurs in the RT formula for a disjoint
entanglement region, where the connected RT surface and the disconnected RT surface
have equivalent areas.

When the HRT surface of the black hole system is described by the disconnected surface,
we turn to the island phase (Ph-I), where the E[BH; : BH2] remains static, reflecting the
invariance of the correlation between BH; and BHas — figure 3(c). The corresponding

reflected entropy is
8 Zs dz 1
SEIBH, : BHs)] — —/ [ a(2). 2.31
[ 1 2} 4G§é) . 22 f(Z) ) ( )

,10,
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Figure 4. (a): The entanglement entropy of the radiation system at ¢ = 0. (b): The reflected

entropy of the black hole bipartition at ¢ = 0. In addition, we have set 4G§3) = 1. The blank region of

Ty4y* < 1 corresponds to the thermal gas phase, which is excluded.

2.3.2 Evolution

When BH; and BHs are in Ph-Ty, the reflected entropy can be described by the EWCS
E[BH; : BHs] penetrating the horizon also in the Eddington-Finkelstein coordinates as

SﬂBHl:BHﬂzz:g%j/;%%5¢—UKMLﬂzM»v%M—k%KAﬂ, (2.32)

with the Lagrangian being calculated in the Eddington-Finkelstein coordinates and the growth
rate during the evolution can be similarly measured by

d g 8x* /—f(#max)
— : = 2.
o ST [BH1 : BHa) 4G’§3) 2 (2.33)

S -
0 HONFIORIES

Then, we will calculate the dynamical evolution of the reflected entropy. For numerical
convenience, we set the UV cutoff near the conformal boundary at z = € = 1/100. The analysis
utilizes dimensionless parameters {y*/z* t/x*, Tyx*, e/x* },where y* = /4. Specifically, to
describe the properties of different evolution patterns, we subtract the initial value of the
entanglement measures as

AM = M — M|, (2.34)

where M € {S[R], S[BH1], S[BHz], SE[BH, : BHs], I[BH1 : BHs]}, with S[BH;], S[BH.s]
and I[BH; : BH;] denoting the entanglement entropy of BH1, BHs and the mutual infor-
mation of the black hole bipartition.

Firstly, we observe that the initial phase diagram of the reflected entropy of the black hole
bipartition largely depends on the configuration of the HRT surface of the corresponding black

— 11 —



hole system BH. Initially, the entanglement entropy of BH is shown in figure 4(a). In general,
hotter black holes are more likely to have their entanglement entropy with the radiation
represented by a connected surface that grows over time. In contrast, for cooler black holes,
the entanglement entropy typically remains static, described by a disconnected surface, which
only dominates at ¢t = 0 for Tpa* < 0.14 and is not covered by the range of parameters in this
figure. Importantly, the transition from connected to disconnected surfaces will also trigger a
phase transition for the reflected entropy, as the EWCS is confined by the RT surface.

Specifically, for a hotter and larger black hole, the EWCS tends to stay in the 77 phase
(Ph-T), while for a cooler and smaller black hole, the EWCS tends to stay in the T, phase
(Ph-Ts2). The island phase only dominates at ¢ = 0 for T,z* < 0.14, and hence is not covered.
The reason is obvious from the viewpoint of gravity. For a hotter black hole, the event horizon
is closer to the conformal boundary. Its influence on the EWCS is twofold: the area of the
EWCS in Ph-T; is compressed by the location of the horizon, while the area of the EWCS
in Ph-Ty becomes larger due to the volume law entanglement.

Next, we observe that the dynamical evolution and the possible transition of the reflected
entropy of the black hole bipartition depend on the dynamical behavior of the entanglement
entropy as well. We show that the phase transition of the EWCS occurs during the evolution
when the RT surface is initially the connected surface — figure 4(b). Figure 4(b) illustrates the
entanglement phase diagram of the EWCS at the beginning of evolution ¢ = 0. Subsequently,
this diagram will generally evolve over time. Specifying the dimensionless temperature as
Tyy* = 0.53, the corresponding dynamical phase structure during the evolution is shown in
figure 5. Different phases are undergone by the reflected entropy of the black hole bipartition
during the dynamical evolution — figure 5(a), which depend on different ratios y*/z* of the
bipartition. The black curves separate the diagram into Ph-T;, Ph-T5 and Ph-I phases.

By virtue of the subtracted entanglement entropy of the radiation system and the reflected
entropy of the black hole bipartition, we may extract two typical evolution patterns as follows.

Type I: the evolution with plateau. In a smaller black hole, the reflected entropy
SRIBH; : BHs] typically exhibits a ramp-plateau-slump behavior with two phase
transitions at ¢; and ts, as shown in figure 5(b). When ¢/z* < t1, the reflected entropy
in Ph-T; intensifies owing to the internal interactions of the black hole system. When
t1 < t/x* < tg, the reflected entropy in Ph-Ty achieves saturation. When to < t/z*,
the entanglement entropy for the entire black hole is given by the disconnected RT
surface, and hence the entanglement of the entire system achieves equilibrium. This
leads to a discontinuous slump of the reflected entropy in Ph-I.

Type II: the evolution without plateau. In a larger black hole, the reflected entropy
SRIBH; : BHs)| typically exhibits a ramp-slump behavior with a single phase transition
at ta, as depicted in figure 5(c). The reflected entropy directly transition from Ph-T;
to Ph-I without having a plateau.

For both types of evolutionary behavior, we observe that the final value of the reflected
entropy after the black hole Page time to is always smaller than its initial value, indicating
the strong thermalization of the black hole with the radiation, regardless of the amount of
entanglement generated by the internal interaction.
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Figure 5. The different evolutionary patterns of the entropies with the dimensionless temperature
Thae* = 0.530. (a) Ph-T, Ph-Ty and Ph-I of the reflected entropy of the black hole bipartition are
bounded by the black curves. We plot the evolution of entropies along the green and blue trajectories
in other panels. (b) For small black holes with y*/x* = 0.985, the reflected entropy exhibits a
ramp-plateau-slump behavior. (c¢): For large black holes with y*/z* = 1.000, the reflected entropy
exhibits a ramp-slump behavior. The slumps appear at the Page time t5. The red curves represent
the entanglement entropy of the radiation system.

Entropies
Entropies

At the end of this subsection, we briefly comment on the effect of the radiation R on
the entanglement inside the black hole BH. To explore the dynamics in isolation from the
radiation, one can conceptually decouple the black hole from the radiation by placing another
EOW brane at x = «*. We will consider a large enough x* such that the EOW branes
located at * = 0 and x = x* are disconnected in order to allow the entanglement to grow.
Intriguingly, after this decoupling from the radiation, the entanglement wedge of the black
hole BH remains the same as observed in the coupled scenarios, except that the island phase
as well as the Page time cease to exist. Consequently, the reflected entropy between the
bipartition BH1 : BHs grows as fast as it does in the coupled scenarios. This phenomenon
suggests that the early thermalization driven by the radiation does not significantly influence
the entanglement inside the black hole.

2.4 The mutual information of the bipartite black hole

Another mixed-state entanglement measure, mutual information, is also extensively discussed
in the literature. For any two individual systems BH; and BHa, their mutual information
can be expressed as

I[BH, : BH2) = S[BH1] + S[BH2] — S[R]. (2.35)

Here, the explicit expression of the last term S[R] is just the entanglement entropies shown
in section 2.2.1, and since we always focus on the cases with S[BH1] = S[BH2], we will
only derive the expression of S[BH;1]. In this subsection, we analyze the mutual information
inside the black hole during evolution.
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Figure 6. The discrete version of the candidates of the (half of) HRT surface of the black hole
subsystem BH; (BHz). (a) The first candidate ¢ is illustrated with parameters {z*,y*, z,} =
{64/65,13/10,1/5'/3}. (b) The second candidate ~; is illustrated with parameters {z*,y*, z,} =
{64/65,13/10,1}. Here y direction is periodic with y ~ y + I, with [ = 4y*.

=0 | f=m/2 z=0 zZ =17y

dor =0 | dgr =0 1/r:§/(cgie)"+(m‘9)n d.r =0

y*

Table 1. The boundary conditions. For sufficient large n, the configuration of (6, 0) on the conformal
boundary approaches BH;, where i = 1,2. For numerical simulation, we choose n = 100.

2.4.1 Plateau values

In general, there are two candidates for the HRT surface of BH1. The first candidate is a
co-dimension two surface yr that goes across the event horizon — figure 6(a), and hence
grows with time. At the initial stage t = 0, the area functional of v can be expressed as

Zh 7/ r(0, z 2)rO1(f, 2 r(1,0)(9, z
Apr) =4[z | 2d9212 6.2)* [#(=) 01(9};(2))2““ DO (9.36)

Here {r, 6,2} is a three-dimensional cylindrical-like coordinate set to describe the surface
~r, with r being the radial distance in z = const. plane, 6 being the azimuthal angle in
z = const. plane, measured from the positive y-axis, by the coordinate transformation

xr =rsinb, y =7rcosb.

The corresponding boundary conditions of (0, z) are given by table 1.

The second candidate v; dominates after the Page time of BH{, which remains still —
figure 6(b). Here we can use three-dimensional spherical-like coordinates {r’, 6, ¢} to describe
this surface (€', ¢), with the coordinate transformation

2z =1r"sin# cos ¢, x = —1"cos @ cos ¢, y = 1’ sin ¢.

The area functional of 47 can be expressed as
w/2 w/2
Alyy) = 4 / dp [ abL (@), 0 Ot 0 8], (2.37)
0 0

€
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Table 2. The boundary conditions. For sufficient large n, the configuration of r'(7/2, ¢) approaches
BH;, where i = 1,2. Here we also choose n = 100 for numerical simulations.
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O:O 0:5 1:0 1:5

t/x*

Figure 7. The growth of different entanglement measures. The red curve represents the entanglement
entropy of the radiation system, while the blue curve represents the entanglement entropy of the black
hole subsystem, and the green curve stands for the mutual information between the bipartition of the
black hole system. t} is the Page time of the black hole subsystem, while ¢ is the Page time of the
black hole system, with the dimensionless parameters to be {T,z*,y*/z*} = {0.530,0.985}.

where 6. is obtained by solving
ze =1 (0L, ¢) sin 0. cos ¢

at any specific ¢, and the explicit expression of L is so long that we do not write it. The
corresponding boundary conditions of r/(¢, ¢) are given by table 2.
2.4.2 Evolution

When the entanglement entropies of BH; and BHs are described by ~p, its growth can
be approximated by

d 2(22" 4+ y*) V= f(2max)
— ~ 2.
4187l 4G Pax (2:3%)

t= /Zmax dz C
0 FEVIE) + %t

Note that due to the constraints of our numerical strategy, we provide only an approximation

of the growth rate. An exact solution may be derived within the framework of Eddington-
Finkelstein coordinates, which would facilitate the description of a series of two-dimensional
inhomogeneous extremal surfaces.
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The mutual information exhibits a ramp-slope-stabilizing behavior, as shown in figure 7.
There are two distinct times scales tj and to, standing for the Page time of the black hole
bipartition and the entire black hole system, respectively. The ramp is generated by the
internal interaction. The slope is due to the saturation of the entanglement entropy of the
subsystem BH1 2. The stabilizing phase indicates the final thermalization of the black hole
with the radiation, where the black hole subsystem is primarily entangled with the radiation
rather than with the rest of the black hole. After all, although our approximation on the
growth rate may affect the accuracy of the value of ], the analysis of the evolution of the
mutual information remains qualitatively reliable.

Let us compare the reflected entropy and the mutual information of the bipartition
BH; : BHo. First, under our approximation, their initial growth rates are the same, both
being proportional to the area of the interface of the bipartition. Second, the first transition
time t1 of the reflected entropy and ¢} of the mutual information are close but not identical
in principle, since these two timescales are determined by comparing different sets of minimal
surface candidates. Third, the reflected entropy grows or reaches a plateau, while the mutual
information decreases just before the black hole Page time t2. Fourth, both of their final
values are smaller than their initial values, respectively. Both interior entropy quantities
describe the same tendency: entanglement is initially created within the system through
internal interactions and eventually dissipates into the surrounding environment.

3 The SYK cluster coupled to a bath

In this section we turn to study the evolution of entanglement inside the SYK cluster coupled
to a bath. The approaches we consider here are generalized from [49, 77-80, 109]. We expect
the interior entanglement will grow initially and decay to a low value after the Page time
of the whole SYK cluster, similar to the tendency in gravity.

3.1 Hamiltonian

We consider a SYK cluster v; with j = 1,2,---, N coupled to a huge SYK bath ¢; with

=1,2,---,M. The Majorana fermions {¢;,¢; } obey the anti-commutation relation
{Vj, ¥} = {¢j,0x} = 0jx. The Hamiltonian of the whole system is
N M
Zq/2ZJ[ \I/[q —i—Zp/QZKp(I)[I +1(n+m /QZZV[ [/\IIIS‘I’[/ (3.1)
I, 1 I, I

where we use the shorthand I, = jijo---Jg, I, = j1Ja- - Jp, Vi, = iy - Vi, Py =
gbjiqué e gbjzlj, ZZ = Zl§j1<j2<~--<jq§N7 and numbers ¢, p, s + r are positive and even. The

disorder couplings {J 1, K Iz Vi, 174} have zero mean values and finite variances
) (p—1)! (s —1)lr!
J2 <K12}/7> — 2]7 1 KQ, <VIQSI;> 2S+T 1 V2 ( )

2 q—1 (
<JIQ> 2 Na— Np-1 Ns—1 )7
We will work on the effective action with bi-local fields. We identify

Gy(m1,m2) = Z% m)Yi(12), Go(T1,72) = Z¢g 71)$5(72), (3.3)
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by introducing the Legendre multipliers {¥,(71,72), ¥4(71,72)} in the path integral. In-
tegrating out the disorder and Majorana fermions, we obtain the effective action for the
bi-local fields in the replica diagonal part

S=8y+8y+ S, (3.4)

1 B 1 J?
—Sw :N§logdet(8—2w)+N/ dridr _izw(ThTQ)Gw(Tl?TQ)+Zq(2G¢(T17TQ))q ,
0

1 p 1 K?
—S¢ = M§ logdet(E) — E¢) + M/ dmdm [—22¢(71,TQ)G¢(71,TQ) + 4p(2G¢(7'1,T2))p‘| ,
0

V2 B
~Si= N /O dr1dry(2G (11, 7)) (2Go(11, 72))'

We will consider the bi-partition A : B of the SYK cluster 1;, whose correlation are

Np—Ng4

GA(TlaTZ 721[}] T1 Q;Z)] 7—2) GB(TlaTZ ]\} Z ¢] 1 wJ(TZ) (3'5)

j=Na+1

with N = Ny + Np. Then the -, becomes

-8y = & logdet(0 — ¥ 4) + % logdet(0 — Xp)
+ // [—EAGA - 7ZBGB + N4 (2Gy)?

where Gy, = NA Ga+ X F£Gp. Here and after, we use the abbreviation [[ = fo dridme and
omit the time dependence (11,72) in G’s and ¥’s.

3.2 Rényi mutual information

To proceed, we set the initial state to be a thermofield double (TFD) state by doubling the
Hilbert space to Hy ® Hr. Explicitly, we consider a double-copy of the composite system
Hr ® Hr and define the maximally entangled state by

(V] +ivf)0) = (¢F +igl) |0) =0, Vj (3.7)

and the TFD state is prepared by |5) = ﬁe_ﬁHL/Q |0). We can evolve the state |3) along
8

time ¢ with the Hamiltonian £ = H ® 1 and reach a state |3 + it) = ¢'© |B).

We will calculate the n-th Rényi mutual information between the subsystem A = AL UAR
and B = By, U Bg, which contain the n-th Rényi entropies of A, B and A U B defined via
replica trick

log Trp(R)"  logZ,(R) —nlogZy  Sp(R) —nSy

Su(R) = ==~ = S == . R=A B AUB (38)

where p(R) = Trg |8 + it) (B + it| is the reduced density matrix of the region R. We have
considered the large N, M limit (with their ratio fixed) at the last step and S,(R) is the
n replica on-shell action with twist boundary condition on region R. To calculate the
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replica partition function Z,(R), we replicate the Majorana as (e (b? with replica indexes
a,b =1,2,--- ,n. On replicated bi-local fields are

Ny
GH(ri,m) = NlA 3 U5l

GaBb(Tl,TQ Z wa ’7'1 ), (39)

Jj=Na+1

G (1, ¢2) = Z% 71)5(72).

j 1

The replica actions are
S, = Sw,n —|—S¢n —i—Sin, (3.10)
1 ab ab J
~Syn =N logdet(d - 4 +N//Z —72 g ey

1 ab ab K ab\p
—S¢7n:M§10gdet( -3 +M//Zl—2 G¢ +f(G )]

mfN//Z )* (2G4

We impose the twist boundary conditions®

P () = ), W5 (0T) = it (o7), (3.11)
where 1[)?“ = wjl-, for the ¢7 with index j depending on the entanglement regions

Sn(B) : Na+1<j5<N, (3.12)
Sp(AUB): 1<j<N.

We will consider the analytic continuation from 7, to 5 4+ it. Also, we should apply the
ordinary anti-periodic boundary condition for each fermion loop, which depends on the
twist boundary conditions.

Without the interactions, namely J = K =V = 0, the untwist solution, and the twist
solution are respectively given by

1 Qa a—Ux« (T —Ux (T
G (1, m2) = §Sgn(ﬁ — 72)0ab, Gob’T(T1,T2) =Gy Ou(2),b=04( 2)(7'1,72), (3.13)

where 0,(7) = O(7 —7.)O(8 — 7« — 7) and O(7) is the step function. They are free propagators
subjected to the boundary conditions. We will use them to define the untwist and twist
differential operators.

! Although our method is equivalent to that in [49, 80], the time parametrization and the replica indexes
here are different, so that only the contours with the same replica index are coupled by interaction terms.
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For numerical convenience, we can equivalently work in the time domain (0,7n3) and
identify 1;(7 +af) = ¢§(7). To take the twist boundary condition into account, we introduce
two undetermined differential operators X,Y for subsystems A and B respectively, and
rewrite the replicated action as

=SX,)Y]=-84-S; + & logdet(X — X 4) + % logdet(Y — Xp) (3.14)
+ // [—ZAGA - NszGB + NJ 1) £(m) 26y’

where the integral [[, = [~ dridr goes along the contour C' = C7 U C U C_ with thermal
contour Cp = U"_,((a—1)B",af7), forward contour Cy = U"_,(a~,aB+it) and backward
contour C_ = U"_, (aB +it,af™). The entire contour C for n = 2 with a twist on subsystem
A is illustrated in the left panel of figure 8. To take into account the direction of time, we have
inserted functions f(71)f(72) into the interaction terms in Sy, Sy, S; where f(7) = 1,4, —i
for 7 € Cp, C4, C_ respectively. The differential operators X, Y will take the value of either
Gy! or (GF)~! with propagators Go(71 + a8, 72 + bB) = G&¥(11, ), G& (11 + aB, 72 + bB) =
G (71, 75) defined in (3.13).
In the large N, M limit, the Schwinger-Dyson (SD) equation reads

Gy'=X-%a, Gp'=Y-%p G;'=G;'-3,
Pa= B = [(r)f () [PRG)T HVHG)TG]. (35
Sy = f(m) () [ K226+ T2 26,26, .

Using the solution of the SD equation with given differential operators X, Y, we can write
the on-shell action as

S[X,Y] =— % log det(G ') — % log det(G35') — % log det(G, ")
2 2
+ [ aeorN (1= 2) Fecure (1= ) ey 310

N (1 L 8) ‘f (26,)"(2G,)"].

Finally, the Rényi entropies and mutual information are given by
(n - 1)Sn(A) [

(n—1)8,(B) = S[Gq ™, (GF) '] -
(n—1)S,(AUB) =8|
(n—1)I,(A:B)=3§]

!
9%}
Q
— 24
L
D
<

(3.17)
LGN+ SIGE (G T = SIGH) (G T~ So,

where Sy = S[Gy !, Gyl

We will numerically solve the SD equation for the n = 2 replica. At the late time,
there are two solutions in the replica action, including one replica diagonal solution and
one wormbhole solution, similar to [49]. In figure 8, we show the contours and two solutions
for action S[(GF)~!,Gy'] at the late time. From these two solutions, we should choose the
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Figure 8. Contours and solutions for second-replicated action S[(GE)~!,Gy!]. The arrows in the
contours denote the time direction and the dashed lines denote the interactions. The parameters for
the solutions are J = K =1,V =05,q=4,p=2,s=r=1, N/M =0.1, Ny/N =0.75, 3 = 0,
and t = 2.
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Figure 9. Renyi mutual information I2(A : B) and Renyi entropies S2(A4), S2(B), S2(AB) in the
SYK cluster coupled to bath. The parameters are J = K = 1, (solid) V = 0.5 or (dashed) V =0,
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one that results in a smaller value of the on-shell action. Finally, substituting the on-shell
actions into (3.17) for different time ¢, we obtain the time evolution of Rényi entropy and
Rényi mutual information, as shown in figures 9 and 10. We mainly focus on the case of
Ng < Ny<M,q=4,p=2,s=r=1and V < J ~ K. So the SYK cluster itself is
chaotic and the bath itself is integrable. In general, the entropy and mutual information
undergo through four stages:

1. All orders of Rényi entropy and the mutual information increase due to the interactions.

2. The entropy S2(B) is saturated. The growth of S3(A), S2(AB) slightly slows down.
The mutual information Is(A : B) stops growing.

3. The entropy S2(A) is saturated. The growth of S3(AB) slightly slows down. The
mutual information I»(A : B) decays.

4. The entropy S2(AB) is saturated. The mutual information I2(A : B) reaches a plateau.

Notice that both the initial value and the final value of the mutual information (A : B)
are zero for f = 0 and finite for 5 > 0. The evolution of the mutual information I3(A : B),
indicates the entangling between A and B due to the J interaction and disentangling due
to the thermalization from the bath via the V interaction.

To study the effect of baths on the internal entanglement of the SYK clusters, we compare
the evolution of mutual information and entropies with and without the interaction between
the SYK clusters and the baths in figures 9 and 10. As expected, S2(A : B) = 0 always
and S2(A), S2(B), I5(A : B) grow and then become saturated. We can compare the case
of V# 0 and V = 0 to see the impact of baths.

When 8 = 0, we observe that the entropies S3(A) and S3(B) in the V' # 0 case grow
faster than that in the V = 0 case before their saturation. The enhancement of the growth
rate is a natural consequence of the additional thermalization from baths. While the mutual
information in the V # 0 case grows at the same rate as that in the V' = 0 case before the
saturation of either Sy(A) or Sa(B). It implies that the thermalization due to the baths hardly
affects the entanglement between A and B until one of their entropies becomes saturated.

When § > 0, all the growth of S2(A), S2(B), I2(A : B) are affected by the bath. Their
growth rates in the V = 0 case are different from those in the V' # 0 case. The reason is
that the baths already affect the preparation of the initial state. In other words, the TFD
state is given by the combined Hamiltonian (3.1) including the interaction term with the
baths. It is different from the initial state at 8 = 0, which is a maximally entangled state
and is independent of the Hamiltonian.

4 Conclusion and outlook

In this paper, we have investigated the dynamic process of interior entanglement of two
strongly coupled systems, including the gravity and SYK systems. The first model we
have proposed is a doubly holographic model in (3 + 1)-dimensions, where the CFT matter
sectors are dual to a 4-dimensional bulk and the black hole is modeled by an EOW brane
in the bulk. In the zero tension limit, the bulk geometry can be described by the standard
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SAdS metric with Neumann boundary conditions on the branes. By introducing a circular
compactification in the y direction, we have obtained a finite-sized black hole system from
the boundary perspective. In this scenario, we have constructed the EWCS and the two-
dimensional inhomogeneous HRT surface to quantify the reflected entropy and mutual
information between the black hole bipartition BH; and BHs, respectively. Generally, the
reflected entropy and mutual information both increase at early times due to the internal
interactions of the black hole system. While at late times, these interior entanglements
seep into the environment, since the interactions between the black hole system and the
radiation drive the system to the final equilibrium. Moreover, we have extracted two universal
patterns of evolution: For large black holes, no plateau emerges during the evolution, and
the reflected entropy directly declines from the maximum to the final equilibrium value. For
small black holes, a plateau emerges during the evolution of the reflected entropy, before
the final equilibrium at a lower value. Similarly for mutual information, a corresponding
ramp-slope-stabilizing exists in the dynamical evolution.

Our second model introduces a joint system comprising a SYK cluster, denoted as 1);,
coupled to a large SYK bath, ¢;. Specifically, the DOF in both SYK clusters and the bath
are defined by the number of fermions they contain, expressed as N = N4 + Np and M,
with A and B representing the bi-partition of the SYK clusters. In the large N limit, this
system is analyzed by numerically solving the SD equations. We have computed the second
Rényi entropies and mutual information using the replica trick in this joint model. Our
study covers different-sized bi-partitions of the SYK cluster, with N4 < Np. Generally,
we observe an initial increase in the mutual information of the bi-partition due to the
internal interactions within the SYK cluster. At late times, the entanglement entropies of
the subsystems saturate, while the entanglement between the SYK cluster and the bath
continues to evolve. Consequently, the interior entanglement gradually leaks into the bath,
eventually stabilizing at a relatively low equilibrium level.

For the first model, the zero tension condition is usually imposed in literature to circumvent
the backreaction of the brane to the ambient geometry in the investigation of the dynamical
evolution [59, 83]. Therefore, an intriguing area for future research lies in examining the
dynamics within a backreacted spacetime. This challenge could potentially be addressed by
employing the ingoing Eddington coordinates within the Einstein-DeTurck formulation [110].
It is important to note that in such a framework, the Einstein equations are transformed into a
mixed elliptic-hyperbolic system, raising issues related to the local uniqueness of solutions [111].
Aside from stationary scenarios, another promising avenue involves extending the numerical
setup to non-equilibrium cases [50, 112-118], expanding the scope and applicability of the
study to more dynamic and complex systems.

In both the gravity and SYK models, we have noticed a pronounced difference between the
evolution patterns of the reflected entropy and the mutual information. For any holographic
state, there often exists a substantial gap of order N2 between these two measures, known
as the Markov gap [119]. This gap is commonly associated with the fidelity of a specific
Markov recovery problem and has been a topic of extensive exploration in the context of
double holography [120-123]. By comparing the behaviors of the reflected entropy and the
mutual information, we anticipate a noticeable enhancement of the Markov gap at late
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times but before the Page time. The reason for this enhancement deserves investigation
in future studies.

Finally, in the model of SYK clusters coupled to baths, we can approximate the dynamics
of the SYK clusters using the Lindblad master equation in the Born-Markov approxima-
tion [124-126]. This approximation is expected to be valid under the conditions N < M and
V « J <« K. The slope-stabilizing behavior observed in the mutual information here is akin
to the slope-stabilizing behavior observed in the purity in the Lindbladian SYK [24], although
in our case, the bipartite systems A and B are entangled due to their interactions during
time evolution, rather than being initially configured to be in a TFD state. It would still be
interesting to apply a large g analysis as well as a quantum trajectories analysis in our model.
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