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1 Introduction

After the Run II of the Large Hadron Collider (LHC), high energy physics enters the
era of precision physics. To reduce the theoretical uncertainty in high energy physics,
it is necessary to calculate the Standard Model (SM) and SM-like models to high orders
precisely in the perturbation theory of quantum fields. A hardcore problem of perturbation
theory, is the computation of Feynman integrals of multi-loop order, or/and with multiple
kinematic scales.

There are many different ways of computing Feynman integrals [1], via integral pa-
rameterizations [2-4], sector decomposition [5-9], dimension recursion relations [10, 11],
and differential equation [12, 13]. The canonical differential equation approach, with Feyn-
man integrals with uniform transcendental weight [14], is a milestone of the computation
of Feynman integrals. By this method, the canonical differential equation for Feynman

integrals has a simple form
dl = e(dA)I, (1.1)

where I is an integral basis with uniform transcendental (UT) weight. A is a matrix where
each entry is a sum of logarithms of so-called symbol letters. Once the canonical differ-
ential equation is obtained and rationalized, and the boundary condition is determined,



the integral basis can be easily calculated by iterative integrations to an analytic result.
The canonical differential equation method has been used widely for the Feynman inte-
gral evaluation in Standard Model precision physics and in formal aspects of quantum
field theories.

One crucial step in applying the canonical differential equation approach is to find an
integral basis with uniform transcendental weight. Significant effort has been put in design-
ing methods and algorithms for finding a UT basis, for example, by the four-dimensional
leading singularity analysis [14, 15], by the Magnus series [16], by the dlog integrand con-
struction [17] with the four-dimensional integrand or the Baikov representation [18, 19], by
the initial algorithm [20], by the Poincare index computations (Lee’s algorithm) [21-23],
by the intersection theory [24, 25] and etc. In recent years, there is a great progress of the
UT basis determination, and there are several publicly available packages for determining a
UT basis, like CANONICA [26, 27], FUCHSIA [28], EPSILON [29], INITIAL [20] and LIBRA [23].
However, in general, it is still not an easy task to find a UT basis for multi-loop Feynman
integrals, especially for the cases with multiple scales.

In this paper, we further develop the Baikov leading singularity analysis method, pow-
ered by the new developments in the syzygy based integration-by-parts (IBP) reduction
method on the Baikov integrand and modern algebraic methods for rationalizing square
roots. Our method can be summarized as the following steps:

1. In a Feynman integral family, derive the Baikov representation (the usual represen-
tation or the loop-by-loop approach) of every sector.

2. In each sector, if necessary, rationalize the Baikov integrand with our rationalization
package, to reduce the number of roots in the integrand.

3. For each sector, with a leading singularity analysis, find the candidate UT integrands.
If one candidate UT integrand does not have the form of Feynman integrals in the

4

family, we apply the syzygy IBP reduction to convert it to a “normal” Feynman

integral’s Baikov representation.

Note that the UT candidates on one sector we found, may not correspond to the master
integral counting in the sense of Laporta algorithm. The reason is that we frequently
use Laporta-reducible integrals in higher sectors as our UT basis candidates. Once the
complete (and independent) candidate UT basis is obtained, we use the IBP reduction
(directly or by the finite-field reconstruction) to derive the differential equation, to verify
if the canonical differential equation is obtained.

For this step 3 mentioned above, in this paper we invent a new syzygy method for the
IBP reduction of the Baikov-type integrand with several kernels. This method treats the
simultaneous no-shift conditions as a syzygy computation for a set of module generators.
Once the syzygy is solved, we can use the corresponding IBP relations to convert the un-
conventional Baikov integrand to the representation of a “normal” Feynman integral. This
computation is straightforward and fast with the help of modern computational algebraic
geometry softwares. See [24, 25| for the different approach for converting these integrand
via the intersection theory.



We present a cutting-edge example to demonstrate our method, the two-loop double
box integral family with three different external masses. This example is complicated since
it contains five kinematic variables, and the symbol letter structure is complicated. The
traditional 4D leading singularity analysis or the recent Baikov analysis does not straight-
forwardly apply on this integral family, since the leading singularities contain complicated
roots. However, with our approach, this difficulty is overcome by the modern rational-
ization tool. We determine the UT basis of this integral family smoothly, and obtain the
analytic canonical differential equation as well as symbol letters.

This paper is organized as follows: in section 2, we further develop the leading singu-
larity analysis in Baikov representation and the method to find UT integral candidates. In
section 3, in detail, we present the example of the double box integral family with three
different external masses, with a sector-by-sector Baikov leading singularity analysis. In
section 4, we show that in cases needed, we can convert a non-traditional integrand in
Baikov representation to the Baikov representation of normal Feynman integrals, by the
syzygy IBP method. By this method, we re-derive some of the UT integrals in the three-
external-mass double box integral family as examples. In section 5, we summarize our
method and give an outlook of the further developments.

2 Singularity analysis in Baikov representation

2.1 Leading singularities and dlog integrals

Given an L-loop Feynman integral,

I L dPy, 1
Iojan =€ W/kH 2D DU . D D =4 — 2, (2.1)
=1

it has been conjectured! (see e.g. [14, 15]) that any linear combination of Feynman integrals
has uniform transcendental weight if it can be written in the form

/Zcinloggi,j, (2.2)
@ J

for € = 0 and with ¢; € C and g; ; depending on the integration variables, as well as the
kinematic variables. We call ¢; the Leading Singularities (LS) of the Feynman integral.
Note that eq. (2.2) implies the absence of double or higher order poles of the form

and only permits logarithmic singularities. In the following we will refer to an integrand
with this property as a dlog integrand, and to the corresponding integral as a dlog integral.

In general, the calculation of LS and finding dlog integrals are no easy tasks, but there
has been much progress in this direction in recent years [17, 24, 31]. In [17, 31], a general

'We explicitly consider integrals that evaluate to multiple polylogarithms and do not consider cases that
evaluate to elliptic generalizations, as the status for the conjecture there is currently under discussion [30].



algorithm for constructing dlog form integrands in four dimensions has been proposed and
the corresponding package has been released publicly. Most importantly, the package also
allows to compute the LS of a user-defined integrand and is able to give conditions on
an integrand-ansatz for the absence of double poles. We combine this algorithm with the
Baikov representation and use an example in section 3 to explain in detail how to construct
dlog integrals using this approach. This method has already been used in [18] to determine
the canonical differential equation of a family of five-point integrals.

2.2 Baikov representation

In both the computation of leading singularities and IBP reduction, the Baikov represen-
tation [4, 32-34] has proven to be extremely powerful. With n = LE + L(L + 1)/2 being
the number of scalar products, the Baikov representation reads

. s 1
Ioyoa, = CEUT 2 /dzl---dznPD = (2.4)

Z%l .. 'Z%n

where the Baikov polynomial is defined as
P=G(ly,...,lp, k1,...,kg), (2.5)
U is a polynomial depending on the external kinematics
U=Gk,...,kg) (2.6)

and C]% is .
w2
CEk=J—— S— (2.7)
p(%) . --F(%)

with J being a constant Jacobian. The Gram determinant G is defined by

G(ki) = G({ki}, {ki}), (2.8)
G({ki}, {kj}) = det(2ki - k;). (2.9)

The details of the integration contour will not be important for our applications. However,
note that by encircling a pole z; in eq. (2.4) we see that this representation trivializes the
operation of cutting the propagator z; = D; of the Feynman integral.

Another way of using the representation (2.4) is to apply it to one loop integral at
a time, instead of the multi-loop integral as a whole. This is called the loop-by-loop
approach [35] and has the advantage that the number of integration variables is usually
lower than in the full Baikov representation. In addition, the integration kernel factorizes
into lower-degree polynomials which can be used to construct integrals without double
poles [24].

The leading singularity analysis in Baikov representation has another advantage over
the conventional analysis in 4D [18]: it captures terms in the numerator that vanish when
using a four-dimensional parametrization of the loop-momenta. These terms can be con-
structed from Gram determinants involving more than four internal or external momenta
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Figure 1. A schematic algorithm for finding UTs in a specific sector of a Feynman integral family.
In steps one to three, a LS analysis is done.

since these naturally vanish in 4D. While one may be tempted to neglect these so-called
D-dimensional upgrades, the differential equations quickly show that the naive 4D-dlog
analysis is not always enough to construct UT integrals. For more details see [18].

The general strategy for finding the UTs is one sector after another in two directions,
from top sector to lowest sector or from lowest sector to top sector. The main algorithm
for finding dlog integrals or UTs in a specific sector is shown in figure 1. We explain the
steps in figure 1 in more details:

o First, we consider the full (standard) or loop-by-loop Baikov representation on the
maximal cut of the scalar integral to calculate its LS by using the package D1ogBasis
from [17, 31]. If there are no double poles, we construct a dlog integral by demanding
that the LS are constant.

e Second, if the scalar integral is not a dlog integral or if the number of Mls in this
sector is bigger than one, we consider a general numerator ansatz and repeat the
procedure of finding dlog integrals.

e Third, if the number of dlog integrals we have found is still smaller than the number



of MlIs, then we consider the super-sectors of the current sector, where we might be
able to find more dlog integrals that can be used for the sector.

o Finally, in general, these dlog integrals are almost UT in the sense that the diagonal
blocks of the differential equation, which correspond to the maximal cut, are in
canonical form but the off-diagonal blocks might still require corrections. We show
how to deal with this case in the next section.

The main challenge is the calculation of the LS. This step is especially difficult when more
than one square roots appear in the Baikov representation or when the integrand is a func-
tion of many kinematic variables or integration variables. The difficulty from square roots is

overcome by rationalization through our Mathematica package RationalizeSquareRoots.?

3 Example: double box with three massive external legs

We apply the LS analysis to the double box with three massive external momenta shown
in figure 2. We choose this non-trivial example to show the power and procedure of our
method. The integral family is defined as

I _ 62%:6/le1le2 1 (3.1)
ai,...,a9 (md/z)z Dft- .- Dg9’ ’

where the propagators are

Dy =13, Dy= (1 —k1)? D3 = (I1 — k1 — k2)?, Dy = (la + k1 + k2)?,
Ds = (lg+ ki + ka + k3)?, Dg =15, D7 = (1 +12)?, (3.2)
Dg = (I3 — k1 — ko — k3)?, Dg = (I2 + k1),

with the last two being irreducible scalar products (ISPs), i.e. ag, ag are always non-positive
integers. The kinematics is

k% = m%, k% = m%, k% = mg,s = (I€1 + k2)2, t= (kg + k3)2, u= (ki1 + k3)2, (3.3)

and s +t4+u = Y2 m?. A UT basis for this family has not yet been provided in the

literature, but a subset of the integrals have been computed through other methods, see
e.g. [37].

After doing IBP reduction with FIRE [38], Azurite [39, 40], Kira [41] or FiniteFlow [42],
we get a total of 47 master integrals (MIs). The 47 MIs can be organized into 33 integral
sectors as drawn in figure 3, and there are respectively 1, 3,10, 14, 5 sectors with 7,6,5,4, 3
propagators, some of which are symmetric to each other by making permutations of external
momenta. There are six slashed box (triangle-triangle) sectors with five propagators shown
in the third line of figure 3, and among them, one sector is most special with six MIs, while
other sectors only contain one or two MIs.

The task is to find 47 linearly independent UT integrals, and we will follow the al-
gorithm proposed in figure 1 in the last section. We will extensively use the full and the

2A private implementation of the algorithm described in [50]. See [36] for a public implementation.
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Figure 2. The two-loop double box Feynman integral with three massive external momenta
k1, ko, k3 and seven massless propagators. The massive legs are indicate by thick lines.

loop-by-loop Baikov representation of eq. (3.1), therefore we will give the explicit forms
of the Baikov representations of our case. Following eq. (2.4) we find for the full Baikov

representation of the two-loop three-mass box

dzqy---dzg -,
Iay,...a0 N/ﬁp ! Ue, (3'4)
1 9

where we have ignored the factor C'% because it is not important for our analysis of LS.
Here and P and U are

P:G(ll,lz,k‘l,kg,k‘g), UEA:G(kl,kz,k‘g), (35)

and the scalar products are replaced by new variables corresponding to the propagators
z; = D;. Further, we call

Kr(zi,...,29) = P717U* (3.6)

the full Baikov kernel.

Next, we consider the loop-by-loop Baikov representation. In the case of the double box
eq. (3.1), there are two kinds of loop-by-loop Baikov representations [35]: the left-to-right
(LR) and the right-to-left (RL) Baikov representation, depending on whether we first put
the I; or ls loop into Baikov representation, respectively. The LR Baikov representation is

dzl s dZ7 dZQ
Ia, ... .a7,0,a0 ~ /mKLR(Zla---aZ%Z@) (3.7)
zl PEEEEY 27 Zg

where the LR Baikov kernel is
Kir(z1, ..., 20, 29) = (ubB) "2 (ubB) s —¢(y LR A (3.8)
with
ut? = Gl lg, ki, ko), ub™ = G(lg, ky, ko, ks), ug™ = G(la, k1, ka). (3.9)

The RL Baikov representation is

le cee d28
Ial,...,ag,o ~ /ﬁKRL(Zl,...,Zg) (310)
Zl ... Z8
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Figure 3. The different topologies of the MlIs. The thick external lines represent massive external
momenta. The sectors Z are labeled by the lines that are present in the diagram and we also show
the number of master integrals in each sector.



where the RL Baikov kernel is

ICRL (Zl, e ,28) = (quL>7%7€ (ugL)iéie (U§L>€ A€ (3.11)

and
’U,{%L = G(ll, lg, k’3, ]64), UQRL = G(ll, k‘l, kz, k‘g), ugl,%L = G(ll, k‘3, ]{4). (3.12)

Just as stated before, the loop-by-loop Baikov representations have fewer integration vari-
ables. While this speeds up the LS computation, it also represents a loss of information

since integrals involving non-zero ag or ag, respectively, cannot be included in the ansatz.

3.1 Top sector and six-propagator sector

We start with the top sector Zjs34567, which has 3 Mls, as shown in figure 3 and we will
use the full Baikov representation of eq. (3.4). First, we simply consider the scalar integral
Ii1111,1,1,00- After taking the maximal cut, z; = ... = 27 = 0, the integrand simplifies to

syt tyty byt

P U =m0 = Ue{zg [m3m3s + (—mis — m3s + s%)29 + 523
. (3.13)
+ 28 [(m3m3s — s%t) 29 + (—m3s + 82)23]} :

As shown in eq. (2.2) we can set € = 0. The LS is easily calculated by the command
LeadingSingularities of the package [31]:

16

e (3.14)

Therefore the scalar integral s(m%m% —st)111.1,1,1,1,1,0,0, whose LS is a rational constant,

is a dlog integral on the maximal cut and a candidate for UT in the top sector.

Next, we need to find two more dlog integrals in the top sector. Since zg and zg are
the only possible numerators in this sector, we consider the integrals with a numerator zg
and zg, or the linear combinations of them with the scalar integral. Indeed, we find that
Iiii1,1,1,-1,0 and I11,1,1,1,1,1,0,—1 are dlog integrals on the maximal cut with LS

16
— (3.15)
s(—=s+mj)
and
16
_ 3.16
S (3.16)
respectively, where 71 = /A(m?2,m3,s) and \(z,y,2) = 2% + v + 22 — 220y — 222 — 22 is

the Kéllén function. Therefore our UT candidates for the top-sector are

2 2
s (mlmg - st) I111,1,1,1,0,09

P
s (m3 - S) L1101 (3.17)

sr1d1,11,1,1,1,1,-1,0-



Some comments: first, the outlined process of finding dlog integrals in the top sec-
tor can be simplified, as introduced in [31], by giving a general ansatz for the integrand
numerator

(a1 + agzs + aszz9) K, (3.18)

computing all LS, and choosing independent LS to construct UT candidates. Furthermore,
the general ansatz must be linear in zg and zg, because any higher power would imme-
diately lead to a double pole at infinity. Second, although in this sector we take the full
Baikov representation as the example to illustrate the process, the loop-by-loop Baikov
representation works equally well. Using the LR Baikov representation, we can find the
first two dlog integrals of eq. (3.17), and the last dlog integral can be found using the
RL Baikov representation. When we begin to consider the lower sectors, we will see that
the loop-by-loop Baikov representations are usually the better choice, since they contain
fewer variables.

Finally, we need to check if the candidates in eq. (3.17) receive corrections from sub-
sectors when relaxing the maximal cut constraint. We find that for 17111111

shytytydydydy

—1,0 a second
LS appears if z; # 0,

16m3
b (3.19)

s(m3m3 + m3s — m3m3 — st)’
Therefore it is not possible to normalize the integral s.t. both LS are simultaneously con-
stant and we need to find suitable subtraction terms to cancel this second Leading Singu-
larity. The subtraction term has to come from the subsector Zs34567, since this is the only
subsector with non-vanishing integrals under the cut zo = ... = 27 = 0. Making a suitable
ansatz, we find

2
ri(=m3lo1,1,1,1,1,1,00 + 8111,11,1,1,1,-1,0) (3.20)
to be a UT integral. A similar analysis shows that /1 1,1,1,1,1,1,0,—1 likewise receives correc-

tions from two subsectors:

(m3 — 8)(—m%f1,1,1,0,1,1,1,0,0 —m3l111 1,0,1,0,0 T 811,1,1,1,1,1,1,0,—1)- (3.21)

It it i)

Following the same process, i.e. considering the maximal cut and calculating the LS,
we can easily find the dlog integrals for the sectors with six-propagators:

(mim3 +m3s — mim3 — st)I0,1,1,1,1,1,1,0,0,
s(mf —)11,1,01,1,1,1,0,0, (3.22)

r2d11,1,1,1,0,1,0,0

where 79 = \/ (m3m3 — m3s + st)2 — 4m2m3m3s. We have checked that lower sectors don’t
provide any corrections for these UTs. In principle, the maximal cut of the differential
equation in these single-MI sectors can always trivially be brought into canonical form by
choosing a suitable normalization of the integral. However, this may lead to complicated
corrections from lower sectors, therefore we try to avoid it in sectors with many propagators.

~10 -



3.2 Five-propagator sectors and lower sectors

At two loops, the sectors with five propagators are usually the most difficult for finding
UT integrals. There are three kinds of five-propagator sectors which we call box-bubbles,
slashed boxes, and triangle-bubbles as shown in the second, third, and fourth line of figure 3
respectively. First, we consider the six slashed-box sectors. Among them, there are two
special sectors, sector Zs3567 has two MIs and the other sector 72457 has six MIs.

For sector Za3567, we immediately find that the scalar integral I 1.1,0,1,1,1,0,0 is a dlog
integral with LS

16
mi+mi—s—t

(3.23)

Considering a general ansatz for the numerator in this sector we do not find further dlog
integrals. However, as mentioned before, one can often fill missing dlog integrals in a sector
with integrals from super-sectors. Again starting from an ansatz in super-sector Zs34567
under the maximal cut of sector Zs35¢7, we find that

2
10,11,0,1,1,1,00 — L0,1,1,1,1,1,1,0—1 +m510,1,1,1,1,1,1,0,05 (3.24)

has leading singularity

16
S m— (3.25)
and can therefore be used as a substitute in this sector. Surprisingly, after doing IBP
reduction, we find that this integral can be completely reduced to an integral in sector Zo3567
m3(t — m3)

2
I61,1,01,1,1,00 — L0,1,1,1,1,1,1,0,—1 + M300.1,1,1,1,1,1,00 = ————5——-102,1,0,1,1,1,00- (3.26)
e(m? — s)
-

Hence we conclude that em%(t — m%)]072,1707171,170,0 is the second UT integral we want.
Next, we consider sector Zjo457, which has six MIs and is therefore the sector with the
most MIs of the two-loop three-mass box. Although the procedure for this sector is similar
to the previous one, it is technically much more difficult. To simplify the computation,
we use the loop-by-loop Baikov representations. The schematic form of the maximal cut

integrand of the scalar integral I 10,1,1,0,1,0,0 in LR Baikov representation is

16
VI1(z6, 20)V/ fa(z3, 26, 20)

where we have set ¢ = 0. The kernel (3.27) has two complicated square roots and both

(3.27)

’CLR|Z1:ZQZZ4:,Z5:Z7:O -

of their arguments are quadratic polynomials. Fortunately, we can first put the integrand
with respect to z3 into dlog form, because it appears only in the second square root. The
result is

16 dlog g1(z3, 26, 29)
V [1(z6, 29) v/ f3(z6, 29) 0z3

(3.28)

- 11 -



where f3(zg,20) = A(m?, z¢, 29). Since f3(zg, 29) is much simpler now, we can rationalize it
through the change of variables?

26 = —mix1 (1 +x2), 29 = —mixy(1l+ 1), (3.29)

which was found through our package (see footnote 2).

The Jacobian turns out to cancel /f3(26(x1,x2), 29(x1,x2)). There is now only one
square root left and therefore we can continue the analysis in the usual way to get the LS
16

o (3.30)

with ry = \/(s+t—m2)2—4m%m§ = \//\(m%,mg,u). So the scalar integral 741 101,1,0,1,0,0 IS
a dlog integral.

Since we cannot find further dlog integrals through the maximal cut of this sector, we
turn to the super-sectors. Through sector Zj24567 we find that

2 2
(m3 — $)(—11,1,0,1,1,0,1,00 + 11,1,0,1,1,1,1,0-1=m111,1,0,1,1,1,1,0,0)

i )

= fIZLO,Ll,O,LO,O (3.31)
is a UT integral and reduces to sector Zi2457. To also consider the integrals with ag # 0,
we switch to the RL Baikov representation and similarly find the UT integral in supersec-
tor Z123457:

m%rl

r1(11,1,0,1,1,0,1,0,0 + 11,1,1,1,1,0,1,—1,0 — M311,1,1,1,1,0,1,0,0) = — I11021,0100-  (3.32)

It Rkl

Using the symmetry p; <> p3 of the sector, we can find another two UT integrals

m3(m3 —1t) mirs

_f11,1,071,2,0,1,0,07 —

I1,20,1,1,0,1,0,0- (3.33)

From the above results, we guess the last UT integral to be I11,0,1,1,0,2,0,0, and its coefficient
can be specified by integrating out the €® term of the corresponding differential equation.
Finally, this gives us six UT integrals for this sector as shown in (3.37). In section 4 we
show an alternative method for finding the first UT integral in eq. (3.33).

Now we should consider the remaining sectors, i.e. box-bubbles and triangle-bubbles,
all of which contain a bubble sub-diagram. Since the bubble integral has a double pole,
the scalar integrals in these sectors cannot be dlog integrals. However, we can again con-
sider their super-sectors, where triangle sub-diagram can be reduced to the corresponding
bubble. As a result, the bubble integral often comes with a doubled propagator or has an
€ dependent prefactor. We take the sector Zjo357 as an example. In this sector, we can
find that

2¢ — 1

2
—m311,1,1,1,1,0,1,00 + 11,1,1,0,1,0,1,-1,0 = — 11,1,1,0,1,0,1,0,0 (3.34)

3The command LeadingSingularities cannot find this transformation on its own and therefore stops
the computation at this point.
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has LS —16/r1, and

1
Naro1100 =~ 1111010200 (3.35)

has LS 16/(m$m3 — st). Therefore, two UT integrals in this sector are

2¢ — 1 1
2 2
r111,1,1,01,01,00 and g(mlmg — st)11,1,1,0,1,0,2,0,0- (3.36)

IR ]

For sectors with four or three propagators, a first UT integral can always immediately
be found by considering a doubled propagator in each bubble integral. If necessary, a
second UT integral is then found by a transformation of the differential equation. Because
there are few subsectors that could give rise to corrections of these integrals, we find this
transformation to be extremely simple.

To conclude this section, we have found all UT integrals for the integral family of the
double box with three massive legs. They are listed in (3.37), and we have checked that
their differential equation is indeed in canonical form. In summary, when starting the LS
analysis from the maximally-cut integrals, the most important points are the following:

1. The dlog integrals of a sector sometimes receive corrections from its lower sectors,
which is indicated by the analysis of LS of the integrals when relaxing the maximal
cut of this sector.

2. To find dlog integrals in a given sector, we can consider a general ansatz for the
numerator s.t. there are no immediate double poles. If we cannot find enough dlog
integrals in a specific sector, we continue the search in its super-sectors.

3. Sectors with bubble sub-integrals will always have an inherent double pole. In this
case we can continue the analysis with a doubled propagator in the bubble integral
or consider integrals in its super-sectors. And if the sector is simple enough, a direct
transformation of the differential equation is often the preferred approach.

4. As mentioned at the beginning of the section, the off-diagonal blocks of the differ-
ential equation might still require correction terms. By working from lowest sector
to highest sector, it is then usually straightforward to also bring these off-diagonal
terms into canonical form. This can be done either by integrating out the €’ term
of the off-diagonal block or by going back to point 1. and relaxing the cut-conditions
for the subsector corresponding to the respective off-diagonal block.

The list of all UT integrals, with the ordering corresponding to the classification of
sectors, is

. _ 2 2 2
Th934567: g1 = —€ s(st—mim3)I11,1,1,1,1,1,0,0,

0,0+s11,1,1,1,1,1,1,-1,0)

sy tytytydy

2 2
g2=e"r1(—m3lo11,1,1,1,1,

2 2 2 2
gz=e(m3—s)(—=mili11011,100—m2l111110100+5011,11,1,1,1,0-1),

2,2 92, 9 2 9
To34567: ga =€ (mim3+mas—maoms—st)lo1,1,1,1,1,1,0,05

bty dydy
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2 /2
Tioaser: g5 =€"s(mi—1t)111,01,1,1,1,0,0

Ti23a57: 96 =€1211,1,1,1,1,0,1,0,0,
Toaser: g7 =e(2e—1)(m3—5)10,10,1,1,1,1,0,0,
Tioss7: gs=€(2¢— 1111111010100, 99 =€(mim3—st)I111,0201,00s
Tioast: gio=—emi(mi—5)12101101.005 911 =—emir3112011,0.1.00,
gi12 = —€m§7"11—1 1,0,2,1,0,1,0,0, 913 = —6m§(m1 )11,1,0,1,2 0,1,0,05
gra=e(mim3 —st)1110110200, 915=€741110110100
Tozsor: 916 =€ (mi+mi—s—t)Io110111,00, 917 =2em3(t—m3)1021,01,1,1,00,
Tosaer: 18 = €21110,1,1.1,0,1,1,0,05
Tozast: 919 =€7310.1,1,1,1,0,1,0,05
Tisas7: g20=€>(m3—5)11,0,1,1,1,0,1,0,05
Tioae7: 921 =€1111.1.01.01.1.0,05
Ti2sa5: go2 =€*(m3—5)1111,1,1,1,1,1,0,0,05
Tiosa6: g3 = erimi(—2€l111,1,1,1,0,00+511,1,1,21,1,0,0,0)5
Zose7: goa=€r110,2,0,1,0,1,1,0,0,
925 =3e(s—m3 —m3)10,2,0,1,01,1,00+M3M710,2,0,1,0,1,2,0,0;
Toasr: 926 = €r310.2,0,1,1,0,1,0,0, 927 = 3€(m3—m3—1t)I0.2,0,1,1,0,1,0,0 +M3t0,2,0,1,1,0,2,0,04
Toser: 928 =€r110,1,1,0021,00, 929 =3e(m3—mi—5)1011,0021,00+m1t101.1,0,0220.0,
Tossr: g30=er310110201,00, 931 ="3€(m3—m3—1)10110201.00+m3t10110.2020.0,
Tioar: gs2=er111,1,0.2,0,0,1,0,0, 933 =3€(mi—m3—s)11,1,0.2,0,0,1,0,0+5M311,1,0,2,0,0,2,0,0;

Tiosr: g3a=(2e—1)(3e—1)11,1,0,0,1,0,1,0,0,

Tigs7: g3s=(26—1)(3e—1)11,0,1,0,1,0,1,0,0;
Tias7: 936 = (2e—1)(3e—1)I1,0,0,1,1,0,1,0,05
Tosas: g3 =(1-2€)%10,1,1,1,01,000, ZL23a5: 938 =(1—2€)%10,1,1,1,1,0,0,0,0+
Ti3a6: 930 =(1-26)1101101.000, Z1345: ga0=(1-2€)*T1.01.1.1.00.0.05

2
Thoae: ga1=(1-26)°T11.01,01.000, 1245 gaz = (1—2€)*111,0.1.1.0,0,0.05
) _ ) 2 ) 2
L3e7: 943 =510,0,2,0,0,2,1,00, L357: gaa =m300,0202,0,1,0,0, L267: 945 =m7102,0,0,0,2,1,0,0,
. _ . a2
Tosr: 9a6 =1102,0,02,0,1,0,0, ZLoar: gar =m51p20,2,0,0,1,0,0- (3.37)

The square roots are defined as

ry = \/A(m?,m3,s), ro= \/(m%m§ —mis + st)2 — dm3Imdm3s,

_ 2 2
\/ m27m3’ 4=y )\(mbmgau)a

where we have used s+t +u = Z§:1 m?. Recall that \(z,y, 2) is the Kéllén function.

(3.38)

3.3 Differential equation and the alphabet

The alphabet of the three-external-mass double box integral family consists of 30 symbol
letters. Here we explicitly list them:
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Even letters. There are 15 even letters:

2 2 2 2
leml, W2:m2, W3:m3, W4:8, W5:t W6:m3—8,

Wr=m3—t, Wg=mim3—st, Wo=m3+mi—s—t,

Wi = m3s + mim3 — mim3 — st,

Wi = —2m3s — 2mis + mi +mj — 2mim3 + s°
Wia = —2m3t — 2mit + mj + mi — 2m3m3 + t2,
Wis = —2m3s — 2mat +mj — 4m%m§ + 52 + 25t + 12,

_ 2.2 4.2 2,2 2 2
Wiy = —2mis*t + mas® + 2mim3st — 2m3mas — 4mim3mis + mamy + s°t2,
Wis = —mist — m3st — m%st +m2m3is — m%mgs — mlmgt + m2m3t

+ mimi + mim3 — mim3m3 + s°t + st’ (3.39)
Odd letters. There are 15 odd letters.
mi—m3+s—nr m3—mi+t—rs
Wi = P P) , Wir= P P) )
mi—m5+s+r] my —m3+t+r3
m? —m3—s—r m%—m%—t—rg
Wig = 2 2 , Wig = 2 2 )
mi—ms5— 8+ ms; —m3z —t+r13
m3 —s—t+ry —m3s +m3m3 + st + 1o
Wy = P) ; Wa = 5 ) )
ms —8—1t—ry —m3s + mams + St — 19
—ry (Mm% — 5) + m3s +m3s — m3t + 2m3m3 — m3m3 — s* — st
Wao = 2 _ 2 2. _ .2 2,92 _ 922 2 __ J
74 ( t+2
4 (M3 s) +m3s + m3s — mst + 2mim3 — mgmz — S st
e m3s —mis +m3t — m2t — m3 + m2m3 + mim3 + m3m? + st — rir3
23 =
m3s —m3s +m3t — m3t —m3 + mim3 + mimi + mImd + st + rirs’
e —m3s +m2s — 2m3t — m3t +m3 — 2m3m% — m3m3 + st + % —r3ry
24 =
—m3s +m3s — 2m3t — m3t + m3 — 2m2m2 — mIm3 + st + 12 + ryry’
e m3s + 2m3s — m¥t + m3t — mj + m3m3 + 2m3m3 — 5% — st — riry
25 =
m3s + 2m3s — mit + m3t — mj + mim3 + 2mim3 — 2 — st + riry’
2,2

~ fag — 1172 _ for —1ror3 _ fag — (mim3 — st)ry
Wy =", Wauy=T"——""", 28 = 5 ;

fog + 1o for + 1ors fog + (mimg — st)ro
2 2,2 2,2
_ f29 - (m23 + m1m3 — mgmsz — St)’rl
W29 - 2 2 9 )
fog 4 (m3s + mlm3 msms3 — st)ry
2 2,2
W — f30 — (—m 75 + m1m2 mims + st)rs A
30 — P 2 9 (3 0)
f30 + (—=m3t + m3Im3 — m2m3 + st)rs
where
fos = —m3s® — mist —mist + 2mimis + mimis

2,2 4, 2 2,22 | 2
+ 2msm3s — mom3z + mimsmsz + s°t,

for = mist + 2m3st — mas + mam3s — mamat

+m3m3 — maym3 + 2mim3m3 — st?,
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fog = —m3s*t — mim3st + mim3st + mimis

— Qm%mgmgs + m%m%mg + s%t2,
fa0 = m3s? — mist +m3st — mas +mimas — mimis
— mamis +mim3 + myms — 2mimams + 5°t,
f30 = m%st — m%st + m§t2 - m%t — m%m%t - m%mgt

+ m3m3t + mimj 4+ m2mi — 2mimim3 + st (3.41)

In terms of the 30 letters, the differential equation can be expressed as

I = e(dA)I (3.42)

where each entry of the matrix A is a linear combination of the logarithm of the letters.
The computer-readable files for the canonical differential equation and the alphabet are
given as supplementary material of this paper.

We also explicitly checked that the one-loop three-external-mass box’s alphabet is a
subset of our 30-letter alphabet. Furthermore, it would be interesting to see if the alphabet
of the two-loop two-external-mass integrals [43] can be recovered from our results. We leave
this problem to future work.

Obtaining the matrix A from the five matrices 9;A of partial differential equations is
complicated by the fact that we were not able to find a parametrization that simultaneously
rationalizes the four square roots r1, . .., r4. However, individual elements of A only depend
on two of the square roots at most and therefore we can use different parametrizations when
integrating different elements. E.g. 14144,21 depends only on r; and r2 and can be integrated
after rationalizing only these two square roots using our package RationalizeSquareRoots
(see footnote 2). In this way we are able to rationalize all elements of the matrices 9;A.
Subsequently, we obtain the independent letters following section 3.1 of [44].

4 Reducing shifted integrals to Feynman integrals through syzygies

In this section we try to utilize a different idea for finding UT integrals which was introduced
in [24], and we further develop this method by a new type of IBP relations in the loop-by-
loop Baikov representation. The method of [24] builds on the fact that the Baikov kernel
K(z) in the loop-by-loop approach factorizes in the following way:

K(z)= ﬁ g () "R PRE (4.1)
k=1

where it is important that the ug(zy) are irreducible, distinct and quadratic polynomials
in z = {z1,...,2,}. For the example of the two-loop three-mass box in the right-to-left
approach, the kernel is given in eq. (3.11)

B AU3(Z3) 1
k=)= <U1(Z1)U2(Z2)> u(21)/u2(22) 42
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where z={z1,22,23,24,25,%6, 27,28} and z1=2\{22}, 20 ={21,22,23,28},23 = {21,23, 28}
For the sake of readability we use u;(z;) = uﬁL and in the following also u; =u;(z;). From

eq. (4.2) we see that

1 1

— S =0. 4.
71 2) 72 27 Y3 0 ( 3)

In the last section we used the square-roots of uj(2z1) and ug(z2) in the denominator to

build dlog-integrands by choosing appropriate numerators. Following [24] we now also want

to introduce u3(z3) into the denominator and likewise use it in the dlog construction. From

eq. (4.1) we see that this amounts to the shift 43 — (73 + 1).* We will use the notation

T(172:9+0) for these new integrals, s.t. the original integrals are denoted by 1(11:727%38) = J.
The task is then to

1. Find dlog integrands through suitable linear combinations of integrals [(11:72:73+1)
and T(172:73)

2. Relate the shifted integrals 1017273+ to the unshifted integrals 7(71:72:73)

In both of these points, we will deviate from the original methods proposed in [24]. In
the first point, the two square roots in K(z) force us to apply a change of variables that
rationalizes one of the them. In the second point, we will not use intersection theory [45—
49], but rely on unconventional IBP reduction via the Laporta algorithm, in combination
with techniques borrowed from dimensional recurrence relations [11].

4.1 Finding dlog integrands

It will be useful to define

Ut = Ui (zj1 = cjil, ey By = cj[m) , (4.4)
with cjc =0,7 ¢ {3,6,8} and cgt, céc and céc will be defined below depending on the sector
under consideration.

Next, we note that, when constructing dlog integrals, a factor (x — a) in front of a
square root with a quadratic polynomial as argument basically means that we take the
residue in a, because [24]

1+ (a2—a)(a1—2x)

1 B 1 2 log (a1—a)(az—x) (4.5)
(x —a)\/(x —a)(z—az) /(a—a1)(a—az) Ox 1 Eagfaggarxg '
a1—a)(az—zx
1 = L 9 log _ Ve (4.6)

@-aV—e) Va—m) 9z 0

4Note that we can only relate integrals with ~x’s shifted by an integer back to the unshifted integrals.
Therefore, we can only shift 3 without introducing a double-pole into the integrand.
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and we usually omit the dlog because its exact form is irrelevant for the construction. This
means that, for the top sector, one can immediately construct dlogs in z4, 25, 26 and z7 by
repeatedly using eq. (4.5), effectively setting these variables to zero in u;. The result is

1 1 1

11,111,100~ log( 4.7
2129232425267 \/u1\/u2 212223 \/U1,4567/U2 H 4 0% 8l (4.7)

where
U1,4567 = (mgzl — SZ8)2 (4.8)

which rationalizes the first square root. This is possible because uy does not depend on
these four variables.

b

A more interesting example is the “hard slashed-box” sector, Zi2457. As a warm-up,

consider again the scalar integral, this time in the RL approach

1 1
I11,0,1,1,0,1,00 ~ : 4.9
21297242527 \/’LTM/UQ ( )

We can set z4, z5 and z7 to zero in u, but because we cannot set zg to zero, the square-root
does not rationalize anymore. Next, we can factorize the remaining wu; 457 in z¢:

u1457 = f1(23,28) (26 — Cgr)(ZG —cg) (4.10)

and build a dlog in zg by using

1+ a1—zx)
1 0 (a2—z)

= Dgg V2T 411

V(e —a))(r —ay) Ox 1 Eal_m; ( )
ag—T

so that only 2129/ f1(23, 23)/u2 remains in the denominator.
Similarly, we can set z; and zo in us to zero, but not z3. Hence, for the scalar integral,
we are left with

0 log(...). (4.12)

1
|
VI, 2)V1212 556 9%

Since both factors are quadratic in z3 and zg, we need to rationalize one of the square

roots. We can rationalize f;(z3, zs) through the change of variables
23 = —maxs(1 + x3), 28 = —m3(1 + x3)zs, (4.13)

which can be found through the methods described in [50]. The Jacobian turns out to
cancel v/ f1(z3, xg) and therefore there is only y/ug 12(z3, x8) left, which is quadratic in z3
and xg and can be processed through eq. (4.11). This shows how the scalar integral in this
sector can be put into dlog form using the language of [24]. It also shows why this integral
does not receive corrections from lower sector, namely because the analysis on the maximal
cut in eq. (3.27) is essentially equivalent to the one done in this section.
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Now we are ready to search for further dlog integrals among the shifted integrals
T2+ We consider the integrand of

KT o ~ — e (414)
e 2122242527 o/UL+/U2 U3

The steps for u; are the same up to eq. (4.10), i.e. we begin by building dlogs in z4, 25, 27

and then in zg. For us, we do not yet set z; and zo to zero but first change variables
according to eq. (4.13) which removes +/fi(z3,zs). The integrand up to now is therefore

I wo 11 9 4.15
I hoa 0 00 e i ie{41,_5[,6,7}8z g(...). (4.15)

Now we need to factorize us, e.g.

uz(z1, 23, 28) = f3(xs)(z3 — i ) (w3 — c3). (4.16)
To make the discussion easier, it will be beneficial to remove one of the two factors in xg by
(m 7’727’Ys+1

switching to an integral I7) (1’17 100 [N+] with corresponding numerator N = (z3 — c3)
or N_ = (z3—c3). The complete denominator in (4.16) can then be recovered by building
linear combinations of the two integrals with numerators. Therefore, we consider the

integrand
R A YA . 1
1 1,0,1,1,0,1,0,0 [ i] lezfs(ﬂfs)(l“s _ cgt)\/@
1 9 log(...) x H 9 log(...) (4.17)
e (0] — 10 o)
2122 f3(8) \/Uz 3+ * Oy ic(inem 9% &

As shown in appendix A, ug 3+ is a perfect square and can be written in the follow-
ing way:

L1 8} 0 (4.18)

_ +
VU2 3+ = (mZ—s)2 1— (23 —c3) 87221@

378 3
We could now use ,/u; 3+ in the numerator in order to cancel the corresponding denomi-
nator of (4.17). This would leave us with dlogs in z1, 2z and xg, as one can easily check.
However, ¢3 are potential square roots and the relation between {z3, z} and {23, zg} is not
single-valued. The numerators N = VUz3% (T3 — c3) are therefore also not single-valued.
To avoid this issue, we build linear combinations of the two numerators.

The anti-symmetric combination is

Ny = NL = g7 (23 — c3) — \fug s (23 — c3)

0
Y St S S
= Z(m:% — S) (03 C3 )8Z2UQ.

(4.19)

The factor c?{ — c3 can easily be dealt with by cancelling it through a corresponding
denominator. This means that the two individual integrals of the linear combination now
have numerators N = | /i 3% (v3 — cf)/(cs —¢3) and (cf — ¢3) is used in the dlog
construction for z;. The final integrand of the anti-symmetric combination is then

1 N
TOr2stl) an , 4.20
[ Z1R22242527 A/ UL/ U2 U3 ( )
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where the numerator is now a rational function in z

N =2 (N} = N") (m3 — 5)* = (mj — s)a(ZUQ (4.21)
2

Making the symmetric combination rational in z3 and zg is more complicated. While
this can be done through certain linear combinations, e.g. using

o 0 (0 0
9~ 2~ (35 7)) 2

we find it both easier and more systematic to just make an ansatz in terms of integrals
T0172:%) and 101727%+1) and then feed it into LeadingSingularities. In this way, we

find a total of six dlog integrals, including the two mentioned above.

4.2 Reducing shifted integrals

Our method for relating the shifted integrals 1(11:72:%41) to the original ones is similar to
how dimensional recurrence relations are derived. Therefore, we give a very brief introduc-
tion into the latter before proceeding with the example of the last section.

Following eq. (8) in [11], one can construct lowering dimensional recurrence relations
in (full) Baikov representation by factoring out one power of the Baikov polynomial:

(D—E—L—1)/2
(21, 2n
2, / <H dzz> ! o ) - (4.23)

1.2

IP+2) L p(AT, ... A IP) (4.24)

a1;,...,an ag,...,an”?

where A acts on Iéf,),,,an by decreasing the corresponding a; by one, e.g.

D
A3 C(ll 212413 as I(E1,¢)127a3—17a4' (4-25)
An important point here is that one can do a (D+2)-dimensional IBP reduction for IC(LIDHCB,L

and derive the corresponding master integrals IIS/IDIH), which can then be translated to
integrals in D dimensions. These integrals can then be related to D-dimensional master

integrals Ils/[DI) through a D-dimensional IBP reduction. This gives a relation
=1, 1. (4.26)

Upon inverting T_o one can also derive raising dimensional recurrence relations, which
have to be consistent with the ones found from the parametric representation (see eq. (4)
n [11]).

Now the idea is to apply this to the right-to-left Baikov approach for a single u;(z;).
We start with an analog expression for the integral, now in the loop-by-loop approach:

men —Yk—Bre€
I(gy};.;ézm ~ / <H dzl> [T 1?1(‘ )an (4.27)

.. Zn
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As in section 4.1, our dlog integrals will have an additional factor u;(z;) in the denominator,
i.e. 75 = (v +1). We relate the two types of integrals through.

I = (AT A I T, (4.28)

al,...,an

We would now again like to do an IBP reduction of both sides to get

I]E/'[Yllw-ﬁm) — T’Yj-i-l IIS;IYIIv-w“/j"’lranm) (429)
and use this to relate the integrals I, ,(Jl 7&7}“""”’”) to the master integrals I&f""ﬁm).

However, in general it is not expected that an integral with denominators other than
2" can be related to the integral family (4.27). Indeed, we find that T, 1 is not invertible
and that only a subset of the I&II""’WH""’%") (71’ A m),

Applying this to our example, we find only two linear combinations of the dlog integrals

can be written in terms of Iy,

of the previous section for which this is possible. The first integral is simply the scalar
integral, and the second integral is
b K +1 b +1
(mf —t)[ = T1,101,1,01.00 + (M3 — S)Ipf i A1B1 0)1 00T Ipll j213?1,0)1 1,0

(y1,72,73+1) 2 r(v1,72,73+1)
(m3 - 5)(7”3 + 5)—’1 1,-1,1,1,0,1,0,0 — m35—71,1,0,1,1,0,1,—1,0 (4.30)

9 bl +1
+m3(m3 — s)s I{Wf 07,21}?0 1 )o 0}
=~ 'mi(m? —t)11101.20.1.00-

At this point, we want to comment on the possibility of writing integrals with additional
denominators u; in terms of the original integral family. Looking at eq. (4.20) we see
that our construction would favor we, rather than wug, in the denominator because the
derivative in z2 would combine into 0,,logus. This, in turn, would make the removal of
the denominator trivial, because of IBPs of the form

dz1...dz...dz K ddz K A8z K
0= q |92 29 28 (z)] _ (72+652)z7(z)322 log s + 27(2) (4.31)
Z12974A%527 Z1RQzAR5 2T R125Z4%527
This happens e.g. in the two-loop four-scale triangle integrals discussed in [24].
4.3 Details about the IBP reduction in the loop-by-loop approach
A general IBP in the loop-by-loop approach has the form
=d <zn: Z-I—l )d21 Zal dZZ zandzn>
Nl b (4.32)
[Z (8 v+ v; 0, log K(z) — azzz)] Q
i=1 v
where Q = K(z)dzy...dz, /(2" ... 2%"). The derivative of K(z) is
= aZ'uk(zk)
0, logK(z) = —Yi — Pr€)—————, 4.33
JogK() = 3 (o= g = 8 (433)
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where we made use of the factorization into irreducible factors in eq. (4.1). Therefore

i 0;0,, log K(z) = i o = Bre) i 0; 05, u(Zk). (4.34)

i=1 o w(z) o

To get IBPs without shifts in the 7, we demand that the corresponding numerators are
proportional to the denominators:

b + Y vidzur(zp) =0,  Vk (4.35)
i=1

which amounts to computing the syzygy of the module consisting of the ug(zy) and their
derivatives. The syzygy of the module can be easily solved by the computational algebraic
geometry software Singular [51]. The resulting IBP vectors v; can then be used in eq. (4.32)
to build a system of IBP relations without positive shifts in the 7.

5 Summary and outlook

In this paper, we further develop the UT integral determination method based on the
leading singularity analysis of Feynman integrals in Baikov representation. For an integral
family, we analyze sector by sector, rationalize the integrand factors in Baikov represen-
tation if necessary, and then use computational tools for leading singularities to find UT
integral candidates. After the sector-by-sector analysis, we collect the UT integral candi-
dates, use IBP identities to determine the independent integrals and derive the differential
equation to verify the UT candidates.

Our method is powered by the state-of-art tools for the integrand leading singularity
and dlog form computations, and for the rationalization of radicals. This method is highly
flexible and easy to use since 1) for each sector we can use either the original Baikov or
loop-by-loop Baikov representation 2) we may trade “complicated” UT integrals in some
sectors with reducible UT integrals in the corresponding super sectors, in the sector-by-
sector leading singularity analysis, to make the UT searching easier.

We present a nontrivial example, the UT integral basis for the two-loop double box
family with three different external mass, to demonstrate the power of our method. The
complete UT basis is determined by our Baikov leading singularity analysis combined
with our package for rationalization. The corresponding canonical differential equation is
obtained and the alphabet is determined by integrating the differential equation with the
help of our rationalization package.

Furthermore, we developed the IBP reduction method for the loop-by-loop Baikov
representation. In general, the loop-by-loop Baikov representation contains several irre-
ducible factors and thus we can use the syzygy module method to find the IBP relations
in this type of integrand. What is more, since it is clear that there are dlog integrals in
this representation which are not obviously of the form of Feynman integrals, we can fine
tune our syzygy equations to convert these integrals to Feynman integrals and then get
UT candidates.
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In the future, we plan to make a package with our UT determination protocol based
on the leading singularity analysis in Baikov representation, to automize the steps of ra-
tionalization, leading singularity analysis, and IBP reduction for differential equations.
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A The perfect square and Gram-determinant relations
To derive eq. (4.18), we use the following relation between Gram-determinants:

G(ps, pa, k1)G(p2, p3, pa) — G(p2, 3. P, k1)G (p3,pa) = G({p2,p3. pa}, {p3,pa, k1})* (A1)

or
ugA + ug Ay = ui, (A.2)

with ug = G({p2, p3, pa}, {p3,ps, k1}) and Ay = (m2 — s)2. When substituting x5 — cgi, the
first term on the r.h.s. vanishes and therefore

U273i )\4 == Ui:ﬂi. (Ag)

We can simplify even more by using

1 0
G ({p2,p3,pa},{P3,p1, k1}) = —im(}(m,p&m, k1) (A.4)
" 10 (45)
Ug = B aZQ’LLQ. .

The relation between the Gram determinants in (A.1) can be generalized to®

G(ka J)G(pa (j) - G(k7p7 J)G(@ = G({k7 (‘T}? {pa (T})27 (AG)
where ¢ can be any sequence of vectors. Further, we have

19

G({k,q}. {p.q}) T20(2k - p)

G(k,p,q). (A.7)

5We thank Li Lin Yang for sharing this identity with us.
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Relation (A.6) follows from Sylvester’s determinant identity® and relation (A.7) is just
Jacobi’s formula.
Back to egs. (A.3) and (A.5), we can use that wuy is linear in the z; and therefore

1 0 0
U4’3i == 5 |:]. - ($3 - Cét)ang:| 8722’11/2. (AS)
Putting everything together shows that
11 4, 0 0
_ R _ iy A9
Vi = =g 1= @ = ] o (A.9)
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