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1 Introduction

The interplay between supersymmetry and geometry has a long and beautiful history,
but it is fair to say that we are still trying to understand which geometries can support
supersymmetric theories. One reason is that the very notion of “supersymmetric theory”
is fluid. If we take the conservative stance that a supersymmetric theory is a field theory
invariant under some supersymmetry algebra, then the first question one needs to answer
is which are the possible supersymmetry algebras, to be followed by the analysis of their
unitary representations. The former problem has not been completely solved, whereas the
latter problem is largely unexplored.

There are two main classes of supersymmetric theories, depending on whether or not
the supersymmetry is local. The former are the supergravity theories, many of which are
related to low-energy limits of superstring theories, whereas the latter are the rigidly su-
persymmetric theories, which are the subject of much study today due to their role in
localisation in quantum field theory (see, e.g., [1]). The two kinds of theories are closely
related. Indeed, one way to construct rigidly supersymmetric theories, pioneered by Fes-
tuccia and Seiberg [2] a decade ago, is to couple a supergravity theory (with an off-shell
formulation) to matter and then to freeze the gravitational degrees of freedom (i.e., the
fields in the supergravity multiplet) in such a way that some supersymmetry is preserved.
This results in a rigidly supersymmetric theory for the matter multiplet. Supergravity
theories with an off-shell formulation are rare, however, and hence it is desirable to find
alternative means to constructing rigidly supersymmetric field theories.

Whereas in the Festuccia-Seiberg approach it is neither essential nor indeed desirable
for the fields in the supergravity multiplet to be on-shell, but only for them to preserve some
supersymimetry, in the strict context of supergravity the interesting geometries are the su-
persymmetric bosonic backgrounds. A bosonic background is a solution of the supergravity
field equations where the fermionic fields have been put to zero. Bosonic backgrounds have
very rich geometries, being after all examples of (higher-dimensional) general relativity
coupled to matter.

A particularly interesting and rich subclass of bosonic backgrounds are those which pre-
serve some supersymmetry. Since fermions are set to zero, the variation of any bosonic field
under supersymmetry is automatically zero, but not so for the variation of the fermionic
fields. In particular, the characteristic property of a supergravity theory is that the varia-
tion of the gravitino ¥ under a supersymmetry transformation with spinor field parameter
€ takes the form 6.V = e, where Z is a connection on spinors which, on a bosonic
background, includes terms depending on the additional bosonic fields in the supergravity
multiplet. For such a transformation to preserve a bosonic background, this variation must
vanish on that background; in other words, € must be parallel with respect to 2. The
condition Ze = 0, possibly augmented by algebraic conditions coming from the supersym-
metric variations of any other fermionic fields in the supergravity multiplet, is the Killing
spinor equation. The spinors € obeying it are called Killing spinors, because squaring such
a spinor gives rise to a Killing vector field, known as its Dirac current.

It is always the case, perhaps after imposing some additional conditions on the bosonic
fields, that the Dirac current of a Killing spinor preserves the other bosonic fields of the



background, and hence it preserves the connection 2. This implies that such Killing vectors
preserve the space of Killing spinors, together with which they generate a Lie superalgebra
known as the Killing superalgebra of the background [3]. The Killing superalgebra is a
useful algebraic invariant of a supersymmetric supergravity background, and one conse-
quence of the homogeneity theorem [4] is that it determines a (> %)—BPS1 background up
to local isometry. This was proved in [5] for eleven-dimensional supergravity, but it holds
in general for any background for which the Killing superalgebra is transitive.

The construction of the Killing superalgebra suggests that all we need in order to
identify which geometries can support rigid supersymmetry is a suitable notion of Killing
spinor: one which guarantees that the Killing spinors generate a Lie superalgebra.? For
example, in the standard Poincaré supersymmetry on Minkowski spacetime, Killing spinors
are parallel with respect to the spin connection, whereas in AdS supersymmetry [7] Killing
spinors are so-called geometric Killing spinors, satisfying Vxe = AX -¢, for some constant A
related to the curvature of AdS. Geometric Killing spinors were also used in the pioneering
work of Blau’s [8] for the construction of rigidly supersymmetric gauge theories. Parallel
and geometric Killing spinors are intrinsic notions on any spin manifold, but the resulting
theories are not too different from Poincaré supersymmetry. To make further progress we
need to consider other notions of Killing spinors.

If we assume that the definition of a Killing spinor is that it be parallel with respect
to a suitable connection in the spinor bundle (possibly augmented by algebraic — i.e.,
non-differential — constraints), then a straightforward generalisation of the result in [5] for
the Killing superalgebra of eleven-dimensional supergravity backgrounds shows that the
resulting superalgebra has a special algebraic structure. Namely, it is naturally filtered in
such a way that the associated graded superalgebra is a graded subalgebra of the Poincaré
superalgebra. We say that it is a filtered subdeformation of the Poincaré superalgebra.

Such deformations are governed by the (generalised) Spencer cohomology of graded
superalgebras [9, 10], and so calculation of the relevant Spencer cohomology groups for
the Poincaré superalgebra is the first step in this analysis. The Spencer cohomology not
only determines the filtered deformations of the Poincaré superalgebra, it also gives the
expression for the connection defining the notion of a Killing spinor. In some cases, such as
the D =11 [11, 12] and minimal D = 4 [13] Poincaré superalgebras, one obtains precisely
the connection & of a supergravity theory, but in other cases, such as the minimal D =
6 [14] Poincaré superalgebra, the Spencer cohomology is richer: additional bosonic fields
may be turned on, and the definitions of Killing spinors, supersymmetric backgrounds and
Killing superalgebras may be consistently generalised to accommodate them. The existence
of such generalisations is intriguing, not least because they provide curved backgrounds for
rigidly supersymmetric theories which do not appear to be attainable via supergravity.

In the present paper we discuss the Spencer cohomology of the minimal D = 5 Poincaré
superalgebra. Our motivation is two-fold. On the one hand, it is an intermediate case

T.e., any background where the dimension of the space of Killing spinors is more than half the rank of
the spinor bundle.

2For a different approach to this problem, based on the algebraic classification of supersymmetric ex-
tensions of known spacetime algebras, and the superisation of the corresponding homogeneous spacetimes,
see, e.g., [6].



between two similar calculations: minimal D = 4 and D = 6 Poincaré superalgebras,
and provides a useful additional datapoint in framing a conjecture about the behaviour
of Spencer cohomology under dimensional reduction. A second motivation is that we
may then go on to study supersymmetric reductions of the geometries admitting maximal
supersymmetry to four dimensions and perhaps in this way obtain novel four-dimensional
lorentzian and riemannian spin manifolds admitting rigid supersymmetry. This is the
subject of ongoing work.

We find that the relevant Spencer cohomology group H?*?(s_,s) is parametrised by
a two-form, which is expected from supergravity, and an sp(1)-valued one-form, which
does not correspond to any supergravity field. This is reminiscent of the Spencer data
from minimal D = 6, which also includes an additional sp(1)-valued one-form [14]. As
in the 6-dimensional case, after using Spencer cocycles to define a connection on spinors,
by imposing a constraint (the vanishing of the Clifford trace) on the curvature of that
connection, the bosonic equations of motion for supergravity can be recovered along with
an additional set of field equations for the one-form.

This paper is organised as follows. In section 2, we introduce our conventions and
some identities before describing the minimal Poincaré superalgebra s in 5 dimensions as a
graded Lie superalgebra. Our calculation of the Spencer cohomology H??(s_,s) is given in
section 3 and culminates in Theorem 9. This data is interpreted geometrically in section 4
by using it to define a connection & on spinors, as well as an associated notion of Killing
spinors, in a suitable geometric setting (a bosonic background). The curvature of 2 is
explicitly calculated in terms of the bosonic background fields and various conditions on it
are characterised. Theorem 13 characterises those geometries where the Clifford trace of
the curvature vanishes, whereas Theorem 14 characterises those geometries with vanishing
curvature. Section 5 is concerned with Killing superalgebras: the spinorial Lie derivative is
defined and some of its properties described; some properties of Killing spinors are derived;
then finally Killing superalgebras are defined, and their existence is proven (Theorem 21).
In section 6, we describe the maximally supersymmetric backgrounds explicitly. As can
be read in Theorem 23, these fall into two branches: the first coincides with maximally
supersymmetric supergravity backgrounds, making contact with known results [15, 16];
the second is characterised by the existence of an sp(1)-valued one-form. We determine
backgrounds belonging to the second branch, noting the resemblance to the 6-dimensional
case [14], and we describe the Killing superalgebras in both branches explicitly as filtered
deformations of s. Appendix A is a compilation of combinatorial tensor identities used in
geometric calculations.

2 The Poincaré superalgebra
In this section we set up our conventions and introduce the Poincaré superalgebra.

2.1 Spinorial conventions

Let (V,n) be a five-dimensional (mostly minus) lorentzian vector space. We will let b :
V — V* denote the musical isomorphism sending v to v”, where

v (w) = (v, w). (2.1)



We define s0(V') to be the Lie algebra of n-skew-symmetric endomorphisms of V:
so(V)={A:V =V | n(Av,w) = —n(v, Aw) Yv,w € V}. (2.2)

There is a vector space (in fact, an s0(V)-module) isomorphism so(V) = A2V. If A € s0(V),
we define wy € A2V by
Av = —1pwa. (2.3)

Conversely, if w € A2V, we define A,, € s0(V) by the same relationship: namely,
va = —lpWw. (2'4)

It then follows that these two maps are mutual inverses: A,, = A and wa,, = w. Relative
to an orthonormal basis e, for V', with n(e,, e,) = 1, we find that

1
wa = §A‘“’eu N ey where Ae, = e, A", (2.5)

and indices are lowered and raised with 7, and its inverse n*”.

We define the Clifford algebra C?¢(V') by the Clifford relations (notice the sign!)
v-v=mn(v,v)L. (2.6)

As a real associative algebra, C¢(V) = End(X) @ End(Y¥'), where ¥ and ¥’ are two in-
equivalent irreducible Clifford modules, which are two-dimensional quaternionic (right)
vector spaces. They are distinguished by the action of the centre of C¢(V). The centre is
spanned by the identity and the volume element, defined by the Levi-Civita symbol €, 0+
normalised to €p1o34 = 1.

On the Clifford module ¥ the volume element acts like the identity endomorphism idy;,
whereas on X' it acts like —idyy. In other words, the centre of C4(V') acts trivially on X
and non-trivially on ¥/. We will work with ¥ from now on. We will also use the notation
1 for the identity endomorphism of ..

Under the representation homomorphism C¢(V) — End(X) the basis element e, is
represented by the endomorphism I';,. These endomorphisms satisfy the Clifford relation

T,T, +T,T, = 2,1, (2.7)

In addition, they obey
r.,r, =T +nwl, (2.8)

with I'),, = %[F“, I',], et cetera. Since the volume element acts trivially and Hodge duality
is implemented by multiplication by the volume element, a basis for End(X) is given by
(1,I',,T'y). Indeed, we have the following useful identities in End(X) for the other skew-
symmetric products of the I',:

1

oT T
uvp = _§€,uypa7'r ) Ful/pT = 6,u,1/pcr7'F and P,u,upcr’r = €,uupa7']l- (29)

r



Lemma 1. The following identities between gamma matrices hold:

1
—T, " = —101
I, =51 2

1
r,rnr=-3r, LI = 2T, (2.10)

r,r,I*=r,, 1 3
5Tl = 2L .

If A €s0(V), its action on X is given by Clifford product with %wA:

1 1
As = QWA 8= ZAMVFHVS' (2.11)

Let A denote a one-dimensional quaternionic (right) vector space, which we think as a
two-dimensional complex vector space. We can similarly think of ¥ as a four-dimensional
complex vector space with a quaternionic structure, so that the (complex) tensor product
¥ ®c A has a real structure and hence it is the complexification of a real eight-dimensional
representation we denote by S. As a real vector space, S is just X when we restrict scalars
from H to R. Spinors in S are “symplectic Majorana” spinors and we choose to view them
as pairs s4 € ¥, where A = 1, 2, subject to a symplectic Majorana condition which uses the
symplectic structures on X and A, respectively, and which we will write presently. Let us
normalise €45 so that €;o = +1 and €12 = +1. We raise and lower indices with e according
to the conventions: eapXPc = Xac and e*BX 0 = XBo, et cetera. The symplectic
Majorana condition on the pair s4 is such that

(s)* = eapBs”, (2.12)

where B obeys
B, =1,B (2.13)

and normalised to BB = 1.

It follows that the gamma matrices preserve S, hence so does the 16-dimensional real
associative subalgebra RI' C End¢(X) they generate. Note that this algebra is simply the
image of C¢(V') under the representation on 3. We denote by Endy A the real associative
subalgebra of End¢c A which preserves the quaternionic structure on A. As a real vector
space, Endy A = R1 @ sp(1). If we use the symplectic form to lower indices and identify
A* =2 A we also identify Ende A = ®2A = ©?A @ A2A. Under this identification, sp(1)
is the quaternionic structure-preserving part of ®?A and R1 = Re is that of A2A. We
can identify Endg(S) as the real subalgebra of End(X ®¢ A) which preserves S, and it
follows from the discussion above that Endgr(S) = RI' ® (R1 @ sp(1)). The inclusion in one
direction is clear; the other then follows by a dimension count.

The symplectic structure C on ¥ is real and satisfies

Iy =I.C = CIy,, =-T],C (2.14)

We define for s{',s5' € %,
T
silsl = (s‘fl) CsP. (2.15)



Lemma 2. The following identities hold for all s{, 5 € X:

AB _ _ B A
1. 51'sy = —55's71,

A B _ _ B A
2. 51 sy = =558t

3. 51T 88 =300 ,,51.
This allows us to define a symmetric inner product on S:
(s1,82) := eapSist. (2.16)

It follows from Lemma 2 that for all v € V,

(81,0 82) = (v-51,582), (2.17)
and from this it follows that it is so(V')-invariant:

(As1,82) = — (51, As2), (2.18)
for all A € so(V).

There are a number of bilinears we can make from spinors. If s € S, then we define

s = eABEAsB, K = eapsiTHsP and wﬁfy = EAI’WSB. (2.19)

The map k : S — V sending s +— ks defines the Dirac current of s to be the unique
vector ks € V such that for all v € V,

Harv) = (5,0 5). (2.20)
Similarly, ps = (s, s) more invariantly and also for all v,w € V|

Wi

(v, w) = %EA[U,U)] P, (2.21)

where [v, w] is the Clifford commutator. The following is the result of a calculation in an
explicit realisation.

Lemma 3 (Reality conditions). For s symplectic Majorana, it follows that ps and ks are

real, whereas (W)™ = w?? and (W}?)" = —w!2.

The proof of the following Fierz identities is routine. We simply remark that tr1 =4
since we are working in a four-dimensional complex vector space (with a quaternionic
structure).

Lemma 4 (Fierz identities). For all s{,s8 € %,

1 1 1
sish = —13{‘3231 - f{*r“sf;ru - égf;‘rwsfrw. (2.22)

In particular, taking s1 = so = s we arrive at

1 1 1
s45P = —geAB,us]l - geABms — waB, (2.23)
where we define w'B = %w;‘}fyf“”.



From this latter Fierz identity there follow some useful relations between the bilinears
s, ks and wSAB defined above.

Lemma 5. Let s € S and let p, k and w?B be the corresponding bilinears. Then they
satisfy the following relations:

(i) k-84 = pst
(ii) 3us® + eapw©A - sB =0
(i) wAP . s¢) =0

(iv) wAB(k, =) =0

Proof. As a result of the Fierz identity (2.23) we find that

s = eqpstsPsC
= EABSCEASB
1 1 1
= €AB (—8GCAM]1 — gECA/i — 4wCA> . sP (2.24)
1 1 1

or, equivalently,

7 1 1

8 8 4
Similarly, by calculating & - s¢ and using the Fierz identity (2.23), we arrive at

5 11 1

Adding equations (2.25) and (2.26), we obtain (i) and, plugging (i) back into either of those

AB

two equations, we obtain (ii). To obtain (iii), we calculate w s¢ again using the Fierz

identity (2.23), obtaining

1 5 1
wAB . sC 4 iwCA -8 4 ZeAC,usB + ZGACKZ 5B =0. (2.27)

Using (i), we rewrite this as
AB Cc Y ca B3 ac, B
w5 4 Jw s + o€ msT = 0. (2.28)

This equation decomposes into two equations by (skew-)symmetrising in AC. The skew-
symmetric component

wBA 5T 4 geACusB =0 (2.29)

vanishes identically by (ii), whereas the symmetric component

1 1 1



is precisely (iii). Finally, to obtain (iv), we notice that for any w € V,

1
wB (K, w) = §§A[R,w] .58
1 1
= 3% -w-sP - 5wk sP (2.31)
2 2
1 1
= 5K 5w - sB—isAw K- 55,

which vanishes by (i) and where we have used that:
k= (sMTCk = (sYHTRTC = (k- sMTC =754, (2.32)
0

It follows from (ii) and (iii) in Lemma 5 that w?B .s¢ = —pu (sAeBC + SBEAC) =
2usAeP)C . In addition, it follows from (i) that n(k,x) = u®> > 0, so that & is causal:
timelike if (s,s) # 0 and null if (s,s) = 0, and it follows from (iv) that the elements of
s0(V) corresponding to w*? leave x invariant. We also have wi{Bwhiy = 642 > 0 by (i),
(ii), and a further application of the Fierz identity. There are other identities which can
be derived, such as

1
w[ﬁf Kp| = guewpgTwAB”. (2.33)
The 2-forms w?? associated with s define spinor endomorphisms
1
~AB AB
Wit = Wi | (2.34)
whose commutators satisfy:
[wle ~11 ] /,L(:)ll [@127&)22] /’“DQQ and [@11,(:)2 ] 2MA12 (235)

defining, for p # 0, the complex Lie algebra sl(2,C). However, the symplectic Majorana
condition on s picks out a real form corresponding to the real 2-forms; using Lemma 3,
this is the real span of the following spinor endomorphisms:

1 .
Ly:=g@" +a%), L= %(w” —0%)  and  Ly:=io' (2.36)
These satisfy

[Li, Lj] = peijnLi, (2.37)

for 7,7,k =1,2,3. In summary we have proved the following.

Proposition 6. Let s € S and p, £ and w*B be the corresponding bilinears. Then the
2-forms wP define a Lie subalgebra of the stabiliser of k in s0(V) under the isomorphism
so(V) = A2V. If k is null (equivalently, p = 0), this subalgebra is abelian and if x is
timelike, the subalgebra is isomorphic to sp(1).



2.2 The Poincaré superalgebra

The Poincaré algebra p(V') is the Lie algebra of isometries of (V,n). It is a 15-dimensional
Z-graded Lie algebra with underlying vector space

p(V)=p_o@®po=V dso(V) (2.38)
and Lie brackets
[A,B] = AB — BA [A,v] = Av  and [v,w] =0 (2.39)

for all v,w € V, and A, B € so(V).

The d = 5 Poincaré superalgebra s(V') is the minimal superalgebra extending the
Poincaré algebra of V. In fact, the even Lie algebra sz = p(V') is the Poincaré algebra.
The odd subspace s; = 5, the real eight-dimensional Clifford module S. The underlying
vector space of the Z-graded Lie superalgebra s(V') is

s(V)=s_o2®s_1®s=VdSS®so(V) (2.40)

and Lie brackets given by those in (2.39) and
1
[A, s] = qwA S [v,8] =0 and [s, 8] = ks (2.41)

for all s € S, v € V and A € s0(V). In the remainder of the paper, we will denote the
Poincaré superalgebra simply by s, leaving V' implicit in the notation.

3 Spencer cohomology

In this section we describe our calculation of the Spencer cohomology of the d = 5 Poincaré
superalgebra.

3.1 Lie algebra cohomology

We start by briefly recalling the Chevalley-Eilenberg complex computing the cohomology of
a (finite-dimensional) Lie algebra g relative to a module 9. Let G be the simply-connected
Lie group with Lie algebra g. The exterior derivative of a left-invariant differential form on
G is itself left-invariant and hence the left-invariant forms on G define a sub-complex of the
de Rham complex of G. Furthermore, since a left-invariant form is uniquely determined
by its value at the identity, we may localise the sub-complex of left-invariant forms at the
identity, resulting in a differential complex (C*(g) = A®g*,d) known as the Chevalley-
Eilenberg complex. Its cohomology H*®(g) is the Lie algebra cohomology of g or, more
precisely, the Lie algebra cohomology of g with values in the trivial module R.

Let p : g — gl(9) be a representation of g and let us also denote by p the corresponding
representation of the simply-connected G. Letting Ly : G — G denote the left multiplica-
tion by g € G, we may consider the G-equivariant 9M-valued differential forms on G: 9-
valued differential forms w which obey Ljw = p(g)ow for all g € G. Every such w localises
at the identity to a linear map A®*g — 9. The space C*(g, M) := M @ A®g* of such maps



becomes a complex under the Chevalley-Eilenberg differential 9 : C*(g,90) — C**+1(g, M)
defined by extending linearly the linear map

Om@w)=0mAw+m® dw, (3.1)

for m € M and w € AFg*, where dw is induced, as before, by the de Rham differential
and Om : g — M is defined by Om(X) = p(X)m for all X € g. The cohomology of this
complex is denoted H®(g,9) and is called the Lie algebra cohomology of g with values in
the module 1.

The preceding discussion extends to the case of g a Lie superalgebra and 9t a module,
except that now A is taken in the super-sense (i.e., symmetric on odd elements) and we
must insert the relevant Koszul signs. Explicitly, the Chevalley-Eilenberg differential 0 :
Ck(g, M) — C*+1(g, M) in low degree is given by

9:C%g,M) — C'(g, M)
om(X) = p(X)m,
9:CY(g, M) — C?(g, M)
Ip(X,Y) = p(X) oY) = (=1)"p(Y) p(X) — ¢([X,Y]),
d:C%(g, M) — C3(g, M)
0p(X,Y, Z) = p(X) (Y, Z) + (=1)" W) p(Y) o(Z, X) + (=1)""p(2) p(X,Y)  (3.4)
—o([X,Y],2) = (=1)*"WHo([y, 2], X) = (=1 (2, X],Y),
where x,y, z denote the parity of elements X,Y, Z of g.

If we take 9t = g to be the adjoint representation, with p(X)Y = [X, Y], then H*(g, g)
has the following interpretation in low degree:

« H'(g,g) is isomorphic to the centre of g;
« H'(g,g) is the quotient of the derivations of g by the inner derivations; and
« H?(g,g) are the infinitesimal deformations of g.

In this paper we concentrate on a refinement of this latter cohomology group for the case
of graded Lie superalgebras. Rather than discuss this in full generality, let us already
specialise to the Poincaré superalgebra defined in section 2.2.

3.2 The Spencer complex

Let s_ := s_1 & s_o denote the negative-degree subalgebra of the Poincaré superalgebra.
It is a Lie superalgebra in its own right and the restriction of the adjoint action of s to s_
makes s into a module of s_. We define CP(s_;s) = Hom(APs_,s), where AP is taken in the
super-sense. The direct sum C* := P, CP (s_;5) becomes a differential complex relative to
the Chevalley-Eilenberg differential of s_ relative to its module s. We extend the Z-grading
of s to C*® in the natural way and, since s is Z-graded, the differential has degree 0. Therefore
the Chevalley-Eilenberg complex decomposes into subcomplexes of a fixed degree: we let

~10 -



C%P(5_;5) denote the p-cochains of degree d and 9 : CP(s_;5) — C4P+1(s_;5) denote
the restriction of the Chevalley-Eilenberg differential. We are interested in calculating
H?2(s_;5). The relevant spaces of cochains are:

C*(s_;s) = Hom(V,s0(V))
C%%(s_;5) = Hom(A?V,V) @ Hom(V ® S, S) @ Hom(®2S, s0(V)) (3.5)
C%3(s_;s) = Hom(®2S ® V, V) @ Hom(&*S, 9),

and the differential can be read off from equations (3.3) and (3.4) above, with p(X)Y =

[X,Y] for X €s_ and Y € s.
As usual, the Spencer differential 9 : C%!(s_;s) — C?2(s_;s) is injective and hence
H?*'(s_;5) = 0. Moreover, H?>?(s5_;5) = 2?2 where

H*? = kerm N Z%2, (3.6)

where Z2? is the space of Spencer cocycles in C*?(s_;s) and m : C*?(s_;s) —
Hom(A2V, V) is the natural projection onto the first summand. In other words, cohomology
classes in H??(s_;5) are in bijective correspondence with normalised cocycles 34+ € Z%2,
where B:V ® S — S and v: ©2S — so(V).
There are two components to the cocycle condition: one in Hom(®2S @ V,V):

(s, s)v + 2[s, B(v,s)] =0, (3.7)
and one in Hom (39, 9)

v(s,8)s + B([s, s],s) =0, (3.8)
forallv eV and s € S.

3.3 Solution of the first cocycle condition
We define 3, € End(S) by B,(s) = B(v,s) forv € V and s € S. We let 8, := ¢, and
parametrise 3, as follows:

(Bus)® = A,s%+B,Pcs“4+0,1sP+D,, CI‘”SC—I— EWPF” sBi= FWPBCFVPS (3.9)

where By, Dy, Flu, € sp(1). In particular, with all lowered A-indices, these components
are symmetric in those indices. The first cocycle condition (3.7) becomes

Y(8,8)u + 2€455 T, (B,5) 7 = 0. (3.10)

The skew-symmetric part in uv expresses v(s, s) in terms of 3, whereas the symmetric part
constrains f.

Lemma 7 (First cocycle condition). The solution of the first cocycle condition (3.7) is

given by
1 1 1
=B, Pes® +C,IVs? + ZDPel,s¢ + 5 B s 4 —prBo1, ¢
wS By, Iz 5 I pvp 4 pp
3.11)
1 (
Y(8,8) v = 2uC 1 — 5DAB°~’ + 2Bk + 4€NVPUTF£BWUATB’

for some C € N’V and E € A3V,
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Proof. Symmetrising the first cocycle condition in pv results in
0= caps™ (Tu(Bus)” + 10 (Bus)7) (3.12)
which expands to

0= QH(MA,,) + QMC(W/) + DupABwpr + DypABw;‘pB + 2E(,u1/)p/€p

1 1
— ZEMpngFVPUABngB - qupaTngpgABwa- (3.13)

Since this equation holds for all s € S, the terms in u, x* and wff; must separately vanish.
The p-term simply says that C(,,) = 0, so that C' € A2V . (We do not distinguish between
V and V*.) The k-terms result in the equation

0=FEup+ Evup+nupAs +n0pA,. (3.14)
Adding the cyclic permutations of this equation and using that F,,, = —E,,,, we find that
n(uuAp) =0 = Au =0, (315)

and hence that E,,,, = —FE,,,, which says that I/ € A3V . Finally, the w-terms result in

1 o 1 o
0= Dp,{"?ﬂ/ + DVETIT/L — DMTUEV - -Dl/‘rnfp, — §€,LLpUT£FVp — Qeypo—TgFup R (316)

where we have omitted the sp(1)-indices. Tracing with n* we find
1 vpo
Dirg = géreupo """, (3.17)
whereas tracing with n*” yields
1 PO
5DM§ — DW& + EEHEPUTF =0, (3.18)

where we have introduced D := n*”D,,,. Breaking up into symmetric and skew-symmetric
parts, we find
1 1
Dgy = gmueD  and  Diug = — 15 €upor F77 (3.19)
Taking these equations together with equation (3.17), we conclude that D, = éme and
€uvpor FP7T = 0, so that the A3V component of F vanishes. Back into the w-equation (3.16),
we find
e,uponFupU + ﬁl/pchﬁFupU =0. (320)

Contracting with €/7¢*? we arrive at

1
16FMQB + 465Fyya - 463FVVB =0 = F;uzp = Z (nuqu - n,upFu) ) (321)
where we have defined F), := F",,. Collecting these results together, we arrive at the
expressions for § and  in the statement of the lemma. O
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3.4 Solution of the second cocycle condition

The second cocycle condition (3.8) becomes
1
ZY(S’ s)WF‘“’sB + n“(ﬁus)B =0, (3.22)

where (s, 8),, and (8,5)? are given in Lemma 7.

Lemma 8 (Second cocycle condition). The second cocycle condition reduces to

1 1
DBc=0, B,%c= -5 Bo  and  Eu,= 1 EmporCT (3.23)

Proof. From the expressions for 5 and « in Lemma 7, the second cocycle condition (3.22)
can be written as

1
(u@Bc + M0, P+ Zwﬁfq>g§)5§> s¢ =0, (3.24)

where we have introduced the shorthands

08 = %Cﬂyrﬂ”ag + %DBC - iFﬂBCFM
U, P0:=E,,,["68 + B, c + % WBo+ 0,08 (3.25)
Pl = éGW'MTFpABFar‘
We expand p, £ and w in equation (3.24) to obtain
(eABsAsB@CD + GABEAF“SBQJ”CD + ;SAFWSB@%Bég> sP =0 (3.26)

and we polarise away from the diagonal:
(eABsfs];@CD + eaps THsPW O + ésff‘wsf@%gég> 5D
+ <€ABS§483B@CD + 6AB§?F”S3B\IIMCD + ésffuysz’j‘%ég) s? (3.27)
+ <6ABsfsgB®CD + eABEfI’“sgB\IJuCD + ;sffwsgB@ff"Eég> 52D =0,

where in the last line we have used the symmetry properties of Lemma 2. We write this

as an endomorphism acting on s%:

1
(eABs‘f‘sf@CD + eABE‘fF”sg\I!MCD + 53’141““”3?@’2%5%
+ 26AD9033119§’2433D + 26AD\IIMCBS{3§‘24F” + @%DS??QL‘FW) sP=0. (3.28)

This is true for all s3, hence the endomorphism in parenthesis has to vanish for all s; and
s2. Being symmetric in s; and sg, it is uniquely characterised by its values on the diagonal,
so we can simply take s; = so = s and rewrite the second cocycle condition as

1
eapsisPOCp + eABEAF“sB\IfuCD + §§AFWSB<I>%B<5]8

+ 2€AD@CBSB§AS3D + 2€AD\IJ#CBSB§AFN + @‘IQZJDSCEAFW =0. (3.29)
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We use the Fierz identity (2.23) in the last three terms and we collect terms in u, £ and
w together, each of which must vanish (as an endomorphism of S) separately, resulting in
three equations:

50%p + U, pI* + %eAC T, =0, (3.30)
59,%p +0%pl, + ¥ OpT,, + %&%;”Druryﬁ =0, (3.31)

and
U85 + %GD(AGCB)F‘“’ — %\IIPC(AeB)DF‘“TP — %5&@%")DFWFPJ =0. (3.32)

We notice that the p-equation (3.30) is the Clifford trace of the k-equation (3.31): indeed,
contracting equation (3.31) on the right with I'* we obtain equation (3.30). Therefore the
p-equation is redundant and we concentrate on the other two equations.

The k-equation can be rewritten as

1
5V, aB + OBl + V9L, + 5@2’;3Fufyp = 0. (3.33)

Upon substituting the expressions for ©, ¥ and ¢ into this equation, we first symmetrise
in AB (dropping the indices) and using the Clifford relations we arrive at

1 1 1
5 (Bu + 2FH) + (B” + 2FV) L+ §DF“ =0, (3.34)
which results in )
Dap=0 and  Bhp= —§F§B. (3.35)
If instead we skew-symmetrise in AB we arrive at
1
5(Epupl™” + Cul™) + 5CuplTyy + (B Tor + G )Ty, = 0. (3.36)

Contracting with I'* on the right and simplifying we find

SCMV = E,WpUTEpUT, (3.37)
which can be inverted to write
1 oT
Euup = ZeuupaTc . (338)

Re-inserting this back into equation (3.36), we find that it is identically satisfied.
One can check that the remaining equation (3.32) is identically satisfied. O

In summary, we have proved the following

Theorem 9. As a module of so(V') @ sp(1), we have the following isomorphism:

H*?(s_;5) = (\V @ A?A) @ (V @ 02A), (3.39)
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where to a class (Cuveap, Flig) € H*? there corresponds the cocycle (B8,7) € Hom(V ®
S, S) & Hom(®2S,s0(V)) given by

1 3 1 3
ﬁ(v,S)B:ZU-C'SB—ZC-’U'SB—gv-FBC'SC—gFBC'U-SC (3.40)
3.40
1 1
V(85 8) v = 20Cp + §”p6uva0m + EeuVPUTFzBW?P~

This is not far from the naive dimensional reduction of the result in [14]: the self-dual
3-form reduces dimensionally to a 2-form (C),,) and a 3-form (E,,,) which are related by
Hodge duality and the sp(1)-valued 1-form gives rise to an sp(1)-valued 1-form (F,"5) and
an sp(1)-valued scalar, which is missing from the five-dimensional calculation. The precise
behaviour of the Spencer cohomology under dimensional reduction lies beyond the scope
of this paper and will be addressed in a separate paper.

4 Zero-curvature equations

In this section we interpret the cohomological calculations of the previous section geomet-
rically. The first step is to re-interpret the Spencer complex geometrically and we do this
in section 4.1, arriving at a connection 2 on spinor fields, whose curvature we calculate
in section 4.3. The final aim of this section is to derive the conditions for maximal super-
symmetry, which at least locally is tantamount to the flatness of 2. We do this in two
steps: in section 4.4 we impose the vanishing of the Clifford trace of the curvature, which
in the supergravity context often coincides with the bosonic field equations, and finally in
section 4.5 we derive the conditions for vanishing curvature. In section 5 we will show that
the Z-parallel spinor fields generate a Lie superalgebra at least when the curvature of &
is Clifford-traceless and in section 6 we will study the geometries on which & is flat.

4.1 Setup

We shall fix a five-dimensional lorentzian spin manifold (M, g) and let V' be as in section 2;
that is, V is a five-dimensional lorentzian vector space we may identify with R"*. The
spin bundle Spin(M) is a principal Spin(V')-bundle which comes with a bundle morphism
Spin(M) — SO(M) to the oriented orthonormal frame bundle, covering the identity and
agreeing fibrewise with the standard 2-to-1 covering homomorphism Spin(V) — SO(V).
The principal bundle SO(M) is a G-structure with G = SO(V') and therefore comes with a
soldering form which restricts pointwise to a vector space isomorphism T,M — V. These
isomorphisms assemble to a bundle isomorphism between T'M and the “fake tangent bun-
dle” SO(M) xgo¢v) V, which is the associated vector bundle of SO(M) corresponding to
the vector representation of SO(V). Using this construction, we may locally write the
components of tensor fields on M as if they were tensors on V using the orthonormal basis
on V. This may be equivalently viewed as working in a local orthonormal frame on M.
Since we are interested in spin manifolds, the relevant principal bundle is Spin(M).
Any associated vector bundle to SO(M) can be interpreted as an associated vector bundle
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to Spin(M) via the bundle morphism Spin(M) — SO(M), but there are of course also as-
sociated vector bundles to Spin(M) which do not arise in this way: namely, those involving
spinorial representations.

As in section 2.1, let ¥ denote one of the two inequivalent Clifford modules of C¢(V).
It becomes a Spin(V')-module by restriction. Let $ := Spin(M) Xgpiny X denote the
corresponding spinor bundle. It is a complex rank-4 vector bundle with a quaternionic
structure J and an invariant symplectic inner product (o,7) + o7 inherited from . We
introduce an auxiliary trivial> complex rank-2 vector bundle ./ = M x A. It too has a
quaternionic structure j and a symplectic inner product (-,-) inherited from A. We will
make a global choice of symplectic frame ey, ey for 2 such that (e4,ep) = €ap, where
€Ap is as in section 2.1. On the tensor product bundle S¢ := $ ® 57 we have an invariant
real structure J ® j. Its real sub-bundle S is the real rank-8 vector bundle associated to
Spin(M) via the representation S, whose complexification S ®g C = ¥ ®¢c A. Any spinor
section s of S¢ or S may be expanded relative to the global frame e4 as s = s4 @ e4, where
in the case of S the s? are subject to the reality condition (2.12). The symplectic inner
products on $ and . combine to an inner product on S¢ given by (s1,s2) = eap5ils?,
which is real when restricted to S. We shall refer to sections of S¢ as (symplectic) Dirac
spinor fields and to sections of S as (symplectic) Majorana spinor fields.

In summary, with any representation W of Spin(V) made out of V' and S (via ten-
sor product and taking duals) we can associate a vector bundle Spin(M) Xguin(v) W in
such a way that to any Spin(V')-equivariant linear map ¢ : Wi — Wy between two such
representations, we associate a corresponding bundle morphism Spin(M) X Spin(V) Wy —
Spin(M) X spin(v) W2. Since the cochains in the generalised Spencer complex are Spin(V)-
modules and the differential is Spin(V')-equivariant, we may interpret the Spencer complex
as a complex of the associated vector bundles and, in particular, as a complex on their
spaces of smooth sections, and similarly for its cohomology.

In this way, for example, the component 5 of the Spencer cocycle in equation (3.40)
can be interpreted as a section of the vector bundle associated to the representation
Hom(V,End(S)), which is the bundle of one-forms with values in End(S). This is the
bundle on whose space of sections the affine space of connections on S is modelled on
and therefore we may understand § as the difference between two such connections. The
natural connection on S is the spin connection V — that is, the one induced from the lift
to Spin(M) of the Ehresmann connection on SO(M) which induces the Levi-Civita con-
nection on T'M — and therefore we may interpret the cocycle component 5 as V — & for
some connection 2 on S. The cocycle component § depends on the additional geometric
data parametrising the relevant Spencer cohomology, namely a two-form C' € Q?(M) and
an sp(1)-valued one form F € Q' (M, sp(1)).

Thus let us define a (bosonic) background (M,g,C,F) to be a spin manifold
(M, g) with the structures described above along with the forms C' € Q?*(M) and F €
QY (M;sp(1)). Tt will be useful in places to view the components FAB of F' in a symplec-

3Tt could be interesting to relax this condition, gauge the R-symmetry and introduce a connection on a
possibly non-trivial R-symmetry bundle, but that lies beyond the scope of the present paper.
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tic frame for . as 1-forms on M. The End(S)-valued one-form f corresponding to the
Spencer cocycle in equation (3.40) is given by

1 3 1 3
- X.C-s—-20.X-5s—-X.F.s—2F.X. 4.1
Bxs 4)( C-s 40)( S 3 s 3 s, (4.1)

where s is a Majorana spinor field, X is a vector field, - denotes both the Clifford multi-
plication of forms and the Clifford action of forms on spinor fields, and F' also acts via the
sp(1) action on T'(S) to the right.*

With the conventions chosen above, in components we have

1 1
(Bus)* = GO (cuapar T +8muals )™ + 1 F* (T = 20 ) 5. (4.2)
We define the superconnection 2 on S by
.@Xs = VXs — ,3)(8, (4.3)

where V is (the spin lift of) the Levi-Civita connection, X € X(M) and s € I'(S). In
components,

1 1
(Ds)™ = V5% — écaﬁ (ewﬂﬂr” + Snuafﬁ>s’4 - 1F% (I‘W - Qn#a)sB L (44)

Let us remark that, contrary to what one might have suspected, the sp(1)-valued one-
form F' does not correspond to the difference between two connections on the auxiliary
bundle 7. If that were the case, the term 1Fo4, La
absent, while its presence suggests a mixing of local Lorentz and R-symmetries.

in the expression for 2 would be

Definition 10. A Killing spinor (field) on a background (M, g,C, F) is a spinor field
s € T'(S) which is parallel with respect to the superconnection 9P ; that is, if it satisfies the
Killing spinor equation

Vs = fs. (4.5)

A background (M, g,C, F) is supersymmetric if it admits a Killing spinor, and maxi-
mally supersymmetric if its space of Killing spinors has maximal dimension.

The notion of “maximal dimension” in the definition above arises because a set of
linearly independent sections has linearly independent values at all points; hence such a
set has size at most rank S = dim S. The following proposition gives a necessary condition
for maximal supersymmetry.

Proposition 11. If a background (M, g,C, F) is mazimally supersymmetric, it is flat with
respect to the superconnection: the curvature tensor R?, given by

R7(X,Y) = Dixy) — Dx, Dv] (4.6)

where X, Y are vector fields, vanishes. The converse holds if M is simply connected.

4We abuse notation in that on the right-hand side we should have the metrically dual one-form X ® and
not the vector field, but we trust this ought not be a cause of confusion.
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Proof. Clearly from the definition, RZ annihilates Killing spinors. If there are rank S =
dim S linearly independent Killing spinors, at any point € M their values span the fibre
Sz, thus RZ must annihilate all spinors at x, hence R? vanishes.

Conversely, assume M is simply connected and & is flat. Any choice of a spinor at any
point determines a Killing spinor by parallel transport, and furthermore, parallel transport
of a basis at any point determines dim S' linearly independent Killing spinors. O

Determining the curvature tensor will allow necessary (and sufficient, in the case of
simply-connected backgrounds) conditions for maximal supersymmetry to be found. It is
also possible to recover the bosonic supergravity equations by imposing a weaker restriction
than the vanishing of the curvature, namely the vanishing of its Clifford trace: I'V R? = 0.
Indeed, after finding R?, our approach will be to calculate its Clifford trace and derive
necessary and sufficient conditions for this to vanish, which will simplify the vanishing
curvature calculation.

4.2 Conventions on curvature tensors

We define the curvature R” € Q?(M;End(FE)) of any connection D on a vector bundle E
over M by
RP(X,Y) = Dixy) — [Dx, Dy]. (4.7)

In particular, RV is the Riemann curvature tensor and R? is the curvature of the super-
connection 2. The Ricci tensor Ric € @*T* M is

Ric(X,Y) = tr(Z = R¥ (X, 2)Y). (4.8)
In a local frame® {e,}, we define the components of the Riemann curvature tensor to be

RV (ey,e.)e; =R, e (4.9)

py 10"

We use the metric to raise and lower indices so that
R,uz/m— - gapRMypT = g(eaa Rv(e/u eV)eT)‘ (410)

We denote the corresponding Riemann tensor in A2 ®2 T*M with these components by
Riem:
Riem(W, X,Y, Z) = g(Y, RV (W, X)Z). (4.11)

The components of the Ricci tensor are then

R, = Ric(e,,e,) =R (4.12)

P
wp v

and the scalar curvature is the trace of the Ricci endomorphism defined by Ric(X,Y) =
9(X, Ric(Y)), or
R =g""R,,. (4.13)

®Coordinate frame or local orthonormal frame. Recall that in the latter case, Juv = Nuv-
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Since the Riemann curvature tensor RV (X,Y) takes values in s0(7'M), it defines an element
in the Clifford bundle as in (2.11), so the action on spinors fields s is given by

1
RY(X,Y) s= 1 Buwor XY VT s, (4.14)
We will also use the Weyl tensor

R 1 R
— - — (Ric—= 4.1
W_Rlem+2n(n 1)g@g+n 2(RIC ng)®g’ (4.15)

which in components is

1
Wywpe = Ruvpe + m(RM)gua + RuoGup — Ruo9up — Rl/pg;w)

- M]M(Qupgvo - g,uagz/p)- (4'16)

4.3 Determination of the superconnection curvature

From the definition of the curvature of the superconnection RZ and the Riemann curvature
RV, we have

R7(X,Y)s = Dixy)s — [Px, Dv]s
= V[Xy]s - /B[X,Y]S - [Vx, Vy]s - [ﬁx,ﬂy]s + [Vx,ﬂy]s + [ﬁx, Vy]s (4.17)
= RY(X,Y) s — Bxy)s — [Bx, By]s + (VxBy)s — (VyBx)s,
for all s € I'(S). Locally, we can write

g A 1 P
R 5 = [ Ruor D708 — B Bu)" 5 + 2V, . (4.18)

We'll expand each of the § terms in turn. The components BMAB of B are defined by
(ﬂus)A = BMAB sB. The differential term, straightforwardly, is

Vi85 = —%eaﬁm[ﬂvy]caﬁrﬁég + V1.C,, T705 — %nmvy} F ASToT — %vay} A
(4.19)
For the commutator (8, 5,] = 2(6[M6V}), we first compute
B, 48,5
- éc@ﬁ(ﬂé (€uaporr D77 +8M,aT5 ) (€sma ™ +8n,, s ) 67
+%F°‘AC F (T o= 2a) (Tus—2105)
+3i20°‘/3F7AB [ (€hasor T +80,6T5) (T =200 ) + (T, =20 ) (€vapor D7+ 8000l )|
(4.20)
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We will refer to the collections of terms in this expression proportional to CC, FF
and CF as [CC|, [FF] and [CF] respectively. Expanding [CC] and for now omitting the
6@, after a long calculation we have

1
@Caﬁc’yé [Euaﬁa‘rﬁl/'yﬁn)\rm-rﬁ)\ + SUVVGMaBUTFUTF(; + 877;;0461/755)\11611&/\ + 6477ua77V7F,BF5

1 s 1
= 7Caﬁc’7 GMQBUTEV’WM)\FOTM\ + écaﬁ (CM) €vafor + CI//J eﬂaﬁaf)rpm-
1
+ 4CWC,,°‘ gnwcaﬁcag

1
+= (30 o177 = (ClaCoOT,7 = € C,°T, 1) = QCQﬁCaﬁrW>
+ Caﬂ (Cevapyr = Co s )T (4.21)

We have written the above expression so that terms symmetric in uv appear first,
followed by the skew-symmetric terms. We will do the same with [F'F] and [CF]. For the
former, after another calculation gives

C
1 paa, ps 5 Tualvs = 2187 o = 20ualy5 + atlus|

16
1 A 5 A 1 A
:—3—277W[FQ,F5] BFO‘/B—F?TQ{FMFV} B_Enuu(FaFa) B (4.22)
.22
1 3 A
32[Fa>Fﬁ] U™ = P Fa) T + 5P Bl
1

+ 15 (B P = 2F*F,)" T, — (2F,F* + F*F,)" T, ],

where we have separated terms which are explicitly symmetric, skew-symmetric and of
indeterminate symmetry in pv. Turning finally to [C'F], we have

1
B8 A
372001 F B {(euaBUTFUT—i_SnuaFB) (FV'y _2771/'y> + (F,wy _277#7) (euaﬁaTFUT+8nuaFﬁ):|
1 1
— B YA 1ot A B
—TGCQBO_T(MCQ F B]'_‘ V)’y+§FT BCO'(;,LFV) Ca F(
1 A oT | o
+§Caﬂ(76uyaﬁoF’r AB +na[u€1/]a,8'yTF'Y B )F (C;w o +na[ucy}aFaAB )F . (423)

We now have all of the terms of the commutator |3, 5,]. This has two A-indices, and

T A 1o
uw B V)aﬁa'rr —"_CC"(,UFI/) BF

after lowering both, it can be separated into symmetric and skew-symmetric parts with
respect to these indices. The symmetric part is proportional to € and the skew-symmetric
part takes values in sp(1). We must therefore determine the symmetry of the A indices in
each term. The following lemma addresses this.

Lemma 12. [F,, F,] 5 is symmetric in AB and {F,, F,} ,5 is skew-symmetric.

Proof. The result follows immediately from the fact that F' takes values in sp(1). Alter-
natively, we can show this purely by an exercise in indices: note that F4p is symmetric in
AB and consider the product F},F), with lowered indices:

(FuF)) ap = FyacF,% = €"°F a0 F,pp = —€“PF,pp F,c (4.24)
= —F,ppF, "y = —(F,F.)pa; .
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we thus have

(FuFy)ap = (FoFy)as = —(FuFy))pa,  (FuFy))as = —(FpFy)as = (FuFy))a,

(4.25)

hence the result. O

We now evaluate the commutator. Since [B,,53,] = 2<B[Mﬁy]), only the pv-skew-
symmetric terms of [CC], [CF] and [FF] contribute. Organising the terms of the commu-
tator by their A-symmetry but suppressing those indices for convenience, the commutator

[Bu Bu] is

i [(6C,i0Cor 40,1, T"‘—CQBCQMWUW)G%(ng[u{Fy],FT} —(FOFa)u0m,, ) [T
+aproipCPCT, el +% ot [F)s Fr | = (€1ar O By =160, CPF ) [T
+ {—116%&50 [Fa,Fﬁ} +C,, F, +no[ucy}aFﬂ I‘“—I—%[F#,Fy]. (4.26)

An explicit expression for the curvature of the superconnection in terms of C' and F
can now finally be found by substituting equations (4.19) and (4.26) into equation (4.18).
For the sake of readability, we will first define some new notation. It will be useful to
denote the components of R? as follows:

7 1
RQ;U/AB - iLuVUTABFUT + M;LZ/O'AB 7+ NMVAB ’ (427)

where

L=L"eap+ LS5 L"e DP(M;N*TM) L° € Q*(M;N*TM @ sp(1))

M= M"eap+ M5z M"e Q2(M;AN'TM) M® e Q*(M;AN'TM ®@sp(1))  (4.28)
N =N"eap+ NG5 N"e€Q*(M) N© € Q*(M;sp(1)).

is

Said another way, L M, ap and N AR are skew-symmetric in pv, and L

puvoTABY uvoTAB
also skew-symmetric in o7; L” and L® are respectively the skew-symmetric and symmetric

parts of L (with respect to A-indices).

Since it is skew-symmetric, the anticommutator {F),, F,,} can be written in terms of its
trace: {Fy, Fy} o5 = 3{Fu, F,}ceap. Let us define Fy, - F, = F,APF, ,p = —(F,F,)",
and F? = F*. F,. Note that F,-F,=F,-F, so

1
{Fu.F,} g =—(F. F)ean and (FoF*) o5 = —ineAB. (4.29)
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We thus have

1
A _ _ _ _C%P
L proT T 9 |:R,U,l/0'7' (6C,u[0' C\V|T] +277'u[a C1|1/o¢| CT]a 2771/[0' C\,uoz| CT] “-c Caﬁ UM 77|1/|7'])

o 1 2
_Eaﬁgﬂ'[#vl/]c B+Z (77#[0 (ﬂu| FT]) _771/[0 (F‘Hﬂ FT]) —F 77#[077|u|1-})} (430)

M/\;U/U = _Eaﬁwo[ucaﬁcvy] +2V[HCV]O' (431)
N, =0 (4.32)
1 1
© _ ap
L pvoT T _Z (nN[U [FM’FT]} o [F|M|’FT]} ) +§6,u1/a6[crc FT]

1 1
af af
~1 (Mo €r1pain O™ F 7 =1y o€ s CPFY) = 5 (Muto Vit By =1t Vit By )
(4.33)
O] _ e} B o
M 10 = {6 Cumaso (PP = Cy By =001, C o F (4.34)
3

N,y ==15Bu B =VEy. (4.35)

This explicitly gives the superconnection curvature R in terms of the background
fields. We now go on to show how equations of motion and maximal supersymmetry
conditions can be extracted from the curvature.

4.4 Clifford trace of superconnection curvature

In this section we seek to compute necessary and sufficient conditions for the Clifford trace
of the curvature I'V R? v to vanish identically as a one-form with values in End(S). To this
end we will make use of some of the identities from appendix A.

Theorem 13. Let (M,g,C,F) be a 5-dimensional background with superconnection &
given by equation (4.3). The Clifford trace of the curvature F”RQM
if the following equations hold:

, vanishes if and only

«a 1 «a 4
V COC/L == 5611065’750 ﬂC’Y (436)
CroaF* =0 (4.37)
V[O'C;UJ} =0 (438)
R 60,0 C," cPC S((F,-F F?) =0 4.39
,ul/“‘( pa v _nmx a,@)_§<( [ V)_nul/ )_ ( : )
1 e
V,iFy = =5 €uap, OO F (4.40)
[, F,] = 0. (4.41)

Equation (4.38) is simply dC' = 0, or C is closed, consistent with C' being the field
strength tensor of a one-form potential as in supergravity. Equation (4.37) is simply
LF, C = 0. Equation (4.36) is the Maxwell-like supergravity bosonic equation of motion,
while if we set F' = 0, equation (4.39) becomes the Einstein-like equation. Equation (4.40)
provides a third equation of motion wherever F' # 0. Writing A-indices, we also learn
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that each Fp is a Killing vector field and (from equation (4.41)) that the F, commute
everywhere under the sp(1) commutator.

Proof. Using L, M, N as defined above,
1

N T (077 4 20707) 4+ My, (07 4 977) + N, T, »
= (‘ieaﬁmeuam + M,m>1“07 + (Lu oo T N, )F" + M, .
For the first term we have
L ytagn] = 3C,10Cay) + i(emmwo*‘A ~ e V1 C™), (4.43)
LQu[aﬁv] - %nu[a {Fﬂ’ FVﬂ T %eum\[aﬁcm\Fv] lnu[aeﬂﬂnkpc P+ 177u[av5 2N
(4.44)
thus
—%eaﬂwﬂ oBy _ —Zecmﬂcuacﬁ7 - 1v c. 1 MoV Cpp (4.45)
oL = ey [P = 26, 4 20y o€,
— éemﬁwvaFﬁ. (4.46)
The trace in the second term is
LN = % [RWJF (6C1aCo™ =10 C*PC5 ) g (B Fo) =1, F?) %%aﬁvvacﬁv :
(4.47)
LOf e = g[F#, F,]— %EWQBWCQBFM i (% VaFa+3qug). (4.48)
We also need
M or = _%e/mﬁv[ocﬂacﬁ "+ 5€aprorCUCT + V,uCor + V1, Cryy, (4.49)
M"" = —%euawmﬁmé +VC,,, (4.50)
M® = %eumﬁ [P PP = C By + %nu[aCf]a (4.51)
M® ), =C,,F* (4.52)

It follows immediately from equation (4.42) that T*R? v vanishes if and only if

1 A apfy A 1 o aby ©)
_ZeaﬁWTL H +M plor] = 0, _Zeaﬂva +M plor] = 0,
L/\uaaa _ 07 L u oo 4 N@ _ 0’ (453)
MM, =0, MQ#"‘Q = 0.
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Expanding each of these out, we obtain equations (4.36) and (4.37) as well as

_ieaﬁvmcuacm - %euaﬁv[acﬂacm'i_ ;v[uqfﬂ - %nu[ff Vi€ =0,  (454)

Ryt (6,0 Co = 1,0 C™ Co ) - g ((FuFo)—n,, F?) %%amvacﬁ'y =0,  (4.55)
%C[M F,- %nu[acﬂ,y FY— gemﬁﬂvaﬂ =0,  (4.56)

1%[ L Fy)— ivaa] - éemmcaﬂFui (Mo Va3V, F,) ) =0 (4.57)

We'll tackle these equations by splitting each of them into irreducible so(V')-module
components. Taking equation (4.54) first, its full skew-symmetrisation is

1
Zeaﬁ'y[m-

3
a B _
C7 + 5V, Cory = 0. (4.58)

oT

Cu}
The first term vanishes identically by (A.4) from appendix A, so this is equivalent to
equation (4.38). The trace of (4.54) is

1

567a5750aﬂ076 - VO‘CM == 0, (459)

which gives us equation (4.36) again. What remains of (4.54) after subtracting off the skew
and trace parts is

1
- Zeaﬁ’yaﬂ'

1

1 «
CyC7 = o Erlas

6
C#acﬁry - §€/m67[0 T coPC = 0, (4.60)
which using the tensor identities (A.4) and (A.5) from appendix A is trivial. The skew-
symmetric part of equation (4.55) gives equation (4.38) again. The symmetric part is
equation (4.39). The totally skew-symmetric part of equation (4.56) is

3 1 N
= 5Clor Fu) = 3euoras¥ FP=o. (4.61)

The trace gives equation (4.37) again. The remaining part vanishes identically. The skew-
symmetric part of equation (4.57) is

3 1 1 o
E[FH’FU:I - ZV[NFO'} - éGMUOC,B’YC 5F’Y = 0, (462)
and the symmetric part is
1 [e3
1 (Mo VaF + 39, F, ) =0, (4.63)

Tracing this equation gives Vo F'® = 0, which can be back-substituted to give V(, F,y = 0.
Thus contracting equation (4.61) with €"*°7 yields equation (4.40). Substituting that
equation into equation (4.62) finally produces equation (4.41). O
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4.5 Flatness of the superconnection and maximal supersymmetry

We now turn to finding conditions on (M, g,C, F') equivalent to the vanishing of the cur-
vature of the superconnection, which by Proposition 11 is necessary for the background to
be maximally supersymmetric. We will prove the following theorem.

Theorem 14. Let (M,g,C,F) be a 5-dimensional background with superconnection 2
given by equation (4.3). If it is mazimally supersymmetric then C =0 or F =0, and

1. If C' =0 and F = 0 then the Riemann curvature vanishes.

2. If C =0 and F # 0 then F = o7 for some parallel one-form ¢ and some r € sp(1),
and the Riemann curvature is given by

_ 2
Ry,z/o’T =@ nu[grnyh—] - (77#[090|u\90ﬂ - 77,/[090|u|907]> (464)

3. If F =0 and C # 0 then C is a closed 2-form such that

1

o 6
V] = Zna[#Gy]aﬁ,yaC BC’Y N (465)

1
VoCuy = §na[uvacla\
and the Riemann curvature is given by

_ « « af
Ruvor = 2C,, Cor +2C,15 Clyjr) +20,6 Clua) Cn* =215 Clua) O —C C"‘ﬁ"“["f Wj
4.66

Proof. The curvature R? v Vanishes if and only if each of the components, given by equa-
tions (4.30)-(4.35), vanishes separately. We first simplify the problem by noting that if RZ
vanishes, in particular its Clifford trace vanishes, so we may use the conditions derived at
the end of the previous subsection. We will also need some of the identities of appendix A.
Indeed, using [F),, F,] = 0 and C,,o F'* = 0, the vanishing of M® and N© gives

ViF,y =0 and CpFy =0, (4.67)

so in particular, either F' = 0 or C = 0 and since we already have V(,F},) = 0 from the
zero Clifford trace equations, F is parallel. Now L® = 0 exactly. Using dC = 0 and
equation (A.4), the vanishing of M” is equivalent to

1

9 Capyur
and then using equations (A.5) and (4.36) (which is in fact the trace of equation (4.68))
yields equation (4.65). Now using equation (4.65), L™ = 0 if and only if

_ a o _ of
R,uum' - 2C,uu CUT + 2CM[O' C\V\T] + 27]u[00\uo¢\ CT] 2771/[00\;104 C’?’] C Caﬁnu[amuh}

- i(% (Bl - ) = g (Bl - F) = P20 1)) (4.69)

which we note can be traced to give equation (4.39). For the F' = 0 case, we get equa-

tion (4.66). Finally, for the C' = 0 case, since both VF =0 and [F,,F,] =0, F = p®,

for some one-form ¢ and some fixed r € sp(1). In components, FfB = ¢, r4P, so

AB

VoCly = coPe | (4.68)

F,-F, = wuwyrABrAB. We have r*Pryp = —tr(rr), where this trace is taken in the
vector representation of sp(1) = su(2) on C?, and is therefore negative-definite. We can as-
sume without loss of generality that  # 0 (by choosing ¢=0 if F' = 0), and then by rescaling

r and ¢ we can also assume that 748745 = —tr(rr) = 4, yielding equation (4.64). O
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5 The Killing superalgebra

In this section we define and prove the existence of the supersymmetry algebra of a super-
symmetric background. To do so, we will need the notion of the spinorial derivative, for
which we will give a definition and state some properties. We will also need to upgrade our
definitions of spinor bilinears from section 2.1 to bilinears of spinor fields and derive some
of their differential properties.

5.1 The spinorial Lie derivative

Throughout, let (M, g) be a spin manifold with an associated spinor bundle S.

Recall that for any vector field X, VX defines an endomorphism on the C*°(M)-
module of vector fields X(M) by Y — Vy X; VX is a section of End(7'M) with components
(VX)F, = V,X#. Furthermore, VX is actually a section of so(7TM) if and only if X is
a Killing vector field (this follows directly from the definition), in which case VX has the
action on spinors (VX)s = —1V, X, T"s. This allows us to make the following definition.

Definition 15 ([17, 18]). The spinorial Lie derivative of a spinor field s along the
Killing vector field X is given by

Lxs=Vxs—(VX)s. (5.1)

Locally, we have

1
Lxs=Vxs+ ZVNXVF”VS’ (5.2)
This obeys the Leibniz rule: for a smooth function f and a spinor field s,

Zx(fs) = Vx(fs) = (VX)(fs)
= X(f)s+ fVxs— f(VX)s) (5:3)
=X(f)s+ fZxs.

We will not prove the following lemma; we refer the reader to [17, 18].
Lemma 16. The spinorial Lie derivative obeys the following properties:
1. Representation of the Lie algebra of vector fields on spinor fields:
Lxys=ZLyvs+ Ly Lxs (5.4)
for all Killing vectors X,Y and all s € T'(S),
2. Leibniz rule with respect to the Clifford action:
Lx(®-5)=(ZLxP) s+ P (Lxs) (5.5)

for all Killing vectors X and all ® € Q*(M), s € T'(9),
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3. Compatibility with the Levi-Civita connection:
ZxVys=Vg.vs+ VyLxs (5.6)
for all Killing vectors X and allY € X(M), s € I'(S).
We have an additional result for backgrounds.

Lemma 17. If (M, g,C, F) is a 5-dimensional background with superconnection 9,
LxDys=Dy.vs+ Dy Lxs— (LxP)ys (5.7)

for all Killing vectors X and ollY € X(M), s € I'(S).

Proof. Using Lemma 16 and the definition of 2,

LxDys =LxVys — Lx(Bys)
=Voovs+VyLyxs — (LxB)ys — Boyys — Py Lxs (5.8)
= .@gxys + Dy Lxs — (Dfxﬁ)ys,

hence the result. O

5.2 Spinor field bilinears

We now “geometrise” our definitions of the spinor bilinears equation (2.19). For s € I'(5),
we define s € C®°(M), ks € X(M) and wiB € Q?(M;C) as follows:

s = (s, 8), 9(ks, X) = (s,X - 5), WwAB(X)Y) = %EA[X, Y]-s5, (5.9)

for all X, Y € X(M). It is then useful to define the (linear) Dirac current map x : ®2I'(S) —
X (M) by
g(k(s1,82), X) = (s1, X - 52), (5.10)

and we note that clearly ks = k(s, s).

Lemma 18. The Dirac current map is equivariant under the action of Killing vector fields
via L;
Lxk(s,s) =2r(Lxs,s) (5.11)

for all spinor fields s € I'(S) and Killing vector fields X .

Proof. First, note that since k is symmetric in its arguments, it is sufficient to prove the
result on the diagonal since the full result then follows by a polarisation identity. Hence,
X be a Killing vector field, Y a vector field and s a spinor field. Then locally,

1
Y- ((VX)s) = —ZYAVHXZ,F,\F’“’S
1 1
= —ZYAV#XVFA“”S = FVIVX T (5.12)

1 1
= —ge’\“”‘”YAVHXVFUT 5= 5(VyX) s
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and so, since (s,T'5,s) =0,
1
(s,Y - (VX)s) = —3 (s,(Vy X)-s). (5.13)

Using this and the definition of the Dirac current, we have

Q(XX’{(&S)’Y) = X(g(’%(sa S)7Y)) - g(ﬁ(sv S),fo)
= g(VXI{(S,S),Y) + g(lﬁ;(s, S)7VXY) - g(li(S,S), [Xv Y])
=29(k(s,Vxs),Y)+ g(k(s,s), Vy X)
)

= <8, 2Y - (VXs) + (VyX . 8> (5_14)
= (5,2Y - (Vxs — (VX)s))
=2(s,Y - ZLxs)

= 2g(k(s, Zxs)),Y),
hence the result, since Y is arbitrary. O

We also “geometrise” the v component of a Spencer cocycle as follows. The map
v ®%28 — s50(TM) is defined via the first cocycle condition (3.7):

v(s,8) X = —2k(s, Bxs) (5.15)
for all s € T'(S) and X € X(M). In components, this is given by (3.40).

5.3 Properties of Killing spinors

From now on, we work with a background (M, g, C, F'). We are now almost ready to define
the Killing superalgebra of such a background. However, we will see that in order for
its bracket to close, the Dirac current of a Killing spinor must be a Killing vector which
preserves the background fields C' and F'. The following proposition will help to show this.

Proposition 19. Let s € I'(S) be a Killing spinor field, and for notational convenience fix
W, k,w to be the Dirac bilinears of s. Then the following identities hold:

1
Vit =2Cuak® + 5 F % p WP (5.16)
1 1
Vb =Y (s,8) =2Cp+ ifuuaﬁvcaﬁ"iv?LZeuuaﬂwFaAB WBrAB (5.17)
AB AB a1 AB 1 AB
Vuw,, = 6cvﬁw[vcwc‘ﬂp] +€aﬁwpcauwm _procﬂF “ "iﬂ+§77u[VF oM (5.18)
(A B)C (A B)C a(A B)C '
oY T o : It oW
and in particular
v oA _ 1 afB, vSAB AB [ — B)C
V wl/p = §6pa6"/60 w -+ FP m— §F pry (519)
1
A A
v[uva? - _ZequaﬂFa Pl (5.20)
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Proof. Each of these identities follow from the Killing spinor equation. We have

V,.(545P) = WASB +5V,s8 = —5PV 51 + 5V ;5P = 2§[AVusB} = 2§[A(BMS)B],
(5.21)
which is equivalent to
Vo = 2e4p254(B,s)”, (5.22)

and substituting in equation (4.2) for 5 yields equation (5.16). Similarly, we have
Vi = 2645 T, (Bus)?, (5.23)
which, using cocycle condition (3.7) gives equation (5.17), and

V,wiB = 2547, (B.s)", (5.24)

vp

which after expanding and evaluating the resulting products of I'-matrices yields equa-
tion (5.18). The expression VwA? has three components — the trace, skew-symmetrisation

and the elbow — which we will treat separately. The trace part gives the divergence of

wAB | while the skew-symmetrisation gives its exterior derivative

A 1
B 4 Eam[wcap] WPYAB 1 €pord [aAB Rﬂj (5.25)

AB
v[M("Jl/p] = eaﬁ’Y[/WCaﬁuﬂp]
of which the first two terms cancel identically by equation (A.2), giving equation (5.20). O
We highlight one of these identities in particular.

Corollary 20. If s is a Killing spinor field, the gradient of its Dirac current is given by
Vi =—7(s, ). (5.26)
In particular, k is a Killing vector.

Note that this is a direct consequence of the cocycle condition equation (3.7).

5.4 Existence of Killing superalgebras

We can now construct the supersymmetry algebra of a supersymmetric background
(M, g,C, F). For such a background, we denote the space of (symplectic Majorana) Killing
spinors by £7; that is,

Ry ={s€I'(5)|Zs =0}, (5.27)

and we also define
ﬁ(‘):{XEf(M)’ngzgxc:ngZO}, (5.28)

the space of Killing vector fields which preserve C' and F. We define the bracket [-, -] on
R = Ry © R by extension of the following:

o the usual Lie bracket of vector fields on 85 ® K, [X,Y] = ZxY,
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o the Dirac current on £ ® £y, [s, s] = ks,
o the spinorial Lie derivative on R ® 87, [X, s] = Zxs.

Theorem 21. If (M,g,C,F) is a background such that TYR?,, = 0, then (&, [,"]) as
described above is a Lie superalgebra.

Proof. Throughout, let s be a Killing spinor field and let x, s and w4? be the bilinears
associated to s. First, note that the super skew-symmetry of the bracket follows directly
from the definition. We will next show that £ is closed under the bracket operation. First,
we have Z,,g = 0 by Corollary 20. Using the Cartan formula for the Lie derivative, we have

Z.C =di.C + 1,,dC, (5.29)

but by equation (5.16), 1xC = —3dp — 3p, w5, so

1
Z.C = —ZdLFABwAB + 1,dC. (5.30)
In components, the first term is proportional to
AB 1p _ AB 14 AB p
V(@ P Fous) = (V™) Foan + o™ (V,0Foas )

— g(v[qup]AB)FpAB — %(VPWHVAB>FPAB + w[y‘p‘AB (VM}FPAB)«

(5.31)
Using equation (5.20), the first term in this expansion vanishes identically:
3 3
2 (V[NwVp}AB)FpAB - _gel‘Vpaﬁ(Fp - FO)R’ =0, (5.32)

because F? - F'* is symmetric. Substituting equation (5.18) into the second term of equa-
tion (5.31), three terms vanish by symmetry, leaving

1 AB 1 AB AB BC
~3 (vaw )FQB =3 [eagvp[#CaﬁFXBwy]p +6Wa57CO‘pF£BwﬁV + [Fp, F[u} ey } )
(5.33)
Thus
1
AB AB
v[,u (wu]p FpAB) = <V[MFZB - faﬁw[uCaﬁFXB)Wu}p (5 34)

1 A1 BC
— Seuwap O Fhpw 4P — 2 77, F] L whlS

Thus .%,.C vanishes when 'V RZ uw = 0 by Theorem 13. Since each Fp is a one-form, we
can also use the Cartan formula for its Lie derivative:

L Fap = du.Fap + txdF B, (535)
which in components gives

(XRFAB)M = V,U(RVFZ/AB )‘f‘lﬁ?yva#AB _KJUVMFUAB = (VMRV)FVAB +K’VVVF/,LAB . (536)
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Using equation (5.17), the first term on the right hand side is

1 1
Y F s = 2Cu F s 1+ iﬁuvaﬁvcaﬁF “ap K+ fuvaﬁvF Y15 FpwPf1OP

5.37)
1 0 1 ¢ oT (
= 20w F¥ap i+ §€uaﬂwécaﬁF7A3 Rt g Cuasor {Faa Fﬁ} Y B

where the second equality arises as follows: we have

o Bl ple g _ 1 ppple s 1 a
FasFon =F e F o = 5eane™ Py Flopp == jean[FUF] L o (5.39)

F[aA[B FmC}D = %ﬁBCGEFF[aAE FmFD = _%530 [FQ7FB} AD’ (5.39)
and so
Pl 7 = —%(eAD [F@,Fﬂ Lo TeBc [FO‘, Fﬁ]AD), (5.40)
and finally symmetrising in AB gives F[QAB FB]CD = %€(C|(A {FO‘, Fﬂ} B)|D).6 We thus have
(ZeFap), = 2C,F g+ <V5F# a5 + ;e#amC“ﬁF’YAB)M
+ iewﬁw I Fﬁ]C(Aw”B)C. (5.41)

By Theorem 13, this vanishes if IV R?,,,, = 0. We have thus shown that [f1, &7] C &;.
One can easily verify that [R5, 5] C £5. We must show that [Ri, Rg] + [Rg, R;] C Ky; that
is, Lxs € Ry for all K € 8 and s € K;. By Lemma 17, for all X € X(M) we have

DxLxs = Dx k)5 + LxDxs+ (LkB)xs = (LkB)xs, (5.42)

where we have used Zs = 0, but using the expression (4.1) for § and the Leibniz rule
for the Lie derivative with respect to Clifford multiplication, we see that Zx 8 = 0 for all
K € 85. Thus Zxs € K.

It remains to be shown only that the Jacobi identity is satisfied. For three Killing
vector fields this is clear because the bracket is simply the commutator. For two Killing
vector fields X, Y and a Killing spinor field s,

[s, [ X, Y]]+ [X,[Y,s]] = [V, [s, X]] = —Loyvs + LxLys — Ly Lxs, (5.43)

so the Jacobi identity follow from .Z being a Lie algebra representation of vector fields on
spinor fields, which follows from Proposition 16. By symmetry, for the case of one Killing
vector field and two Killing spinor fields, we need only consider the identity where both
spinor fields are the same:

(X, [s, s]] + [s, [s, X]] = [s, [X, s]] = [X, k(s, 8)] — k(s, Lxs) — k(s, Lxs), (5.44)

5This reflects the Hodge isomorphism A2®2% A = ®2A with respect to the inner product on ®2A induced
by the symplectic product on A.
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which vanishes by Lemma 18. Finally, for three Killing spinor fields, again we need only
consider the case where they are all the same; using Corollary 20 this reduces to the
vanishing of

[[s,5], 8] = Zs = Vs — (Vk)s = s + (s, s)s, (5.45)

which is simply the cocycle condition (3.8). O

We can now finally state the definition of the Killing superalgebra.

Definition 22. The Killing superalgebra of a background (M, g,C, F') with F”R'@W =0
is the Lie superalgebra R = K5 @ K1 where

K ={XeX(M)| Zxg=%xC=LxF =0} (5.46)
is the space of Killing vector fields which preserve C and F,
R ={sel(9)|Zs=0} (5.47)
is the space of Killing spinor fields, and the bracket [-,-] is defined above.

In the proof of Theorem 21, the vanishing Clifford trace of the curvature is used to
show that the algebra closes. One might ask whether this is necessary; that is, do Killing
superalgebras only exist for backgrounds which satisfy the equations of motion? Recalling
Theorem 13, note that equations (4.36) and (4.39) were not necessary to close the algebra.
Thus, if £/ =0, dC = 0 is sufficient to close the algebra. This is the case in 5-dimensional
supergravity: C' is (proportional to) the field strength of a Maxwell field and hence closed,
so there may exist “off-shell” supersymmetric bosonic backgrounds. On the other hand, if
C =0, VF = [F, F| = 0 suffices.

6 Maximally supersymmetric backgrounds

Throughout we work in a maximally supersymmetric background (M, g, C, F') which we
assume to be connected. We seek only to classify the geometries up to local isometry, so we
also assume that M is simply connected. Under this assumption, maximal supersymmetry
is equivalent to the vanishing of the curvature R? of the superconnection, so Theorem 14
gives necessary and sufficient conditions for maximal supersymmetry. We now work with
local coordinate frames rather than local orthonormal frames, still using Greek indices.

6.1 Maximally supersymmetric supergravity backgrounds

Taking F' = 0 reduces the problem to the determination of maximally supersymmetric ge-
ometries in minimal 5-dimensional supergravity. These are already known in the literature.
They were constructed directly in [15] and via quotients from the maximally supersym-
metric backgrounds of (1,0) six-dimensional supergravity in [16]. They are given by

o the near-horizon geometry of the BMPV black hole [19],
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o AdSs; x S? and AdSs x S2, which also arise as limits of the BMPV near-horizon
solution,

o a particular Cahen-Wallach pp-wave [20],
e a 5-dimensional analogue of the Gédel universe.

In addition, in [15] there are three further candidate geometries which, as the authors al-
ready speculate, are in fact locally isometric to cases already listed above. This is easy
to check by calculating their Killing superalgebras and showing that they are isomorphic
to the ones above and observing, as was shown in [5] in the context of eleven-dimensional
supergravity but holds more generally, that for a (> %)-BPS background, the Killing su-
peralgebra, which is transitive, determines the geometry up to local isometry.

6.2 Maximally supersymmetric backgrounds with F # 0

By Theorem 14, the geometry is given by a nonzero parallel one-form ¢ (which we now
regard dually as a vector field) and the Riemann curvature is constrained by equation (4.64),
which in a coordinate frame reads

R/WUT = 902gp[ogr}u — PuPlo9r|v + PrPlo9r|p: (61)
The Ricci and scalar curvatures are then

3
R, = i(cp“wl, — chg,W) and R = —62, (6.2)

and the Weyl tensor vanishes, so the metric is conformally flat. It is also locally symmetric
(hence symmetric, since M is simply connected): V\R,,or = 0 since Vo = 0. Another
consequence of ¢ # 0 being parallel is that it is nowhere vanishing and ¢? is constant —
in particular, the scalar curvature is constant. The geometry is thus determined by the
causal type of .

6.2.1 Spacelike ¢

When ¢? < 0, ¢ defines a distribution of rank 1 in 7'M which is preserved by the holon-
omy of V since ¢ is parallel. The rank-4 perpendicular distribution is also preserved by
holonomy, and the metric is nondegenerate on either distribution. The de Rham-Wu de-
composition theorem then allows us to decompose (M, g) as a product (N, gn) % (R, —dz?),
where (N, gn) is a 4-dimensional lorentzian manifold and z is the standard coordinate on
R. We then define the symmetric tensor

Pup

h'ul/ = gﬁ“’ — M2V (63)
%

so we can write the curvature tensors as

Ruwor = SOQhu[UhT]V
3
Ry, = _§¢2hw (6.4)

R = —6¢°.
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The pullback of h to N coincides with gy. Since (N, gn) is a lorentzian symmetric space
with constant positive scalar curvature,” it must be AdSy by a result of Cahen and Wal-
lach [21, 22].

6.2.2 Timelike ¢

We can treat this similarly to the spacelike case. Here, we get a decomposition (R,d#?) x
(N, —gn) where ¢ is the standard coordinate on R and (N, gy) is a riemannian manifold.
Note that the pullback of h coincides with —gy. The sectional curvature of (N, gy) is a
positive constant, so it is S%.

6.2.3 Null ¢

In this case, the de Rham-Wu theorem cannot be used since the distribution defined by ¢
is degenerate. The geometry here is a Brinkmann pp-wave space — a lorentzian manifold
with a parallel null vector field. The curvature tensors reduce to

Rw/UT = “YujcPlv|Pr] + (o P|u|Pr]

o § (6.5)
w = 28%901/

and R = 0. Thus (M, g) is a scalar-flat lorentzian symmetric space; by the Cahen-Wallach

theorem [21, 22] it is a Cahen-Wallach pp-wave CW;5(A). Such a space has a coordinate

system (z¥, 27, 2!, 22, 2%) in which the metric is given by

3
g=2dzTdz™ — Z Agz'a? | (de™)? - Z (dmi)z, (6.6)

i,j=1 i=1
where A € ®?R3. We take ¢ = 0, to be the distinguished parallel null vector field. This
metric is scalar-flat for any A, and the non-vanishing components of the Riemann and Ricci
tensors are R;_j_ = —A;j and R__ = — Z?zl Aj;. The non-vanishing components of the
Weyl tensor are given by the trace-free part of A: namely,
1

3

k=1

Wij— = —Aij +

We already saw that the Weyl tensor for a maximally supersymmetric geometry vanishes,
so we have A;; = ad;; where a = %2%21 Agk. Now, comparing with equations (6.5) for
@ = 04, we find that a = —%. We have thus shown the following.

Theorem 23. Let (M, g,C, F) be a maximally supersymmetric 5-dimensional background.
If F =0 then (M, g) is a mazimally supersymmetric background of minimal 5-dimensional
supergravity. If F # 0 then C =0 and F = @®r for some one-form ¢ and some r € sp(1),
and up to local isometry,

o Ifp? >0, (M,g) =R xS where S* is the round sphere with scalar curvature 6>
(radius ,/%),

"One might object that AdSs has negative scalar curvature; however, this is only true in mostly-positive
signature. The Ricci tensor is invariant under the homothety g — —g, while the scalar curvature undergoes
a change of sign, thus AdSys has positive curvature in our conventions.
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e If 2 <0, (M,g) = AdSy x RO, where AdSy is the 4-dimensional anti-de Sitter
spacetime with scalar curvature 6p* (cosmological constant A = %@2 ),

o If¢?> =0, (M,g) is a Cahen-Wallach pp-wave with coordinates (x+,z~, 2%, 22, 23) in

which ¢ = 0+ and

3
g=2drtdz™ + ;(Z(xi)2> (dz7)2 =Y (dxi)z. (6.8)

i=1 =1

We note that this result here is (up to a rescaling of ¢ and r) precisely the 5-dimensional
analogue of Theorem 27 part (ii) in [14].

6.3 Killing superalgebras

In this section we will explicitly describe the Killing superalgebras of the maximally
supersymmetric backgrounds as filtered subdeformations of the five-dimensional mini-
mal Poincaré superalgebra. As explained in [5] in the context of eleven-dimensional
supergravity, the Killing superalgebra is generated by sections of a supervector bundle
& = & @ &7, where

éa(—) =TM @EO(TM) and éai = S, (6.9)

which are parallel relative to a superconnection & which agrees on sections of &; with
the Killing transport connection [23, 24] and on sections of &} with the connection given
by equation (4.3). There might be in addition additional (tensorial) constraints on the
sections of &

For the case at hand, the Killing superalgebra is a filtered Lie superalgebra whose
underlying vector space is V& S @ b, where h C so(V) is a subalgebra. The Lie brackets
of the Killing superalgebra are defined by

[87 S] = H(S) + ’Yq)(sa S) - )\K(S,S)

€h

[A,B] = AB — BA

[A,s] = %wA .8

[A,v] = Av + [A, \y] — Aaw
| S

€h

1
[U’S] :B§5+§W/\v's

[v, W] = Apw — Apv + R(v,w) + [Ay, Aw] = Ayw—ruos
ev €h

(6.10)
forall A,B€b, scSandv,wecV. Here B2 +~? is the normalised cocycle (with o = 0)
where ® stands for the generic additional fields (here C' and F') and h = so(V') N stab(P)
is the Lie algebra of the stabiliser of ® in SO(V'). In addition, R is the Riemann curvature
tensor, induced from a map A2V — so(V). Finally, A : V — s0(V) is defined only up to a
linear map V' — b, so it is to be thought of more precisely as a linear map V' — so(V')/b.
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6.3.1 Killing superalgebras for maximally supersymmetric supergravity back-
grounds

For these backgrounds, the normalised cocycle is given by equation (3.40) with F' = 0. In
components, we have

1 oT
By = SO (Dulor = 3057 T)

1 (6.11)
75,, = 2#0“1, + ieﬂVPUT"’{pCUT_
Letting (s, s) := 7% (s, s) — Ar(s,s)» We find that
1
Y = 21C + ieul,pwfip()’” — K" X pp,s (6.12)
where A, = —A, . Demanding that y(s, s) € b is tantamount to demanding the vanish-
ing of the Clifford commutator

[T, CorT77] = 0, (6.13)

since that is, up to inconsequential factors, the action of (s, s) on C. It is clear that if we

define A by

1
Ao = 5purrrC7T (6.14)

then ~(s,s) € b, where v, = 2uC,,,,. We remark that A is h-equivariant, so that the b
component of the [A,v] bracket in equation (6.10) is absent.
Defining 3, := g% + %w)\v, we see that in components

B = B2+ oD
= écaﬁ (TyLap — 3Taply + €uorapl") (6.15)
= icaﬁewﬁmr‘” + O T,
Now a(v, w) := Ayw — Ay is given in components by
Qp = —€ppar 77 (6.16)

Defining p : A2V — s0(V) by p(v,w) := R(v,w) + [Av, Aw] — Aa(uw), We can write the Lie
brackets of the Killing superalgebra as follows:

4Bl =AB -~ B4 [5,5] = #(s) +7(s.5)
1
[A,s] = QWA S [v,s] = Bys (6.17)
[A,0] = Av [v,w] = a(v,w) + plv, w),
and determine p by the Jacobi identity and check that it maps to . Most of the components
of the Jacobi identity are already satisfied by construction:

e [h,h,—] because V& S @ b is an h-module,
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o [h,S,S] because 7 is h-equivariant,
o [h,S,V] because f is h-equivariant,
o [S, 5, 5] because of the Spencer cocycle condition, and

o the V-component of [S, S, V] because of the Spencer cocycle condition.

We will use the [S, V, V] Jacobi to define p and then check that p is h-equivariant and maps
to h which means that the [h, V, V] Jacobi is satisfied. Finally, we have to check that the
h-component of the [S, S, V] Jacobi as well as [V, V, V] Jacobi are satisfied.
The [S,V, V] Jacobi says that for all v,w € V and s € S,
|

[0, [w, s]] = [w, [v, 5]] = [[v, w], 5] (6.18)

which is equivalent to

1 !

§wp(v,w) - [51)7/810] - Ba(v,w)' (619)
This requires that the r.h.s. should belong to A2V C C¢(V'), which can be checked to be
the case. In components, the above condition is

1 !
ip#vaﬁraﬁ = [@uﬁv} —aw’ By (6.20)
and after a short calculation (which we omit) results in

Puvaf = 4C,ul/CaB- (6.21)

It follows that p is h-equivariant and moreover that it lands in . Therefore the [h, V, V]
Jacobi is satisfied. It is straightforward, if somewhat tedious, to check that the rest of the
Jacobi identity is satisfied.

In summary, the Killing superalgebra of a maximally supersymmetric background
(M, g,C) of minimal 5-dimensional supergravity is the filtered Lie superalgebra with un-
derlying vector space g =V & S @ b, where h = so(V') Nstab(C'), whose brackets are given
forall A,B €b, se€ S and v,w € V by equation (6.17), with

Quvp = —€uparC77
1
Bu = J€uaporC* T + Cuu T (6.22)
Y = 20C
PuvaB = 4Cpuca,8-
6.3.2 Killing superalgebras for maximally supersymmetric backgrounds with
F #0
For these backgrounds, C' = 0 and F' = ¢ ®r where ¢ is a parallel vector field (or one-form)
and r € sp(1) is a fixed element of the R-symmetry Lie algebra. The normalised cocycle
B® 4~ can be read off from equation (3.40):

1
B (v,8)4 = —g (e t3p-0) rips?
(6.23)

[} oT AB
YIS, ) = Zewp OPrapws.
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It follows that (s, s) € h = s0(V) Nstab(y): indeed,

1
YNu#” = 79" ey T aBwGT =0, (6.24)

by symmetry. This means that we can choose A = 0 and hence o = 0, 8 = 8 and v = +®
and the Lie brackets of the Killing superalgebra are given by

[A,B] = AB — BA [s, 5] = K(s) + (s, 9)

[A,s] = %wA -8 [v,s] = Bys (6.25)
[A, 0] = Av [v, w] = p(v,w),

subject to the Jacobi identity, which will determine p.

As in the case of the supergravity backgrounds, most of the components of the Jacobi
identity are already satisfied. The [h, V, V] component will follow from the h-component of
the [S, S, V] Jacobi. Indeed, this component says that

p(v, k(s,s)) = 2v(B(v, 8), s). (6.26)

If we can solve this equation for p, which basically means that the r.h.s. only depends on
k(s,s) and not on either 1 nor wB, then p is indeed h-equivariant, since so are 3 and
v, and p maps to b, since so does . The other two Jacobi components which need to be
satisfied are the [S,V, V] component:

!

Bv,B(w,s)) = B(w, B(v,s)) = [p(v, w), s] (6.27)

and the [V, V, V] component:
p(u,v)w + p(v, w)u + p(w, u)v < 0. (6.28)

We actually prefer to derive p from the [S,V,V] Jacobi and check the other two. A
straightforward (if tedious) calculation shows that

Puvor = @29;1,[097—]1/ — PuPlorlv + PrPlor|us (629)

agreeing, as expected, with the Riemann tensor (6.1). It follows that p is h-equivariant
and we check that it does map to bh: indeed, a short calculation shows that p.o-¢” = 0,
with terms cancelling pairwise. Similarly, one checks that p,,q, = 0, which shows that
the [V, V, V] Jacobi is satisfied and, finally, that equation (6.26) is too.

In summary, the Killing superalgebra of the maximally supersymmetry backgrounds
with C' = 0 is given by equation (6.25) with h = so(V) N stab(y) and

1
B, g = —5¢" (Tuly + 3T, T) g

1 o o
Yuv = Zeuupzﬂ'(ﬁ w

(6.30)

T

AB

where we have introduced the shorthand wy, 1= rapwi;

tion (6.29).

and where p is given by equa-
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A Tensorial identities for 2-forms

We collect here some identities which are required for various calculations in the main body
of this paper. Let (M, g) be a 5-dimensional lorentzian manifold and let A, B € Q?(M).
We work in a local orthonormal frame, starting with the identity

2
eaﬁv[WAp]aBm + gEquaﬁAaéBﬁé =Y (A1)

which can be verified by contracting the left hand side with ¢#*?°7. It then follows that

604/6’7[ul’Ap]OéB/BaY + 604,6’7[WA@BBP]7 =0. (A.2)
We can then show that
€vpafy (A“O‘Bﬁ’y + AaﬁBM’y,) + T}u[,,Ep]ag.},(;AO‘BB'WS =0 (A.3)
by contracting the left hand side with €’??7X and using equation (A.2). In particular,
we have
EaB'Y[WAp]aAM =0, (A4)
1 5
€appA, AP + inu[yep]aMAaﬁm =0. (A.5)
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