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1 Introduction

Within the Loop Quantum Gravity framework, one studies the nonperturbative quantiza-
tion of gravity, both canonically and covariantly, see [1-4] for an overview and a compre-
hensive introduction. The covariant approach focuses on defining the path integral for the
gravitational field by considering a triangulation of a spacetime manifold and specifying
the path integral as a discrete state sum of the gravitational field configurations living on
the simplices in the triangulation. This quantization technique is usually referred to as the
spinfoam quantization method, and it can be divided into three major steps:

1. first, one writes the classical action S[g| as a topological B F-like action plus simplicity
constraints,

2. then one uses the algebraic structure underlying the topological sector of the action
to define a topological state sum Z,



3. and finally, one deforms the topological state sum by imposing simplicity constraints,
thus promoting it into a path integral for a physical theory.

Spinfoam models for gravity are usually constructed by constraining the topological gauge
theory known as BF' theory, obtaining the Plebanski formulation of general relativity [5].
For example, in 3 dimensions, the prototype spinfoam model is known as the Ponzano-
Regge model [6]. In 4 dimensions there are multiple models, such as the Barrett-Crane
model [7, 8], the Ooguri model [9], and the most sophisticated EPRL/FK model [10, 11]
(see also [12-14]). All these models aim to define a viable theory of a quantum gravitational
field alone, without matter fields. The attempts to include matter fields have had limited
success [15], mainly because the mass terms cannot be expressed in the theory due to the
absence of the tetrad fields from the topological BF sector of the theory.

In order to overcome this problem, a new approach has been developed within the
framework of higher gauge theory (for a review of higher gauge theory, see [16, 17], and
for its applications in physics see [18-29]). Within higher gauge theory formalism, one
generalizes the BF' action, based on some Lie group, to an 2BF action based on the
2-group structure. Within this approach [30], one rewrites the action for general relativity
as a constrained 2BF action, such that the tetrad fields are present in the topological
sector. This result opened up the possibility to couple all matter fields to gravity in
a straightforward way. Nevertheless, the matter fields could not be naturally expressed
using the underlying algebraic structure of a 2-group, rendering the spinfoam quantization
method only half-implementable, since the matter sector of the classical action could not
be expressed as a topological term plus a simplicity constraint, which means that the steps
2 and 3 above could not be performed for the matter sector of the action.

This final issue has recently been resolved in [31], where one more step in the categorical
ladder is performed in order to generalize the underlying algebraic structure from a 2-
group to a 3-group (see also [32] for the 4-group formulation). This generalization then
naturally gives rise to the so-called 3BF' action, which proves to be suitable for a unified
description of both gravity and matter fields. The first step of the spinfoam quantization
program is carried out in [31] where the suitable gauge 3-groups have been specified, and the
corresponding constrained 3BF' actions constructed so that the desired classical dynamics
of the gravitational and matter fields are obtained. A reader interested in the construction
of the constrained 2B F' actions describing the Yang-Mills field and Einstein-Cartan gravity,
and 3BF actions describing the Klein-Gordon, Dirac, Weyl, and Majorana fields, each
coupled to gravity in the standard way, is referred to [30, 31].

In this paper, we focus our attention on the second step of the spinfoam quantization
program: we will construct a triangulation independent topological state sum Z, based on
the classical 3BF action for a general 3-group and a 4-dimensional spacetime manifold M.
This state sum coincides with Porter’s TQFT [33, 34] for d = 4 and n = 3. In order to
verify that the constructed state sum is topological, we analyze its behavior under Pachner
moves [35]. Pachner moves are local changes of a triangulation that preserve topology,
such that any two triangulations of the same manifold are connected by a finite number of
Pachner moves. In 4 dimensions, there are five different Pachner moves: the 3 — 3 move,



4 — 2 move, and 5 — 1 move, and their inverses. After defining the state sum, we calculate
its behavior under these Pachner moves. We obtain that the state sum Z remains the
same, proving that it is a topological invariant of the underlying 4-dimensional manifold.
This construction thus completes the second step of the quantization procedure. Our result
paves the way for the third step of the covariant quantization procedure and a formulation
of a quantum theory of gravity and matter by imposing the simplicity constraints on the
state sum. We leave the third step for future work.

The layout of the paper is as follows. In section 2 we review the pure and the con-
strained nBF theories describing some of the physically relevant models — the constrained
2BF actions describing the Yang-Mills field and Einstein-Cartan gravity, and constrained
3BF actions describing the Klein-Gordon and Dirac fields coupled to Yang-Mills fields and
gravity in the standard way. In section 3, we review the relevant algebraic tools involved
in the description of higher gauge theory, 2-crossed modules, and 3-gauge theory. Start-
ing from the notion of Lie 3-groups, we generalize the integral picture of gauge theory
to a 3-gauge theory that involves curves, surfaces, and volumes labeled with elements of
non-Abelian groups. In section 4, we define the discrete state sum model of topological
higher gauge theory in dimension d = 4. The model is defined for any closed and oriented
combinatorial 4-dimensional manifold My. The proof that the state sum is invariant un-
der the Pachner moves and thus independent of the chosen triangulation is presented in
appendix B.

Notations and conventions throughout the paper are as follows. The local Lorentz
indices are denoted by the Latin letters a,b,c, ..., that take values 0,1, 2,3, and are raised
and lowered using the Minkowski metric 7,4, with signature (—,+,+,+). The spacetime
indices are denoted by the Greek letters pu, v, ..., and are raised and lowered by the space-
time metric g, = nabeaueby, where e?,, denotes the tetrad fields. If G is a finite group,
Jadg = 1/|G| 3 e denotes the normalized sum over all group elements, while d denotes
the corresponding d-distribution on G. The J-distribution is defined for every element
g € G such that 0¢(g) = |G| if g is the unit element of the group, i.e., g = e, and dz(g) =0
if it is not, i.e., g # e. If G is a Lie group, [, dg and g denote the Haar measure and the
d-distribution on G, respectively. The set of all k-simplices, 0 < k < d, is denoted by Ay.
The set of vertices Ay is finite and ordered, and every k-simplex is labeled by (k+ 1)-tuples
of vertices (ig...14), where ig,...,ix € Ag such that ig < --- < iy.

2 Review of the classical theory

2.1 Topological nBF theories

For a given Lie group G whose Lie algebra g is equipped with the G-invariant symmetric
nondegenerate bilinear form (_, ), and for a given 4-dimensional spacetime manifold
My, one can introduce the BF action as

Spp — /M (BAF),, (2.1)

where 2-form F' = da + a A « is the curvature for the g-valued connection 1-form a €
AY(My,g) and 2-form B € A%*(My,g) is an g-valued Lagrange multiplier. Varying the



action (2.1) with respect to the Lagrange multiplier B and the connection «, one obtains
the equations of motion of the theory,

F=0, VB=dB+aANB=0. (2.2)

From the first equation of motion, one sees that « is a flat connection, which then, together
with the second equation of motion, implies that B is constant. Therefore, the theory given
by the BF action has no local propagating degrees of freedom, i.e., the theory is topological.
For more details about the BF' theory see [5, 36, 37].

Within the framework of Higher Gauge Theory, by passing from the notion of a gauge
group to the notion of a gauge 2-group, one defines the categorical generalization of the
BF action, called the 2BF action. A 2-group has a naturally associated notion of a 2-
connection (a, 3), described by the usual g-valued 1-form o € A'(My,g) and an h-valued
2-form B € A%(My,b), where b is a Lie algebra of the Lie group H. The 2-connection
gives rise to the so-called fake 2-curvature (F,G), where F is a g-valued fake curvature
2-form F € A%(My,g) and G is an h-valued curvature 3-form G € A3(My, ), defined as

F=da+aAha—-093, G=dB+an"p. (2.3)

Representing the 2-group as a crossed-module (H 2 a ,>), and seeing the next section for
the definition and notation, one introduces a 2BF action using the fake 2-curvature (2.3) as

Sonr = /M (BAF)g+(CAG, (2.4)

where the 2-form B € A%(My, g) and the 1-form C € A'(My, ) are Lagrange multipliers,
and (_, )gand (_, ), denote the G-invariant symmetric nondegenerate bilinear forms
for the algebras g and B, respectively. Similarly as in the case of the BF' theory, varying
the 2BF action (2.4) with respect to the Lagrange multipliers B and C one obtains the
equations of motion,

F=0, G=0, (2.5)

i.e., the conditions that the curvature 2-form F and the curvature 3-form G vanish, while
varying with respect to the connections a and § one obtains

VB+CATB=0, VC-9(B)=0. (2.6)

Similar to the case of the BF action, the 2BF action defines a topological theory, i.e., a
theory with no propagating degrees of freedom, see [38-41] for review and references.
Continuing the categorical ladder one step further, one can generalize the 2BF ac-
tion to the 3BF action, by passing from the notion of a 2-group to the notion of a 3-
group. Representing the 3-group with a 2-crossed module (L Sl G,>.{ , }p),
and seeing next section for definition and notation, one can define a 3-connection as an
ordered triple («, 8,7), where «, 3, and «y are appropriate algebra-valued differential forms,
a € A (My,g), B € A2 (My,b), and v € A3(My,l). The corresponding fake 3-curvature



(F,G,H) is defined as:

F=da+aAha—083, G=dB+an” B —dy, 27)

H=dy+aAN"v+{BAB}p.

Then, similar to the construction of BF and 2BF actions, one defines the 3BF action as
sgBF:/M (BAF)g+(CAGYy+ (DAH), (2.8)
4

where g, b, and [ denote the Lie algebras corresponding to the Lie groups G, H, and L and
the forms (_, ) o (, 7),), and (_, ), are G-invariant symmetric nondegenerate bilinear
forms on g, b, and [, respectively. The variables B € A%(My,g), C € A'(My,b), and
D € A%(My, 1) are Lagrange multipliers, and their associated equations of motion are the
conditions that the 3-curvature (F, G, ) vanishes,

F=0, G=0, H=0. (2.9)

Additionally, varying with respect to the 3-connection variables «, 3, and v one gets:

VB+CAT B—DAS~=0, (2.10)
VC —9(B) — D Abatx2) g — ¢, (2.11)
VD +6(C)=0. (2.12)

For further details see [22, 42, 43] for the definition of the 3-group, and [31] for the definition
of the pure 3BF action.

All the above actions are topological, in the sense that they do not contain any local
propagating degrees of freedom [44, 45]. In this sense, they are not very interesting for the
description of realistic physics, which should feature nontrivial dynamics. Nevertheless, by
choosing the convenient underlying 2-crossed module structure and imposing the appropri-
ate simplicity constraints onto the degrees of freedom present in the 3BF' action, one can
obtain the nontrivial classical dynamics of the gravitational and matter fields, as we will
see in the following subsection.

2.2 Models with relevant dynamics

Let us review how one can employ the n-group structure to introduce the topological nBF
actions corresponding to gravity and matter fields, as well as the form of the appropriate
simplicity constraints to be imposed on these fields to obtain the classical dynamics.

First we review the most important constrained 2BF' actions. We begin by rewriting
general relativity as a constrained 2BF action based on the underlying Poincaré 2-group.
The Poincaré 2-group is equivalent to a crossed module (H 2a ,>), where the groups are
choosen as G = SO(3,1) and H = R*, and the map 0 is trivial. The action > is a natural
action of SO(3,1) on R*, defined as

Mgy > P, = n[bcPa] R (2.13)



where My, and P, are the generators of groups SO(3,1) and R*, respectively. The ac-
tion > of SO(3,1) on itself is given via conjugation, by definition of a crossed module.
Then, Poincaré 2-group gives rise to the 2-connection («, ), given by the algebra-valued
differential forms

a=w®My, B =3P, (2.14)

where we have interpreted the connection 1-form a® as the ordinary spin connection w®.

Also, the corresponding 2-curvature (F,G) is given as

F = (dw® + w Aw® My, = R® M,
(2.15)
G = (dB"+wy AP, =V Py =GPy,

where we can recognize the standard Riemann curvature 2-form R* in F. Having these
variables in hand, one defines 2BF' action (2.4) for the Poincaré 2-group as

SQBFZ/ B® A Rgy + eq ANVB. (2.16)
My

Here, the crucial insight is that the Lagrange multiplier fields C'* can be identified with the
tetrads [30], since one can show that 1-forms C® transform in the same way as the tetrad
1-forms e® under the Lorentz transformations and diffeomorphisms. One can now construct
the action for general relativity by simply adding the additional simplicity constraint term
to the action (2.16):

S = B“b/\Rab+ea/\V6a—)\ab/\(B“b—

gbede, A ed) : (2.17)
My
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Here )y is a Lagrange multiplier 2-form associated to the simplicity constraint term, and
l, is the Planck length. It is straightforward to show that the corresponding equations
of motion reduce to vacuum Einstein field equations. Thus the action (2.17) is classically
equivalent to general relativity. The construction of the action (2.17) is analogous to the
Plebanski model, where general relativity is constructed by adding a simplicity constraint
to the BF theory based on the Lorentz group. However, one clear advantage of this model
over the Plebanski model is that the tetrads are explicitly present in the topological sector
of the action. Upon the covariant quantization, tetrads are therefore fundamental, off-shell
quantities, in contrast to the Plebanski model where they appear only on-shell, as solutions
of the classical equations of motion. The off-shell presence of the tetrads facilitates the
straightforward coupling of the matter fields to gravity, and thus overcomes the problems
present in the spinfoam models [15].

The Poincaré 2-group can be easily extended to include the coupling of the SU(V)
Yang-Mills fields to gravity [31]. To achieve this, one constructs the crossed module (H LN
G,1>), where the groups are chosen as G = SO(3,1) x SU(N) and H = R?*, while the map
0 remains trivial, as before. The action > of the group G on H is such that the SO(3,1)
subgroup acts on R* via the vector representation (2.13), while the action of the SU(N)
subgroup is trivial,

1> P, =0, (2.18)



where 77 are the SU(N) generators. This crossed module yields the 2-connection (a, f3),
where algebra-valued 1-form « and algebra valued 2-form [ are defined as follows,

a=w®M, + Alr, B8 =pP,, (2.19)

where we can identify the gauge connection 1-form A’. This connection gives rise to the
2-curvature (F,G), where F as defined as

F=R®My+Flrp,  FI=dAl + fiTA7 A AKX (2.20)

while the curvature G for 5 remains the same as before. Given these variables, the Lagrange
multiplier B in the first term of the topological action (2.4) also splits into two pieces
corresponding to the direct product of the group G, giving

SQBFZ/ BabARab—i-Bl/\F]—i-ea/\Vﬁa, (2.21)
My

where 2-form B! € A?(My,s5u(N)) is the second piece of the Lagrange multiplier. To
obtain the non-trivial classical dynamics for gravity and the Yang-Mills field, we add the
appropriate simplicity constraint terms to the action (2.21), and construct the constrained
2BF action:

S = B“b/\Rab+BIAFI+ea/\V6“—)\ab/\(B“b—

gabedg A ed>
My

16712
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+ AT A (BI — ?Mablea A eb) + ¢ob! (Mabjgcdefec Aed et Aef — grsF? Neg A eb) .

(2.22)

Here, the first row is the topological sector and the familiar simplicity constraint for gravity
from (2.17), while the second row contains the appropriate simplicity constraints for Yang
Mills field, featuring the Lagrange multipliers A’ and ¢?*. The action (2.22) provides two
dynamical equations — the equation for A?,

vaIpu = 8pFIp# + Fp)\pFD\# + fJKIAJPFKpM =0, (2'23)

where I' /\;w is the standard Levi-Civita connection, and an equation for e® which is the
Einstein field equation with the SU(N) gauge field source term,

R — %g’“’R =8al2 T, T = —419 (Foo P 19" + 4FM BT (2.24)
In this way, we see that both gravity and gauge fields can be successfully represented within
a unified framework of higher gauge theory, based on a 2-group structure. A generalization
from SU(V) Yang-Mills case to the more complicated cases, such as SU(3) x SU(2) x U(1),
is straightforward.

Let us now review how one can use the 3-group structure and the corresponding con-
strained 3BF theory to describe general relativity coupled to Klein-Gordon and Dirac
fields. To describe a single real Klein-Gordon field coupled to gravity, one begins by spec-
ifying a 2-crossed module (L Spla ,>,{_, }p), as follows. The groups are given as



G =S0(3,1), H=R* and L = R. The group G acts on H via the vector representation,
and on L via the trivial representation. The maps 9 and § are chosen to be trivial, as well
as the Peiffer lifting. Given this choice of a 2-crossed module, the 3-connection («, 3 ,7)
takes the form

a=w’My, B=pBP, v=11, (2.25)

where I is the sole generator of the Lie group L. This 3-connection gives rise to the fake
3-curvature (F,G,H),

F = R®M,;, G =VpP,, H=dry. (2.26)

The importance of the 3BF' theory for this choice of the 2-crossed module lies in the fact
that the Lagrange multiplier D can transform as a scalar with respect to Lorentz symmetry,
Mgy, > 1 =0, and it transforms as a scalar with respect to diffeomorphisms since D is also
a O-form. In other words, one can interpret the Lagrange multiplier D to be a real scalar
field, D = ¢, and write the topological 3BF action (2.8) as:

Sypp — / B® A Rup + €0 A VB + ddy . (2.27)
My

In order to obtain the Klein-Gordon field ¢ of mass m coupled to gravity in the standard
way, the appropriate simplicity constraints are imposed, and the constrained 3BF' action
takes the form:

S — B“b/\Rab+ea/\Vﬁa+¢d7—)\ab/\(Bab—

Eabcdec A ed)
My

167Tlg

1
+ AN [y — “Haypee® NP A ef) + AP A (Hupee®Teg Nee Nep —dd Aeg A ey
2 f

1
— ﬁm2¢2€abcde“ AeP Aef Ael.
(2.28)

The first row is the topological sector (2.27) and the simplicity constraint for gravity from
the action (2.17), the second row contains two new simplicity constraints featuring the
Lagrange multiplier 1-forms A and A® and the 0-form Hy,., and the third row features the
mass term for the scalar field. The action (2.28) has two dynamical equations of motion
— the equation for the scalar field ¢ is the covariant Klein-Gordon equation,

(VuvH —m?) o =0, (2.29)

while the equation for the tetrads e is the Einstein field equation with the scalar field
source term,

Ruy _ %g,uuR — 87Tl§ T,u,z/7 T,u,l/ = 8,u¢8l/¢ _ %guv (8p¢8p¢ + m2¢2) . (230)

We see that the obtained theory is classically equivalent to general relativity coupled to a
scalar field. Most importantly, one sees that the choice of the group L dictates the matter



content of the theory, while the action > of G on L specifies the transformation properties
of the matter fields.

Finally, in order to describe the Dirac field coupled to Einstein-Cartan gravity, the
2-crossed module (L Sab%a ,>,{_, }p) has to be chosen as follows. The groups are
G =S50(3,1). H=R* and L = R¥(G), where G is the algebra of complex Grassmann
numbers. The maps 0, J, and the Peiffer lifting are trivial, as before. The action of the
group G on H is via vector representation, and on L via spinor representation, in the
following way. Denoting the eight generators of the Lie group R¥*(G) as P, and P®, where
the bispinor index « takes the values 1,...,4, the action > of G on L is given explicitly as

1 1
My > Py = 5(aab)ﬁaPﬂ, My, > P* = —§(aab)aﬂpﬂ, (2.31)

where o4 = i[’ya,fyb}, and v, are the usual Dirac matrices. This choice of the 2-crossed
module gives rise to the 3-connection (a, 3,7), defined as

a = Wabjwab ) B = BaPa , Y= 7aPa + ﬁapa ) (2'32)

where the 3-connection 3-forms v* and 7, should not be confused with the Dirac matrices
vo due to different types of indices. The 3-curvature (F,G,H) is given as:

F = R®My, G=VpB"P.,
« 1 ab a B = 1 ab= B « - a i lo'
H= (dv + 5w (0w) sy )Pa + (dva — 5w 5(0w) a)P = (V)*Pa+ (WV)a P
(2.33)

As in the case of the scalar field, the choice of the group L and action > of G on L dictates
the matter content of the theory and its transformation properties. The group L prescribes
that D contains eight independent real anticommuting matter fields as its components.
Then, since D is a 0-form and it transforms according to the spinorial representation of
SO(3,1), these eight real Grassmann-valued fields can be identified with the four complex
Dirac bispinor fields, and one can write the corresponding topological 3BF' action as:

— =
Sypr = /M B™ A Rap + ea A VB + (7V)ath® + a(V7)° (2.34)
4

In order to obtain the action that gives us the dynamics of Einstein-Cartan theory of
gravity coupled to a Dirac field, we add the following simplicity constraints:

b ha e b
=) BUARag+ea VA + (V) o™ + e (VA)* = Agp A (B“ -
4

_ 1 - _ i
— YA (’ya — geabcdea Ael A ec(w’yd)a) + Ao A (’yo‘ + 6€ab0d€a Ael A ec(’yd@b)o‘)

bed
——W%e. Ne )
1671'[12) ¢/t bd

1 _
— 5™ D) Egpeae® N el A e A el + 2m’l§, V57 Eapeac® A €€ A B2

(2.35)

The topological sector is in the first row, as well as the gravitational simplicity constraint,
the second row contains the new simplicity constraints for the Dirac field, while the third



row contains the mass term for the Dirac field and a term that ensures the correct coupling
between the torsion and the spin of the Dirac field. Varying the action (2.35), one obtains
the following dynamical equations of motion — the equations for 1 and ¢ which are the
standard covariant Dirac equation and its conjugate,

— _
(e oV —m)p = 0, $(iV,er" +m) =0, (2.36)

and the differential equation of motion for e® which is the Einstein field equation with a
Dirac field source term,

1
RW — —g"™ R =8rl> T, TH =

- & 1 _ A
2 Yy el i — §g“”w (i'yavpe”a — 2m>w, (2.37)

i

2
& = =

where V =V — V. Moreover, one obtains the desired equation of motion for the torsion,

T,=Ve, = 27711273(1, Sa = i€apege” N ePysytp (2.38)

where s, is the Dirac spin 2-form. The equations of motion (2.36), (2.37), and (2.38) are
precisely the equations of motion of the Einstein-Cartan-Dirac theory.

The natural presence of a scalar and Dirac field in the 3BF action is an essential
property of the specific choices of the 3-group structures in a 4-dimensional spacetime,
just like the existence of the tetrad field e® in the topological 2BF' action is an essential
property of the 2BF' action and the Poincaré 2-group. In this way, both the scalar field
and the Dirac field appear in the topological sector of the action, making the quantization
procedure feasible. Similarly, one can introduce Weyl and Majorana fields as well, see [31].

3 A review of 2-groups and 3-groups

As we have seen in the previous section, the gauge symmetry of 3-gauge theory is described
by an algebraic structure known as a 3-group. In this section, we present the relevant
definition of the 3-group, and we briefly explain how this structure is used to equip curves,
surfaces, and volumes with holonomies. The results obtained in this section are necessary
for the construction of the topological invariant, which will be studied in section IV.

3.1 3-Groups

In the category theory, a 2-group is defined as a 2-category consisting of only one object,
where all the morphisms and 2-morphisms are invertible. It has been shown that every
strict 2-group is equivalent to a crossed module (H LY ).

A pre-crossed module (H e ,I>) of groups G and H, is given by a group map
0: H — G, together with a left action > of G on both groups, by automorphisms, such
that the group G acts on itself via conjugation, i.e., for each g1,g2 € G,

g1>g2= 919291_1 ;

and for each hi,ho € H and g € G the following identity holds:

gdhg ™t =09(g>h).

~10 -



In a pre-crossed module the Peiffer commutator is defined as:
(h1,ha)p = hihahytO(h1) > hyt. (3.1)

A pre-crossed module is said to be a crossed module if all of its Peiffer commutators are
trivial, which is to say that the Peiffer identity is satisfied:

(Oh1) > hg = hihoh !, (3.2)

Continuing the categorical generalization one step further, one can generalize the no-
tion of a 2-group to the notion of a 3-group. Similar to the definition of a group and a
2-group within the category theory formalism, a 3-group is defined as a 3-category with
only one object, where all morphisms, 2-morphisms, and 3-morphisms are invertible. More-
over, in analogy with how a crossed module encodes a strict 2-group, it has been proved
that a semistrict 3-group — Gray group is equivalent to a 2-crossed module [42, 46].

A 2-crossed module (L Sl G, >, { , }p)is achain complex of groups, given by
three groups G, H, and L, together with maps 9 and 6,

L>a%aq,

such that 96 = 1¢, an action > of the group G on all three groups, and a map {_, },
called the Peiffer lifting:
{ , }p:HxH—L.

The maps 0 and §, and the Peiffer lifting are G-equivariant, i.e., for each g € G and h € H
g 9(h) =0d(g>h), g o(l) =d(g>1),
and for each hq, ho € H and g € G:
g>{h1,hatp ={g> hi, g ha}yp.

The action of the group G on the groups H and L is a smooth left action by automorphisms,
e., for each g,91,92 € G, hi,ho € H, l1,lo € Land k€ H, L,

1> (g2>k) = (1g2) >k, g (hih) = (g>h1)(g>h2), g (hil2) = (9>h)(g>12).

The action of the group G on itself is again via conjugation. Further, the following identities
are satisfied:

5({h1,h2}p) = < 1, > Vhi,hy € H; (3.3&)
[11,12] = {6(l1),6(12) }p Vii,le € L, where [I,k] = lki" 'k

(3.3b)

{hiha, hs}p = {h1, hahshy ' }p0(h1) > {ha, hs}p Vhy, ho,hs € H ;
(3.3c)

{h1, hahs}p = {h1, ha}p{hy, ha}p{(h1, h3), ", O(h1) > haly, Vhi, ho,hs € H;
(3.3d)
{5(1), R} p{h,6(D)}p = 1L(A(R) > 1Y), Vhe H, VielL. (3.3¢)
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In a 2-crossed module the structure (L S H , ) is a crossed module, with action of the
group H on the group L defined for each h € H and [ € L as:

B! L= 1{3(0) ™), b
and it follows that the Peiffer identity is satisfied for each ly,ly € L:
S(l) > =11t

However, the structure (H % a ,>>) in the general case does not form a crossed module, but
a pre-crossed module, and for each h,h’ € H the Peiffer commutator does not necessarily
vanish.

The following identities hold, for each hi, ho, hg € H [42]:

{h1ha, hs}p = (h1 &' {h2, hs}p){h1,0(ha) > hs}p,
{hl, hghg}p = {hl, hz}p(a(hl) > hg) D/ {hl, h3}p,

and are of prime importance for the proof of the Pachner moves invariance. By using the
condition (3.3e) of the definition of a 2-crossed module, it follows that for each h € H and
l € L the following identity holds:

{h, ()" = (A" I"H(O(h) > 1) . (3.6)

Moreover, for each hi,ho € H,

{h1,ha}yt = by ' {hi',0(h1) > ha}y, (3.7)
{h1,ha}y ' = O(ha) > {hi', hihahi'}p (3.8)
{h1, ho}yt = (hahohi') &' {1, by 'y, (3.9)
{h1,ha}y' = (O(h1) > ha) &' {h1,h3 "}y . (3.10)

A reader interested in more details about 3-groups is referred to [43].

3.2 3-gauge theory

In this subsection, we will describe how the language of 3-gauge theory can be used in
order to define compositions of labeled paths, surfaces, and volumes. In a 3-gauge theory,
one labels geometric objects at three levels. Curves are labeled by elements of G. Their
composition and orientation reversal is defined as in conventional gauge theory. In addition,
surfaces are labeled with elements of H, and volumes are labeled with the elements of L.
The reader interested in the formulation of a 2-gauge theory is referred to [47].

Curves are labeled with the elements of G, and the elements are composed as in the
ordinary gauge theory, i.e., for each g1, g2 € G,

g1 92 g192
P2 PZa N PZam N
[ ] [ ] e — o [

the composition of the elements results in the element g1go € G. The orientation of a curve

1

can be reversed if it is labeled by the inverse element g~ instead.
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Surfaces are labeled with the elements h € H. For each surface, we choose two reference
points on the boundary, and split the boundary into two curves, the source curve labeled
with g1 € G, and the target curve labeled with go € G, as demonstrated in the diagram

The 2-arrow h € H maps the curve g; € G to the curve d(h)g; € G,

1o g1 g1
. /\U,\ . /\ﬂ/lg\ . — o /h\ .
oh g1 o(h)g1

so that the label h € H of the surface is required to satisfy the following condition:
a(h) = gagi " - (3.11)

The orientation of the surface can be reversed and labeled with the inverse element instead,

while the orientation reversal of the curves leads to the surface element labeled with h =
-1 1
g, D> h™

One can now compose 2-morphisms vertically. Let us denote the source and the target of
the k-arrow (k = 1,2) of the 2-morphism h as 9, (h) and 9;" (h), respectively. Then, the
vertical composition of 2-morphisms (g1, k1) and (ge, h2), when they are compatible, i.e.,
when 8j(h1) = 82_ (hg),

g

o =~ e [} thhl [ ]

93
results in a 2-morphism (g1, hohy),
(92, h2)#2(g1, h1) = (g1, h2h1) . (3.12)

An important operation is known as whiskering. One can whisker a 2-morphism h
with a morphism g; by attaching the whisker g; to the surface h from the left, i.e., such
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that 9y (91) = 9y (h),

92 9192
g1 /—/_\ /—\
e<—eo ﬂh o — o ﬁglwz L
\_/ \_/
ab 9195

which results in the 2-morphism with the source curve g; g, and target curve gy g4, carrying
the label g1 > h. Similarly, by attaching whisker g2 to a surface h from the right, i.e., such
that 0y (h) = 97 (¢2),

g1 9192
/\ g2 /—\
° ﬂh e<———0 = o ﬂh .
\\_/ \_/
94 9192

one obtains the 2-morphism with the source curve g1 g2 and target curve ¢} go, carrying the
label h.

The volumes are labeled with the elements [ € L. Let us denote the source and the
target of the k-arrow (k = 1,2,3) of the 3-morphism [ as d; (1) and 8; (1), respectively.
For each volume, we split the boundary into two surfaces, the source surface labeled with
93 (1) = hy and the target surface labeled with 03 (I) = hs. On the common boundary of
the source and target surface, we choose two reference points, and split the boundary into
two curves, the source curve labeled with 9, (I) = g1 and the target curve labeled with
0y (1) = g2, as demonstrated in the diagram below

NN

¢
¢

92 g2

so that the volume label | € L is required to satisfy the following condition:
5(1) = hahyt. (3.13)

The orientation of the volume can be reversed if one labels it with the inverse element [~

l—l
° ﬂhlo E e ﬂhg.,

g2 92

>‘e
)

S
¢

while the orientation reversal of the curves and surfaces leads to the surface element labeled
with [ = g7 ' > 1,

— 14 —



One can compose two 3-morphisms via the upward composition (visualizing a third
axis, orthogonal to the plane of the paper, as the direction up). The upward composition
of 3-morphisms (g1, h1,11) and (g1, he,ls), when they are compatible, i.e., when 85 (I;) =
95 (I2),

g1 g1 g1 g1 g1
I l2 /\ laly /\
° hi1e = e hoe = e hs ® = ° hi1e = e hs ® |
g2 g2 g2 92 92

results in a 3-morphism (g1, h1, l2l1):

(91, ha, l2)#3(g1, 1, 1) = (91, P, laly) . (3.14)

The upward composition of 3-morphisms is associative, and for every h € H there is a
3-morphism that is an identity for the upward composition of 3-morphisms

/1\ 1p k/gl\
° ﬂh' = e ﬂho.

The vertical composition of two 3-morphisms (g1, h1,01) and (go2, he,l2), when they are
compatible, i.e., when 95 (I1) = 95 (I2),

g1 g1
m I m
S — -
* 92 = o 92 °
la
. g2 o« 2 . 92 . .
ha N S
g3 gs

results in a 3-morphism (g1, hohy, lo(he ' 11)),

g1 a1
/\ lg(h2l>/l1)
g3 g3

One can write, for (g1, h1,01) and (g2, ha,l2),

(92, ha, la)#2(g91, ha,11) = (g1, haha,la(he > 1h)) . (3.15)

The vertical composition of 3-morphisms is an associative operation. Composition of 3-
morphisms is invariant under the change of order of upward composition and vertical
composition of 3-morphisms, i.e.,

((g2, ha, 1) #3(g2, ha, 12)) #2 (g1, Ry, 1) #3 (g1, has 1))

- ;o (3.16)
=((g2, h, 15)#2(g1, Py, 1)) #3((92, ha, l2)#2(g1, h1,11))

~15 —



which is demonstrated in the diagram notation, where the diagram

g1 g1 g1
N A AT
o<—o0o = o<—eo = o<—o
g2 92 g2
!
g2 la g2 b g2
° <T o = ° W ° ° W °
g3 g3 g3

uniquely determines the 3-morphism. The proof of the equation (3.16) is given in the
appendix A.

One can whisker the 3-morphisms with morphisms and 2-morphisms. Whiskering of a
3-morphism by a morphism from the left is the composition of a volume [ € L and curve
g1 € G from the left, when they are compatible, i.e., when 9{ (1) = 9; (g1),

g2 g2 9192 9192
91 /\ ! g1 /\ g1>1
e<—o hi1® = e<—e ho® = @ gi>hi ¢ = e gi>ha @
95 95 915 9195

The composition results in a 3-morphism:

g1#1(g2, h1,1) = (9192, 91 > h1,g1 > 1) . (3.17)

Similarly, one can whisker a 3-morphism by a morphism from the right, when they are
compatible, i.e., 9y (1) = 07 (g2),

9192 g192

9192

g1 g1

/Hh\L 4 /ﬂh\L _. th
v/ >/ NS

9192

/ /

91 91

which results in the 3-morphism:

(91, h1, D#192 = (9192, ha, 1) - (3.18)

Whiskering of a 3-morphism with a 2-morphisms from below, when they are compatible,
i.e., 95 (1) = 05 (hg), is formed as a vertical composition of 3-morphisms (g1, h1,!) and
(92, h2, 1n,),

g1

o\

°
92
g2

[ ]

ha
93

l

° =

1hy

=

~16 -

g1

VTR

@oQ<—0

92

g2
o<——@0

9
Vha

g3



which results in a 3-morphism

g1 g1

h2[>/l
[ ] hoh1 ® 3 ® (5(h2>’l)h2h1 o .
g3 93

One writes,
(92, ho)#2(g1, h1, 1) = (g1, hohy, ha ' 1) (3.19)

Whiskering a 3-morphism by 2-morphism from above, when they are compatible, i.e.,
when 95 (1) = 05 (h1), is formed as a vertical composition of 3-morphisms (g1, h1, 15, ) and

(g2, ha, 1),

g1 g1
m Lny m
o<— —""-860 oO<———"-0
g2 = g2

l
92 . &
ha

which results in a 3-morphism,

g1 g1

3 [ ] 6(l)h2h1 o .

NS

g3

One obtains
(92, ho, )#2(g1, 1) = (g1, hah1, 1) . (3.20)

The interchanging 3-arrow is the horizontal composition of two 2-morphisms h; and ho,
when they are compatible, i.e., when 0y (h1) = 95 (ha),

g1 g2
/_\ /_\
° uhl ° U}Q o
A G W
g 95

that results in a 3-morphism [, with source surface

95 (1) = ((g1, h1)#195) #2(91#1 (g2, ha))

and target surface
05 (1) = (91#1(g2, ha)) #2((91, h1)#192) ,

g1 g2 9192 9192

o e hy _® = e higichy @ = g\>hohy @ .
\_/ \_/
9 95 9,95 9195
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One obtains,
(91, h1)#1(92, ha) = (9192, hagr > ha, 1), (3.21)

where the 3-morphism [ is Peiffer lifting {h1, g1 > ha}, 1. Using the condition (3.13), one
obtains

((a(hl)gl) > hg)hl = 5(Z)h1 (91 > h2) s (3.22)

and from the definition of the Peiffer commutator, the identity (3.1), and the property (3.3a)
of the 2-crossed module, i.e., 6({h1, ha}p) = (h1,h2)p, one obtains

(5(l)71 = h191 > hghl_l(a(hl)gl) > hgil = <h1,91 > h2>p = 5({h1,91 > hg}p) . (3.23)

Given any collection of curves, surfaces, and volumes, a configuration of 3-gauge theory
is an assignment of elements of G to the curves, elements of H to the surfaces, and elements
of L to volumes so that the following conditions hold:

1. For each surface labeled by h € H, one has that d(h) = g2g; ! where g1 and go are
the source and target curve, respectively;

2. For each volume labeled by I € L, one has that §(1) = thfl, where h; and hoy are
the source and target surface, respectively;

3. For each 4-simplex labeled by (jk¢mn) € A4, the volume holonomy around it is
trivial.

The defined configurations can be viewed as the classical configurations of 3-gauge theory
or, in a path integral quantum theory, these are the configurations over which one integrates
in the path integral.

3.3 Gauge invariant quantities

In subsection 3.2, we have introduced a number of operations by which we can combine
labeled paths, surfaces, and volumes, in order to calculate the composition of elementary
paths, surfaces, and volumes, to arbitrarily large ones. In this subsection, we will make use
of these compositions in order to construct gauge invariant quantities that are associated
with closed paths, surfaces, and volumes. In Lemmas 3.1, 3.2, and 3.3, this procedure is
used for the boundary path of a triangle, the boundary surface of a tetrahedron, and the
boundary volume of the 4-simplex. The result of Lemma 3.1 is already derived for the case
of 2-groups and remains unchanged in the 3-gauge theory, see [38]. The higher flatness
condition for the boundary surface of a tetrahedron derived in [38], is generalized for the
case of 3-groups is Lemma 3.2. One of the main results of the paper is Lemma 3.3 where
we derived the higher flatness condition for the boundary volume of the 4-simplex.

Lemma 3.1. Let us consider a triangle, (jk¢). The edges (jk),j < k, are labeled by group
elements g;, € G and the triangle (jk¢),j < k < {, by element hjy € H. Consider the
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diagram (3.24).

9kl 9jk 1le 9kl 9jk 9kl 9jk
2N PZ N V2N 2SS V2 P2
lo ke o] = lo@lo ke o] = e ke o] .
N P [ N
ot IkiGjk O(hjr1) gr19jk
(3.24)

The curve y1 = gieg;ji is the source and the curve 7o = g, is the target of the surface
morphism Y : 41 — 72, labeled by the group element 5y, i.e.,

gje = O(hjre) gregijn. - (3.25)

Lemma 3.2. Let us consider a tetrahedron, (jk¢m). The edges (jk),j < k, are labeled
by group elements gj; € G and the triangles (jk¢),j < k < £, by elements hj, € H,
and the tetrahedron (jkfm),j < k < ¢ < m by the group element l;xe, € L. We have
oriented the triangles (jk¢) so that they have the source is greg;r and the target is gjy, i.e.
gje = O(hjke) gregij -

Let us first cut the tetrahedron surface along the edge (jm). This determines the
ordering of the vertical composition of the constituent surfaces. One just has to make
sure that all surfaces are composable, i.e., they have the suitable reference points and the
correct orientation in order to compose them vertically.

Consider the diagram (3.26). We first move the curve from ggeg;r to the curve gj.
At this stage, one cannot compose the result with the triangle (j¢m), and one first has to
whisker it from the left by gg,. Now the two morphisms are vertically composable, and
this moves the curve to gj,,. The following 2-morphism is obtained

9ke 9ik
9om g V2N k; P2 .j
me <——e [ ]
I = (gemjes Djem)#2 (9em#1(gregin, Pjke)) (3.26)
e .
- = (9em9reGjk> Njem (Gem > hjre)) -

gim
Let us then consider the diagram (3.27). We first move the curve from g¢g,gxe to

the curve gg,,. At this stage, one cannot compose the result with the triangle (jkm),

and one first has to whisker it from the right by g;z. Now the two morphisms are verti-

cally composable, and this moves the curve to g;,,. The following 2-morphism is obtained
9em 9ke

i 9k .
me ok <——ej

o/
J . = (Gem9jks Pjrm)#2 ((GemGre, hem)#195k)
hiom, \\\1 jkm,

(3.27)
= (9emIreGjks NjrmPiem) -

gim
The two surfaces have the same source and target, X1 : grmgregjx — gjm and 2o :
9emGkegik — Gjm- Now, transition from the surface shown on the diagram (3.26) to
the surface shown on the diagram (3.27) is given by the volume morphism V : ¥ — X9
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determined by the group element [;ze,, i.e.,

(GemGregik: Nikmhiem) = (Gemregik, 6 (Ligem) hjom (Gem > hjke)) (3.28)

that gives the relation,

RjkemPiem = 0(Likem ) Njem (Gem > hijke) - (3.29)

Lemma 3.3. Let us consider a 4-simplex, (jkfmn). The edges (jk),j < k, are labeled
by group elements g;i, € G, the triangles (jk(),j < k < ¢, by elements hji, € H, and the
tetrahedrons (jkfm),j < k < £ < m, by the group element l;xs, € L. We have oriented
the triangles (jk¢) so that the source curve is girrgjr and the target curve is gj¢, i.e., gje =
O(hjre)gregjr » and the tetrahedrons (jk¢m) so that the source surface is hjem (gem > hjke)
and the target surface is hjgmhiem, 1-€., RjkmPiem = 0(Lkem ) jom (gem > hijke)-

Let us first cut the 4-simplex volume along the surface hjmngmn > (Rjem3em > Rjke)-
This surface determines the ordering of the vertical composition of the constituent vol-
umes. We have to make sure that all volumes are composable, i.e., they have the suitable
reference points and the correct orientation in order to compose them vertically. First,
let us consider the diagram (3.30). We first move the surface from hjemgem > hjre to
surface hjgmhpem with the 3-arrow ljp,. To compose the resulting 3-morphism with the
surface Ny, one must first whisker it from the left with g,,,. The obtained 3-morphism
(Gmn9em9rediks Gmn > (NjemGem > Pjke), Gmn > Likem) can be whiskered from below with the
2-morphism (gmngjm, Pjmn), and the resulting 3-morphism is (grmngem9regjns MjmnGmn >
(Rjemem ™ Rjke), Bjmn ™' (Gmn ™ Likem)), with the source surface R jmngmn > (RjemGem ™ hjke)
and the target surface RjmnGmn > (RjkmPrem),

9jin 9jin

(3.30)
Let us move the surface to hjrnhkmngme™ hiem, see diagram (3.31). To do that, we consider
the 3-morphism (grngkmjks PjmnGmn™Mjkm, Likmn) With the source surface A jpn gmn™> Pjkm
and target surface hjpphpmn. This 3-morphism can be whiskered from above with the 2-
morphism (grngem9rejks Gmn > hrem), and the obtained 3-morphism is (gmngem9redjks hjmn
Grmn > (NjkmPrem), Likmn), with the source surface R jmnGmn > (Rjgmhiem) and target surface
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hjk:n hkmngmn > hk£m7

gjn 9jn
(3.31)
Next, we want to move the surface hjxnhrmngmn > hiem to surface hjrnhienhimn, as shown
on the diagram (3.32). We whisker the 3-morphism (gmn9em3re, Pkmnmn = Pkems Ueemn ),
with the source surface himngmn > hiem and target surface hgenhemn, with the morphism
gji from the right, obtaining the 3-morphism (gmngem9redjk, PmnGmn > Piem leemn)- Now,
we whisker this 3-morphism with the 2-morphism (gkngjk, hjkn) from below, and we obtain

the 3-m01“phism (gmngémgklgjka h]knhkmngmn > hk:[m: hjkn >’ lkﬂmn)y

9jn Jjn
(3.32)
The mapping of the surface hjg,hrenhemn to the surface hjp,gen > hjrehemn in shown on
the diagram (3.33). The 3-morphism with the appropriate source and target is constructed
by whiskering the 3-morphism (gengregjk, PjknPien, lﬁclen) with 2-morphism (gmngemgredik,
hemn) from above. The obtained 3-morphism is (gmngemgredik, PjknPkenPemn, l_ﬁclﬂn)?

9jin gjn

(3.33)
Next we map the surface hjemgen > hjkehemn to the surface hjonhomn (Gmngem) > hijke, see
the diagram (3.34). We use the inverse interchanging 2-arrow composition to map the
surface gpn > Rjkehemn to the surface hymn(gmngem) > hjke, resulting in the 3-morphism
(GmnGem9regik> 9en > jkehomns {Pemns (Gmngem) > hjke}p). Next, we whisker the obtained 3-
morphism with the 2-morphism (gengje, hjen) from below. The obtained 3-morphism with
the appropriate source and target surfaces is (gmngemredik, Pim9en > Njkehomn, Pjen >/
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{hfmru (gmngfm) > hjk‘@}p)7

gmn 9em ke 9jk gmn Gem ke 9jk

Yjn

(3.34)

Finally, we construct the 3-morphism that maps the surface e homn (Gmngem) > hjke to the

starting surface R jmngmn> (hjemgem™hjke). To obtain the 3-morphism with the appropriate

source and target surfaces we first move the surface hjp,hemn to the surface hjmngmn >

hjem with the 3-arrow (gmnggmgjg,hjgnhgmn,lj_[}nn). Next, we whisker the 3-morphism

(gmngﬁmgjéahj@nhémnvlj_ginn) with the 2-morphism (gmngfmgkégjb (gmngfm) > hjkﬂ) from

above. The obtained 3-morphism (gmngemgredik, PjenPemn(Imngem) > hjkg,lj_g}m) moves
the surface to the starting surface, as shown on the diagram (3.35),

gjn 9jn

(3.35)
After the upward composition of the 3-morphisms given by the diagrams (3.30)—(3.35), the
obtained 3-morphism is:

Imn9emIkegjk, hjﬂnhfmn(gmngfm) > hjk€7 l]_girm)#S
GrmnGemGkedjks 9en > Njkeheomn, Njon ' {hemns (GmnGem) &> Rjke}p)#3

Imn9emIkeTiks Pjknhkenemn, lj_k-lgn)#?)

(

(

(

(gmngﬁmgkfgjkv hjknhkmngmf > Agom, hjkn >’ ljk:mn)#3
(gmngﬁmgkégjh hjmngmn > (hjkmhkfm)a ljkmn)#S
(gmngémgkfgjb hjmngmn > (hjfmgém > hjkf)a hjmn > (gmn > ljkém))

= (GmnGemTkeTik MjmnGmn > (jemGem > Rike), Ugt - ion &' {Pomn, (Gmngem) > Rjketp

J
lj_klgn(h]kn D, lk@mn)ljkmnhjmn l>/ (gmn > ljk@m)) .
(3.36)

The obtained 3-morphism is the identity morphism with source and target surface V; =
V2 = hjmngmn > (hjﬂmgém > hjkf)a Le. )

l]_g}nn hjén |>/ {hfmn) (gmngfm) > hjk@}p lj_klgn(h]k:n |>/ lkémn)ljkmnhjmn [>I (gmn > ljkfm) =€.
(3.37)
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4 Quantization of the topological 3BF' theory

In conventional BF theory, one chooses the action in such a way that the theory does not
depend on any background field, but only the spacetime manifold. The classical field equa-
tions of the theory require the gauge connection to be flat, i.e., in terms of the holonomy
variables, that any null-homotopic closed curve corresponds to the identity of the gauge
group. In the framework of higher gauge theory, specifically 2-gauge theory, one general-
izes this idea by imposing the higher flatness condition requiring that the surface holonomy
around the boundary 2-sphere of any 3-ball be trivial instead. One can continue further
categorical generalization by choosing a 3-group structure to describe the gauge symmetry
of the theory, and formulate a 3B F' theory whose equations of motion impose a higher flat-
ness condition for a 3-curvature (F,G,H). In this section, a combinatorial description of
such model for any triangulation of any smooth manifold of dimension d = 4 is presented.
This model coincides with Porter’s abstract definition of a TQFT [33] for d =4 and n = 3,
which is itself a generalization of Yetter’s work [48, 49].

Let us show how to construct a state sum model from the classical action (2.8) by
the usual heuristic spinfoam quantization procedure. We consider the path integral for the
action S3pp,

Z = /DQDBDWDBDC’DD exp (z/ (BAF)g+(CAG)y+ (DA ’H>[> . (4.1)
My
The formal integration over the Lagrange multipliers B, C, and D leads to:
Z=N / DaDB Dy §(F)5(G)5(H). (4.2)

Similarly to conventional gauge theory, the connection 1-form a € A'(My, g) is discretized
by colouring the edges € = (jk) € A; of the triangulation with group elements g. € G. The
connection 2-form 3 € A%(My,b) is represented by group elements ha € H coloring the
triangles A = (jk¢) € Ay. The connection 3-form v € A3(My,[) is represented by group
elements [, € L coloring the tetrahedrons 7 = (jkfm) € As.

The path integral measures of (4.1) are discretized by replacing

/Da — H /Gdgjk, (4.3)

(k) e

/ DB 11 / dh;ke, (4.4)
(jkO)ens T H

/D’y — H /dljkgm, (4.5)
(jkem)eAs L

where dgji, dhjre, and dljiey, denote integration with respect to the Haar measures of
G, H, and L, respectively. The vanishing fake curvature condition is discretized on each
triangle (jkl) € Ag by discretizing §(F). When passing from a smooth manifold to its
triangulation, the § distribution is defined over the appropriate set of simplices as follows,

§(F)= TI dclgie), (4.6)
(jkO)EA2
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where for each (jkl) € Ay the d-function dg (g ) is given by:

8c:(gjne) = 8¢ (O(Pike) gre Gk 934') - (4.7)
Similarly, on the triangulated manifold the condition §(G) on the fake curvature 3-form
reads
5G)= II duhjrem), (4.8)
(jk@m)EAg

where for every tetrahedron (jk¢m) € As one has:
011 (hjtem) = O11 (O Usem) hjem (Gem & hje) g Mg - (4.9)
Finally, the condition 6(H) is discretized as

SH)= JI  0r(jkemn) (4.10)
(jktmn)€EAy

where for each 4-simplex (jk¢mn) € A4 one has:

8L (Ljkemn) = 6L (gmup jn ™ {Ptmns (GmnGem) ™ Rie o Uin (Pien ™ Uetmn ) ikmn Agmn ' (Gmn ™ Uikem)) -
(4.11)
The identities (4.7), (4.9), and (4.11) are the results of Lemmas 3.1, 3.2, and 3.3, respec-
tively.
After substituting the expressions for discretized measures (4.3)-(4.5) and
0-functions (4.6), (4.8), and (4.10) into the equation (4.2) one obtains:

z=N 1] /dgjk II /dhjke 11 /dljklm< 11 5G(gju)>< II 5H(hjum))< 11 5L(l_7‘kenm)>~

(Jk)EAL G (jkO)EN2 |1 (jktm)eAs T, (jkL)eA2 (jktm)eAs (jkmn)eAy
(4.12)

By inserting (4.7), (4.9), and (4.11) into (4.12), we obtain an explicit expression for the
state sum over a given triangulation of the manifold My. This expression can be made
independent of the triangulation if one appropriately chooses the constant factor A, ob-
tained after the integration over the Lagrange multipliers B, C, and D. This is done by
requiring that the state sum is invariant under the Pachner moves, which leads us to the
appropriate form of the constant factor A/, as given by the definition 4.1.

Definition 4.1. Let M, be a compact and oriented combinatorial d-manifold, d = 4, and
(L SHS G,>,{ _, }pr) be a 2-crossed module. The state sum of topological higher
gauge theory is defined by

7 — ‘G|*|Ao|+|/\1|*|A2\‘H‘\Ao\*\/\t\ﬂ/\z\*\/\s\ |L‘*\AU\+\A]|*\A2|+|A3|*|A4|
x <H(jk)eA1.C£dgjk> (H(jké)eAzl![‘dhjkf> <H(jk€m)eA3{dl.ik€m>
X <H(jke)eA2 06 (0(hjke) ge 9k 9}/)) (H(ijm)EA3 511 (5 (Ljkem) jem (Gem ™ Pijke) iy, hfklm)>

X (H(jktfmn)eA4 6L(l]'7£17m hjln >’ {hlmnv (gmngém) > hjk‘l}p l;klg,L(h]kn >’ lklmn)ljk‘mnhjmn >’ (gmn > ljkim))) .

(4.13)
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Here we integrate over g;r € G for every edge (jk) € Ay, over hjy € H for ev-
ery triangle (jkf) € Ao and over lj,, for every tetrahedron (jk¢m) € Az . The J-
distributions under the integral impose the following conditions. First, the condition
that O(hjke) gre ik = gj¢ for each triangle (jk¢) € Ag, i.e., that each surface label hjiy
has got the appropriate source and target, see Lemma 3.1. Second, the condition that
Rjkem ke = 0(Ljkem ) jem (gem ™ hjie) for each tetrahedron (jkém) € As, i.e., that each
volume label /54, has got the appropriate source and target, see Lemma 3.2. Finally, the
condition that the volume holonomy around every 4-simplex (jkémn) € Ay is trivial, i.e.,
that Ly hien ' {homns (9mngem) ™ Piketo Lo (Ptn ™ Detmn) Ligmn Pjmn ™' (gmn ™ Likem)
is equal to the neutral element of the group L for each 4-simplex (jkfmn) € A4, see
Lemma 3.3.

Theorem 4.2. Let My be a closed and oriented combinatorial 4-manifold and (L SHS
G,>,{ _, }pt) be a 2-crossed module. The state sum (4.13) is invariant under Pachner
moves.

The statements of Pachner move invariance are formulated in the following subsections,
while corresponding proofs are given in the appendix B.

4.1 Pachner move 1 < 5

(3) (3)
(2) 44
@) Vﬂ} @
X,
(5) Les (5)

Let us verify that the state sum (4.13) is invariant under 1 — 5 Pachner move. Since
the partition function is independent of the total order of vertices, let us fix the ordering
and verify the move in only one case. Let us denote the vertices of the 4-simplex on the
left hand side of the 1 — 5 Pachner move as (23456). Then, adding a vertex 1 on the
right hand side of the Pachner move one obtains five 4-simplices My = {(13456), (12456),
(12356), (12346), (12345)}. On the r.h.s. there are tetrahedrons Mz = {(1234),(1235),
(1236), (1245), (1246), (1256), (1345), (1346), (1356), (1456)}, triangles (jk¢) € My = {(123),
(124), (125), (126), (134), (135), (136), (145), (146), (156)}, edges (jk) € My = {(12),(13),
(14),(15),(16)} and vertices (j) € My = {(1)}. All other simplices are present on both
sides of the move.
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| Ao| |y [As| |As] | A4
L.h.s. 5 10 10 5% 1
r.h.s. 6 15 20 15 5

Table 1. Number of vertices |Ag|, edges |A1]|, triangles |As|, tetrahedrons |A3|, and 4-simplices |A4]
on both sides of the 1 <+ 5 move.

If the 1 — 5 Pachner move does not change the state sum (4.13), then the state sum of
the right hand side,

zigi =1 e [T dgw [ TT dbae / I dban

(jk)eMr (jk€)e Mo m)EMs3

: ( 11 5G(gjk£)> ( 11 5H(hjkém)> < 11 6L(ljk£mn)> Zremainder »
(jk€)e My (jkem)€eMs (jkemn)eMy
(4.14)
should be equal to the state sum of the left hand side,
Zigi? = |G|7°|H|°| L] =" 0L (123456) Zremainder - (4.15)

Here, the prefactors |G|~1Aol+IAu=IA2] | prilAol=[Arl+IA2[=IAs] apd ||~ [Aol+Arl=[A2]+[As]—[Ad]
are |G| H|4|L|~! on the r.h.s. and |G|~°|H|°|L|~! on the Lh.s., as obtained by counting
the numbers of the k-simplices on both sides of the 1 — 5 move, shown in the table 1. The
Zremainder denotes the part of the state sum that is the same on both sides of the move,
and thus irrelevant for the proof of invariance. The proof that Ziey = Ziight is given in the
appendix B.

4.2 Pachner move 2 < 4

(2) 3) (2) 3)

@ 6 ) @ 6

In order to verify the state sum (4.13) invariance under 2 — 4 Pachner move, we order
the vertices in such a way that on the l.h.s. of the move we have two 4-simplices M, Alfft =
{(23456), (12345)}, while on the r.h.s. we have four 4-simplices Mfght {(12346), (12356),
(12456), (13456)}. On the Lh.s. we have one tetrahedron M = {(2345)}, whereas on the
r.h.s. there are six tetrahedrons Mj®™ = {(1236), (1246), (1256), (1346), (1356), (1456)}.
All other tetrahedrons appear on both sides of the move. On the r.h.s. there are triangles
M3EM" — {(126), (136), (146), (156)}, and one edge M8 = {(16)}, while the rest of the
triangles and edges appear on both sides of the move.
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| Ao| |y [As| |As] | A4
L.h.s. 6 14 16 9 2
r.h.s. 6 15 20 14 4

Table 2. Number of vertices |Ag|, edges |A1], triangles |As|, tetrahedrons |A3|, and 4-simplices |A4]
on both sides of the 2 <+ 4 move.

On the Lh.s. there is the state sum,

Zl%;f—g‘l = ‘G’B‘H’1‘L|1/Ldl23455H(h2345)< H

5L(ljk:[mn)> Zremainder 5 (4‘16)
(jkemn)€eMlett

whereas on the r.h.s. the state sum reads:

ZE = |G|_11|H|_3|L|_1/Gd916 /H4 dh126dh136dh146dh156/Ldl1236dl1246d11256d11346d11356d11456

( 11 5G(9jk£)> ( 1T 5H(hjk/zm)) ( 1T 5L(ljk:zmn)) Zremainder-
(jke)ejwéight (jkfm)EMéight (jkhmi)eMiight

(4.17)
Here the prefactors |G|~8|H|7!|L|7! on the Lh.s. and |G|~ H|™3|L|~! on the r.h.s. are
obtained by counting the numbers of k-simplices on both sides of the 2 — 4 move, as shown
in the table 2. The term Ziemainder denotes the part of the state sum that is identical on
both sides of the move, as before. The proof that Zjes = Zyignt is given in the appendix B.

4.3 Pachner move 3 < 3

©  ® 5o ©  ®

In order to verify the state sum invariance under 3 — 3 Pachner move, we order the
vertices in such a way that on the lLh.s. of the 3 — 3 move, we have three 4-simplices
M = {(23456), (13456), (12456)}, whereas on the r.h.s. we have the 4-simplices Mfght =
{(12356), (12346), (12345)}. On the Lh.s. there are tetrahedrons M = {(1456), (2456),
(3456)}, and on the r.h.s. M;ght = {(1234),(1235),(1236)}. Omne notices that the six
tetrahedrons form the common boundary of both sides of the move, whereas on each side
there are three tetrahedrons shared by two 4-simplices. On the Lh.s. one has the triangle
MLt — {(456)} and on the r.h.s. the triangle ME8™ = {(123)}. All other triangles appear
on both sides of the move.
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Therefore on the 1.h.s. there is the state sum,

Zigd = /H dhyse /L \ dlia56dl2456d134560G(ga56) Or (h3ase )0 m (h2ase )0 (h14se)

(4.18)
61.(l23456 )1 (113456 )0 1. (112456 ) Zremainder »
whereas on the r.h.s. the state sum reads
ARSES / dh123/ dli234dl1235d112360G(9123) Orr (h1234) 01 (h1235) 0 (R236)
H L3 (4.19)

01, (Li2356)01 (112346 )91, (112345 ) Zremainder -

The numbers of k-simplices agree on both sides of the 3 — 3 move for all k, and the
prefactors play no role in this case, therefore they are part of the Ziemainder- 1The proof
that Zieft = Zright is given in the appendix B.

We obtain that the state sum given by the definition 4.1 is invariant under all three
Pachner moves, and thus independent of triangulation of the underlying 4-dimensional
manifold (see appendix B for the proof).

5 Conclusions

Let us summarize the results of the paper. In section 2 we reviewed the pure the constrained
2BF actions describing the Yang-Mills field and Einstein-Cartan gravity, and constrained
3BF actions describing the Klein-Gordon and Dirac fields coupled to Yang-Mills fields
and gravity in the standard way. In section 3, we reviewed the relevant algebraic tools
involved in the description of higher gauge theory, 2-crossed modules, and 3-gauge theory
and generalized the integral picture of an ordinary gauge theory to a 3-gauge theory that
involves curves, surfaces, and volumes labeled with elements of non-Abelian groups. We
have also proved three key results, stated in Lemmas 3.1, 3.2, and 3.3, which are crucial
for the construction of the invariant state sum. In section 4, we have presented the two
main results of the paper. First, we constructed a triangulation independent state sum Z
of a topological higher gauge theory for a general 3-group and a 4-dimensional spacetime
manifold My. Second, we proved the theorem that the constructed state sum is indeed
independent of the choice of triangulation, i.e., that it is a genuine topological invariant.

The constructed state sum coincides with Porter’s TQFT [33, 34] for d = 4 and
n = 3. The proof that the state sum is invariant under the local changes of triangulation
called the Pachner moves and thus independent of the chosen triangulation is presented in
appendix B. It is obtained that the state sum is invariant under all five different Pachner
moves: the 3 — 3 move, 4 — 2 move, and 5 — 1 move, and their inverses. The state sum
constructed this way can be thought of as a combinatorial construction of a topological
quantum field theory (TQFT) in the sense of Atiyah’s axioms, a topic that is beyond the
scope of this paper and will be studied in a future work.

In order to finish the second step of the spinfoam quantization procedure, however, the
generalizations of the Peter-Weyl and Plancharel theorems to 2-groups and 3-groups are
required, which so far represent open problems. Namely, these theorems should provide
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a decomposition of a function on a 3-group into a sum over the corresponding irreducible
representations of a 3-group. In this way, the spectrum of labels for the simplices, i.e., the
domain of values of the fields living on the simplices of the triangulation, would be specified.
Nonetheless, one can still try to guess the irreducible representations of 3-groups, as was
done for example in the case of 2-groups in the spincube model of quantum gravity [30],
or obtain the state sum using other techniques, see for example [50-52]).

However, if one wants to describe a real physical theory, i.e., the theory which contains
local propagating degrees of freedom, one needs to construct the nontopological state sum,
with the non-trivial dynamics. To do so, once the topological state sum is constructed, the
final third step of the spinfoam quantization procedure is to impose the constraints that
deform the topological theory into a realistic theory of gravity coupled to matter fields (as
defined in [31]) at the quantum level. We leave the construction of the constrained state
sum model for future work.

In addition to the above topics, there are also many other possible applications of the
invariant state sum, both in physics and mathematics.
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A Proof of the invariance identity

Let us prove the identity (3.16). Using the definitions of the upward composition (3.14)
and the vertical composition (3.15) of the 3-morphisms, one obtains that the left-hand side
of the equation (3.16) is equal to:

(g2, W, 15)#3 (g2, b2, 12))#2((g1, Ky, 1) #3(g1, k1, 1)) = (92, ha, 15l2) #2 (g1, ha, 1i11)

B , L (A.1)
= (gl, hghl, l2l2 h2 > (llll)) .

The right-hand side of the equation (3.16) is equal to:

((g2, Ry 15)#2(g1, hh, 1) #3 (g2, has l2)#2(g1, h1, 1)) = (g1, hohy, 15k ' 10) #5 (g1, haha, lahe ' 1)
= (g1, hohu, By B U Ly ha ' 1) (B = 8(Ia)ha)
= (g1, hoh1, 15 (8(I2)he) ' 1 la ha ' 11)  eq. (A.3)
= (g1, hoh1, 15, 8(l2) &' (ha " 1) I ha > 11)  (Peiffer identity)
= (g1, hah1, thla(ha " 1)l 1o ho > 11) (I3'9 = e)
= (g1, hohn, B lsha 5 L ha ' 1) eq. (Ad)
= (g1, haha, I laho ' (111))
(A.2)
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where in the third and sixth line we use the identities
(hlhz) >/ = h1 >’ (hg >’ l), Vhl, hy € H, Vi € L, (A3)
h I>/ (lllg) =h I>/ i h I>/ lQ, Vh € H, Vll,lg eL. (A4)

This proves the equation (3.16).

B Proof of Pachner move invariance

In this section, a self contained proof in terms of Pachner moves that the partition func-
tion (4.13) is independent of the chosen triangulation is presented.

B.1 Pachner move 1+ 5

On the left hand side of the move there is the integrand dr,(l23456):

81.(l23as6) = 01 (lazas ™ (hase ™' l3456)l2ssehase ' (956 D> losas )loase ™ hoae ' {hase, (956945) > hosalp)-

(B.1)
Let us examine the right hand side of the move, given by the equation (4.14). First, one
integrates out g2 using dg(g123), 913 using dg(g134), g14 using dg(g145), and g15 using
dc(g156), and obtains:

gi2 = 923 A(h123) " 13,

913 = g33 0(h134) "' gu4, (B.2)
g1a = 945 A(has) ' 915, .
915 = g5 O(h1se) " g16

One integrates out hjoz using 5H(h1234), h124 using (5H(h1245), h125 using 5H(h1256)7 hi34
using (5H(h1345), h135 using 6H(h1356), and h145 using 5H(h1456)7 and obtains:

1

-1 -1 -1 -1 -1
hi23 = g34 > hi34 934 > 0(l1234) " g3 > 124 g4 > hosa ,

(l1234)”
hi2s = ggs B higs 9as > 0(l1245) " gus > Rios g5 > haas
hi2s = gag > hisg 956 > 0(l1256) " gsg B> h126 gsg > hase
hi3s = ggs & higs 9as > 0(l1345) " gus > Pass g5 © haas
h13s = gag > hisg 9sg > 0(11356) " gsg > h136 gsg > hase »
hiss = gg > hisg 95 D> 0(l1456) " gsg > P46 gag B> hase -
The §-functions on the group G now read dg(e)%. Let us show this. First, for dg(gi124) one
obtains
dc(g124) = 0 (O(h124) 924 912 914 )
d(h124) 924 gz A(h123) "' 913 91_41)
O(h124) 924 g3 g4 O(haza) 1 O(h124) "' 0(h134) g34 913 917;1) (B.4)
)

¢ (0(h124) 924 933 934 (934 933 94 ) O(ha2a) ™ 6)
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Next, for §-function dg(gi25) one obtains,

dc(g125) = 0c(O(h125) 925 G912 9715 )

I
(o9

c(0(h125) ga5 9oz O(h123) ™" 9139{51)

((h2s)
((h12s)
= da (3(h125) 925 933 G31 O(haza) "' O(h124) 'O (h134) 934 913 91_51)
(0(h1s)
(0(h1s)

I
[e%)

¢ (0(h125) 925 953 934 3(h234)719251(3(h245)713(h125)713(h145))94591491_51>

G (0(h125) 925 953 934 (934953 951 )9a5 (945 94" 9551)5(h125)_16)

=da(e).
(B.5)

Similarly, dg(g12¢) becomes

(h126)
(h126)9269%3 (h123)_19139f61)
9(h126) 926923 931 O(hosa) "' O(h124) " O(h134) 934913916 )
(h126) 926953 931 0(hasa) "' ga5' (O(haas) "' O(ha2s) "' 0(h145)) ga50(h134) 93491391 )
¢ (9(h126) 926953 931 O(hasa) 15 (O(hoas) " g5 O(hase) " O(hi2e) O (his6)gs6
A(h145)) 945914976 )
= 0¢:(0(h126) 926923 934 (934953 924 ) 915 (945924 925 ) 956 (956925 9a6 )0 (hnas) !
(916915 956 ) 956915916 )

- 6G(e)>
(B.6)
and 0 (g135) now reads,

h13s) 935 913 91_51) ,
h1ss) 935 931 O(h13a) ™" g14 gf51)

h13s) 935 934 935 O(haas) ' O(h1ss) " O(h1as) gas 914 91_51)

I

>,

Q
o N N R TR
—~ —~ g —~ —~

= 6c(0(h135) 935 931" 915 O(hzas) 1 0(h13s) ™" O(h1as) 9as 9as O(h1as) ' 915 91_51)
= 66(0(h13s) 935 931" 915 (945 934" 93},1)3(h135)_1>
=da(e),
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while 0G(g136) reads:

5c(g136) = 6 (0(h13) 936 913 916 )
= 06:(0(h136) 936 934 O(h13a) ™" 14 916)
= 06(0(h136) 936 931 935 O(has) "' O(huss) O (hias) 945 914 916 )
(0(h136)
(0(h136)
(

= 0 (0(h136) 936 934 945 L O(has) " g5g (O(hase) " 0(hize) " 0(his6)) 9560 (h14s) gas 914 916 )
= 0¢:(0(h136) 936 951 9as (945 951 935 ) 956 (956 935 936 )0 (haze) "e)
=dg(e).
(B.8)
Finally, the d-function d¢(g146) reads:
dc(g146) = b (3(h146) 946 914 91_61)
= 66 ((h116) 916 (935 D(hrss) " g15) 915’ )
= 0q (3(h146) 946 915 O(h1a5) " (956 O(hase) " g16) 91_61)
= i¢ (a(h146) 946 915 956-0(hase) " 0(h14s) "1 0(h1s6) 956 (956 O(h1ss) " g16) 91_61>
= dal(e)

(B.9)

Next, one integrates out 11235 using 6L(ll2345)7 11236 using 5L(l12346)7 11246 using 6L(ll2456)7
and [ly34¢ using 5L(113456), and obtains

liazs = (hi2s ' la3as)l1245h1a5 B (945 > 11234) 1345 P13 B {haas, (9a5934) &> h1as}p, (B.10)

l1936 = (hi26 ' l2346) 1246146 B (ga6 D 11234) 11246 P136 B {h346, (9a6934) > h123}p, (B.11)

L1246 = (hi26 ' l2as6) 12560156 B (956 D> l1245) 11456+ haae B {hase, (956945) & h12a}p
(B.12)

lisa6 = (hise ' l3456) 1356156 B (956 ™ l1345) 11456+ haae B {hase, (956945) > hisa}p -
(B.13)

Let us now show that the remaining J-functions on the group H equal dx(e). First,
0r7(h1235) becomes:

511 (h1235)=01 (8(11235)h135(g35>h123) higgs s )
=0 (5((}1125 >'l2345) 1245 P45 (9455 11230) L5 P13 {haas, (945930) > haza }p) hass (935'>h123)h2_315h1_215>
=0n ( (h1258(12345) 1250 (li2a5) has (94550 (11234) )50 (11345) " hssd({haas, (945934)>Ras ) hiss)
h135(g3s >h123)h§315hf215>
. <h235h345 (945> higy ) hais his 125 hoas (9as™hisy ) hiis hias (455> (ha2ahasa (g3a>hiss ) hisy )
his (h1as (945> h134) s hiah ) hassd ({hsas,(945934)>ha2s }p) higs h135(9351>h123)h£315)

=611 (h345 ((945934)> T 193) hiyis 0 ({haas, (945934) > Pa2s }p) (355> hi2s).
(B.14)

Here, one uses the following identity

§{h1,ha}p(0(h1) > ha)hhythit =e. (B.15)
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Substituting gss = 9(hsa5)945934, and applying the (B.15) identity for hy = hsss and
ho = (ga5934) > hi23, one obtains

0 (h1235) = dm(e). (B.16)

Similarly, one obtains for dz(h1236):
11 (h1236) =0 (8 (11236) P136 (936> P123) hams hiog)
=0n (5((h126>/12346)11246h146>/(946l>l12361f3146h136l>'{h3467(g46934)>h123}p)h136(936>il123)h53lfsilf2lfs>
:6H<(h1265(l2346)}Lf21($5(11246)h146(946|>5(11234))h;4165(11346)71h1365({h3467(g46934)>h123}p)hf31(3)
h136(936>fl123)h531<;hf216)
=0 <h236h346 (946> P31) haishissh126h246 (946> 120) Piighias (as™> (hizahasa (934> higs) hizy))
hf41<3(h146(946>h134)h§416hf31<3)h1365({h346,(g46934)>h123}p)ilf31(;h136(936>h123)h5316>

=61 (h3a6((946931)>h13) 160 ({haae,(946934) > 123 o) (936> Te123).
(B.17)

Substituting gss = 9(hs6)g46934, and applying the (B.15) identity for hy = hsse and
ho = (g46934) > hi23, one obtains

0r (h1236) = 0 (e) . (B.18)

Similarly, one obtains that dz(hi246) = 0r(hisas) = dm(e). The remaining J-function on
the group L d1,(l12356) reads:

61 (l12356) = 01 (l1236 ™~ " (ha2e ' lasse ) 1256156 > (56 > l1235) 1356~ hase ™ {hss6, (956935) > haastp) -
(B.19)

After substituting the equations (B.10), (B.11), (B.12), and (B.13), one obtains:
01 (l12356) =01, (h136 >' {3, (946934) > h12s}y  (Ruse ' I3as6)l1356h156 > (g56 ™ 1345) 1456

hiae ' {hase, (956945) > h1sa}phise ' (gas ™ li2sa) ™ haas >’ {huse, (956945) > hi2a}y Hiase
hise B (956 D 11245) ok (P26 B l2ase) ' (hi26 ' lazas ") (haae & I2a56) 1256

hise ' (956 > ((R12s ' 12345)l1245h145 B (945 > l1934) 1345135 ' {h3as, (9a5934) B> P12 }p))

li3s6~ "hase >’ {hase, (956935) > h123}p> .
(B.20)

Using the identity (3.4) the delta function d7,(l12356) becomes:

0r(li2356) = 0L ((h136 > I3456) 113567156 > (956 > 11345) 1456~

h1465>" {hase, (956945) > h13a tphias > (960> 11234) ™ haas > {huss, (956945) > P12}y Hase
§(h1s6 D> (956> l1245) 1) > ((5@1256)71}1126) > (Iyiselomael23se) s > (956> (h1as >/12345)))
h1s65>" (956> (P15 > (950> 11234) 1345) 1356~ ' (hasehaas) >’ {h3h356 956> haas,

(956945934) >h123}p) .
(B.21)
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Commuting the elements, one obtains
01 (li23s6) =61 ((hlsﬁ >’ (g565>6(l1245) )8 (l256) " hi2e) >’ (Iasselomasl2ss6hase > (56> la345) )

156> (956> (hias >’ (945> 11234) 1545 ) ) lizse ' (Razehaas) >’ {h3u6h356956 > haas, (956945934) > haos b
136" lsasel13s6 P 156> (956> 11345) (6 (L1ase) ™ hiae) >’ ({Puse, (956945)>R13a}p)
(6(l1ase) ™ hiae) > ((9a6>11234) ") (6 (l1ase) " hias) > {huse, (956945)|>h124};1) .
(B.22)
The tetrahedron (3456) is part of the integrand on both sides of the move, so using the
condition (49) for 5H(h3456) one can write h§416h356g56 > hgys = h??416 >/ 5(l3456)_1h456-
Then, using the identity (3.4) one obtains that
{h3ish356956 > haas, (956945934) > ha2a }p = {haye B 0(l3456) ™ hase, (956 945934) > h123 }p
= (h346>"0(I3456) ") > {hase, (956945934) > h123 }p
{h3165>"6(Isas6) ™", (9a6934) > Pa2s}p (B.23)
= hi6>" Isgn6{Pase, (956945934) > Paas )} p
((g16934) > hi123hasg) > 13456 »

where in the last row the definition of the action >’ is used. Substituting the equation (B.23)
in the equation (B.22) one obtains

5L<l12356):5L((h156|>l(956Dé(l1245)71)6(l1256)71h1265(l2456)71)|>I(12_3146l2356h256D/(g56|>12345>12_4156>
has6>' (9565 (h1as>' (9a5>l1234))) (haseD>' (956506 (11345) ™1 )0 (l1356) ™ h1360 (I3456) ™ higae ) >’
({has6,(956945934) > h123 }p ((9a6934)>h123) > 13456) (6 (1156) " h1as) > ({hase,(956945) > 134 }p)
(5(l1456)71h146)\>/((9461>l1234)71)(5(l1456)71h146)>/{h4567(956945)|>h124};1>-
(B.24)
Commuting the element 3456 to the end of the expression, one obtains

61.(l12356)=01 ((h156> (95650 (l1245) )3 (l1256) " h1260 (laase) ™) (Iozasl2ssehase™' (956512345 ) aise)
haset>' (9565 (h14s>' (gas>l1234))) (P56 (95620 (11345) ™) (la3s6) " hased (lsase) ~ haag) >’
({ha56,(956945934)>h123 }p) (6 (11a56) " 1a6)> ({huse,(g56945) > 134 }p )
(6(11as6) ™ haae)> ((gas>li234) ) (5(l1456)71h146>D/{h4567(g56g45)|>h124};1

(h1569565> P 145h246 946> haszaha s ) B> 13456 ) ) -
(B.25)

Acting to the whole expression with (hise >’ (956 > 6(l1245) 1) (l1256) ~ h1260(l2as6) ~1) 1>,
one obtains,

1(112356) =01 (Ig3y6l2356 h2565> (95612345 ) losse (246 has56 (956945 ) > iy ) B>
((956945)>11234 ((956945)>h134hg55) > {hase,(956945934) > P123 }p
a6t { hase,(956945) > 134} phigs > 946> 11054 (P56 946> h124) > { huse, (956945)‘>h1_214}p)

(haasgast>hasahag)>'l3as6.
(B.26)
Using the identity (3.5) for {has6, (956945) > (h134g34 > h123) }p,

{has6, (956945)> (h134g34>h123) }p = {hase, (956945)>N134 }p(9a6>N134) > { hase, (956945934)>h123 }p
(B.27)
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one obtains:
51(l23se) = 01 (Iza6l2356h256 ' (956 B> L2345 ) 55616 D> ((h456(956945) > hipy)>’
((956945) D> l1234hms B {hase, (956945) &> (h134g34 D> hi123) bp

hisg > 946 B> lf2134) {has6, (956945) > hf214}p) (hoaegas > hazahajs) ' l3456) -
(B.28)

Using the identity (3.5) for {h4s6, (956945) > (h1_214(5(l1234>h134g34 > h123) }p one obtains the
terms featuring l1934 cancel, i.e.,

1.(112356) =01, (Ig34612356 h2s6 > (956512345 ) lonse
hoa6B>"{ has6,(956945) > (h1530 (11234) h13a934>h123) Yo (hoaegast>hasahass ) > 13456
=01, (I2346 23562565 (9565> 12345 ) 2456~ h2a6D>'{huse, (956945 ) >h23a tp (3(123a6) " hase)>"l3456))

=07,(l23456),

(B.29)
the delta function dr(l12356) on the r.h.s. reduces to the delta function 0 (l2sss6) of the
L.h.s. The integrations over l1234, l1245, ll256, l1345, l1356, and l1456 are trivial, and ﬁnally
one obtains,

r.h.s. = 5@(6)65H(6)45L(l23456> = ’G‘6‘H’45L(123456) . (B.30)

The prefactors |G|~ |H|~#|L|~! on the r.h.s. and |G|~®|H|°|L|~! on the Lh.s., compensate
for left-over factors.

B.2 Pachner move 2 < 4

On the left hand side of the move one has the following integrals and the integrand,

/Ldl23455H(h2345)5L(123456)5L(l12345). (B.31)

Integrating out losss using dr,(l12345), one obtains

ly3as = hias " >’ (liasshass ' {haas, (9a5934) > haas}y lisashias 7 (ga5 > lizsa) ™ ligys) -
(B.32)
The o-function dz (h23s5) now reads,

51 (hazas) = 0 (5(l23as)haas (gas > haza) hajs h§315)
=0y (h125_15(l1235)h1355({h345> (945934) > h123}y Vhig50 (lisas) haas (gas > 6(li2sa)) " Ry

8(l1245) " Pa2shoas (945 B hosa) hags hogs) -
(B.33)
Using the identity (4.9) for the tetrahedrons (1235), (1345), (1234), and (1245), the equa-
tion (B.33) reduces to:

O (hosss) = 0m <h125_1h125 hass (935 B hiss) Pigshissd ({hsas, (gasgsa) > h123};1)hf315h135 hsas (gas > hisy)
hiishiasgas & (Risa(gsa B hi23)hogyhisy)higshias(gas > hi2a) hagshisshioshoas (a5 & hoga) hags hags)

= 5H<(935 D> hing) 6({haas, (g9a5934) > haas}y ') haas (9asgsa) > huas) hiys) -
(B.34)
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Here, one uses the following identity
5{h1,ha}p(d(h1) > ho)hihy *'hit = ¢, (B.35)
for hy = hsss and hg = (g45934) > h123, and the identity gs5 = O(hs45)g45934, and obtains
O (hasas) = dm(e). (B.36)

The remaining d-function 07, (l23456), reads

61.(I23456) = 01, (12346~ " (haze &' I3456)I2356 P56 & (956 > l2345) 12456~ haae ' {hase, (956945) > hazatp) -
(B.37)
Substituting the equation (B.33), one obtains

01, (lagase) = 01, (Z234671(h236 > I3456) 2356 h2s6 > (956 > (hizs ' > (lizsshass & {hsas, (945934) B> h123};1

lizashias > (ga5 > 11234)7”172145)))l245671h246 > {huse, (g56945) > h234}p) .
(B.38)

Commuting the elements one obtains

d1.(lazase) = 6L, <12456_1l2346_1l2356(h256956 > higs ) B gs6 D L1235 (hasegse > Pi2s~ gse > hiss) >’
((935 B> hioshiag) B 13456) {956 > hsas, (956945934) > h123};1

(956 = h3a5(g56945) > (h123hasy)hass) B {hase, (956945) > h234}p)
(hasegse > hi2s ) B gs6 B li3as (h2segse &> hi2s~ gs6 & his) B ((956945) > li234)
(

hasegse > hias ) B>’ gse > lf2145) .

(B.39)
Finally, the Lh.s. reads:

Lh.s. = 5H(€)6L(l23456) == ’H|5L(l23456) . (B.40)

Let us now examine the right hand side of the move, i.e., the integral (4.17). First,
one integrates out g1 using dg(gi126), and obtains

916 = 9(h126) g26 g12 - (B.41)

Next, one integrates out higg using dg(hi236), h136 using 0 (hi346), and hige using d g (h14s6),
and obtains

hi26 = 8(l1236)P136 (936 > P123) hogs
h13e = 0(l1346)P146 (9a6 ™ P134) hajs | (B.42)
h1as = 8(l1a56) P56 (956 > h1as) hysg -

The remaining §-functions on the group G reduces to dg(e)3. The d-function dg(g136)

c(9136) = 9c (O(h136) 936 913 91g. ) » (B.43)
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after substituting the equation (B.41) reads:

6c:(9136) = 6¢:(0(h13s) 936 913 912 9a6 O(h126) ') - (B.44)

Using the equations (B.42) for hi96, and hisg, and hi46, and the identity 9(dl) = 0 for every
element | € L, the d-function dg(g136) reduces to d;(e) after implementing the identity (4.7)
for the triangles (156), (145), (456) (134), (346), (236), and (123). Similarly, one obtains

dc(g146) = dc(g156) = da(e).
One integrates out ly236 using 0r,(l12346) and obtains

l1236 = (h126 >’ lo36) 12460146 > (9a6 > 11234) 1546 11136 > {ha46, (ga6934) > P12z }p,  (B.45)

l1246 using 5L (112456) and obtains

l1246 = (h1265>"l2456) 1256156 > (956 >11245) 1456 P1a6™>' {Pas6, (956945)>P12a}p,  (B.46)

and 11346 using 01, (l13456) and obtains

lisae = (h136>"l3456) 13560156 > (956> 11345) 1456 P46 D> {hase, (g56945)>h1satp.  (B.AT)

The remaining J-functions on H reduce on dz(e)3, similarly as in the case of 1 —5 Pachner
move, i.e., one obtains 5H(h1256) = 5H(h1356) = 5H(h1456) = 5H(€) For the remaining
d-function 5L(l12356>7

dr(l12356) = oL (l1236_1(h126 > la3s6) 112561156 B (956 D> l1235) 1356~ “h1se &' {hsse (956935) B> h123}p> ,
(B.48)
one obtains, after substituting the equations (B.45), (B.46), and (B.47), the following

dr,(li2sss) = 01, (h136 >’ {h346, (9a6934) > h123}p~ iza6h1a6 B (ga6 B> l1234)  inys(P126 B l23a6) "
(h126 B I2356)l1256h156 &' (956 > l1235) 11356 h1ze ' {hase, (956935) > h123}p>
= 5L((h126 > loas6) ™" (h2e ' lasas) ™" (haze ' lasse) (hasegse > hizs ') B’ liass
§(lgse) >’ <6(11356)71 >’ (h13e ' {hase, (956935) B> P23 }p(h1sehaas) & {hats, 936 &> h123}p
(h13e B 13456) ) P1se B (956 D li3as) 1456~ R1ae B {hase, (956945) B> hazatphias &' (gas > l123a) "

h1ae ' {hase, (956945) > ha2a}p lasehise > (g56 ™ 11245)_1>> .
(B.49)

Commuting the elements in order to match the Lh.s. of the move, i.e., the §-function given
by the equation (B.39), and using the identity (3.4), i.e.,

{h3a6hss6, (956935) B> h123}p = hags &' {hase, (956935) > h123}p{hass, 936 > haos}p, (B.50)
one obtains
01 (l2356) = 5L((h126 > l2456) " (ha2e ' losas) ™ (Ra26 &' lagse ) (ha26hasegse > hizs ™) ' L1235
d(l12s6) >’ (5(11356)71 > ((hasshaas) > {hzishsse, (956935) > h123}p(hiss ' 13456))
hise B (956 & 11345) (6 (11as6) ™" h1ae) ' ({hase, (956945) B> P13 }p(gae > l1234) "

{h4567 (956945) > h124}_1>hl56 >’ (956 > 11245)_1 .
P
(B.51)
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Using the identity (3.4) again one rewrites the following term as

(hisshsas) ' {haashase, (956935) & hizs}p(hise B l3a56) =
(h3ehsae) ' {hzis > 6(I3a56) ~  hasegse & hags, (956935) & hizs }p(hise B l3456) =

(hass ' 6(Isas6) *Pasehaas) B ({hasegs6 & hits, (956935) & P23 tp((946934) B> haashais) &' 3iks) »
(B.52)

and substituting it in the equation (B.51) the d-function becomes:

dr(l12356) = 01, ((h126 > loase) " (R126 B l2sae) " (hage &' lasse) (hi26h2s6956 & hi2s 1) &' L1235
§(lase) > ((5(l1356)_1h136 >’ §(I3456) ~ h3ehaas)>’
({has6956 ™ hass, (956935) > h123}p((g46934) > hi2ahajs) B 13456))
(h1s6956 > h13sgss > (hasgas > hisy)hiss) ' ({hase, (956945) > hasa}p(gas > li2sa) "
{hase, (956945) > h124};1))(h126h256956 > hios ™) B (hase B (956 > l1345) (956 > 11245)71)> .
(B.53)

Commuting the elements l3456 and {hasegs6 > h3as, (956935) > h123}p, and using the iden-
tity (3.4) to rewrite this Peiffer lifting, one obtains

01 (l12356) = 5L((h126 > loase) " (haze > l236) " (has ' lasse) (h1ashasegse > hizs ™) >’ liass
(hashasegse > hi2s ™ hiss(gs69ss) > h123gs6 B hisg) > gs6 & laase
(h126h256956 > hiasg56 > h135956 > haas) >’ ({956 > hijs, (956935) > hiashp
hiss ' {hase, (956945934) > has}p((956945) > higahing) &' ({hase, (956945) & hisa}p(gas > li2sa) ™"

{hase, (956945) > h124};1)) (h126h2s6g56 > hias 1) &' (hase ' (gs6 > l1345) (g56 & 11245)71)) .
(B.54)
After the similar transformations as in the case of 1 —5 move, commuting the element /1934
so that the order of the elements matches the order in the expression (B.39), and acting
to the whole expression with hi, one obtains

dr(l12356) = 0L <l245671123467112356(}1256956 > hias 1) B gs6 & L1235 (hasegse > hios ™~ 'gse > hizs)>’

((935 B> hiashisg) B l3as6) {g56 > hsas, (956945934) > haas}, ' (gs6 > haas(gs6945) > (ha23hisy) himg)>'

{hase, (956945) > h234}p> (hasegse > hizs 1) &7 gs6 > lizas

(hasegse > hi2s ' gs6 > hias) B ((g56945) B li234) " (hasegse &> hias ) B gse > llezls) .

(B.55)
which is precisely the equation (B.39). The remaining integration over the element hjss of
the group H and remaining integration over the three elements of the group L, l1246, (1256,
and ly356, are trivial, yielding the result on the r.h.s. to:

r.hs. = dg(e) 0 (e)® 61 (lasse) = |GI® |H[? 51 (liasse) - (B.56)

The prefactors are |G|~8|H|~!|L|~! on the Lh.s., and |G|~ |H|73|L|~! on the r.h.s. com-
pensate for the left-over factors.
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B.3 Pachner move 3+ 3

Let us first investigate the r.h.s. of the move. First, one integrates out the /1235, exploiting
01 (l12345) and obtains

l1235 = (h1255> 12345 ) 12450145 (ga5>11234) 11345 P35> {h3as, (ga5g34)>hi2s}p,  (B.57)

and one integrates out l1236, exploiting dz,(l12356) and obtains

li2ss = (126> lass6) 1256 P56 > (956> 11235) 1356 Piset> {hase, (956935) > haas}p.  (B.58)
Next, one integrates out hi23, exploiting dz(l1234) and obtains:
hias = g1 > higy 931 & 0(li23a) " g3 © P24 g3, © hasa. (B.59)
The J-function dc(g123), when using the equation (B.59) reads

6c(g123) = 0 (935" > O(h13a) ™' gzi > (5 (l1234)) " gi' > O(h124) g3 > O(hasa) go3 12 9731 5
(B.60)
which then using the condition 96 = 0, reduces to

66(9123) = 0 (O(h134) " O(h124) O(hasa) 934 923 912 913 934) - (B.61)

Using the condition (4.7) for the triangles (134), (124), and (234), it finally reduces to

da(g123) = o (e) - (B.62)

For the é-function df(hi235), one obtains, after using the equation (B.57):

O (hi23s) = Om ((h1255(12345)}11_2%)5(11245)(h145(g45 > §(l1234))h1is)0 (l1345)

hiss ' {h3as, 935 > h123}p h13s (935934 ) > (hiay 0(11234) " h12a hosa)) hags h1_215> .
(B.63)
Using the é-functions 07, (ha3as5), 01 (h1245), and 01, (h1345), that appear on both sides of the
move, and are thus part of the integrand,
6(la345) = has haas (gas > hogy) hogs »
6(l1245) = h12s hoas (945 ™ hiy) higs (B.64)
0(l13a5) " = haas (9as > haza) higs higs

one obtains:

dr(hi23s) = 0m (h125h235 345 (9as B hogy) hoisPiashi2s hoas (gas B hiay) hiashias(gas & 0(l1234) ) hiss
145 (g5 © h1sa) hags higshiss & 0({haas, (945934) > R123}p)
hiss (935934 1) > (hizy0 (l1234) ™" hioa hozs)) hogs h1_215)

=0 (h345(945934) > hios hais0({hsa5, (9a5934) B> hi2s}p) (g35 h123)) .
(B.65)
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Substituting gs5 = 9(hsas)g45934, and applying the identity
§{h1,ha}p(0(h1) > ha)hihy thit = e, (B.66)
for hy = hsss and he = (g45934) > h123, one obtains

0 (h123s) = du(e). (B.67)
Similarly, one obtains that dg(h1236) = dg(e). The remaining d-function 0z (l12346) reads

61(li2sae) = 1 (Liaze ™" (ha2e B lozas)l1246h 146 ' (9a6 > l1234) 11346 " huse ' {hsae, (946934) > hios}p) -
(B.68)
After substituting the equation (B.58), and then the equation (B.57), one obtains:

51.(li23a6) = 61 (hize ' {hase, (956935) > h123};1l1356h156 >’ (g6 &> l1235)  iaseh126 &' logsg

(h126 &' l2346) 1246146 ' (946 > l1234) 1316~ P136 B {haa6, (ga6934) > R123}p)

= 61 (h1ss ' {hss6, (956935) > M}y 1sse
hase ' (956 & ((ha2s >’ l2345)l1245h145 ' (gas > l1o3a) 135~ " hass ' {haus, (ga5g34) > haas}p)) ™
Uiasshi26 B logsg (Piae B 1z ) 1246 P46 B (gag B li234) 1316~ “haze &' {hsa6, (946934) > ha2s}p) -
(B.69)

After commuting the elements, i.e., using the Peiffer identity for the crossed module (L LN
H,>"), one obtains

1

51 (li2sa6) = 01 (hase ™' {hsse, (g56935) D> h123};1
(0(l1356)h156956 > huss) ' gs6 > {hsas, (9asg3a) > hazs}y issehise ' (g56 B> l1345)
(h1s6956 > h1as) > ((956945) > li23a) ~ hase B (g56 & l1245) " (Rusegs6 © hizs) & (g56 > lygss)lisse
hiae ' Uogs6(ha2e B 123a6) 12460146 B (ga6 > l1234) 1346~ 136 B {haag, (ga6934) > hi2s}p)
= 61((6(11346) " haze) B {haas, (9a6934) > P123 }p (6 (I1346) " haze) >’ {hase, (g56935) > h123};1
((6(11346) "0 (l1356) 156956 > hizs) B gs & {haas, (945934) > h123};1
(0(11346) ™" 6(la356) hrass " (956 = 0(l13as))hasegse > haas) B ((956945) > li2sa)  Hishg
lisshise &' (956 & l13as)huse B (956 > li2as) " (hsegse > haas) & (g6 & loghs)

IiossP126 &' logsg (h1s ' la3a6)l1246h146 B (ga6 > l1234)) -
(B.70)
Using the identity (3.7) one obtains that

{h34s, (9a6934) > hias}p = haae >’ {h34g, g36 > hizs}y ' (B.71)
Using a variant of the identity (3.4), i.e., that
{hihohs, ha}y " = {h1,0(h2h3)>ha}y " ha>' {ha, O(h2)>ha}, (hiho) >’ {hs, ha}, ', (B.72)
one obtains that

{higs hase (956 > haas), (g56945934) > haos}y ' = {hiys, (9a6934) > haas}y "B & {hase, (956935) > haos}y !

(hishsse) ' {gs6 > haas, (g56945934) > hias}y ",
(B.73)
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rendering the expression (B.70) to

61(l12346) = 01 ((h1469a6 > h13a) ' {hayk hase (956 ™ haas), (956945934) > h123};,1
(6(11346) "6 (l1356) h1se ' (956 > 6(11345) ) h156956 B> hias) ' ((g56945) > l1234)
Iiaael1356P156 B (956 © L1345)hise ' (956 > l1245) " (h1s6956 B P12s) &' (956 ™ logus ) izse

hi26 B> logre(P126 B la3a6)l1246h146 &' (ga6 > l1234)) -
(B.74)

Substituting the equation (B.59), and using the identity (3.5), one obtains that the expres-
sion,

{34k hase (956 > haas), (956945934) > h123};1 = {31 hase (956 > haas), (g56945) > ((hgy >’ 5(11234)‘1)h1’3£1h124h234};1
= (946 > (higy ' 8(l123a) 1)) &' {haig Pase (g56 > haas), (g56945)>
(hissha2ahasa) b, s hase (956 ™ hsas), (956945) B (higy ' 0(l2sa) ™)},

(B.75)
using the identity (3.9), i.e., that

{hia6 hase (956 > hsas), (956945) > (higy > 6(li2sa) ™)}y = ga6 > (hiy > ligss) (higs hsse

(956 &> haas)) &' ((g56945) B> (higy B l1234))
(B.76)

reduces to
{hask hase (956 ™ haas), (956945934) > h123};1 = ga6 > (hizy ' 6(l123a) ")
{hi16 hase (956 ™ haas), (956945) > (higghiaahasa) by

(K36 hase (956 > has)) B ((g56945) > (hisy B l1234)) -
(B.77)

Substituting this result in the expression (B.74) the terms featuring ;234 cancel, and finally
the delta function 07, (l1234¢) reads:

51 (li2346) = 01 ((h1a6gae > hasa) B’ {hijg hsse (956 > haas), (956945) > (higyhizahosa) }y Hissel1356
Rise ' (956 > l1345)h1s6 B (56 > l1245)~  (R1s6g56 &> hi2s) 7 (956 > logys)

Iiossh126 B loasg (R126 > l2346)l1246) -
(B.78)
One obtains that the integration over l1234 is trivial, and the r.h.s. of the move finally reads

r.hs. = 6 (e)dn(€)?5L (hiss &' (956 > li2as) " hase B (956 > (hias B l2345)) ~* lis56
hi26 B lzs6(h126 B 12346)1246(R 146946 B> h13a)>

{h3s hase (956 > haas), (g956945) > (higyhi2ahasa) b, Higiglissehise ' (g6 > l13as) -
(B.79)

The integral of the l.h.s. reads
S dhase [15 dliasedlzasedlzase0c(gase) O (haase)0m (hoase ) O (R1ase )01 (123456 )01 (113456 )01, (112456 ) -
(B.80)

First, one integrates out the l1456, exploiting d7,(l13456) and obtains

l1a56 = h146 D> {Pas6, (956945) > h1za Hizas ™ (hise ' 13456 ) 1356 h156 > (956 > l1345).  (B.81)
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Next, one integrates out the logs6, exploiting d7,(l23456) and obtains

loass = haae > {hase, (956945) B> hosa Hozae ™' (hase D 13456 )l23s56has6 > (956 & lozas) . (B.82)

Next, one integrates out h4sg, exploiting dz (hsss6) and obtains

hase = hais 0(13a56)hase (956 > haas) - (B.83)

Using the equation (B.83), one obtains that

66(9156) = 0 (O(haas) ~* O(hase) gs6 &> O(h3as) gs6 9a5 Gig.) (B.84)

which, using the identity (4.7) for triangles (346), (356), and (345), reduces to:

dc(gas6) = da (e) - (B.85)

Similarly as done for the right-hand side of the move, one shows that dz7(h1456), when using
the equation (B.81), and 6 (ha4s6), when using the equation (B.82), reduce to dy(e)?. The
remaining 0r,(l12456) now reads

51(li2as6) = 01 (lizas ™ (ha2e >’ loase)li2s6hase 7 (956 ™ li245)l1ase ™" hiae > {hase, (g56945) B> haa}p) -
(B.86)
Substituting the equations (B.81) and (B.82), one obtains

1(l2ass) = 01 (11246~  (P126 ' (haas > {Pas6,(956945) B> hosa tplosas ™' (hase ' l3456) 2356
hase ' (956 & lozas))) 1256156 ' (956 > l1245) hise &' (956 ™ l13a5)  izs6(hise ' l3456)

lisachiae > {hase,(gs6945) > h134};1h146 > {hase(956945) > h124}p)-
(B.87)

After commuting the elements, i.e., using the Peiffer identity for the crossed module (L LN
H, '), one obtains

61.(l12456) = 01, ((6(l1246) " h126h246) B> {has6, (956945) B> hasa }p(6(l1246) " hize B> 0(l23a6) ~ haaehass) B’ 3456
lisa6h126 B o346~ "haag B lasse(hiachase) B (gs6 B l234s) )
liasehise ' (956 > li245)hase B (956 B l13a5) lizsel1346(0 (l1346) *h13e) ' l3as6 "

hiae > {hase, (g56945) > 7%134}51 hia6 > { hase, (956945) > P124}p) -
(B.88)

Using the identity (3.10) for the inverse of the element {hys¢, (956945) > h134}51, and then
the variant of the identity (3.5), i.e., that is,

{h1, hahzhalp = {h1, ha}p(9(h1) B> ho) &' {h1, ha}p(O(h1) &> (h2hs)) ' {h1, ha}p, (B.89)
one obtains

{has6, (g56945) B> (hizyh124ho34) }p = {Pase, (956945) B> higy bp(ga6 & hizy) B {hase, (956945) > P24 }p

(946 & (hig4h124)) &' {hase, (956945) > hi2atp ,
(B.90)
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rendering the equation (B.88) to

61.(l12a56) = 0L ((6(11246) 126 > 6(lazae) ™ haashase) >’ l3ase
lioueh126 B 12316~ h1ae B lagse(h126hase) > (956 > l2345) )
liasehise > (956 D l1245)h1s6 B (956 D l13a5)  izsel1346 (0 (l13a6) ~“T13e) ' 356"

(h146ga6 ™ h1sa) ' {hase, (g56945) > (hizghi2ahasa)}p) -
(B.91)
Using the equation (B.83), and the identities (3.4) and (3.6), similarly as for the r.h.s. of the
move, one obtains that the terms featuring ls456 cancel, i.e., the delta function 0 (l12456)
reads

61.(l12a56) = 01 (Iz46h126 & 12346~ "haoe B lasse (hi26hass) B (956 B l23as) 1256156 & (956 > l1245)

hase B (956 ™ l1345)  liasgl1346(P 146946 ™ hiza) B {hase, (g56945) B> (Riaghi2ahosa) }p) -
(B.92)

It follows that the integral over l3456 is now trivial and L.h.s. of the move finally reduces to:

Lh.s. = 6g(e)dm(e)2L (hia B lozaglioas (h1a6gas > h13a) >’ {hase, (956945) > (h1_314h124h234)};1
17346 11356 h1se > (g56 > l13as) hise ' (956 B> li245) ™ (h1s6gs6 > hi2s) B (gse > lagas)
1256 h1ze ' lgsg ) -
(B.93)
The expressions (B.79) and (B.86) are the same, which proves the invariance of the state
sum (4.1) under the Pachner move 3 — 3. The numbers of k-simplices agree on both sides
of the 3 — 3 move for all k£, and the prefactors play no role in this case.
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