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1 Introduction

Despite extensive research within the framework of AdS/CFT duality [1–3], black holes
remain puzzling objects. More so, their formation is not properly understood. The space-
time shows a very different behavior before and after a black hole forms: prior to black
hole formation the spacetime is static. After a black hole forms, the part of spacetime
in the interior rapidly grows, and a singularity emerges where the classical description of
spacetime fails.

It would be desirable to have a microscopic understanding of black hole formation,
which might teach us new lessons about black holes as well as quantum gravity in general.
In this paper we give a new perspective on this problem (see [4–6] for related work). We
consider sending two particles into the AdS spacetime from near the boundary. When the
two particles collide with high enough energy or small enough impact parameter, they can
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<latexit sha1_base64="4XfA/SxL0l6hpIyrb1ozJDkJG+Q=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4MaSiKDLghuXVewPtKFMppN26GQSZm6EEvoAglt9DXfi1sfwLXwEp20WtvXCwMc598KZEyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6eGC9soVt+rOhqyCl0MF8qn3yj/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rGoaMSNn82STsiZVfokjLV9CslM/XuR0ciYcRTYzYji0Cx7U/FfLxmOjWDGejkt5sDwxs+ESlLkis1jhKkkGJNpKaQvNGcoxxYo08L+hLAh1ZShra5kK/KWC1mF5mXVc6ve/VWl5uZlFeEETuEcPLiGGtxBHRrAIIQXeIU359l5dz6cz/lqwclvjmFhnK9fiQKZgA==</latexit><latexit sha1_base64="4XfA/SxL0l6hpIyrb1ozJDkJG+Q=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4MaSiKDLghuXVewPtKFMppN26GQSZm6EEvoAglt9DXfi1sfwLXwEp20WtvXCwMc598KZEyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6eGC9soVt+rOhqyCl0MF8qn3yj/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rGoaMSNn82STsiZVfokjLV9CslM/XuR0ciYcRTYzYji0Cx7U/FfLxmOjWDGejkt5sDwxs+ESlLkis1jhKkkGJNpKaQvNGcoxxYo08L+hLAh1ZShra5kK/KWC1mF5mXVc6ve/VWl5uZlFeEETuEcPLiGGtxBHRrAIIQXeIU359l5dz6cz/lqwclvjmFhnK9fiQKZgA==</latexit><latexit sha1_base64="4XfA/SxL0l6hpIyrb1ozJDkJG+Q=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4MaSiKDLghuXVewPtKFMppN26GQSZm6EEvoAglt9DXfi1sfwLXwEp20WtvXCwMc598KZEyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6eGC9soVt+rOhqyCl0MF8qn3yj/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rGoaMSNn82STsiZVfokjLV9CslM/XuR0ciYcRTYzYji0Cx7U/FfLxmOjWDGejkt5sDwxs+ESlLkis1jhKkkGJNpKaQvNGcoxxYo08L+hLAh1ZShra5kK/KWC1mF5mXVc6ve/VWl5uZlFeEETuEcPLiGGtxBHRrAIIQXeIU359l5dz6cz/lqwclvjmFhnK9fiQKZgA==</latexit><latexit sha1_base64="4XfA/SxL0l6hpIyrb1ozJDkJG+Q=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4MaSiKDLghuXVewPtKFMppN26GQSZm6EEvoAglt9DXfi1sfwLXwEp20WtvXCwMc598KZEyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6eGC9soVt+rOhqyCl0MF8qn3yj/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rGoaMSNn82STsiZVfokjLV9CslM/XuR0ciYcRTYzYji0Cx7U/FfLxmOjWDGejkt5sDwxs+ESlLkis1jhKkkGJNpKaQvNGcoxxYo08L+hLAh1ZShra5kK/KWC1mF5mXVc6ve/VWl5uZlFeEETuEcPLiGGtxBHRrAIIQXeIU359l5dz6cz/lqwclvjmFhnK9fiQKZgA==</latexit>

<latexit sha1_base64="nZYjFwqbmmNhvCyLAuJh4n9NtjM=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoSKURCq6kqIbFy6q2Au0IUymk3boZBJmJkoJAV/FjQtF3Poc7nwbJ20W2vrDwMd/zuGc+b2IUaks69soLCwuLa8UV0tr6xubW+b2TkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ugqq7cfiJA05PdqHBEnQANOfYqR0pZr7lWUmzzepPAYZnCXwgtoHblm2apaE8F5sHMog1wN1/zq9UMcB4QrzJCUXduKlJMgoShmJC31YkkihEdoQLoaOQqIdJLJ+Sk81E4f+qHQjys4cX9PJCiQchx4ujNAaihna5n5X60bK//cSSiPYkU4ni7yYwZVCLMsYJ8KghUba0BYUH0rxEMkEFY6sZIOwZ798jy0Tqp2rXp6WyvXL/M4imAfHIAKsMEZqINr0ABNgEECnsEreDOejBfj3fiYthaMfGYX/JHx+QPC8ZQR</latexit>

<latexit sha1_base64="aQUZaOHGLSXcpaRrqYKiNmrzJKE=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1FipFQyqNbfuzoesg1dADYppDqo//WHM0gilYYJq3fPcxPg5VYYzgdNKP9WYUDahI+xZlDRC7efzoFNyYZUhCWNlnzRkrv69yGmkdRYFdjOiZqxXvZn4r5eMM82Ztl5ByzlMeOvnXCapQckWMcJUEBOTWSdkyBUyIzILlCluf0LYmCrKjG2uYivyVgtZh85V3XPrXuu61nCLsspwBudwCR7cQAPuoQltYIDwAq/w5jw7786H87lYLTnFzSksjfP1Cxv7mUo=</latexit><latexit sha1_base64="aQUZaOHGLSXcpaRrqYKiNmrzJKE=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1FipFQyqNbfuzoesg1dADYppDqo//WHM0gilYYJq3fPcxPg5VYYzgdNKP9WYUDahI+xZlDRC7efzoFNyYZUhCWNlnzRkrv69yGmkdRYFdjOiZqxXvZn4r5eMM82Ztl5ByzlMeOvnXCapQckWMcJUEBOTWSdkyBUyIzILlCluf0LYmCrKjG2uYivyVgtZh85V3XPrXuu61nCLsspwBudwCR7cQAPuoQltYIDwAq/w5jw7786H87lYLTnFzSksjfP1Cxv7mUo=</latexit><latexit sha1_base64="aQUZaOHGLSXcpaRrqYKiNmrzJKE=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1FipFQyqNbfuzoesg1dADYppDqo//WHM0gilYYJq3fPcxPg5VYYzgdNKP9WYUDahI+xZlDRC7efzoFNyYZUhCWNlnzRkrv69yGmkdRYFdjOiZqxXvZn4r5eMM82Ztl5ByzlMeOvnXCapQckWMcJUEBOTWSdkyBUyIzILlCluf0LYmCrKjG2uYivyVgtZh85V3XPrXuu61nCLsspwBudwCR7cQAPuoQltYIDwAq/w5jw7786H87lYLTnFzSksjfP1Cxv7mUo=</latexit><latexit sha1_base64="aQUZaOHGLSXcpaRrqYKiNmrzJKE=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1FipFQyqNbfuzoesg1dADYppDqo//WHM0gilYYJq3fPcxPg5VYYzgdNKP9WYUDahI+xZlDRC7efzoFNyYZUhCWNlnzRkrv69yGmkdRYFdjOiZqxXvZn4r5eMM82Ztl5ByzlMeOvnXCapQckWMcJUEBOTWSdkyBUyIzILlCluf0LYmCrKjG2uYivyVgtZh85V3XPrXuu61nCLsspwBudwCR7cQAPuoQltYIDwAq/w5jw7786H87lYLTnFzSksjfP1Cxv7mUo=</latexit>

<latexit sha1_base64="Lqs3/SBo8vgauq+w/GpM/YfHbZA=">AAACC3icbZDNSgMxFIXv+FvrX9Wlm2ARXJUZEXRZcOOygv2BdiiZNNPGZpKQZIRh6CMIbvU13IlbH8K38BFM21nY1guBj3PuhZMTKc6M9f1vb219Y3Nru7RT3t3bPzisHB23jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4duq3n6g2TIoHmykaJngoWMwItk5q9ZRh/aBfqfo1fzZoFYICqlBMo1/56Q0kSRMqLOHYmG7gKxvmWFtGOJ2Ue6mhCpMxHtKuQ4ETasJ8lnaCzp0yQLHU7gmLZurfixwnxmRJ5DYTbEdm2ZuK/3pqlBlGjPMKWsxh45swZ0KllgoyjxGnHFmJpsWgAdOUWJ45wEQz9xNERlhjYl19ZVdRsFzIKrQua4FfC+6vqnW/KKsEp3AGFxDANdThDhrQBAKP8AKv8OY9e+/eh/c5X13zipsTWBjv6xfayJtS</latexit><latexit sha1_base64="Lqs3/SBo8vgauq+w/GpM/YfHbZA=">AAACC3icbZDNSgMxFIXv+FvrX9Wlm2ARXJUZEXRZcOOygv2BdiiZNNPGZpKQZIRh6CMIbvU13IlbH8K38BFM21nY1guBj3PuhZMTKc6M9f1vb219Y3Nru7RT3t3bPzisHB23jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4duq3n6g2TIoHmykaJngoWMwItk5q9ZRh/aBfqfo1fzZoFYICqlBMo1/56Q0kSRMqLOHYmG7gKxvmWFtGOJ2Ue6mhCpMxHtKuQ4ETasJ8lnaCzp0yQLHU7gmLZurfixwnxmRJ5DYTbEdm2ZuK/3pqlBlGjPMKWsxh45swZ0KllgoyjxGnHFmJpsWgAdOUWJ45wEQz9xNERlhjYl19ZVdRsFzIKrQua4FfC+6vqnW/KKsEp3AGFxDANdThDhrQBAKP8AKv8OY9e+/eh/c5X13zipsTWBjv6xfayJtS</latexit><latexit sha1_base64="Lqs3/SBo8vgauq+w/GpM/YfHbZA=">AAACC3icbZDNSgMxFIXv+FvrX9Wlm2ARXJUZEXRZcOOygv2BdiiZNNPGZpKQZIRh6CMIbvU13IlbH8K38BFM21nY1guBj3PuhZMTKc6M9f1vb219Y3Nru7RT3t3bPzisHB23jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4duq3n6g2TIoHmykaJngoWMwItk5q9ZRh/aBfqfo1fzZoFYICqlBMo1/56Q0kSRMqLOHYmG7gKxvmWFtGOJ2Ue6mhCpMxHtKuQ4ETasJ8lnaCzp0yQLHU7gmLZurfixwnxmRJ5DYTbEdm2ZuK/3pqlBlGjPMKWsxh45swZ0KllgoyjxGnHFmJpsWgAdOUWJ45wEQz9xNERlhjYl19ZVdRsFzIKrQua4FfC+6vqnW/KKsEp3AGFxDANdThDhrQBAKP8AKv8OY9e+/eh/c5X13zipsTWBjv6xfayJtS</latexit><latexit sha1_base64="Lqs3/SBo8vgauq+w/GpM/YfHbZA=">AAACC3icbZDNSgMxFIXv+FvrX9Wlm2ARXJUZEXRZcOOygv2BdiiZNNPGZpKQZIRh6CMIbvU13IlbH8K38BFM21nY1guBj3PuhZMTKc6M9f1vb219Y3Nru7RT3t3bPzisHB23jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4duq3n6g2TIoHmykaJngoWMwItk5q9ZRh/aBfqfo1fzZoFYICqlBMo1/56Q0kSRMqLOHYmG7gKxvmWFtGOJ2Ue6mhCpMxHtKuQ4ETasJ8lnaCzp0yQLHU7gmLZurfixwnxmRJ5DYTbEdm2ZuK/3pqlBlGjPMKWsxh45swZ0KllgoyjxGnHFmJpsWgAdOUWJ45wEQz9xNERlhjYl19ZVdRsFzIKrQua4FfC+6vqnW/KKsEp3AGFxDANdThDhrQBAKP8AKv8OY9e+/eh/c5X13zipsTWBjv6xfayJtS</latexit>

<latexit sha1_base64="4vI0A4jrGMxElW4y+c75gpvQMLc=">AAACC3icbZDNSgMxFIXv1L9a/6ou3QSL4KrMFEGXBTcuKzhtoR1KJs20sZlMSDLCMPQRBLf6Gu7ErQ/hW/gIpu0sbOuFwMc598LJCSVn2rjut1Pa2Nza3invVvb2Dw6PqscnbZ2kilCfJDxR3RBrypmgvmGG065UFMchp51wcjvzO09UaZaIB5NJGsR4JFjECDZWavelZoPGoFpz6+580Dp4BdSgmNag+tMfJiSNqTCEY617nitNkGNlGOF0WumnmkpMJnhEexYFjqkO8nnaKbqwyhBFibJPGDRX/17kONY6i0O7GWMz1qveTPzXk+NMM6KtV9ByDhPdBDkTMjVUkEWMKOXIJGhWDBoyRYnhmQVMFLM/QWSMFSbG1lexFXmrhaxDu1H33Lp3f1VrukVZZTiDc7gED66hCXfQAh8IPMILvMKb8+y8Ox/O52K15BQ3p7A0ztcv3GqbUw==</latexit><latexit sha1_base64="4vI0A4jrGMxElW4y+c75gpvQMLc=">AAACC3icbZDNSgMxFIXv1L9a/6ou3QSL4KrMFEGXBTcuKzhtoR1KJs20sZlMSDLCMPQRBLf6Gu7ErQ/hW/gIpu0sbOuFwMc598LJCSVn2rjut1Pa2Nza3invVvb2Dw6PqscnbZ2kilCfJDxR3RBrypmgvmGG065UFMchp51wcjvzO09UaZaIB5NJGsR4JFjECDZWavelZoPGoFpz6+580Dp4BdSgmNag+tMfJiSNqTCEY617nitNkGNlGOF0WumnmkpMJnhEexYFjqkO8nnaKbqwyhBFibJPGDRX/17kONY6i0O7GWMz1qveTPzXk+NMM6KtV9ByDhPdBDkTMjVUkEWMKOXIJGhWDBoyRYnhmQVMFLM/QWSMFSbG1lexFXmrhaxDu1H33Lp3f1VrukVZZTiDc7gED66hCXfQAh8IPMILvMKb8+y8Ox/O52K15BQ3p7A0ztcv3GqbUw==</latexit><latexit sha1_base64="4vI0A4jrGMxElW4y+c75gpvQMLc=">AAACC3icbZDNSgMxFIXv1L9a/6ou3QSL4KrMFEGXBTcuKzhtoR1KJs20sZlMSDLCMPQRBLf6Gu7ErQ/hW/gIpu0sbOuFwMc598LJCSVn2rjut1Pa2Nza3invVvb2Dw6PqscnbZ2kilCfJDxR3RBrypmgvmGG065UFMchp51wcjvzO09UaZaIB5NJGsR4JFjECDZWavelZoPGoFpz6+580Dp4BdSgmNag+tMfJiSNqTCEY617nitNkGNlGOF0WumnmkpMJnhEexYFjqkO8nnaKbqwyhBFibJPGDRX/17kONY6i0O7GWMz1qveTPzXk+NMM6KtV9ByDhPdBDkTMjVUkEWMKOXIJGhWDBoyRYnhmQVMFLM/QWSMFSbG1lexFXmrhaxDu1H33Lp3f1VrukVZZTiDc7gED66hCXfQAh8IPMILvMKb8+y8Ox/O52K15BQ3p7A0ztcv3GqbUw==</latexit><latexit sha1_base64="4vI0A4jrGMxElW4y+c75gpvQMLc=">AAACC3icbZDNSgMxFIXv1L9a/6ou3QSL4KrMFEGXBTcuKzhtoR1KJs20sZlMSDLCMPQRBLf6Gu7ErQ/hW/gIpu0sbOuFwMc598LJCSVn2rjut1Pa2Nza3invVvb2Dw6PqscnbZ2kilCfJDxR3RBrypmgvmGG065UFMchp51wcjvzO09UaZaIB5NJGsR4JFjECDZWavelZoPGoFpz6+580Dp4BdSgmNag+tMfJiSNqTCEY617nitNkGNlGOF0WumnmkpMJnhEexYFjqkO8nnaKbqwyhBFibJPGDRX/17kONY6i0O7GWMz1qveTPzXk+NMM6KtV9ByDhPdBDkTMjVUkEWMKOXIJGhWDBoyRYnhmQVMFLM/QWSMFSbG1lexFXmrhaxDu1H33Lp3f1VrukVZZTiDc7gED66hCXfQAh8IPMILvMKb8+y8Ox/O52K15BQ3p7A0ztcv3GqbUw==</latexit>
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Figure 1. Cartoon of the collision of two localized particles sent into an AdS-Rindler spacetime
from the boundary. At high enough energies and small enough impact parameter, a black hole
forms.

form a black hole, see figure 1. We will give a threshold condition for black hole formation
in terms of a particular microscopic description of the collision process.

There are various coordinates describing the AdS spacetime. For our purpose, we will
use AdS-Rindler coordinates, as these respect various symmetries of the collision process,
in particular translation symmetry in the transverse direction, as well as boost symmetry
in the time direction. AdS-Rindler space is very similar to an eternal black hole; more
precisely, it is an eternal hyperbolic black hole with temperature 1

2πℓAdS
. If we consider

the collision as happening inside the interior of an eternal hyperbolic black hole (figure 4),
then there exists a quantum information theoretic boundary description of this collision
process: its basic features map to properties of two perturbations spreading exponentially
and ballistically in a shared quantum circuit. This picture was proposed in [7] and tested
in detail for different setups and kinematic regimes in [8–10].

Using this approach, we propose a threshold condition for the formation of a black
hole. Each perturbation is characterized by a causal cone and a butterfly cone, describing
respectively its causal impact on other degrees of freedom as well as the disruption of the
entanglement structure of the state as the effect of the operator spreads throughout the
system ballistically [11]. We propose that the collision creates a black hole in AdS precisely
when the two butterfly cones have overlap in the shared quantum circuit (figure 4).

The geometry of black hole formation from particle collisions has been worked out in
AdS3 [12–14]. We confirm that our threshold condition is consistent with these results. We
expect our condition to work in higher dimensions we well, when the impact parameter is
large compared to the AdS scale.

Looking ahead, the most interesting question to ask is what such a connection with
quantum circuit models teaches us about black hole formation. The dynamics shows com-
pletely different features depending on whether the butterfly cones do or do not overlap.
This suggests a deep connection between the formation of black holes in AdS and the
dynamics of quantum chaos in the boundary description.

This paper is organized as follows. In section 2 we review operator growth and the
quantum circuit picture of the particle collision. In section 3 we give the threshold condition
for black hole formation and motivate it from both the point of view of quantum circuits
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as well as gravity. In section 4 we propose a CFT six-point function that can be used to
diagnose this threshold condition. In section 5 we compute the ‘gravitational’ contribution
to this six-point function in two-dimensional CFTs explicitly, using recently developed
eikonal methods as well as the method of boundary reparametrizations. We point out
further questions and future directions in section 6.

2 Review: operator growth and quantum circuits

In [7, 10] we studied particle collisions on an eternal black hole background. We gave
a quantum circuit interpretation of the collision process, and studied the properties of
spacetime geometry after the collision. In this section we will study particle collisions in
AdS by treating them as collisions on an eternal hyperbolic black hole background. Our
focus will be the regime of strong collisions.

2.1 Causal cone and butterfly cone

We begin with a brief review of the quantum circuit picture for one particle propagating
on a black hole background (see [11, 15–17] for more details).

In [17] it was pointed out that the process of a particle falling into a black hole is
closely related to the growth of an operator in the dual boundary field theory. Consider
a holographic field theory at finite temperature whose bulk dual contains a black hole.
We apply a local operator to the boundary at time t1 and location x1. The effect of the
operator spreads ballistically into transverse directions. At the same time, the operator
also grows within the matrix degrees of freedom. As the interactions among the matrix
degrees of freedom is all-to-all, this growth is exponential in time, with Lyapunov exponent
given by 2π

β .
To get an intuitive picture, one can consider a model of a chain of SYK models [18].

The Hamiltonian of the SYK chain contains the sum of Hamiltonians for each SYK ‘dot’
plus some simple couplings between neighboring sites. Note that within each copy of the
SYK system, the interaction is k-local, i.e., every fermion is coupled to every other fermion
within the same SYK but each term in Hamiltonian contains at most k fermions. On the
other hand, different SYK sites only interact with their nearest neighbors. We act with a
simple operator on one of the SYK systems along the chain. This perturbation will grow
exponentially on its site with a Lyapunov exponent depending on the temperature. At the
same time, the perturbation will also grow to other SYK nodes on the chain in a ballistic
fashion. A similar picture is expected to apply to a holographic conformal field theory.
Following [11], one can summarize these two notions of growth of a local perturbation in
terms of a causal and a butterfly cone (in spacetime).1 In figure 2, the vertical direction
represents space while the horizontal direction represents time. We apply a simple operator
at the tip of the causal cone (pale red) outside of which the perturbation cannot have any

1Note that the SYK chain does not actually have a causal cone, as it is not a relativistic field theory. The
two-cone structure does however exist in holographic CFTs and we shall argue in this paper that quantities
motivated in the SYK model indeed serve as good diagnostics for black hole formation in higher dimensional
field theories.
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ψ1(t1, x1)

Figure 2. Illustration of the causal cone (light red) and butterfly cone (dark red) describing the
relativistic spread in space and the ballistic exponential growth of a small perturbation.

effect. The dark red region is the butterfly cone, which delineates where the perturbation
not only has any effect, but its effect becomes large and affects most of the local (matrix)
degrees of freedom. In the simplified example of the SYK chain, all fermions in a given
SYK node are affected when the node enters the butterfly cone. For the butterfly cone,
we have dx

dt ≡ vB ≤ 1. The horizontal time difference between the edges of the two cones
is the scrambling time t∗, i.e., the time it takes for the perturbation from entering a local
set of degrees of freedom to affecting all of them.

2.2 Motivation: operator size and out-of-time-ordered correlators

We quantify the process of operator growth by the size of an operator [19, 20]. We again
start from the SYK toy model, where this can be made precise. The infinite temperature
size n∞ of an operator is defined as the average number of fermions contained in the
operator (thought of as a string of fermions) [19]. This counting problem turns out to be
computable by:

n∞[O] ≡ 1
4
∑

j

tr
(
{O, ψj}†{O, ψj}

)
. (2.1)

At finite temperature 1
β , we consider a background state ρ = e−βH and use the following

renormalized and regularized definition of operator size [20]:

nβ [O]
nmax

≡ n∞[Oρ
1
2 ]− n∞[ρ

1
2 ]

nmax − n∞[ρ
1
2 ]

, nmax ≡ N

2 . (2.2)

Note that (2.2) is related to an out-of-time-ordered four-point function. It is small for early
times and then grows exponentially until saturation to nmax at scrambling time t∗. For
instance:

F4(t1) ≡ 1− nβ [ψ(t1)]
nmax

= −

∑N
j=1

〈
ψj(iβ

2 )ψ1(t1)ψjψ1(t1)
〉

β∑N
j=1 ⟨ψ1(t1)ψ1(t1)⟩β

〈
ψj(iβ

2 )ψj

〉
β

. (2.3)

Next, we consider SYK chain and perturb it at time t1 and location x1. To measure
the effect of the perturbation at location x (at time t = 0), we again consider the same

– 4 –



J
H
E
P
0
7
(
2
0
2
3
)
1
8
4

<latexit sha1_base64="d6kO39hFwRJ5b5B2vRauPi+sMf4=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRIVdVl047IF+4A2lMn0ph06mYSZiRhC8QPc6ie4E7d+i1/gbzhts9DWAxcO59zLvff4MWdKO86XVVhZXVvfKG6WtrZ3dvfK+wctFSWSYpNGPJIdnyjkTGBTM82xE0skoc+x7Y9vp377AaVikbjXaYxeSIaCBYwSbaTGY79ccarODPYycXNSgRz1fvm7N4hoEqLQlBOluq4Tay8jUjPKcVLqJQpjQsdkiF1DBQlRedns0Il9YpSBHUTSlND2TP09kZFQqTT0TWdI9EgtelPxXy8epYpRtbBeB9dexkScaBR0vj1IuK0jexqFPWASqeapIYRKZh6w6YhIQrUJrGSScRdzWCats6p7WT1vXFRqN3lGRTiCYzgFF66gBndQhyZQQHiGF3i1nqw36936mLcWrHzmEP7A+vwB6i+V/A==</latexit>x

<latexit sha1_base64="CQ1SUWF4ZVdO7dChwIwUr//3YJ0=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegFw8eIpoHJEuYncwmQ2YfzPQKy5KDH+BVP8GbePVT/AJ/w0myB00saCiquunu8mIpNNr2l1VYWl5ZXSuulzY2t7Z3yrt7TR0livEGi2Sk2h7VXIqQN1Cg5O1YcRp4kre80fXEbz1ypUUUPmAaczegg1D4glE00j32bnvlil21pyCLxMlJBXLUe+Xvbj9iScBDZJJq3XHsGN2MKhRM8nGpm2geUzaiA94xNKQB1242PXVMjozSJ36kTIVIpurviYwGWqeBZzoDikM9703Ef714mGrB9Nx69C/dTIRxgjxks+1+IglGZBIG6QvFGcrUEMqUMA8QNqSKMjSRlUwyznwOi6R5UnXOq6d3Z5XaVZ5REQ7gEI7BgQuowQ3UoQEMBvAML/BqPVlv1rv1MWstWPnMPvyB9fkDQFeWtw==</latexit>

tL

<latexit sha1_base64="YfAtfRJFaUP/JtsMZDJdUbyFIwQ=">AAAB/3icbVDJSgNBEK2JW4xb1KOXxiB4CjMq6jHoxWNcskAyhJ5OT9KkZ6G7RhiGHPwAr/oJ3sSrn+IX+Bt2kjlo4oOCx3tVVNXzYik02vaXVVhaXlldK66XNja3tnfKu3tNHSWK8QaLZKTaHtVcipA3UKDk7VhxGniSt7zR9cRvPXKlRRQ+YBpzN6CDUPiCUTTSPfbueuWKXbWnIIvEyUkFctR75e9uP2JJwENkkmrdcewY3YwqFEzycambaB5TNqID3jE0pAHXbjY9dUyOjNInfqRMhUim6u+JjAZap4FnOgOKQz3vTcR/vXiYasH03Hr0L91MhHGCPGSz7X4iCUZkEgbpC8UZytQQypQwDxA2pIoyNJGVTDLOfA6LpHlSdc6rp7dnldpVnlERDuAQjsGBC6jBDdShAQwG8Awv8Go9WW/Wu/Uxay1Y+cw+/IH1+QNJ7Za9</latexit>

tR

Figure 3. Overlap of two causal cones spreading in opposite directions of the quantum circuit (i.e.,
one of them corresponds to a perturbation of the right system, and the other to a perturbation of
the left system). Each constant x slice can be thought of as a local quantum circuit describing the
evolution of the thermofield double state shared between local matrix degrees of freedom in the two
systems at location x.

four-point function:

F4(x) ≡ 1− nβ [ψ1(t1, x1), x]
nmax

= −

∑N
j=1

〈
ψj(iβ

2 , x)ψ1(t1, x1)ψj(x)ψ1(t1, x1)
〉

β∑N
j=1 ⟨ψ1(t1, x1)ψ1(t1, x1)⟩β

〈
ψj(iβ

2 , x)ψj(x)
〉

β

(2.4)

A general definition of operator size in a holographic field theories so far does not
exist.2 Motivated by the SYK chain model, we will use the four-point function as in (2.4)
to characterize the growth of an operator. One feature to notice in (2.4) is the sharp
transition across the boundary of the butterfly cone.

2.3 Overlap of causal cones and particle collision

Now consider two systems entangled in themofield double state. Such a setup enjoys a dual
description in terms of the eternal Schwarschild black hole [32]. Applying a local operator
to each of the systems corresponds to two particles falling into the black hole from each of
the boundaries, which we can approximate as localized gravitational shocks. The shared
state of the two systems and its evolution can be described in terms of a quantum circuit
consisting of a collection of qubits on which unitary operations are performed. This provides
a dual quantum mechanical description of the bulk region inside the wormhole [33, 34].
Each of the perturbations spreads within this quantum circuit. In [7, 10] it was argued
that the two particles gravitationally interact with each other in the bulk if and only if the
two causal cones overlap in the shared quantum circuit (figure 3). In [7, 10] we studied
the post-collision geometry and compared it to properties of the quantum circuit. For
collisions of localized shocks, the post-collision geometry is generally unknown. In [10] we

2There have been different interesting attempts, such as direct generalizations of the notion of operator
size we use here [21–23], as well as connections with operator complexity [24–28] and related work on the
gravity picture [29–31].
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Figure 4. Collision setup in Rindler AdS and in the quantum circuit. We propose that a black
hole forms precisely when the butterfly cones begin to overlap (right hand side).

used approximations that are valid in a regime when the collision is not too strong. In this
paper our focus will be on the complementary regime when the collision is indeed strong
enough to form a black hole.

3 Threshold for black hole formation

Starting from vacuum AdS, we send in two particles which scatter in the bulk. The collision
may or may not be head on. We can describe this process in Rindler coordinates and put
each of the particles into one of the complementary Rindler wedges (figure 1, left panel).
We will arrange the times such that the collision happens close to the Rindler horizon.

Our proposal is as follows: for such a collision process, black hole formation occurs
when the two butterfly cones in the corresponding quantum circuit overlap. Such a config-
uration is illustrated on the right of figure 4. We will now present motivation and evidence
for this proposal.

3.1 Motivation from quantum circuits

Consider the circuit picture and focus on some particular transverse location x (figure 5).
Each perturbation spreads exponentially through the local circuit for x once the causal
cone reaches this location. We use pictures such as figure 5(b) to represent the exponential
growth through the local quantum circuit at a fixed transverse location x (the vertical
direction is then not spatial, but rather represents the stack of qubits, i.e., the width of
the circuit). To first approximation, the growth of the perturbation at x corresponds to
a step function because the exponential growth has a small effect until a scrambling time
t∗(x) later, where it rapidly affects the entire system.

Now we consider the overlap of two such perturbations. Figure 6(a) shows the circuit
at fixed transverse location in a configuration where the two causal cones overlap but the
two butterfly cones do not. In figure 6(b), the two butterfly cones overlap as well. In the
step function approximation, we see that there is a sharp transition when the two butterfly
cones start to overlap. We will quantify this sharp transition later.

Two butterfly cones overlapping at transverse location x is exactly the same statement
that at circuit location x there are no more quantum gates that are unaffected by both
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<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

<latexit sha1_base64="gTAP8ZZZqCDFcJKcYfK8XJG3+Eo=">AAACI3icbVDNS8MwHE3n15wfq3r0UhzCBBmt+HUcevHgYYL7gK2UNEu3sCQtSaqWsr/Eq/trvIkXD/4pglnXg9t8EPJ47/cjL8+PKJHKtr+Mwsrq2vpGcbO0tb2zWzb39lsyjAXCTRTSUHR8KDElHDcVURR3IoEh8ylu+6Pbqd9+wkKSkD+qJMIugwNOAoKg0pJnlqvKS5/vx6cv2XXimRW7ZmewlomTkwrI0fDMn14/RDHDXCEKpew6dqTcFApFEMXjUi+WOIJoBAe4qymHDEs3zYKPrWOt9K0gFPpwZWXq340UMikT5utJBtVQLnpT8V8vGiaSIDn3fCpCBjmP2UIoFVy7KeFRrDBHs0xBTC0VWtPCrD4RGCmaaAKRIPpbFhpCAZHStZZ0X85iO8ukdVZzLmsXD+eV+k3eXBEcgiNQBQ64AnVwBxqgCRCIwSt4AxNjYrwbH8bnbLRg5DsHYA7G9y+9oaVI</latexit>

<latexit sha1_base64="/xLZcnh9IQCJdyfaHtftvxawzNA=">AAACI3icbVDNS8MwHE3n15wfq3r0UhzCBBmt+HUcevE4xX3AVkqapVtYkpYkVUvZX+LV/TXexIsH/xTBrOvBbT4Iebz3+5GX50eUSGXbX0ZhZXVtfaO4Wdra3tktm3v7LRnGAuEmCmkoOj6UmBKOm4ooijuRwJD5FLf90e3Ubz9hIUnIH1USYZfBAScBQVBpyTPLVeWlzw/j05fsOvHMil2zM1jLxMlJBeRoeOZPrx+imGGuEIVSdh07Um4KhSKI4nGpF0scQTSCA9zVlEOGpZtmwcfWsVb6VhAKfbiyMvXvRgqZlAnz9SSDaigXvan4rxcNE0mQnHs+FSGDnMdsIZQKrt2U8ChWmKNZpiCmlgqtaWFWnwiMFE00gUgQ/S0LDaGASOlaS7ovZ7GdZdI6qzmXtYv780r9Jm+uCA7BEagCB1yBOrgDDdAECMTgFbyBiTEx3o0P43M2WjDynQMwB+P7F9IXpVQ=</latexit>

<latexit sha1_base64="8wREq3DDX0AK27/sxxvrdytQHDc=">AAACOnicbVDLSsNAFJ34rPHV6lKQYBGqi5KIr2XRjcsK9gFtKJPJpB07jzAzKS2h/+BWv8UfcetO3PoBTtssbOuFgcO5jznnBDElSrvuh7Wyura+sZnbsrd3dvf284WDuhKJRLiGBBWyGUCFKeG4pommuBlLDFlAcSPo30/6jQGWigj+pEcx9hnschIRBLWh6rpzXhqedfJFt+xOy1kGXgaKIKtqp2Adt0OBEoa5RhQq1fLcWPsplJogisd2O1E4hqgPu7hlIIcMKz+dyh07p4YJnUhI87h2puzfjRQypUYsMJMM6p5a7E3If3txb6QIUnPfp1IwyHnCFkTp6NZPCY8TjTmaaYoS6mjhTGJyQiIx0nRkAESSGFsO6kEJkTZhzl0KByRWmcHhzKFtm0S9xfyWQf2i7F2Xrx4vi5W7LNscOAInoAQ8cAMq4AFUQQ0g8AxewCt4s96tT+vL+p6NrljZziGYK+vnF/D3rb0=</latexit>

t∗(x)
<latexit sha1_base64="8wREq3DDX0AK27/sxxvrdytQHDc=">AAACOnicbVDLSsNAFJ34rPHV6lKQYBGqi5KIr2XRjcsK9gFtKJPJpB07jzAzKS2h/+BWv8UfcetO3PoBTtssbOuFgcO5jznnBDElSrvuh7Wyura+sZnbsrd3dvf284WDuhKJRLiGBBWyGUCFKeG4pommuBlLDFlAcSPo30/6jQGWigj+pEcx9hnschIRBLWh6rpzXhqedfJFt+xOy1kGXgaKIKtqp2Adt0OBEoa5RhQq1fLcWPsplJogisd2O1E4hqgPu7hlIIcMKz+dyh07p4YJnUhI87h2puzfjRQypUYsMJMM6p5a7E3If3txb6QIUnPfp1IwyHnCFkTp6NZPCY8TjTmaaYoS6mjhTGJyQiIx0nRkAESSGFsO6kEJkTZhzl0KByRWmcHhzKFtm0S9xfyWQf2i7F2Xrx4vi5W7LNscOAInoAQ8cAMq4AFUQQ0g8AxewCt4s96tT+vL+p6NrljZziGYK+vnF/D3rb0=</latexit>

t∗(x)

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>

<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>x

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

tL <latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

tR

<latexit sha1_base64="HWzDQJDJ2wwm9KTXVMDZ5CVYNNI="></latexit>

<latexit sha1_base64="MhHEC1pt/WZ4ULIn0+w6dkS574Q="></latexit>

<latexit sha1_base64="d9XD05X6AbPVRXpOSr4FxPtR9Y8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8q3mWlel8t127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDy+fjSU=</latexit>

<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

<latexit sha1_base64="1wMuYxtF5EcDTYWrMnXZ5QGngus=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiCIh2FGEuMx6MVjBLNAMoSeTk/Spqd76K4RwpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MBHcgOe9O7ml5ZXVtfx6YWNza3unuLvXNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLR5dRv3TFtuJI3ME5YEJOB5BGnBKzUhF524k96xZLnVjzvtFLFv4nvejOU0AL1XvGt21c0jZkEKogxHd9LIMiIBk4FmxS6qWEJoSMyYB1LJYmZCbLZtRN8ZJU+jpS2JQHP1K8TGYmNGceh7YwJDM1Pbyr+5XVSiM6DjMskBSbpfFGUCgwKT1/Hfa4ZBTG2hFDN7a2YDokmFGxABRvC56f4f9I8df0zt3xdLtUuFnHk0QE6RMfIR1VUQ1eojhqIolt0jx7Rk6OcB+fZeZm35pzFzD76Buf1A4Wvjx4=</latexit>

<latexit sha1_base64="zAG7KuVIwIl8cp44abt/4dYa5J8=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiCIh2EmJMZj0IvHCGaBZAg9nZ6ktad76O4RwpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB3eXkz99h1VmklxbcYJDWI8FCxiBBsrtUw/OylP+sWS51Y9r1ytod/Ed70ZSrBAo1986w0kSWMqDOFY667vJSbIsDKMcDop9FJNE0xu8ZB2LRU4pjrIZtdO0JFVBiiSypYwaKZ+nchwrPU4Dm1njM1I//Sm4l9eNzXRWZAxkaSGCjJfFKUcGYmmr6MBU5QYPrYEE8XsrYiMsMLE2IAKNoTPT9H/pFV2/VO3clUp1c8XceThAA7hGHyoQR0uoQFNIHAD9/AIT450Hpxn52XemnMWM/vwDc7rB4c0jx8=</latexit>

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>

<latexit sha1_base64="GH44Y4Kpp6dDL/3b5JVtoArymW8="></latexit>

<latexit sha1_base64="GXTmfLcMe4d1S1yvzFo5DT54b6U="></latexit>

<latexit sha1_base64="8wREq3DDX0AK27/sxxvrdytQHDc=">AAACOnicbVDLSsNAFJ34rPHV6lKQYBGqi5KIr2XRjcsK9gFtKJPJpB07jzAzKS2h/+BWv8UfcetO3PoBTtssbOuFgcO5jznnBDElSrvuh7Wyura+sZnbsrd3dvf284WDuhKJRLiGBBWyGUCFKeG4pommuBlLDFlAcSPo30/6jQGWigj+pEcx9hnschIRBLWh6rpzXhqedfJFt+xOy1kGXgaKIKtqp2Adt0OBEoa5RhQq1fLcWPsplJogisd2O1E4hqgPu7hlIIcMKz+dyh07p4YJnUhI87h2puzfjRQypUYsMJMM6p5a7E3If3txb6QIUnPfp1IwyHnCFkTp6NZPCY8TjTmaaYoS6mjhTGJyQiIx0nRkAESSGFsO6kEJkTZhzl0KByRWmcHhzKFtm0S9xfyWQf2i7F2Xrx4vi5W7LNscOAInoAQ8cAMq4AFUQQ0g8AxewCt4s96tT+vL+p6NrljZziGYK+vnF/D3rb0=</latexit>

t∗(x)

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

tL
<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

tR

<latexit sha1_base64="j8ySERSoIsOF3KsAKpkpg0k2ahU=">AAACN3icbVDLSsNAFJ34rPHV6lKQYBHqpiTia1l047KifUAbymQyaYfOI8xMiiH0E9zqt/gprtyJW//AaZuFbb0wcDj3MeecIKZEadf9sFZW19Y3Ngtb9vbO7t5+sXTQVCKRCDeQoEK2A6gwJRw3NNEUt2OJIQsobgXDu0m/NcJSEcGfdBpjn8E+JxFBUBvqsQLPesWyW3Wn5SwDLwdlkFe9V7KOu6FACcNcIwqV6nhurP0MSk0QxWO7mygcQzSEfdwxkEOGlZ9NtY6dU8OETiSkeVw7U/bvRgaZUikLzCSDeqAWexPy3148SBVBau77TAoGOU/Ygigd3fgZ4XGiMUczTVFCHS2cSUZOSCRGmqYGQCSJseWgAZQQaZPk3KVwRGKVG3yeObRtk6i3mN8yaJ5Xvavq5cNFuXabZ1sAR+AEVIAHrkEN3IM6aAAE+uAFvII36936tL6s79noipXvHIK5sn5+AYeLrIs=</latexit>

(a)

<latexit sha1_base64="YEhEpVRz+py9yadi9pnZ2i/MvG4=">AAACN3icbVDLSsNAFJ34rPHV6lKQYBHqpiTia1l047KifUAbymQyaYfOI8xMiiH0E9zqt/gprtyJW//AaZuFbb0wcDj3MeecIKZEadf9sFZW19Y3Ngtb9vbO7t5+sXTQVCKRCDeQoEK2A6gwJRw3NNEUt2OJIQsobgXDu0m/NcJSEcGfdBpjn8E+JxFBUBvqsRKc9Yplt+pOy1kGXg7KIK96r2Qdd0OBEoa5RhQq1fHcWPsZlJogisd2N1E4hmgI+7hjIIcMKz+bah07p4YJnUhI87h2puzfjQwypVIWmEkG9UAt9ibkv714kCqC1Nz3mRQMcp6wBVE6uvEzwuNEY45mmqKEOlo4k4yckEiMNE0NgEgSY8tBAygh0ibJuUvhiMQqN/g8c2jbJlFvMb9l0DyvelfVy4eLcu02z7YAjsAJqAAPXIMauAd10AAI9MELeAVv1rv1aX1Z37PRFSvfOQRzZf38AoldrIw=</latexit>

(b)

<latexit sha1_base64="jEO9Bx6sq44m6i5twI6rMRyH+Xs=">AAACN3icbVDLSsNAFJ34rPHV6lKQYBHqpiTia1l047KifUAbymQyaYfOI8xMiiH0E9zqt/gprtyJW//AaZuFbb0wcDj3MeecIKZEadf9sFZW19Y3Ngtb9vbO7t5+sXTQVCKRCDeQoEK2A6gwJRw3NNEUt2OJIQsobgXDu0m/NcJSEcGfdBpjn8E+JxFBUBvqsYLOesWyW3Wn5SwDLwdlkFe9V7KOu6FACcNcIwqV6nhurP0MSk0QxWO7mygcQzSEfdwxkEOGlZ9NtY6dU8OETiSkeVw7U/bvRgaZUikLzCSDeqAWexPy3148SBVBau77TAoGOU/Ygigd3fgZ4XGiMUczTVFCHS2cSUZOSCRGmqYGQCSJseWgAZQQaZPk3KVwRGKVG3yeObRtk6i3mN8yaJ5Xvavq5cNFuXabZ1sAR+AEVIAHrkEN3IM6aAAE+uAFvII36936tL6s79noipXvHIK5sn5+AYsvrI0=</latexit>

(c)

Figure 5. (a) Each transverse x-slice has a description in terms of a quantum circuit with all-
to-all qubit interactions. (b) Exponential growth of the perturbation within this circuit can be
approximated by a step function located at a time that is separated from the initial perturbation
by t∗(x). (c) We can further simplify notation and collapse the approximate diagram into a line
and denote the intersection of the x-slice with the causal cone of the perturbation by a faint dot;
we will use this notation in section 4.

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈

Figure 6. There is a sharp transition in the quantum circuit when the two butterfly cones overlap.
The step function approximation describes constant x slices of the circuit pictures in figure 4.

perturbations. As we see a sharp transition in the quantum circuit model, one expects a
dramatic effect on the gravity side. In the case of particles scattering in AdS, it is a natural
guess that this dramatic transition corresponds to black hole formation (see figure 4).

3.2 Motivation from gravity

In this section we argue that our proposal is reasonable from purely gravitational consid-
erations.

Outside of the region to the causal future of the collision (‘post-collision region’),
the gravity solution is known. The corresponding Kruskal coordinate shifts along the
shockwave by an amount h(x) (figure 7). Roughly speaking, the amount of shift decreases
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<latexit sha1_base64="nTuS7aJf+ygRG1w0J78cbNX1cZY=">AAACAHicbVDLSsNAFL3xWeur6tLNYBHqpiS+lwU3LivYB7ShTKaTZuhkEmYmYgjd+AFu9RPciVv/xC/wN5y0WWjrgQuHc+7l3nu8mDOlbfvLWlpeWV1bL22UN7e2d3Yre/ttFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjjm9zvPFCpWCTudRpTN8QjwXxGsM6loPZ4MqhU7bo9BVokTkGqUKA5qHz3hxFJQio04VipnmPH2s2w1IxwOin3E0VjTMZ4RHuGChxS5WbTWyfo2ChD5EfSlNBoqv6eyHCoVBp6pjPEOlDzXi7+68VBqhhRc+u1f+1mTMSJpoLMtvsJRzpCeRpoyCQlmqeGYCKZeQCRAEtMtMmsbJJx5nNYJO3TunNZP7s7rzYuioxKcAhHUAMHrqABt9CEFhAI4Ble4NV6st6sd+tj1rpkFTMH8AfW5w9+5pbG</latexit>

<latexit sha1_base64="zIPD0hTAqPt6Qv/Zd6U+1BnAAfc=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFKTMq6NLHxmUFq8J0KJn0tg3NZIbkjliG+R43/oqbLpTi1g8xrSOo9UDgcM65yc0JEykMuu7ImZmdm19YLC2Vl1dW19YrG5u3Jk41hwaPZazvQ2ZACgUNFCjhPtHAolDCXdi/HPt3D6CNiNUNDhIIItZVoiM4Qyu1KudZc3KJr7thkLk1d4KDKZLvsX3aRHjEjBqhuhKo6cW8n+etSvU7RKeJV5AqKVBvVYbNdszTCBRyyYzxPTfBIGMaBZeQl5upgYTxPuuCb6liEZggm2yZ012rtGkn1vYopBP150TGImMGUWiTEcOe+euNxf88P8XOaZAJlaQIin891EklxZiOe6NtoYGjHFjCuBZ2V8p7TDOOtt2yLcH7++VpcntY845qh9fH1bOLoo4S2SY7ZI945ISckStSJw3CyRN5Ia/kzXl2hs7Ief+KzjjFzBb5BefjE55voy4=</latexit>

<latexit sha1_base64="9e7Px3xD4JPLawGpHl7B1aU1WLQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Br1vfLTeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSterVK9uyjVr7M48nACp1AGDy6hDrfQgCYQeIBneIU3RzovzrvzsWjNOdnMMfyB8/kDl7+Oew==</latexit>

<latexit sha1_base64="U5jXWY/iJBQrE3F9RyDPOtk3kmM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Br1q+Wn836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGVnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqla8WqV6d1GqX2dx5OEETqEMHlxCHW6hAU0g8ADP8ApvjnRenHfnY9Gac7KZY/gD5/MHmUaOfA==</latexit>

<latexit sha1_base64="7vpXXVyWSEEMaZSDBFnnedJwhw4=">AAACKHicbVDLSgMxFM3UV62vqks3wSJUkDJTBd1ZdOOygn1AO5RMmrahmcmQ3FHLMJ/jxl9xI6JIt36J6bSCth4IHM45N7k5Xii4BtseW5ml5ZXVtex6bmNza3snv7tX1zJSlNWoFFI1PaKZ4AGrAQfBmqFixPcEa3jD64nfuGdKcxncwShkrk/6Ae9xSsBInfxl3E4vaam+58Z2yU5xskCSoneM28AeIcbwILEeSDrUSdLJF34ieJE4M1JAM1Q7+bd2V9LIZwFQQbRuOXYIbkwUcCpYkmtHmoWEDkmftQwNiM+0G6c7JvjIKF3ck8qcAHCq/p6Iia/1yPdM0icw0PPeRPzPa0XQu3BjHoQRsIBOH+pFAoPEk9ZwlytGQYwMIVRxsyumA6IIBdNtzpTgzH95kdTLJee0VL49K1SuZnVk0QE6REXkoHNUQTeoimqIoif0gt7Rh/VsvVqf1ngazVizmX30B9bXNxxTomY=</latexit>

<latexit sha1_base64="BLd3CVT8KAUnrC21ijw9lP8jr5E=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon42ll047IFawttKJPpTTt0HmFmIoTQL3Brv8aduPUD/BjBaZuFbT0wcDjnXu6ZE8aMauN5305hbX1jc6u4XdrZ3ds/KB8ePWuZKAJNIplU7RBrYFRA01DDoB0rwDxk0ApHD1O/9QJKUymeTBpDwPFA0IgSbKzUuOuVK17Vm8FdJX5OKihHvVf+6fYlSTgIQxjWuuN7sQkyrAwlDMalbqIhxmSEB9CxVGAOOshmQcfumVX6biSVfcK4M/XvRoa51ikP7STHZqiXvan4rxcPU02JXjifKcmxEAlfCmWi2yCjIk4MCDLPFCXMNdKdFuT2qQJiWGoJJorab7lkiBUmxtZYsn35y+2skueLqn9dvWpcVmr3eXNFdIJO0Tny0Q2qoUdUR01EEKBX9IYmzsR5dz6cz/lowcl3jtECnK9fB/ifLQ==</latexit>

?

<latexit sha1_base64="nTuS7aJf+ygRG1w0J78cbNX1cZY=">AAACAHicbVDLSsNAFL3xWeur6tLNYBHqpiS+lwU3LivYB7ShTKaTZuhkEmYmYgjd+AFu9RPciVv/xC/wN5y0WWjrgQuHc+7l3nu8mDOlbfvLWlpeWV1bL22UN7e2d3Yre/ttFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjjm9zvPFCpWCTudRpTN8QjwXxGsM6loPZ4MqhU7bo9BVokTkGqUKA5qHz3hxFJQio04VipnmPH2s2w1IxwOin3E0VjTMZ4RHuGChxS5WbTWyfo2ChD5EfSlNBoqv6eyHCoVBp6pjPEOlDzXi7+68VBqhhRc+u1f+1mTMSJpoLMtvsJRzpCeRpoyCQlmqeGYCKZeQCRAEtMtMmsbJJx5nNYJO3TunNZP7s7rzYuioxKcAhHUAMHrqABt9CEFhAI4Ble4NV6st6sd+tj1rpkFTMH8AfW5w9+5pbG</latexit>

h(x)

(a) single shock
<latexit sha1_base64="zIPD0hTAqPt6Qv/Zd6U+1BnAAfc=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFKTMq6NLHxmUFq8J0KJn0tg3NZIbkjliG+R43/oqbLpTi1g8xrSOo9UDgcM65yc0JEykMuu7ImZmdm19YLC2Vl1dW19YrG5u3Jk41hwaPZazvQ2ZACgUNFCjhPtHAolDCXdi/HPt3D6CNiNUNDhIIItZVoiM4Qyu1KudZc3KJr7thkLk1d4KDKZLvsX3aRHjEjBqhuhKo6cW8n+etSvU7RKeJV5AqKVBvVYbNdszTCBRyyYzxPTfBIGMaBZeQl5upgYTxPuuCb6liEZggm2yZ012rtGkn1vYopBP150TGImMGUWiTEcOe+euNxf88P8XOaZAJlaQIin891EklxZiOe6NtoYGjHFjCuBZ2V8p7TDOOtt2yLcH7++VpcntY845qh9fH1bOLoo4S2SY7ZI945ISckStSJw3CyRN5Ia/kzXl2hs7Ief+KzjjFzBb5BefjE55voy4=</latexit>

h1(x)
<latexit sha1_base64="9e7Px3xD4JPLawGpHl7B1aU1WLQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Br1vfLTeb9YcivuHGiVeBkpQYZGv/jVG0iSRFQYwrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtFTii2k/n107RmVUGKJTKljBorv6eSHGk9SQKbGeEzUgvezPxP6+bmPDKT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippVSterVK9uyjVr7M48nACp1AGDy6hDrfQgCYQeIBneIU3RzovzrvzsWjNOdnMMfyB8/kDl7+Oew==</latexit>

h2(x)
<latexit sha1_base64="U5jXWY/iJBQrE3F9RyDPOtk3kmM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuK+ix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1Br1q+Wn836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeGVnzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqla8WqV6d1GqX2dx5OEETqEMHlxCHW6hAU0g8ADP8ApvjnRenHfnY9Gac7KZY/gD5/MHmUaOfA==</latexit>

(b) two shocks
<latexit sha1_base64="7vpXXVyWSEEMaZSDBFnnedJwhw4=">AAACKHicbVDLSgMxFM3UV62vqks3wSJUkDJTBd1ZdOOygn1AO5RMmrahmcmQ3FHLMJ/jxl9xI6JIt36J6bSCth4IHM45N7k5Xii4BtseW5ml5ZXVtex6bmNza3snv7tX1zJSlNWoFFI1PaKZ4AGrAQfBmqFixPcEa3jD64nfuGdKcxncwShkrk/6Ae9xSsBInfxl3E4vaam+58Z2yU5xskCSoneM28AeIcbwILEeSDrUSdLJF34ieJE4M1JAM1Q7+bd2V9LIZwFQQbRuOXYIbkwUcCpYkmtHmoWEDkmftQwNiM+0G6c7JvjIKF3ck8qcAHCq/p6Iia/1yPdM0icw0PPeRPzPa0XQu3BjHoQRsIBOH+pFAoPEk9ZwlytGQYwMIVRxsyumA6IIBdNtzpTgzH95kdTLJee0VL49K1SuZnVk0QE6REXkoHNUQTeoimqIoif0gt7Rh/VsvVqf1ngazVizmX30B9bXNxxTomY=</latexit>

<latexit sha1_base64="BLd3CVT8KAUnrC21ijw9lP8jr5E=">AAACE3icbVDLSsNAFJ3UV62vqks3wSK4Kon42ll047IFawttKJPpTTt0HmFmIoTQL3Brv8aduPUD/BjBaZuFbT0wcDjnXu6ZE8aMauN5305hbX1jc6u4XdrZ3ds/KB8ePWuZKAJNIplU7RBrYFRA01DDoB0rwDxk0ApHD1O/9QJKUymeTBpDwPFA0IgSbKzUuOuVK17Vm8FdJX5OKihHvVf+6fYlSTgIQxjWuuN7sQkyrAwlDMalbqIhxmSEB9CxVGAOOshmQcfumVX6biSVfcK4M/XvRoa51ikP7STHZqiXvan4rxcPU02JXjifKcmxEAlfCmWi2yCjIk4MCDLPFCXMNdKdFuT2qQJiWGoJJorab7lkiBUmxtZYsn35y+2skueLqn9dvWpcVmr3eXNFdIJO0Tny0Q2qoUdUR01EEKBX9IYmzsR5dz6cz/lowcl3jtECnK9fB/ifLQ==</latexit>

?

Figure 7. Geometry outside the post-collision region. The Kruskal coordinate shifts h1,2(x)
characterize the strength of the shocks.

exponentially in the distance to the source, with exponent 2π
βvB

. This encodes the fact that
the butterfly cone has slope dx

dt = vB. Far away from the source, the expression for h(x)
is simple. Now consider one perturbation coming in from the left at time t1 and location
x1, another perturbation coming in from the right at time t2 and location x2. Let h1(x)
be the shift due to the left perturbation, and h2(x) be the shift due the right perturbation.
One finds [11]

h1(x) ≈ e
−t1−t∗1−

|x−x1|
vB , h2(x) ≈ e

−t2−t∗2−
|x−x2|

vB . (3.1)
where t∗1 and t∗2 are the two scrambling times, which are functions of the entropies of
the perturbations. The quantities h1,2(x) encode the strength of the shocks. On the other
hand, the butterfly cones overlap if the following condition is satisfied (this is trivial to see
in the quantum circuit diagrams):

butterfly cone overlap ⇔ b

vB
⪅ −t1 − t2 − t∗1 − t∗2 +O(ℓAdS) , (3.2)

where b is the impact parameter. The reason we use ‘⪅’ is related to the fact that the
location of butterfly cone is defined up to thermal time, which is O(ℓAdS) in our case.

Comparing (3.2) and (3.1), one can easily see that the two butterfly cones overlapping
is equivalent to the condition that maxx h1(x)h2(x) ⪆ 1.

In [10] we used an ansatz solution to study the post-collision geometry. That solution
is a good approximation as long as h1(x)h2(x) ≪ 1. When h1(x)h2(x) becomes of order
one, non-linear effects in general relativity become important and one expects significant
change. So it should not be surprising that this corresponds to the threshold of black hole
formation.

3.3 Black hole formation in AdS3: Gott condition

In three bulk dimensions the solution of black hole formation from particle collision is
known [13, 14]. In particular, we know the exact threshold for black hole formation. This
threshold is often referred to as Gott condition [12]. In a collision with impact parameter
b, it reads as follows:

Gott condition for black hole formation: 4πGNECM > e
b
2 . (3.3)

where ECM is energy of each of the particles in the center of mass frame.
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<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>x

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

t

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t

<latexit sha1_base64="gTAP8ZZZqCDFcJKcYfK8XJG3+Eo=">AAACI3icbVDNS8MwHE3n15wfq3r0UhzCBBmt+HUcevHgYYL7gK2UNEu3sCQtSaqWsr/Eq/trvIkXD/4pglnXg9t8EPJ47/cjL8+PKJHKtr+Mwsrq2vpGcbO0tb2zWzb39lsyjAXCTRTSUHR8KDElHDcVURR3IoEh8ylu+6Pbqd9+wkKSkD+qJMIugwNOAoKg0pJnlqvKS5/vx6cv2XXimRW7ZmewlomTkwrI0fDMn14/RDHDXCEKpew6dqTcFApFEMXjUi+WOIJoBAe4qymHDEs3zYKPrWOt9K0gFPpwZWXq340UMikT5utJBtVQLnpT8V8vGiaSIDn3fCpCBjmP2UIoFVy7KeFRrDBHs0xBTC0VWtPCrD4RGCmaaAKRIPpbFhpCAZHStZZ0X85iO8ukdVZzLmsXD+eV+k3eXBEcgiNQBQ64AnVwBxqgCRCIwSt4AxNjYrwbH8bnbLRg5DsHYA7G9y+9oaVI</latexit>

<latexit sha1_base64="/xLZcnh9IQCJdyfaHtftvxawzNA=">AAACI3icbVDNS8MwHE3n15wfq3r0UhzCBBmt+HUcevE4xX3AVkqapVtYkpYkVUvZX+LV/TXexIsH/xTBrOvBbT4Iebz3+5GX50eUSGXbX0ZhZXVtfaO4Wdra3tktm3v7LRnGAuEmCmkoOj6UmBKOm4ooijuRwJD5FLf90e3Ubz9hIUnIH1USYZfBAScBQVBpyTPLVeWlzw/j05fsOvHMil2zM1jLxMlJBeRoeOZPrx+imGGuEIVSdh07Um4KhSKI4nGpF0scQTSCA9zVlEOGpZtmwcfWsVb6VhAKfbiyMvXvRgqZlAnz9SSDaigXvan4rxcNE0mQnHs+FSGDnMdsIZQKrt2U8ChWmKNZpiCmlgqtaWFWnwiMFE00gUgQ/S0LDaGASOlaS7ovZ7GdZdI6qzmXtYv780r9Jm+uCA7BEagCB1yBOrgDDdAECMTgFbyBiTEx3o0P43M2WjDynQMwB+P7F9IXpVQ=</latexit>

<latexit sha1_base64="e2QG0jwStre+q9ogTwrwMgzaupg=">AAACFXicbVDLSsNAFL3xWeur6tJNsAjioiTia1l047KifUAbymQ6aYfOI8xMhBD6CW7t17gTt679GMFpm4VtPTBwOOde7pkTxoxq43nfzsrq2vrGZmGruL2zu7dfOjhsaJkoTOpYMqlaIdKEUUHqhhpGWrEiiIeMNMPh/cRvvhClqRTPJo1JwFFf0IhiZKz0ZLrn3VLZq3hTuMvEz0kZctS6pZ9OT+KEE2EwQ1q3fS82QYaUoZiRUbGTaBIjPER90rZUIE50kE2jjtxTq/TcSCr7hHGn6t+NDHGtUx7aSY7MQC96E/FfLx6kmmI9dz5TkiMhEr4QykS3QUZFnBgi8CxTlDDXSHdSkdujimDDUksQVtR+y8UDpBA2tsii7ctfbGeZNC4q/nXl6vGyXL3LmyvAMZzAGfhwA1V4gBrUAUMfXuENxs7YeXc+nM/Z6IqT7xzBHJyvX5NQn/8=</latexit>

t
<latexit sha1_base64="e2QG0jwStre+q9ogTwrwMgzaupg=">AAACFXicbVDLSsNAFL3xWeur6tJNsAjioiTia1l047KifUAbymQ6aYfOI8xMhBD6CW7t17gTt679GMFpm4VtPTBwOOde7pkTxoxq43nfzsrq2vrGZmGruL2zu7dfOjhsaJkoTOpYMqlaIdKEUUHqhhpGWrEiiIeMNMPh/cRvvhClqRTPJo1JwFFf0IhiZKz0ZLrn3VLZq3hTuMvEz0kZctS6pZ9OT+KEE2EwQ1q3fS82QYaUoZiRUbGTaBIjPER90rZUIE50kE2jjtxTq/TcSCr7hHGn6t+NDHGtUx7aSY7MQC96E/FfLx6kmmI9dz5TkiMhEr4QykS3QUZFnBgi8CxTlDDXSHdSkdujimDDUksQVtR+y8UDpBA2tsii7ctfbGeZNC4q/nXl6vGyXL3LmyvAMZzAGfhwA1V4gBrUAUMfXuENxs7YeXc+nM/Z6IqT7xzBHJyvX5NQn/8=</latexit>

t

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

tR
<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

tL

<latexit sha1_base64="2AUfQ36LB+OVDicWeddQfmE+OI8=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiBED8NMSIzHoBePEcwiyRB6Oj1Jk56eobtHDEO+wosHRbz6Od78GzuL4Pqg4PFeFVX1/JgzpR3n3cosLa+srmXXcxubW9s7+d29pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80cXUb91SqVgkrvU4pl6IB4IFjGBtpBvdS0/cSfHuuJcvOHbFcUqVKvpNXNuZoQAL1Hv5t24/IklIhSYcK9VxnVh7KZaaEU4nuW6iaIzJCA9ox1CBQ6q8dHbwBB0ZpY+CSJoSGs3UrxMpDpUah77pDLEeqp/eVPzL6yQ6OPNSJuJEU0Hmi4KEIx2h6feozyQlmo8NwUQycysiQywx0SajnAnh81P0P2mWbPfULl+VC7XzRRxZOIBDKIILVajBJdShAQRCuIdHeLKk9WA9Wy/z1oy1mNmHb7BePwAse5AF</latexit>

t∗1(x)

<latexit sha1_base64="mZbozJKWZ/c+etStxTXcOvrAT30=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiBED8NMSIzHoBePEcwiyRB6Oj1Jk+6ZobtHDEO+wosHRbz6Od78GzuL4Pqg4PFeFVX1/JgzpR3n3cosLa+srmXXcxubW9s7+d29pooSSWiDRDySbR8ryllIG5ppTtuxpFj4nLb80cXUb91SqVgUXutxTD2BByELGMHaSDe6l56UJsW7416+4NgVxylVqug3cW1nhgIsUO/l37r9iCSChppwrFTHdWLtpVhqRjid5LqJojEmIzygHUNDLKjy0tnBE3RklD4KImkq1Gimfp1IsVBqLHzTKbAeqp/eVPzL6yQ6OPNSFsaJpiGZLwoSjnSEpt+jPpOUaD42BBPJzK2IDLHERJuMciaEz0/R/6RZst1Tu3xVLtTOF3Fk4QAOoQguVKEGl1CHBhAQcA+P8GRJ68F6tl7mrRlrMbMP32C9fgAuA5AG</latexit>

t∗2(x)

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

tL
<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

tR

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t
<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

t

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t

<latexit sha1_base64="cX4cGnKgDUe543VK+/MqLkJXdsQ=">AAACP3icbVDJSgNBFOxxjXFL9CjIYBA8hRlxOwa9eIxgFkhC6OnpSZr0MnS/CQlDPsOrfouf4Rd4E6/e7CRzMIkPGop6S1dVEHNmwPM+nLX1jc2t7dxOfndv/+CwUDyqG5VoQmtEcaWbATaUM0lrwIDTZqwpFgGnjWDwMO03hlQbpuQzjGPaEbgnWcQIBku12kBHkEaKh5NuoeSVvVm5q8DPQAllVe0WndN2qEgiqATCsTEt34uhk2INjHA6ybcTQ2NMBrhHWxZKLKjppDPNE/fcMqEbKW2fBHfG/t1IsTBmLAI7KTD0zXJvSv7bi/tjw4hZ+D7VSmApE7EkCqK7TspknACVZK4pSrgLyp1m5YZMUwJ8bAEmmllbLuljjQnYRBcuhUMWm8zgaO4wn7eJ+sv5rYL6Zdm/KV8/XZUq91m2OXSCztAF8tEtqqBHVEU1RJBCL+gVvTnvzqfz5XzPR9ecbOcYLZTz8wsiabDn</latexit>

old

<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>x

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t <latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

t

<latexit sha1_base64="HWzDQJDJ2wwm9KTXVMDZ5CVYNNI="></latexit>

<latexit sha1_base64="MhHEC1pt/WZ4ULIn0+w6dkS574Q="></latexit>

<latexit sha1_base64="d9XD05X6AbPVRXpOSr4FxPtR9Y8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8q3mWlel8t127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDy+fjSU=</latexit>

<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

<latexit sha1_base64="1wMuYxtF5EcDTYWrMnXZ5QGngus=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiCIh2FGEuMx6MVjBLNAMoSeTk/Spqd76K4RwpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MBHcgOe9O7ml5ZXVtfx6YWNza3unuLvXNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLR5dRv3TFtuJI3ME5YEJOB5BGnBKzUhF524k96xZLnVjzvtFLFv4nvejOU0AL1XvGt21c0jZkEKogxHd9LIMiIBk4FmxS6qWEJoSMyYB1LJYmZCbLZtRN8ZJU+jpS2JQHP1K8TGYmNGceh7YwJDM1Pbyr+5XVSiM6DjMskBSbpfFGUCgwKT1/Hfa4ZBTG2hFDN7a2YDokmFGxABRvC56f4f9I8df0zt3xdLtUuFnHk0QE6RMfIR1VUQ1eojhqIolt0jx7Rk6OcB+fZeZm35pzFzD76Buf1A4Wvjx4=</latexit>

<latexit sha1_base64="zAG7KuVIwIl8cp44abt/4dYa5J8=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiCIh2EmJMZj0IvHCGaBZAg9nZ6ktad76O4RwpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB3eXkz99h1VmklxbcYJDWI8FCxiBBsrtUw/OylP+sWS51Y9r1ytod/Ed70ZSrBAo1986w0kSWMqDOFY667vJSbIsDKMcDop9FJNE0xu8ZB2LRU4pjrIZtdO0JFVBiiSypYwaKZ+nchwrPU4Dm1njM1I//Sm4l9eNzXRWZAxkaSGCjJfFKUcGYmmr6MBU5QYPrYEE8XsrYiMsMLE2IAKNoTPT9H/pFV2/VO3clUp1c8XceThAA7hGHyoQR0uoQFNIHAD9/AIT450Hpxn52XemnMWM/vwDc7rB4c0jx8=</latexit>

Figure 8. Quantum circuit at transverse location x. Intersections with the causal cones of the
perturbations are shown as dots. The overlap of the two causal cones at x manifests as a fold. The
butterfly cones in this example do not overlap.

For a head-on collision (b = 0) this simplifies to 4πGNECM > 1. When this condition
is satisfied, a BTZ black hole forms. One corollary of this condition is that the minimal
size black hole we can form in AdS3 has energy of order Planck mass. This is consistent
with the black hole threshold in the spectrum of two-dimensional CFTs.

To complete the consistency check, we note that one can equivalently write (3.3) as
b < −t1 − t2 − t∗1 − t∗2 + O(ℓAdS). This is also the condition for the butterfly cones
overlapping in a two-dimensional CFT (with vB = 1, which is the correct value in two
dimensions).

4 Diagnosing the threshold for black hole formation

So far we have argued that the threshold for black hole formation coincides with the
threshold for butterfly cone overlap. In this section we refine this idea and establish a
boundary CFT correlation function that can diagnose the formation of the black hole.

Again, we focus on a particular transverse location x in the quantum circuit. Let us
understand better what it means for the butterfly cones to overlap at x. Here, we will use
the graphical notation introduced in figure 5(c) where the quantum circuit at x is collapsed
into a line indicating the directions of left and right time evolution.

Figure 8(a) represents the quantum circuit at x without any perturbation. The three
dots in the middle indicate the entangled initial state. Figure 8(b) shows an x-slice of the
quantum circuit with two perturbations whose causal cones overlap at x. As in figure 5(c),
the colored dots represent the boundary of the causal cones at x, and the shaded regions
represent the butterfly cones. In figure 8(b), the two butterfly cones do not overlap at x.
When the two butterfly cones do not overlap, the fold almost cancels, and the perturbations
have no large effect on the circuit:

<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

t

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t

<latexit sha1_base64="gTAP8ZZZqCDFcJKcYfK8XJG3+Eo=">AAACI3icbVDNS8MwHE3n15wfq3r0UhzCBBmt+HUcevHgYYL7gK2UNEu3sCQtSaqWsr/Eq/trvIkXD/4pglnXg9t8EPJ47/cjL8+PKJHKtr+Mwsrq2vpGcbO0tb2zWzb39lsyjAXCTRTSUHR8KDElHDcVURR3IoEh8ylu+6Pbqd9+wkKSkD+qJMIugwNOAoKg0pJnlqvKS5/vx6cv2XXimRW7ZmewlomTkwrI0fDMn14/RDHDXCEKpew6dqTcFApFEMXjUi+WOIJoBAe4qymHDEs3zYKPrWOt9K0gFPpwZWXq340UMikT5utJBtVQLnpT8V8vGiaSIDn3fCpCBjmP2UIoFVy7KeFRrDBHs0xBTC0VWtPCrD4RGCmaaAKRIPpbFhpCAZHStZZ0X85iO8ukdVZzLmsXD+eV+k3eXBEcgiNQBQ64AnVwBxqgCRCIwSt4AxNjYrwbH8bnbLRg5DsHYA7G9y+9oaVI</latexit>

<latexit sha1_base64="/xLZcnh9IQCJdyfaHtftvxawzNA=">AAACI3icbVDNS8MwHE3n15wfq3r0UhzCBBmt+HUcevE4xX3AVkqapVtYkpYkVUvZX+LV/TXexIsH/xTBrOvBbT4Iebz3+5GX50eUSGXbX0ZhZXVtfaO4Wdra3tktm3v7LRnGAuEmCmkoOj6UmBKOm4ooijuRwJD5FLf90e3Ubz9hIUnIH1USYZfBAScBQVBpyTPLVeWlzw/j05fsOvHMil2zM1jLxMlJBeRoeOZPrx+imGGuEIVSdh07Um4KhSKI4nGpF0scQTSCA9zVlEOGpZtmwcfWsVb6VhAKfbiyMvXvRgqZlAnz9SSDaigXvan4rxcNE0mQnHs+FSGDnMdsIZQKrt2U8ChWmKNZpiCmlgqtaWFWnwiMFE00gUgQ/S0LDaGASOlaS7ovZ7GdZdI6qzmXtYv780r9Jm+uCA7BEagCB1yBOrgDDdAECMTgFbyBiTEx3o0P43M2WjDynQMwB+P7F9IXpVQ=</latexit>

<latexit sha1_base64="8wREq3DDX0AK27/sxxvrdytQHDc=">AAACOnicbVDLSsNAFJ34rPHV6lKQYBGqi5KIr2XRjcsK9gFtKJPJpB07jzAzKS2h/+BWv8UfcetO3PoBTtssbOuFgcO5jznnBDElSrvuh7Wyura+sZnbsrd3dvf284WDuhKJRLiGBBWyGUCFKeG4pommuBlLDFlAcSPo30/6jQGWigj+pEcx9hnschIRBLWh6rpzXhqedfJFt+xOy1kGXgaKIKtqp2Adt0OBEoa5RhQq1fLcWPsplJogisd2O1E4hqgPu7hlIIcMKz+dyh07p4YJnUhI87h2puzfjRQypUYsMJMM6p5a7E3If3txb6QIUnPfp1IwyHnCFkTp6NZPCY8TjTmaaYoS6mjhTGJyQiIx0nRkAESSGFsO6kEJkTZhzl0KByRWmcHhzKFtm0S9xfyWQf2i7F2Xrx4vi5W7LNscOAInoAQ8cAMq4AFUQQ0g8AxewCt4s96tT+vL+p6NrljZziGYK+vnF/D3rb0=</latexit>

<latexit sha1_base64="8wREq3DDX0AK27/sxxvrdytQHDc=">AAACOnicbVDLSsNAFJ34rPHV6lKQYBGqi5KIr2XRjcsK9gFtKJPJpB07jzAzKS2h/+BWv8UfcetO3PoBTtssbOuFgcO5jznnBDElSrvuh7Wyura+sZnbsrd3dvf284WDuhKJRLiGBBWyGUCFKeG4pommuBlLDFlAcSPo30/6jQGWigj+pEcx9hnschIRBLWh6rpzXhqedfJFt+xOy1kGXgaKIKtqp2Adt0OBEoa5RhQq1fLcWPsplJogisd2O1E4hqgPu7hlIIcMKz+dyh07p4YJnUhI87h2puzfjRQypUYsMJMM6p5a7E3If3txb6QIUnPfp1IwyHnCFkTp6NZPCY8TjTmaaYoS6mjhTGJyQiIx0nRkAESSGFsO6kEJkTZhzl0KByRWmcHhzKFtm0S9xfyWQf2i7F2Xrx4vi5W7LNscOAInoAQ8cAMq4AFUQQ0g8AxewCt4s96tT+vL+p6NrljZziGYK+vnF/D3rb0=</latexit>

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈

<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>x

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t <latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

t

<latexit sha1_base64="HWzDQJDJ2wwm9KTXVMDZ5CVYNNI="></latexit>

<latexit sha1_base64="MhHEC1pt/WZ4ULIn0+w6dkS574Q="></latexit>

<latexit sha1_base64="d9XD05X6AbPVRXpOSr4FxPtR9Y8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8q3mWlel8t127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDy+fjSU=</latexit>

<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

<latexit sha1_base64="1wMuYxtF5EcDTYWrMnXZ5QGngus=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiCIh2FGEuMx6MVjBLNAMoSeTk/Spqd76K4RwpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MBHcgOe9O7ml5ZXVtfx6YWNza3unuLvXNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLR5dRv3TFtuJI3ME5YEJOB5BGnBKzUhF524k96xZLnVjzvtFLFv4nvejOU0AL1XvGt21c0jZkEKogxHd9LIMiIBk4FmxS6qWEJoSMyYB1LJYmZCbLZtRN8ZJU+jpS2JQHP1K8TGYmNGceh7YwJDM1Pbyr+5XVSiM6DjMskBSbpfFGUCgwKT1/Hfa4ZBTG2hFDN7a2YDokmFGxABRvC56f4f9I8df0zt3xdLtUuFnHk0QE6RMfIR1VUQ1eojhqIolt0jx7Rk6OcB+fZeZm35pzFzD76Buf1A4Wvjx4=</latexit>

<latexit sha1_base64="zAG7KuVIwIl8cp44abt/4dYa5J8=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiCIh2EmJMZj0IvHCGaBZAg9nZ6ktad76O4RwpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB3eXkz99h1VmklxbcYJDWI8FCxiBBsrtUw/OylP+sWS51Y9r1ytod/Ed70ZSrBAo1986w0kSWMqDOFY667vJSbIsDKMcDop9FJNE0xu8ZB2LRU4pjrIZtdO0JFVBiiSypYwaKZ+nchwrPU4Dm1njM1I//Sm4l9eNzXRWZAxkaSGCjJfFKUcGYmmr6MBU5QYPrYEE8XsrYiMsMLE2IAKNoTPT9H/pFV2/VO3clUp1c8XceThAA7hGHyoQR0uoQFNIHAD9/AIT450Hpxn52XemnMWM/vwDc7rB4c0jx8=</latexit>

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈
<latexit sha1_base64="GH44Y4Kpp6dDL/3b5JVtoArymW8="></latexit>

es

<latexit sha1_base64="GXTmfLcMe4d1S1yvzFo5DT54b6U="></latexit>

<latexit sha1_base64="8wREq3DDX0AK27/sxxvrdytQHDc=">AAACOnicbVDLSsNAFJ34rPHV6lKQYBGqi5KIr2XRjcsK9gFtKJPJpB07jzAzKS2h/+BWv8UfcetO3PoBTtssbOuFgcO5jznnBDElSrvuh7Wyura+sZnbsrd3dvf284WDuhKJRLiGBBWyGUCFKeG4pommuBlLDFlAcSPo30/6jQGWigj+pEcx9hnschIRBLWh6rpzXhqedfJFt+xOy1kGXgaKIKtqp2Adt0OBEoa5RhQq1fLcWPsplJogisd2O1E4hqgPu7hlIIcMKz+dyh07p4YJnUhI87h2puzfjRQypUYsMJMM6p5a7E3If3txb6QIUnPfp1IwyHnCFkTp6NZPCY8TjTmaaYoS6mjhTGJyQiIx0nRkAESSGFsO6kEJkTZhzl0KByRWmcHhzKFtm0S9xfyWQf2i7F2Xrx4vi5W7LNscOAInoAQ8cAMq4AFUQQ0g8AxewCt4s96tT+vL+p6NrljZziGYK+vnF/D3rb0=</latexit>

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t
<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

t

<latexit sha1_base64="j8ySERSoIsOF3KsAKpkpg0k2ahU=">AAACN3icbVDLSsNAFJ34rPHV6lKQYBHqpiTia1l047KifUAbymQyaYfOI8xMiiH0E9zqt/gprtyJW//AaZuFbb0wcDj3MeecIKZEadf9sFZW19Y3Ngtb9vbO7t5+sXTQVCKRCDeQoEK2A6gwJRw3NNEUt2OJIQsobgXDu0m/NcJSEcGfdBpjn8E+JxFBUBvqsQLPesWyW3Wn5SwDLwdlkFe9V7KOu6FACcNcIwqV6nhurP0MSk0QxWO7mygcQzSEfdwxkEOGlZ9NtY6dU8OETiSkeVw7U/bvRgaZUikLzCSDeqAWexPy3148SBVBau77TAoGOU/Ygigd3fgZ4XGiMUczTVFCHS2cSUZOSCRGmqYGQCSJseWgAZQQaZPk3KVwRGKVG3yeObRtk6i3mN8yaJ5Xvavq5cNFuXabZ1sAR+AEVIAHrkEN3IM6aAAE+uAFvII36936tL6s79noipXvHIK5sn5+AYeLrIs=</latexit>

<latexit sha1_base64="YEhEpVRz+py9yadi9pnZ2i/MvG4=">AAACN3icbVDLSsNAFJ34rPHV6lKQYBHqpiTia1l047KifUAbymQyaYfOI8xMiiH0E9zqt/gprtyJW//AaZuFbb0wcDj3MeecIKZEadf9sFZW19Y3Ngtb9vbO7t5+sXTQVCKRCDeQoEK2A6gwJRw3NNEUt2OJIQsobgXDu0m/NcJSEcGfdBpjn8E+JxFBUBvqsRKc9Yplt+pOy1kGXg7KIK96r2Qdd0OBEoa5RhQq1fHcWPsZlJogisd2N1E4hmgI+7hjIIcMKz+bah07p4YJnUhI87h2puzfjQwypVIWmEkG9UAt9ibkv714kCqC1Nz3mRQMcp6wBVE6uvEzwuNEY45mmqKEOlo4k4yckEiMNE0NgEgSY8tBAygh0ibJuUvhiMQqN/g8c2jbJlFvMb9l0DyvelfVy4eLcu02z7YAjsAJqAAPXIMauAd10AAI9MELeAVv1rv1aX1Z37PRFSvfOQRzZf38AoldrIw=</latexit>

<latexit sha1_base64="jEO9Bx6sq44m6i5twI6rMRyH+Xs=">AAACN3icbVDLSsNAFJ34rPHV6lKQYBHqpiTia1l047KifUAbymQyaYfOI8xMiiH0E9zqt/gprtyJW//AaZuFbb0wcDj3MeecIKZEadf9sFZW19Y3Ngtb9vbO7t5+sXTQVCKRCDeQoEK2A6gwJRw3NNEUt2OJIQsobgXDu0m/NcJSEcGfdBpjn8E+JxFBUBvqsYLOesWyW3Wn5SwDLwdlkFe9V7KOu6FACcNcIwqV6nhurP0MSk0QxWO7mygcQzSEfdwxkEOGlZ9NtY6dU8OETiSkeVw7U/bvRgaZUikLzCSDeqAWexPy3148SBVBau77TAoGOU/Ygigd3fgZ4XGiMUczTVFCHS2cSUZOSCRGmqYGQCSJseWgAZQQaZPk3KVwRGKVG3yeObRtk6i3mN8yaJ5Xvavq5cNFuXabZ1sAR+AEVIAHrkEN3IM6aAAE+uAFvII36936tL6s79noipXvHIK5sn5+AYsvrI0=</latexit>

(4.1)

On the other hand, when the two butterfly cones do overlap at x, the fold in the circuit
cannot cancel. The circuit will be significantly affected by the perturbations:

<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

t

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t

<latexit sha1_base64="gTAP8ZZZqCDFcJKcYfK8XJG3+Eo=">AAACI3icbVDNS8MwHE3n15wfq3r0UhzCBBmt+HUcevHgYYL7gK2UNEu3sCQtSaqWsr/Eq/trvIkXD/4pglnXg9t8EPJ47/cjL8+PKJHKtr+Mwsrq2vpGcbO0tb2zWzb39lsyjAXCTRTSUHR8KDElHDcVURR3IoEh8ylu+6Pbqd9+wkKSkD+qJMIugwNOAoKg0pJnlqvKS5/vx6cv2XXimRW7ZmewlomTkwrI0fDMn14/RDHDXCEKpew6dqTcFApFEMXjUi+WOIJoBAe4qymHDEs3zYKPrWOt9K0gFPpwZWXq340UMikT5utJBtVQLnpT8V8vGiaSIDn3fCpCBjmP2UIoFVy7KeFRrDBHs0xBTC0VWtPCrD4RGCmaaAKRIPpbFhpCAZHStZZ0X85iO8ukdVZzLmsXD+eV+k3eXBEcgiNQBQ64AnVwBxqgCRCIwSt4AxNjYrwbH8bnbLRg5DsHYA7G9y+9oaVI</latexit>

<latexit sha1_base64="/xLZcnh9IQCJdyfaHtftvxawzNA=">AAACI3icbVDNS8MwHE3n15wfq3r0UhzCBBmt+HUcevE4xX3AVkqapVtYkpYkVUvZX+LV/TXexIsH/xTBrOvBbT4Iebz3+5GX50eUSGXbX0ZhZXVtfaO4Wdra3tktm3v7LRnGAuEmCmkoOj6UmBKOm4ooijuRwJD5FLf90e3Ubz9hIUnIH1USYZfBAScBQVBpyTPLVeWlzw/j05fsOvHMil2zM1jLxMlJBeRoeOZPrx+imGGuEIVSdh07Um4KhSKI4nGpF0scQTSCA9zVlEOGpZtmwcfWsVb6VhAKfbiyMvXvRgqZlAnz9SSDaigXvan4rxcNE0mQnHs+FSGDnMdsIZQKrt2U8ChWmKNZpiCmlgqtaWFWnwiMFE00gUgQ/S0LDaGASOlaS7ovZ7GdZdI6qzmXtYv780r9Jm+uCA7BEagCB1yBOrgDDdAECMTgFbyBiTEx3o0P43M2WjDynQMwB+P7F9IXpVQ=</latexit>

<latexit sha1_base64="8wREq3DDX0AK27/sxxvrdytQHDc=">AAACOnicbVDLSsNAFJ34rPHV6lKQYBGqi5KIr2XRjcsK9gFtKJPJpB07jzAzKS2h/+BWv8UfcetO3PoBTtssbOuFgcO5jznnBDElSrvuh7Wyura+sZnbsrd3dvf284WDuhKJRLiGBBWyGUCFKeG4pommuBlLDFlAcSPo30/6jQGWigj+pEcx9hnschIRBLWh6rpzXhqedfJFt+xOy1kGXgaKIKtqp2Adt0OBEoa5RhQq1fLcWPsplJogisd2O1E4hqgPu7hlIIcMKz+dyh07p4YJnUhI87h2puzfjRQypUYsMJMM6p5a7E3If3txb6QIUnPfp1IwyHnCFkTp6NZPCY8TjTmaaYoS6mjhTGJyQiIx0nRkAESSGFsO6kEJkTZhzl0KByRWmcHhzKFtm0S9xfyWQf2i7F2Xrx4vi5W7LNscOAInoAQ8cAMq4AFUQQ0g8AxewCt4s96tT+vL+p6NrljZziGYK+vnF/D3rb0=</latexit>

<latexit sha1_base64="8wREq3DDX0AK27/sxxvrdytQHDc=">AAACOnicbVDLSsNAFJ34rPHV6lKQYBGqi5KIr2XRjcsK9gFtKJPJpB07jzAzKS2h/+BWv8UfcetO3PoBTtssbOuFgcO5jznnBDElSrvuh7Wyura+sZnbsrd3dvf284WDuhKJRLiGBBWyGUCFKeG4pommuBlLDFlAcSPo30/6jQGWigj+pEcx9hnschIRBLWh6rpzXhqedfJFt+xOy1kGXgaKIKtqp2Adt0OBEoa5RhQq1fLcWPsplJogisd2O1E4hqgPu7hlIIcMKz+dyh07p4YJnUhI87h2puzfjRQypUYsMJMM6p5a7E3If3txb6QIUnPfp1IwyHnCFkTp6NZPCY8TjTmaaYoS6mjhTGJyQiIx0nRkAESSGFsO6kEJkTZhzl0KByRWmcHhzKFtm0S9xfyWQf2i7F2Xrx4vi5W7LNscOAInoAQ8cAMq4AFUQQ0g8AxewCt4s96tT+vL+p6NrljZziGYK+vnF/D3rb0=</latexit>

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>

<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>x

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t <latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

t

<latexit sha1_base64="HWzDQJDJ2wwm9KTXVMDZ5CVYNNI="></latexit>

<latexit sha1_base64="MhHEC1pt/WZ4ULIn0+w6dkS574Q="></latexit>

<latexit sha1_base64="d9XD05X6AbPVRXpOSr4FxPtR9Y8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0cE57pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNC8q3mWlel8t127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDy+fjSU=</latexit>

<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

<latexit sha1_base64="1wMuYxtF5EcDTYWrMnXZ5QGngus=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiCIh2FGEuMx6MVjBLNAMoSeTk/Spqd76K4RwpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MBHcgOe9O7ml5ZXVtfx6YWNza3unuLvXNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLR5dRv3TFtuJI3ME5YEJOB5BGnBKzUhF524k96xZLnVjzvtFLFv4nvejOU0AL1XvGt21c0jZkEKogxHd9LIMiIBk4FmxS6qWEJoSMyYB1LJYmZCbLZtRN8ZJU+jpS2JQHP1K8TGYmNGceh7YwJDM1Pbyr+5XVSiM6DjMskBSbpfFGUCgwKT1/Hfa4ZBTG2hFDN7a2YDokmFGxABRvC56f4f9I8df0zt3xdLtUuFnHk0QE6RMfIR1VUQ1eojhqIolt0jx7Rk6OcB+fZeZm35pzFzD76Buf1A4Wvjx4=</latexit>

<latexit sha1_base64="zAG7KuVIwIl8cp44abt/4dYa5J8=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiCIh2EmJMZj0IvHCGaBZAg9nZ6ktad76O4RwpB/8OJBEa/+jzf/xs4iuD4oeLxXRVW9MOFMG897d3JLyyura/n1wsbm1vZOcXevpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB3eXkz99h1VmklxbcYJDWI8FCxiBBsrtUw/OylP+sWS51Y9r1ytod/Ed70ZSrBAo1986w0kSWMqDOFY667vJSbIsDKMcDop9FJNE0xu8ZB2LRU4pjrIZtdO0JFVBiiSypYwaKZ+nchwrPU4Dm1njM1I//Sm4l9eNzXRWZAxkaSGCjJfFKUcGYmmr6MBU5QYPrYEE8XsrYiMsMLE2IAKNoTPT9H/pFV2/VO3clUp1c8XceThAA7hGHyoQR0uoQFNIHAD9/AIT450Hpxn52XemnMWM/vwDc7rB4c0jx8=</latexit>

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>

<latexit sha1_base64="EJIhLY2fEC4BpL2bP30g98kDOA0=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4KjPia1l047KCfUA7lEyaaUPzIsmIw9CPcGu/xp24deXHCKbtLGzrgcDhnHu5JydSjBrr+99eYW19Y3OruF3a2d3bPygfHjWNTDQmDSyZ1O0IGcKoIA1LLSNtpQniESOtaHQ/9VvPRBsqxZNNFQk5GggaU4ysk1pdpJSWL71yxa/6M8BVEuSkAnLUe+Wfbl/ihBNhMUPGdAJf2TBD2lLMyLjUTQxRCI/QgHQcFYgTE2azuGN45pQ+jKV2T1g4U/9uZIgbk/LITXJkh2bZm4r/emqYGorNwvlMS46ESPhSKBvfhhkVKrFE4HmmOGHQSjitCfapJtiy1BGENXXfgniINMLWlVlyfQXL7ayS5kU1uK5ePV5Wand5c0VwAk7BOQjADaiBB1AHDYDBCLyCNzDxJt679+F9zkcLXr5zDBbgff0CgUSiIA==</latexit>≈
<latexit sha1_base64="GH44Y4Kpp6dDL/3b5JVtoArymW8="></latexit>

overlap of butterfly cones

<latexit sha1_base64="GXTmfLcMe4d1S1yvzFo5DT54b6U="></latexit>

<latexit sha1_base64="8wREq3DDX0AK27/sxxvrdytQHDc=">AAACOnicbVDLSsNAFJ34rPHV6lKQYBGqi5KIr2XRjcsK9gFtKJPJpB07jzAzKS2h/+BWv8UfcetO3PoBTtssbOuFgcO5jznnBDElSrvuh7Wyura+sZnbsrd3dvf284WDuhKJRLiGBBWyGUCFKeG4pommuBlLDFlAcSPo30/6jQGWigj+pEcx9hnschIRBLWh6rpzXhqedfJFt+xOy1kGXgaKIKtqp2Adt0OBEoa5RhQq1fLcWPsplJogisd2O1E4hqgPu7hlIIcMKz+dyh07p4YJnUhI87h2puzfjRQypUYsMJMM6p5a7E3If3txb6QIUnPfp1IwyHnCFkTp6NZPCY8TjTmaaYoS6mjhTGJyQiIx0nRkAESSGFsO6kEJkTZhzl0KByRWmcHhzKFtm0S9xfyWQf2i7F2Xrx4vi5W7LNscOAInoAQ8cAMq4AFUQQ0g8AxewCt4s96tT+vL+p6NrljZziGYK+vnF/D3rb0=</latexit>

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

t
<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

t

<latexit sha1_base64="j8ySERSoIsOF3KsAKpkpg0k2ahU=">AAACN3icbVDLSsNAFJ34rPHV6lKQYBHqpiTia1l047KifUAbymQyaYfOI8xMiiH0E9zqt/gprtyJW//AaZuFbb0wcDj3MeecIKZEadf9sFZW19Y3Ngtb9vbO7t5+sXTQVCKRCDeQoEK2A6gwJRw3NNEUt2OJIQsobgXDu0m/NcJSEcGfdBpjn8E+JxFBUBvqsQLPesWyW3Wn5SwDLwdlkFe9V7KOu6FACcNcIwqV6nhurP0MSk0QxWO7mygcQzSEfdwxkEOGlZ9NtY6dU8OETiSkeVw7U/bvRgaZUikLzCSDeqAWexPy3148SBVBau77TAoGOU/Ygigd3fgZ4XGiMUczTVFCHS2cSUZOSCRGmqYGQCSJseWgAZQQaZPk3KVwRGKVG3yeObRtk6i3mN8yaJ5Xvavq5cNFuXabZ1sAR+AEVIAHrkEN3IM6aAAE+uAFvII36936tL6s79noipXvHIK5sn5+AYeLrIs=</latexit>

<latexit sha1_base64="YEhEpVRz+py9yadi9pnZ2i/MvG4=">AAACN3icbVDLSsNAFJ34rPHV6lKQYBHqpiTia1l047KifUAbymQyaYfOI8xMiiH0E9zqt/gprtyJW//AaZuFbb0wcDj3MeecIKZEadf9sFZW19Y3Ngtb9vbO7t5+sXTQVCKRCDeQoEK2A6gwJRw3NNEUt2OJIQsobgXDu0m/NcJSEcGfdBpjn8E+JxFBUBvqsRKc9Yplt+pOy1kGXg7KIK96r2Qdd0OBEoa5RhQq1fHcWPsZlJogisd2N1E4hmgI+7hjIIcMKz+bah07p4YJnUhI87h2puzfjQwypVIWmEkG9UAt9ibkv714kCqC1Nz3mRQMcp6wBVE6uvEzwuNEY45mmqKEOlo4k4yckEiMNE0NgEgSY8tBAygh0ibJuUvhiMQqN/g8c2jbJlFvMb9l0DyvelfVy4eLcu02z7YAjsAJqAAPXIMauAd10AAI9MELeAVv1rv1aX1Z37PRFSvfOQRzZf38AoldrIw=</latexit>

<latexit sha1_base64="jEO9Bx6sq44m6i5twI6rMRyH+Xs=">AAACN3icbVDLSsNAFJ34rPHV6lKQYBHqpiTia1l047KifUAbymQyaYfOI8xMiiH0E9zqt/gprtyJW//AaZuFbb0wcDj3MeecIKZEadf9sFZW19Y3Ngtb9vbO7t5+sXTQVCKRCDeQoEK2A6gwJRw3NNEUt2OJIQsobgXDu0m/NcJSEcGfdBpjn8E+JxFBUBvqsYLOesWyW3Wn5SwDLwdlkFe9V7KOu6FACcNcIwqV6nhurP0MSk0QxWO7mygcQzSEfdwxkEOGlZ9NtY6dU8OETiSkeVw7U/bvRgaZUikLzCSDeqAWexPy3148SBVBau77TAoGOU/Ygigd3fgZ4XGiMUczTVFCHS2cSUZOSCRGmqYGQCSJseWgAZQQaZPk3KVwRGKVG3yeObRtk6i3mN8yaJ5Xvavq5cNFuXabZ1sAR+AEVIAHrkEN3IM6aAAE+uAFvII36936tL6s79noipXvHIK5sn5+AYsvrI0=</latexit>

(4.2)
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More quantitively, we can consider the size (as defined in section 2.2) of the two-sided
operator eiHaψ1(−t1, x1)ρ

1
2ψ2(t2, x2)eiHb at location x. In the SYK chain toy model, this

is defined through the following six-point function:

F6(x) = 1−
nβ

[
eiHaψ1ρ

1
2ψ2e

iHb, x
]

nmax

≡
∑N

j=1

〈
ψL

1 (t1, x1)ψR
2 (t2, x2) ψL

j (a, x)ψR
j (b, x) ψL

1 (t1, x1)ψR
2 (t2, x2)

〉
∑N

j=1

〈
ψL

j (a, x)ψR
j (b, x)

〉 ,

(4.3)

where expectation values are taken in the thermofield double state. To understand the
significance of (4.3) intuitively, one can represent it pictorially as3

<latexit sha1_base64="kFQaKZztMNZz3I8fc7sriGwk/b0=">AAACFXicbVC7SgNBFJ31GeMrammzGASrsCu+yqCNhUVE84BkCbOT2WTIPJaZu8Ky5BNszdfYia21HyM4SbYwiQcGDufcyz1zwpgzA5737aysrq1vbBa2its7u3v7pYPDhlGJJrROFFe6FWJDOZO0Dgw4bcWaYhFy2gyHdxO/+UK1YUo+QxrTQOC+ZBEjGKz0BN2HbqnsVbwp3GXi56SMctS6pZ9OT5FEUAmEY2PavhdDkGENjHA6KnYSQ2NMhrhP25ZKLKgJsmnUkXtqlZ4bKW2fBHeq/t3IsDAmFaGdFBgGZtGbiP968SA1jJi585lWAkuZiIVQEN0EGZNxAlSSWaYo4S4od1KR22OaEuCpJZhoZr/lkgHWmIAtsmj78hfbWSaN84p/Vbl8vChXb/PmCugYnaAz5KNrVEX3qIbqiKA+ekVvaOyMnXfnw/mcja44+c4RmoPz9QvMjqAh</latexit>

<latexit sha1_base64="l1o12XzQS1SE28CQfr9EmHuY5vE=">AAACFXicbVDJSgNBFOxxjXGLevQyGARPYUbcjkEvHuOSBZIh9HR6kia9DN1vhGHIJ3g1X+NNvHr2YwQ7yRxMYkFDUfUer7rCmDMDnvftrKyurW9sFraK2zu7e/ulg8OGUYkmtE4UV7oVYkM5k7QODDhtxZpiEXLaDId3E7/5QrVhSj5DGtNA4L5kESMYrPQE3cduqexVvCncZeLnpIxy1Lqln05PkURQCYRjY9q+F0OQYQ2McDoqdhJDY0yGuE/blkosqAmyadSRe2qVnhspbZ8Ed6r+3ciwMCYVoZ0UGAZm0ZuI/3rxIDWMmLnzmVYCS5mIhVAQ3QQZk3ECVJJZpijhLih3UpHbY5oS4KklmGhmv+WSAdaYgC2yaPvyF9tZJo3zin9VuXy4KFdv8+YK6BidoDPko2tURfeohuqIoD56RW9o7Iydd+fD+ZyNrjj5zhGag/P1C9aooCc=</latexit>

<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>

<latexit sha1_base64="SgApWZEo44LbxtnEWdzB91IiKZo=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIvgapgRX8uiG5cV7QPaoWTStA1NMkOSEYahn+DWfo07cevajxFM21nY1gOBwzn3ck9OGHOmjed9O4W19Y3NreJ2aWd3b/+gfHjU0FGiCK2TiEeqFWJNOZO0bpjhtBUrikXIaTMc3U/95gtVmkXy2aQxDQQeSNZnBBsrPbmu2y1XPNebAa0SPycVyFHrln86vYgkgkpDONa67XuxCTKsDCOcjkudRNMYkxEe0LalEguqg2wWdYzOrNJD/UjZJw2aqX83Miy0TkVoJwU2Q73sTcV/vXiYakb0wvlMRQJLmYilUKZ/G2RMxomhkswz9ROOTISmFaEeU5QYnlqCiWL2W4gMscLE2CJLti9/uZ1V0rhw/Wv36vGyUr3LmyvCCZzCOfhwA1V4gBrUgcAAXuENJs7EeXc+nM/5aMHJd45hAc7XL9Dnn4w=</latexit>
<latexit sha1_base64="SgApWZEo44LbxtnEWdzB91IiKZo=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIvgapgRX8uiG5cV7QPaoWTStA1NMkOSEYahn+DWfo07cevajxFM21nY1gOBwzn3ck9OGHOmjed9O4W19Y3NreJ2aWd3b/+gfHjU0FGiCK2TiEeqFWJNOZO0bpjhtBUrikXIaTMc3U/95gtVmkXy2aQxDQQeSNZnBBsrPbmu2y1XPNebAa0SPycVyFHrln86vYgkgkpDONa67XuxCTKsDCOcjkudRNMYkxEe0LalEguqg2wWdYzOrNJD/UjZJw2aqX83Miy0TkVoJwU2Q73sTcV/vXiYakb0wvlMRQJLmYilUKZ/G2RMxomhkswz9ROOTISmFaEeU5QYnlqCiWL2W4gMscLE2CJLti9/uZ1V0rhw/Wv36vGyUr3LmyvCCZzCOfhwA1V4gBrUgcAAXuENJs7EeXc+nM/5aMHJd45hAc7XL9Dnn4w=</latexit>

<latexit sha1_base64="HrJ+kCWz7n3yoKaZ+u6Tg9f87G0=">AAACE3icbVDLTsJAFL3FF+ILdemmkZi4Iq3xtSS6cQmJIAk0ZDpMYcI8mpmpsWn4ArfyNe6MWz/AjzFxgC4EPMkkJ+fcm3vmhDGj2njet1NYW9/Y3Cpul3Z29/YPyodHLS0ThUkTSyZVO0SaMCpI01DDSDtWBPGQkadwdD/1n56J0lSKR5PGJOBoIGhEMTJWarz0yhWv6s3grhI/JxXIUe+Vf7p9iRNOhMEMad3xvdgEGVKGYkbGpW6iSYzwCA1Ix1KBONFBNgs6ds+s0ncjqewTxp2pfzcyxLVOeWgnOTJDvexNxX+9eJhqivXC+UxJjoRI+FIoE90GGRVxYojA80xRwlwj3WlBbp8qgg1LLUFYUfstFw+RQtjYGku2L3+5nVXSuqj619WrxmWldpc3V4QTOIVz8OEGavAAdWgCBgKv8AYTZ+K8Ox/O53y04OQ7x7AA5+sXZ++fZg==</latexit>

<latexit sha1_base64="SgApWZEo44LbxtnEWdzB91IiKZo=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIvgapgRX8uiG5cV7QPaoWTStA1NMkOSEYahn+DWfo07cevajxFM21nY1gOBwzn3ck9OGHOmjed9O4W19Y3NreJ2aWd3b/+gfHjU0FGiCK2TiEeqFWJNOZO0bpjhtBUrikXIaTMc3U/95gtVmkXy2aQxDQQeSNZnBBsrPbmu2y1XPNebAa0SPycVyFHrln86vYgkgkpDONa67XuxCTKsDCOcjkudRNMYkxEe0LalEguqg2wWdYzOrNJD/UjZJw2aqX83Miy0TkVoJwU2Q73sTcV/vXiYakb0wvlMRQJLmYilUKZ/G2RMxomhkswz9ROOTISmFaEeU5QYnlqCiWL2W4gMscLE2CJLti9/uZ1V0rhw/Wv36vGyUr3LmyvCCZzCOfhwA1V4gBrUgcAAXuENJs7EeXc+nM/5aMHJd45hAc7XL9Dnn4w=</latexit>
<latexit sha1_base64="SgApWZEo44LbxtnEWdzB91IiKZo=">AAACFXicbVDLSgMxFL1TX7W+qi7dBIvgapgRX8uiG5cV7QPaoWTStA1NMkOSEYahn+DWfo07cevajxFM21nY1gOBwzn3ck9OGHOmjed9O4W19Y3NreJ2aWd3b/+gfHjU0FGiCK2TiEeqFWJNOZO0bpjhtBUrikXIaTMc3U/95gtVmkXy2aQxDQQeSNZnBBsrPbmu2y1XPNebAa0SPycVyFHrln86vYgkgkpDONa67XuxCTKsDCOcjkudRNMYkxEe0LalEguqg2wWdYzOrNJD/UjZJw2aqX83Miy0TkVoJwU2Q73sTcV/vXiYakb0wvlMRQJLmYilUKZ/G2RMxomhkswz9ROOTISmFaEeU5QYnlqCiWL2W4gMscLE2CJLti9/uZ1V0rhw/Wv36vGyUr3LmyvCCZzCOfhwA1V4gBrUgcAAXuENJs7EeXc+nM/5aMHJd45hAc7XL9Dnn4w=</latexit>

<latexit sha1_base64="KMjJHIXzEqdDom93+Ru0MBTtG/w=">AAACE3icbVDLSgMxFM3UV62vqks3wSK4KjPia1l048JFC9YW2qFk0jttaJIZkowwDP0Ct/Zr3IlbP8CPEUzbWdjWA4HDOfdyT04Qc6aN6347hbX1jc2t4nZpZ3dv/6B8ePSso0RRaNKIR6odEA2cSWgaZji0YwVEBBxaweh+6rdeQGkWySeTxuALMpAsZJQYKzUee+WKW3VnwKvEy0kF5aj3yj/dfkQTAdJQTrTueG5s/IwowyiHcambaIgJHZEBdCyVRID2s1nQMT6zSh+HkbJPGjxT/25kRGidisBOCmKGetmbiv968TDVjOqF85mKBJEyEUuhTHjrZ0zGiQFJ55nChGMT4WlBuM8UUMNTSwhVzH4L0yFRhBpbY8n25S23s0qeL6redfWqcVmp3eXNFdEJOkXnyEM3qIYeUB01EUWAXtEbmjgT5935cD7nowUn3zlGC3C+fgEd2586</latexit>

<latexit sha1_base64="DqfQs1TvvjF/OXJDs05FSc5gcDs=">AAACE3icbVDLTgIxFO3gC/GFunTTSExckRnja0l04xKMCAlMSKfcgYa2M2k7JpMJX+BWvsadcesH+DEmFpiFgCdpcnLOvbmnJ4g508Z1v53C2vrG5lZxu7Szu7d/UD48etZRoig0acQj1Q6IBs4kNA0zHNqxAiICDq1gdD/1Wy+gNIvkk0lj8AUZSBYySoyVGo+9csWtujPgVeLlpIJy1Hvln24/ookAaSgnWnc8NzZ+RpRhlMO41E00xISOyAA6lkoiQPvZLOgYn1mlj8NI2ScNnql/NzIitE5FYCcFMUO97E3Ff714mGpG9cL5TEWCSJmIpVAmvPUzJuPEgKTzTGHCsYnwtCDcZwqo4aklhCpmv4XpkChCja2xZPvylttZJc8XVe+6etW4rNTu8uaK6ASdonPkoRtUQw+ojpqIIkCv6A1NnInz7nw4n/PRgpPvHKMFOF+/J/WfQA==</latexit>

<latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit> <latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit>
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<latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit> <latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit>

<latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit><latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit><latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit><latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit>

<latexit sha1_base64="oZ0wpecAKXLmcBVv0WHodz1oJBU=">AAACNXicbVDLSgMxFM3UVx1frS4FGSyCqzIjvlZSdOOyBfuAdiiZTKYNTTIhyRSHoV/gVr/Fb3HhTtz6C6btLGzrhcDh3EfOOYGgRGnX/bAKa+sbm1vFbXtnd2//oFQ+bKk4kQg3UUxj2QmgwpRw3NREU9wREkMWUNwORg/TfnuMpSIxf9KpwD6DA04igqA2VOOuX6q4VXdWzirwclABedX7ZeukF8YoYZhrRKFSXc8V2s+g1ARRPLF7icICohEc4K6BHDKs/GymdOKcGSZ0oliax7UzY/9uZJAplbLATDKoh2q5NyX/7YlhqghSC99nMmaQ84QtidLRrZ8RLhKNOZprihLq6NiZJuSERGKkaWoARJIYWw4aQgmRNjkuXArHRKjc4PPcoW2bRL3l/FZB66LqXVevGpeV2n2ebREcg1NwDjxwA2rgEdRBEyCAwQt4BW/Wu/VpfVnf89GCle8cgYWyfn4BabOsAw==</latexit>

[
<latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit>

[
<latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit><latexit sha1_base64="hk4anrYzCK908olET/5tx7X5aSU=">AAACBnicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlC7YV2lAm05t26GQSZiZCCN0LbvU13IlbX8O38BGctlnY1gsDH+fcC2dOkAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGL1GFCNgktsG24EPiYKaRQI7AaTu5nffUKleSwfTJagH9GR5CFn1Fip1RtUa27dnQ9ZB6+AGhTTHFR/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izKGmE2s/nQafkwipDEsbKPmnIXP17kdNI6ywK7GZEzVivejPxXy8ZZ5ozbb2ClnOY8NbPuUxSg5ItYoSpICYms07IkCtkRmQWKFPc/oSwMVWUGdtcxVbkrRayDp2ruufWvdZ1reEWZZXhDM7hEjy4gQbcQxPawADhBV7hzXl23p0P53OxWnKKm1NYGufrFxCNmUM=</latexit>
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n∞<latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit><latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit><latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit><latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit>

<latexit sha1_base64="IFQ4H2zDxrbX5XRlowZC7I4bKek="></latexit>

nβ

⇥
eiHaψ1ρ

1
2ψ2e

iHb, x
⇤

nmax
≡

n∞<latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit><latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit><latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit><latexit sha1_base64="KZEJw4GJpXs3Pu3iQKaRK3kJwgI=">AAACD3icbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy4MZlBfuDbSiT6aQdOpmEmRshhD6E4FZfw5249RF8Cx/BaZuFrV4Y+DjnXjhzgkQKg6775ZTW1jc2t8rblZ3dvf2D6uFR28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZn5nUeujYjVPWYJ9yM6UiIUjKKVHtQg7wsVYjYdVGtu3Z0P+QteATUopjmofveHMUsjrpBJakzPcxP0c6pRMMmnlX5qeELZhI54z6KiETd+Pk88JWdWGZIw1vYpJHP190VOI2OyKLCbEcWxWfVm4r9eMs6MYMZ6BS3nwPDaz4VKUuSKLWKEqSQYk1k5ZCg0ZygzC5RpYX9C2JhqytBWWLEVeauF/IX2Rd1z697dZa3hFmWV4QRO4Rw8uIIG3EITWsBAwTO8wKvz5Lw5787HYrXkFDfHsDTO5w/e452N</latexit>

<latexit sha1_base64="0XNRKiBv31VgI2sk3TgBA+iC6ck=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbbbt0swm7E2kJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpHdzO/9cS1EbF6xEnCg4gOlOgLRtFKvur6yMeYRXQ87ZYrbtWdg6wSLycVyFHvlr/8XszSiCtkkhrT8dwEg4xqFEzyaclPDU8oG9EB71iqaMRNkM1vnpIzq/RIP9a2FJK5+nsio5Exkyi0nRHFoVn2ZuJ/XifF/k2QCZWkyBVbLOqnkmBMZgGQntCcoZxYQpkW9lbChlRThjamkg3BW355lTQvqt5V9fLhslK7zeMowgmcwjl4cA01uIc6NIBBAs/wCm9O6rw4787HorXg5DPH8AfO5w+8SJIn</latexit>nmax

(4.4)
Comparing expressions (4.4) and (4.3), and simplifying using (4.1) and (4.2), one can easily
see that for x in between x1 and x2, the six-point function in (4.3) must be approximately
1 when the butterfly cones do not overlap. On the other hand, F6(x) drops to zero when
the butterfly cones do overlap and the corresponding collision creates a black hole.

We wish to emphasize that the notion of operator size we used (which is derived for the
SYK model) merely serves as a motivation for the particular six-point function we consider.
Our arguments above demonstrate the use of this correlator as a diagnostic of black hole
formation more generally. To strengthen this point, we will confirm the intuition provided
here by computing the six-point function (4.3) explicitly in two-dimensional CFTs.

5 Calculation in 2d CFT

Instead of the SYK six-point function (4.3), we now consider a two-dimensional CFT and
compute the relevant contribution to the following analogous quantity:

F6F6 = (5.1)

Tr
{
W1(−t1 − iδ1, x1)Oj(−a, xj)W1(−t1, x1) ρ

1
2 W2(t2 − iδ2, x2)Oj(b, xj)W2(t2, x2) ρ

1
2
}

Tr
{
W1W1 ρ

}
Tr
{
Oj(−a, xj)ρ

1
2Oj(b, xj)ρ

1
2
}

Tr
{
W2W2 ρ

}
where W1,2 and Oj are operators with conformal dimensions (h1,2, h̄1,2) and (hj , h̄j). The
parameters δ1,2 are infinitesimal and serve to regulate the result (we will sometimes leave
these implicit for ease of notation). To compute this quantity, we will first discuss the
eikonal action approach to conformal correlators, as discussed in [35] (which builds on pre-
vious work [36, 37] and especially [38–40]); afterwards, we will use boundary repametriza-
tions to confirm the result. We will summarize the calculation in this section and leave
the details to appendix A. We give a third perspective based on analytic continuation of
Euclidean conformal blocks in appendix B We set β = 2π in this section.

3By the size of a quantum circuit diagram, we mean the size of the appropriate state associated with it.
More precisely, we mean (4.3).
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5.1 CFT six-point function from eikonal action

Following [35], we discuss the eikonal action for reparametrizations in two-dimensional
CFTs. Let us briefly recall how this method works. The goal is to compute the contribution
of identity operator exchanges (and their descendants) to the six-point function (5.1) in
a kinematic regime where the time differences between unequal operators are large, of
order the scrambling time log c. Generally, such identity exchanges can be generated by
coordinate reparametrizations (z, z̄) 7→ (ϕ(z, z̄), ϕ̄(z, z̄)),4 since these source stress tensor
insertions. The effective action for such reparametrizations is well known [41, 42] and can
in fact be thought of as a generating functional for stress tensor correlation functions.
The contribution of interest to (5.1) can thus be written as a real-time path integral over
the reparametrizations (ϕ, ϕ̄). This effective action is proportional to c and can therefore
naively be approximated by a saddle point associated with the thermal state and small
fluctuations around it. However, the OTOC (5.1) has the special feature that this saddle
point approximation breaks down at late times: certain SL(2,R) near-zero modes of the
action (‘scramblons’) interact and yield an action that is exponentially small for large time
separations. The large c saddle point approximation thus breaks down and the full path
integral over just these modes needs to be done. It is this ‘eikonal’ contribution to the
four-point function that dominates the behavior of our six-point function. We will now
perform this path integral computation (delegating some details to appendix A).

We define the complex time contour for the path integral in terms of its parametrization
as follows:

tI(s) =



− s (0 ≤ s ≤ −t2)
s+ 2t2 (−t2 ≤ s ≤ −2t2 + b)
(−2t2 + 2b)− s (−2t2 + b ≤ s ≤ −3t2 + 2b)

...

(5.2)

see (A.1) for the complete parametrization. This parametrizes our six-fold contour as shown
in figure 9. We refer to the real parameter s as ‘contour time’. The subscript I = 1, . . . , 10
labels the contour segment. We also use the following quantity to account for the correct
signs on the various parts of the contour:

rs ≡ i
dtI(s)
ds

=


i (I = 2, 4, 6, 8: ‘forwards’)
−i (I = 1, 3, 7, 9: ‘backwards’)
1 (I = 5, 10: ‘Euclidean’)

(5.3)

The Alekseev-Shatashvili action for reparametrization modes ϕI(s, x) evaluated on this
contour, reads as follows (see, e.g., [38]):

iS = − c

24π

∫
dsdx

{
r3

s

[ 1
2(∂s + irs∂x)∂sϕI ∂2

sϕI

(∂sϕI)2 + 1
2(∂s + irs∂x)ϕI ∂sϕI

]
+ anti-holo.

}
(5.4)

4We suppress details here. See below for a more careful notation, taking into account the real-time
contour.
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t
<latexit sha1_base64="bJBaqLQAy+xLpLQfCWfCC8EjRv0=">AAACE3icdZBNS8MwGMfT+TbnW9Wjl+AQREbptqrbbejF4wS3CV0ZaZZuYekLSSqM0u/gxa/ixYMiXr1489uYdSuo6B8CD//f8yRP/m7EqJCm+akVlpZXVteK66WNza3tHX13ryvCmGPSwSEL+a2LBGE0IB1JJSO3ESfIdxnpuZPLGe/dES5oGNzIaUQcH40C6lGMpLIG+knSzy6x+ch1EtOwmk3LtCqmcWpazXq9kjkN6yyV6UAv5xzmHOYcVg0zUxks1B7oH/1hiGOfBBIzJIRdNSPpJIhLihlJS/1YkAjhCRoRW5UB8olwkmydFB4pZwi9kKsTSJi53ycS5Asx9V3V6SM5Fr/ZzPyL2bH0Gk5CgyiWJMDzh7yYQRnCWUBwSDnBkk1VgTCnaleIx4gjLFWMJRVC/lP4f9GtGdW6Ubu2yq2LRRxFcAAOwTGognPQAlegDToAg3vwCJ7Bi/agPWmv2tu8taAtZvbBD2nvX2XImrM=</latexit>

Oj(b, xj)

<latexit sha1_base64="MoGdgJPYCqlXYyYL+rANfTEMewc=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIIGFXInoMevFmBPOAZFlmJ7PJJLMPZmbVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7vJgzqSzr21haXlldW89t5De3tnd2zcJeQ0aJILROIh6Jlocl5SykdcUUp61YUBx4nDa94dXEb95TIVkU3qlRTJ0A90LmM4KVllyzkHYI5uhm7A5K3smjOzh2zaJVtqZAi8TOSBEy1Fzzq9ONSBLQUBGOpWzbVqycFAvFCKfjfCeRNMZkiHu0rWmIAyqddHr6GB1ppYv8SOgKFZqqvydSHEg5CjzdGWDVl/PeRPzPayfKv3BSFsaJoiGZLfITjlSEJjmgLhOUKD7SBBPB9K2I9LHAROm08joEe/7lRdI4LduV8tltpVi9zOLIwQEcQglsOIcqXEMN6kDgAZ7hFd6MJ+PFeDc+Zq1LRjazD39gfP4ADYaTOQ==</latexit>

Oj(−a− iπ, xj)

<latexit sha1_base64="k7K9TKorH+d7JoXY6RS74hVJmmg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUMGWRCq6LLpxZwX7gCaEyXTaTjuZhJmJWEI2/oobF4q49TPc+TdO2yy09cCFwzn3cu89fsSoVJb1beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20eSMMpJQ1HFSDsSBAU+Iy1/dD3xWw9ESBryezWOiBugPqc9ipHSkmceJA5GDN6m3rBURmXqRPT00RueeGbRqlhTwEViZ6QIMtQ988vphjgOCFeYISk7thUpN0FCUcxIWnBiSSKER6hPOppyFBDpJtMHUnislS7shUIXV3Cq/p5IUCDlOPB1Z4DUQM57E/E/rxOr3qWbUB7FinA8W9SLGVQhnKQBu1QQrNhYE4QF1bdCPEACYaUzK+gQ7PmXF0nzrGJXK+d31WLtKosjDw7BESgBG1yAGrgBddAAGKTgGbyCN+PJeDHejY9Za87IZvbBHxifPw5DlWw=</latexit>

I=1

I=2

I=3

I=4

I=5

I=6

I=7

I=8

I=9

I=10

<latexit sha1_base64="UT66F6WDhB5D3BgC/p/qUpM9vUo=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0GIYMKOBPUY9OIxgnlAEpbZyWwyZPbBTK8kLPkVLx4U8eqPePNvnCR70MSChqKqm+4uL5ZCg+N8W2vrG5tb27md/O7e/sGhfVRo6ihRjDdYJCPV9qjmUoS8AQIkb8eK08CTvOWN7mZ+64krLaLwESYx7wV0EApfMApGcu1CyyWlMrikLLqxuBi75Ny1i07FmQOvEpKRIspQd+2vbj9iScBDYJJq3SFODL2UKhBM8mm+m2geUzaiA94xNKQB1710fvsUnxmlj/1ImQoBz9XfEykNtJ4EnukMKAz1sjcT//M6Cfg3vVSEcQI8ZItFfiIxRHgWBO4LxRnIiSGUKWFuxWxIFWVg4sqbEMjyy6ukeVkhV5XqQ7VYu83iyKETdIpKiKBrVEP3qI4aiKExekav6M2aWi/Wu/WxaF2zsplj9AfW5w9/ZZLQ</latexit>

W1(−t1 − iπ, x1)
<latexit sha1_base64="UT66F6WDhB5D3BgC/p/qUpM9vUo=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0GIYMKOBPUY9OIxgnlAEpbZyWwyZPbBTK8kLPkVLx4U8eqPePNvnCR70MSChqKqm+4uL5ZCg+N8W2vrG5tb27md/O7e/sGhfVRo6ihRjDdYJCPV9qjmUoS8AQIkb8eK08CTvOWN7mZ+64krLaLwESYx7wV0EApfMApGcu1CyyWlMrikLLqxuBi75Ny1i07FmQOvEpKRIspQd+2vbj9iScBDYJJq3SFODL2UKhBM8mm+m2geUzaiA94xNKQB1710fvsUnxmlj/1ImQoBz9XfEykNtJ4EnukMKAz1sjcT//M6Cfg3vVSEcQI8ZItFfiIxRHgWBO4LxRnIiSGUKWFuxWxIFWVg4sqbEMjyy6ukeVkhV5XqQ7VYu83iyKETdIpKiKBrVEP3qI4aiKExekav6M2aWi/Wu/WxaF2zsplj9AfW5w9/ZZLQ</latexit>

W1(−t1 − iπ, x1)

<latexit sha1_base64="FK1EFDGXgjiMwkH5lryo+3WdsQI=">AAACFXicdVBLSwMxGMzWV62vqkcvwSIIliWtpdZb0YvHCvYB27Vk02wbms0uSVYoS/+EF/+KFw+KeBW8+W9M2y2o6EBgmJkv+TJexJnSCH1amaXlldW17HpuY3Nreye/u9dSYSwJbZKQh7LjYUU5E7Spmea0E0mKA4/Ttje6nPrtOyoVC8WNHkfUDfBAMJ8RrI3UyxeT7uwSRw48N0H2ea1aRrUistEMU1Iun6LapHN7MunlC4sEXCTgIgFLqVIAKRq9/Ee3H5I4oEITjpVySijSboKlZoTTSa4bKxphMsID6hgqcECVm8wWmsAjo/ShH0pzhIYz9ftEggOlxoFnkgHWQ/Xbm4p/eU6s/ZqbMBHFmgoyf8iPOdQhnFYE+0xSovnYEEwkM7tCMsQSE22KzJkSFj+F/5NW2S5V7cp1pVC/SOvIggNwCI5BCZyBOrgCDdAEBNyDR/AMXqwH68l6td7m0YyVzuyDH7DevwDld5rd</latexit>

X+

<latexit sha1_base64="dc1v9xeRIuCh2XZTpBApk4pyOfI="></latexit>

X−

<latexit sha1_base64="Bykyx1I8NUpCvERUBQt64vJ6aqw=">AAACFXicdVDLSgMxFM3UV62vUZdugkVwUct0LG1nV3TjsoJ9SDuWTJq2oZkHSUYow/yEG3/FjQtF3Aru/Bsz0xaq6IXAyTnn3twcJ2BUSMP40jIrq2vrG9nN3Nb2zu6evn/QEn7IMWlin/m84yBBGPVIU1LJSCfgBLkOI21ncpno7XvCBfW9GzkNiO2ikUeHFCOpqL5eiHrpkC4fOXZkFI20CkvAsqxq2Ypv787ivp5X91rFNGpw4UiAaZ4rpjRn8mBejb7+2Rv4OHSJJzFDQnRLRiDtCHFJMSNxrhcKEiA8QSPSVdBDLhF2lC4UwxPFDODQ5+p4EqbsckeEXCGmrqOcLpJj8VtLyL+0biiHNTuiXhBK4uHZQ8OQQenDJCI4oJxgyaYKIMyp2hXiMeIISxVkToWw+Cn8H7TMYqlSLF+X8/WLeRxZcASOwSkogSqogyvQAE2AwQN4Ai/gVXvUnrU37X1mzWjznkPwo7SPb+Y0mt8=</latexit>

Y −

<latexit sha1_base64="pO3fUjx+rYPugJ/PBlN56vz1YMY=">AAACFXicdVDLSgMxFM3UV62vqks3wSIIljIdSx+7ohuXFexDpmPJpGkbmnmQZIQyzE+48VfcuFDEreDOvzEznUIVvRA4Oefcm5tj+4wKqetfWmZldW19I7uZ29re2d3L7x90hBdwTNrYYx7v2UgQRl3SllQy0vM5QY7NSNeeXsZ6955wQT33Rs58Yjlo7NIRxUgqapAvhv1kiMnHthXqJT2p4hJoNBq1SiO6vTuLBvmCuterhl6HC0cMDONcMeWUKYC0WoP8Z3/o4cAhrsQMCWGWdV9aIeKSYkaiXD8QxEd4isbEVNBFDhFWmCwUwRPFDOHI4+q4EibsckeIHCFmjq2cDpIT8VuLyb80M5CjuhVS1w8kcfH8oVHAoPRgHBEcUk6wZDMFEOZU7QrxBHGEpQoyp0JY/BT+DzpGqVwtVa4rheZFGkcWHIFjcArKoAaa4Aq0QBtg8ACewAt41R61Z+1Ne59bM1racwh+lPbxDeMqmt0=</latexit>

Y +
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W2(t2, x2)

Figure 9. Generalized Keldysh contour appropriate for computing the six-point function. Eu-
clidean contour separation is infinitesimal, except for I = 5 and I = 10, both of which have extent
−iπ. Endpoints are identified.

where we omitted the second chiral copy for the anti-holomorphic reparametrization
ϕ̄I(s, x). The saddle point solution is ϕI(s, x) = tI(s) + x and we will be interested in
quadratic fluctuations δϵI around this saddle. The quadratic action for fluctuations is

iSquad = (5.5)

− c

24π

∫
dsdx

[1
2(∂s + irs∂x)δϵI (rs∂

3
s + r3

s∂s)δϵI +
1
2(∂s − irs∂x)δϵ̄I (rs∂

3
s + r3

s∂s)δϵ̄I
]

where the contour time s runs over its entire range (5.2). The action has two copies of
x-dependent SL(2,R) symmetries. Relatedly, the following exponentially time-dependent
zero modes are present:

SL(2,R) : δ+ϵI = X+(x) e−tI(s) , δ−ϵI = X−(x) etI(s) , δ0ϵI = X0(x) (5.6)

and similarly for the anti-holomorphic part. We are particularly interested in the transfor-
mations δ±. They are infinitesimal versions of the following finite symmetry transforma-
tions:

SL(2,R) :


FI −→ F̃+

I ≡ FI −
(1− FI)2 X+

2− (1− FI) X+

FI −→ F̃−
I ≡ FI +

(1 + FI)2X−

2− (1 + FI) X−

(5.7)

where FI ≡ tanh ϕI
2 and the transformed variables are related by F̃±

I = tanh ϕI+δ±ϵI

2 .
The zero modes with exponential time dependence give the contribution to the corre-

lator, which dominates for large times. Specifically, the following modes are excited by the
operator insertions as shown in figure 9:

W2 : δϵ
(W2)
I=2,3 = X−(x) etI(s) ,

W1 : δϵ
(W1)
I=7,8 = −X+(x) e−tI(s) ,

Oj :


δϵ

(Oj)
I=3 = Y +(x) e−tI(s)

δϵ
(Oj)
I=4,5,6 = Y +(x) e−tI(s) − Y −(x) etI(s)

δϵ
(Oj)
I=7 = −Y −(x) etI(s)

(5.8)
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and similarly for the second copy. Strictly speaking, Y + (Y −) should also live on segment
I = 7 (I = 3). However, we absorb this effect into an exponentially small redefinition of X+

(X−) since the coefficient of Y + (Y −) at the junction between I = 6, 7 (I = 3, 4) is much
smaller than the coefficient of X+ (X−) at the same point in time. The full configuration
is given by the following superposition:

δϵotoc
I = χI3

(
Y + e−tI +X− etI

)
− χI7

(
Y − etI +X+ e−tI

)
+ χI2

(
X− etI

)
− χI8

(
X+ e−tI

)
+ (χI4 + χI5 + χI6)

(
Y + e−tI − Y − etI

) (5.9)

where χIJ is the characteristic function on the different contour segments. To derive the
eikonal action for the six-point function setup, we evaluate Squad on the configuration δϵotoc

I .
Note that this gives zero in the ‘bulk’ of any of the contour segments. However, we get finite
boundary terms at the contour turning points when derivatives act on the characteristic
functions χIJ .5 This gives non-trivial boundary terms (in time) at s = −2t2 + b, s =
−3t2 + 2b, s = −4t2 + 2b+ π − t1, and s = −4t2 + 2b+ π − 2t1 + a. We find:

iSeik =− ic

6

∫
dp

[
(1 + ip)Y +(p)X−(−p) + (1− ip)Y −(p)X+(−p)

]
+ anti-holo. (5.10)

where X±(x) =
∫
dp eipxX±(p) and similarly for Y ±. The zeros at p = ±i are the telltale

signature of this action being due to the ‘gravitational’ exchange of stress tensors (and
their descendants), see, e.g., [35].

The coupling of the operators to the scramblon modes proceeds by reparametrization
of three conformal two-point functions. Let us denote the conformal two-point functions
as Gh,h̄

IJ (t, x; t′, x′) ≡ ⟨TC Oh,h̄
I (t, x)Oh,h̄

J (t′, x′)⟩β , where I, J label the contour segment on
which the operators are inserted, and TC denotes contour ordering. For the reparametrized
(and normalized) two-point functions, we have

δY−G
h1,h̄1
68

Gh1,h̄1
68

=

 1
1 + e−t1

4i sin δ1
Y −(x1)

2h1 1
1 + e−t1

4i sin δ1
Ȳ −(x1)

2h̄1

δY +Gh2,h̄2
13

Gh2,h̄2
13

=

 1
1− e−t2

4i sin δ2
Y +(x2)

2h2 1
1− e−t2

4i sin δ2
Ȳ +(x2)

2h̄2

δX±Ghj ,h̄j

27

Ghj ,h̄j

27

=

 1
1− eb

2(1+ea+b) X
−(xj) + ea

2(1+ea+b) X
+(xj)− ea+b

1+ea+b

X+(xj)X−(xj)
4

2hj

×

 1
1− eb

2(1+ea+b) X̄
−(xj) + ea

2(1+ea+b) X̄
+(xj)− ea+b

1+ea+b

X̄+(xj)X̄−(xj)
4


2h̄j

(5.11)
5One might worry about an ambiguity in these boundary terms, as these are precisely the locations

where rs is discontinuous. However, explicit calculation shows that these particular boundary terms are
always proportional to the fourth power, which satisfies r4

s = 1 everywhere.

– 13 –



J
H
E
P
0
7
(
2
0
2
3
)
1
8
4

The eikonal evaluation of the six-point function (5.1) then amounts to the following path
integral over the ‘scramblon’ modes:

F6,eikF6,eik =
∫
dX±dY ±

Z

∫
dX̄±dȲ ±

Z̄
δY −Gh1,h̄1

68

Gh1,h̄1
68

δY +Gh2,h̄2
13

Gh2,h̄2
13

δX±Ghj ,h̄j

27

Ghj ,h̄j

27

× exp
{
− ic

6

∫
dp
[
(1 + ip)Y +(p)X−(−p) + (1− ip)Y −(p)X+(−p)

]
+ anti-holo.

}
(5.12)

The normalization Z is chosen such that F6,eik is normalized to 1 for coincident times.
Similarly for Z̄. This integral can be performed explicitly and takes a simple form in the
saddle point approximation where h1,2 ≫ hj and h̄1,2 ≫ h̄j . We provide some details in
appendix A and quote the result here:

F6,eik ≈
(
1 + 3h2

2c sin δ2

eb−t2−|xj−x2|

1 + ea+b
Θ(x2 − xj) +

3h1
2c sin δ1

ea−t1−|xj−x1|

1 + ea+b
Θ(xj − x1)

+ 9h1h2
4c2 sin δ1 sin δ2

ea+b

1 + ea+b
e−t1−t2−|x1−x2|Θ(xj − x1)Θ(x2 − xj)

)−2hj

(h1,2 ≫ hj)

F6,eik ≈
(
1 + 3h̄2

2c sin δ2

eb−t2−|xj−x2|

1 + ea+b
Θ(xj − x2) +

3h̄1
2c sin δ1

ea−t1−|xj−x1|

1 + ea+b
Θ(x1 − xj)

+ 9h̄1h̄2
4c2 sin δ1 sin δ2

ea+b

1 + ea+b
e−t1−t2−|x1−x2|Θ(x1 − xj)Θ(xj − x2)

)−2h̄j

(h̄1,2 ≫ h̄j)

(5.13)

where we also wrote the analogous anti-holomorphic part.6 In these expressions we wish to
take the limit where a, b are much larger than any other time scale involved. Which terms
can be dropped in this limit depends on the configuration of the spatial insertions:

F6,eik F6,eik ≈



(
1

1+ 9h1h2
4c2 sin δ1 sin δ2

e−t1−t2−|x1−x2|

)2hj

(x1<xj<x2)

(
1

1+ 9h̄1h̄2
4c2 sin δ1 sin δ2

e−t1−t2−|x1−x2|

)2h̄j

(x2<xj<x1)

(
1

1+ 3h1
2c sin δ1

e−t1−b−|xj−x1|

)2hj
(

1
1 + 3h̄2

2c sin δ2
e−a−t2−|xj−x2|

)2h̄j

≈1 (x1,2<xj)

(
1

1+ 3h̄1
2c sin δ1

e−t1−b−|xj−x1|

)2h̄j
(

1
1 + 3h2

2c sin δ2
e−a−t2−|xj−x2|

)2hj

≈1 (xj<x1,2)

(5.14)

6Note the step functions in space. Had we evaluated the 6-point function by analytic continuation of a
Euclidean conformal block, then these discontinuities would have arisen from an exchange of dominance of
different channels. See [43] for more discussion of this phenomenon, and appendix B for explicit verification.

– 14 –



J
H
E
P
0
7
(
2
0
2
3
)
1
8
4



Figure 10. Plot of F6(x) when x is between x1 and x2. We chose t∗1 + t∗2 = 60, hj = h̄j = 1
2 .

for h1,2 ≫ hj and a, b ≫ −t1,2. Let xj = x in (5.1), then (5.1) reduces to F6(x) we
proposed to diagnose the black hole formation in section 4. Figure 10 is a plot of F6(x)
when x is between x1 and x2, as a function of −t1 − t2 and x1 − x2. As explained in
section 4, we see a sharp transition when F6 drops from 1 to 0. The transition happens
when −t1 − t2 − |x1 − x2| ≈ t∗1 + t∗2, i.e., when the butterfly cones start to overlap.

5.2 Computation of six-point function via boundary reparametrizations

In the limit when h1,2 ≥ hj and h̄1,2 ≥ h̄j , the six-point function (5.1) can be considered
as a correlator between two operators OL

j (a, xj) and OR
j (b, xj) on a background with two

perturbations created by WL
1 (t1, x1) and WR

2 (t2, x2). We can thus compute the correlator
by solving for the backreaction due to the operator insertions WL

1 (t1, x1) and WR
2 (t2, x2).

To warm up, we first recall the analogous calculation in the Schwarzian theory describ-
ing AdS2 gravity. The backreaction is equivalent to repametrizations of the left and right
boundary times tR,L −→ t̃R,L, given by

et̃L = etL

1 + α1etL
, et̃R = etR

1 + α2etR
, (5.15)

where α1 = ∆1
C e−t1 and α2 = ∆2

C e−t2 . It is easy to check that this boundary repametriza-
tion is equivalent to the bulk statement that the horizons have been shifted outwards by
amounts α1,2 in Kruskal coordinates. With these reparametrizations, the probe operator
transforms as

ψj −→ ψ̃j(t) = t̃′(t)∆jψj(t̃(t)) (5.16)

The correlator transforms as〈
ψ̃L

j (tL)ψ̃R
j (tR)

〉
〈
ψL

j (tL)ψR
j (tR)

〉 =
(
t̃′R(tR)

)∆j
(
t̃′L(tL)

)∆j[
cosh

(
t̃R+t̃L

2

)]2∆j

[
cosh

(
tR + tL

2

)]2∆j

=

 1
1 + etL

1+etL+tR
α1 + etR

1+etL+tR
α2 + etL+tR

1+etL+tR
α1α2

2∆j

.

(5.17)
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With tL = a, tR = b and taking a, b large, we have〈
ψL

1 (t1)ψR
2 (t2)ψL

j (a)ψR
j (b)ψL

1 (t1)ψR
2 (t2)

〉
〈
ψL

j (a)ψR
j (b)

〉 =
(

1
1 + ∆1∆2

C2 e−t1−t2

)2∆j

. (5.18)

This also agrees with the geodesic calculation in AdS2.
Coming back to two-dimensional CFTs, we have a holomorphic part and an anti-

holomorphic part, each of which works in a way similar to the Schwarzian. We let x+ ≡ t+x,
x− ≡ t − x. Focusing on the right perturbation at (t2, x2), we find that it induces the
following boundary reparametrization (tR, xR) −→ (t̃R, x̃R):

ex̃+
R = et̃R+x̃R = 1

1 + θ(−(xR − x2)) 3h2
2c sin δ2

ex+
R−x+

2

ex̃−
R = et̃R−x̃R = 1

1 + θ(xR − x2) 3h̄2
2c sin δ2

ex−
R−x−

2

(5.19)

Note that this particular reparametrization is also obtained as the saddle point value
of X−(x) defined in section 5.1 (see (A.6)). Note further the similarity between (5.15)
and (5.19).

From now on we assume all operators are scalars, i.e., h = h̄ = ∆
2 . In appendix A.2

we show that the boundary repametrization (5.19) is equivalent to a bulk horizon shift
given by h(x) as in [11]. Carrying out the computation of the six-point function similar to
Schwarzian case, taking a, b large, and assuming xj is in between x1 and x2, we again get〈

WL
1 (t1, x1)WR

2 (t2, x2)OL
j (a, xj)OR

j (b, xj)WL
1 (t1, x1)WR

2 (t2, x2)
〉

⟨W1W1⟩
〈
OL

j (a, xj)OR
j (b, xj)

〉
⟨W2W2⟩

=
(

1
1 + 9∆1∆2

16c2 sin δ1 sin δ2
e−t1−t2−|x1−x2|

)∆j

(5.20)

One can also carry out similar computations when xj > x1,2 or xj < x1,2. We get same
result as in (5.14) for a scalar perturbation.

One curious fact is that (5.20) no longer agrees with the (naive) bulk geodesic calcula-
tion. The reason is that the boundary repametrization (5.19) is not continuous at xR = x2,
which removes a wedge from AdS3. Indeed, from the transformation of correlators under
reparametrizations, one finds that the calculation (5.20) does give the same result as a
geodesic calculation in AdS3, but the correct bulk geometry is not exactly AdS3 but rather
AdS3 with appropriate wedges removed.

6 Discussion

In this paper we studied the process of two high energy particles colliding in AdS. Treating
AdS as a pair of entangled hyperbolic black holes, we describe the collision process in
terms of a quantum circuit. Using this picture, we proposed a threshold condition for the
formation of a black hole: when the butterfly cones of the two perturbations overlap in
the shared quantum circuit, the collision will create a black hole in AdS. This proposal
connects operator growth with black hole formation.
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There are various unanswered questions. We confirmed the correctness of the threshold
condition in three bulk dimensions. One would also like to understand the black hole
formation transition in a dual two-dimensional conformal field theory. In particular, one
can consider the four-point function built out of pairs of operators setting up the collision
process, and analyze the decomposition into conformal blocks in different channels. To
identify the proposed black hole formation threshold, it would be interesting to look for an
exchange of dominance of different channels, depending on the kinematic setup.

Before we discussed CFTs, we argued for the SYK chain six-point function (4.3) as
a good diagnostic for the black hole formation transition. It would be very worthwhile
to numerically compute this quantity by simulating the SYK chain and confirming the
expected features. Such numerical simulations have been done for simpler cases, such
as the four-point OTOC in complex SYK [44], in Brownian SYK [45], and in standard
SYK [46]. State of the art methods in [46] achieve results for N ∼ 60 fermions. We suspect
that this is still insufficient for obtaining good results in the SYK chain (with several sites),
not to mention six-point OTOCs. We therefore leave this challenge for future analysis.

The situation in higher dimensions is more interesting as well as more subtle. We
expect our threshold condition to hold when the impact parameter b is larger than ℓAdS.
When b is less than ℓAdS, a small black hole may form, which likely cannot be captured
by the quantum circuit picture as it may only resolve processes on super-AdS scales. On
the other hand, it is interesting to contemplate if the CFT six-point function we used can
diagnose the formation of small black holes in higher dimensions. To answer this question
one needs a more detailed understanding of the behavior of various out-of-time-ordered
correlation functions at small distances in higher dimensions. We leave this to future work.

It is also desirable to obtain a deeper physical understanding of the connection between
operator growth and black hole formation. The logic behind our proposal is simple: as
we observe a sharp transition in the quantum circuit, we expect a dramatic transition in
the bulk — a natural guess is black hole formation,7 and this is indeed correct at least in
low dimensions. However, we do not have a deep understanding of why such a connection
exists. Perhaps more interestingly, can we gain a microscopic understanding of the black
hole formation process? For this purpose, one could study more concrete theories like D1-
D5 system at the orbifold point [47].8 And, finally, can we elucidate the formation of the
black hole singularity? We leave these questions for future work.
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A Details on CFT calculations

This appendix provides some details for section 5.

A.1 Eikonal integral in 2d CFT

Here we provide some calculational details complementing section 5.1. The complete
parametrization of the contour is

tI(s)=



− s (0≤s≤−t2)
s+2t2 (−t2≤s≤−2t2+b)
(−2t2+2b)− s (−2t2+b≤s≤−3t2+2b)
s− (−4t2+2b) (−3t2+2b≤−4t2+2b)
− i(s− (−4t2+2b)) (−4t2+2b≤s≤−4t2+2b+π)
− iπ+s− (−4t2+2b+π) (−4t2+2b+π≤s≤−4t2+2b+π − t1)
− iπ+(−4t2+2b+π − 2t1)− s (−4t2+2b+π − t1≤s≤−4t2+2b+π−2t1+a)
− iπ+s− (−4t2+2b+π−2t1+2a) (−4t2+2b+π − 2t1+a≤s≤−4t2+2b+π−3t1+2a)
− iπ+(−4t2+2b+π−4t1+2a)−s (−4t2+2b+π − 3t1+2a≤s≤−4t2+2b+π−4t1+2a)
− i(s− (−4t2+2b− 4t1+2a)) (−4t2+2b+π−4t1+2a≤s≤−4t2+2b+2π−4t1+2a)

(A.1)
We shall now give some details on the evaluation of the scramblon path integral (5.12).

The equal-time vertex functions appearing in it can be expressed in terms of null momentum
variables: 1

1 + e−t1
4i sin δ1

Y −(x1)

2h1

= (2 sin δ1)2h1

Γ(2h1)

∫ 0

−∞
dp− exp

(
−i
∫
dp eipx1Y −(p)p−

)(−2p−et1)2h1

−p−
e4p−et1 sin δ1

 1
1− e−t2

4i sin δ2
Y +(x2)

2h2

= (2 sin δ2)2h2

Γ(2h2)

∫ 0

−∞
dp+ exp

(
i

∫
dp eipx2Y +(p)p+

)(−2p+e
t2)2h2

−p+
e4p+et2 sin δ2

(A.2)

Plugging these expressions into (5.12), the Y ±(p) integrals lead to delta-function con-
straints, which fix X±(p) in terms of the lightcone momenta:

c

6(1− ip)X+(−p) = −p−eipx1 (A.3)

⇒ X+(x) = −6
c
p−

∫
dp

2π
eip(x−x1)

1 + ip
= −6

c
p− e

−|x−x1|Θ(x− x1) (A.4)
c

6(1 + ip)X−(−p) = eipx2 p+ (A.5)

⇒ X−(x) = 6
c
p+

∫
dp

2π
eip(x−x2)

1− ip
= 6
c
p+ e

−|x−x2|Θ(x2 − x) (A.6)
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(b)

Figure 11. Boundary reparametrization describing the effect of the perturbation: a wedge is
removed from the bulk geometry and the reparametrized boundary is discontinuous across x = 0.

These constraints trivialize the X± integrals and we find:

F6,eik ∝
∫ 0

−∞
dp−

(−4p− sin δ1 e
t1)2h1

−p−
e4p−et1 sin δ1

∫ 0

−∞
dp+

(−4p+ sin δ2 e
t2)2h2

−p+
e4p+et2 sin δ2

×
(
1− 3

c
p+

eb−|xj−x2|

1 + ea+b
Θ(x2 − xj)−

3
c
p−

ea−|xj−x1|

1 + ea+b
Θ(xj − x1)

+ 9
c2 p+p−

ea+b

1 + ea+b
e−|xj−x1|−|xj−x2|Θ(xj − x1)Θ(x2 − xj)

)−2hj

=
∫ ∞

0
dp̃−

∫ ∞

0
dp̃+p̃

2h1−1
− p̃2h2−1

+ e−p̃−−p̃+

(
1 + 3

c

p̃+
4 sin δ2

eb−t2−|xj−x2|

1 + ea+b
Θ(x2 − xj)

+ 3
c

p̃−
4 sin δ1

ea−t1−|xj−x1|

1 + ea+b
Θ(xj − x1)

+ 9
c2

p̃+p̃−
16 sin δ1 sin δ2

ea+b

1 + ea+b
e−t1−t2−|x1−x2|Θ(xj − x1)Θ(x2 − xj)

)−2hj

(A.7)

where we simplified the spatial dependence using the step functions. When h1,2 ≫ hj the
remaining integrals can be evaluated by a saddle point approximation, with saddle point
values p̃− = 2h1, p̃+ = 2h2. This yields the expression (5.13) in the main text.

A.2 AdS3 boundary reparametrizations

In this appendix we develop a more detailed understanding of the boundary repametriza-
tions in (5.19). Let us assume we have a scalar perturbation, so h = h̄. We further set
x2 = 0. Notice that this reparametrization is discontinuous across x = 0. Equivalently,
a wedge near x = 0 is removed as shown in figure 11(a). This discontinuity is physical:
in the bulk, we need to remove a wedge from global AdS3 after the particle enters, as the
particle will create a conical defect and the bulk is no longer global AdS3.
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Next, we will show that this construction is equivalent to a shift at the horizon by
h(x) = 3h

2c sin δ2
e−t2−|x|. Let α = 3h

2c sin δ2
e−t2 . We write the repametrization as

t̃+ |x̃| = t+ |x| , et̃−|x̃| = et−|x|

1 + αet−|x| .
(A.8)

For AdS3, the transformation from Poincaré to embedding coordinates is given by

Y −1 = tP
z
, Y 0 = − t

2
P − z2 − y2

P − 1
2z , Y 1 = t2P − z2 − y2

P + 1
2z , Y 2 = −yP

z
. (A.9)

Similarly, the transformation from Rindler to embedding coordinates is given by

Y −1 =
√
r2 − 1 sinh(t) , Y 0 = r cosh(x) , Y 1 =

√
r2 − 1 cosh(t) , Y 2 = −r sinh(x) .

(A.10)

Now consider the blue point in figure 11(b). It satisfies t̃+ |x̃| = ∞, t̃−|x̃| = − log(α),
and we consider the intersection of its past light cone (green sheets in figure 11(b)) with
the past horizon. We focus on the one with x > 0. In Poincaré coordinates, this locus is
given by

y+
P ≡ tP + yP = 1 , y−P ≡ tp − yP = tanh

(
−1
2 logα

)
= 1− α

1 + α
. (A.11)

Consider null geodesics originating from this point. In Poincaré coordinates, these are
defined by the following Lagrangian:

L = ẏ+
P ẏ

−
P − ż2

z2 (A.12)

From this we deduce conserved quantities:

p+ = ẏ−P
z2 , p− = ẏ+

P

z2 , (A.13)

such that
dz

dτ
= z2√p+p− , (A.14)

dy−P
dz

= −
√
p+
p−

,
dy+

P

dz
= −

√
p−
p+

. (A.15)

From this we find for the geodesic:

y+
P = 1− z

√
p−
p+

, y−P = 1− α

1 + α
− z

√
p+
p−

. (A.16)

The past horizon is given by Y −1 +Y 1 = 0, which is equivalent to (tP +1)2 − z2 − y2
P = 0,

i.e., (y+
P + 1)(y−P + 1) = z2. Using (A.16), the intersection of the geodesic with the past

horizon is parametrized by:(
1− z

√
p−
p+

+ 1
)(

1− α

1 + α
− z

√
p+
p−

+ 1
)

= z2 . (A.17)
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Let λ ≡
√

p+
p−

. We can then write:

z = 2λ
1 + (1 + α)λ2 , y+

P = 1− 2
(1 + α)λ2 + 1 , y−P = −1 + 1

1 + α

2
1 + (1 + α)λ2 . (A.18)

This is the location of the new event horizon in Poincaré coordinates. Going back to
Rindler coordinates, we can write this as follows:

−Y
2

Y 0 = tanh(x) = − 2y
t2P − z2 − y2

P − 1
= − y+

P − y−P
y+

P y
−
P − z2 − 1

= (1 + α)2λ2 − 1
(1 + α)2λ2 + 1 (A.19)

⇔ x = log((1 + α)λ) ⇔ e−x = 1
(1 + α)λ . (A.20)

Note that we assumed x > 0, which requires λ > 1
1+α . Similarly, the Kruskal coordinate

of the intersection is given by

u = Y −1 − Y 1 = 2tp
z

= y+
P + y−P
z

= − α

(1 + α)λ = −αe−x = −h(x) (A.21)

This is exactly the correct shift along the past horizon, as we set out to show.

B CFT six-point function from analytic continuation

In this appendix we confirm the eikonal result (5.14) using a different method: we start
from the Euclidean Virasoro six-point identity block and analytically continue it to get the
appropriate kinematic configuration. The six-point block at O(c−2) was worked out in [48].
There, it was concluded that it takes the following form (adapted to our setup):

F6=
Tr
{
W1OjW1ρ

1
2Ojρ

1
2
}

Tr {W1W1ρ}Tr
{
Ojρ

1
2Ojρ

1
2
} Tr

{
Ojρ

1
2W2OjW2ρ

1
2
}

Tr {W2W2ρ}Tr
{
Ojρ

1
2Ojρ

1
2
} Tr

{
W1W1ρ

1
2W2W2ρ

1
2
}

Tr {W1W1ρ}Tr {W2W2ρ}

×
(
1 + G(6,star)

T + U (6,ext.)
T + . . .

) (
1 + G(6,star)

T̄
+ U (6,ext.)

T̄
+ . . .

)
. (B.1)

The right hand side of the first line simply consists of (conventional) four-point functions.
In the second line each chiral factor has two contributions at leading order: a global SL(2,R)
six-point block in the ‘star’ channel G(6,star)

T , and an ‘extra’ contribution U (6,ext.)
T , which

contributes at the same order to the Virasoro block.9 In [48] it was concluded that the
global block does not give a relevant contribution to the OTOC.10 We will therefore not
concern ourselves with its explicit form. The detailed expression for the ‘extra’ contribution
in the Virasoro identity block is as follows:

U (6,ext.)
T ≡ 18h1h2hj

c2

[
Ĩ(z, u, v) + Ĩ(z, v, u) + Ĩ

(1
z
,
u

z
,
v

z

)
+ Ĩ

(1
z
,
v

z
,
u

z

)]
, (B.2)

9The ‘star’ channel is also often referred to as the ‘snowflake’ channel. It was studied also in, e.g., [49–51].
10The precise OTOC considered in that reference was slightly different. However, one can check that the

same holds in our case at hand.
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Figure 12. Analytic continuation of the cross ratios from the Euclidean section to the out-of-time-
order configuration (5.1). Here we take (x1, xj , x2) = (1, 1.5, 2) and a = b = −10 t1 = −10 t2.

where

Ĩ(z, u, v) =
[
2(2 + u+ v)

1− z
− 1 + 2u2

1− u
− 1

1− v
− (u− v)z

(z − u)(z − v) −
2u(v + (2 + u)z)

z(u− v)

− 8uv log z
(u− v)(1− z)

]
log u− 4(1− u)

(u− v)(1− z)

[
1 + vz − u2

u
− vz + 2(z − v)

+ 4(1− v)z
1− z

log z + 2(uv − z)
(1− u) log u− 4(z − u)v

u− v
log u

v

]
log(1− u) .

(B.3)

Here, the three independent conformal cross ratios are

z =
(z1 − zj)(z′j − z′1)
(z1 − z′j)(zj − z′1)

, u =
(z1 − zj)(z′j − z2)
(z1 − z′j)(zj − z2)

, v =
(z1 − zj)(z′j − z′2)
(z1 − z′j)(zj − z′2)

, (B.4)

where the insertion points of operators are denoted as (z1, z
′
1) for W1 operators, (z2, z

′
2)

for W2 operators, and (zj , z
′
j) for Oj operators (and similarly for the anti-holomorphic

coordinates).
The above expressions are in Euclidean signature. To obtain a contribution to our

real-time correlator (5.1), we analytically continue the Euclidean locations to suitable
Lorentzian times. In this process the cross ratios may or may not cross the branch cuts of
the logarithms in (B.3). Whenever they do cross a branch cut, we obtain a contribution
that could lead to exponential growth. (This procedure is a generalization of [52].) We
give an example in figure 12, which is for the case x1 < xj < x2: the arrows indicate
the path of the various conformal cross ratios when analytically continuing the Euclidean
correlator to the OTOC. One can see that v, z (and therefore also u

z ) cross the branch cut
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along (−∞, 0]. The contributions picked up this way give a contribution that matches the
O(c−2) piece of the first line of (5.14). We verified that other relative orderings of x1, x2, xj

give rise to the corresponding O(c−2) terms of the other lines of (5.14).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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