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Abstract: Null Wilson loops in N = 4 super Yang-Mills are dual to planar scattering
amplitudes. This duality implies hidden symmetries for both objects. We consider closely
related infrared finite observables, defined as the Wilson loop with a Lagrangian insertion,
normalized by the Wilson loop itself. Unlike ratio and remainder functions studied in the
literature, this observable is non-trivial already for four scattered particles and bears close
resemblance to (finite parts of) scattering processes in non-supersymmetric Yang-Mills
theory. Moreover, by integrating over the insertion point, one can recover information on
the amplitude, as was recently done to compute the full four-loop cusp anomalous dimension.
We study the general structure of the Wilson loop with a Lagrangian insertion, focusing in
particular on its leading singularities and their (hidden) symmetry properties. Thanks to
the close connection of the observable to integrands of MHV amplitudes, it is natural to
expect that its leading singularities can be written as certain Grassmannian integrals. The
latter are manifestly dual conformal. They also have a conformal symmetry, up to total
derivatives. We find that, surprisingly, the conformal symmetry becomes an invariance
in the frame where the Lagrangian insertion point is sent to infinity. Furthermore, we
use integrability methods to study how higher Yangian charges act on the Grassmannian
integral. We evaluate the n-particle observable both at tree- and at one-loop level, finding
compact analytic formulas. These results are explicitly written in the form of conformal
leading singularities, multiplied by transcendental functions. We then compare these
formulas to known expressions for all-plus amplitudes in pure Yang-Mills theory. We find a
remarkable new connection: the Wilson loop with Lagrangian insertion in N = 4 super
Yang-Mills appears to predict the maximal weight terms of the planar pure Yang-Mills
all-plus amplitude. We test this relationship for the two-loop n-point Yang-Mills amplitude,
as well as for the three-loop four-point amplitude.
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1 Introduction

Wilson lines are of fundamental importance in gauge theories. They describe many physical
situations, especially in singular limits, where they provide an effective, often universal
description. For example, correlation functions of Wilson loops describe the key part of
infrared divergences of scattering amplitudes [1]. In planar N = 4 super Yang-Mills (sYM),
null polygonal Wilson loops even describe the full scattering amplitudes, including the finite
part [2]. This duality implies many useful properties for both the scattering amplitudes
and the Wilson loops. The former have an intrinsic (super)conformal symmetry, which is
augmented by a (dual) superconformal symmetry of the Wilson loops [3]. Together the
symmetries combine to a Yangian symmetry [4].

Since the discovery of the Wilson loop/scattering amplitude duality countless important
further developments occurred. Very remarkably, information about the planar loop
integrand of the scattering amplitudes is readily available: its leading singularities are
described by a Grassmannian [5, 6]; it can be obtained from a loop-level version of the
BCFW on-shell recursions [7], and there is a dual geometric description in terms of the
Amplituhedron [8]. Moreover, loop integrands at high loop orders have been obtained
from soft and collinear consistency relations [9, 10], and via a connection to correlation
functions [11–13].

In parallel, integrated planar amplitudes were obtained to high loop orders via bootstrap
methods [14, 15], relying in part on observations about the symbol alphabet [16], novel
cluster algebraic structures [17] and analytic properties [18, 19] of the integrated answer
(for reviews see [20, 21]). However, apart from initial calculations used to jump-start
this program, it is not known how to go directly from the integrands to the integrated
answers. Filling this gap would signify important progress in our understanding and ability
of performing loop calculations, and would very likely be useful beyond N = 4 sYM [21].

So we would like to use N = 4 sYM as a training ground for learning how to go
from the loop integrand of scattering amplitudes to the integrated answer. Indeed, the
setting seems promising: both the planar integrand and the integrated answer are known to
staggering loop orders. However, there are two immediate concerns that should be addressed
before getting started. The first has to do with the kind of finite observables studied so
far, namely ratio and remainder functions [22]. We use the word observable in the sense
of a finite, gauge-invariant and scheme-independent quantity. For example, for scattering
amplitudes, a suitably defined finite part can be identified as a particular contribution
to a cross section, see e.g. [23]. Unfortunately, by construction, the ratio and remainder
functions are non-trivial only starting from six external particles. However, in realistic gauge
theories, already the four- and five-particle scattering processes are very complicated and of
enormous interest. Therefore, tools for studying such processes directly are desirable. The
second issue has to do with the fact that scattering amplitudes have infrared divergences.
The form of the latter is known in principle (and often can be given explicitly to very high
loop orders), so that only the finite part of the scattering amplitudes is new. Moreover,
one expects that simplifications occur for the finite part, while intermediate, regulated
results may be considerably more complicated. Unfortunately, despite knowing the form of
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the divergences, it is not in general known how to set up the calculation of the finite part
without needing regularization of intermediate steps (for recent related work see [24]).

In ref. [25] a new class of observables was studied that has the potential to solve these
two issues. The authors considered correlation functions of Wilson loops with local operator
insertions. More precisely, one takes

1
π2 Fn = 〈Wn L(x0)〉

〈Wn〉
, (1.1)

where Wn is the n-sided null Wilson loop dual to scattering amplitudes, and L is the
Lagrangian, inserted at an arbitrary position x0. We take the Wilson loop to be in the
fundamental representation of the gauge group. This quantity has a number of desirable
properties. Firstly, it is easy to see that cusp divergences of the Wilson loop (dual to infrared
divergences of scattering amplitudes) drop out in the ratio in eq. (1.1). Secondly, upon
integrating over x0, one recovers (the logarithmic derivative of) the logarithm of the Wilson
loop itself, and via the duality, the logarithm of the planar scattering amplitude. Therefore,
Fn can be thought of as the integrand of (the logarithm of) the scattering amplitude, where
all but one integrations have been carried out, in such a way as to give a finite answer. This
is reminiscent of [26], where a finite web integrand function is defined for exponentiated
Wilson loops, and where divergences only come from further integrations over the web
integrand. Thirdly, in addition to the dual conformal symmetry of the Wilson loop, one
might expect Fn to have further symmetries, thanks to the amplitude duality. This however
is rather subtle, and is a central point of study in the present paper.

In view of the dual conformal symmetry, the ratio in (1.1) is a function of 3n − 11
variables [25]. In the literature, it has been mostly studied in the case n = 4, where it
is given by a non-trivial function of one variable, in analogy with four-particle scattering
amplitudes. That function is known at weak coupling to three loops, and at leading order
in strong coupling [25, 27, 28].

Quite remarkably, the Amplituhedron description of the planar loop integrand gives
a natural way of discussing the logarithm of the amplitude (or the Wilson loop) [29]. It
can be seen that this allows one to define the integrand for Fn directly from geometric
equations, analogous to the original definition of the Amplituhedron. In this way the planar
integrand for Fn is arranged into a novel form, where each term is manifestly finite in four
dimensions [30]. This representation is explored further for n = 4 in [30].

In the present paper we study the structure of the n-particle function Fn, with a
particular focus on its leading singularities and their symmetry properties. Our motivation
is to inform future bootstrap approaches for this quantity, and to lay the basis for future
studies of anomalous symmetries.

We profit from known results for integrands of scattering amplitudes [5, 7]. More
precisely, using convenient expressions for the integrand of the (logarithm of) the one- and
two-loop MHV amplitudes, we are able to determine the analytic result for Fn at tree-level
and at one loop. We find that the leading singularities appearing in these expressions
are governed by contour integrals over a Grassmannian Gr(2, 2 + n). The Grassmannian
formula was first obtained in the context of one-loop MHV amplitudes in [5, 7]. We find
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it suggestive that this formula is valid to higher loops as well. Indeed, further evidence
towards this conjecture is provided by an explicit two-loop calculation of F5 [31].

The planar loop integrand of N = 4 sYM is known to have a Yangian symmetry.
However, this symmetry is somewhat formal, in the sense that it is only valid when
the integrations are considered as well. For example, the leading singularities of planar
amplitudes in N = 4 sYM are Yangian invariant. In our case, however, we do not integrate
over the insertion point x0, so that the Yangian invariance could be obscured by total
derivative terms. This is not an issue for the dual conformal part of the symmetry. In
our setup, it corresponds to the native symmetry of the polygonal Wilson loop, and the
Lagrangian transforms covariantly under it. However, the same is not true for the conformal
symmetry of amplitudes. We find that the situation becomes easier if we choose a dual
conformal frame where x0 →∞, which can be done without loss of generality. In that case,
the formulas for the leading singularities simplify, and we find that they are invariant under
conformal transformations. In other words, the symmetry is manifest, as opposed to being
obscured by potential total derivative terms. We first observe this property at n = 4, 5, and
then provide a proof that the Grassmannian formula is conformally invariant.

Indeed there is much encouraging work in the context of scattering amplitudes where
symmetry properties could be proven starting from Grassmannian formulas, see e.g. [32–36].
It turns out, rather surprisingly, that the formula for the leading singularities of Fn resembles
very closely a special case of a Grassmannian formula for tree-level Amplituhedron volume
functions considered in [35–37].

Motivated by the additional symmetry, we further explore the structure of the higher
Yangian charges, using integrability methods. We do this both in the dual conformal frame
x0 → ∞, and for generic x0. We find that the leading singularities are annihilated by
half of the Yangian generators, and identify among them the conformal symmetry. The
proof uses methods of integrability to construct Yangian generators and to study their
action on the Grassmannian representation. Specifically, we rely on constructions borrowed
from the quantum inverse scattering method [38, 39] and integrable spin chains. Similar
considerations to formulate the Yangian symmetry in QFT context has been previously
applied to the tree-level scattering amplitudes in N = 4 sYM [40–43] and ABJM theory [44],
form factors of composite operators [45, 46], form factors of Wilson lines [47], kernels of
QCD parton evolutions [48], Amplituhedron volume functions [36], splitting amplitudes [49],
and Fishnet diagrams [50, 51].

Next, we analyze further the full expression for the observable Fn, and find that it
is closely related to all-plus helicity scattering amplitudes in pure Yang-Mills theory. In
the frame x0 → ∞, we write the leading singularities in a standard momentum-space
notation, and make contact with conformal invariants that appeared in all-plus Yang-Mills
amplitudes [52, 53]. But not only the leading singularities are the same — in fact we find
that the lowest order expression for the amplitude matches precisely that of our correlator!

Motivated by the leading order results, we compute Fn for arbitrary n at the one-loop
order, again finding the expected structure of conformal leading singularities, multiplied
by transcendental functions, which we compute explicitly. We then compare Fn to the
two-loop all-plus helicity amplitudes [54]. We find evidence that the Wilson loop with
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the Lagrangian insertion at L loops agrees with the (L + 1)-loop all-plus amplitude in
pure Yang-Mills theory! This is at the level of leading transcendental terms, and up to
scheme-dependent terms. If true in general, this relationship can be used as a prediction
for yet to be computed scattering amplitudes.

The outline of this paper is as follows. In section 2, we give a lightning review of key
features of the Wilson loop/scattering amplitudes duality that are relevant to this paper.
Section 3 is dedicated to the Wilson loop with a Lagrangian insertion. We discuss this
observable at Born level, and propose Grassmannian formulas for its leading singularities at
loop level. We observe that the leading singularities have a hidden, conformal symmetry,
which we prove using the Grassmannian representation. In section 4, we study higher order
symmetries of the leading singularities. In section 5 we provide evidence that we correctly
identified all leading singularities of the loop corrections. In particular, we present the
full analytic one-loop result for Fn. In section 6, we compare Fn it to the maximal-weight
piece of two-loop all-plus amplitudes in pure Yang-Mills theory, and find evidence for a new
duality. We discuss future research directions in section 7.

2 Recap of key features of the Wilson loop/scattering amplitudes duality

In this section we quickly review aspects of the duality between Wilson loops and scattering
amplitudes that provide useful background information for the topic developed in the paper.

Unless otherwise stated, we will be discussing the planar limit, where the ‘t Hooft
coupling

λ = g2
YMNc , (2.1)

stays fixed, while taking the rank of the gauge group Nc to infinity, and letting the Yang-
Mills coupling gYM go to zero. We will find it convenient to express results in terms of the
combination

g2 = g2
YMNc

16π2 , (2.2)

which is often used in the literature.
While there are indications that a version of the duality may hold for non-planar

cases [55], it is certainly best understood in the planar limit [56–58]. For reviews, see [21, 59].
In its simplest form, the duality relates maximally-helicity-violating (MHV) scattering
amplitudes and null polygonal Wilson loops. On the one hand, the scattering amplitudes
depend on n on-shell momenta pi = λiλ̃i, obeying momentum conservation ∑n

i=1 pi = 0.
On the other hand, the Wilson loops are defined on a null polygonal contour, with cusps xi.
The duality identifies the kinematics according to

xi+1 − xi = pi+1 , (2.3)

where xn+1 := x1. The statement of the duality is that

〈W (x1, . . . , xn)〉AMHV
tree ∼ AMHV

n , (2.4)
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where AMHV
n is the color-ordered MHV amplitude, and AMHV

tree is its tree-level value. It is
the well-known Parke-Taylor factor which ensures that both objects have the same helicity
weights. The symbol ∼ indicates that the objects are dual to each other, but not strictly
equal. The reason is that the objects have different divergences: the Wilson left-hand side
of eq. (2.4) has ultraviolet divergences (short-distance divergences arising near the cusp
points) [3], while the amplitude has infrared divergences (i.e. soft and collinear divergences
in momentum space) [60].

It turns out that there are two ways one can sharpen the duality and replace the
equivalence by an equal sign. The first is to go to appropriately defined finite versions
of the objects entering the duality. This idea has led to studying ratio and remainder
functions [22]. The second is to consider both sides of eq. (2.4) at the level of four-dimensional
loop integrands. This version will be very useful for the purpose of this paper. On one side
of the duality, we have the planar L-loop integrand of MHV scattering amplitudes (with the
tree-level factor removed). Thanks to its planarity, it can be expressed in terms of region
variables, removing the ambiguity of loop momentum relabelling. On the other side of the
duality, let us consider a derivative in the coupling,

g2
YM∂g2

YM
〈W (x1, . . . , xn)〉 ∼

∫
dDy 〈W (x1, . . . , xn)L(y)〉 . (2.5)

Expanding this relation in the coupling, we see that integrating over a Lagrangian insertion
generates one-loop corrections to the Wilson loop. Iterating this procedure leads in a natural
way to consider

〈W (x1, . . . , xn)L(y1) . . .L(yL)〉 , (2.6)

evaluated at the lowest perturbative order, as the L-loop integrand of the Wilson loop.
In principle, it is not obvious that the two quantities, i.e. eq. (2.6) and the integrand

of scattering amplitudes, should coincide, since loop integrands are defined up to total
derivatives. Indeed, taking alternative formulations of the Lagrangian can lead to such
differences. However it was noticed in refs. [12, 61] that when L is taken to be the chiral
Lagrangian, the duality holds at integrand level. In the following, we will define a finite
observable based on the same integrands, which however involves loop integrations and
therefore non-trivial transcendental functions. It will be very useful for us to rely on insights
discovered in the context of the Wilson loop/scattering amplitudes duality.

The duality implies hidden symmetries for both objects. The scattering amplitudes
have a conformal symmetry, which is augmented by a dual conformal symmetry of the
Wilson loop. The symmetries are anomalous at loop level but have a high predictive power:
they completely fix the form of four- and five-particle scattering amplitudes, and heavily
constrain higher-particle amplitudes. In a supersymmetrized version of the duality, both
objects have a superconformal and dual superconformal symmetry [22, 62], which combine
to a Yangian symmetry [4].

Conjecturally, scattering amplitudes in N = 4 sYM can be written in terms of transcen-
dental functions (of transcendental weight 2L at L loops), multiplied by certain algebraic
prefactors. The latter are computed using so-called leading singularities. Several dual
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formulations for computing leading singularities exist, for example in terms of residues of
certain Grassmannian formulas, and in terms of plabic graphs. This helps to make the
Yangian symmetry of the leading singularities manifest. Moreover, in some cases it leads to
a complete classification of what form the leading singularities can take. For example, for
planar MHV amplitudes, there is only a single leading singularity, the Parke-Taylor factor.
This implies that the integrated answer is a linear combination of transcendental functions,
with coefficients in Q, i.e. independent of the kinematics.

3 Null Wilson loop with a Lagrangian insertion

3.1 Definition, kinematics, and key properties

We define the ratio of the Wilson loop correlation function with the Lagrangian L and the
vacuum expectation value of the Wilson loop WF [C] = 1/NF trFP exp (i

∮
C dx ·A(x)) in the

fundamental representation,

1
π2 Fn(x1, . . . , xn;x0) = 〈WF [x1, . . . , xn]L(x0)〉

〈WF [x1, . . . , xn]〉 , (3.1)

where the Wilson loop contour C = [x1, . . . , xn] is an n-cusp polygon with the light-like
edges, that is

(xi+1 − xi)2 = 0, i = 1, . . . , n, (3.2)

embedded in Minkowski space.
There are several different forms of the N = 4 sYM Lagrangian, which all coincide

modulo total derivatives and equations of motion. Here we take L to be the chiral on-
shell Lagrangian. An explicit expression for the latter can be found in eqs. (3.37) and
(A.13) of [63]. Another choice of the Lagrangian would result in the shift of Fn by a total
derivative term (in x0). Our choice of the Lagrangian is motivated by the fact that via the
correlator/amplitude duality [63–66] it exactly corresponds to the amplitude loop integrands
generated by means of the loop BCFW recursion [7]. Moreover, with this choice of the
operator, L is a component of the stress-tensor supermultiplet.

A major motivation for considering the ratio (3.1) is that it is a finite quantity.
This can be understood as follows. It is known that cusp divergences of Wilson loops
exponentiate [67, 68]. This means that while at L loops, 〈W [x1, . . . , xn]〉 has poles up to
ε−2L in dimensional regularization with D = 4 − 2ε, its logarithm has only double poles
at most. Moreover, the exponent, log〈W 〉, can be computed directly from certain web
diagrams that are free of subdivergences (see [26] and references therein). Let us now
consider the following derivative,

g2
YM∂g2

YM
log〈W [x1, . . . , xn]〉 =

∫
dDx0 Fn(x1, . . . , xn;x0) . (3.3)

This means that Fn can be considered as the integrand of the exponentiated Wilson loop.
We already know from the discussion of webs that log〈W 〉 is free of subdivergences. In
other words the cusp divergences only arise via the final integration in x0 (more precisely
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x3 x4

x1x2

x0

x3 x4

x1x2

x0

x3 x4

x1x2

x0

Figure 1. Representative Feynman diagrams contributing to F (0)
4 , i.e. at order g2

YM.

from integration regions where x0 approaches the light-like contour), but the integrand Fn
is free of divergences.

We will therefore consider Fn in D = 4 dimensions. Note that this is not sufficient in
order to use eq. (3.3) to obtain the full log〈W [x1, . . . , xn]〉 in dimensional regularization,
but this is not our aim here. (Nevertheless, it was shown that this relation can be used to
efficiently compute the cusp anomalous dimension, see [28].) Rather we use this to motivate
the finiteness of the observable Fn that we study.

Let us consider the perturbative expansion of Fn in the coupling gYM. At the lowest
perturbative order, least two gluons need to be emitted from the Wilson loop contour to
connect to the Lagrangian insertion (see figure 1). This means that the expansion starts at
order O(g2

YM), and we define accordingly,

Fn =
∑
L≥0

(g2)1+LF (L)
n . (3.4)

The expected uniform transcendental weight property of N = 4 sYM theory suggests that
the terms of the perturbative expansion should be of the following form

F (L)
n =

∑
s

Rn,s g
(L)
n,s . (3.5)

Here {Rn,s} is a set of n-cusp leading singularities, which are rational functions of x1, . . . , xn

and of x0, and where the accompanying g(L)
n,s are pure functions of transcendental weight 2L.

In particular, at the Born-level (L = 0) we have g(0)
n,s = 1, and F (0)

n is a rational function.
For example, evaluating the Feynman diagrams of figure 1, one finds (see [64, 65] for a

similar Lagrangian insertion calculation for a correlation function of scalar operators)

F
(0)
4 = − x2

13x
2
24

x2
01x

2
02x

2
03x

2
04
. (3.6)

The light-like geometry of the contour is preserved by dual-conformal transformations.
The quantum corrections to the Wilson loop render the dual-conformal symmetry anomalous.
In the ratio (3.1), the anomalies of the dual-conformal symmetry cancel out, and this object
transforms convariantly under the dual conformal transformations. It carries zero dual-
conformal weight with respect to each of the cusp points x1, . . . , xn, and dual-conformal
weight 4 with respect to the Lagrangian point x0. It is easy to see these properties for
eq. (3.6), for example.
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The leading singularities Rn,s in eq. (3.5) are dual-conformal covariant, while the
functions g(L)

n,s depend on dual conformal invariant cross-ratios build from x1, . . . , xn, x0.
Given the kinematic setup of a null polygon, plus one additional point x0, it turns out that
there are 3n− 11 such dual conformal invariants [69].

Note that unlike the Wilson loop 〈Wn〉, Fn has both a parity-even and odd part, due
to the Lagrangian insertion. This means that in addition to the 3n− 11 parity-even cross
ratios just mentioned, Fn depends on parity-odd Lorentz invariants. Since the square of a
parity-odd variable is parity even, each parity-odd invariant can be expressed in terms of
the cross-ratios, up to a sign.

For example, at five points, there is one parity-odd invariant, which we write as [13]

ε123450 = − i6
∑
σ∈S6

(−1)σx2
σ1 ε(xσ2 , xσ3 , xσ4 , xσ5) , (3.7)

where ε(a, b, c, d) = εµνρσa
µbνcρdσ, (−1)σ stands for the signature of σ, and where the

summation runs over all permutations of {1, 2, 3, 4, 5, 0}. This expression is totally antisym-
metric in the points x0, x1, . . . , x5. It is dual-conformally covariant with weight −1 with
respect to each of the points [13]. We remark that its square is parity even, and can be
written as follows,

(ε123450)2 = − 1
24

∑
σ,τ∈S5

(−1)σ(−1)τx2
0σ1x

2
0τ1x

2
σ2τ2x

2
σ3τ3x

2
σ4τ4x

2
σ5τ5 , (3.8)

where the summation is over all permutations of {1, 2, 3, 4, 5}.
With this, we have all ingredients to write the full result for the Born-level five-particle

case. According to [64], it is given by

F
(0)
5 = −1

2
x2

24x
2
35x

2
10 + x2

14x
2
35x

2
20 + x2

14x
2
25x

2
30 + x2

13x
2
25x

2
40 + x2

13x
2
24x

2
50 + ε123450

x2
10x

2
20x

2
30x

2
40x

2
50

. (3.9)

This expression allows us to make a number of comments:

• The expression is manifestly dual-conformally covariant, as expected.

• The expression is manifestly local, i.e. it has poles only at expected locations x2
i0 = 0.

Below we will present different representations where individual terms have spurious
poles, but where a hidden conformal symmetry is manifest.

• The expression is a sum of a parity even and parity odd piece. One might think that
the parity odd piece is unimportant, for several reasons: firstly, upon carrying out
the x0 integration, it vanishes, since logW is parity even; secondly, in principle it
depends on the precise definition of the Lagrangian insertion. Nonetheless, we will
find that it is only due to the specific combination of parity even and odd terms that
F has a (hidden) conformal symmetry.

• Some readers might notice some structural similarities to all-plus amplitudes in pure
Yang-Mills theory. This is indeed the case, and we will explore this connection and
find hints for a duality in section 6 below.
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We saw that dual conformal symmetry is manifest when using the x-coordinates. We
can use dual-conformal transformations, without loss of generality, to send x0 to infinity,

fn(x1, . . . , xn) := lim
x0→∞

(x2
0)4 Fn(x1, . . . , xn;x0) . (3.10)

This object contains the same amount of information as Fn, and dependence on x0 can be
easily restored in the given fn. We also define the leading singularities of Fn in this frame,

rn(x1, . . . , xn) := lim
x0→∞

(x2
0)4Rn(x1, . . . , xn;x0) . (3.11)

The frame x0 → ∞ has the advantage that it is easy to connect the kinematics to
familiar momentum space terminology. This is seen as follows. In this frame, the leading
singularities are Poincaré-invariant functions of n points separated by light-like distances, i.e.
they are invariant under space-time shifts and Lorentz transformations. Equivalently, we can
say that they are functions of n light-like momenta, cf. eq. (2.3). Since we have already fixed
dual conformal symmetry, this is exactly the same kinematics as for a non-dual-conformal
scattering amplitude. Indeed, we will see that the known results bear close resemblance to
scattering amplitudes in non-supersymmetric Yang-Mills theory.

We extensively use Lorentz spinor notations for space-time coordinates xαα̇ := xµσ
µ
αα̇

and xα̇α := xµσ̃α̇αµ , which are defined with the help of 2× 2 Pauli matrices, σµ = (1, ~σ) and
σ̃µ = (1,−~σ). The spinor indices are raised and lowered with the help of the antisymmetric
tensors εαβ and εα̇β̇, such that xα̇α = εα̇β̇εαβxββ̇ and xαα̇ = εαβεα̇β̇ x

β̇β. The product
of matrices x is the diagonal matrix xαα̇ x

α̇β = x2δβα. The difference of the space-time
coordinates of two adjacent cusps is a light-like vector (2.3), which factorizes in a pair of
helicity spinors λ, λ̃,

pα̇αi = λαi λ̃
α̇
i . (3.12)

We also use a short-hand notation for the Lorentz invariant 〈a|x y|b〉 = λαaxαα̇ y
α̇βλb β and

〈λaλb〉 = λαaλb α.
We prefer to use momentum twistor [70, 71] variables instead of the space-time coordi-

nates x1, . . . , xn, x0, since the former automatically resolve the null polygon constraints (2.3).
We introduce n momentum twistors Z1, . . . , Zn which are points in P3. A pair of twistors
Zi and Zi+1 defines a line in the twistor space P3, which corresponds to a space-time point
xi ∼ Zi ∧ Zi+1,

ZIi = (λαi , x
α̇β
i λi β) , I = α, α̇ . (3.13)

The collection of n pairwise intersecting lines in the twistor space corresponds to n light-like
separated space-time points x1, . . . , xn.

In order to describe the Lagrangian space-time coordinate x0, we introduce a pair of
momentum twistors ZA and ZB specifying a line in P3,

ZIA = (λαA, x
α̇β
0 λAβ) , ZIB = (λαB, x

α̇β
0 λB β) . (3.14)

– 9 –



J
H
E
P
0
7
(
2
0
2
2
)
0
5
7

The auxiliary spinors λA and λB are redundant in this formalism, since only the line
x0 ∼ ZA ∧ ZB has a geometric meaning. In the following we deal with functions of the line,
which are invariant under shifts ZIA → ZIA + εZIB and ZIB → ZIB + εZIA.

The four-bracket of momentum twistors provides a natural dual-conformal invariant.
The twistor four-brackets with consecutive indices are space-time distances squared, i.e.

x2
ij = 〈ii+ 1jj + 1〉

〈ii+ 1〉〈jj + 1〉 , x2
i0 = 〈ABii+ 1〉

〈ii+ 1〉〈AB〉 . (3.15)

The four-brackets with generic indices, e.g. 〈ABij〉, contain both parity even and parity odd
contributions. A twistor expression of the parity odd invariant (3.7) is provided in (A.3).

Because of the nonzero dual-conformal weight of Fn at the Lagrangian point x0, we
cannot rewrite Fn and its leading singularities Rn (see eq. (3.5)) in SU(2, 2) invariant form
solely in terms of twistor variables. In order to compensate nontrivial helicity weights, we
have to introduce prefactors

〈AB〉 = 〈λA, λB〉 = εαβλ
α
Aλ

β
B , (3.16)

in the leading singularities. In the following, we tacitly assume that the appropriate
factor 〈AB〉 is taken into account when transforming between the twistor and space-time
coordinates. Slightly abusing notations, we use the same letters to denote space-time and
twistor objects, e.g. for leading singularities

R(x1, . . . , xn;x0) = 〈AB〉4R(Z1, . . . , Zn;ZA, ZB) , (3.17)

hoping that the distinction will be obvious from the context, i.e. the variables used. The
momentum twistor version of the leading singularities R is invariant under local rescalings
Zi → tZi, i = 1, . . . , n, and scales as R→ t−4R at ZA → tZA or ZB → tZB.

As we have already mentioned, the frame x0 → ∞ is very helpful. The twistor
counterpart of the dual-conformal transformation x0 → ∞ is a SU(2, 2) transformation
which sets ZA ∧ ZB to be the infinity bi-twistor [71]. In other words, to reach that frame
we substitute ZIA = (0, µα̇A) and ZIB = (0, µα̇B) where [µA, µB] = 1, so that the only nonzero
components of ZA ∧ ZB are εα̇β̇ .

3.2 n-point tree-level formula in different representations

After having seen first examples for n = 4, 5 (eqs. (3.6) and (3.9)), here we present the
tree-level results for Fn for arbitrary number of particles. We present the formula in different
ways, as we expect one representation to be more suitable for higher-loop generalization,
and for making symmetries manifest.

We can benefit from the fact that the planar loop integrand for Fn at L loops can
be obtained from (L + 1)-loop amplitude integrands. Different forms of the one-loop
n-point MHV integrand are available in the literature. We do not use the original box
representation [72] since the parity odd integrand terms (that integrate to zero for the
amplitude, but are relevant here) are not kept there. Using instead eq. (3.10) of [73], we

– 10 –



J
H
E
P
0
7
(
2
0
2
2
)
0
5
7

of scalar box integrals [26]. It was found that the answer is very simple; an overall

prefactor, proportional to the tree-level amplitude, and a sum over all one-mass and

two-mass-easy box integrals with coe�cient one, when properly normalized. In our

modern terminology, the normalization was such that only pure integrals appear.

It was realized that this form of the amplitude was not equivalent to the Feynman

diagram amplitude as an expansion in the dimensional regularization parameter but

it di↵ers from it only at O(✏). In our language this is nothing but the fact that an

expansion in terms of box integrals cannot possible reproduce the physical integrand

of the theory as stressed a number of times already.

Now that we have a set of chiral pure integrals, the natural question is how much

more complicated the amplitude will look like if written in a form that matches the

physical integrand. It turns out that the full integrand is stunningly simple

A1�loop
MHV =

X

i<j

j

n1

i

(3.10)

where the propagator hAB n1i is present in all terms. Note that not all integrals in

the sum are chiral pure integrals. There are boundary terms which are box integrals.

Consider for example j = i + 1. In this case the numerator cancels one of the

propagators leaving us with the box. We give no derivation for this formula here and

postpone a more detailed discussion to section 6. A final comment, even though the

line (n1) seems especial, the amplitude is cyclic as it should be!

4. Finite Integrals

We have seen that the chiral integrals with unit leading singularities, naturally writ-

ten in momentum-twistor space, provide a natural basis of objects to express the loop

integrand. In this section we will see that they have another beautiful property—

most such integrals are manifestly infrared finite.

Let us begin by illustrating with a simple example. Consider a general 1-loop

integral for 6 particles, which we can write as
Z

AB

hABXihAB Y i
hAB 12ihAB 23i · · · hAB 61i . (4.1)

– 43 –

Beyond 1-loop, it is understood that this expression is to be fully-symmetrized with equal weight in
all the loop-integration variables (AB)`; it is easy to see that this correctly captures the recursive
combinatorics. Recall again that GL(2)-integral is done on simple residues and is thus computed
purely algebraically; the contour is chosen so that the points A,B are sent to (AB)

T
(n 1 n 1). As

we will show in [63], recursively using the BCFW form for the lower-loop amplitudes appearing in
the forward limit allows us to carry out the GL(2)-integral completely explicitly, but the form we
have given here will su�ce for this paper.

4.3 Simple Examples

In [63], we will describe the loop-level BCFW computations in detail; here we will just highlight
some of the results for some simple cases, to illustrate some of the important properties of the
recursion and the amplitudes that result. We start by giving the BCFW formula for all one-loop
MHV amplitudes.

In this case the second line in the above formula vanishes, and the recursion relation trivially
reduces to a single sum. To compute the NMHV tree amplitudes which enters through the third
line, it is convenient to use the tree BCFW deformation eZB = ZB + z bZA which leads to

M1�loop
MHV =

Z "
d4|4ZAd

4|4ZB

vol[GL(2)]

# Z

GL(2)

X

j

[AB j j+1 1]⇥

0
@X

i<j

[ bAB 1 i i+1] + . . .

1
A , (31)

where the omitted terms are independent of ZB and vanish upon Fermionic-integration. The GL(2)
and Fermion integrals are readily evaluated, as explained above, reducing this to

M1�loop
MHV =

Z 
d4ZAd

4ZB

vol[GL(2)]

�X

i<j

hAB| (1 i i+1)
T

(1 j j+1)i2
hAB 1 iihAB i i+1ihAB i+1 1ihAB 1 jihAB j j+1ihAB j+1 1i .(32)

This is the full one-loop integrand for MHV amplitudes.
As expected on general grounds from Yangian-invariance, and also as familiar from BCFW re-

cursion at tree-level, the individual terms in this formula contain both local and non-local poles.
We will graphically denote a factor hABxyi in the denominator by drawing a line (xy); the nu-
merators of tensor integrals (required by dual conformal invariance) will be denoted by wavy- and
dashed-lines—the precise meaning of which will be explained shortly. In this notation, this result is

=

Notice that all the terms have 6 factors in the denominator, and hence by dual conformal invariance
we must have two factors containing AB in the numerators. These are denoted by the wavy lines: the

18

Figure 2. Left: ‘magic’ pentagon representation [73]. Right: ‘kermit’ representation of one-loop
MHV integrand [7].

immediately find

F (0)
n = −

∑
1<i<j<n

〈ij1n〉〈AB|(i− 1ii+ 1) ∩ (j − 1jj + 1)〉
〈ABi− 1i〉〈ABii+ 1〉〈ABj − 1j〉〈ABjj + 1〉〈AB1n〉 . (3.18)

This is a representation in terms of pentagon integrands [73], see figure 2. Here (abc)∩ (def)
stands for the line defined by the intersection of the planes (abc) and (def), given by

〈xy(abc) ∩ (def)〉 = 〈xabc〉〈ydef〉 − 〈yabc〉〈xdef〉
= 〈xyab〉〈cdef〉+ 〈xybc〉〈adef〉+ 〈xyca〉〈bdef〉 . (3.19)

Eq. (3.18) has the expected dual conformal weights, and it has only local poles. Although
it is not obvious from the formula, the result does have the expected cyclic symmetry.
One may verify that the n = 4, 5 cases agree with eqs. (3.6) and (3.9), respectively, when
converting them to momentum twistors.

For our purposes, we prefer an alternative formula based on the BCFW representation
of the one-loop MHV amplitude [7] (dubbed ‘kermit’ formula, see figure 2), which yields,

F (0)
n = −

∑
1<i<j<n

〈AB|(1ii+ 1) ∩ (1jj + 1)〉2
〈AB1i〉〈ABii+ 1〉〈ABi+ 11〉〈AB1j〉〈ABjj + 1〉〈ABj + 11〉 . (3.20)

In distinction to eq. (3.18), the representation (3.20) contains spurious poles that cancel
between the different terms. This is a normal feature of BCFW representations.

Looking at eq. (3.20) it is natural to define the following five-point momentum twistor
expression,

Bijklm = 〈AB(mij) ∩ (jkl)〉2
〈ABij〉〈ABjk〉〈ABkl〉〈ABlj〉〈ABjm〉〈ABmi〉

. (3.21)

Furthermore, for certain ‘boundary terms’ in eq. (3.20), this formula simplifies, so that it is
convenient to introduce the four-point twistor function

Bijkl = 〈ijkl〉2

〈ABij〉〈ABjk〉〈ABkl〉〈ABli〉
. (3.22)

Let us rewrite eq. (3.20) with explicit summation ranges, and writing out the boundary
terms explicitly,

F (0)
n =

n−3∑
i=1

Bi,i+1,n−1,n −
n−4∑
i=1

Bi,i+1,n−2,n−1,n −
n−4∑
k=2

n−k−3∑
i=1

Bi,i+1,i+k,i+k+1,n . (3.23)
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n 4 5 6 7 8 9 10
# Bijkl 1 5 15 35 70 126 210
# Bijklm 0 1 6 21 56 126 252
# linearly independent 1 6 20 50 105 196 336

Table 1. Counting of the linearly independent twistor functions (3.21) and (3.22) in the n-cusp
case assuming the cyclic ordering of the indices. Conjecturally, these rational functions give a basis
of the leading singularities Rn at any loop order.

This formula will be a useful starting point for the following, in several respects. As we will
see presently, the B’s are given by a Grassmannian formula, and can be thought of as leading
singularities of Fn. While we do not have a general proof that all leading singularities
take the form of the B’s, we will provide evidence for this at higher loops. Moreover, the
form (3.23) will allow us to discover hidden conformal properties, and a connection to
all-plus amplitudes in pure Yang-Mills theory. Finally, the B terms provide a good starting
point for a supersymmetric extension [74].

Let us close this subsection by returning to the four- and five-cusp examples that we
wrote earlier in x notation. Using the momentum twistor language, they are now expressed
as follows,

F
(0)
4 = B1234 , (3.24)

and

F
(0)
5 = B1245 +B2345 −B12345 . (3.25)

Note that individual terms in the linear combination (3.25) have spurious singularities which
cancel out in the sum. In other words, F (0)

5 contains only local poles, that is singularities
when some x2

ij vanishes.
The benefits of using momentum twistors to describe the B’s becomes clear if we

consider that when written in terms of the space-time variables x2
ij , their expressions look

rather complicated. See appendix A for details.
It is interesting to enumerate the linearly independent functions. In the n-point case

we take a collection of
(n

4
)
functions Bijkl with 1 ≤ i < j < k < l ≤ n, and a collection

of
(n

5
)
functions Bijklm with 1 ≤ i < j < k < l < m ≤ n. Here we have imposed the

cyclic ordering of indices which reflects the geometry of the Wilson loop contour. Both
collections are linearly independent separately. Combining them together we find a number
of linear relations counted in table 1 for n ≤ 10. We observe that the number of linear-
independent n-point dual-conformal invariants for the chosen cyclic ordering equals to
(n− 1)(n− 2)2(n− 3)/12. We checked this counting up to n = 15.

3.3 Conformal symmetry of the leading singularities

We now wish to reveal the conformal symmetry of the leading singularities Bijkl and Bijklm
given in eqs. (3.21) and (3.22). In order to do so, we consider the frame x0 →∞, which

– 12 –
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in twistor notation corresponds to ZA ∧ ZB → εα̇β̇. This will yield an expression written
explicitly in the momentum space notation, using the usual λ, λ̃ spinor variables. We denote

b = B|ZA∧ZB→εα̇β̇ . (3.26)

Substituting each twistor Zi by (λi, xiλi), and evaluating the four-brackets as determinants,
we arrive at

bijkl =
(
〈ijkl〉

)2
〈ij〉〈jk〉〈kl〉〈li〉

, (3.27)

bijklm =
(
〈ij〉〈jklm〉 − 〈jm〉〈ijkl〉

)2
〈ij〉〈jk〉〈kl〉〈kj〉〈jm〉〈mi〉

, (3.28)

with 1 ≤ i < j < k < l ≤ n and 1 ≤ i < j < k < l < m ≤ n, respectively, where

〈abcd〉 = 〈a|xaxb|b〉〈cd〉 − 〈a|xaxc|c〉〈b〉+ 〈a|xaxd|d〉〈bc〉
+ 〈b|xbxc|c〉〈ad〉 − 〈b|xbxd|d〉〈ac〉+ 〈c|xcxd|d〉〈ab〉 . (3.29)

Recall the notation 〈a|xaxb|b〉 = λαa (xa)αα̇(xn)α̇βλbβ .
Since the functions bijkl and bijklm carry zero helicity weight with respect to each λi,

they can be also expressed solely in terms of the coordinates x1, . . . , xn. The counting
of linearly independent b’s is the same as that of B’s in table 1. In the following, when
discussing conformal symmetry and connection with non-supersymmetric amplitudes, it
will be convenient to normalize the b’s with Parke-Taylor factors, which carry nontrivial
helicity weights,

PTn = 1
〈12〉〈23〉 . . . 〈n1〉 . (3.30)

Let us consider as an example n = 5. There are six linearly independent b’s, see table 1.
After normalizing by the Parke-Taylor prefactor PT5 (3.30), they take the following simple
form in spinor helicity notation,

PT5 b1234 = [23]2
〈45〉〈51〉〈14〉 , PT5 b2345 = [34]2

〈51〉〈12〉〈25〉 ,

PT5 b1345 = [45]2
〈12〉〈23〉〈31〉 , PT5 b1245 = [51]2

〈23〉〈34〉〈42〉 ,

PT5 b1235 = [12]2
〈34〉〈45〉〈53〉 , PT5 b12345 = [13]2

〈24〉〈45〉〈52〉 . (3.31)

We are now in a position to find something remarkable. The above expressions are
conformally invariant. This can be seen as follows. The conformal boost operator in
momentum space is given the following second order generator [75],

Kαα̇ =
n∑
i=1

∂2

∂λαi ∂λ̃
α̇
i

. (3.32)
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The quantities in eq. (3.31) are obviously conformal (for generic kinematics), i.e. they are
annihilated by the operator in eq. (3.32).

As we discussed earlier, the fact that Fn has an underlying conformal symmetry is not
completely surprising, as it is a feature of the amplitudes loop integrand, but this symmetry
is obvious only when integrating over x0, which is not the case for Fn. What we find here is
that the symmetry is realized in a simple way in the dual conformal frame where x0 →∞,
which we can reach without loss of generality. In section 4, we show that the conformal
symmetry persists at arbitrary number of cusps n.

We wish to emphasize that the individual summands in eq. (3.9), when multiplied by
PT5, are not conformally invariant. The same is true for the individual terms of the local
version of Fn given in eq. (3.18). In contrast, the conformal invariance at n points is true
term by term for eqs. (3.20) and (3.23), when multiplied by PTn and x0 →∞.

We now discuss Grassmannian formulas for the leading singularities. The latter will
allow us to prove the conformal invariance of the b’s for arbitrary n.

3.4 Two Grassmannian formulas for the leading singularities

In ref. [7], an interesting Grassmannian formula was presented for the leading singularities
of n-particle one-loop MHV integrands, as a function of the external variables, and of the
integration point. Indeed, the different terms in the MHV formula (3.20) above, and hence
the B’s, correspond to certain residues in that Grassmannian integral. In this section, we
review this formula, and derive a second form that is useful in the frame x0 →∞.

The relevant auxiliary geometry is the Grassmannian Gr(2, n+ 2) of 2-planes in Cn+2.
We specify a 2-plane by a pair of Cn+2 vectors subjected to GL(2) transformations and
assemble their coordinates in 2× (n+ 2) matrix

C =
(
c1
A c1

B c1
1 . . . c

1
n

c2
A c2

B c2
1 . . . c

2
n

)
. (3.33)

Following [7], we introduce contour integrals over the complex Grassmannian manifold
Gr(2, n+ 2),

Rn(Z1, . . . , Zn;ZA, ZB) =
∫
D2nC

(AB)2

(12)(23) . . . (n1)

2∏
r=1

δ4

 ∑
i∈{A,B,1,...,n}

criZi

 , (3.34)

where (ab) denotes 2× 2 minors of the matrix C (3.33). The notation for the integration
measure is a shorthand for

D2nC = d2(n+2)C

vol(GL(2)) . (3.35)

Explicitly, it is given by

d2(n+2)C

vol(GL(2)) = 1
(n+ 2)!2 ε

i1...in+2εj1...jn+2(in+1in+2)(jn+1jn+2) ·

× dc1
i1 ∧ . . . dc

1
in ∧ dc

2
j1 ∧ . . . ∧ dc

2
jn , (3.36)
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where the summation i1, . . . , in+2, j1, . . . , jn+2 is over A,B, 1, . . . , n. The measure D2nC is
covariant under local GL(2) transformations, namely D2n(g C) = (det(g))n+2D2nC with
g ∈ GL(2). Taking into account GL(2) transformations of the minors in (3.34), one can
easily see that the integration is well-defined over the Grassmannian manifold. We use the
letter Rn to indicate that we expect (3.34) to give the leading singularities of Fn.

The integral (3.34) is a function of the twistor line ZA ∧ ZB , since any GL(2) rotations
of this pair of twistors can be compensated by a GL(2) rotation of the first two columns
of C (see. eq. (3.33)). Indeed, the measure D2nC is covariant upon global GL(n + 2)
rotations acting on C (3.33) from the right. The compensating global GL(2) transformation
is embedded into GL(n+ 2).

Let us count the dual conformal weights of the contour integral (3.34). We rescale
one of the momentum twistors, Zi → tZi with i = 1, . . . , n. The compensating rescaling of
the i-th column of matrix C, i.e. ~ci → t−1~ci, preserves ~ciZi in the delta function argument
in (3.34). The measure rescaling D2nC → t−2D2nC is balanced by rescaling of the minors
(i− 1i)(ii+ 1)→ t−2(i− 1i)(ii+ 1). Thus, Rn is invariant under the rescaling of the Zi.
On the other hand, rescaling one of Za with a = A,B, i.e. Za → tZa, the compensating
transformation ~ca → t−1~ca results in Rn → t−4Rn. Indeed, the nontrivial weight comes from
rescaling of the measure and (AB)2 → t−2(AB)2. This counting agrees with the discussion
of the dual conformal weights of the leading singularities mentioned after eq. (3.17).

The dual-conformal symmetry of Rn, namely covariance upon GL(4) transformations
of the momentum twistors, is also obvious in the contour integral representation (3.34). In
order to evaluate the contour integral, we can choose the coordinate patch

C
GL(2)−−−−→

(
1 0 c1

1 . . . c
1
n

0 1 c2
1 . . . c

2
n

)
, (3.37)

and then D2nC →
∏
r=1,2

∏n
i=1 dc

r
i . The bosonic delta functions freeze 8 integrations, and

the remaining (2n− 8) complex integrations are done be taking residues.
We find it easier to study the residues in a different version of this formula that we

derive presently. Indeed, without loss of generality, let us study the contour integral repre-
sentation (3.34) in the dual conformal frame x0 →∞. In twistor variables this amounts to

rn(Z1, . . . , Zn) = Rn(Z1, . . . , Zn;ZA, ZB)|ZA∧ZB→εα̇β̇ (3.38)

where we use notations Zi = (λαi , µα̇i ) for the twistor components split according to the
choice of the infinity bi-twistor. Making this substitution, we obtain

rn(Z1, . . . , Zn) =
∫
D2nC

(AB)2

(12)(23) . . . (n1)

2∏
r=1

δ2
(

n∑
i=1

criλi

)
·

× δ
(
crA +

n∑
i=1

cri [µi, µB]
)
δ

(
crB +

n∑
i=1

cri [µA, µi]
)
, (3.39)

where we can choose a patch on the Grassmannian and integrate out crA, crB with the
help of the delta-constraints. The remaining integrations are over (2n − 4)-dimensional
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Grassmannian manifold Gr(2, n), with the measure D2(n−2)C, see eq. (3.36). In other words,
doing the dual-conformal transformation x0 →∞ we contract the auxiliary geometry,

Gr(2, n+ 2)→ Gr(2, n) . (3.40)

Finally, we arrive at the contour integral representation for the leading singularities in the
frame x0 →∞,

rn(Z1, . . . , Zn) =
∫
D2(n−2)C

(∑
i<j

(ij)[µiµj ]
)2

(12)(23) . . . (n1)
∏
r=1,2

δ2
(

n∑
i=1

criλi

)
. (3.41)

The substitution µα̇i = xα̇αi λi α converts the previous expression to space-time coordinates,

[µiµj ] = 〈i|xixj |j〉 . (3.42)

It may seem that the resulting expression is not invariant under space-time shifts. In fact,
the integral in (3.41) is invariant under the Poincaré part of the dual conformal algebra
(see eqs. (B.2) and (B.3)). Using the delta-function constraints from (3.41) we achieve the
translation invariance ∑

i<j

(ij)〈i|xixj |j〉 →
∑
i<j

(ij)〈i|xikxkj |j〉 , (3.43)

with any k. However, since we have chosen the frame x0 →∞, the dual-conformal symmetry
of (3.41) is broken.

The delta-function constraints in (3.41) freeze four integrations, and the remaining
2n− 8 integrations are done by the residue calculus. The residues are linear combinations
of b’s (3.26), and counting of the linearly independent residues rn and the functions bijkl
and bijklm is the same as in table 1.

Certain choices of contours in eqs. (3.34) and (3.41) give the B’s and b’s, respectively.
This follows from the connection to one-loop MHV scattering amplitudes, which correspond
to Fn at Born level. We find it plausible that at loop level these formulas govern the leading
singularities of Fn. In the following we will present evidence for this hypothesis.

The contour integral representation (3.41) of the b’s will be instrumental in proving
their conformal symmetry and higher charge Yangian symmetries. Moreover, the contour
integral admits a BCFW-bridge-like decomposition in a sequence of twistor shifts, thereby
making a connection with the cell decomposition of the Grassmannian and plabic graphs [6].
Another remarkable feature of this concise expression for the conformal invariants is that
for a particular integration contour it gives a non-supersymmetric loop amplitude, as will
be discussed in section 6.

4 Higher order symmetries and integrability

In this section, we study higher order symmetries of the Grassmannian formulas we proposed
for rn and Rn, respectively. Recall that due to the close connection to scattering amplitudes,
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it is known that integrating over ZAZB (for example, on a cycle giving leading singularities
of the amplitudes), one obtains Yangian invariants. This means that Rn (and hence also rn,
which corresponds to a particular dual conformal frame choice of Rn), should ‘know about’
the Yangian symmetry: upon Yangian transformations acting on the external twistors,
it should turn into a total derivative w.r.t. ZAZB. On the one hand, it is unclear to us
how useful this assertion is. On the other hand, in section 3.3 we have uncovered hints
for a conformal invariance of rn. This motivates us to look for a proof of this symmetry,
and to look for higher-order constraints on both Rn and rn. We do so starting from the
Grassmannian formulas.

We provide a proof of the conformal symmetry of the Grassmannian formula (3.41) for
rn, and hence for the four-point and five-point functions b given in eqs. (3.27) and (3.28).
We also identify additional higher-order symmetries.

Furthermore, we carry out a similar analysis in the general frame, i.e. for arbitrary x0.
In this way, we can formulate analogues of the conformal symmetry relation, as well as of
the higher-order equations found, directly for the rational functions Rn and B. We find
that this is closely related to differential equations found in ref. [36] in the context of the
tree-level Amplituhedron.

4.1 Proof of conformal and higher-order symmetries of the leading
singularities rn

4.1.1 Yangian generators

The dual-conformal algebra generators have a very simple representation when written in
momentum twistors ZI = (λα, µα̇), namely1

JIJ = ZI
∂

∂ZJ
− δIJ

4 Z
L ∂

∂ZL
, (4.1)

where I = α, α̇ and J = β, β̇. Indeed, in this formula the 4× 4 matrix JIJ comprises the
dual conformal generators D,P,M, M̄,K (see appendix B.1),

JIJ =

Mα
β −

δαβ
2 D Pαβ̇

Kα̇
β M̄ α̇

β̇ +
δα̇
β̇

2 D

 . (4.2)

In the following we wish to act on the external momentum twistors Zi, with i = 1, . . . , n.
We denote by Ji the local generator acting on the i-th coordinate, and we represent the
dual-conformal generators as sums of the local ones

JIJ =
n∑
i=1

( Ji )I J ,

( Ji )I J = ZIi
∂

∂ZJi
− δIJ

4 Z
L
i

∂

∂ZLi
. (4.3)

1We could have chosen to supplement su(2, 2) ≈ sl(4) with the central element H = ZL ∂
∂ZL and consider

gl(4) generators JIJ = ZI ∂
∂ZJ . Indeed, each local instance of the central element annihilates the leading

singularities Hi rn = 0, i = 1, . . . , n, and commutes with other operators.
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Let us start by discussing the obvious symmetries. The leading singularities rn given in
eq. (3.41) are Poincaré invariant,

Pαβ̇ rn = Mαβ rn = M̄α̇β̇ rn = 0 , D rn = 2 rn , (4.4)

but due to our frame choice x0 →∞ the dual conformal invariance is broken,

Kα̇β rn 6= 0 . (4.5)

In order to study higher symmetries of the leading singularities rn, we introduce
an infinite-dimensional Yangian algebra which extends the dual-conformal algebra. The
Yangian of su(2, 2) is a Hopf algebra with an infinite tower of generators grouped into levels.
The zeroth level generators J(0) := J are those of su(2, 2), and the level-one generators
J(1) := Ĵ transform in the adjoint representation of su(2, 2),[

JIJ , Ĵ
K
L

]
= δKJ ĴIL − δIL ĴKJ . (4.6)

Higher-level generators are defined as repeated commutators of the level-one generators,
subjected to the Serre relations [76].

The coproduct structure of the Hopf algebra suggests that we represent the level-one
generators Ĵ of the Yangian as sums of bi-local terms formed from the local generators Ji,

ĴIJ =
∑

1≤i<j≤n
(Ji)I K (Jj)K J . (4.7)

4.1.2 Spin-chain picture of the Yangian symmetry

As mentioned in the Introduction, here we use constructions borrowed from the quantum
inverse scattering method and integrable spin chains to formulate the Yangian symmetry.

Let us define the Lax operator L(u), which is a 4× 4 matrix with first order differential
operator entries (dual-conformal generators JIJ (4.1)),

[L(u)]I J = u δIJ + ZI
∂

∂ZJ
− δIJ

4 Z
K ∂

∂ZK
, (4.8)

and u ∈ C is called the spectral parameter. Let us denote by Hi the space of homogeneous
functions of ZIi with homogeneity degree zero, i.e. functions which are invariant under
rescaling G(ZIi ) = G(tZIi ). Then Li(u) acts on Hi ⊗ C4.

We associate a quantum spin chain to the leading singularities rn, such that each i-th
site of the spin chain carrying representation space Hi corresponds to the i-th edge of the
Wilson loop. We assign a Lax operator to each site of the spin chain and we form the
matrix product of n Lax operators, which is called the monodromy matrix,

[T(u)]I J := [L1(u)]I K1 [L2(u)]K1
K2 . . . [Ln(u)]Kn−1

J . (4.9)

The monodromy matrix T(u) acts in the space

H1 ⊗H2 ⊗ . . .⊗Hn ⊗ C4 . (4.10)
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Expanding the monodromy matrix in the spectral parameter u we recover the Yangian
generators in the evaluation representation [77]: the dual-conformal generators J := J(0) (4.1)
at the zeroth level, first level generators Ĵ := J(1) (4.7) given by the sum of bi-local terms,
as well as higher level generators J(2), . . . , J(n−1),

[T(u)]I J = unδIJ + un−1
[
J(0)

]I
J + un−2

[
J(1)

]I
J +

n−1∑
k=2

un−k−1
[
J(k)

]I
J , (4.11)

with k-th level generator being the sum of ordered products of k + 1 local generators (4.3),[
J(k)

]I
J =

∑
1≤i1<i2<...<ik+1≤n

(Ji1)I L1 (Ji2)L1
L2 . . .

(
Jik+1

)Lk
J . (4.12)

In the following we denote J(0) and J(1) as J and Ĵ, respectively, to simplify notations.
In eq. (4.12) a specific choice of origin of the sum was made. Below we also discuss the
cyclically related choices.

Let us note that in the evaluation representation (4.9) of the Yangian induced by (4.8)
the infinite tower of Yangian generators is truncated at the level n. Studying the Yangian
symmetry, we work with the monodromy matrix (4.9), which encompasses all Yangian
generators in the chosen representation. Instead of acting with individual Yangian generators
J(k) on rn, we would like to calculate the action of the monodromy matrix T(u) on
rn. Moreover, we would like to reduce the evaluation of T(u) rn to manipulations with
local objects, those which act nontrivially on a single or a pair of spin chain sites. By
definition (4.9), the monodromy matrix is a product of local blocks. Therefore, we will also
need a decomposition of rn into local blocks.

We define an R-operator which acts on a pair of the spin chain sites Hi ⊗ Hj and
transforms a test function G as follows,

[Rij G] (Zi, Zj) :=
∫
dt

t
G(Zi + tZj , Zj) . (4.13)

We imply that the integration contour lies in the complex plane and it is closed, but we do
not fix it. Let us note that the R-operator preserves homogeneity, hence it does not map
out of Hi ⊗Hj . The R-operator (4.13) commutes with the matrix product of the pair of
Lax operators (4.8),

Rij Li(u) Lj(u) = Li(u) Lj(u) Rij , (4.14)
Rji Li(u) Lj(u) = Li(u) Lj(u) Rji , (4.15)

as can be easily verified. Let us stress that the R-operator acts trivially in the matrix
space of the previous equations. Thus, the R-operator acting in adjacent spin chain sites
commutes with the monodromy matrix (4.9),

Ri i+1 T(u) = T(u) Ri i+1 , Ri+1 i T(u) = T(u) Ri+1 i , i = 1, . . . , n− 1 . (4.16)

Now we use a corollary proven in section B.4. There we show that the contour
integral (3.41) over the Grassmannian Gr(2, n) can be rewritten as a product of 2(n− 2)
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R-operators acting on a function |Ωn〉,

rn(Z1, . . . , Zn) = R32 R43 . . .Rnn−1 Rn−2n−1 . . .R23 R12 |Ωn〉 . (4.17)

Each of the R-operators from the product in (4.17) introduces one-dimensional integration.
We call |Ωn〉 a pseudo-vacuum state of the n-site spin chain,

|Ωn〉 := δ2(λ1)δ2(λn)[µ1µn]2 . (4.18)

One can easily see that the distribution |Ωn〉 is of homogeneity degree zero, i.e. it is an
element of the space H1 ⊗ . . .⊗Hn.

The employed notations are very suggestive. The pseudo-vacuum |Ωn〉 of the spin chain
represents a zero-dimensional cell of the Grassmannian Gr(2, n). Each ‘excitation’ over
the pseudo-vacuum introduced by the R-operator is a BCFW bridge [6], which maps to
a Grassmannian cell of higher dimension. There are 2(n− 2) ‘excitations’ in (4.17) that
correspond to the top cell of the Grassmannian.

Since the monodromy matrix T(u) commutes with individual R-operators (4.16), then it
also commutes with their products in (4.17). Thus, in order to calculate T(u) rn it remains
to find how the 4× 4 monodromy matrix (4.9) acts on the pseudo-vacuum |Ωn〉 (4.18). We
find that it takes a block-triangular form

T(u) |Ωn〉 = un−2
(
u2 − 2u+ 1 0

0 u2 + 2u− 1

)
|Ωn〉+ un−2

(
0 0

f + ug h

)
, (4.19)

where dependence of the r.h.s. on the spectral parameter u is explicit; f, g, h are 2×2 matrices
which depend on twistor variables Z1 and Zn, and matrix h is traceless, tr(h) = 0. The
explicit expressions for f, g, h will be irrelevant in what follows. Eq. (4.19) expression is easy
to work out, since by acting on the pseudo-vacuum successively with each of the constituent
Lax operators L(u) given in eq. (4.8), we obtain either diagonal or block-triangular matrices.

Finally, eqs. (4.19) and (4.17) enable us to find how the monodromy matrix acts on the
leading singularities rn, namely

T(u) rn = un−2
(
u2 − 2u+ 1 0

0 u2 + 2u− 1

)
rn + un−2

(
0 0
O(u) O(u0)

)
, (4.20)

where the last matrix term of the r.h.s. is traceless.
These equations embody our statement on the partial Yangian symmetry of rn. They

contain the complete collection of the Yangian invariances satisfied by rn with Yangian
generators of the form (4.12).

Expanding eq. (4.20) in the spectral parameter u according to (4.11), we find how
the Yangian generators of all levels (4.12) act on rn. At order un−1 in (4.20), we recover
Poincaré invariance (4.4) with J = J(0),

Jαβ rn = −2δαβ rn , Jαβ̇ rn = 0 , Jα̇β̇ rn = 2δα̇
β̇
rn . (4.21)

At order un−2, we find that a half of the level-one generators J(1) = Ĵ provide invariances,

Ĵαβ rn = δαβ rn , Ĵαβ̇ rn = 0 , Ĵα̇α̇ rn = −2rn . (4.22)
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However, the level one-generators Ĵα̇β and the traceless part of Ĵα̇β̇ are not symmetries of
rn. In other words, this part of the Yangian symmetry is broken.

We observe that there are no terms un−1−k with k = 2, . . . , n− 1 on the r.h.s. of (4.20).
Consequently, all Yangian generators at the level two and higher provide invariance relations,(

J(k)
)I

J rn = 0 , k = 2, . . . , n− 1 . (4.23)

In a similar fashion, we can prove additional relations. Let us introduce the second
order differential operators

D
(i)
I := ∂

∂ZJi

 n∑
j=1

ZJj
∂

∂ZIj

− 2 ∂

∂ZIi
, i = 1, . . . , n . (4.24)

They will play the role of the monodromy matrix from the previous discussion. Indeed, we
can check by explicit calculation that the operators D(i)

I commute with any R-operator (4.13)
and annihilate the pseudo-vacuum |Ωn〉 (4.18),

D
(i)
I |Ωn〉 = 0 ,[

Rkl , D
(i)
I

]
= 0 , i, k, l = 1, . . . , n . (4.25)

Thus, we can pull D(i)
I through the product of R-operators in representation (4.17) and

find that it annihilates the leading singularities rn,

D
(i)
I rn = 0 , i = 1, . . . , n . (4.26)

These relations can also be formulated in terms of the dual-conformal algebra generators (4.3)
as follows,

( Ji )K J J
J
I rn = 2 ( Ji )K I rn , i = 1, . . . , n . (4.27)

In appendix B.3, we rewrite eq. (4.27) in terms of the dual-conformal generators acting
on the space-time variables. This enable us to see in more details how the frame choice
x0 →∞ for rn breaks the dual-conformal symmetry.

Another way to interpret eqs. (4.26) and (4.27) is to consider the cyclic shift transforma-
tions of the Yangian. The ordering of the Wilson loop edges is irrelevant for the level-zero
generators J(0). However, the level-one and higher-level generators of the Yangian (4.12)
employ the cyclic ordering with the specific choice of the sum origin. At the same time,
the contour integral representing the leading singularities rn is invariant under cyclic shifts
Zi → Zi+1, see (3.41). Thus, we can formulate the Yangian symmetries of rn using a set
of cyclically shifted generators. Then we sum in (4.12) over cyclically shifted labels. We
provide the transformation properties of the Yangian generators upon the cyclic shift in
appendix C.3. Let us consider the simplest nontrivial cyclic-shift transformation. Indeed,
along with the level-one generator J(1) = Ĵ (4.12) we introduce the level-one generator Ĵ′
which employs the ordering n, 1, 2, . . . , n− 1. The level-one Yangian invariances from (4.22)
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hold with the cyclically shifted generator Ĵ′ as well. For example, the following difference
of the generators annihilates rn, [

Ĵαβ − Ĵ′αβ
]
rn = 0 . (4.28)

Evaluating the difference of generators on the space of homogeneous functions of degree
zero, i.e. (Jn)CC = 0,

ĴAB − Ĵ′AB = 4(Jn)AB + JAC(Jn)CB − (Jn)ACJCB , (4.29)

and choosing the indices A,B as in (4.28), we conclude that (4.28) is equivalent to (4.26)
with i = n. Choosing other cyclic shifts we can reproduce all n relations (4.26). Let us
also note that the cyclic consistency of the remaining Yangian invariances (4.22) does not
provide new relations.

Despite of the fact that a half of the level-one Yangian generators J(1) = Ĵ is broken,
we can formulate several invariance relations for rn involving the broken generators and the
dual-conformal generators, e.g.

Jαγ̇ Ĵ
γ̇
β̇ rn = 0 , Jα̇γ̇ Ĵ

γ̇
β̇ rn = 2δα̇

β̇
rn + 4Ĵα̇β̇ rn , (4.30)

Jαγ̇ Ĵ
γ̇
β rn = 4δαβ rn , Jα̇γ̇ Ĵ

γ̇
β rn = 4Ĵα̇β rn . (4.31)

In other words, even though the Yangian variations Ĵα̇β and Ĵα̇β̇ of rn are not covariant,
contracting the variations with the dual-conformal generators we find symmetry relations
for rn. We deduce them from the commutation relations among J and Ĵ (4.6) and the
invariance relations (4.22). Relations (4.30) and (4.31) are closely related to differential
equations found in [36], as will be discussed in section 4.3.

4.1.3 Summary and discussion of symmetry relations

Using integrability methods, we have proven the Yangian invariance relations (4.22), (4.23)
as well as the bonus relations (4.27), for the Grassmannian formula (3.41) for rn. Let us
now discuss these results.

We see that eqs. (4.22) involve half of the level-one Yangian generators. This may be
due to, at least in part, to our choice of fixing the dual conformal frame x0 →∞.

Among the level-one Yangian invariances in eq. (4.22), the one with Ĵαβ̇ has a transpar-
ent meaning. It is a conformal invariance in momentum space. In order to see this, let us
make contact with the conformal boost generator Kαβ̇ given in eq. (3.32), which is written in
terms of the spinor-helicity variables (λ, λ̃), see appendix B.2 and [32]. There it is shown that

Ĵαβ̇ rn(Z1, . . . , Zn) = −〈12〉〈23〉 . . . 〈n1〉Kα
β̇

rn(p1, . . . , pn)
〈12〉〈23〉 . . . 〈n1〉 . (4.32)

In view of eq. (4.21) this implies

Kα
β̇

rn(p1, . . . , pn)
〈12〉〈23〉 . . . 〈n1〉 = 0 . (4.33)

Therefore we have proven the conformal invariance of the leading singularities rn. This is
one of the main results of this section.
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4.2 Formulation of higher-order symmetries of rn in momentum space

Above we constructed higher charge symmetries (4.12) of rn out of the local dual-conformal
generators. Then we identified the conformal boost symmetry of rn (4.33) among the
level-one Yangian generators. We could wonder whether it is possible to construct higher
charge symmetries out of the conformal generators, which act on the momentum variables.
In this section we briefly comment on this possibility.

Indeed, let us assemble the conformal algebra generators written in spinor helicity
variables [75] in the 4× 4 matrix

JIJ =

λα ∂
∂λβ

−λαλ̃β̇

∂2

∂λ̃α̇∂λβ
− ∂
∂λ̃α̇

λ̃β̇

 =
(
λα

∂
∂λ̃α̇

)
⊗
(

∂
∂λβ
−λ̃β̇

)
(4.34)

where I = (α, α̇) and J = (β, β̇), and for the sake of brevity we omitted index i = 1, 2, . . . , n
which labels the particles. Summing local generators Ji over i, we obtain the conformal
symmetries of rn. In particular I = α̇ and J = β corresponds to the conformal boost (3.32),

J(0)
α̇β :=

n∑
i=1

(Ji)α̇β = Kα̇β . (4.35)

In analogy with (4.12), we define higher charge non-local generators out of the local
conformal generators (4.34). The level-k generators are the following sums of the ordered
products of (4.34),[

J(k)
]I

J :=
∑

1≤i1<i2<...<ik+1≤n
(Ji1)I L1 (Ji2)L1

L2 . . .
(
Jik+1

)Lk
J . (4.36)

It would be interesting to systematically study the properties of rn under these genera-
tors, using methods similar to the last subsection. For the sake of this paper however, we
limit ourselves to ‘experiment’ with the differential operators (4.36), and find, conjecturally,
a set of equations that the rn satisfy.

Let us consider I = α̇ and J = β in (4.36), which is given explicitly by the following
differential operator in terms of helicity spinors,

J(k)
α̇β =

∑
1≤i1<i2<...<ik+1≤n

∂

∂λ̃α̇i1
Qi1i2 . . . Qikik+1

∂

∂λβik+1

,

Qij := λγj
∂

∂λγi
− λ̃γ̇i

∂

∂λ̃γ̇j
. (4.37)

These are level-k counterparts of the conformal boost generator. We conjecture that the
following equations hold,

J(k)
α̇β

rn(p1, . . . , pn)
〈12〉〈23〉 . . . 〈n1〉

∣∣∣∣∣λ̃1→ 1
〈n1〉 (p2+...+pn−1)|n〉

λ̃n→ 1
〈1n〉 (p2+...+pn−1)|1〉

= 0 , k = 0, 1, . . . , n . (4.38)
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In this formula it is understood that λ̃1 and λ̃n are eliminated with the help of momentum
conservation prior to differentiations (this choice is related to the ordering of local generators
in (4.36)).

In order to check eq. (4.38), we choose rn to be the four-point bijkl (3.27) and five-point
bijklm (3.28) invariants written in spinor helicity variables (λ, λ̃) with λ̃1 and λ̃n eliminated
as specified above. Thus, the four-point and five-point invariants nontrivially depend on all
n momenta. Following this approach, we checked eq. (4.38) up to n = 15.

It would be interesting to find a proof of eq. (4.38) for any n which employs the
integrability constructions above. As mentioned before, in order to achieve this goal one
would need a momentum space analogue of the contour integral representation (3.41), e.g.
similar to the formulas in [5] for scattering amplitudes.

4.3 Higher-order symmetries of Rn and integrability

In the previous subsections we have established higher symmetries of the leading singularities
rn in the dual conformal frame x0 → ∞. In this and the next subsections we perform a
similar analysis directly for Rn.

Before doing so, let us comment on a rather surprising connection. It turns out that
the formula for the leading singularities Rn resembles very closely a special case of a
Grassmannian formula for tree-level Amplituhedron volume functions considered in [35, 36]
(see also [37]). Indeed, consider eq. (2.4) of [36] for the volume functions Ω(m)

n,k (Y,Z). Upon
setting k = m = 2 there and re-interpreting their Y I

α as Y I
α=1 = (ZA)I and Y I

α=2 = (ZB)I ,
this formula equals our formula for Rn. Very interestingly, the authors of [35, 36] show that
certain derivatives w.r.t. Y of Ω(m)

n,k (Y, Z) satisfy Yangian differential equations. Moreover,
the latter are related to so-called Capelli differential equations [78]. We comment on how
these equations look like in our notations for Rn below.

Momentum twistors are the most appropriate variables to formulate the symmetries of
Rn, so we write

Rn = Rn(Z1, . . . , Zn;ZA, ZB) . (4.39)

We introduce the weight-counting operator

Ha := ZJa
∂

∂ZJa
, (4.40)

which commutes with the dual-conformal transformations. Let us recall that Rn carries
nonzero dual-conformal weight with respect to ZA and ZB,

HARn = −4Rn , HB Rn = −4Rn , HiRn = 0 , i = 1, . . . , n . (4.41)

Instead of dealing with the su(2, 2) generators, it will be more convenient for us to supplement
the dual-conformal algebra with the central element H, thus we effectively deal with the
gl(4) symmetry. Namely, the local generators Ja acting on the a-th coordinate take the
following form in the momentum twistor variables,

( Ja )I J = ZIa
∂

∂ZJa
. (4.42)
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Here a = A,B, 1, 2, . . . , n. Momentum twistors ZA and ZB specifying position of the
Lagrangian and Z1, . . . , Zn specifying the light-contour do not appear on equal footing in
the Grassmannian integral representation of Rn (3.34). Then, it is reasonable to distinguish
them when studying symmetries of Rn. Thus, we define two sets of the dual-conformal
generators as sums of the local ones (4.42) with respect to coordinates 1, . . . , n and A,B,

JIJ :=
n∑
i=1

( Ji )I J , J̄IJ := ( JA )I J + ( JB )I J . (4.43)

The statement of the dual-conformal invariance of Rn takes the following form[
JIJ + J̄IJ

]
Rn = −2δIJ Rn . (4.44)

In order to study the higher-order symmetries we define the Yangian generators of k-th
level in the same way as in eq. (4.12) with the local Ja from (4.42),[

J(k)
]I

J =
∑

1≤i1<i2<...<ik+1≤n
(Ji1)I L1 (Ji2)L1

L2 . . .
(
Jik+1

)Lk
J . (4.45)

They act nontrivially on the variables of the Wilson loop contour, but the coordinates
ZA, ZB of the Lagrangian are inert with respect to them. Let us recall that the level-zero
generators are the dual-conformal generators from eq. (4.43), i.e. J(0) = J, and we use the
shorthand notations Ĵ for the level-one Yangian generators,

ĴIJ :=
[
J(1)

]I
J =

∑
1≤i<j≤n

(Ji)I K (Jj)K J . (4.46)

We derive higher-order symmetries in appendix C. Let us summarize our findings here.
We find that the leading singularities Rn are annihilated by the level-two and higher-level
Yangian generators [

J(k)
]I

J Rn = 0 , k = 2, . . . , n− 1 . (4.47)

The level-one Yangian generators Ĵ do not annihilate Rn. Nevertheless, there are several
symmetry relations involving them. Projecting ĴIJ with the tensor 〈ZA, ZB, ∗, ?〉 we achieve
the invariance,

εIKLMZ
K
A Z

L
B ĴIJ Rn = εJKLMZ

K
A Z

L
B Rn . (4.48)

In other words, certain linear combinations of the level-one Yangian generators Ĵ are
symmetries of Rn.

Another possibility to arrive at a symmetry relation with the level-one generators is to
introduce the dual-conformal variations J̄ (4.43) which act on the Lagrangian coordinate,[

J̄IK ĴKJ + 2ĴIJ + JIJ
]
Rn = 0 . (4.49)

This relation is equivalent to eq. (4.2) of [36] found for the tree-level Amplituhedron volume
function.
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Let us also notice that projecting (4.49) with the tensor 〈ZA, ZB, ∗, ?〉 we repro-
duce (4.48). Let us also note that taking the trace of the level-one Yangain generators leads
to an invariance,

ĴI I Rn = 0 . (4.50)

In fact, the latter relation is a direct consequence of the dual-conformal invariance (4.44).
Besides eq. (4.48), we also find another bi-local combination of the dual-conformal

generators which annihilates Rn,[
(Ji)K J J̄

J
I + 4 (Ji)K I

]
Rn = 0 , i = 1, . . . , n , (4.51)

or more explicitly,[
∂

∂ZJi
ZJA

∂

∂ZIA
+ ∂

∂ZJi
ZJB

∂

∂ZIB
+ 4 ∂

∂ZIi

]
Rn = 0 , i = 1, . . . , n . (4.52)

Similar to eq. (4.27), we can trace back the origin of (4.51) into the cyclic shift transforma-
tions of the Yangain. Indeed, the cyclic shift Zi → Zi+1 does not change the Grassmannian
representation for Rn, see eq. (3.34). However, it changes the Yangian generators Ĵ (4.46).
Consistency of eqs. (4.48) and (4.49) under the cyclic shift is garanteed by (4.51).

We notice that the found symmetries (4.47), (4.48), (4.49), (4.50), (4.51) of Rn are
consistent with those of rn from section 4.1.2. Choosing ZA ∧ ZB as the infinity bi-twistor
brings Rn down to rn, see eq. (3.38), and the symmetry relations for Rn presented in this
section boil down to those for rn from section 4.1.2. This is almost trivial for those symmetry
relations which do not involve differentiation of the Lagrangian coordinate, namely those
without J̄. Indeed, the level-k (with k ≥ 2) Yangian invariances of Rn in eq. (4.47) turn into
those of rn in eq. (4.23). The trace of level-one generators in eq. (4.50) is consistent with
values of traces in eq. (4.22). The frame ZA ∧ZB → εα̇β̇ choice in eq. (4.47) restricts indices
I = α and J = (β, β̇) that leads to the first two eqs. in (4.22). Eq. (4.51) implies eq. (4.27).
In order to see it, we eliminate J̄ in (4.51) owing to the dual-conformal invariance (4.44) of
Rn, and then we can choose ZA ∧ ZB as the infinity bi-twistor. Likewise, we can show that
eq. (4.49) implies the four eqs. in (4.30) and (4.31).

We delegated the proofs of the relations given above to appendix C. Similar to considera-
tions in subsection 4.1, they rely on the quantum-inverse scattering method constructions [38].
There are slight modifications w.r.t. subsection 4.1 to take into account that Rn carries
nonzero dual-conformal weights (4.41).

5 Results for Fn in perturbation theory

In this section we provide evidence that the twistor dual-conformal functions B (3.21)
and (3.22), or equivalently their space-time versions b (3.27) and (3.28), provide a basis
of leading singularities for Fn at higher loops. This is important both in view of future
bootstrap applications and a supersymmetric generalization of the observable [74].
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A beautiful expression for the log of the amplitude is made possible by the

existence of a simple relation between the sum of 1-loop square and 2-loop diagrams:

X

i < j

ji

AB

X

⇥

X

k < l

lk

CD

Y

=

X

i < j

k < l

k

li

j

(6.21)

The left-hand side is just (A1�loop
MHV )2 while the right-hand side contains not only

the planar diagrams present in A2�loop
MHV but also non-planar graphs when for example

i < k < j < l. In fact, all planar graphs are equal to 2A2�loop
MHV while all non-planar

graphs give us the log of the amplitude in the form

[logA]2�loop
MHV = �

X
i<k<j<l<i

k

li

j

(6.22)

The formula found in [27] is the 4pt version of this expression.

Note that naively, all these integrals are IR finite because each individual 1-

loop sub-integral is just a finite pentagon(which can not shrink to a box due to the

restriction j 6= i+1 and l 6= k+1). However, the criteria for finiteness we described

in section 4 applies to planar integrals, while the log contains non-planar terms which

can be IR divergent.

Let us focus on the piece of the integrand of the form

hABXi
hABi 1iihABii+1i ·

1

hABCDi ·
hCDY i

hCDj 1jihCDjj+1i (6.23)

Here X controls the IR divergence of the region where the line AB intersects point

Zi and lies in the plane (Zi 1ZiZi+1), just as Y does for CD sector. However,

if i = j then AB and CD intersect in the point i and the propagator hABCDi
vanishes. Therefore, finiteness of the 1-loop sub-integrals is not enough. We need an

extra condition that regulates this joint divergence. It is not hard to see that unless

hXY i = 0, a (mild) IR divergence remains.
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Figure 3. Two-loop logarithm of the MHV amplitude. Figure from ref. [73].

i

j

A

B

i

j

Figure 4. The chiral pentagon one-loop integral Icp
ij (5.4), on the left. The one-loop box in the

two-mass easy configuration F 2me
ij (5.6), on the right.

5.1 Result for Fn at one loop

In ref. [73] a compact expression for the logarithm of MHV amplitudes is given, see figure 3.
From this expression it is easy to read off an expression for Fn in a manifestly finite way.
The formula reads2

F (1)
n = −1

2
∑

1≤i<k<j<l≤n

[
Icp
ij LSijkl + Icp

kl LSklij
]
, (5.1)

where the rational factors LS are the leading singularities, which depend on a number of
twistors specifying the Wilson loop contour and the Lagrangian insertion at (AB),

LSijkl := 〈ijkl〉〈AB|(k − 1kk + 1) ∩ (l − 1ll + 1)〉
〈ijAB〉〈ABk − 1k〉〈ABkk + 1〉〈ABl − 1l〉〈ABll + 1〉 , (5.2)

and the dual-conformal chiral one-loop pentagon Icp is a finite pure function, figure 4,

Icp
ij =

∫
CD

〈CD|(i− 1ii+ 1) ∩ (j − 1jj + 1)〉〈ijAB〉
〈CDi− 1i〉〈CDii+ 1〉〈CDj − 1j〉〈CDjj + 1〉〈CDAB〉 . (5.3)

Here, starting from the double pentagon integrand in figure 3, a factor 1 = 〈ijAB〉/〈ijAB〉
was split between the leading singularity and the pentagon integral, in order to make the
latter a pure function. The chiral pentagon integral evaluates to a pure function

Icp
ij = −1

2 log2
(
uij3

)
− Li2

(
1− uij1

)
− Li2

(
1− uij2

)
− Li2

(
1− uij1

uij3

)
− Li2

(
1− uij2

uij3

)
+ Li2

(
1− uij1 u

ij
2

uij3

)
, (5.4)

2We explicitly symmetrized the two-loop formula in AB and CD.
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i

j
i + 1

j − 1

j + 1

i− 1

Figure 5. The three terms in eq. (5.7) correspond to the three polygons on the figure.

of the three cross-ratios

uij1 = 〈i− 1ijj + 1〉〈ii+ 1AB〉
〈i− 1iAB〉〈ii+ 1jj + 1〉 ,

uij2 = 〈ii+ 1j − 1j〉〈jj + 1AB〉
〈ii+ 1jj + 1〉〈j − 1jAB〉 ,

uij3 = 〈i− 1ij − 1j〉〈ii+ 1AB〉〈jj + 1AB〉
〈i− 1iAB〉〈ii+ 1jj + 1〉〈j − 1jAB〉 . (5.5)

So we have obtained a closed form analytic expression for F (1)
n .

The formula for the pentagon is slightly rewritten from the form given in [73], so
that boundary terms from (5.1) with u1 or u2 vanishing can be considered without using
dilogarithm identities. Let us note that the pure function (5.3) is the two-mass-easy one-loop
box function F 2me

ij . Indeed, in the frame x0 → ∞, or equivalently ZA ∧ ZB → εα̇β̇, the
dual-conformal chiral pentagon turns into the one-loop box in the easy-mass configuration
of the external legs, figure 4,

F 2me
ij := Icp

ij

(
uij1 =

x2
i−1 j
x2
ij

, uij2 =
x2
i j−1
x2
ij

, uij3 =
x2
i−1 j−1
x2
ij

)
. (5.6)

The ‘magic’ numerator of (5.4) turns into a pair of chiral fermion propagators, which
suppress IR-divergences of the box integral.

We would like to see whether the formula for the one-loop n-point F (1)
n can be expressed

in terms of the conformal invariants B (3.21) and (3.22) introduced earlier. In order to
achieve this, we rewrite coefficients of the pentagon integrals Icp in terms of the k-point
functions F (0)

k (3.23), which are invariant upon the cyclic shift of their arguments. We find,

F (1)
n =

∑
1≤i<j≤n

1<|i−j|<n−1

[
F (0)
n (1, 2, . . . , n)− F (0)

j−i+1(i, i+ 1, . . . , j − 1, j)

− F (0)
n+1+i−j(j, j + 1, . . . , n− 1, n, 1, . . . , i− 1, i)

]
Icp
ij . (5.7)

In order to explain notations, let us graphically interpret eq. (5.7). Consider a polygon
with vertices 1, 2, . . . , n in figure 5, and attach twistor Zk to each vertex k. Draw the
diagonal (i, j). The diagonal splits the polygon into two sub-polygons: i, i+ 1, . . . , j − 1, j
and j, j + 1, . . . , n − 1, n, 1, 2, . . . , i − 1, i. The three terms in (5.7) correspond to the
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three polygons. More precisely, we evaluate the twistor function (3.23), which is a linear
combination of B’s, on the set of cyclically ordered twistors specified by the polygons.
Let us stress that since the diagonal (ij) is not light-like, then the last two terms in (5.7)
could not be interpreted as the Born-level observables; instead, they are understood as
(j − i + 1)-point and (n + 1 + i − j)-point instances of (3.23). Nevertheless, since (3.23)
is a linear combination of the four- and five-point B-functions, all leading singularities in
F

(1)
n can be expressed in terms of the B functions. Let us also note that (3.23) is invariant

under cyclic shifts, and the three terms in the square brackets in (5.7) are invariant under
cyclic shifts. We explicitly checked eq. (5.7) up to n = 15.

Let us write out the results (5.7) for five and six points explicitly. At n = 5, we find

F
(1)
5 = F

(0)
5 (Icp

13 + Icp
14 + Icp

24 + Icp
25 + Icp

35 )
−B1234I

cp
14 −B2345I

cp
25 −B1345I

cp
13 −B1245I

cp
24 −B1235I

cp
35 , (5.8)

where the Born-level F (0)
5 expression is given in terms of the B functions in eq. (3.25).

At n = 6, we have the following explicit expression for the Born-level F (0)
6 , see eq. (3.23),

F
(0)
6 = B1256 +B2356 +B3456 −B12346 −B12456 −B23456 . (5.9)

The one-loop result can be written as follows,

F
(1)
6 = F

(0)
6 (Icp

13 + Icp
14 + Icp

15 + Icp
24 + Icp

25 + Icp
26 + Icp

35 + Icp
36 + Icp

46 )
− (B1234 +B1456) Icp

14 − (B1256 +B2345) Icp
25 − (B1236 +B3456) Icp

36

+ (B13456 −B1356 −B3456) Icp
13 + (B12345 −B1245 −B2345) Icp

15

+ (B12456 −B1256 −B2456) Icp
24 + (B23456 −B2356 −B3456) Icp

26

+ (B12356 −B1256 −B2356) Icp
35 + (B12346 −B1246 −B2346) Icp

46 . (5.10)

We hope that these expression may prove useful in future investigations into the structure
of the loop corrections for this interesting observable.

5.2 Structure of the two-loop five-point result

Although the Grassmannian formula was derived for F (0)
n only, one may hope that this

formula also covers the leading singularities at loop level. We have already seen that this is
the case for F (1)

n . Here we mention further evidence for this for n = 5 at two loops.
In [31] we consider five-cusp planar observable F5 in the two-loop approximation, namely

F
(L)
5 with L = 2 in eq. (3.4). The explicit perturbative calculations reveals that

F
(L)
5 = F

(0)
5 g

(L)
0 (u) (5.11)

+B2345g
(L)
1 (u) +B1345g

(L)
2 (u) +B1245g

(L)
3 (u) +B1235g

(L)
4 (u) +B1234g

(L)
5 (u) ,

where g(L)
s (u) with s = 0, 1, . . . , 5 are pure functions of transcendental weight 2L of four

dual-conformal invariant cross-ratios build from x1, . . . , x5, x0. There are four independent
cross-ratios. They can be chosen as follows

u =
{
x2

13x
2
20x

2
50

x2
25x

2
10x

2
30
,
x2

14x
2
20x

2
50

x2
25x

2
10x

2
40
,
x2

24x
2
50

x2
25x

2
40
,
x2

35x
2
20

x2
25x

2
30

}
. (5.12)
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The pure functions {g(L)
s (u)}s=1...5, as well as the accompanying four-point rational prefac-

tors B1234, B2345, B1345, B1245, B1235, are related by cyclic shifts: g(L)
s+1 = g

(L)
s |Zi→Zi+1 . The

Born-level F (0)
5 , which was given in eq. (3.25) in terms of the B’s, is cyclically-symmetric.

Let us recall that eq. (5.8) is a one-loop instance L = 1 of eq. (5.11).

6 Connection to all-plus amplitudes in pure Yang-Mills theory

The light-like polygon geometry is dual to massless scattering kinematics. One might
wonder whether there is a closer analogy to physical scattering processes. We find that
this is indeed the case. As we will show presently, the leading singularities rn appear in
n-gluon scattering in the all-plus helicity configuration in pure Yang-Mills theory. What
is more, we find a relationship connecting F (L)

n and the (L+ 1)-loop all-plus amplitude in
pure Yang-Mills theory.

6.1 Matching of leading singularities and one-loop all-plus amplitude

The all-plus amplitude in pure Yang-Mills theory vanishes at tree-level. At one loop, it is a
rational function of helicity spinors [79]. At two loops, it contains both polylogrithmic and
rational terms, with the maximal transcendental weight being two [52, 54].

In [53, 80, 81] a concise representation of the one-loop all-plus amplitude was given as the
sum of Ckmn functions defined in eq. (2.9) of that ref. [53]. These functions where found to
be conformally invariant, and moreover have a certain directional dual conformal symmetry.

This motivates us to look for a connection between these coefficients, and the conformal
invariants discussed in this paper. To match the kinematics, we first go to the frame
x0 → ∞. We then find that the functions Ckmn with 3 ≤ k ≤ n − 1 and k + 1 ≤ m ≤ n

are linear combinations of the conformal invariants {PTn · bijkl} and {PTn · bijklm} defined
in the present work in eqs. (3.27) and (3.28) which are normalized with the Parke-Taylor
factor (3.30).

In particular, this means that the functions Ckmn have a contour integral representation
as discussed in section 3.4, and all symmetry statements from section 4.1 hold for Ckmn.

Since the one-loop all-plus n-gluon YM amplitude [79] is a linear combination of
conformal invariants Ckmn, we can rewrite it in terms of the b invariants of the present
paper. We find the following explicit formula for the one-loop color-ordered partial amplitude
A

(1)
YM,n,3

A
(1)
YM,n = PTn an(1, 2, . . . , n) , (6.1)

where the linear combination an of the conformal invariants b is completely analogous to
the linear combinations of the dual-conformal B’s in (3.23),

an(1, 2, . . . , n) =
n−3∑
i=1

bi,i+1,n−1,n −
n−4∑
i=1

bi,i+1,n−2,n−1,n −
n−4∑
k=2

n−k−3∑
i=1

bi,i+1,i+k,i+k+1,n . (6.2)

3For the sake of simplicity, we slightly changed normalization of the amplitude as compared to that of
refs. [79] and [54], A

(L)ref.[79]
YM,n = − i

3 A
(L)our
YM,n .
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Eq. (6.1) allows us to make two interesting observations: firstly, taking into account
expression (3.23) for F (0)

n in terms of the B’s, we find that the one-loop all-plus n-gluon
YM amplitude is obtained by taking the limit x0 →∞ in the tree-level observable F (0)

n ,

A
(1)
YM,n = PTn · F (0)

n

∣∣∣∣
ZA∧ZB→εα̇β̇

. (6.3)

Secondly, recalling the contour integral representation (3.41) of the conformal invariants,
we could say that the all-plus one-loop Yang-Mills amplitude corresponds to

A
(1)
YM,n = PTn

∫
Γ⊂Gr(2,n)
D2(n−2)C

(∑
i<j

(ij)〈λi|xix̃j |λj〉
)2

(12)(23) . . . (n1)
∏
r=1,2

δ2
(

n∑
i=1

criλi

)
, (6.4)

for an appropriate choice of integration cycle Γ on the Grassmannian manifold Gr(2, n).

6.2 Connection to two-loop all-plus amplitudes

Is the resemblance of the all-plus Yang-Mills amplitude and the observable Fn restricted
to the lowest perturbative approximation? To answer this question, let us proceed and
compare our analytic one-loop result for F (1)

n (5.7) to the two-loop all-plus Yang-Mills
amplitude. Ref. [54] contains the polylogarithmic part of the leading-color two-loop all-plus
n-particle amplitude in Yang-Mills theory. More precisely, the leading-color L-loop partial
amplitude A(L)

YM,n evaluated in dimensional regularization D = 4− 2ε is defined in eqs. (1.1)
and (1.2) of that paper, and the two-loop amplitude has the following expansion in the
dimensional regularization parameter,

A
(2)
YM,n = A

(1)
YM,nI

(1)
n + P

(2)
YM,n +R

(2)
YM,n +O(ε) (6.5)

where I(1)
n contains dipole infrared divergences (see also [82]),

I(1)
n = − 1

ε2

n∑
i=1

(
µ2

−2pi · pi+1

)ε
+ nπ2

12 . (6.6)

The finite part consists of the polylogarithmic P (2)
YM,n and rational R(2)

YM,n terms. The
transcendental terms P (2)

YM,n are given in eq. (1.9) of ref. [54]. We find that the finite
maximally transcendental piece of the two-loop amplitude can be rewritten in the following
suggestive form (we changed normalization of the amplitude as given in footnote 3)

P
(2)
YM,n =−PTn

∑
1≤i<j≤n

1<|i−j|<n−1

[
aj−i+1(i, i+1, . . . , j−1, j)

+an+1+i−j(j,j+1, . . . ,n−1,n,1, . . . , j−1, j)
]
F 2me
ij , (6.7)

with the two-mass-easy function F 2me
ij (5.6). Let us note that in the four-point case n = 4

the coefficient in the square bracket is trivially zero and P (2)
YM,4 = 0 as expected [83].
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For the sake of clarity, let us mention that the terms aj−i+1 and an+1+i−j in eq. (6.7) are
(j−i+1)-point and (n+1+i−j)-point instances of the function (6.2), respectively, evaluated
along the two subpolygons in figure 5. The twistor function (6.2) is a linear combination
of the b’s. Let us stress that aj−i+1 and an+1+i−j from (6.7) cannot be interpreted as the
one-loop amplitudes because of the momentum conservation.

We would like to match the polylogarithmic finite part P (2)
YM,n of the YM two-loop

amplitude (6.7) with the one-loop observable F (1)
n (5.7).

Comparing their accompanying leading singularities in the frame x0 →∞, we observe
they are almost identical, with the difference being proportional to the one-loop YM
amplitude A(1)

YM,n (6.3),

P
(2)
YM,n +A

(1)
YM,n

 ∑
1≤i<j≤n

1<|i−j|<n−1

F 2me
ij

 = PTn · F (1)
n

∣∣∣∣
ZA∧ZB→εα̇β̇

. (6.8)

This discrepancy can be compensated by a finite IR subtraction, namely by redefinition of
I

(1)
n (6.6) in eq. (6.5).

Looking more closely at eq. (6.8), one realizes that the additional term in parenthesis
on the left-hand-side is exactly the (finite part of the) one-loop MHV amplitude. Recalling
the Wilson loop/scattering amplitude duality, one realizes that this factor appears in the
denominator of the definition of Fn, cf. eq. (1.1). In this way we arrive at the following
duality relation,

PTn〈WnL(x0)〉x0→∞ ∼ AYM,all−plus
n . (6.9)

This relation is to be understood for the leading transcendental parts of the two objects in
the planar limit, up to scheme differences (as usual in Wilson loop/scattering amplitude
dualities, these scheme differences arises due to the fact that formally, the Wilson loop
has ultraviolet divergences, while the amplitudes have infrared divergences). We have just
shown that eq. (6.9) holds up to order g4

YM in perturbation theory, for arbitrary n.
Let us present another version of this formula, directly in terms of finite quantities,

similar to eq. (6.8). The perturbative expansion of the all-plus Yang-Mills amplitude starts
from the one-loop approximation A(1)

YM,n, which is the rational function given in eq. (6.1),
up to O(ε) corrections. The perturbative expansion of the renormalized planar all-plus
amplitude can be written in the following factorized form,

AYM
n = ZYM

IR A
(1)
YM,nH

YM
n . (6.10)

Here the finite remainder HYM
n is known for n = 4 up to the three-loop order [84, 85].

The infrared divergences are taken into account by the factor ZYM
IR , which implements the

minimal subtraction. Next we invoke the Wilson loop/amplitude duality (2.4)

〈Wn〉 ∼
AMHV
n

AMHV
n,tree

= ZMHV
IR HMHV

n , (6.11)
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where the factor ZMHV
IR minimally subtracts infrared divergences, and HMHV

n is the finite
remainder. We can identify the pure Yang-Mills and N = 4 super-Yang-Mills infrared
factors, ZMHV

IR ∼ ZYM
IR . Indeed, in (6.9), we compare only the leading transcendental terms

of the two objects. The infrared factors coincide in this approximation, in agreement with
the maximal transcendentality principle [86]. Taking the logarithm on both sides of eq. (6.9),
we then obtain the following relation between three finite objects: the finite remainder of
the all-plus amplitude, the finite remainder of the MHV amplitude, and the ratio Fn,

logHMHV
n + log

(
Fn/F

(0)
n

)
x0→∞

∼ logHYM
n +O(ε) . (6.12)

As before, this is to be understood at the level of the leading transcendental terms. Let us
now check eq. (6.12) for n = 4. Note that since AYM

n vanishes at tree-level, the quantities
on the r.h.s. of eq. (6.12) enter at one loop order higher than the quantities on its l.h.s.
Substituting the available perturbative data into this equation, namely the ABDK/BDS
ansatz [60, 87] expression for the four-point MHV amplitude, the known expression for
F4 up to two loops, and the three-loop all-plus four-point amplitude [27, 84, 85] into this
equation, we find perfect agreement.

Let us discuss these results. Previously, it had been noted that integrands of MHV
amplitudes in N = 4 sYM and the integrands of the all-plus pure YM amplitudes are related.
At one-loop, they are related by a dimensional shift [88], or, equivalently, the pure YM
integrands are obtained from the sYM ones via a particular insertion of (D− 4)-dimensional
components of the loop momenta into the integrand. At two loops, part of the pure YM
integrand is again obtained from the sYM one, albeit through a slightly more complicated
insertion [89, 90].

Here, we have provided evidence for a connection between three quantities: the L-loop
observable F (L)

n and the (finite-part of the) L-loop MHV amplitude in N = 4 sYM, and the
(finite part of the) (L+ 1)-loop all-plus amplitude in pure YM theory. This is a relation
between integrated quantities.

7 Discussion and outlook

In this paper, we studied a class of finite observables in maximally supersymmetric Yang-
Mills theory. The bosonic observable, which is essentially a Wilson loop with a Lagrangian
insertion, had mainly been studied for four-sided Wilson loops. We performed, for the first
time, a systematic analysis of the n-particle case.

Already at Born level, we uncovered interesting new structures. While the analytic n-
particle expression has the expected dual conformal symmetry (following from the definition
of the correlator in postion space), we found that there is also an unexpected conformal
symmetry, i.e. a conformal symmetry in momentum space.

This conformal symmetry is present at Born level, and also at loop level, where it
manifests itself in the leading singularities that multiply the transcendental functions.
Conjecturally, the leading singularities are given by a Grassmannian formula, for which we
gave two versions, one for general kinamtics, and one in the dual conformal frame x0 →∞.
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We studied the symmetry properties in the Grassmannian description, which allowed us
to prove the conformal symmetry, and to establish several higher-order symmetries related
to a Yangian. Curiously, a very similar Grassmannian formula also appeared independently
in another context, namely the canonical form for the tree-level Amplituhedron [35, 36].

We also computed the full one-loop n-particle observable and provided a compact
analytic formula for it. This confirms our leading singularity conjecture for this case. The
two-loop five-particle case will be discussed in a separate publication [31].

There are striking similarities between Fn in the dual conformal frame x0 →∞ and
all-plus amplitudes in pure Yang-Mills theory. We found that for all cases investigated, the
leading weight terms of the two objects are dual to each other. The origin of this duality is
unknown. If true in general, it could be used to predict the leading transcendental terms of
planar all-plus amplitudes in pure Yang-Mills theory: the four-point four-loop case could
be deduced from [91], and the five-point three-loop case from the results of [31].

There are a number of open questions and natural extensions of this work:

1. The hidden conformal symmetry we found in the frame x0 → ∞ ought to have a
fundamental explanation, which is yet to be found. Moreover, in the case of scattering
amplitudes, writing both conformal and dual conformal symmetry generators in the
same variables allowed one to see that their closure gives a Yangian algebra [4]. What
is the full symmetry of the Wilson loop with Lagrangian insertion?

2. We find it very intriguing that similar Grassmannian formulas appeared in the context
of tree-level Amplituhedron volume functions [35–37]. It would be interesting to find a
momentum-space version that would make it possible to study higher Yangian charges
directly in momentum space, as discussed in section 4.2.

3. In ref. [30], a novel decomposition of F4 in terms of certain ‘negative geometries’ was
given, generalizing ideas from the Amplituhedron. In this way, the contributions at
different loop orders could be expressed in terms of manifestly finite Feynman integrals.
In this way, certain all-order contributions could to be summed and compared to
strong coupling results. It would be very interesting to generalize these results to
n > 4 [92].

4. In the case of scattering amplitudes, (broken) superconformal symmetry, in particular
the Q-equation, played an important role in understanding the structure of the
perturbative results [93]. It would be very interesting to define supersymmetrised
version of our observable, and study its Q symmetry [74].

We are looking forward to seeing progress on these exciting questions in the near future.
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A Leading singularities B in terms of space-time variables

In this appendix we show how the dual-conformal invariants B from the main text (eqs. (3.21)
and (3.22)) look like when expressed in terms of space-time variables.

Let us consider as an example B1234, and set n = 5. Firstly, we make the denominator
parity-even

B1234|n=5 = 〈1234〉
〈AB12〉〈AB23〉〈AB34〉 ·

〈1234〉〈AB(14)〉
〈AB14〉〈AB(14)〉 (A.1)

where (14) = (512) ∩ (345) is the conjugate of (14), see e.g. [73] and eq. (3.19).
The twistor four-brackets of the type 〈ii+ 1jj + 1〉 and 〈ABii+ 1〉 are provided

in (3.15). The the parity-even combination in the denominator of (A.1) can be written in x
coordinates with the help of

〈ABij〉〈AB(ij)〉= 〈AB〉〈i−1i〉〈ii+1〉〈j−1j〉〈jj+1〉 (A.2)

×
[
−x2

0i−1x
2
0j−1x

2
ij+x2

0i−1x
2
0jx

2
ij−1+x2

0ix
2
0j−1x

2
i−1j−x2

0ix
2
0jx

2
i−1j−1

]
.

The numerator of (A.1) contains both the parity even and the parity odd pieces. They
are revealed as follows

〈AB(14)〉〈1234〉−〈AB14〉〈2351〉〈2345〉= 〈AB〉(PT5)−1ε123450 , (A.3)
〈AB(14)〉〈1234〉+〈AB14〉〈2351〉〈2345〉

= 〈AB〉(PT5)−1
(
x2

13x
2
24x

2
50+x2

13x
2
25x

2
40−x2

14x
2
25x

2
30+x2

14x
2
20x

2
35−x2

10x
2
24x

2
35

)
, (A.4)

where PT5 is the Parke-Taylor factor (3.30), which balances the spinor helicity weight on
both sides of the previous equation.

Substituting the previous identities into eq. (A.1) we obtain space-time expression
for one of the dual-conformal invariants at n = 5, where the numerator is split in the
parity-even and parity-odd pieces,

B1234|n=5 = 1
2
x2

13(x2
13x

2
24x

2
50 + x2

13x
2
25x

2
40 − x2

14x
2
25x

2
30 + x2

14x
2
20x

2
35 − x2

10x
2
24x

2
35 + ε123450)

x2
10x

2
20x

2
30(x2

10x
2
35x

2
40 − x2

13x
2
40x

2
50 + x2

14x
2
30x

2
50) .

(A.5)
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B Details of symmetry proofs for rn

B.1 Dual-conformal algebra

The dual-conformal algebra is an instance of su(2, 2). The algebra comprises Lorentz
rotations split into a pair of symmetric tensors Mαβ and M̄α̇β̇, dilatation D which counts
dimension of the remaining generators, space-time shifts Pαα̇ and the conformal boost Kαα̇,
which satisfy the following commutation relation

[Kαα̇, P
β̇β ] = δβαδ

β̇
α̇D +Mβ

αδ
β̇
α̇ + M̄ β̇

α̇δ
β
α . (B.1)

Representation of the dual-conformal algebra generators in the momentum twistor variables
ZI = (λα, µα̇) can be read off from the matrix (4.1). It is also instructive to provide
generators in the coordinate space

Pαα̇ = ∂

∂xα̇α
, Kα̇α = xα̇βxβ̇α

∂

∂xβ̇β
+ xα̇βλβ

∂

∂λα
, (B.2)

D = xαα̇
∂

∂xαα̇
+ 1

2λα
∂

∂λα
, Mαβ = xγ̇(α

∂

∂xγ̇β) + λ(α
∂

∂λβ) , M̄α̇β̇ = xγ(α̇
∂

∂xβ̇)γ
. (B.3)

B.2 Variable change in the conformal boost generator

There is a variable change that maps the conformal boost generator Kαα̇ (3.32) to the
level-one generator Ĵ of the Yangian (4.7) built from the dual-conformal algebra. We used
this fact in (4.32) in order to establish the conformal symmetry of rn. Let us give some more
details on this variable change (λ, λ̃)→ (λ, µ), which is given by the following equations,

µα̇j = xα̇αn λj α −
n∑

k=j+1
〈λkλj〉λ̃α̇k , j = 1, . . . , n− 1 ,

µα̇n = xα̇αn λnα , (B.4)

where xn is fixed. Differentiations in the helicity spinors (λ, λ̃) are reexpressed into derivatives
with respect to the twistor variables Z = (λ, µ) as follows

∂

∂λj α
= ∂

∂λj α
− xα̇αj

∂

∂µα̇j
− λ̃α̇j

j−1∑
k=1

λαk
∂

∂µα̇k
, (B.5)

∂

∂λ̃α̇j
= −

j−1∑
k=1
〈λjλk〉

∂

∂µα̇k
, j = 1, . . . , n . (B.6)

Substituting (B.5) and (B.6) in the second order differential operator of the conformal boost
K (3.32) one finds how it acts on a function of momentum twistors f(λ1, µ1, . . . , λn, µn)
normalized by the Parke-Taylor factor (3.30). The calculation is done in detail in [32].
One finds, n∑

j=1

∂2

∂λαj ∂λ̃
α̇
j

 f(λ, µ)
〈12〉 . . . 〈n1〉

= − 1
〈12〉 . . . 〈n1〉

∑
1≤j<k≤n

λj α ∂

∂λβj
λβk

∂

∂µα̇k
+ λj α

∂

∂µβ̇j

µβ̇k
∂

∂µα̇k

 f(λ, µ) , (B.7)
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provided that f is annihilated by the dual-conformal shift Pαα̇, n∑
j=1

λαi
∂

∂µα̇j

 f(λ, µ) = 0 , (B.8)

and that f is a homogeneous function of the momentum twistor variables with zero weight
with respect to each twistor,(

λαj
∂

∂λαj
+ µα̇j

∂

∂µα̇j

)
f(λ, µ) = 0 , j = 1, . . . , n . (B.9)

The leading singularities rn satisfy both these requirements, thus (B.7) justifies eq. (4.32).

B.3 Implications of Yangian cyclicity in space-time coordinates

In this section we provide space-time form of eq. (4.27). As we showed in section 4.1.2, this
equation originates from the cyclic shift transformations of the Yangian generators.

Eq. (4.27) at I = α̇ is an immediate consequence of the Poincaré invariance (4.4). At
I = α, eq. (4.27) takes the following form,

∂

∂µβ̇i

K β̇
α rn(Z1, . . . , Zn) = 4 ∂

∂λαi
rn(Z1, . . . , Zn) , i = 1, . . . , n , (B.10)

with the dual-conformal boost generator in momentum twistors variables

Kα̇
α =

n∑
i=1

µα̇i
∂

∂λαi
. (B.11)

It is instructive to rewrite relation (B.10) in the space-time coordinates,[
λγi+1

∂

∂xγ̇γi
K γ̇α − 4λγi+1x

γ̇α
i

∂

∂x̃γ̇γi
+ 4〈i i+ 1〉 ∂

∂λi α

]
rn(λ1, x1, . . . , λn, xn) = 0 , (B.12)

whereKα̇α is the dual-conformal boost generator in the space-time coordinate representation,
see (B.2),

Kα̇α =
n∑
i=1

xα̇βi xβ̇αi
∂

∂xβ̇βi

+ xα̇βi λi β
∂

∂λi α

 . (B.13)

Contracting (B.12) with λi α and taking into account that rn carries zero helicity weight
with respect to each point and the twistor incidence relation λαi

∂rn
∂xα̇αi

= 0, we obtain an
interesting implication of (B.10),

∂

∂xα̇αi

(
Kα̇αrn

)
= 4xα̇αi

∂

∂xα̇αi
rn , i = 1, . . . , n . (B.14)

We can think of (B.14) as an anomaly equation for the dual-conformal symmetry, which
is broken by the frame fixing x0 →∞, see (4.5).
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B.4 From R-operators to the Grassmannian

In the Yangian symmetry considerations of the leading singularities rn, we rely upon their
R-operator decomposition (4.17). In order to prove this relation, we would like to show
that it is equivalent to the Grassmannian representation (3.41). In other words,

∫
ω(C)∆(C,Z) =

−→
n−1∏
i=2

Ri+1i ·

←−
n−2∏
i=1

Rii+1 |Ωn〉 (B.15)

where the arrows specify ordering of the R-operator product; C is a 2×n matrix representing
a 2-plane in Cn,

C =
(
c1

1 . . . c
1
n

c2
1 . . . c

2
n

)
:=
(
~c1 . . . ~cn

)
(B.16)

with 2 × 2 minors denoted as (ab); ω(C) is a measure on the Grassmannian Gr(2, n)
(see (3.35) and (3.36)) for the fixed ordering,

ω(C) := D2(n−2)C

(12)(23) . . . (n1) , (B.17)

and distribution ∆(C,Z) is defined as

∆(C,Z) :=

∑
i<j

(ij)[µiµj ]

2 ∏
r=1,2

δ2
(

n∑
i=1

criλi

)
. (B.18)

We note that Rij (see eq. (4.13)) acts on ZIi as the shift Zi → Zi + tZj . In view of the
identity,

~ci (Zi + tZj) +
∑
k 6=i

~ck Zk = (~cj + t~ci)Zj +
∑
k 6=j

~ck Zk , (B.19)

the action of Rij onto ∆(C,Z) (B.18) by the shift of twistor variables is equivalent to the
column transformation ~cj → ~cj + t~ci of matrix C (B.16).

Each R-operator in the product (B.15) contains one-fold integration (see (4.13)). Let
us label the corresponding integration variables as t1, t2, . . . , t2n−4 from right to the left.
Let us start with matrix C0

C0 =
(

1 0 . . . 0 0
0 0 . . . 0 1

)
(B.20)

which represents a dimension zero cell of the Grassmannian Gr(2, n) and corresponds to
the pseudo-vacuum state of the spin-chain (4.18),

∆(C0, Z) = |Ωn〉 . (B.21)

Each R-operator from (B.15) implements a column transformation of C0 introducing one
extra t-parameter and increments dimension of the Grassmannian cell. Acting with all
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(2n−4) R-operators from (B.15) we arrive at the top cell of the Grassmannian. The measure
ω(C) (B.17) takes the canonical form in the t-parametrization, and each R-operator (4.13)
contributes one d log factor,

ω(C) = dt1
t1
∧ dt2
t2
∧ . . . ∧ dt2n−4

t2n−4
. (B.22)

The described procedure is equivalent to the BCFW-decomposition and positroid stratifica-
tion of the Grassmannians in the context of N = 4 sYM amplitudes [6].

Let us also note that the decomposition (B.15) is not unique. We could represent the
Grassmanian top cell by another sequence of R-operators. However, not every decomposition
is compatible with the monodromy (4.9). In other words, the Yangian symmetry could be
not immediately obvious if we use a decomposition other than (B.15).

It is also instructive to consider the decomposition (B.15) at n = 4,

r4 = R32︸︷︷︸
t4

R43︸︷︷︸
t3

R23︸︷︷︸
t2

R12︸︷︷︸
t1

|Ω4〉 =
∫
ω(C4) ∆(C4) (B.23)

where we explicitly indicate the labeling of the one-fold integrations (4.13), and |Ω4〉 =
[µ1µ4]2 δ2(λ1)δ2(λ4) (4.18). The sequence of R-operators from (B.23) corresponds to the
following sequence of C0 column transformations (B.20), such that Rij acts as ~cj → ~cj + t~ci,

C0 :=
(

1 0 0 0
0 0 0 1

)
R12→ C1 :=

(
1 t1 0 0
0 0 0 1

)
R23→ C2 :=

(
1 t1 t1t2 0
0 0 0 1

)
→ (B.24)

R43→ C3 :=
(

1 t1 t1t2 0
0 0 t3 1

)
R32→ C4 :=

(
1 t1(1 + t2t4) t1t2 0
0 t3t4 t3 1

)
,

and Ci represents i-th dimensional cell of Gr(2, 4); and ω(C4) is the canonical form (B.22).

C Details of integrability proofs for Rn

In this appendix we provide proofs of the symmetry relations for the leading singularities
Rn presented in section 4.3. The line of argumentation is similar to that of section 4.1.2
where the Yangian symmetries of rn are considered, but requires several extra technical
details. We split the proof in several steps. In C.1 we provide the spin-chain formulation
of the Yangian algebra generators and define the R-operators. The latter are employed
in C.2 to represent Rn as a product of R-operators acting on the pseudo-vacuum state of
the spin-chain. In C.3 we discuss the cyclic shift transformations of the Yangian. In C.4 we
provide several technical statements which are used in the proof of the Yangian invariance
relations in C.5.

C.1 R-operators, Lax-operators, and the monodromy matrix

Let us denote H(δi)
i the space of homogeneous functions of Zi of the homogeneity degree

δi, namely Hi = δi is the dual-conformal weight (4.40). An elementary block in the
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decomposition of the leading singularities Rn will be the R-operator. We will need to
introduce the spectral parameter u in the R-operator,[

R(u)
ij G

]
(Zi, Zj) :=

∫
dt

t1+uG(Zi + tZj , Zj) . (C.1)

The R-operator (C.1) acts in the tensor product H(δi)
i ⊗H(δj)

j and maps it into H(δi−u)
i ⊗

H(δj+u)
j . In other words, the R-operator does not preserve the dual-conformal weight,[

H1,R(u)
12

]
= −uR(u)

12 ,
[
H2,R(u)

12

]
= uR(u)

12 . (C.2)

In order to construct the Yangian generators (4.45), we combine the dual-conformal
generators (4.42) in the 4× 4 matrix depending on the spectral parameter u, and call it the
Lax operator,

[L(u)]I J = u δIJ + ZI
∂

∂ZJ
. (C.3)

The Lax operator is a local object acting in one site of the spin chain. We also decorate
the Lax operator with the dual-conformal weight, L(δ)

i (u), to indicate that it acts onto
H(δ)
i ⊗ C4. The matrix product of a pair of Lax operators acting in the i-th and j-th sites

has nice exchange relations with the R-operators (C.1),

R(a)
ij L(δi)

i (u) L(δj)
j (v) = L(δi−a)

i (v) L(δj+a)
j (u) R(a)

ij , a = v − u (C.4)

and

R(a)
ji L(δi)

i (u) L(δj)
j (v) = L(δi+a)

i (u) L(δj−a)
j (v) R(a)

ji , a = v − u− δi + δj . (C.5)

These local exchange relations are exactly what we need to establish the symmetries of Rn.
A simple corollary of the exchange relation (C.4) is the dual-conformal invariance (4.42)

of the R-operator [
R(a)
ij , Ji + Jj

]
= 0 . (C.6)

We form the monodromy matrix T(u) as the matrix product of the Lax operators (C.3)
acting on spin-chain sites 1, 2, . . . , n,

[T(u)]I J := [L1(u)]I K1 [L2(u)]K1
K2 . . . [Ln(u)]Kn−1

J . (C.7)

The monodromy matrix is a polynomial in the spectral parameter u. The coefficients of the
polynomial are the Yangian generators (4.45) acting in the spin-chain sites 1, 2, . . . , n,

[T(u)]I J = unδIJ + un−1
[
J(0)

]I
J + un−2

[
J(1)

]I
J +

n−1∑
k=2

un−k−1
[
J(k)

]I
J , (C.8)

where we recall J(0) = J (4.43) and J(1) = Ĵ (4.46).

– 40 –



J
H
E
P
0
7
(
2
0
2
2
)
0
5
7

C.2 From R-operators to the Grassmannian

We will need an analogue of the R-operator decomposition (4.17) for Rn. The presentation
in this section parallels the one in section B.4. We define the pseudo-vacuum of the spin
chain which belongs to H(−4)

1 ⊗H(−4)
n ,

|Ωn〉 := δ4(Z1) δ4(Zn) . (C.9)

In order to represent the leading singularities Rn, we act onto the pseudo-vacuum by the
product of 2n R-operators (C.1) as follows,

Rn = R(−1)
AB R(−1)

BA |Φn〉 , (C.10)

|Φn〉 := R(−4)
1A R(−4)

nB

−→
n−1∏
i=2

R(0)
i+1i ·

←−
n−2∏
i=1

R(0)
ii+1 |Ωn〉 , (C.11)

where for the sake of further convenience we split the product into two factors containing two
and 2n− 2 R-operators, and we introduced a shorthand notation |Φn〉 for the latter product
acting on the pseudo-vacuum. The dual-conformal weight counting of the R-operators (C.2)
enables us to find the weights of Rn and |Φn〉,

Rn, |Φn〉 ∈ H(−4)
A ⊗H(−4)

B ⊗H(0)
1 ⊗ . . .⊗H

(0)
n . (C.12)

The resulting expression in (C.10) coincides with the contour integral (3.34) representa-
tion of Rn,

Rn =
∫
ω(C)∆(C,Z) . (C.13)

Here we use notations ω(C) for the measure (see (3.35) and (3.36))

ω(C) := (AB)2D2nC

(12)(23) . . . (n1) , (C.14)

and for the delta-function constraints ∆(C,Z),

∆(C,Z) :=
∏
r=1,2

δ4

 ∑
i∈{A,B,1,...,n}

criZi

 . (C.15)

The pseudo-vacuum state (C.9) |Ωn〉 = ∆(C0, Z) corresponds to the following 2× (2n+ 2)-
matrix,

C0 =
(

0 0 1 0 . . . 0 0
0 0 0 0 . . . 0 1

)
. (C.16)

Each R-operator in the products (C.10) and (C.11) contains one-fold integration. Let us
label the corresponding integration variables as t1, t2, . . . , t2n from right to the left. Each
shift Zi → Zi + tZj produced by Rij induces the shift ~cj → ~cj + t~ci in the matrix C0.
Thus the sequence of R-operators in (C.10) and (C.11) brings us from C0 to the top-cell of
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Gr(2, n+ 2) parametrized with t1, . . . , t2n. The measure ω(C) (C.14) takes the following
form

ω(C) = (t2n−2t2n−3)3∏2n−4
i=1 ti

2n∧
i=1

dti . (C.17)

which agrees with values of spectral parameters carried by R-operators (C.1) in (C.10)
and (C.11).

C.3 Cyclicity of the Yangian

The Yangian generators are entries of the monodromy matrix, which is a matrix product of
the Lax operators. We will need the cyclic shift transformations of the Yangian generators,
which we formulate in terms of the monodromy matrix.

If a homogeneous function |Ψ〉 of momentum twistors Z1, . . . , Zm is annihilated by the
off-diagonal entries of the 4×4 matrix formed as the matrix product of m Lax operators (C.3)
and the action of the diagonal entries results in an eigenvalue ϕ(u, δ),[

L(δ1)
1 (u1) . . .L(δm−1)

m−1 (um−1) L(δm)
m (um)

]I
J |Ψ〉 = ϕ(u, δ) δIJ |Ψ〉 (C.18)

then the matrix product of the cyclically shifted Lax operators has a similar action on |Ψ〉[
L(δm)
m (um − 4) L(δ1)

1 (u1) . . .L(δm−1)
m−1 (um−1)

]I
J |Ψ〉 = ϕ′(u, δ) δIJ |Ψ〉 (C.19)

with another eigenvalue ϕ′(u, δ),

ϕ′(u, δ) = ϕ(u, δ) · (um − 4)(um − 1 + δm)
um(um − 1 + δm)− δm

. (C.20)

One can check this statement following [40].

C.4 Lemmas

Here we collect several technical statements which will be instrumental in section C.5. In
the following we deal with multiple products of the dual-conformal generators and we adopt
the matrix notations,

(Ja Jb)I J := (Ja)I K (Jb)K J , (Ja Jb Jc)I J := (Ja)I K (Jb)K L (Jc)L J , . . . (C.21)

We observe that the products of several local dual-conformal generators Ja (4.42) acting
at the same spin-chain site labeled by a are proportional to Ja,

(Ja Ja)I J = (3 +Ha) (Ja)I J , (C.22)

and the proportionality coefficient can be considered as a number. Indeed, the dual-conformal
weight counting operator Ha (4.40) commutes with the dual-conformal generators. The
latter equation enables us to invert the Lax operator (C.3),[

L(δ)
a (−u− 3− δ) L(δ)

a (u)
]I

J = u(−u− 3− δ) δIJ . (C.23)
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Simplifications of the products of the dual-conformal generators JA and JB also appear
when they act on functions of the twistor line ZA ∧ ZB,

ZA ∧ ZB : (JAJB)I J = − (JA)I J , (JBJA)I J = − (JB)I J . (C.24)

In particular, we will need the product of the dual-conformal transformations J̄ (4.43),
which acts on the spin-chain sites A and B, restricted to this space,

ZA ∧ ZB :
(
J̄ J̄
)I

J = −2J̄IJ . (C.25)

A special role is played by the product of two R-operators which appear on the
r.h.s. of (C.10), namely R(−1)

AB R(−1)
BA . In view of (C.6), the product is invariant under the

dual-conformal transformations with J̄ (4.43),[
R(−1)
AB R(−1)

BA , J̄IJ
]

= 0 , (C.26)

and it does not alter the dual-conformal weight[
Ha , R(−1)

AB R(−1)
BA

]
= 0 , a = A,B . (C.27)

Given an arbitrary function G(ZA, ZB) with equal dual-conformal weights w.r.t. both
twistor points A and B,

HAG = HB G , (C.28)

one can show that R(−1)
AB R(−1)

BA G(ZA, ZB) is a function of the twistor line ZA ∧ ZB, namely
it is invariant under shifts ZA → ZA + εZB and ZB → ZB + εZA. Let us apply this
observation to eq. (C.10). Indeed, |Φn〉 depends on twistors ZA and ZB , and it carries equal
dual-conformal weights at points A and B, see eq. (C.12). Then Rn given in (C.10) is a
function of the line ZA ∧ ZB in the twistor space.

The local exchange relations (C.4) and (C.5) result in the exchange relation satisfied
by R(−1)

AB R(−1)
BA with the product of Lax operators LALB,

R(−1)
AB R(−1)

BA

[
L(−4)
A (v + 1)L(−4)

B (v)
]I

J =
[
L(−4)
A (v)L(−4)

B (v + 1)
]I

J R(−1)
AB R(−1)

BA . (C.29)

Expanding the latter equation in powers of the spectral parameter v, we reproduce the
statement of the dual-conformal invariance (C.26) as well as the following exchange relation,
which is quadratic in the dual-conformal generators (4.42),

R(−1)
AB R(−1)

BA [JB + JAJB]I J = [JA + JAJB]I JR(−1)
AB R(−1)

BA . (C.30)

In order to obtain more exchange relations which involve products of the dual-conformal
generators, we contract the latter relation with the dual-conformal generators J̄ (4.43),
which commute with the product of the R-operators, see (C.26),

R(−1)
AB R(−1)

BA

[
J̄ JB + J̄ JAJB

]I
J =

[
J̄ JA + J̄ JAJB

]I
JR(−1)

AB R(−1)
BA . (C.31)
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In the following we work on the space of homogeneous functions carrying the dual-conformal
weight equal to −4. The products of the dual-conformal generators from (C.31) simplify as
follows on this space

H(−4)
A ⊗H(−4)

B :
J̄ JB + J̄ JAJB = −JB + JBJAJB ,

J̄ JA + J̄ JAJB = −JA + JBJA − JAJB + JBJAJB ,
(C.32)

in view of (C.22). We take the sum of (C.30) and (C.31) and restrict the relation to
the space of homogeneous functions, since the dual-conformal weights are not altered by
R(−1)
AB R(−1)

BA , see (C.27),

H(−4)
A ⊗H(−4)

B : R(−1)
AB R(−1)

BA [JAJB + JBJAJB]I J = [JBJA + JBJAJB]I JR(−1)
AB R(−1)

BA

(C.33)

According to the discussion around eq. (C.28), the r.h.s. of (C.33) is a function of the
twistor line ZA ∧ ZB . The product of the dual-conformal generators JBJA + JBJAJB from
the r.h.s. of (C.33) vanishes on this space, see (C.24). Finally, after rewriting the product
of the dual-conformal generators in the l.h.s. of (C.28),

H(−4)
A ⊗H(−4)

B : JAJB + JBJAJB = 2JAJB + J̄ JAJB, (C.34)

eq. (C.28) takes the following form

H(−4)
A ⊗H(−4)

B : R(−1)
AB R(−1)

BA

[
2JAJB + J̄ JAJB

]I
J = 0 . (C.35)

The relations established in this section are required in the next section.

C.5 Yangian invariances of Rn

We are going to establish how the Yangian generators from the monodromy matrix expan-
sion (C.8) act on the leading singularities Rn. To this end, we form an auxiliary monodromy
matrix out of the Lax operators (C.3) taken in the order A, 1, 2, . . . , n,B. The auxiliary
monodromy matrix acts diagonally on the pseudo-vacuum state |Ωn〉 (C.9),[
L(0)
A (u)L(−4)

1 (u)L(0)
2 (u) . . .L(0)

n−1(u)L(−4)
n (u+ 4)L(0)

B (u)
]I

J |Ωn〉 = un(u− 1)(u+ 3) δIJ |Ωn〉 ,
(C.36)

since each of the constituent Lax operators acts diagonally on the delta-functions, see (C.3),

[Li(u)]I J δ4(Zj) = u δIJ δ
4(Zj) , i 6= j (C.37)

[Li(u)]I J δ4(Zi) = (u− 1) δIJ δ4(Zi) . (C.38)

Then we act with (2n− 2) R-operators from (C.11) onto (C.36) and pull them through the
products of Lax operators by means of the local exchange relations (C.4) and (C.5),[
L(−4)
A (u)L(0)

1 (u)L(0)
2 (u) . . .L(0)

n−1(u)L(0)
n (u)L(−4)

B (u+ 4)
]I

J |Φn〉 = un(u− 1)(u+ 3) δIJ |Φn〉 .
(C.39)
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We apply the cyclicity of appendix C.3 to the previous monodromy relation cyclically
shifting the ordering of the Lax operators from A, 1, 2, . . . , n,B to B,A, 1, 2, . . . , n and
replacing the monodromy matrix L1 . . .Ln with the shorthand notation (C.7),[

L(−4)
B (u)L(−4)

A (u)T(u)
]I

J |Φn〉 = un(u− 1)2 δIJ |Φn〉 , (C.40)

and we invert LA and LB on the l.h.s. of the previous equation by means of (C.23),

[T(u)]I J |Φn〉 = un−2
[
L(−4)
A (1− u)L(−4)

B (1− u)
]I

J |Φn〉 . (C.41)

We need to act with R(−1)
AB R(−1)

BA on both sides of (C.41) in order to promote |Φn〉 to the
leading singularities Rn according to (C.10). This is straightforward in the l.h.s. of (C.41).
If we could pull this R-operator product through LALB in the r.h.s. of (C.41) then we
would find that Rn is invariant under all Yangian generators. However, the latter is not
true. The obstacle is that values of spectral parameters in LALB in the r.h.s. of (C.41) are
not adjusted like in (C.29).

In order to obtain symmetry relations for Rn, we expand (C.41) in the spectral parameter
taking into account definitions in (C.8), (4.43) and (4.46),

un−1 : JIJ |Φn〉 = −J̄IJ |Φn〉 − 2δIJ |Φn〉 , (C.42)
un−2 : ĴIJ |Φn〉 = δIJ |Φn〉+ J̄IJ |Φn〉+ (JAJB)I J |Φn〉 , (C.43)

un−1−k :
(
J(k)

)I
J |Φn〉 = 0 , k = 2, . . . , n− 1 . (C.44)

We act with R(−1)
AB R(−1)

BA onto (C.42) and (C.44) and replace there |Φn〉 with Rn ac-
cording to (C.10). Indeed, the R-operators are dual-conformal invariant, see eq. (C.26).
Thus, (C.42) is equivalent to the dual-conformal invariance of the leading singularities
Rn (C.6), while (C.44) is equivalent to the Yangian invariance of Rn with the level-two and
higher-level Yangian generators (4.47). Only (C.43) cannot be immediately interpreted as
the Yangian invariance relation, since R(−1)

AB R(−1)
BA does not commute nicely with JAJB in

the last term on the r.h.s. of (C.43).
Upon contraction of (C.43) with the tensor 〈ZA, ZB, ∗, ?〉 the unwanted terms drop out,

εIKLMZ
K
A Z

L
B ĴIJ |Φn〉 = εJKLMZ

K
A Z

L
B |Φn〉 , (C.45)

and the latter relation is equivalent to (4.48) since both RAB and RBA, which act as shifts
on twistors ZA and ZB, commute with 〈ZA, ZB, ∗, ?〉.

Another way to acquire a symmetry relation with the level-one Yangian generators Ĵ

from (C.43) is to cook up a polynomial in the local dual-conformal generators JA and JB
which nicely commutes with R(−1)

AB R(−1)
BA . We have established in (C.35) that this is the case

for J̄ JAJB + 2JAJB . Indeed, contracting (C.43) with J̄KI + 2δKI we organize the unwanted
terms into this polynomial,(

J̄ Ĵ + 2Ĵ
)I

J |Φn〉 = 2δIJ |Φn〉+ 3J̄IJ |Φn〉+
(
J̄ J̄
)I

J |Φn〉+
(
J̄ JAJB + 2JAJB

)I
J |Φn〉 .

(C.46)
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We act on the previous relation with R(−1)
AB R(−1)

BA pulling it through J̄ (C.26), replacing
J̄ J̄ → −2J̄ according to (C.25), and throwing out the last term on the r.h.s. in view
of (C.35),

(
J̄ Ĵ + 2Ĵ

)I
J Rn = 2δIJ Rn + J̄IJ Rn . (C.47)

The latter is the symmetry relation (4.49).
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