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Overview and motivation

The non-linear generalisations of Maxwell electrodynamics [1]-[2] in four dimensions play a

pivotal role in understanding the dynamics of charged particles in the strong field regime.
For example, the Born-Infeld (BI) theory [1] was proposed in order to obtain the finite
self energy corrections for a charged particle in an electromagnetic field. On the other
hand, the Heisenberg-Euler-Kockel (HEK) model [2] describes the vacuum polarization
effects of Quantum Electrodynamics.! However, both of these (non-linear) theories meet

the standard Maxwell electrodynamics in the limit of “weak” field approximations.

!See a recent review [3] for different versions of the non-linear modified theories of Maxwell electrody-

namics.



Generally, the non-linear generalizations of Maxwell electrodynamics (NLE) is charac-
terised by an action that contains a Lorentz scalar and a pseudo scalar which are quadratic
in the field strength (F'*) [3]-[4]

1 1 .
S = 5FWF’“’ , P= QF;WFW7 (1.1)
where F* is the Hodge dual of F*.

For instance, the BI electrodynamics is described by the following Lagrangian den-
sity [1]

T 1 -
Lpr =T — \/T2 + 5 Fuw P — 1—6(FWFW)2, (1.2)

where T is the coupling parameter having the dimension of energy density. Clearly, in the
weak field limit (7" — o0), the Lagrangian density (1.2) reduces to the standard Maxwell
electrodynamics.

Unlike the standard Maxwell electrodynamics, its non-linear modifications are gener-
ally not invariant under the SO(2) duality transformations and in fact break the conformal
symmetry in four dimensions. For instance, the HEK theory [2] is not invariant under the
electromagnetic duality and does not have a conformal symmetry. However, the BI elec-
trodynamics is invariant under the SO(2) duality [5] although it is not conformal invariant
due to the presence of the dimensionful coupling (7') in the theory (1.2).

Recently, there has been a radical proposal [6]-[7] to (non-linearly) generalize the
Maxwell electrodynamics which retains its conformal invariance (in four dimensions) as
well as preserves the SO(2) duality symmetry. This goes under the name of the “ModMax”
electrodynamics.?

The ModMax electrodynamics is a 1-parameter deformation of the Maxwell electro-
dynamics in four dimensions that is described by the following Lagrangian density® [6]-[7]

1
LMM:§<SCOSh’Y—\/WSinh7)v (1.3)

where v is the dimensionless coupling constant that measures the strength of the electro-
magnetic self interaction.

The physical requirements that the theory must be unitary and preserves the causality
restrict the ModMax parameter () to take only positive values (v > 0) [6]. The above
restriction guarantees that the Lagrangian density (1.3) is a convex function of the electric
field strength E°.

There have been some further modifications to the ModMax electrodynamics in the
literature which include the 1-parameter generalisation of the BI theory* (yBI) [8] and N/ =
1 supersymmetric extension of the ModMax electrodynamics® [9]. The supersymmetric

2For details, see the recent review [3].

3In the limit v — 0, the ModMax electrodynamics reduces to the standard Maxwell electrodynamics.
“In the weak field limit, the (yBI) theory reduces to the standard ModMax electrodynamics (1.3).
®See [10]-[12] for further details.



version of the ModMax electrodynamics is invariant under the electromagnetic duality as
well as posses the superconformal symmetry [9].

The ModMax electrodynamics finds an extensive application in theories of gravity [13]—
[17] as well. In fact, a large number of solutions have been obtained down the line. For
instance, accelerated black holes [13], the Taub-NUT [15]-[16] and Reissner-Nordstorm so-
lutions [17] in diverse spacetime dimensions have been constructed in the presence of Mod-
Max interactions and the effects of non-linearity were explored on their thermal properties.
Recently, the non-linear models of electrodynamics have also found their applications in the
context of strongly correlated systems [18]-[20] by means of the celebrated AdSgi1/CFTy
correspondence [21]-[23].

Despite of several notable applications those are alluded to the above, ModMax theories
are least explored in AdSy holography and in particular in the context of the JT/SYK
correspondence [24]-[48]. The purpose of the present paper is to fill up some of these gaps
in the literature and find out an interpretation for the projected ModMax interactions
within the realm of 2D gravity theories.

The pure Jackiw-Teitelboim (JT) gravity [24]-[25] is the two dimensional theory of
Einstein-dilaton gravity in the presence of a negative cosmological constant. Under certain
special circumstances, this theory is conjectured to be the dual description of the Sachdev-
Ye-Kitaev (SYK) model [26]-][48] which is a quantum mechanical theory of N interacting
(Majorana) fermions in one dimension.® Interestingly, this model can be solved exactly at
strong coupling and in the Large N limit. The generalisation of the JT/SYK correspondence
in the presence of U(1) gauge fields and SU(2) Yang-Mills fields have been carried out in
a series of papers [49]-[55].

In the present paper, we cook up a theory of JT gravity in the presence of 2D “pro-
jected” ModMax interactions and compute various physical entities associated with the
boundary theory. For instance, we construct the holographic stress-energy tensor [50, 53,
56]-[57] and compute the associated central charge [50, 53, 56, 58] for the boundary the-
ory. Finally, we construct black hole solutions in two dimensions and explore the effects of
projected ModMax interactions on their thermal behaviour.

The organisation for the rest of the paper is as follows:

o In section 2, we follow suitable dimensional reduction procedure [49]-[50, 55] to con-
struct a model for JT gravity in the presence of 2D projected ModMax interactions.
We also clarify the meaning of projected ModMax interactions in 2D and in particular
present a detail comparison with the 4D ModMax interactions.

e In section 3, we calculate the conformal dimensions of different scalar operator in
deep IR limit and make a comparative analysis between them. We further explore
the vacuum structure of the theory using the Fefferman-Graham gauge [50, 59] by
treating the non-linear U(1) gauge interactions as “perturbations” over the pure JT

5The bulk dual of the pure SYK model contains an infinite tower of massive particles which are dual to
primary O(N) singlet operators [31, 47]. However, the pure JT gravity does not contain the tower of such
massive particles. Therefore, the SYK/JT correspondence should make sense only in the soft/Schwarzian
limit.



gravity solutions. We estimate these solutions upto quadratic order in the gauge and
ModMax couplings.

e In section 4, we construct the “renormalised” boundary stress tensor and investigate
its transformation properties under the combined action of the diffeomorphism and
the U(1) gauge transformations [53]. We compute the central charge (cpr) associated
with the boundary theory [53] up to quadratic order in the (ModMax and U(1))
couplings.

e In section 5, we construct the black hole solutions upto quadratic order in the cou-
plings. We observe that the non-linear interactions (or the projected ModMax inter-
actions) play a crucial role in obtaining a finite value for the background fields at the
horizon.

Furthermore, we compute the Hawking temperature for 2D black holes [60] and
calculate the associated Wald entropy [61]-[63]. We also investigate the “extremal”
limit associated with these 2D black hole solutions and calculate the corresponding
Wald entropy.

e We draw our conclusion in section 6, along with some future remarks.

2 JT gravity and 2D projected ModMax

The ModMax theory coupled to Einstein gravity in four dimensions is defined as [6]-[7, 13]

1
(4) — 4. [ 4) _9A _ (4)
'Y = 167G /d T\ =94 (R 2A 4/<;£MM), (2.1)

where R® is the Ricci scalar in 4 dimensions, A = —3 is the cosmological constant,” Gy

is the Newton’s constant in four dimensions, k is the coupling constant and El(\i%\/[ is the
ModMax Lagrangian density in four dimensions [6]-[7, 13]

£1(\2v[ = %(Scoshfy —VS2+ P2 sinh'y),

1 1 - . 1
S = 5FM]\,FMN , P= 5FMNFMN , FMN = 5eMNUVFUV. (2.2)

Here, v is the ModMax parameter and (M, N) are the 4 dimensional space-time indices.
Clearly, the standard Maxwell electrodynamics is recovered in the limit v — 0 [6]-]7, 13].

The imprint of the ModMax theory (2.2) in two dimensions can be obtained via di-
mensional reduction [49]-[50, 55] of the following form

d8%4) = dsé) + ®(zH)dz? d5%2) = g (&) datdz”
Ay = Ap(a”), A = Ay(x"), (2.3)

where (u,v) are the two dimensional indices and (7,j) are the indices of the compact
dimensions.

"Here, we set the AdS length [ = 1.



Substituting (2.3) into (2.1) and integrating over the compact directions, one finds®

_ 1 2 2) 2
Toue = 15 /d 2\ /=9(2) (BR® — 200 — 4xDLE) ), (2.4)

where R® is the Ricci scalar in two dimensions, Go is the Newton’s constant in two

dimensions and

51(\/2[%\/[ = %(s coshy — \/msinhv),

5= S Fw P + 87 ((00)° +(06)%), p = ~287 " 0,x0,¢ (2:3)

is what we define as the Lagrangian density of the projected ModMax theory in two di-

uv
—£_ as the

mensions. Here, we denote Ay = x(z#), A3 = &(x*) and introduce e*” = 7
92

Levi-Civita tensor in two dimensions.

Notice that, in the limit v — 0, we do not recover the standard Maxwell electrody-
namics in two dimensions [50, 53]-[55]. On contrary, we do have additional contributions
coming from non-vanishing scalar fields £ and y which arise by virtue of the dimensional
reduction procedure. This turns out to be the unique feature of the projected ModMax
interactions in two dimensions. The v — 0 limit is what we refer as the 2D Maxwell
interaction in this paper.

e A comparative study of 4D ModMax and the 2D projected ModMax. Below,
we draw a comparative analysis between 4D ModMax [6]-[7] and its 2D projection which
plays the central role in what follows. 4D ModMax preserves the conformal invariance in its
usual sense which is also evident from the generic structure of the associated stress-energy
tensor

1
Tiin ~ I(%) ( - §F29MN + QQQPFQMFPN> ; (2.6)

where we define the function

(2.7)

f(v)z(coshv— Fsinhy 2>.
\/(FRSFRS) + (FrsE'RS)

Clearly, the trace T]]\\/[/l @ Vanishes identically in four dimensions. On the other hand,
the trace of the projected ModMax in two dimensions turns out to be

V2 +p?

PF? inh

which is a non-vanishing entity.

8The Newton’s constant in two and four dimensions are related by G2 = %7 where V5 is the volume of

the compact space.



This reflects to the fact that the projected theory losses its conformal invariance in
two dimensions. Furthermore, the absence of the (Hodge) dual two form (EF*) in two di-
mensions spoils the electromagentic SO(2) duality invariance of the 2D projected theory in
comparison to its 4D cousin. However, it is noteworthy to mention that the ModMax cou-
pling () that appears in the 2D projected version is same as that of the 4D parent theory.

The equations of motion corresponding to different field contents can be obtained by
varying the action (2.4)

1
167TG2

Sl = / /=g (HuuB9™ + Had® + HOA" + HySx + HedE),  (29)

where we define individual entities as

Ho = R—2A — 4&51(\/2[{\/[ +2k®7! l((8§)2 + (8)()2) coshvy — {8((3\5/);7(;X)2)

B 2pe#l;2vixpzuf } sinh 7] o, (2.10)

Ho = OBg,, — V,V, 8 + Adg,, — 2P lf,w coshy — \/S% (Jw ~ ;Szgw>
- ;g,w cosh 'y] =0, (2.11)
M, = KV, :vﬂx coshy — svu%vyg sinh ’y] —0, (2.12)
He =KV, :V“g coshy — SVM%VVX sinh ’y} =0, (2.13)
H, =KV, :<I><coshfy - ;%)FW} =0, (2.14)

along with the function

Fuw = FuaFupg™ + @7 (0,60, + 0ux00x). (2.15)

3 General solution with 2D projected ModMax

The purpose of this section is to obtain the most general solutions of (2.10)—(2.14) in the
Fefferman-Graham gauge” [50, 59]
ds® = dn” + hy(t,n)dt?, Apdat = Ay(t,n)dt,
= a(t,n), x = x(t,m), §=&(t,n). (3.1)

9The explicit form of these equations (2.10)—(2.14) have been provided in the appendix A.




e A note on conformal dimensions. Here, we present a calculation on the conformal
dimensions of the dual operators A, A¢ and Ag corresponding to the bulk scalar fields ,
& and @ respectively. This allows us to make a comparative study between various operator
dimensions in the deep IR limit.

The IR fixed point [64]-[66] is defined as the set of solutions to the equations of
motion (2.10)—(2.14) for constant values of the scalar fields

X(t>n> = X* ’ f(tﬂ?) - 5* ) ‘I)(ta 77) - (I)*, (3'2)

where the superscript ‘*” denotes the values of the background scalars at the IR fixed point.

Using (3.2), one can solve the above set of equations (2.10)—(2.14) in the Fefferman-
Graham gauge (3.1) to obtain

w* = a(t)eV™ 1 B(t)e VI, (3.3)

c
AF = u(t) + —— (at)eV2n — te*‘/i"/\, 34
P =00+ (o) B(t)e V™) (34)
where we define A = v/—A = /3, w = /—hy and c is the integration constant. Here, a(t),
B(t) and p(t) are some arbitrary functions of time.

In order to compute the conformal dimensions of the dual operators, we expand the

scalar fields (x, £ and ®) around the fixed point (3.2) and retain the equations of mo-
tion (2.11)—(2.13) upto linear order in scalar fluctuations which yields

6% + %(a'r]w*>8n - %615 (cj*at> - m2‘| (i) = 07 (35)
[an (w ) — (cj*at>
lﬁn (w*&y) — O (;@)]éz 0, (3.7)

where we define m? = (6—2c2 me‘”) and scalar fluctuations 5) = Y—Y*, where ) collectively
denotes the scalar fields (®, x and &).

It should be noted that, the mass-squared term (m?) defined above must satisfy the

v=0, (3.6)

Breitenlohner-Freedman (BF) bound!? [67], which for the present example sets a constraint
of the form ¢ < 22—:?. Notice that, unlike (3.5), the equations of motion for scalar

fluctuations ¥ (3.6) and & (3.7) do not contain any mass-squared term. This indicates that
these scalar fields (y and &) are massless. This is consistent with the fact that these scalar
fields (x and &) carry only kinetic terms in the Lagrangian (2.5).

2
°Tn (d+1) spacetime dimensions, the BF bound is defined as m? > — (%) , where L is the AdS length.



From the above set of equations (3.5)—(3.7), one could finally decode the conformal
dimensions'! of the dual operators as

Aps= o (1£ V25— 8e7n) | A= Ac= 1, (3:8)

where the subscript ‘+’ denotes the two possible values of Ag.
It is interesting to notice that the conformal dimension, (A, = A¢) > Agy for the

range of constant, \/3% <c< 22—‘37. This indicates that the dynamics of the dilaton

K

fluctuation ® dominates [64]-[66] over the scalar fluctuations ¥ and € in the deep IR.

On the other hand, one could set the conformal dimension, (A, = A¢) < Ag, given

the range 0 < ¢ < /3¢, which suggests that the IR dynamics is dominated by the scalar

K
3e7
K 7

dimensions, Ay = A¢ = Agpy = 1. In this case, the dynamics of all scalar fluctuations y

fluctuation y and €. However, for a particular choice of constant ¢ = the conformal

are equally important in the deep IR.

On a similar note, one finds that the maximum value of the conformal dimension'? Ag_
is 1/2. Therefore, in this case, the dilaton fluctuation (®) always dominates over the scalar
fluctuations. Therefore, to summarise, one could conjecture that the dilaton fluctuation al-

ways dominates over scalar fluctuation if the constant falls in the range \/? <c< \/% .

Finally, it is noteworthy to compare our results with the existing literature [64]—[65].
The authors in [64], construct a 2D theory of gravity in the presence of a dilaton (e~2¥),
scalar field (x) and a U(1) gauge field following a consistent reduction of Einstein gravity in
five dimensions. Unlike the present example, the authors in [64] obtained a mass-squared
term for the scalar field (x) which is thereby used to calculate the conformal dimension
of the dual operator. Interestingly, they found that the dual operator is always irrelevant
compared to the dilaton operator in the IR. In other words, the dilaton fluctuation always
dominates over the scalar fluctuations in the deep IR.

e Remarks about perturbative solutions. Now, we compute the most general so-
lutions of (2.10)—(2.14) in the Fefferman-Graham gauge. Clearly, these equations (2.10)—
(2.14) are quite difficult to solve exactly in the ModMax coupling . Therefore, to proceed
further, we simplify the fields as ® = ®(n), hy = hu(n), Ar = A(n), € =E&(n) and x = x(t)
and solve them “perturbatively” treating the 2D Maxwell coupling (x) and the 2D ModMax
coupling () as expansion parameters.

One can systematically expand these fields using the expansion parameters (x and ) as

A:A0+I€A1+’7/€A2+/€2A3+..., (3.9)
B=DBi+vBy+ckBs+..., |kl <1, |y] <1, (3.10)

where A collectively denotes the fields (®, w) and B denotes the remaining fields (A, x, ).
Here, the subscript ‘0’ denotes the pure JT gravity solution. On the other hand, subscripts

" The conformal dimension of the dual operator (A) is defined as A(A — 1) = m? [45, 64, 67], where m
represents the mass of the scalar field.

12T this case, the constant c is restricted to the range \/T <c< 22—?4 If c < \/?, then the
conformal dimension Ag_ become negative.




‘1" and ‘2’ denote the leading order corrections due to the 2D Maxwell term and the 2D
projected ModMax interaction respectively. Furthermore, the subscript ‘3’ stands for the
quadratic order corrections due to the 2D Maxwell term alone.

Notice that, the B fields (3.10) are expanded differently from that of the A fields (3.9).
This is due to the fact that the B fields are coupled with an overall 2D Maxwell coefficient,
k in the Lagrangian (2.4). Therefore, one should think of the expansion (3.10) to be
multiplied with an overall factor of k. On the other hand, the effects of the 2D projected
ModMax comes into the picture at the quadratic level (yx). To summarise, we solve the
equations of motion (2.10)—(2.14) up to quadratic order (yx and x2) in the couplings and
ignore all the higher order corrections.

3.1 Zeroth order solution

In order to obtain the pure JT gravity solutions, one has to take the limits x — 0 and
v — 0 in the equations (2.10)—(2.14), which yields

wi + Awg = 0, (3.11)
0+ APy =0, (3.12)

/w/
00 L A®y = 0. (3.13)

wo
On solving (3.11)—(3.13), one finds
wo = are™ + age ™, (3.14)
_ by —nA 2\

oy = al—)\e (ale - ag) , (3.15)

where a1, a2 and by are the integration constants.

Equations (3.14)—(3.15) are the zeroth order solutions of the theory (2.4). In the
following sections, we will be using these solutions to obtain the next to leading order
corrections for A and B.

3.2 Order k solution

The leading order corrections to the fields .A and B are due to the presence of the Maxwell
interactions in (2.4),

1 1
ﬁMaxwell = ZFMVF"W + 5@71 ((aX)Q + (8€)2) (316)



On comparing the coefficients of x in the equations (2.10)—(2.14), we obtain

.2
wo® + w1 Bf — ( owh + <I>’1w6) + 2w0< 24 ><12> =0,
“o
2

wi,—i—A 1_7ﬂ:07

wo

P
877 <ws 21) = Oa
O (wot) =0,
¥1=0.

(3.17)

(3.18)

(3.19)

(3.20)
(3.21)

Using the zeroth order solutions (3.14)—(3.15), one can solve the above set of equations

to yield

4)\2 al

nA 2n\
log (a2 — a16277’\) ) +tan~! (ﬁe ) < 3/21 S 3/2>>7
Va2 a;’"yaz  \/aia,

2

1

Wy = L1 - (277/\6277A - = (ale2’7A + ag) log <a2 - a162"A)) + aze™,
4aq aj

$, = e ™ (4/\ (a3b1€2n)\ + as log (az — a16277*)) + 4?1 (277/\—

Ay =c [log (a2 — ale%)‘) —nA| + co,

e Jaje™
& = —ltan_1 ( ! ) + €2,

A NG

X1 = dlt + d2a

where ag, ¢;,d; and e;, (i = 1,2) are the integration constants.

(3.22)
(3.23)

(3.24)

(3.25)

(3.26)

Equations (3.22)—(3.26) represent the leading order corrections to the fields A and B

in the presence of the 2D Maxwell interactions (3.16).

3.3 Order vk solution

Next, we take into account the projected ModMax interactions and their imprint on the

background fields A (3.9) and B (3.10).

~10 -



A straight forward analysis reveals the following set of equations at order vk

4
wo Py + wa®j — Pywh — Powy + dwo€ &, + o X2 — fo=0, (3.27)

2
Y, so Ay

2
" 2
Wy — W2 T An t2 T —
0 (.U(]\/So‘i_po

¢0 ( / SO I >-
oy 2 (A, — 0 A )| =0, (3.29)
! LJO ' \/ 83+ pd ' l
) (Soﬁiwo —poxd) T
0, | wot — — 0, (3.30)

=0, (3.28)

X2 = 0, (3.31)
where we identify the above functions as

1 1 Y2
A2 | AL g2 = — & 3.32
S0 w% t1 + (I)(] < w% +€1 » Po q)OUJOXlgl’ ( )

2woso X1°
Jo= TS ( 7+ 2 ) (3.33)

\/ S0+ Po 0

The above set of equations (3.27)—(3.31) are difficult to solve for generic values of 7.
However, for our present purpose, it will be sufficient to solve them near the asymptotic
limit (7 — o0) of the space-time which yields

1 b
I n _ —nA) _ 2L —nX
= 5 (bae™ = boA + ™) e (3.34)
wo =e M (a4e277>‘ +as + 77)\) , (3.35)
§o = %36"” + eq, (3.36)
Asp = e + ca, (3.37)
X2 = dst + da. (3.38)

where a;, bj, ci, di, and ey, (i = 4,5, j = 2,3, k = 3,4) are the integration constants.

As we show below, not all of these integration constants are actually important for
our analysis. In fact, a few of them finally survive which can be fixed by making use of
the residual gauge freedom [53] in the Fefferman-Graham gauge (3.1). In particular, the
re-scaling of the time coordinate ¢ — a1t preserves the gauge condition g,; = 0 and g, = 1.

Therefore, we can use this freedom to fix the constant!'3

1

al = ——.
agbg

(3.39)

BInterestingly, with this particular choice of the integration constant aj (3.39), the final expression of
the central charge (4.28) appears to be independent of all the remaining integration constants.

- 11 -



3.4 Order k2 solution

Finally, we estimate the quadratic order (k2) corrections due to the Maxwell (3.16) term
alone.
The resulting equations of motion (2.10)—(2.14) can be expressed as

Do A’ Dowi A O A Dy A
w0877< 0% Z0i%n | A “) —w18n< 0 ﬂ) =0, (3.40)
wo wo wo wo
wo®h + w1 P + w3®) — (Pows + Piwi + Phwp) + f2 =0, (3.41)
1 w1
RS | (241 fy %Aﬁ) o (3.42)
0 (w08} + wi€]) — L0y (woef) = 0. (3.43)
x3 =0, (3.44)
where
el 2 2 S Lo W1
f2 = 2(200051{3 + W1§1 ) + ; <2X1X3 — X1> . (345)
0 wo

The above set of equations (3.40)—(3.44) could be solved near the asymptotics (n — o0)
of the spacetime which yield

1 _ bie™ ap (a? +1) +a3

by = — 2\ 2asa3\ — b 1 4

5= = gy (70N +3) Qazaad — breres) ) + =+ TS, (3.46)
1 2 1 —9
ws = 16_77)‘ (Cl( m+l) (C;?’;M ) | fage? 4a7> , (3.47)
—nA
Vagere 3™ (2(1 = 6n)) — 12 _%e 3.48
63 364 5/2 ( €1e ( 1( n ) a’2a3)) \ + €6, ( )
cle_”’\

Apg = 2 4
= Jarasbin + cn + cs, (3.49)
x3 = dst + dg, (3.50)

where a;,bj, ¢, dy and e, (1 =6,7, j =4,5, k =5,6) are the integration constants.

4 Boundary stress tensor and central charge

In this section, we work out the “renormalised” boundary stress tensor [50, 53, 56]—[58]
and study its transformation properties under both the diffeomorphism and the U(1) gauge
transformations. In particular, we examine the effects of the projected ModMax interac-
tions on the central charge of the boundary theory.

To begin with, we workout the boundary terms'* for the action (2.4). This is required
in order to implement a consistent variational principle [50, 53]. Systematically, one can

14The boundary in the Ferrerman-Graham gauge is located near n — oo.
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decompose the boundary terms into following two pieces,

Iboundary = IGHY + Icountera (4-1)

where Igpy is the standard Gibbons-Hawking-York boundary term and Icounter represents
the boundary counter terms.
The Gibbons-Hawking-York boundary term [50, 53, 68] in 2D gravity is given by

1 B 1
s /0 dtV=h®K , K = Sh"0;hu, (4.2)

Igny =

where K is the trace of extrinsic curvature, [ is the inverse temperature and hy is the
induced metric on the boundary.

On the other hand, the counter term that is required to absorb all the near boundary
divergences of the on-shell action can be expressed as

1 B by,
Icoun er — — dt\/ —h| \D 2k— —habAaA s 4.3
t 87TG2 /0 < + 2K b) ( )

C1

where (a,b) are the one dimensional boundary indices.'®

Finally, the complete renormalised action is given by

Irenormalised = Ibulk + Iboundary7 (44)

where Ihyx and Jhoundary are given in (2.4) and (4.1) respectively.
Notice that, the combination of the U(1) gauge field in the I.ounter (4.3) seems to break
the gauge invariance under the transformation

Ay — Ay + 0,5, (4.5)

which yields the following extra piece under the U(1) gauge (4.5)

B B
Icounter ~ / dtv _h(\/ _habAaAb> — / dt(At + 81&2) (46)
0 0

However, one can preserve the gauge invariance by imposing the condition that 9,3
(see (4.21)) must vanish near the boundary, n — oo [53].

Using the renormalised action (4.4), it is now straightforward to calculate the variation
dIphoundary under the combined action of the diffeomorphism and the U(1) gauge, where
dIhoundary can be systematically expressed as!6

1

ab a
m / dt\/jh(g Ohap + Gpd® + G0 A, + gX(SX + g§6£> . (47)

6Ib0undary =

3
mcy

B 16\/a1a3b1 (alfc%)
quadratic order (% and x?) in the couplings.
165Iboundary already incorporates the bulk contributions (dIpuik) near the asymptotic limit, n — oo.

15Here, we set the constant cg = in order to cancel the boundary divergences up to
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Here, the boundary contributions can be expressed as

P b

ab __ e 7, ab i — ab ab lyab, /| 1cd

G» =n,VIOL" +n e (8M\/ h)h ADh 2/<;C1 h%\/—hedA Ay
b AcAb

R e (4.8)

c1\/—h9A A,

b
a_ _ . $ . pa bi h Ay

G = —4kn, P ( cosh Nerws sinh 'y> Fr 44k o A (4.9)
sVHx — petV € |

Gy, = —4rn, (V“X coshy — N %> sinh 7y |, (4.10)
sVHE + pel®V o x .

Ge = —4kny, (V“{ coshy — e %2 sinh 7 |, (4.11)

Go = 2K — 2, (4.12)

where n# = ¢} is the unit normal vector at the boundary.
With all these preliminaries, we now introduce the boundary stress tensor [50, 53]
corresponding to the action (4.4)

2 5Iboundary . gab

T% — -
vV—=h Ohg 8mGy’

(4.13)

where G% is given in (4.8).

Our next task is to explore the transformation properties of the background fields (3.9)—
(3.10) and hence the boundary stress tensor (4.13) under the combined effects of the dif-
feomorphism and the U(1) gauge transformation.

Under the diffeomorphism,

at — ot + €'(x), (4.14)
the background fields (3.9)—(3.10) transform as

Sedy = VoA, + AV e, (4.15)
6eg;w = Vyuer + Ve, (4.16)
5.8 = €'V, (4.17)

where S collectively denotes the scalar fields ¢, € and .
The diffeomorphism parameter, e#(x) can be obtained using (4.16) and the space-time
metric (3.1), which yields the following

1 (2(a?+1) 4ask 2(a? +1) 4ask
_ o 1 B 2 _ 1 _ 41
€@ =ef )+ 5y < 302\ 347\ HI), e 302\ 347\ 0uf(t), (4.18)

where f(t) is some function!” of time [53].

In the Fefferman-Graham gauge [50, 59], the variation of the space-time metric (under diffeomor-
phism (4.16)) yields a set of coupled differential equations that contain the derivatives of the diffeomor-
phism parameters ¢; and €, with respect to the variable “n”. Therefore, the function f(¢) in these equations
appears as an integration constant. However, one can further compute the function f(¢) using suitable
boundary conditions for the background fields A (3.9) and B (3.10).
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It should be noted that, we perform all the analysis in a gauge in which one of the
components of the U(1) gauge field, A, is set to be zero (3.1). On the other hand, under
the diffeomorphism (4.14), A, transforms as

S Ay = Agd) ( );éo (4.19)

which breaks the gauge condition A, = 0.
In order to restore this gauge condition, we employ the U(1) gauge transformation,
Ay = Ay + 0,% and compute the U(1) gauge parameter ¥ such that (0 + dx)A4, = 0,

which yields the following
/ dn A0 ( . ) (4.20)
tt

where we have used the variation (4.19).
Now, one can perform the above integration (4.20) using the background fields (3.9)-
(3.10) and the diffeomorphism parameter (4.18), which yields

6—277)\

x= 2a3ap)® (f”(t) (2 (a% + 1) azar (c1A (2log (a1) — (v — 1)(2nA + 1)) + 2ye3A

+ K (2X (csm + c4) + ¢5) ) + aferrA (cf log (a1) — 4a2a3> (2log (a1) +2nA + 1)
+ c1kA (cf log (a1) — 8a2a3) (2log (a1) + 20\ + 1)) — 3arascik\® f()(21og (a1)

+2pA + 1)) : (4.21)

It is interesting to notice that the U(1) gauge parameter ¥ vanishes naturally in the asymp-
totic limit (7 — oo), which is consistent with the gauge preserving condition (4.6).

Finally, we note down the transformation of the boundary stress tensor (4.13) under
the combined action of the diffeomorphism (4.14) and the U(1) gauge transformation which
yields

1

c Ty = ——
(0¢ + 0%) s 87 Cls

(8 D —\D — 2k blA) ((Sehtt) + 4/‘?1)170‘)((55 + (SE)At)
C1 W C1

+ %an(aehtt) - %(anwz — 2)0?)(0®) ~ 877(56(1))(,02]. (4.22)

The variations of the background fields hy, Ay and ® can be obtained using (4.15)—
(4.18) and (4.21), which yields the following

(0 + 05:) Ar = Hi(m)Oef () + Ha(n) O f (1), (4.23)
Scher = Ha(n)Ocf (t) + Ha(n)} £ (1), (4.24)
56(1) = H5 (n)atf(t)v (425)

where the explicit form of the functions #;(n), (i = 1,2...5) are given in the appendix B.
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Using these variations (4.23)—(4.25), the transformation of the boundary stress ten-
sor (4.22) can be expressed in a more elegant way

(0 + 65)Thr = 2T 0 f(t) + f(£) 0Tt — e} f (1) (4.26)

Here, we define the re-scaled stress tensor as

ad Ttt
Tp=— -t
"7 by (1 + a2bd)’

and identify the coefficient “cj;” (coefficient of 9; f(t)) as being the central charge [50, 53]
of the boundary theory,

(4.27)

1

= T (5 = 1275+ 22), (4.28)

CM
where we substitute A\ = v/3.
It should be noted that the above expression of the central charge (4.28) is a per-
turbative result up to quadratic order in the ModMax coupling (v) and the U(1) gauge
coupling (k). Clearly, in the limit v — 0, the central charge (4.28) reduces to ~ G% which
is consistent with the existing result in the literature [53].

5 Black holes and 2D projected ModMax

We now construct the 2D black hole solutions and investigate their thermal properties in
the presence of 2D projected ModMax interactions (2.4). In particular, we emphasise on
the role played by the ModMax parameter, that is required to set all the fields “finite”
near the horizon. These solutions are further used to compute the Wald entropy [61]-[63]
associated with these 2D black holes. Finally, we also comment on the possibilities for
extremal black hole solutions in two dimensions.

5.1 Black hole solutions

We estimate the 2D black hole solutions of (2.4) by means of perturbative techniques up to
quadratic order in the ModMax parameter () and the Maxwell’s coupling (). Technically
speaking, it is not convenient to determine the black hole horizon in the Ferrferman-Graham
gauge due to the presence of the non-trivial couplings in U(1) gauge fields (2.4). However,
one can perform an elegant calculation using the light cone gauge. In this gauge, the
space-time metric can be expressed as

ds? = > (— dt? 4 d2?), Aydat = Ay(z)dt,
¢ = ‘I)(Z)’ X = X(t)a §= g(z) (51)

Like before as in (3.9)—(3.10), one can systematically expand the background fields in
the couplings s and v as

AW = AP 1 g AP 4y AP 4 R2APM (52)
BM = B B kB L (k| <1, | <1, (5-3)
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where AR collectively represents the fields (®, w) and B(®h) represents the remaining
fields (A¢, x, &). Furthermore, the superscript “bh” in AP and B®M denote the black
hole solution.

5.1.1 Zeroth order solution

In order to calculate black hole solutions at zeroth order, we switch off the U(1) gauge
couplings (k — 0, v — 0) in the equations of motion (2.10)-(2.14), which yields the
following set of equations

B — whdp + Ae* 0Dy = 0, (5.4)
wh®f + Ae*0dg = 0,
Wy + e*ON =0, (5.6)

where ’ denotes the derivative with respect to z.

On solving the equations (5.4)—(5.6), one finds

€2wébh) _ 4p

(bh) _
= Py = 5.7
Asinh? (2,/fz) ’ 0 %o, (5.7)

where ¢q is a constant.

It should be noted that we treat the dilaton (®) as constant while taking the limits
k — 0 and v — 0. However, it possesses a non-trivial profile in the presence of U(1) gauge
fields (see section (5.1.2) and (5.1.3)).

5.1.2 Order k solution

The leading order corrections to A®") and B could be estimated by solving the equations
of motion (2.10)—(2.14) at order &

=
o

O — 2(wp®) +wPp) +2(xT +£7) =0, (5.8)
Wy + 2w e — 720 A2 — (), (5.9)

0. (®oe 20 47, ) =0, (5.10)

1=0, (5.11)

5.12)

X1 =0, (5.

where . and ’ denote the derivatives with respect to t and z respectively.

In order to solve the above differential equations (5.8)—(5.12), we adopt the following
change in coordinates

p = +/pcoth (24/pz). (5.13)
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Using the zeroth order solutions (5.7) together with (5.13), one finds

wgbh)

(I)gbh)

(bh)
1

bh
A =

N

2
_ By <P> Lap  omi

N Vi) i 2065
2, 72
_ +3ll)ptanh_1 (P) +aip,
dpz Vi
l
=1 coth! P + s,
2\/p Vi
~ 2map
Aoy + ma,
=nqt + na,

- 42,

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

where m;,n;, l;, ¢; and g1, (i = 1,2) are the integration constants.

5.1.3 Order ~k solution

The contributions due to the projected ModMax interactions could be estimated by solving
the equations of motion (2.10)—(2.14) at order v

280

B — 20} + b)) + A(aks +EE) — (P ED) =0, (519
\/ S0 T Po

Wl + 2Awqe? 0 — 2e7 20 AL A, — €204 /52 + p 4+ f1 =0, (5.20)

1 .
0. [s; — (508} - poxl)] =0, (521)

V58 + 18
A/

0, [62“0<I)0< to — “50> =0, (5.22)

V56 + P8
X2 =0, (5.23)

where we define the above quantities as
1 . . 1 %
= ———=(s0( =i + &) = 20ia€1) , 20 =29 e g,
Do/ 55 + 1§

50 = —e MOAR L P e R0 xE 4 ). (5.24)

Clearly, the above differential equations (5.19)—(5.23) are quite non trivial to solve
exactly in the radial variable (z). However, for the purpose of our present analysis, it is
sufficient to solve them near the black hole horizon.

Using (5.13), the location of the horizon (pg) can be determined by noting the space-
time metric (5.1)

4(p — p? dp?
ds?y,) ~ e =—r7) . r) (1 + 2me0{™ + 2ym0f™) ( —dr+ ) (5.25)

which yields p = pg = /0.
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Finally, the near horizon solutions of the equations of motion (5.19)—(5.23) could be
listed as

bh p 644%/2
" = g2, (64up<p—6¢m+n%p< s | BV P12 (ni+12) (p-9VR)

—3n§z;*> — 15\/ﬁ+2p> +2n1n3p (2p—15/11) + ply (zl (p—12/n)

2
+2n3ny 411 (I +213)) log (p—
+313(p—9\/ﬁ))+192ﬂ5/292>+p(”1 e 155;3/2 3))log (0= Vi) (5.26)
oy _ 1 266minthyptp(p—2y/p)  32up (2/k(n?—21F) +12p)
2 16p3/2 A2¢0%(n3 +13)3 nil
1
+(l3+l1)<—zp(p—6\/ﬁ)—4ulog(p—\/ﬁ)>>+l4, (5.27)
®hy _ 32y/Eminilip (p—2,/)
Ay = Ao (2 + )7 —msp—+my, (5.28)
Wi = ™ <m1 (i~ 17) —m3¢0)+Q310( p) +quKo (p), (5.29)
2%2 A(”ﬁ‘ )
X3 =ngt+na, (5.30)

where we define g = 2, /ﬁ — 1 and my,n;, l;, qi, g2, (i = 3,4) are the integration constants.

Furthermore, here Iy (p) and Ky (p) are respectively the modified Bessel functions [69] of
the first (I,(p)) and the second kind (K, (p)).
5.1.4 Order k2 solution

The contribution due to the Maxwell (3.16) term alone at quadratic (x2) could be estimated
by solving the equations (2.10)-(2.14) at order x>

~21 0. (@oe 20 AL, ) + 0. [e720 (= 21 Bo A}y + D1 AL + Do 4, )} 0, (5.31)
wh 4 28e*° (W] + w3) — 220 (—wi A + Al Aj5) =0, (5.32)

D5 — 2(ws®) + w3 + Wi ) +4(X1xXs + §165) = 0, (5.33)

gg’ =0, (5.34)

= 0. (5.35)

The solutions of the above equations (5.31)—(5.35) are quite complicated, therefore
we mention them in the appendix C. Like before, one can further simplify these solu-
tions (5.26)—(5.30) and (C.1)—(C.5) by making use of the residual gauge freedom in the
light cone gauge (5.25). In particular, the re-scaling of the time coordinate, ¢ — n;t does
not affect the gauge condition g;, = 0. Therefore, one can use this freedom to fix the
constant ny = /1 — 3.

It is evident from (5.15), (5.16), (C.2) and (C.4) that the leading order (k) corrections
as well as the quadratic order (k?) corrections diverge as we move closer towards the black
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hole horizon (p ~ pg = \/i). Similar divergences persist even at quadratic order (yx)
(see (5.26) and (5.27)). However, for a particular choice of constants

ns = é((ﬂf —1)(1+7) — 2knsy/1 =12 — HQQ), (5.36)

B 2vy/1 =13
1
lgzﬁ(—l%(l +9) + rmsy1 - ), (5.37)

the divergences at order x and k2 cancel with those at the quadratic order (yx) thereby
resulting in a finite expression for £") and ®(®") near the horizon (p ~ V/#t). This turns
out to be a unique feature of projected ModMax interactions in two dimensions.

5.2 2D black hole thermodynamics

With the above solutions at hand, we now explore the thermal properties of 2D black
holes in the presence of projected ModMax interactions. In particular, we compute the
Wald entropy [61]-[63] for 2D black holes. Finally, we also comment on the Wald entropy
associated with the extremal black holes in two dimensions.

To begin with, we compute the Hawking temperature [60] for the 2D black holes which
receives quadratic order corrections due to U(1) gauge and ModMax couplings

N

— __att —
Ty = 27T\/ 199 (0,1 =¥ l (kg +yig + 5 p)], (5.38)

P/
where we set the constants g4 = g2 = ¢ and p is defined as
2

m1 3
= 1+ 24 log(4) — 8 : 5.39
p 12Au¢8( + 24qp0 + log(4) — 8uig1) (5.39)

The Wald entropy [61]-[63] is defined as

oL

Sy = —2m—2=
w "SR as

€uv€af (540)
where I, is the Riemann curvature tensor, £ is the Lagrangian density'® in two dimen-
sions and €, is the anti-symmetric rank two tensor having the normalization condition,
eMey, = —2.

Using (4.4), the Wald entropy (5.40) for 2D black holes turns out to be'?

H(bh)
4G,

— (00 + ko + v + K205, (5.41)

Sw 4Gy

P/l

18Here we used the convention, I = f d*z\/=gL.
9Here, the entities ¢1, ¢ and ¢3 are respectively the values of @gbh) (5.15), @ébh) (5.26) and @gbh) (C.2)
at the horizon p = py = /1.
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where we denote the above entities as

¢1 = \/Hg — 192 (1210g(4,u,) + 212 - 13), (5.42)
_ 64p(1—21})2 12 5
(,1)2—37@ (l%—1)3 +l%_1+\/ﬁ92 g, (543)
1
¢3 = 1921/ (g1 (q1 + @) + g3) + 24/1 — I3ns + (36 log (1)
1924

+13 — 241og(2)) — 48q1>, (5.44)

and ¢ is the usual constant dilaton solution in the limit x — 0 and v — 0 (5.7).

5.3 A special case: extremal 2D black holes

As a special case, we study the extremal 2D black hole solutions and compute the asso-
ciated Wald entropy. Extremal black holes correspond to the vanishing of the Hawking
temperature (5.38)

kq + YEq 4+ K2p = 1, (5.45)

which for the present example stands as an extremality condition in two dimensions.
Using (5.45) and (5.41), the Wald entropy for 2D extremal black holes (S‘(,;Xt)) turns
out to be

xt 1
W= i

Po + @ + H(¢1 ¢2> + K° <¢3 - z¢2>] ; (5.46)
where the entities p, ¢1, ¢2 and ¢3 are respectively given in (5.39), (5.42), (5.43) and (5.44).

6 Concluding remarks

To summarise, in the present paper, we construct the 2D analogue of the four dimensional
ModMax electrodynamics (coupled with Einstein gravity) using the notion of dimensional
reduction. We investigate the effects of projected ModMax interactions on various physical
entities associated with the boundary theory in one dimension. Finally, we construct the
associated 2D black hole solutions and explore their thermal properties.

Below, we outline some of the future extensions of the present work.

e In the literature, there exists an alternative way to derive the thermodynamic entropy
of 2D black holes by noting the asymptotic growth of the physical states of a CFT
by means of the Cardy formula (S¢) [53, 70]-[71]

CMA
6 Y

Sc =2m (6.1)

where A is the eigen value of the associated Virasoro generator L.
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The authors in [53] establish a 2D/3D dictionary which by virtue of the Cardy
formula (6.1) predicts the correct Bekenstein-Hawking entropy for 2D black holes.
Therefore, it would be indeed an interesting project to uplift the 2D black hole so-
lutions (5.2)—(5.3) into three dimensions and establish a suitable 2D /3D mapping in
the presence of 2D projected ModMax interactions.

o It would be an interesting project to add SU(2) Yang-Mills interactions and inves-
tigate their imprints on various physical observables associated with the boundary
theory. In particular, the authors in [55] observe that the SU(2) Yang-Mills field
play an important role in obtaining the Hawking-Page transition in the context of
JT gravity. Therefore, one can investigate similar effects and/or possible deviations
in the presence of projected ModMax interactions in two dimensions.

o Finally, it would be nice to construct the 2D wormhole solutions [45, 54] and explore
their thermal stability for the ModMax corrected JT gravity models.

We would like to address some of the above issues in the near future.

Acknowledgments

The authors are indebted to the authorities of Indian Institute of Technology, Roorkee
for their unconditional support towards researches in basic sciences. DR would like to
acknowledge The Royal Society, U.K. for financial assistance.

A Equations of motion

In this appendix, we note down the most general form of the equations of motion (2.10)—
(2.14) in the Fefferman-Graham gauge (3.1),

K DA ssinh
Ay 0, L | coshy - ——L
t n l /—htt ( Y /82 + p2>

=0, (A1)

X sX +p€'vV'—hu K
: 0| — ——==coshvy sinhy | + Ol vV—"h
X V—hu t( V—hu v—htt\/82+p 'y> — N n( "
, —_—
X'V =hu + p¢ sinhy | = 0, (A.2)
V82 +p?

x x' coshy —

K 3 —s& + px'v—hu K
& 0| — —==cosh~vy — sinh~y | + oyl V—h
vV =hi ' vV —h V—hit/s? + p? —hy "
/ /_h _ .
x & coshry — W sinh’y) =0, (A.3)
2
&/ —ha(V—hw)" + (V—h)?A — kA2 coshy + —2t_ ginh~ = 0, Ad
tt( tt) ( tt) Ry Y \/m mn -y ( )
inh

g ap o 2e0 oty - SR (0006 -3 <0
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: — 1/ :
! 8,5( i >+(V htt)q)+A<I>—2n<I><cosh’y—Ssmhfy>

= V=l V=l vV —h V82 +p?
(% + €2) s)
2l =0 A6
(T +3) - (A6)
, DV =hy) ssinhy \, ., .,
g+ — () + ﬁ - 2/‘6<005h7 - m) (&8 +xx) =0, (A.7)
along with the functions
so A g < S SRS - N 5’2> (A8)
(V= )? (V=T )? ’
o1 :
= -2 & — X/ A9
P \/_—htt(xﬁ X'€), (A.9)

where . and ’ denote the derivatives with respect to ¢ and 7 respectively.

B Details of the functions H;’s

In this appendix, we present the explicit details of the functions #H,;, (i = 1,2,...5)

1 ake™ ™ g e "
Hi(n) 1 [q( - + a? (as ( og (az aie ) n ) a2b1)\>

8aai \e2™
a1e2m™ —aq

g (s e rmaa) ) 49e) G (e s (20

+ (4 Y+1)nA— 4log( alegn/\))—éla('y—i- A+

fw‘ ~ »—tgw‘ =

+log (a2 —ae ”A) —3nAlog (az —ale2’7}‘) ) +ag (2log (a1)+2n\+ 1)))] , (B.1)

1

Hz(ﬁ):—m

<ae_3’7’\ (01 ( —2ajasby Ae™ ( —2log (ag — a162’7)‘) +2log (aq)
—v+4nA+ 1) +4asazby kAe™ ( 2log (a2 —ae?" ) +2log (a1)+4nA

+ 1) + H) + b1 C?H)\CHA (2 ( log2 (a2 —a 6277)‘) —3n\log (az —a 62’7)‘)

+2772)\2) —log (a1) (2n\+1) — 2log? (al)) - 2a1a2b105f£6"7)‘)> , (B.2)

1
8aya3 (a1 —ay)

+ c%/iez")‘ (277)\ —log (ag —ay eQ”A)) ) + a%ne%)‘ (c‘llfi)\em)‘ (log (ag —ay 6277)\>

Hs (77) =22 _

a [8&2&?)\6277)\ (4@2/%277)‘ (agy+agk+asz)— 2a%

— 277)\) 24 8&2&36%/&)\6277)‘ (277)\ —log (ag —ay eQ”A» + 8ag (2&%%)\627])\
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—c1 (01)\ (— log (a2 - a1e2n/\) +2nA+ 1) + 205/—@) ) — 32&%)\(a4fy+ agk
+ ag)) — a1k’ (16‘13 (a%)\e%)‘ - 0165) + e (log (ag — ale%/\) 2

—2(2pA+1)log (a2 — a1e?™) + 4nA(nA+1) ) + 8azaseire? (20

—log (az —aq 62’7>‘) )) —8a3azciriN+ 16a%a‘11/\e4’7)‘] ,

a
H4(77):X7
1 2b; e b
_ oM 1¢1 1 2( . 20\
H5(77)—a[4/% <a2 (@—ae®™) | aras (cl( log(az ae )+2?7/\+2)
2, —1 (Vae™
+4a2a3)* dre” 7d1tan ( Va2 )7 areze™
ajas e + a2\ \/aag/%\ aie2 +ag )\
Var o g [ ae™ RPeTM o o
— t 2a7bg e +2 A2nA+1
\/@)\elan NG +2a%)\(a14e +2aza3A(2nA+1)

—bicres(2nA+ 1)) + byyke™ + ble")‘l ,

2(“%"’1) 4azk

where we denote the constant a = 325 T 3ain

C Order k2 solutions

In this appendix, we note down the solution of the equations (5.31)—(5.35),

CONNN 3/22 _r -’
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(B.4)

(B.5)
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where mg,n;, i, ¢i, gj, (i = 5,6, j = 3,4) are the integration constants and we define

Lis(z) = PolyLog(2, x).
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