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1 Introduction

Within the Loop Quantum Gravity framework, one studies the nonperturbative quantiza-
tion of gravity, both canonically and covariantly, see [1–4] for an overview and a compre-
hensive introduction. The covariant approach focuses on defining the path integral for the
gravitational field by considering a triangulation of a spacetime manifold and specifying
the path integral as a discrete state sum of the gravitational field configurations living on
the simplices in the triangulation. This quantization technique is usually referred to as the
spinfoam quantization method, and it can be divided into three major steps:

1. first, one writes the classical action S[g] as a topological BF -like action plus simplicity
constraints,

2. then one uses the algebraic structure underlying the topological sector of the action
to define a topological state sum Z,
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3. and finally, one deforms the topological state sum by imposing simplicity constraints,
thus promoting it into a path integral for a physical theory.

Spinfoam models for gravity are usually constructed by constraining the topological gauge
theory known as BF theory, obtaining the Plebanski formulation of general relativity [5].
For example, in 3 dimensions, the prototype spinfoam model is known as the Ponzano-
Regge model [6]. In 4 dimensions there are multiple models, such as the Barrett-Crane
model [7, 8], the Ooguri model [9], and the most sophisticated EPRL/FK model [10, 11]
(see also [12–14]). All these models aim to define a viable theory of a quantum gravitational
field alone, without matter fields. The attempts to include matter fields have had limited
success [15], mainly because the mass terms cannot be expressed in the theory due to the
absence of the tetrad fields from the topological BF sector of the theory.

In order to overcome this problem, a new approach has been developed within the
framework of higher gauge theory (for a review of higher gauge theory, see [16, 17], and
for its applications in physics see [18–29]). Within higher gauge theory formalism, one
generalizes the BF action, based on some Lie group, to an 2BF action based on the
2-group structure. Within this approach [30], one rewrites the action for general relativity
as a constrained 2BF action, such that the tetrad fields are present in the topological
sector. This result opened up the possibility to couple all matter fields to gravity in
a straightforward way. Nevertheless, the matter fields could not be naturally expressed
using the underlying algebraic structure of a 2-group, rendering the spinfoam quantization
method only half-implementable, since the matter sector of the classical action could not
be expressed as a topological term plus a simplicity constraint, which means that the steps
2 and 3 above could not be performed for the matter sector of the action.

This final issue has recently been resolved in [31], where one more step in the categorical
ladder is performed in order to generalize the underlying algebraic structure from a 2-
group to a 3-group (see also [32] for the 4-group formulation). This generalization then
naturally gives rise to the so-called 3BF action, which proves to be suitable for a unified
description of both gravity and matter fields. The first step of the spinfoam quantization
program is carried out in [31] where the suitable gauge 3-groups have been specified, and the
corresponding constrained 3BF actions constructed so that the desired classical dynamics
of the gravitational and matter fields are obtained. A reader interested in the construction
of the constrained 2BF actions describing the Yang-Mills field and Einstein-Cartan gravity,
and 3BF actions describing the Klein-Gordon, Dirac, Weyl, and Majorana fields, each
coupled to gravity in the standard way, is referred to [30, 31].

In this paper, we focus our attention on the second step of the spinfoam quantization
program: we will construct a triangulation independent topological state sum Z, based on
the classical 3BF action for a general 3-group and a 4-dimensional spacetime manifoldM4.
This state sum coincides with Porter’s TQFT [33, 34] for d = 4 and n = 3. In order to
verify that the constructed state sum is topological, we analyze its behavior under Pachner
moves [35]. Pachner moves are local changes of a triangulation that preserve topology,
such that any two triangulations of the same manifold are connected by a finite number of
Pachner moves. In 4 dimensions, there are five different Pachner moves: the 3 − 3 move,
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4− 2 move, and 5− 1 move, and their inverses. After defining the state sum, we calculate
its behavior under these Pachner moves. We obtain that the state sum Z remains the
same, proving that it is a topological invariant of the underlying 4-dimensional manifold.
This construction thus completes the second step of the quantization procedure. Our result
paves the way for the third step of the covariant quantization procedure and a formulation
of a quantum theory of gravity and matter by imposing the simplicity constraints on the
state sum. We leave the third step for future work.

The layout of the paper is as follows. In section 2 we review the pure and the con-
strained nBF theories describing some of the physically relevant models — the constrained
2BF actions describing the Yang-Mills field and Einstein-Cartan gravity, and constrained
3BF actions describing the Klein-Gordon and Dirac fields coupled to Yang-Mills fields and
gravity in the standard way. In section 3, we review the relevant algebraic tools involved
in the description of higher gauge theory, 2-crossed modules, and 3-gauge theory. Start-
ing from the notion of Lie 3-groups, we generalize the integral picture of gauge theory
to a 3-gauge theory that involves curves, surfaces, and volumes labeled with elements of
non-Abelian groups. In section 4, we define the discrete state sum model of topological
higher gauge theory in dimension d = 4. The model is defined for any closed and oriented
combinatorial 4-dimensional manifold M4. The proof that the state sum is invariant un-
der the Pachner moves and thus independent of the chosen triangulation is presented in
appendix B.

Notations and conventions throughout the paper are as follows. The local Lorentz
indices are denoted by the Latin letters a, b, c, . . . , that take values 0, 1, 2, 3, and are raised
and lowered using the Minkowski metric ηab with signature (−,+,+,+). The spacetime
indices are denoted by the Greek letters µ, ν, . . . , and are raised and lowered by the space-
time metric gµν = ηabe

a
µe
b
ν , where eaµ denotes the tetrad fields. If G is a finite group,∫

G dg = 1/|G|
∑
g∈G denotes the normalized sum over all group elements, while δG denotes

the corresponding δ-distribution on G. The δ-distribution is defined for every element
g ∈ G such that δG(g) = |G| if g is the unit element of the group, i.e. , g = e, and δG(g) = 0
if it is not, i.e. , g 6= e. If G is a Lie group,

∫
G dg and δG denote the Haar measure and the

δ-distribution on G, respectively. The set of all k-simplices, 0 ≤ k ≤ d, is denoted by Λk.
The set of vertices Λ0 is finite and ordered, and every k-simplex is labeled by (k+1)-tuples
of vertices (i0 . . . ik), where i0, . . . , ik ∈ Λ0 such that i0 < · · · < ik.

2 Review of the classical theory

2.1 Topological nBF theories

For a given Lie group G whose Lie algebra g is equipped with the G-invariant symmetric
nondegenerate bilinear form 〈_ ,_〉g, and for a given 4-dimensional spacetime manifold
M4, one can introduce the BF action as

SBF =
∫
M4
〈B ∧ F 〉g , (2.1)

where 2-form F ≡ dα + α ∧ α is the curvature for the g-valued connection 1-form α ∈
A1(M4 , g) and 2-form B ∈ A2(M4 , g) is an g-valued Lagrange multiplier. Varying the
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action (2.1) with respect to the Lagrange multiplier B and the connection α, one obtains
the equations of motion of the theory,

F = 0 , ∇B ≡ dB + α ∧B = 0 . (2.2)

From the first equation of motion, one sees that α is a flat connection, which then, together
with the second equation of motion, implies that B is constant. Therefore, the theory given
by the BF action has no local propagating degrees of freedom, i.e., the theory is topological.
For more details about the BF theory see [5, 36, 37].

Within the framework of Higher Gauge Theory, by passing from the notion of a gauge
group to the notion of a gauge 2-group, one defines the categorical generalization of the
BF action, called the 2BF action. A 2-group has a naturally associated notion of a 2-
connection (α , β), described by the usual g-valued 1-form α ∈ A1(M4 , g) and an h-valued
2-form β ∈ A2(M4 , h), where h is a Lie algebra of the Lie group H. The 2-connection
gives rise to the so-called fake 2-curvature (F ,G), where F is a g-valued fake curvature
2-form F ∈ A2(M4 , g) and G is an h-valued curvature 3-form G ∈ A3(M4 , h), defined as

F = dα+ α ∧ α− ∂β , G = dβ + α ∧B β . (2.3)

Representing the 2-group as a crossed-module (H ∂→ G ,B), and seeing the next section for
the definition and notation, one introduces a 2BF action using the fake 2-curvature (2.3) as

S2BF =
∫
M4
〈B ∧ F〉g + 〈C ∧ G〉h , (2.4)

where the 2-form B ∈ A2(M4 , g) and the 1-form C ∈ A1(M4 , h) are Lagrange multipliers,
and 〈_ ,_〉g and 〈_ ,_〉h denote the G-invariant symmetric nondegenerate bilinear forms
for the algebras g and h, respectively. Similarly as in the case of the BF theory, varying
the 2BF action (2.4) with respect to the Lagrange multipliers B and C one obtains the
equations of motion,

F = 0 , G = 0 , (2.5)

i.e. , the conditions that the curvature 2-form F and the curvature 3-form G vanish, while
varying with respect to the connections α and β one obtains

∇B + C ∧T β = 0 , ∇C − ∂(B) = 0 . (2.6)

Similar to the case of the BF action, the 2BF action defines a topological theory, i.e., a
theory with no propagating degrees of freedom, see [38–41] for review and references.

Continuing the categorical ladder one step further, one can generalize the 2BF ac-
tion to the 3BF action, by passing from the notion of a 2-group to the notion of a 3-
group. Representing the 3-group with a 2-crossed module (L δ→ H

∂→ G ,B , {_ ,_}p),
and seeing next section for definition and notation, one can define a 3-connection as an
ordered triple (α, β, γ), where α, β, and γ are appropriate algebra-valued differential forms,
α ∈ A1(M4, g), β ∈ A2(M4, h), and γ ∈ A3(M4, l). The corresponding fake 3-curvature
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(F ,G,H) is defined as:

F = dα+ α ∧ α− ∂β , G = dβ + α ∧B β − δγ ,

H = dγ + α ∧B γ + {β ∧ β}p .
(2.7)

Then, similar to the construction of BF and 2BF actions, one defines the 3BF action as

S3BF =
∫
M4
〈B ∧ F〉g + 〈C ∧ G〉h + 〈D ∧H〉l , (2.8)

where g, h, and l denote the Lie algebras corresponding to the Lie groups G, H, and L and
the forms 〈_,_〉g, 〈_,_〉h, and 〈_,_〉l are G-invariant symmetric nondegenerate bilinear
forms on g, h, and l, respectively. The variables B ∈ A2(M4, g), C ∈ A1(M4, h), and
D ∈ A0(M4, l) are Lagrange multipliers, and their associated equations of motion are the
conditions that the 3-curvature (F ,G,H) vanishes,

F = 0 , G = 0 , H = 0 . (2.9)

Additionally, varying with respect to the 3-connection variables α, β, and γ one gets:

∇B + C ∧T β −D ∧S γ = 0 , (2.10)

∇C − ∂(B)−D ∧(χ1+χ2) β = 0 , (2.11)
∇D + δ(C) = 0 . (2.12)

For further details see [22, 42, 43] for the definition of the 3-group, and [31] for the definition
of the pure 3BF action.

All the above actions are topological, in the sense that they do not contain any local
propagating degrees of freedom [44, 45]. In this sense, they are not very interesting for the
description of realistic physics, which should feature nontrivial dynamics. Nevertheless, by
choosing the convenient underlying 2-crossed module structure and imposing the appropri-
ate simplicity constraints onto the degrees of freedom present in the 3BF action, one can
obtain the nontrivial classical dynamics of the gravitational and matter fields, as we will
see in the following subsection.

2.2 Models with relevant dynamics

Let us review how one can employ the n-group structure to introduce the topological nBF
actions corresponding to gravity and matter fields, as well as the form of the appropriate
simplicity constraints to be imposed on these fields to obtain the classical dynamics.

First we review the most important constrained 2BF actions. We begin by rewriting
general relativity as a constrained 2BF action based on the underlying Poincaré 2-group.
The Poincaré 2-group is equivalent to a crossed module (H ∂→ G,B), where the groups are
choosen as G = SO(3, 1) and H = R4, and the map ∂ is trivial. The action B is a natural
action of SO(3, 1) on R4, defined as

Mab B Pc = η[bcPa] , (2.13)
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where Mab and Pa are the generators of groups SO(3, 1) and R4, respectively. The ac-
tion B of SO(3, 1) on itself is given via conjugation, by definition of a crossed module.
Then, Poincaré 2-group gives rise to the 2-connection (α, β), given by the algebra-valued
differential forms

α = ωabMab , β = βaPa , (2.14)

where we have interpreted the connection 1-form αab as the ordinary spin connection ωab.
Also, the corresponding 2-curvature (F ,G) is given as

F = (dωab + ωac ∧ ωcb)Mab ≡ RabMab ,

G = (dβa + ωab ∧ βb)Pa ≡ ∇βaPa ≡ GaPa ,
(2.15)

where we can recognize the standard Riemann curvature 2-form Rab in F . Having these
variables in hand, one defines 2BF action (2.4) for the Poincaré 2-group as

S2BF =
∫
M4

Bab ∧Rab + ea ∧∇βa . (2.16)

Here, the crucial insight is that the Lagrange multiplier fields Ca can be identified with the
tetrads [30], since one can show that 1-forms Ca transform in the same way as the tetrad
1-forms ea under the Lorentz transformations and diffeomorphisms. One can now construct
the action for general relativity by simply adding the additional simplicity constraint term
to the action (2.16):

S =
∫
M4

Bab ∧Rab + ea ∧∇βa − λab ∧
(
Bab − 1

16πl2p
εabcdec ∧ ed

)
. (2.17)

Here λab is a Lagrange multiplier 2-form associated to the simplicity constraint term, and
lp is the Planck length. It is straightforward to show that the corresponding equations
of motion reduce to vacuum Einstein field equations. Thus the action (2.17) is classically
equivalent to general relativity. The construction of the action (2.17) is analogous to the
Plebanski model, where general relativity is constructed by adding a simplicity constraint
to the BF theory based on the Lorentz group. However, one clear advantage of this model
over the Plebanski model is that the tetrads are explicitly present in the topological sector
of the action. Upon the covariant quantization, tetrads are therefore fundamental, off-shell
quantities, in contrast to the Plebanski model where they appear only on-shell, as solutions
of the classical equations of motion. The off-shell presence of the tetrads facilitates the
straightforward coupling of the matter fields to gravity, and thus overcomes the problems
present in the spinfoam models [15].

The Poincaré 2-group can be easily extended to include the coupling of the SU(N)
Yang-Mills fields to gravity [31]. To achieve this, one constructs the crossed module (H ∂→
G,B), where the groups are chosen as G = SO(3, 1)× SU(N) and H = R4, while the map
∂ remains trivial, as before. The action B of the group G on H is such that the SO(3, 1)
subgroup acts on R4 via the vector representation (2.13), while the action of the SU(N)
subgroup is trivial,

τI B Pa = 0 , (2.18)
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where τI are the SU(N) generators. This crossed module yields the 2-connection (α, β),
where algebra-valued 1-form α and algebra valued 2-form β are defined as follows,

α = ωabMab +AIτI , β = βaPa , (2.19)

where we can identify the gauge connection 1-form AI . This connection gives rise to the
2-curvature (F ,G), where F as defined as

F = RabMab + F IτI , F I ≡ dAI + fJK
IAJ ∧AK , (2.20)

while the curvature G for β remains the same as before. Given these variables, the Lagrange
multiplier B in the first term of the topological action (2.4) also splits into two pieces
corresponding to the direct product of the group G, giving

S2BF =
∫
M4

Bab ∧Rab +BI ∧ FI + ea ∧∇βa , (2.21)

where 2-form BI ∈ A2(M4 , su(N)) is the second piece of the Lagrange multiplier. To
obtain the non-trivial classical dynamics for gravity and the Yang-Mills field, we add the
appropriate simplicity constraint terms to the action (2.21), and construct the constrained
2BF action:

S =
∫
M4

Bab ∧Rab +BI ∧ FI + ea ∧∇βa − λab ∧
(
Bab − 1

16πl2p
εabcdec ∧ ed

)
+ λI ∧

(
BI −

12
g
MabIe

a ∧ eb
)

+ ζabI
(
MabIεcdefe

c ∧ ed ∧ ee ∧ ef − gIJF J ∧ ea ∧ eb
)
.

(2.22)

Here, the first row is the topological sector and the familiar simplicity constraint for gravity
from (2.17), while the second row contains the appropriate simplicity constraints for Yang
Mills field, featuring the Lagrange multipliers λI and ζabI . The action (2.22) provides two
dynamical equations — the equation for AI ,

∇ρF Iρµ ≡ ∂ρF Iρµ + Γ ρλρF
Iλµ + fJK

IAJρF
Kρµ = 0 , (2.23)

where Γ λµν is the standard Levi-Civita connection, and an equation for ea which is the
Einstein field equation with the SU(N) gauge field source term,

Rµν − 1
2g

µνR = 8πl2p Tµν , Tµν ≡ − 1
4g
(
Fρσ

IF ρσIg
µν + 4FµρIFρνI

)
. (2.24)

In this way, we see that both gravity and gauge fields can be successfully represented within
a unified framework of higher gauge theory, based on a 2-group structure. A generalization
from SU(N) Yang-Mills case to the more complicated cases, such as SU(3)×SU(2)×U(1),
is straightforward.

Let us now review how one can use the 3-group structure and the corresponding con-
strained 3BF theory to describe general relativity coupled to Klein-Gordon and Dirac
fields. To describe a single real Klein-Gordon field coupled to gravity, one begins by spec-
ifying a 2-crossed module (L δ→ H

∂→ G ,B , {_ ,_}p), as follows. The groups are given as
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G = SO(3, 1), H = R4, and L = R. The group G acts on H via the vector representation,
and on L via the trivial representation. The maps ∂ and δ are chosen to be trivial, as well
as the Peiffer lifting. Given this choice of a 2-crossed module, the 3-connection (α , β , γ)
takes the form

α = ωabMab , β = βaPa , γ = γI , (2.25)

where I is the sole generator of the Lie group L. This 3-connection gives rise to the fake
3-curvature (F ,G,H),

F = RabMab , G = ∇βaPa , H = dγ . (2.26)

The importance of the 3BF theory for this choice of the 2-crossed module lies in the fact
that the Lagrange multiplier D can transform as a scalar with respect to Lorentz symmetry,
Mab B I = 0, and it transforms as a scalar with respect to diffeomorphisms since D is also
a 0-form. In other words, one can interpret the Lagrange multiplier D to be a real scalar
field, D ≡ φ, and write the topological 3BF action (2.8) as:

S3BF =
∫
M4

Bab ∧Rab + ea ∧∇βa + φ dγ . (2.27)

In order to obtain the Klein-Gordon field φ of mass m coupled to gravity in the standard
way, the appropriate simplicity constraints are imposed, and the constrained 3BF action
takes the form:

S =
∫
M4

Bab ∧Rab + ea ∧∇βa + φ dγ − λab ∧
(
Bab − 1

16πl2p
εabcdec ∧ ed

)
+ λ ∧

(
γ − 1

2Habce
a ∧ eb ∧ ec

)
+ Λab ∧

(
Habcε

cdefed ∧ ee ∧ ef − dφ ∧ ea ∧ eb
)

− 1
2 · 4!m

2φ2εabcde
a ∧ eb ∧ ec ∧ ed .

(2.28)

The first row is the topological sector (2.27) and the simplicity constraint for gravity from
the action (2.17), the second row contains two new simplicity constraints featuring the
Lagrange multiplier 1-forms λ and Λab and the 0-form Habc, and the third row features the
mass term for the scalar field. The action (2.28) has two dynamical equations of motion
— the equation for the scalar field φ is the covariant Klein-Gordon equation,(

∇µ∇µ −m2
)
φ = 0 , (2.29)

while the equation for the tetrads ea is the Einstein field equation with the scalar field
source term,

Rµν − 1
2g

µνR = 8πl2p Tµν , Tµν ≡ ∂µφ∂νφ− 1
2g

µν
(
∂ρφ∂

ρφ+m2φ2
)
. (2.30)

We see that the obtained theory is classically equivalent to general relativity coupled to a
scalar field. Most importantly, one sees that the choice of the group L dictates the matter
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content of the theory, while the action B of G on L specifies the transformation properties
of the matter fields.

Finally, in order to describe the Dirac field coupled to Einstein-Cartan gravity, the
2-crossed module (L δ→ H

∂→ G ,B , {_ ,_}p) has to be chosen as follows. The groups are
G = SO(3, 1). H = R4, and L = R8(G), where G is the algebra of complex Grassmann
numbers. The maps ∂, δ, and the Peiffer lifting are trivial, as before. The action of the
group G on H is via vector representation, and on L via spinor representation, in the
following way. Denoting the eight generators of the Lie group R8(G) as Pα and Pα, where
the bispinor index α takes the values 1, . . . , 4, the action B of G on L is given explicitly as

Mab B Pα = 1
2(σab)βαPβ , Mab B Pα = −1

2(σab)αβP β , (2.31)

where σab = 1
4 [γa, γb], and γa are the usual Dirac matrices. This choice of the 2-crossed

module gives rise to the 3-connection (α , β , γ), defined as

α = ωabMab , β = βaPa , γ = γαPα + γ̄αP
α , (2.32)

where the 3-connection 3-forms γα and γ̄α should not be confused with the Dirac matrices
γa due to different types of indices. The 3-curvature (F ,G ,H) is given as:

F = RabMab , G = ∇βaPa ,

H =
(
dγα + 1

2ω
ab(σab)αβγβ

)
Pα +

(
dγ̄α −

1
2ω

abγ̄β(σab)βα
)
Pα ≡ (

→
∇γ)αPα + (γ̄

←
∇)αPα .

(2.33)

As in the case of the scalar field, the choice of the group L and action B of G on L dictates
the matter content of the theory and its transformation properties. The group L prescribes
that D contains eight independent real anticommuting matter fields as its components.
Then, since D is a 0-form and it transforms according to the spinorial representation of
SO(3, 1), these eight real Grassmann-valued fields can be identified with the four complex
Dirac bispinor fields, and one can write the corresponding topological 3BF action as:

S3BF =
∫
M4

Bab ∧Rab + ea ∧∇βa + (γ̄
←
∇)αψα + ψ̄α(

→
∇γ)α . (2.34)

In order to obtain the action that gives us the dynamics of Einstein-Cartan theory of
gravity coupled to a Dirac field, we add the following simplicity constraints:

S =
∫
M4

Bab ∧Rab + ea ∧∇βa + (γ̄
←
∇)αψα + ψ̄α(

→
∇γ)α − λab ∧

(
Bab − 1

16πl2p
εabcdec ∧ ed

)
− λα ∧

(
γ̄α −

i

6εabcde
a ∧ eb ∧ ec(ψ̄γd)α

)
+ λ̄α ∧

(
γα + i

6εabcde
a ∧ eb ∧ ec(γdψ)α

)
− 1

12mψ̄ψ εabcde
a ∧ eb ∧ ec ∧ ed + 2πil2p ψ̄γ5γ

aψ εabcde
b ∧ ec ∧ βd.

(2.35)

The topological sector is in the first row, as well as the gravitational simplicity constraint,
the second row contains the new simplicity constraints for the Dirac field, while the third
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row contains the mass term for the Dirac field and a term that ensures the correct coupling
between the torsion and the spin of the Dirac field. Varying the action (2.35), one obtains
the following dynamical equations of motion — the equations for ψ and ψ̄ which are the
standard covariant Dirac equation and its conjugate,

(iγaeµa
→
∇µ −m)ψ = 0 , ψ̄(i

←
∇µeµaγa +m) = 0 , (2.36)

and the differential equation of motion for ea which is the Einstein field equation with a
Dirac field source term,

Rµν − 1
2g

µνR = 8πl2p Tµν , Tµν ≡ i

2 ψ̄γ
a
↔
∇νeµaψ −

1
2g

µνψ̄
(
iγa
↔
∇ρeρa − 2m

)
ψ , (2.37)

where
↔
∇ =

→
∇−

←
∇. Moreover, one obtains the desired equation of motion for the torsion,

Ta ≡ ∇ea = 2πl2psa , sa = iεabcde
b ∧ ecψ̄γ5γ

dψ , (2.38)

where sa is the Dirac spin 2-form. The equations of motion (2.36), (2.37), and (2.38) are
precisely the equations of motion of the Einstein-Cartan-Dirac theory.

The natural presence of a scalar and Dirac field in the 3BF action is an essential
property of the specific choices of the 3-group structures in a 4-dimensional spacetime,
just like the existence of the tetrad field ea in the topological 2BF action is an essential
property of the 2BF action and the Poincaré 2-group. In this way, both the scalar field
and the Dirac field appear in the topological sector of the action, making the quantization
procedure feasible. Similarly, one can introduce Weyl and Majorana fields as well, see [31].

3 A review of 2-groups and 3-groups

As we have seen in the previous section, the gauge symmetry of 3-gauge theory is described
by an algebraic structure known as a 3-group. In this section, we present the relevant
definition of the 3-group, and we briefly explain how this structure is used to equip curves,
surfaces, and volumes with holonomies. The results obtained in this section are necessary
for the construction of the topological invariant, which will be studied in section IV.

3.1 3-Groups

In the category theory, a 2-group is defined as a 2-category consisting of only one object,
where all the morphisms and 2-morphisms are invertible. It has been shown that every
strict 2-group is equivalent to a crossed module (H ∂→ G ,B).

A pre-crossed module (H ∂→ G ,B) of groups G and H, is given by a group map
∂ : H → G, together with a left action B of G on both groups, by automorphisms, such
that the group G acts on itself via conjugation, i.e. , for each g1, g2 ∈ G,

g1 B g2 = g1g2g
−1
1 ,

and for each h1 , h2 ∈ H and g ∈ G the following identity holds:

g∂hg−1 = ∂(g B h) .
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In a pre-crossed module the Peiffer commutator is defined as:

〈h1 , h2〉p = h1h2h
−1
1 ∂(h1) B h−1

2 . (3.1)

A pre-crossed module is said to be a crossed module if all of its Peiffer commutators are
trivial, which is to say that the Peiffer identity is satisfied:

(∂h1) B h2 = h1h2h
−1
1 . (3.2)

Continuing the categorical generalization one step further, one can generalize the no-
tion of a 2-group to the notion of a 3-group. Similar to the definition of a group and a
2-group within the category theory formalism, a 3-group is defined as a 3-category with
only one object, where all morphisms, 2-morphisms, and 3-morphisms are invertible. More-
over, in analogy with how a crossed module encodes a strict 2-group, it has been proved
that a semistrict 3-group — Gray group is equivalent to a 2-crossed module [42, 46].

A 2-crossed module (L δ→ H
∂→ G, B, {_, _}p) is a chain complex of groups, given by

three groups G, H, and L, together with maps ∂ and δ,

L
δ→ H

∂→ G ,

such that ∂δ = 1G, an action B of the group G on all three groups, and a map {_ ,_}p
called the Peiffer lifting:

{_ ,_}p : H ×H → L .

The maps ∂ and δ, and the Peiffer lifting are G-equivariant, i.e. , for each g ∈ G and h ∈ H

g B ∂(h) = ∂(g B h) , g B δ(l) = δ(g B l) ,

and for each h1, h2 ∈ H and g ∈ G:

g B {h1 , h2}p = {g B h1, g B h2}p .

The action of the group G on the groupsH and L is a smooth left action by automorphisms,
i.e. , for each g, g1, g2 ∈ G, h1, h2 ∈ H, l1, l2 ∈ L and k ∈ H,L,

g1B(g2Bk) = (g1g2)Bk , gB(h1h2) = (gBh1)(gBh2) , gB(l1l2) = (gB l1)(gB l2) .

The action of the group G on itself is again via conjugation. Further, the following identities
are satisfied:

δ({h1, h2}p) = 〈h1 , h2〉p , ∀h1, h2 ∈ H ; (3.3a)
[l1, l2] = {δ(l1) , δ(l2)}p , ∀l1 , l2 ∈ L , where [l, k] = lkl−1k−1;

(3.3b)

{h1h2, h3}p = {h1, h2h3h
−1
2 }p∂(h1) B {h2, h3}p , ∀h1, h2, h3 ∈ H ;

(3.3c)

{h1, h2h3}p = {h1, h2}p{h1, h3}p{〈h1, h3〉−1
p , ∂(h1) B h2}p , ∀h1, h2, h3 ∈ H ;

(3.3d)

{δ(l), h}p{h, δ(l)}p = l(∂(h) B l−1) , ∀h ∈ H , ∀l ∈ L . (3.3e)
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In a 2-crossed module the structure (L δ→ H, B′) is a crossed module, with action of the
group H on the group L defined for each h ∈ H and l ∈ L as:

hB′ l = l {δ(l)−1, h}p ,

and it follows that the Peiffer identity is satisfied for each l1, l2 ∈ L:

δ(l1) B′ l2 = l1 l2 l
−1
1 .

However, the structure (H ∂→ G ,B) in the general case does not form a crossed module, but
a pre-crossed module, and for each h, h′ ∈ H the Peiffer commutator does not necessarily
vanish.

The following identities hold, for each h1, h2, h3 ∈ H [42]:

{h1h2, h3}p = (h1 B
′ {h2, h3}p){h1, ∂(h2) B h3}p , (3.4)

{h1, h2h3}p = {h1, h2}p(∂(h1) B h2) B′ {h1, h3}p , (3.5)

and are of prime importance for the proof of the Pachner moves invariance. By using the
condition (3.3e) of the definition of a 2-crossed module, it follows that for each h ∈ H and
l ∈ L the following identity holds:

{h, δ(l)−1}p = (hB′ l−1)(∂(h) B l) . (3.6)

Moreover, for each h1, h2 ∈ H,

{h1, h2}−1
p = h1 B

′ {h−1
1 , ∂(h1) B h2}p , (3.7)

{h1, h2}−1
p = ∂(h1) B {h−1

1 , h1h2h
−1
1 }p , (3.8)

{h1, h2}−1
p = (h1h2h

−1
1 ) B′ {h1, h

−1
2 }p , (3.9)

{h1, h2}−1
p = (∂(h1) B h2) B′ {h1, h

−1
2 }p . (3.10)

A reader interested in more details about 3-groups is referred to [43].

3.2 3-gauge theory

In this subsection, we will describe how the language of 3-gauge theory can be used in
order to define compositions of labeled paths, surfaces, and volumes. In a 3-gauge theory,
one labels geometric objects at three levels. Curves are labeled by elements of G. Their
composition and orientation reversal is defined as in conventional gauge theory. In addition,
surfaces are labeled with elements of H, and volumes are labeled with the elements of L.
The reader interested in the formulation of a 2-gauge theory is referred to [47].

Curves are labeled with the elements of G, and the elements are composed as in the
ordinary gauge theory, i.e. , for each g1, g2 ∈ G,

• •
g1

vv •
g2

vv = • •
g1g2
vv

,

the composition of the elements results in the element g1g2 ∈ G. The orientation of a curve
can be reversed if it is labeled by the inverse element g−1 instead.

– 12 –



J
H
E
P
0
7
(
2
0
2
2
)
1
0
5

Surfaces are labeled with the elements h ∈ H. For each surface, we choose two reference
points on the boundary, and split the boundary into two curves, the source curve labeled
with g1 ∈ G, and the target curve labeled with g2 ∈ G, as demonstrated in the diagram

• •

g1

xx

g2

ff h�� .

The 2-arrow h ∈ H maps the curve g1 ∈ G to the curve ∂(h)g1 ∈ G,

• •
1•

xx

∂h

ff h�� •

g1

xx

g1

ff 1g�� = • •

g1

xx

∂(h)g1

ff h�� ,

so that the label h ∈ H of the surface is required to satisfy the following condition:

∂(h) = g2g
−1
1 . (3.11)

The orientation of the surface can be reversed and labeled with the inverse element instead,

• •

g1

xx

g2

ff
KS
h−1 ,

while the orientation reversal of the curves leads to the surface element labeled with h̃ =
g−1

1 B h−1:

•
g−1

1
''

g−1
2

77 •h̃�� .

One can now compose 2-morphisms vertically. Let us denote the source and the target of
the k-arrow (k = 1, 2) of the 2-morphism h as ∂−k (h) and ∂+

k (h), respectively. Then, the
vertical composition of 2-morphisms (g1, h1) and (g2, h2), when they are compatible, i.e. ,
when ∂+

2 (h1) = ∂−2 (h2),

• •

g

�� g2oo

g3

[[

h1��

h2��

= • •

g1

zz

g3

dd h2h1
��

,

results in a 2-morphism (g1, h2h1),

(g2, h2)#2(g1, h1) = (g1, h2h1) . (3.12)

An important operation is known as whiskering. One can whisker a 2-morphism h

with a morphism g1 by attaching the whisker g1 to the surface h from the left, i.e. , such
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that ∂−1 (g1) = ∂+
1 (h),

• •g1oo •

g2

xx

g′2

ff h
��

= • •

g1g2

vv

g1g′2

hh g1Bh
��

,

which results in the 2-morphism with the source curve g1g2 and target curve g1g
′
2, carrying

the label g1 Bh. Similarly, by attaching whisker g2 to a surface h from the right, i.e. , such
that ∂−1 (h) = ∂+

1 (g2),

• •

g1

xx

g′1

ff h
��

•g2oo = • •

g1g2

vv

g′1g2

hh h
��

,

one obtains the 2-morphism with the source curve g1g2 and target curve g′1g2, carrying the
label h.

The volumes are labeled with the elements l ∈ L. Let us denote the source and the
target of the k-arrow (k = 1, 2, 3) of the 3-morphism l as ∂−k (l) and ∂+

k (l), respectively.
For each volume, we split the boundary into two surfaces, the source surface labeled with
∂−3 (l) = h1 and the target surface labeled with ∂+

3 (l) = h2. On the common boundary of
the source and target surface, we choose two reference points, and split the boundary into
two curves, the source curve labeled with ∂−2 (l) = g1 and the target curve labeled with
∂+

2 (l) = g2, as demonstrated in the diagram below

• •

g1

��

g2

XX h1
��

l
V • •

g1

��

g2

XX h2
��

,

so that the volume label l ∈ L is required to satisfy the following condition:

δ(l) = h2h
−1
1 . (3.13)

The orientation of the volume can be reversed if one labels it with the inverse element l−1:

• •

g1

��

g2

XX h1
��

l−1

W • •

g1

��

g2

XX h2
��

,

while the orientation reversal of the curves and surfaces leads to the surface element labeled
with l̃ = g−1

1 B l,

•

g−1
2

??

g−1
1

��
•g−1

1 Bh1

KS
l̃
V •

g−1
2

??

g−1
1

��
•g−1

1 Bh2

KS

.
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One can compose two 3-morphisms via the upward composition (visualizing a third
axis, orthogonal to the plane of the paper, as the direction up). The upward composition
of 3-morphisms (g1, h1, l1) and (g1, h2, l2), when they are compatible, i.e. , when ∂+

3 (l1) =
∂−3 (l2),

• •

g1

��

g2

XX h1
��

l1
V • •

g1

��

g2

XX h2
��

l2
V • •

g1

��

g2

XX h3
��

= • •

g1

��

g2

XX h1
��

l2l1
V • •

g1

��

g2

XX h3
��

,

results in a 3-morphism (g1, h1, l2l1):

(g1, h2, l2)#3(g1, h1, l1) = (g1, h1, l2l1) . (3.14)

The upward composition of 3-morphisms is associative, and for every h ∈ H there is a
3-morphism that is an identity for the upward composition of 3-morphisms

• •

g1

��

g2

\\ h��

1h

V • •

g1

��

g2

\\ h�� .

The vertical composition of two 3-morphisms (g1, h1, l1) and (g2, h2, l2), when they are
compatible, i.e. , when ∂+

2 (l1) = ∂−2 (l2),

• •

g1

��
g2

oo
h1�� l1

V • •

g1

��
g2

oo
h′1��

• •

g3

__
g2oo
h2��

l2
V • •

g3

__
g2oo
h′2��

,

results in a 3-morphism (g1, h2h1, l2(h2 B′ l1)),

• •

g1

xx

g3

ff h2h1

��

l2(h2B′l1)
V • •

g1

xx

g3

ff δ
(
l2(h2B′l1)

)
h2h1

��
.

One can write, for (g1, h1, l1) and (g2, h2, l2),

(g2, h2, l2)#2(g1, h1, l1) = (g1, h2h1, l2(h2 B
′ l1)) . (3.15)

The vertical composition of 3-morphisms is an associative operation. Composition of 3-
morphisms is invariant under the change of order of upward composition and vertical
composition of 3-morphisms, i.e. ,(

(g2, h
′
2, l
′
2)#3(g2, h2, l2)

)
#2
(
(g1, h

′
1, l
′
1)#3(g1, h1, l1)

)
=
(
(g2, h

′
2, l
′
2)#2(g1, h

′
1, l
′
1)
)
#3
(
(g2, h2, l2)#2(g1, h1, l1)

)
,

(3.16)
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which is demonstrated in the diagram notation, where the diagram

• •

g1

��
g2

oo
h1�� l1

V • •

g1

��
g2

oo
h′1�� l′1

V • •

g1

��
g2

oo
h′′1��

• •

g3

XX
g2oo
h2��

l2
V • •

g3

XX
g2oo
h′2��

l′2
V • •

g3

XX
g2oo
h′′2��

uniquely determines the 3-morphism. The proof of the equation (3.16) is given in the
appendix A.

One can whisker the 3-morphisms with morphisms and 2-morphisms. Whiskering of a
3-morphism by a morphism from the left is the composition of a volume l ∈ L and curve
g1 ∈ G from the left, when they are compatible, i.e. , when ∂+

1 (l) = ∂−1 (g1),

• •g1oo •

g2

��

g′2

XX h1
��

l
V • •g1oo •

g2

��

g′2

XX h2
��

= • •

g1g2

��

g1g′2

__ g1Bh1

��

g1Bl
V • •

g1g2

��

g1g′2

__ g1Bh2

��
.

The composition results in a 3-morphism:

g1#1(g2, h1, l) = (g1g2, g1 B h1, g1 B l) . (3.17)

Similarly, one can whisker a 3-morphism by a morphism from the right, when they are
compatible, i.e. , ∂−1 (l) = ∂+

1 (g2),

• •

g1

��

g′1

XX h1
��

•g2oo
l
V • •

g1

��

g′1

XX h2
��

•g2oo = • •

g1g2

��

g′1g2

__ h1

��

l
V • •

g1g2

��

g′1g2

__ h2

��
,

which results in the 3-morphism:

(g1, h1, l)#1g2 = (g1g2, h1, l) . (3.18)

Whiskering of a 3-morphism with a 2-morphisms from below, when they are compatible,
i.e. , ∂+

2 (l) = ∂−2 (h2), is formed as a vertical composition of 3-morphisms (g1, h1, l) and
(g2, h2, 1h2),

• •

g1

��
g2

oo
h1�� l

V • •

g1

��
g2

oo
h′1��

• •

g3

__
g2oo
h2��

1h2
V • •

g3

__
g2oo
h2��

,
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which results in a 3-morphism

• •

g1

��

g3

__ h2h1

��

h2B′l
V • •

g1

{{

g3

cc δ(h2B′l)h2h1
��

.

One writes,
(g2, h2)#2(g1, h1, l) = (g1, h2h1, h2 B

′ l) . (3.19)

Whiskering a 3-morphism by 2-morphism from above, when they are compatible, i.e. ,
when ∂−2 (l) = ∂+

2 (h1), is formed as a vertical composition of 3-morphisms (g1, h1, 1h1) and
(g2, h2, l),

• •

g1

��
g2

oo
h1�� 1h1

V • •

g1

��
g2

oo
h1��

• •

g3

[[
g2oo

h2��

l
V • •

g3

[[
g2oo

h′2��

,

which results in a 3-morphism,

• •

g1

��

g3

[[ h2h1

��

l
V • •

g1

��

g3

[[ δ(l)h2h1
��

.

One obtains
(g2, h2, l)#2(g1, h1) = (g1, h2h1, l) . (3.20)

The interchanging 3-arrow is the horizontal composition of two 2-morphisms h1 and h2,
when they are compatible, i.e. , when ∂−1 (h1) = ∂+

1 (h2),

• •

g1

xx

g′1

ff h1�� •

g2

xx

g′2

ff h2�� ,

that results in a 3-morphism l, with source surface

∂−3 (l) =
(
(g1, h1)#1g

′
2
)
#2
(
g1#1(g2, h2)

)
,

and target surface
∂+

3 (l) =
(
g′1#1(g2, h2)

)
#2
(
(g1, h1)#1g2

)
,

• •

g1

xx

g′1

ff h1�� •

g2

xx

g′2

ff h2�� = • •

g1g2

ww

g′1g
′
2

gg h1g1Bh2
��

l
V • •

g1g2

ww

g′1g
′
2

gg g′1Bh2h1
��

.
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One obtains,
(g1, h1)#1(g2, h2) = (g1g2, h1g1 B h2, l) , (3.21)

where the 3-morphism l is Peiffer lifting {h1, g1 B h2}−1
p . Using the condition (3.13), one

obtains (
(∂(h1)g1) B h2

)
h1 = δ(l)h1

(
g1 B h2

)
, (3.22)

and from the definition of the Peiffer commutator, the identity (3.1), and the property (3.3a)
of the 2-crossed module, i.e. , δ({h1, h2}p) = 〈h1 , h2〉p, one obtains

δ(l)−1 = h1g1 B h2h
−1
1 (∂(h1)g1) B h2

−1 = 〈h1, g1 B h2〉p = δ({h1, g1 B h2}p) . (3.23)

Given any collection of curves, surfaces, and volumes, a configuration of 3-gauge theory
is an assignment of elements of G to the curves, elements of H to the surfaces, and elements
of L to volumes so that the following conditions hold:

1. For each surface labeled by h ∈ H, one has that ∂(h) = g2g
−1
1 where g1 and g2 are

the source and target curve, respectively;

2. For each volume labeled by l ∈ L, one has that δ(l) = h2h
−1
1 , where h1 and h2 are

the source and target surface, respectively;

3. For each 4-simplex labeled by (jk`mn) ∈ Λ4, the volume holonomy around it is
trivial.

The defined configurations can be viewed as the classical configurations of 3-gauge theory
or, in a path integral quantum theory, these are the configurations over which one integrates
in the path integral.

3.3 Gauge invariant quantities

In subsection 3.2, we have introduced a number of operations by which we can combine
labeled paths, surfaces, and volumes, in order to calculate the composition of elementary
paths, surfaces, and volumes, to arbitrarily large ones. In this subsection, we will make use
of these compositions in order to construct gauge invariant quantities that are associated
with closed paths, surfaces, and volumes. In Lemmas 3.1, 3.2, and 3.3, this procedure is
used for the boundary path of a triangle, the boundary surface of a tetrahedron, and the
boundary volume of the 4-simplex. The result of Lemma 3.1 is already derived for the case
of 2-groups and remains unchanged in the 3-gauge theory, see [38]. The higher flatness
condition for the boundary surface of a tetrahedron derived in [38], is generalized for the
case of 3-groups is Lemma 3.2. One of the main results of the paper is Lemma 3.3 where
we derived the higher flatness condition for the boundary volume of the 4-simplex.

Lemma 3.1. Let us consider a triangle, (jk`). The edges (jk) , j < k, are labeled by group
elements gjk ∈ G and the triangle (jk`) , j < k < `, by element hjk` ∈ H. Consider the
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diagram (3.24).

l• k•
gkl

xx
•j

gjk
ww

gjl

\\
hjkl	�

= l• l•
1•

vv

∂(hjkl)

hh hjkl�� k•
gkl

xx
•j

gjk
ww

gklgjk

ZZ
1gklgjk


�

= l• k•
gkl

xx
•j

gjk
ww

∂(hjkl) gklgjk

\\
hjkl	�

.

(3.24)
The curve γ1 = gk`gjk is the source and the curve γ2 = gj` is the target of the surface
morphism Σ : γ1 → γ2, labeled by the group element hjk`, i.e. ,

gj` = ∂(hjk`)gk`gjk . (3.25)

Lemma 3.2. Let us consider a tetrahedron, (jk`m). The edges (jk) , j < k, are labeled
by group elements gjk ∈ G and the triangles (jk`) , j < k < `, by elements hjk` ∈ H,
and the tetrahedron (jk`m) , j < k < ` < m by the group element ljk`m ∈ L. We have
oriented the triangles (jk`) so that they have the source is gk`gjk and the target is gj`, i.e.
gj` = ∂(hjk`)gk`gjk .

Let us first cut the tetrahedron surface along the edge (jm). This determines the
ordering of the vertical composition of the constituent surfaces. One just has to make
sure that all surfaces are composable, i.e. , they have the suitable reference points and the
correct orientation in order to compose them vertically.

Consider the diagram (3.26). We first move the curve from gk`gjk to the curve gj`.
At this stage, one cannot compose the result with the triangle (j`m), and one first has to
whisker it from the left by g`m. Now the two morphisms are vertically composable, and
this moves the curve to gjm. The following 2-morphism is obtained

m• •`g`moo •k
gk`

xx
•j

gjk
ww

gj`

\\
hjk`	�

gjm

\\

hj`m�

= (g`mgj`, hj`m)#2

(
g`m#1(gk`gjk, hjk`)

)
=
(
g`mgk`gjk, hj`m(g`m B hjk`)

)
.

(3.26)

Let us then consider the diagram (3.27). We first move the curve from g`mgk` to
the curve gkm. At this stage, one cannot compose the result with the triangle (jkm),
and one first has to whisker it from the right by gjk. Now the two morphisms are verti-
cally composable, and this moves the curve to gjm. The following 2-morphism is obtained

m• •`
g`m

yy
•k

gk`
xx

gkm

\\
hk`m	�

•j
gjkoo

gjm

\\
hjkm
��

= (gkmgjk, hjkm)#2
(
(g`mgk`, hk`m)#1gjk

)
= (g`mgk`gjk, hjkmhk`m) .

(3.27)

The two surfaces have the same source and target, Σ1 : g`mgk`gjk → gjm and Σ2 :
g`mgk`gjk → gjm. Now, transition from the surface shown on the diagram (3.26) to
the surface shown on the diagram (3.27) is given by the volume morphism V : Σ1 → Σ2
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determined by the group element ljk`m, i.e. ,

(g`mgk`gjk, hjkmhk`m) =
(
g`mgk`gjk, δ(ljk`m)hj`m(g`m B hjk`)

)
, (3.28)

that gives the relation,

hjkmhk`m = δ(ljk`m)hj`m(g`m B hjk`) . (3.29)

Lemma 3.3. Let us consider a 4-simplex, (jk`mn). The edges (jk) , j < k, are labeled
by group elements gjk ∈ G, the triangles (jk`) , j < k < `, by elements hjk` ∈ H, and the
tetrahedrons (jk`m) , j < k < ` < m, by the group element ljk`m ∈ L. We have oriented
the triangles (jk`) so that the source curve is gk`gjk and the target curve is gj`, i.e. , gj` =
∂(hjk`)gk`gjk , and the tetrahedrons (jk`m) so that the source surface is hj`m(g`m B hjk`)
and the target surface is hjkmhk`m, i.e. , hjkmhk`m = δ(ljk`m)hj`m(g`m B hjk`).

Let us first cut the 4-simplex volume along the surface hjmngmn B (hj`mg`m B hjk`).
This surface determines the ordering of the vertical composition of the constituent vol-
umes. We have to make sure that all volumes are composable, i.e. , they have the suitable
reference points and the correct orientation in order to compose them vertically. First,
let us consider the diagram (3.30). We first move the surface from hj`mg`m B hjk` to
surface hjkmhk`m with the 3-arrow ljk`m. To compose the resulting 3-morphism with the
surface hjmn one must first whisker it from the left with gmn. The obtained 3-morphism
(gmng`mgk`gjk, gmn B (hj`mg`m B hjk`), gmn B ljk`m) can be whiskered from below with the
2-morphism (gmngjm, hjmn), and the resulting 3-morphism is (gmng`mgk`gjk, hjmngmn B
(hj`mg`mBhjk`), hjmnB′ (gmnB ljk`m)), with the source surface hjmngmnB(hj`mg`mBhjk`)
and the target surface hjmngmn B (hjkmhk`m),

n• •m
gmn

xx
•`

g`m
yy

•k
gk`

xx
•j

gjk
ww

gj`

\\
hjk`	�

gjm

\\
hj`m�


gjn

ZZ

hjmn
��

hjmnB′(gmnBljk`m)
V n• •m

gmn

xx
•`

g`m
yy

•k
gk`

xx

gkm

\\
hk`m	�

•j
gjk

ww

gjm

\\

gjn

ZZ
hjkm
��hjmn

��

.

(3.30)
Let us move the surface to hjknhkmngm`Bhk`m, see diagram (3.31). To do that, we consider
the 3-morphism (gmngkmgjk, hjmngmnBhjkm, ljkmn) with the source surface hjmngmnBhjkm
and target surface hjknhkmn. This 3-morphism can be whiskered from above with the 2-
morphism (gmng`mgk`gjk, gmnBhk`m), and the obtained 3-morphism is (gmng`mgk`gjk, hjmn
gmnB(hjkmhk`m), ljkmn), with the source surface hjmngmnB(hjkmhk`m) and target surface
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hjknhkmngmn B hk`m,

n• •m
gmn

xx
•`

g`m
yy

•k
gk`

xx

gkm

\\
hk`m	�

•j
gjk

ww

gjm

\\

gjn

ZZ
hjkm
��hjmn

��

ljkmn

V n• •m
gmn

xx
•`

g`m
yy

•k
gk`

xx

gkm

\\

gkn

\\

hk`m	�

•j
gjk

ww

gjn

ZZ

hkmn
��

hjkn

 (

.

(3.31)
Next, we want to move the surface hjknhkmngmnBhk`m to surface hjknhk`nh`mn, as shown
on the diagram (3.32). We whisker the 3-morphism (gmng`mgk`, hkmngmn B hk`m, lk`mn),
with the source surface hkmngmn B hk`m and target surface hk`nh`mn, with the morphism
gjk from the right, obtaining the 3-morphism (gmng`mgk`gjk, hkmngmnBhk`m, lk`mn). Now,
we whisker this 3-morphism with the 2-morphism (gkngjk, hjkn) from below, and we obtain
the 3-morphism (gmng`mgk`gjk, hjknhkmngmn B hk`m, hjkn B′ lk`mn),

n• •m
gmn

xx
•`

g`m
yy

•k
gk`

xx

gkm

\\

gkn

\\

hk`m	�

•j
gjk

ww

gjn

ZZ

hkmn
��

hjkn

 (

hjknB′lk`mn

V n• •m
gmn

xx
•`

g`m
yy

g`n

]] •k
gk`

xx

gkn

\\
hk`n

�#

•j
gjk

ww

gjn

ZZ

h`mn��

hjkn

 (

.

(3.32)
The mapping of the surface hjknhk`nh`mn to the surface hj`ng`n B hjk`h`mn in shown on
the diagram (3.33). The 3-morphism with the appropriate source and target is constructed
by whiskering the 3-morphism (g`ngk`gjk, hjknhk`n, l−1

jk`n) with 2-morphism (gmng`mgk`gjk,
h`mn) from above. The obtained 3-morphism is (gmng`mgk`gjk, hjknhk`nh`mn, l−1

jk`n),

n• •m
gmn

xx
•`

g`m
yy

g`n

]] •k
gk`

xx

gkn

\\
hk`n

�#

•j
gjk

ww

gjn

ZZ

h`mn��

hjkn

 (

l−1
jk`n

V n• •m
gmn

xx
•`

g`m
yy

g`n

]] •k
gk`

xx
•j

gjk
ww

gj`

\\

gjn

ZZ

hjk`
�h`mn��
hj`n


�

.

(3.33)
Next we map the surface hj`ng`n B hjk`h`mn to the surface hj`nh`mn(gmng`m) B hjk`, see
the diagram (3.34). We use the inverse interchanging 2-arrow composition to map the
surface g`n B hjk`h`mn to the surface h`mn(gmng`m) B hjk`, resulting in the 3-morphism
(gmng`mgk`gjk, g`nBhjk`h`mn, {h`mn, (gmng`m)Bhjk`}p). Next, we whisker the obtained 3-
morphism with the 2-morphism (g`ngj`, hj`n) from below. The obtained 3-morphism with
the appropriate source and target surfaces is (gmng`mgk`gjk, hj`ng`n B hjk`h`mn, hj`n B′
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{h`mn, (gmng`m) B hjk`}p),

n• •m
gmn

xx
•`

g`m
yy

g`n

]] •k
gk`

xx
•j

gjk
ww

gj`

\\

gjn

ZZ

hjk`
�h`mn��
hj`n


�

hj`nB′{h`mn,(gmng`m)Bhjk`}p
V n• •m

gmn

xx
•`

g`m
yy

g`n

]] •k
gk`

xx
•j

gjk
ww

gj`

\\

gjn

ZZ

hjk`
�h`mn��
hj`n


�

.

(3.34)
Finally, we construct the 3-morphism that maps the surface hj`nh`mn(gmng`m)Bhjk` to the
starting surface hjmngmnB(hj`mg`mBhjk`). To obtain the 3-morphism with the appropriate
source and target surfaces we first move the surface hj`nh`mn to the surface hjmngmn B
hj`m with the 3-arrow (gmng`mgj`, hj`nh`mn, l−1

j`mn). Next, we whisker the 3-morphism
(gmng`mgj`, hj`nh`mn, l−1

j`mn) with the 2-morphism (gmng`mgk`gjk, (gmng`m) B hjk`) from
above. The obtained 3-morphism (gmng`mgk`gjk, hj`nh`mn(gmng`m) B hjk`, l

−1
j`mn) moves

the surface to the starting surface, as shown on the diagram (3.35),

n• •m
gmn

xx
•`

g`m
yy

g`n

]] •k
gk`

xx
•j

gjk
ww

gj`

\\

gjn

ZZ

hjk`
�h`mn��
hj`n


�

l−1
j`mn

V n• •m
gmn

xx
•`

g`m
yy

•k
gk`

xx
•j

gjk
ww

gj`

\\
hjk`	�

gjm

\\
hj`m�


gjn

ZZ

hjmn
��

.

(3.35)
After the upward composition of the 3-morphisms given by the diagrams (3.30)–(3.35), the
obtained 3-morphism is:

(gmng`mgk`gjk, hj`nh`mn(gmng`m) B hjk`, l
−1
j`mn)#3

(gmng`mgk`gjk, g`n B hjk`h`mn, hj`n B
′ {h`mn, (gmng`m) B hjk`}p)#3

(gmng`mgk`gjk, hjknhk`nh`mn, l−1
jk`n)#3

(gmng`mgk`gjk, hjknhkmngm` B hk`m, hjkn B
′ ljkmn)#3

(gmng`mgk`gjk, hjmngmn B (hjkmhk`m), ljkmn)#3

(gmng`mgk`gjk, hjmngmn B (hj`mg`m B hjk`), hjmn B′ (gmn B ljk`m))
= (gmng`mgk`gjk, hjmngmn B (hj`mg`m B hjk`), l−1

j`mn hj`n B
′ {h`mn, (gmng`m) B hjk`}p

l−1
jk`n(hjkn B′ lk`mn)ljkmnhjmn B′ (gmn B ljk`m)) .

(3.36)

The obtained 3-morphism is the identity morphism with source and target surface V1 =
V2 = hjmngmn B (hj`mg`m B hjk`), i.e. ,

l−1
j`mn hj`n B

′ {h`mn, (gmng`m) B hjk`}p l−1
jk`n(hjkn B′ lk`mn)ljkmnhjmn B′ (gmn B ljk`m) = e .

(3.37)
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4 Quantization of the topological 3BF theory

In conventional BF theory, one chooses the action in such a way that the theory does not
depend on any background field, but only the spacetime manifold. The classical field equa-
tions of the theory require the gauge connection to be flat, i.e. , in terms of the holonomy
variables, that any null-homotopic closed curve corresponds to the identity of the gauge
group. In the framework of higher gauge theory, specifically 2-gauge theory, one general-
izes this idea by imposing the higher flatness condition requiring that the surface holonomy
around the boundary 2-sphere of any 3-ball be trivial instead. One can continue further
categorical generalization by choosing a 3-group structure to describe the gauge symmetry
of the theory, and formulate a 3BF theory whose equations of motion impose a higher flat-
ness condition for a 3-curvature (F ,G,H). In this section, a combinatorial description of
such model for any triangulation of any smooth manifold of dimension d = 4 is presented.
This model coincides with Porter’s abstract definition of a TQFT [33] for d = 4 and n = 3,
which is itself a generalization of Yetter’s work [48, 49].

Let us show how to construct a state sum model from the classical action (2.8) by
the usual heuristic spinfoam quantization procedure. We consider the path integral for the
action S3BF ,

Z =
∫
DαDβDγDBDC DD exp

(
i

∫
M4
〈B ∧ F〉g + 〈C ∧ G〉h + 〈D ∧H〉l

)
. (4.1)

The formal integration over the Lagrange multipliers B, C, and D leads to:

Z = N
∫
DαDβDγ δ(F)δ(G)δ(H) . (4.2)

Similarly to conventional gauge theory, the connection 1-form α ∈ A1(M4, g) is discretized
by colouring the edges ε = (jk) ∈ Λ1 of the triangulation with group elements gε ∈ G. The
connection 2-form β ∈ A2(M4 , h) is represented by group elements h∆ ∈ H coloring the
triangles ∆ = (jk`) ∈ Λ2. The connection 3-form γ ∈ A3(M4 , l) is represented by group
elements lτ ∈ L coloring the tetrahedrons τ = (jk`m) ∈ Λ3.

The path integral measures of (4.1) are discretized by replacing∫
Dα 7→

∏
(jk)∈Λ1

∫
G
dgjk , (4.3)

∫
Dβ 7→

∏
(jk`)∈Λ2

∫
H
dhjk`, (4.4)

∫
Dγ 7→

∏
(jk`m)∈Λ3

∫
L
dljk`m , (4.5)

where dgjk, dhjk`, and dljk`m denote integration with respect to the Haar measures of
G, H, and L, respectively. The vanishing fake curvature condition is discretized on each
triangle (jkl) ∈ Λ2 by discretizing δ(F). When passing from a smooth manifold to its
triangulation, the δ distribution is defined over the appropriate set of simplices as follows,

δ(F) =
∏

(jk`)∈Λ2

δG(gjk`) , (4.6)
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where for each (jkl) ∈ Λ2 the δ-function δG(gjkl) is given by:

δG(gjk`) = δG
(
∂(hjk`) gk` gjk g−1

j`

)
. (4.7)

Similarly, on the triangulated manifold the condition δ(G) on the fake curvature 3-form
reads

δ(G) =
∏

(jk`m)∈Λ3

δH(hjk`m) , (4.8)

where for every tetrahedron (jk`m) ∈ Λ3 one has:

δH(hjk`m) = δH
(
δ(ljk`m)hj`m (g`m B hjk`)h−1

k`m h
−1
jkm

)
. (4.9)

Finally, the condition δ(H) is discretized as

δ(H) =
∏

(jk`mn)∈Λ4

δL(ljk`mn) , (4.10)

where for each 4-simplex (jk`mn) ∈ Λ4 one has:

δL(ljk`mn) = δL
(
l−1
j`mnhj`nB

′{h`mn,(gmng`m)Bhjk`}p l−1
jk`n(hjknB′ lk`mn)ljkmnhjmnB′(gmnBljk`m)

)
.

(4.11)
The identities (4.7), (4.9), and (4.11) are the results of Lemmas 3.1, 3.2, and 3.3, respec-
tively.

After substituting the expressions for discretized measures (4.3)–(4.5) and
δ-functions (4.6), (4.8), and (4.10) into the equation (4.2) one obtains:

Z =N
∏

(jk)∈Λ1

∫
G

dgjk
∏

(jk`)∈Λ2

∫
H

dhjk`
∏

(jk`m)∈Λ3

∫
L

dljk`m

( ∏
(jk`)∈Λ2

δG
(
gjk`

))( ∏
(jk`m)∈Λ3

δH
(
hjk`m

))( ∏
(jk`mn)∈Λ4

δL
(
ljk`mn

))
.

(4.12)
By inserting (4.7), (4.9), and (4.11) into (4.12), we obtain an explicit expression for the
state sum over a given triangulation of the manifold M4. This expression can be made
independent of the triangulation if one appropriately chooses the constant factor N , ob-
tained after the integration over the Lagrange multipliers B, C, and D. This is done by
requiring that the state sum is invariant under the Pachner moves, which leads us to the
appropriate form of the constant factor N , as given by the definition 4.1.

Definition 4.1. LetM4 be a compact and oriented combinatorial d-manifold, d = 4, and
(L δ→ H

∂→ G ,B , {_ ,_}pf) be a 2-crossed module. The state sum of topological higher
gauge theory is defined by

Z = |G|−|Λ0|+|Λ1|−|Λ2||H||Λ0|−|Λ1|+|Λ2|−|Λ3| |L|−|Λ0|+|Λ1|−|Λ2|+|Λ3|−|Λ4|

×
(∏

(jk)∈Λ1

∫
G
dgjk

)(∏
(jk`)∈Λ2

∫
H
dhjk`

)(∏
(jk`m)∈Λ3

∫
L
dljk`m

)
×
(∏

(jk`)∈Λ2 δG
(
∂(hjk`) gk` gjk g−1

j`

))(∏
(jk`m)∈Λ3 δH

(
δ(ljk`m)hj`m (g`m B hjk`)h−1

k`m h
−1
jkm

))
×
(∏

(jk`mn)∈Λ4 δL
(
l−1
j`mn hj`n B

′ {h`mn, (gmng`m) B hjk`}p l−1
jk`n(hjkn B′ lk`mn)ljkmnhjmn B′ (gmn B ljk`m)

))
.

(4.13)
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Here we integrate over gjk ∈ G for every edge (jk) ∈ Λ1, over hjk` ∈ H for ev-
ery triangle (jk`) ∈ Λ2 and over ljklm for every tetrahedron (jk`m) ∈ Λ3 . The δ-
distributions under the integral impose the following conditions. First, the condition
that ∂(hjk`) gk` gjk = gj` for each triangle (jk`) ∈ Λ2, i.e. , that each surface label hjk`
has got the appropriate source and target, see Lemma 3.1. Second, the condition that
hjkm hk`m = δ(ljk`m)hj`m (g`m B hjk`) for each tetrahedron (jk`m) ∈ Λ3, i.e. , that each
volume label ljk`m has got the appropriate source and target, see Lemma 3.2. Finally, the
condition that the volume holonomy around every 4-simplex (jk`mn) ∈ Λ4 is trivial, i.e. ,
that l−1

j`mn hj`n B′ {h`mn, (gmng`m) B hjk`}p l−1
jk`n(hjkn B′ lk`mn)ljkmnhjmn B′ (gmn B ljk`m)

is equal to the neutral element of the group L for each 4-simplex (jk`mn) ∈ Λ4, see
Lemma 3.3.

Theorem 4.2. LetM4 be a closed and oriented combinatorial 4-manifold and (L δ→ H
∂→

G ,B , {_ ,_}pf) be a 2-crossed module. The state sum (4.13) is invariant under Pachner
moves.

The statements of Pachner move invariance are formulated in the following subsections,
while corresponding proofs are given in the appendix B.

4.1 Pachner move 1↔ 5

(3)

(2)

(6)

(5)

(4)

1↔ 5

(3)

(2)

(6)

(5)

(4)•
(1)

Let us verify that the state sum (4.13) is invariant under 1 − 5 Pachner move. Since
the partition function is independent of the total order of vertices, let us fix the ordering
and verify the move in only one case. Let us denote the vertices of the 4-simplex on the
left hand side of the 1 − 5 Pachner move as (23456). Then, adding a vertex 1 on the
right hand side of the Pachner move one obtains five 4-simplices M4 = {(13456), (12456),
(12356), (12346), (12345)}. On the r.h.s. there are tetrahedrons M3 = {(1234), (1235),
(1236), (1245), (1246), (1256), (1345), (1346), (1356), (1456)}, triangles (jk`) ∈M2 = {(123),
(124), (125), (126), (134), (135), (136), (145), (146), (156)}, edges (jk) ∈ M1 = {(12), (13),
(14), (15), (16)} and vertices (j) ∈ M0 = {(1)}. All other simplices are present on both
sides of the move.
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|Λ0| |Λ1| |Λ2| |Λ3| |Λ4|
l.h.s. 5 10 10 5 1
r.h.s. 6 15 20 15 5

Table 1. Number of vertices |Λ0|, edges |Λ1|, triangles |Λ2|, tetrahedrons |Λ3|, and 4-simplices |Λ4|
on both sides of the 1↔ 5 move.

If the 1− 5 Pachner move does not change the state sum (4.13), then the state sum of
the right hand side,

Z1↔5
right = |G|−11|H|−4|L|−1

∫
G5

∏
(jk)∈M1

dgjk

∫
H10

∏
(jk`)∈M2

dhjk`

∫
L10

∏
(jklm)∈M3

dljklm

·
( ∏

(jk`)∈M2

δG(gjk`)
)( ∏

(jk`m)∈M3

δH(hjk`m)
)( ∏

(jk`mn)∈M4

δL(ljk`mn)
)
Zremainder ,

(4.14)

should be equal to the state sum of the left hand side,

Z1↔5
left = |G|−5|H|0|L|−1δL(l23456)Zremainder . (4.15)

Here, the prefactors |G|−|Λ0|+|Λ1|−|Λ2|, |H||Λ0|−|Λ1|+|Λ2|−|Λ3|, and |L|−|Λ0|+|Λ1|−|Λ2|+|Λ3|−|Λ4|

are |G|−11|H|−4|L|−1 on the r.h.s. and |G|−5|H|0|L|−1 on the l.h.s., as obtained by counting
the numbers of the k-simplices on both sides of the 1− 5 move, shown in the table 1. The
Zremainder denotes the part of the state sum that is the same on both sides of the move,
and thus irrelevant for the proof of invariance. The proof that Zleft = Zright is given in the
appendix B.

4.2 Pachner move 2↔ 4
(3)(2)

(1)

(4) (5)

(6)

2↔ 4

(3)(2)

(1)

(4) (5)

(6)

In order to verify the state sum (4.13) invariance under 2 − 4 Pachner move, we order
the vertices in such a way that on the l.h.s. of the move we have two 4-simplices M left

4 =
{(23456), (12345)}, while on the r.h.s. we have four 4-simplices M right

4 = {(12346), (12356),
(12456), (13456)}. On the l.h.s. we have one tetrahedron M left

3 = {(2345)}, whereas on the
r.h.s. there are six tetrahedrons M right

3 = {(1236), (1246), (1256), (1346), (1356), (1456)}.
All other tetrahedrons appear on both sides of the move. On the r.h.s. there are triangles
M right

2 = {(126), (136), (146), (156)}, and one edge M right
1 = {(16)}, while the rest of the

triangles and edges appear on both sides of the move.
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|Λ0| |Λ1| |Λ2| |Λ3| |Λ4|
l.h.s. 6 14 16 9 2
r.h.s. 6 15 20 14 4

Table 2. Number of vertices |Λ0|, edges |Λ1|, triangles |Λ2|, tetrahedrons |Λ3|, and 4-simplices |Λ4|
on both sides of the 2↔ 4 move.

On the l.h.s. there is the state sum,

Z2↔4
left = |G|−8|H|−1|L|−1

∫
L
dl2345δH(h2345)

( ∏
(jk`mn)∈M left

4

δL(ljk`mn)
)
Zremainder , (4.16)

whereas on the r.h.s. the state sum reads:

Z2↔4
right = |G|−11|H|−3|L|−1

∫
G
dg16

∫
H4
dh126dh136dh146dh156

∫
L
dl1236dl1246dl1256dl1346dl1356dl1456( ∏

(jk`)∈Mright
2

δG(gjk`)
)( ∏

(jk`m)∈Mright
3

δH(hjk`m)
)( ∏

(jk`mn)∈Mright
4

δL(ljk`mn)
)
Zremainder.

(4.17)
Here the prefactors |G|−8|H|−1|L|−1 on the l.h.s. and |G|−11|H|−3|L|−1 on the r.h.s. are
obtained by counting the numbers of k-simplices on both sides of the 2− 4 move, as shown
in the table 2. The term Zremainder denotes the part of the state sum that is identical on
both sides of the move, as before. The proof that Zleft = Zright is given in the appendix B.

4.3 Pachner move 3↔ 3

(2)(4)

(1)

(6) (3)

(5)

3↔ 3

(2)(4)

(1)

(6) (3)

(5)

In order to verify the state sum invariance under 3 − 3 Pachner move, we order the
vertices in such a way that on the l.h.s. of the 3 − 3 move, we have three 4-simplices
M left

4 = {(23456), (13456), (12456)}, whereas on the r.h.s. we have the 4-simplicesM right
4 =

{(12356), (12346), (12345)}. On the l.h.s. there are tetrahedrons M left
3 = {(1456), (2456),

(3456)}, and on the r.h.s. M right
3 = {(1234), (1235), (1236)}. One notices that the six

tetrahedrons form the common boundary of both sides of the move, whereas on each side
there are three tetrahedrons shared by two 4-simplices. On the l.h.s. one has the triangle
M left

2 = {(456)} and on the r.h.s. the triangle M right
3 = {(123)}. All other triangles appear

on both sides of the move.
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Therefore on the l.h.s. there is the state sum,

Z3↔3
left =

∫
H
dh456

∫
L3
dl1456dl2456dl3456δG(g456) δH(h3456)δH(h2456)δH(h1456)

δL(l23456)δL(l13456)δL(l12456)Zremainder ,
(4.18)

whereas on the r.h.s. the state sum reads

Z3↔3
right =

∫
H
dh123

∫
L3
dl1234dl1235dl1236δG(g123) δH(h1234)δH(h1235)δH(h1236)

δL(l12356)δL(l12346)δL(l12345)Zremainder .
(4.19)

The numbers of k-simplices agree on both sides of the 3 − 3 move for all k, and the
prefactors play no role in this case, therefore they are part of the Zremainder. The proof
that Zleft = Zright is given in the appendix B.

We obtain that the state sum given by the definition 4.1 is invariant under all three
Pachner moves, and thus independent of triangulation of the underlying 4-dimensional
manifold (see appendix B for the proof).

5 Conclusions

Let us summarize the results of the paper. In section 2 we reviewed the pure the constrained
2BF actions describing the Yang-Mills field and Einstein-Cartan gravity, and constrained
3BF actions describing the Klein-Gordon and Dirac fields coupled to Yang-Mills fields
and gravity in the standard way. In section 3, we reviewed the relevant algebraic tools
involved in the description of higher gauge theory, 2-crossed modules, and 3-gauge theory
and generalized the integral picture of an ordinary gauge theory to a 3-gauge theory that
involves curves, surfaces, and volumes labeled with elements of non-Abelian groups. We
have also proved three key results, stated in Lemmas 3.1, 3.2, and 3.3, which are crucial
for the construction of the invariant state sum. In section 4, we have presented the two
main results of the paper. First, we constructed a triangulation independent state sum Z

of a topological higher gauge theory for a general 3-group and a 4-dimensional spacetime
manifold M4. Second, we proved the theorem that the constructed state sum is indeed
independent of the choice of triangulation, i.e., that it is a genuine topological invariant.

The constructed state sum coincides with Porter’s TQFT [33, 34] for d = 4 and
n = 3. The proof that the state sum is invariant under the local changes of triangulation
called the Pachner moves and thus independent of the chosen triangulation is presented in
appendix B. It is obtained that the state sum is invariant under all five different Pachner
moves: the 3 − 3 move, 4 − 2 move, and 5 − 1 move, and their inverses. The state sum
constructed this way can be thought of as a combinatorial construction of a topological
quantum field theory (TQFT) in the sense of Atiyah’s axioms, a topic that is beyond the
scope of this paper and will be studied in a future work.

In order to finish the second step of the spinfoam quantization procedure, however, the
generalizations of the Peter-Weyl and Plancharel theorems to 2-groups and 3-groups are
required, which so far represent open problems. Namely, these theorems should provide
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a decomposition of a function on a 3-group into a sum over the corresponding irreducible
representations of a 3-group. In this way, the spectrum of labels for the simplices, i.e. , the
domain of values of the fields living on the simplices of the triangulation, would be specified.
Nonetheless, one can still try to guess the irreducible representations of 3-groups, as was
done for example in the case of 2-groups in the spincube model of quantum gravity [30],
or obtain the state sum using other techniques, see for example [50–52]).

However, if one wants to describe a real physical theory, i.e. , the theory which contains
local propagating degrees of freedom, one needs to construct the nontopological state sum,
with the non-trivial dynamics. To do so, once the topological state sum is constructed, the
final third step of the spinfoam quantization procedure is to impose the constraints that
deform the topological theory into a realistic theory of gravity coupled to matter fields (as
defined in [31]) at the quantum level. We leave the construction of the constrained state
sum model for future work.

In addition to the above topics, there are also many other possible applications of the
invariant state sum, both in physics and mathematics.
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A Proof of the invariance identity

Let us prove the identity (3.16). Using the definitions of the upward composition (3.14)
and the vertical composition (3.15) of the 3-morphisms, one obtains that the left-hand side
of the equation (3.16) is equal to:

(
(g2, h

′
2, l
′
2)#3(g2, h2, l2)

)
#2
(
(g1, h

′
1, l
′
1)#3(g1, h1, l1)

)
=
(
g2, h2, l

′
2l2
)
#2
(
g1, h1, l

′
1l1
)

=
(
g1, h2h1, l

′
2l2 h2 B

′ (l′1l1)
)
.

(A.1)

The right-hand side of the equation (3.16) is equal to:

(
(g2, h

′
2, l
′
2)#2(g1, h

′
1, l
′
1)
)
#3
(
(g2, h2, l2)#2(g1, h1, l1)

)
=
(
g1, h

′
2h
′
1, l
′
2h
′
2 B
′ l′1
)
#3
(
g1, h2h1, l2h2 B

′ l1
)

=
(
g1, h2h1, l

′
2 h
′
2 B
′ l′1 l2 h2 B

′ l1
)

(h′2 = δ(l2)h2)
=
(
g1, h2h1, l

′
2 (δ(l2)h2) B′ l′1 l2 h2 B

′ l1
)

eq. (A.3)
=
(
g1, h2h1, l

′
2 δ(l2) B′ (h2 B

′ l′1) l2 h2 B
′ l1
)

(Peiffer identity)
=
(
g1, h2h1, l

′
2 l2(h2 B

′ l′1)l−1
2 l2 h2 B

′ l1
)

(l−1
2 l2 = e)

=
(
g1, h2h1, l

′
2 l2h2 B

′ l′1 h2 B
′ l1
)

eq. (A.4)
=
(
g1, h2h1, l

′
2 l2h2 B

′ (l′1l1)
)
,

(A.2)
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where in the third and sixth line we use the identities

(h1h2) B′ l = h1 B
′ (h2 B

′ l), ∀h1, h2 ∈ H, ∀l ∈ L , (A.3)
hB′ (l1l2) = hB′ l1 hB′ l2, ∀h ∈ H, ∀l1, l2 ∈ L . (A.4)

This proves the equation (3.16).

B Proof of Pachner move invariance

In this section, a self contained proof in terms of Pachner moves that the partition func-
tion (4.13) is independent of the chosen triangulation is presented.

B.1 Pachner move 1↔ 5

On the left hand side of the move there is the integrand δL(l23456):

δL(l23456) = δL
(
l2346

−1(h236 B′ l3456)l2356h256 B′ (g56 B l2345)l2456
−1h246 B′ {h456, (g56g45) B h234}p

)
.

(B.1)
Let us examine the right hand side of the move, given by the equation (4.14). First, one
integrates out g12 using δG(g123), g13 using δG(g134), g14 using δG(g145), and g15 using
δG(g156), and obtains:

g12 = g−1
23 ∂(h123)−1 g13 ,

g13 = g−1
34 ∂(h134)−1 g14 ,

g14 = g−1
45 ∂(h145)−1 g15 ,

g15 = g−1
56 ∂(h156)−1 g16 .

(B.2)

One integrates out h123 using δH(h1234), h124 using δH(h1245), h125 using δH(h1256), h134
using δH(h1345), h135 using δH(h1356), and h145 using δH(h1456), and obtains:

h123 = g−1
34 B h−1

134 g
−1
34 B δ(l1234)−1 g−1

34 B h124 g
−1
34 B h234 ,

h124 = g−1
45 B h−1

145 g
−1
45 B δ(l1245)−1 g−1

45 B h125 g
−1
45 B h245 ,

h125 = g−1
56 B h−1

156 g
−1
56 B δ(l1256)−1 g−1

56 B h126 g
−1
56 B h256 ,

h134 = g−1
45 B h−1

145 g
−1
45 B δ(l1345)−1 g−1

45 B h135 g
−1
45 B h345 ,

h135 = g−1
56 B h−1

156 g
−1
56 B δ(l1356)−1 g−1

56 B h136 g
−1
56 B h356 ,

h145 = g−1
56 B h−1

156 g
−1
56 B δ(l1456)−1 g−1

56 B h146 g
−1
56 B h456 .

(B.3)

The δ-functions on the group G now read δG(e)6. Let us show this. First, for δG(g124) one
obtains

δG(g124) = δG
(
∂(h124) g24 g12 g

−1
14

)
= δG

(
∂(h124) g24 g

−1
23 ∂(h123)−1 g13 g

−1
14

)
= δG

(
∂(h124) g24 g

−1
23 g

−1
34 ∂(h234)−1∂(h124)−1∂(h134) g34 g13 g

−1
14

)
= δG

(
∂(h124) g24 g

−1
23 g

−1
34 (g34 g

−1
23 g

−1
24 ) ∂(h124)−1 e

)
= δG(e) ,

(B.4)
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Next, for δ-function δG(g125) one obtains,

δG(g125) = δG
(
∂(h125) g25 g12 g

−1
15

)
,

= δG
(
∂(h125) g25 g

−1
23 ∂(h123)−1 g13 g

−1
15

)
= δG

(
∂(h125) g25 g

−1
23 g

−1
34 ∂(h234)−1∂(h124)−1∂(h134) g34 g13 g

−1
15

)
= δG

(
∂(h125) g25 g

−1
23 g

−1
34 ∂(h234)−1g−1

45 (∂(h245)−1∂(h125)−1∂(h145)) g45g14 g
−1
15

)
= δG

(
∂(h125) g25 g

−1
23 g

−1
34 (g34 g

−1
23 g

−1
24 )g−1

45 (g45 g
−1
24 g

−1
25 )∂(h125)−1e

)
= δG(e) .

(B.5)

Similarly, δG(g126) becomes

δG(g126) = δG
(
∂(h126)g26g12g

−1
16
)

= δG
(
∂(h126)g26g

−1
23 ∂(h123)−1g13g

−1
16
)

= δG
(
∂(h126)g26g

−1
23 g

−1
34 ∂(h234)−1∂(h124)−1∂(h134)g34g13g

−1
16
)

= δG
(
∂(h126)g26g

−1
23 g

−1
34 ∂(h234)−1g−1

45 (∂(h245)−1∂(h125)−1∂(h145))g45∂(h134)g34g13g
−1
16
)

= δG
(
∂(h126)g26g

−1
23 g

−1
34 ∂(h234)−1g−1

45 (∂(h245)−1g−1
56 ∂(h256)−1∂(h126)−1∂(h156)g56

∂(h145))g45g14g
−1
16
)

= δG
(
∂(h126)g26g

−1
23 g

−1
34 (g34g

−1
23 g

−1
24 )g−1

45 (g45g
−1
24 g

−1
25 )g−1

56 (g56g
−1
25 g

−1
26 )∂(h126)−1

(g16g
−1
15 g

−1
56 )g56g15g

−1
16
)

= δG(e),
(B.6)

and δG(g135) now reads,

δG(g135) = δG
(
∂(h135) g35 g13 g

−1
15

)
,

= δG
(
∂(h135) g35 g

−1
34 ∂(h134)−1 g14 g

−1
15

)
= δG

(
∂(h135) g35 g

−1
34 g

−1
45 ∂(h345)−1∂(h135)−1∂(h145) g45 g14 g

−1
15

)
= δG

(
∂(h135) g35 g

−1
34 g

−1
45 ∂(h345)−1∂(h135)−1 ∂(h145) g45 g

−1
45 ∂(h145)−1 g15 g

−1
15

)
= δG

(
∂(h135) g35 g

−1
34 g

−1
45 (g45 g

−1
34 g

−1
35 )∂(h135)−1

)
= δG(e) ,

(B.7)
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while δG(g136) reads:

δG(g136) = δG
(
∂(h136) g36 g13 g

−1
16
)

= δG
(
∂(h136) g36 g

−1
34 ∂(h134)−1 g14 g

−1
16
)

= δG
(
∂(h136) g36 g

−1
34 g

−1
45 ∂(h345)−1∂(h135)−1∂(h145) g45 g14 g

−1
16
)

= δG
(
∂(h136) g36 g

−1
34 g

−1
45 ∂(h345)−1g−1

56 (∂(h356)−1∂(h136)−1∂(h156)) g56∂(h145) g45 g14 g
−1
16
)

= δG
(
∂(h136) g36 g

−1
34 g

−1
45 (g45 g

−1
34 g

−1
35 )g−1

56 (g56 g
−1
35 g

−1
36 )∂(h136)−1e

)
= δG(e) .

(B.8)
Finally, the δ-function δG(g146) reads:

δG(g146) = δG
(
∂(h146) g46 g14 g

−1
16

)
= δG

(
∂(h146) g46 (g−1

45 ∂(h145)−1 g15) g−1
16

)
= δG

(
∂(h146) g46 g

−1
45 ∂(h145)−1 (g−1

56 ∂(h156)−1 g16) g−1
16

)
= δG

(
∂(h146) g46 g

−1
45 g

−1
56 ∂(h456)−1∂(h146)−1∂(h156)g56 (g−1

56 ∂(h156)−1 g16) g−1
16

)
= δG(e) .

(B.9)

Next, one integrates out l1235 using δL(l12345), l1236 using δL(l12346), l1246 using δL(l12456),
and l1346 using δL(l13456), and obtains

l1235 = (h125 B
′ l2345)l1245h145 B

′ (g45 B l1234)l−1
1345 h135 B

′ {h345, (g45g34) B h123}p , (B.10)
l1236 = (h126 B

′ l2346)l1246h146 B
′ (g46 B l1234)l−1

1346 h136 B
′ {h346, (g46g34) B h123}p , (B.11)

l1246 = (h126 B
′ l2456)l1256h156 B

′ (g56 B l1245)l1456
−1 h146 B

′ {h456, (g56g45) B h124}p ,
(B.12)

l1346 = (h136 B
′ l3456)l1356h156 B

′ (g56 B l1345)l1456
−1 h146 B

′ {h456, (g56g45) B h134}p .
(B.13)

Let us now show that the remaining δ-functions on the group H equal δH(e)4. First,
δH(h1235) becomes:

δH(h1235)=δH
(
δ(l1235)h135(g35Bh123)h−1

235h
−1
125
)

=δH
(
δ
(
(h125B

′l2345)l1245h145B
′(g45Bl1234)l−1

1345h135B
′{h345,(g45g34)Bh123}p

)
h135(g35Bh123)h−1

235h
−1
125

)
=δH

((
h125δ(l2345)h−1

125δ(l1245)h145(g45Bδ(l1234))h−1
145δ(l1345)−1h135δ({h345,(g45g34)Bh123}p)h−1

135
)

h135(g35Bh123)h−1
235h

−1
125

)
=δH

(
h235h345(g45Bh

−1
234)h−1

245h
−1
125h125h245(g45Bh

−1
124)h−1

145h145(g45B(h124h234(g34Bh
−1
123)h−1

134))

h−1
145(h145(g45Bh134)h−1

345h
−1
135)h135δ({h345,(g45g34)Bh123}p)h−1

135h135(g35Bh123)h−1
235

)
=δH(h345

(
(g45g34)Bh−1

123
)
h−1

345δ({h345,(g45g34)Bh123}p)(g35Bh123).
(B.14)

Here, one uses the following identity

δ{h1 , h2}p(∂(h1) B h2)h1h
−1
2 h−1

1 = e . (B.15)
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Substituting g35 = ∂(h345)g45g34, and applying the (B.15) identity for h1 = h345 and
h2 = (g45g34) B h123, one obtains

δH(h1235) = δH(e). (B.16)

Similarly, one obtains for δH(h1236):

δH(h1236)=δH
(
δ(l1236)h136(g36Bh123)h−1

236h
−1
126
)

=δH
(
δ
(
(h126B

′l2346)l1246h146B
′(g46Bl1236l

−1
1346h136B

′{h346,(g46g34)Bh123}p
)
h136(g36Bh123)h−1

236h
−1
126

)
=δH

((
h126δ(l2346)h−1

126δ(l1246)h146(g46Bδ(l1234))h−1
146δ(l1346)−1h136δ({h346,(g46g34)Bh123}p)h−1

136
)

h136(g36Bh123)h−1
236h

−1
126

)
=δH

(
h236h346(g46Bh

−1
234)h−1

246h
−1
126h126h246(g46Bh

−1
124)h−1

146h146(g46B(h124h234(g34Bh
−1
123)h−1

134))

h−1
146(h146(g46Bh134)h−1

346h
−1
136)h136δ({h346,(g46g34)Bh123}p)h−1

136h136(g36Bh123)h−1
236

)
=δH(h346

(
(g46g34)Bh−1

123
)
h−1

346δ({h346,(g46g34)Bh123}p)(g36Bh123).
(B.17)

Substituting g36 = ∂(h346)g46g34, and applying the (B.15) identity for h1 = h346 and
h2 = (g46g34) B h123, one obtains

δH(h1236) = δH(e) . (B.18)

Similarly, one obtains that δH(h1246) = δH(h1346) = δH(e). The remaining δ-function on
the group L δL(l12356) reads:

δL(l12356) = δL

(
l1236

−1(h126B
′ l2356)l1256h156B

′ (g56B l1235)l1356
−1h136B

′ {h356, (g56g35)Bh123}p
)
.

(B.19)
After substituting the equations (B.10), (B.11), (B.12), and (B.13), one obtains:

δL(l12356)=δL
(
h136 B

′ {h346, (g46g34) B h123}−1
p (h136 B

′ l3456)l1356h156 B
′ (g56 B l1345)l1456

−1

h146 B
′ {h456, (g56g45) B h134}ph146 B

′ (g46 B l1234)−1h146 B
′ {h456, (g56g45) B h124}−1

p l1456

h156 B
′ (g56 B l1245)−1l−1

1256(h126 B
′ l2456)−1(h126 B

′ l2346
−1)(h126 B

′ l2356)l1256

h156 B
′ (g56 B ((h125 B

′ l2345)l1245h145 B
′ (g45 B l1234)l−1

1345h135 B
′ {h345, (g45g34) B h123}p))

l1356
−1h136 B

′ {h356, (g56g35) B h123}p
)
.

(B.20)

Using the identity (3.4) the delta function δL(l12356) becomes:

δL(l12356) = δL
(
(h136B

′ l3456)l1356h156B
′(g56Bl1345)l1456

−1

h146B
′{h456,(g56g45)Bh134}ph146B

′(g46Bl1234)−1h146B
′{h456,(g56g45)Bh124}−1

p l1456

δ(h156B
′(g56Bl1245)−1)B′

((
δ(l1256)−1h126

)
B′
(
l−1
2456l

−1
2346l2356

)
h156B

′(g56B(h125B
′ l2345))

)
h156B

′(g56B(h145B
′(g45Bl1234)l−1

1345))l1356
−1(h136h346)B′{h−1

346h356g56Bh345,

(g56g45g34)Bh123}p
)
.

(B.21)
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Commuting the elements, one obtains

δL(l12356) = δL

(
(h156B

′(g56Bδ(l1245)−1)δ(l1256)−1h126)B′
(
l−1
2456l

−1
2346l2356h256B

′(g56Bl2345)
)

h156B
′(g56B(h145B

′(g45Bl1234)l−1
1345)

)
l1356

−1(h136h346)B′{h−1
346h356g56Bh345,(g56g45g34)Bh123}p

h136B
′ l3456l1356h156B

′(g56Bl1345)(δ(l1456)−1h146)B′
(
{h456,(g56g45)Bh134}p

)
(δ(l1456)−1h146)B′

(
(g46Bl1234)−1)(δ(l1456)−1h146)B′{h456,(g56g45)Bh124}−1

p

)
.

(B.22)

The tetrahedron (3456) is part of the integrand on both sides of the move, so using the
condition (4.9) for δH(h3456) one can write h−1

346h356g56 B h345 = h−1
346 B′ δ(l3456)−1h456.

Then, using the identity (3.4) one obtains that

{h−1
346h356g56Bh345,(g56g45g34)Bh123}p = {h−1

346B
′δ(l3456)−1h456,(g56g45g34)Bh123}p

=
(
h−1

346B
′δ(l3456)−1)B′{h456,(g56g45g34)Bh123}p

{h−1
346B

′δ(l3456)−1,(g46g34)Bh123}p

=h−1
346B

′ l−1
3456{h456,(g56g45g34)Bh123}p(

(g46g34)Bh123h
−1
346
)
B′ l3456 ,

(B.23)

where in the last row the definition of the action B′ is used. Substituting the equation (B.23)
in the equation (B.22) one obtains

δL(l12356)=δL
(
(h156B

′(g56Bδ(l1245)−1)δ(l1256)−1h126δ(l2456)−1)B′
(
l−1
2346l2356h256B

′(g56Bl2345)l−1
2456

)
h156B

′(g56B(h145B
′(g45Bl1234)))(h156B

′(g56Bδ(l1345)−1)δ(l1356)−1h136δ(l3456)−1h346)B′(
{h456,(g56g45g34)Bh123}p((g46g34)Bh123)B′l3456

)
(δ(l1456)−1h146)B′

(
{h456,(g56g45)Bh134}p

)
(δ(l1456)−1h146)B′

(
(g46Bl1234)−1)(δ(l1456)−1h146)B′{h456,(g56g45)Bh124}−1

p

)
.

(B.24)
Commuting the element l3456 to the end of the expression, one obtains
δL(l12356)=δL

(
(h156B

′(g56Bδ(l1245)−1)δ(l1256)−1h126δ(l2456)−1)B′
(
l−1
2346l2356h256B

′(g56Bl2345)l−1
2456

)
h156B

′(g56B(h145B
′(g45Bl1234)))(h156B

′(g56Bδ(l1345)−1)δ(l1356)−1h136δ(l3456)−1h346)B′(
{h456,(g56g45g34)Bh123}p

)
(δ(l1456)−1h146)B′

(
{h456,(g56g45)Bh134}p

)
(δ(l1456)−1h146)B′

(
(g46Bl1234)−1)(δ(l1456)−1h146)B′{h456,(g56g45)Bh124}−1

p

(h156g56Bh145h246g46Bh234h
−1
346)B′l3456

))
.

(B.25)
Acting to the whole expression with (h156B′ (g56Bδ(l1245)−1)δ(l1256)−1h126δ(l2456)−1)−1B′,
one obtains,

δL(l12356)=δL
(
l−1
2346l2356h256B

′(g56Bl2345)l−1
2456

(
h246h456(g56g45)Bh−1

124
)
B′(

(g56g45)Bl1234
(
(g56g45)Bh134h

−1
456
)
B′{h456,(g56g45g34)Bh123}p

h−1
456B

′{h456,(g56g45)Bh134}ph−1
456Bg46Bl

−1
1234

(
h−1

456g46Bh124
)
B′{h456,(g56g45)Bh−1

124}p
)

(h246g46Bh234h
−1
346)B′l3456.

(B.26)
Using the identity (3.5) for {h456, (g56g45) B (h134g34 B h123)}p,

{h456, (g56g45)B(h134g34Bh123)}p = {h456, (g56g45)Bh134}p(g46Bh134)B′{h456, (g56g45g34)Bh123}p ,

(B.27)
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one obtains:

δL(l12356) = δL
(
l−1
2346l2356h256 B

′ (g56 B l2345)l−1
2456h246 B

′
((
h456(g56g45) B h−1

124
)
B′(

(g56g45) B l1234h
−1
456 B

′ {h456, (g56g45) B (h134g34 B h123)}p

h−1
456 B g46 B l−1

1234

)
{h456, (g56g45) B h−1

124}p
)
(h246g46 B h234h

−1
346) B′ l3456) .

(B.28)

Using the identity (3.5) for {h456, (g56g45) B (h−1
124δ(l1234)h134g34 B h123)}p one obtains the

terms featuring l1234 cancel, i.e. ,

δL(l12356)=δL
(
l−1
2346l2356h256B

′(g56Bl2345)l−1
2456

h246B
′{h456,(g56g45)B(h−1

124δ(l1234)h134g34Bh123)}p(h246g46Bh234h
−1
346)B′l3456

=δL
(
l2346

−1l2356h256B
′(g56Bl2345)l2456

−1h246B
′{h456,(g56g45)Bh234}p(δ(l2346)−1h236)B′l3456)

)
=δL(l23456),

(B.29)
the delta function δL(l12356) on the r.h.s. reduces to the delta function δL(l23456) of the
l.h.s. The integrations over l1234, l1245, l1256, l1345, l1356, and l1456 are trivial, and finally
one obtains,

r.h.s. = δG(e)6δH(e)4δL(l23456) = |G|6|H|4δL(l23456) . (B.30)

The prefactors |G|−11|H|−4|L|−1 on the r.h.s. and |G|−5|H|0|L|−1 on the l.h.s., compensate
for left-over factors.

B.2 Pachner move 2↔ 4

On the left hand side of the move one has the following integrals and the integrand,∫
L
dl2345δH(h2345)δL(l23456)δL(l12345). (B.31)

Integrating out l2345 using δL(l12345), one obtains

l2345 = h125
−1 B′

(
l1235h135 B

′ {h345, (g45g34) B h123}−1
p l1345h145 B

′ (g45 B l1234)−1l−1
1245

)
.

(B.32)
The δ-function δH(h2345) now reads,

δH(h2345) = δH
(
δ(l2345)h245 (g45 B h234)h−1

345 h
−1
235

)
= δH

(
h125

−1δ(l1235)h135δ({h345, (g45g34) B h123}−1
p )h−1

135δ(l1345)h145(g45 B δ(l1234))−1h−1
145

δ(l1245)−1h125h245 (g45 B h234)h−1
345 h

−1
235
)
.

(B.33)
Using the identity (4.9) for the tetrahedrons (1235), (1345), (1234), and (1245), the equa-
tion (B.33) reduces to:

δH(h2345) = δH
(
h125

−1h125 h235 (g35 B h−1
123)h−1

135h135δ({h345, (g45g34) B h123}−1
p )h−1

135h135 h345 (g45 B h−1
134)

h−1
145h145g45 B (h134(g34 B h123)h−1

234h
−1
124)h−1

145h145(g45 B h124)h−1
245h

−1
125h125h245 (g45 B h234)h−1

345 h
−1
235
)

= δH
(
(g35 B h−1

123) δ({h345, (g45g34) B h123}−1
p )h345 (g45g34) B h123) h−1

345
)
.

(B.34)
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Here, one uses the following identity

δ{h1 , h2}p(∂(h1) B h2)h1h
−1
2 h−1

1 = e , (B.35)

for h1 = h345 and h2 = (g45g34) B h123, and the identity g35 = ∂(h345)g45g34, and obtains

δH(h2345) = δH(e) . (B.36)

The remaining δ-function δL(l23456), reads

δL(l23456) = δL
(
l2346

−1(h236 B
′ l3456)l2356h256 B

′ (g56 B l2345)l2456
−1h246 B

′ {h456, (g56g45) B h234}p
)
.

(B.37)
Substituting the equation (B.33), one obtains

δL(l23456) = δL
(
l2346

−1(h236 B
′ l3456)l2356h256 B

′
(
g56 B

(
h125

−1 B′
(
l1235h135 B

′ {h345, (g45g34) B h123}−1
p

l1345h145 B
′ (g45 B l1234)−1l−1

1245
)))

l2456
−1h246 B

′ {h456, (g56g45) B h234}p
)
.

(B.38)
Commuting the elements one obtains

δL(l23456) = δL
(
l2456

−1l2346
−1l2356(h256g56 B h125

−1) B′ g56 B l1235
(
h256g56 B h125

−1g56 B h135
)
B′(

(g35 B h123h
−1
356) B′ l3456){g56 B h345, (g56g45g34) B h123}−1

p

(g56 B h345(g56g45) B (h123h
−1
234)h−1

456) B′ {h456, (g56g45) B h234}p
)

(h256g56 B h125
−1) B′ g56 B l1345(h256g56 B h125

−1g56 B h145) B′ ((g56g45) B l1234)−1

(h256g56 B h125
−1) B′ g56 B l−1

1245

)
.

(B.39)
Finally, the l.h.s. reads:

l.h.s. = δH(e)δL(l23456) = |H|δL(l23456) . (B.40)

Let us now examine the right hand side of the move, i.e. , the integral (4.17). First,
one integrates out g16 using δG(g126), and obtains

g16 = ∂(h126) g26 g12 . (B.41)

Next, one integrates out h126 using δH(h1236), h136 using δH(h1346), and h146 using δH(h1456),
and obtains

h126 = δ(l1236)h136 (g36 B h123)h−1
236 ,

h136 = δ(l1346)h146 (g46 B h134)h−1
346 ,

h146 = δ(l1456)h156 (g56 B h145)h−1
456 .

(B.42)

The remaining δ-functions on the group G reduces to δG(e)3. The δ-function δG(g136)

δG(g136) = δG
(
∂(h136) g36 g13 g

−1
16
)
, (B.43)
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after substituting the equation (B.41) reads:

δG(g136) = δG
(
∂(h136) g36 g13 g

−1
12 g

−1
26 ∂(h126)−1) . (B.44)

Using the equations (B.42) for h126, and h136, and h146, and the identity ∂(δl) = 0 for every
element l ∈ L, the δ-function δG(g136) reduces to δG(e) after implementing the identity (4.7)
for the triangles (156), (145), (456) (134), (346), (236), and (123). Similarly, one obtains
δG(g146) = δG(g156) = δG(e).

One integrates out l1236 using δL(l12346) and obtains

l1236 = (h126 B
′ l2346)l1246h146 B

′ (g46 B l1234)l−1
1346 h136 B

′ {h346, (g46g34)Bh123}p, (B.45)

l1246 using δL(l12456) and obtains

l1246 = (h126B
′ l2456)l1256h156B

′(g56Bl1245)l1456
−1 h146B

′{h456, (g56g45)Bh124}p, (B.46)

and l1346 using δL(l13456) and obtains

l1346 = (h136B
′ l3456)l1356h156B

′(g56Bl1345)l1456
−1 h146B

′{h456, (g56g45)Bh134}p. (B.47)

The remaining δ-functions on H reduce on δH(e)3, similarly as in the case of 1−5 Pachner
move, i.e. , one obtains δH(h1256) = δH(h1356) = δH(h1456) = δH(e). For the remaining
δ-function δL(l12356),

δL(l12356) = δL
(
l1236

−1(h126 B
′ l2356)l1256h156 B

′ (g56 B l1235)l1356
−1h136 B

′ {h356, (g56g35) B h123}p
)
,

(B.48)
one obtains, after substituting the equations (B.45), (B.46), and (B.47), the following

δL(l12356) = δL
(
h136 B

′ {h346, (g46g34) B h123}p−1l1346h146 B
′ (g46 B l1234)−1l−1

1246(h126 B
′ l2346)−1

(h126 B
′ l2356)l1256h156 B

′ (g56 B l1235)l1356
−1h136 B

′ {h356, (g56g35) B h123}p
)

= δL
(
(h126 B

′ l2456)−1(h126 B
′ l2346)−1(h126 B

′ l2356)(h256g56 B h125
−1) B′ l1235

δ(l1256) B′
(
δ(l1356)−1 B′

(
h136 B

′ {h356, (g56g35) B h123}p(h136h346) B′ {h−1
346, g36 B h123}p

(h136 B
′ l3456)

)
h156 B

′ (g56 B l1345)l1456
−1 h146 B

′ {h456, (g56g45) B h134}ph146 B
′ (g46 B l1234)−1

h146 B
′ {h456, (g56g45) B h124}−1

p l1456h156 B
′ (g56 B l1245)−1

))
.

(B.49)
Commuting the elements in order to match the l.h.s. of the move, i.e. , the δ-function given
by the equation (B.39), and using the identity (3.4), i.e. ,

{h−1
346h356, (g56g35) B h123}p = h−1

346 B
′ {h356, (g56g35) B h123}p{h−1

346, g36 B h123}p , (B.50)

one obtains

δL(l12356) = δL
(
(h126 B

′ l2456)−1(h126 B
′ l2346)−1(h126 B

′ l2356)(h126h256g56 B h125
−1) B′ l1235

δ(l1256) B′
(
δ(l1356)−1 B′

(
(h136h346) B′ {h−1

346h356, (g56g35) B h123}p(h136 B
′ l3456)

)
h156 B

′ (g56 B l1345)(δ(l1456)−1 h146) B′
(
{h456, (g56g45) B h134}p(g46 B l1234)−1

{h456, (g56g45) B h124}−1
p
)
h156 B

′ (g56 B l1245)−1
))
.

(B.51)
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Using the identity (3.4) again one rewrites the following term as

(h136h346) B′ {h−1
346h356, (g56g35) B h123}p(h136 B

′ l3456) =
(h136h346) B′ {h−1

346 B
′ δ(l3456)−1h456g56 B h−1

345, (g56g35) B h123}p(h136 B
′ l3456) =

(h136 B
′ δ(l3456)−1h136h346) B′

(
{h456g56 B h−1

345, (g56g35) B h123}p((g46g34) B h123h
−1
346) B′ l−1

3456
)
,

(B.52)
and substituting it in the equation (B.51) the δ-function becomes:

δL(l12356) = δL
(
(h126 B

′ l2456)−1(h126 B
′ l2346)−1(h126 B

′ l2356)(h126h256g56 B h125
−1) B′ l1235

δ(l1256) B′
(
(δ(l1356)−1h136 B

′ δ(l3456)−1h136h346)B′(
{h456g56 B h−1

345, (g56g35) B h123}p((g46g34) B h123h
−1
346) B′ l3456)

)
(h156g56 B h135g56 B (h345g45 B h−1

134)h−1
456) B′

(
{h456, (g56g45) B h134}p(g46 B l1234)−1

{h456, (g56g45) B h124}−1
p
))

(h126h256g56 B h125
−1) B′

(
h156 B

′ (g56 B l1345)(g56 B l1245)−1)) .
(B.53)

Commuting the elements l3456 and {h456g56 B h345, (g56g35) B h123}p, and using the iden-
tity (3.4) to rewrite this Peiffer lifting, one obtains

δL(l12356) = δL
(
(h126 B

′ l2456)−1(h126 B
′ l2346)−1(h126 B

′ l2356)(h126h256g56 B h125
−1) B′ l1235(

h126h256g56 B h125
−1h135(g56g35) B h123g56 B h−1

356) B′ g56 B l3456

(h126h256g56 B h−1
125g56 B h135g56 B h345) B′

(
{g56 B h−1

345, (g56g35) B h123}p

h−1
456 B

′ {h456, (g56g45g34) B h123}p((g56g45) B h−1
134h

−1
456) B′

(
{h456, (g56g45) B h134}p(g46 B l1234)−1

{h456, (g56g45) B h124}−1
p
))

(h126h256g56 B h125
−1) B′

(
h156 B

′ (g56 B l1345)(g56 B l1245)−1)) .
(B.54)

After the similar transformations as in the case of 1−5 move, commuting the element l1234
so that the order of the elements matches the order in the expression (B.39), and acting
to the whole expression with h−1

126 one obtains

δL(l12356) = δL
(
l2456

−1l2346
−1l2356(h256g56 B h125

−1) B′ g56 B l1235
(
h256g56 B h125

−1g56 B h135
)
B′(

(g35 B h123h
−1
356) B′ l3456){g56 B h345, (g56g45g34) B h123}−1

p (g56 B h345(g56g45) B (h123h
−1
234)h−1

456)B′

{h456, (g56g45) B h234}p
)
(h256g56 B h125

−1) B′ g56 B l1345

(h256g56 B h125
−1g56 B h145) B′ ((g56g45) B l1234)−1(h256g56 B h125

−1) B′ g56 B l−1
1245

)
.

(B.55)
which is precisely the equation (B.39). The remaining integration over the element h156 of
the group H and remaining integration over the three elements of the group L, l1246, l1256,
and l1356, are trivial, yielding the result on the r.h.s. to:

r.h.s. = δG(e)3 δH(e)3 δL(l12356) = |G|3 |H|3 δL(l12356) . (B.56)

The prefactors are |G|−8|H|−1|L|−1 on the l.h.s., and |G|−11|H|−3|L|−1 on the r.h.s. com-
pensate for the left-over factors.
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B.3 Pachner move 3↔ 3

Let us first investigate the r.h.s. of the move. First, one integrates out the l1235, exploiting
δL(l12345) and obtains

l1235 = (h125B
′ l2345)l1245h145B

′(g45Bl1234)l1345
−1 h135B

′{h345, (g45g34)Bh123}p, (B.57)

and one integrates out l1236, exploiting δL(l12356) and obtains

l1236 = (h126B
′ l2356)l1256h156B

′ (g56B l1235)l1356
−1h′136B{h356, (g56g35)Bh123}p. (B.58)

Next, one integrates out h123, exploiting δH(l1234) and obtains:

h123 = g−1
34 B h−1

134 g
−1
34 B δ(l1234)−1 g−1

34 B h124 g
−1
34 B h234. (B.59)

The δ-function δG(g123), when using the equation (B.59) reads

δG(g123) = δG
(
g−1

34 B ∂(h134)−1 g−1
34 B ∂(δ(l1234))−1 g−1

34 B ∂(h124) g−1
34 B ∂(h234) g23 g12 g

−1
13
)
,

(B.60)
which then using the condition ∂δ = 0, reduces to

δG(g123) = δG
(
∂(h134)−1 ∂(h124) ∂(h234) g−1

34 g23 g12 g
−1
13 g34

)
. (B.61)

Using the condition (4.7) for the triangles (134), (124), and (234), it finally reduces to

δG(g123) = δG
(
e
)
. (B.62)

For the δ-function δH(h1235), one obtains, after using the equation (B.57):

δH(h1235) = δH
(
(h125δ(l2345)h−1

125)δ(l1245)(h145(g45 B δ(l1234))h−1
145)δ(l1345)−1

h135 B
′ {h345, g35 B h123}p h135((g35g34

−1) B (h−1
134 δ(l1234)−1 h124 h234))h−1

235 h
−1
125

)
.

(B.63)
Using the δ-functions δL(h2345), δL(h1245), and δL(h1345), that appear on both sides of the
move, and are thus part of the integrand,

δ(l2345) = h235 h345 (g45 B h−1
234)h−1

245 ,

δ(l1245) = h125 h245 (g45 B h−1
124)h−1

145 ,

δ(l1345)−1 = h145 (g45 B h134)h−1
345 h

−1
135 ,

(B.64)

one obtains:

δH(h1235) = δH
(
h125h235 h345 (g45 B h−1

234)h−1
245h

−1
125h125 h245 (g45 B h−1

124)h−1
145h145(g45 B δ(l1234))h−1

145

h145 (g45 B h134)h−1
345 h

−1
135h135 B δ({h345, (g45g34) B h123}p)

h135 ((g35g34
−1) B (h−1

134δ(l1234)−1 h124 h234))h−1
235 h

−1
125

)
= δH

(
h345(g45g34) B h−1

123 h
−1
345δ({h345, (g45g34) B h123}p) (g35 B h123)

)
.

(B.65)
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Substituting g35 = ∂(h345)g45g34, and applying the identity

δ{h1 , h2}p(∂(h1) B h2)h1h
−1
2 h−1

1 = e , (B.66)

for h1 = h345 and h2 = (g45g34) B h123, one obtains

δH(h1235) = δH(e). (B.67)

Similarly, one obtains that δH(h1236) = δH(e). The remaining δ-function δH(l12346) reads

δL(l12346) = δL
(
l1236

−1(h126 B′ l2346)l1246h146 B′ (g46 B l1234)l1346
−1 h136 B′ {h346, (g46g34) B h123}p

)
.

(B.68)
After substituting the equation (B.58), and then the equation (B.57), one obtains:

δL(l12346) = δL
(
h136 B

′ {h356, (g56g35) B h123}−1
p l1356h156 B

′ (g56 B l1235)−1l−1
1256h126 B

′ l−1
2356

(h126 B
′ l2346)l1246h146 B

′ (g46 B l1234)l1346
−1h136 B

′ {h346, (g46g34) B h123}p
)

= δL
(
h136 B

′ {h356, (g56g35) B h123}−1
p l1356

h156 B
′ (g56 B ((h125 B

′ l2345)l1245h145 B
′ (g45 B l1234)l1345

−1 h135 B
′ {h345, (g45g34) B h123}p))−1

l−1
1256h126 B

′ l−1
2356(h126 B

′ l2346)l1246h146 B
′ (g46 B l1234)l1346

−1h136 B
′ {h346, (g46g34) B h123}p

)
.

(B.69)
After commuting the elements, i.e. , using the Peiffer identity for the crossed module (L δ→
H,B′), one obtains

δL(l12346) = δL
(
h136 B

′ {h356, (g56g35) B h123}−1
p

(δ(l1356)h156g56 B h135) B′ g56 B {h345, (g45g34) B h123}−1
p l1356h156 B

′ (g56 B l1345)
(h156g56 B h145) B′ ((g56g45) B l1234)−1h156 B

′ (g56 B l1245)−1(h156g56 B h125) B′ (g56 B l−1
2345)l−1

1256

h126 B
′ l−1

2356(h126 B
′ l2346)l1246h146 B

′ (g46 B l1234)l1346
−1h136 B

′ {h346, (g46g34) B h123}p
)

= δL
(
(δ(l1346)−1h136) B′ {h346, (g46g34) B h123}p(δ(l1346)−1h136) B′ {h356, (g56g35) B h123}−1

p

((δ(l1346)−1δ(l1356)h156g56 B h135) B′ g56 B {h345, (g45g34) B h123}−1
p

(δ(l1346)−1δ(l1356)h156 B
′ (g56 B δ(l1345))h156g56 B h145) B′ ((g56g45) B l1234)−1l−1

1346

l1356h156 B
′ (g56 B l1345)h156 B

′ (g56 B l1245)−1(h156g56 B h125) B′ (g56 B l−1
2345)

l−1
1256h126 B

′ l−1
2356(h126 B

′ l2346)l1246h146 B
′ (g46 B l1234)

)
.

(B.70)
Using the identity (3.7) one obtains that

{h346, (g46g34) B h123}p = h346 B
′ {h−1

346, g36 B h123}−1
p . (B.71)

Using a variant of the identity (3.4), i.e. , that

{h1h2h3, h4}−1
p = {h1, ∂(h2h3)Bh4}−1

p h1B
′{h2, ∂(h2)Bh4}−1

p (h1h2)B′{h3, h4}−1
p , (B.72)

one obtains that

{h−1
346 h356 (g56 B h345), (g56g45g34) B h123}−1

p = {h−1
346, (g46g34) B h123}−1

p h−1
346 B

′ {h356, (g56g35) B h123}−1
p

(h−1
346h356) B′ {g56 B h345, (g56g45g34) B h123}−1

p ,

(B.73)
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rendering the expression (B.70) to

δL(l12346) = δL
(
(h146g46 B h134) B′ {h−1

346 h356 (g56 B h345), (g56g45g34) B h123}−1
p

(δ(l1346)−1δ(l1356)h156 B
′ (g56 B δ(l1345))h156g56 B h145) B′ ((g56g45) B l1234)−1

l−1
1346l1356h156 B

′ (g56 B l1345)h156 B
′ (g56 B l1245)−1(h156g56 B h125) B′ (g56 B l−1

2345)l−1
1256

h126 B
′ l−1

2356(h126 B
′ l2346)l1246h146 B

′ (g46 B l1234)
)
.

(B.74)
Substituting the equation (B.59), and using the identity (3.5), one obtains that the expres-
sion,

{h−1
346 h356 (g56 B h345), (g56g45g34) B h123}−1

p = {h−1
346 h356 (g56 B h345), (g56g45) B ((h−1

134 B
′ δ(l1234)−1)h−1

134h124h234}−1
p

= (g46 B (h−1
134 B

′ δ(l1234)−1)) B′ {h−1
346 h356 (g56 B h345), (g56g45)B

(h−1
134h124h234)}−1

p {h−1
346 h356 (g56 B h345), (g56g45) B (h−1

134 B
′ δ(l1234)−1)}−1

p ,

(B.75)
using the identity (3.9), i.e. , that

{h−1
346 h356 (g56 B h345), (g56g45) B (h−1

134 B
′ δ(l1234)−1)}−1

p = g46 B (h−1
134 B

′ l−1
1234)(h−1

346 h356

(g56 B h345)) B′ ((g56g45) B (h−1
134 B

′ l1234)) ,
(B.76)

reduces to

{h−1
346 h356 (g56 B h345), (g56g45g34) B h123}−1

p = g46 B (h−1
134 B

′ δ(l1234)−1)
{h−1

346 h356 (g56 B h345), (g56g45) B (h−1
134h124h234)}−1

p

(h−1
346 h356 (g56 B h345)) B′ ((g56g45) B (h−1

134 B
′ l1234)) .
(B.77)

Substituting this result in the expression (B.74) the terms featuring l1234 cancel, and finally
the delta function δL(l12346) reads:

δL(l12346) = δL
(
(h146g46 B h134) B′ {h−1

346 h356 (g56 B h345), (g56g45) B (h−1
134h124h234)}−1

p l−1
1346l1356

h156 B
′ (g56 B l1345)h156 B

′ (g56 B l1245)−1(h156g56 B h125) B′ (g56 B l−1
2345)

l−1
1256h126 B

′ l−1
2356(h126 B

′ l2346)l1246
)
.

(B.78)
One obtains that the integration over l1234 is trivial, and the r.h.s. of the move finally reads

r.h.s. = δG(e)δH(e)2δL
(
h156 B

′ (g56 B l1245)−1 h156 B
′ (g56 B (h125 B

′ l2345))−1 l−1
1256

h126 B
′ l−1

2356(h126 B
′ l2346)l1246(h146g46 B h134)B′

{h−1
346 h356 (g56 B h345), (g56g45) B (h−1

134h124h234)}−1
p l−1

1346l1356h156 B
′ (g56 B l1345) .

(B.79)

The integral of the l.h.s. reads∫
H dh456

∫
L3 dl1456dl2456dl3456δG(g456) δH(h3456)δH(h2456)δH(h1456)δL(l23456)δL(l13456)δL(l12456) .

(B.80)
First, one integrates out the l1456, exploiting δL(l13456) and obtains

l1456 = h146B{h456, (g56g45)Bh134}l1346
−1(h136B

′ l3456)l1356h156B
′ (g56B l1345). (B.81)
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Next, one integrates out the l2456, exploiting δL(l23456) and obtains

l2456 = h246 B {h456, (g56g45) B h234}l2346
−1(h236 B

′ l3456)l2356h256 B
′ (g56 B l2345) . (B.82)

Next, one integrates out h456, exploiting δH(h3456) and obtains

h456 = h−1
346 δ(l3456)h356 (g56 B h345) . (B.83)

Using the equation (B.83), one obtains that

δG(g456) = δG
(
∂(h346)−1 ∂(h356) g56 B ∂(h345) g56 g45 g

−1
46
)
, (B.84)

which, using the identity (4.7) for triangles (346), (356), and (345), reduces to:

δG(g456) = δG
(
e
)
. (B.85)

Similarly as done for the right-hand side of the move, one shows that δH(h1456), when using
the equation (B.81), and δH(h2456), when using the equation (B.82), reduce to δH(e)2. The
remaining δL(l12456) now reads

δL(l12456) = δL
(
l1246

−1(h126 B′ l2456)l1256h156 B′ (g56 B l1245)l1456
−1 h146 B {h456, (g56g45) B h124}p

)
.

(B.86)
Substituting the equations (B.81) and (B.82), one obtains

δL(l12456) = δL
(
l1246

−1(h126 B
′ (h246 B {h456,(g56g45) B h234}pl2346

−1(h236 B
′ l3456)l2356

h256 B
′ (g56 B l2345)))l1256h156 B

′ (g56 B l1245)h156 B
′ (g56 B l1345)−1l−1

1356(h136 B
′ l3456)−1

l1346h146 B {h456,(g56g45) B h134}−1
p h146 B {h456,(g56g45) B h124}p

)
.

(B.87)
After commuting the elements, i.e. , using the Peiffer identity for the crossed module (L δ→
H,B′), one obtains

δL(l12456) = δL
(
(δ(l1246)−1h126h246) B {h456, (g56g45) B h234}p(δ(l1246)−1h126 B δ(l2346)−1h126h236) B′ l3456

l−1
1246h126 B

′ l2346
−1h126 B

′ l2356(h126h256) B′ (g56 B l2345) )
l1256h156 B

′ (g56 B l1245)h156 B
′ (g56 B l1345)−1l−1

1356l1346(δ(l1346)−1h136) B′ l3456
−1

h146 B {h456, (g56g45) B h134}−1
p h146 B {h456, (g56g45) B h124}p

)
.

(B.88)
Using the identity (3.10) for the inverse of the element {h456, (g56g45) B h134}−1

p , and then
the variant of the identity (3.5), i.e. , that is,

{h1, h2h3h4}p = {h1, h2}p(∂(h1) B h2) B′ {h1, h3}p(∂(h1) B (h2h3)) B′ {h1, h4}p , (B.89)

one obtains

{h456, (g56g45) B (h−1
134h124h234)}p = {h456, (g56g45) B h−1

134}p(g46 B h−1
134) B′ {h456, (g56g45) B h124}p

(g46 B (h−1
134h124)) B′ {h456, (g56g45) B h124}p ,

(B.90)
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rendering the equation (B.88) to

δL(l12456) = δL
(
(δ(l1246)−1h126 B δ(l2346)−1h126h236) B′ l3456

l−1
1246h126 B

′ l2346
−1h126 B

′ l2356(h126h256) B′ (g56 B l2345) )
l1256h156 B

′ (g56 B l1245)h156 B
′ (g56 B l1345)−1l−1

1356l1346(δ(l1346)−1h136) B′ l3456
−1

(h146g46 B h134) B′ {h456, (g56g45) B (h−1
134h124h234)}p

)
.

(B.91)
Using the equation (B.83), and the identities (3.4) and (3.6), similarly as for the r.h.s. of the
move, one obtains that the terms featuring l3456 cancel, i.e. , the delta function δL(l12456)
reads

δL(l12456) = δL
(
l−1
1246h126 B

′ l2346
−1h126 B

′ l2356(h126h256) B′ (g56 B l2345))l1256h156 B
′ (g56 B l1245)

h156 B
′ (g56 B l1345)−1l−1

1356l1346(h146g46 B h134) B′ {h456, (g56g45) B (h−1
134h124h234)}p

)
.

(B.92)
It follows that the integral over l3456 is now trivial and l.h.s. of the move finally reduces to:

l.h.s. = δG(e)δH(e)2δL
(
h126 B

′ l2346l1246(h146g46 B h134) B′ {h456, (g56g45) B (h−1
134h124h234)}−1

p

l−1
1346 l1356 h156 B

′ (g56 B l1345)h156 B
′ (g56 B l1245)−1(h156g56 B h125) B′ (g56 B l2345)−1

l−1
1256 h126 B

′ l−1
2356

)
.

(B.93)
The expressions (B.79) and (B.86) are the same, which proves the invariance of the state
sum (4.1) under the Pachner move 3− 3. The numbers of k-simplices agree on both sides
of the 3− 3 move for all k, and the prefactors play no role in this case.
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