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Abstract: We present an effective field theory describing the relevant interactions of
the Standard Model with an electrically neutral particle that can account for the dark
matter in the Universe. The possible mediators of these interactions are assumed to be
heavy. The dark matter candidates that we consider have spin 0, 1/2 or 1, belong to
an electroweak multiplet with arbitrary isospin and hypercharge and their stability at
cosmological scales is guaranteed by imposing a Z2 symmetry. We present the most general
framework for describing the interaction of the dark matter with standard particles, and
construct a general non-redundant basis of the gauge-invariant operators up to dimension
six. The basis includes multiplets with non-vanishing hypercharge, which can also be
viable DM candidates. We give two examples illustrating the phenomenological use of
such a general effective framework. First, we consider the case of a scalar singlet, provide
convenient semi-analytical expressions for the relevant dark matter observables, use present
experimental data to set constraints on the Wilson coefficients of the operators, and show
how the interplay of different operators can open new allowed windows in the parameter
space of the model. Then we study the case of a lepton isodoublet, which involves co-
annihilation processes, and we discuss the impact of the operators on the particle mass
splitting and direct detection cross sections. These examples highlight the importance of
the contribution of the various non-renormalizable operators, which can even dominate
over the gauge interactions in certain cases.
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1 Introduction

The existence of dark matter (DM) in the universe is strongly suggested by several astro-
physical and cosmological measurements but its very nature remains enigmatic. Particle
physics proposes a plausible and effective solution to this problem in terms of an electrically
neutral and weakly interacting massive particle that is stable at cosmological scales [1, 2].
DM particles are predicted by many extensions of the Standard Model (SM), including
the well motivated ones that address other important theoretical or experimental issues
of the model such as supersymmetric [3, 4] or extra-dimensional models [5–8].1 In fact,
basically any extension of the SM with additional neutral particles can accommodate a DM
state, provided that a discrete symmetry is imposed to protect it from decaying into SM
particles. These DM particles are turning out to be the new holy Grail of contemporary
physics, actively searched in many astroparticle [9–14] and collider [15–19] experiments.

Because of the large proliferation of DM candidates, it has become customary and
quite useful to consider effective field theory (EFT) approaches, which allow to study in a
model-independent manner the phenomenology of these particles. It is typically assumed
that the new state is either a scalar, a vector or a fermion, although higher spins have

1In these extensions the dark matter candidate is the lightest particle of the new sector, which can be
made stable by virtue of a discrete symmetry. This symmetry also helps in relaxing direct and indirect
collider limits.
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been also considered, see refs. [20, 21] for recent accounts. Among the simplest and most
economical of these EFTs are the Higgs-portal models, in which a single DM particle is
introduced in addition to the SM particles; it interacts in pairs only with the Higgs sector of
the theory, which is assumed to be minimal [22] and, hence, involves only the unique Higgs
boson observed at the LHC [23, 24]; see refs. [25, 26] for recent reviews. There are also
other possibilities for these simple EFTs and, for instance, Z-portal [27–29] or neutrino-
portal [30–32] scenarios have been also extensively discussed. These models are rather
predictive as all DM observables can be specified by only a few basic new parameters, for
example, the mass of the DM particle and its coupling with the mediator particle.

However, it might well be that the relevant new physics extension has also additional
new particles, heavy scalars, vectors or fermions that could accompany the DM and/or act
as DM mediators. Actually, the simple portal models, with the mediator being exclusively a
SM particle, are highly constrained by present data. In this case, another possible approach
which also introduces only a handful of free parameters has been put forward: simplified
models [33, 34] in which an effective Lagrangian is introduced that explicitly includes the
mediator particle and its interactions with the SM and DM states. For instance, a model
with a singlet DM fermion and a singlet scalar mediator has been studied in ref. [35] and
the importance of imposing the full SM gauge symmetry is emphasized; other examples of
simplified models can be found in refs. [36–41]. This hybrid approach has many advantages,
in particular in the context of collider physics when the mass of the DM and its possible
companions are comparable to the collider energy, but in practice introduces, unlike the
simple EFT approach with only DM fields, some additional model dependence that makes
it rather close to the concrete realizations that it is meant to simplify. We will thus not
discuss this approach further here.

Instead, in this paper, we follow a genuine EFT approach, including all the operators
allowed by the symmetries. We assume that all possible mediators of the DM interactions
are heavy and have been integrated out. The degrees of freedom in the EFT are only the
SM particles and the DM particle, together with its possible gauge partners, which will be
nearly-degenerate in mass. Indeed, whenever the DM field has non-vanishing isospin, it
must appear together with other fields, forming complete SU(2)L multiplets. In our EFT
we consider a DM particle of spin 0, 1

2 or 1, with well-defined gauge quantum numbers.
That is, the DM field appears in the neutral component of an SU(2)L × U(1)Y multiplet.
For these three different spin assignments and for arbitrary isospin and hypercharge, we
consider the most general EFT that describes this scenario, with the additional assumption
of a Z2 symmetry to stabilize DM. This is nothing but an extension of the SMEFT [42]
with new degrees of freedom: an additional scalar, vector or fermionic multiplet containing
the DM state.2 We perform a systematic classification of the gauge-invariant operators
that appear in this extended EFT, and construct a general basis for all relevant operators
up to dimension six. These operators capture the effects of the mediators or additional
heavy particles, and also of possible non-perturbative UV completions [44]. The Wilson

2Due to the Z2 symmetry, the EFT in this paper is complementary to the one considered in ref. [43], in
which the extra fields in the SM extension were required to have linear interactions with SM operators.
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coefficients of these operators, to be treated as free parameters, can be constrained us-
ing present data on the cosmological relic density, direct and indirect DM detection in
astroparticle physics experiments and in missing energy searches or invisible Higgs boson
decays at high-energy colliders like the LHC.

DM multiplets with non-vanishing hypercharge are often discarded because their scat-
tering off nucleons have large cross-sections mediated by a Z boson, in conflict with direct-
detection bounds. However, it is known that the dominant contribution to the cross-section
is avoided if the DM particle is described by a Majorana spinor [45]. This is the case of
fermionic DM particles with non-vanishing hypercharge whenever the two components of
the Dirac field are non-degenerate. The mass splitting can be produced by mixing with
an additional Majorana fermion. More relevant to our EFT setup with one multiplet,
it has also been shown in the case of a fermion doublet that it can be induced by non-
renormalizable operators [46]. Here, we argue that this mechanism is very general and
works for arbitrary spin whenever there is some breaking of a global U(1) symmetry acting
on the DM multiplets. We distinguish the operators in our EFT that break this symmetry
and observe that, to dimension 6, they require fields of isospin 1/2.

There have been many analyses in the past that have considered EFTs whose field
content were that of the SM extended with DM states. In the low-energy regime, non-
relativistic EFTs have been discussed, for example in refs. [47–57], but more focus has
been put on the relativistic case. For instance, a complete set of operators of dimension
≤ 6 (written in the broken phase of the electroweak sector) for an EFT containing the SM
fields together with a complex scalar DM field in a singlet, doublet or triplet representation
is given in ref. [58]. In ref. [59], an EFT consisting of the SM particles together with
Majorana or real scalar DM has been considered and the operators of dimension ≤ 8 have
been classified in the case where the DM particle is assumed to be a singlet under the SM
gauge group and coupling only to fermions. In ref. [60], a basis of operators of dimension
≤ 6 for an EFT with the SM and DM particles has been given, with the non-SM fields
being a light right-handed neutrino as well as a singlet scalar, fermion and vector DM
fields which were made stable by invoking a Z2 symmetry under which the SM fields are
uncharged and the DM fields are charged. A basis of dimension-6 operators describing
interactions of a singlet-like Majorana DM fermion with SM particles, and its applications
for collider and astroparticle searches, has been introduced in refs. [61–63]. Closer to our
scope in this paper, a minimal basis of operators of dimension 6 or less describing the
interaction of a singlet scalar, a Dirac fermion and a vector DM with quarks and gluons
only has been given in ref. [64]. Finally, in ref. [65], a basis of effective operators up to
dimension 7 has been given in the case of scalar and fermionic DM embedded in a general
SM multiplet.

Subsets of effective operators relevant for different applications have been considered
in refs. [39, 66–75]. In particular, DM interactions with quarks and gluons and their impact
on direct detection as well as searches at colliders have been discussed in refs. [76–78] in the
case of singlet Dirac and/or Majorana DM and in ref. [78] in the case of scalar DM. The
specific case of fermion DM couplings to photons was considered in ref. [79]. An EFT for
fermionic and scalar DM interactions with quarks, gluons and photons at low energy scales
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has been presented in ref. [80]. In ref. [81], loop effects in an EFT of the SM extended with
a singlet Dirac fermion DM particle have been studied. The matching at the electroweak
scale between the DM EFTs with and without the standard fermion, gauge and Higgs
bosons has been performed in ref. [82]. Finally, the important aspect of co-annihilation has
been also discussed and, for instance, an EFT for the DM in this context was constructed
in ref. [83] (while a systematic classification of simplified models for co-annihilation has
been given in ref. [84]).

In this paper, we complete the previous analyses by presenting the most general frame-
work for the description of the interactions between one multiplet that contains the DM
particle and SM particles, which we assume to be the only relevant degrees of freedom at
sufficiently low energies. The EFT for the DM-SM system in our setting is obtained by ex-
tending the SMEFT field content and symmetries, which besides the Lorentz group and the
SM gauge invariance include a discrete Z2 symmetry in order to stabilize the DM particle.
As mentioned before, we study the case of spin-0, 1

2 and 1 DM, not constrained to be a SM
singlet. In particular, we extend in several ways on the work of ref. [65], which to the best
of our knowledge contained the most complete list of operators for generic DM available
to this date. First, we discuss the case of vector DM multiplets in addition to the scalar
and fermionic cases. Second, we do not assume the dark U(1)D symmetry considered in
ref. [65], which allows for extra operators for multiplets with hypercharge Y = 1/2.3 Third,
our non-redundant basis for scalar multiplets with arbitrary hypercharge Y 6= 1/2 includes
two operators that were not considered in ref. [65]. Finally, we present some interesting
phenomenological implications of our approach and, in particular, we address the impor-
tant consequences of the additional operators for multiplets with hypercharge Y = 1/2.
As we explain below, these operators are required to produce the mass splitting that helps
in avoiding direct-detection limits. On the other hand, we stop at dimension 6 and do not
consider dimension-7 operators, which have been included in ref. [65].

The phenomenology of singlet and non-singlet DM particles is quite different and we
give an example of each possibility to illustrate the use of our effective theory and to
show the relevance of the non-renormalizable operators. We first consider the case of
a singlet scalar DM state, where we give semi-analytical expressions for all the relevant
DM observables, which are rather simple and convenient for practical use. Indeed, these
expressions allow a more efficient exploration of the effect of the various operators and,
as an example, we use them to study the possible cancellation of the contributions of two
different operators, which allow to ease the stringent experimental constraint from direct
DM detection. In a subsequent step, we illustrate the important impact of co-annihilation
by considering the case of an iso-doublet of heavy leptons and discuss the simultaneous
effect of the various dimension-5 operators on the mass splitting between the neutral DM
state and the other charged and neutral leptons, as well as on the annihilation and co-
annihilation cross sections into SM particles.

The paper is organized as follows. In the next section, we discuss the derivation of
the complete basis of operators of dimension ≤ 6 which involve two scalar, fermionic or

3We thank the authors of ref. [65] for a discussion on this issue.
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vector DM multiplets and SM fermions, gauge and Higgs bosons. In sections 3 and 4, we
use our EFT to analyze the phenomenology of a scalar singlet and of a fermion doublet,
respectively. A short conclusion is given in section 5. In appendix A, we present our
complete basis of operators up to dimension 6 and in appendix B we comment on the basis
of operators of the form ϕ†ϕφ†φD2.

2 Effective field theory for a generic DM multiplet

2.1 Symmetries and field content

Our aim in this study is to set up a general framework for the description of the interactions
between the DM and the SM particles in the case in which the possible mediators of the
interactions are heavier than these particles and than the energies which are expected to
be probed. This DM-EFT can be obtained by extending the SMEFT (the effective field
theory constructed with the SM fields only) with an extra field content, a multiplet that we
will generically denote X , that involves the DM particle, X0, and it possible companions.
The SM gauge group GSM = SU(3)C×SU(2)L×U(1)Y must be contained in the symmetry
group of this EFT, so we shall impose the SM gauge symmetry without losing generality.
Our only assumption in this regard is that GSM is linearly realized (as it is the case in the
SMEFT) but, of course, we shall also impose Lorentz symmetry. Thus, the extra fields
of the DM-EFT can be organized into irreducible representations of GSM and the Lorentz
group. As any EFT, our theory is valid only below a cut-off Λ, which should be larger
than the electroweak scale v ≈ 246GeV as well as the DM mass MX . When introducing
the various operators that describe the interactions in this EFT, we implement the usual
power counting assigning a typical value of Λ4−∆ to the Wilson coefficient of an operator
of dimension ∆.

In order to work with a manageable theory some restrictions on the DM sector need
to be imposed. In this paper we make the following assumptions:

1. In order to stabilize the DM particle, we impose a discrete Z2 symmetry.

2. The field content of the theory is given by the SM one, including the Higgs doublet φ,
and a single extra multiplet X that belongs to an irreducible representation of GSM.
Under the Lorentz group, X transforms either as a scalar, a spinor or a vector. All
SM fields are even under Z2, while X is odd.

Due to the restriction to one extra multiplet, our EFT can be regarded as a minimal
extension of the SMEFT, much as the minimal dark matter scenario [85–87] is a minimal
extension of the SM. We make this assumption for simplicity but, in fact, the same EFT
works in the case of several flavors of the same multiplet and also when there is a separate Z2
for each type of multiplet; only an additional labelling of the different fields and couplings
would be required. The general case with different types of multiplets would instead involve
extra operators, which we do not write here.

If the cutoff Λ is large, the assumption of a Z2 symmetry is not necessary for multiplets
in sufficiently large representations of GSM, as the gauge symmetry then forbids operators
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linear in X below a given dimension.4 The DM particle is then not absolutely stable and
could decay, but the corresponding suppression of the decay width could make the lifetime
longer than the age of the Universe, as emphasized in ref. [85]. However, we are mostly
interested in the case in which Λ is not much larger than the TeV scale, so the suppression
will not be sufficient except for extremely large representations. Finally, the restriction
to spin up to unity is also made for simplicity; DM with higher spins has been recently
considered in refs. [20, 21].

In order to include a good DM candidate, X must be a color singlet and must contain
an electrically-neutral component X0. This component is the field associated to the DM
particle(s). The existence of X0 restricts the possible electroweak quantum numbers of X .
Let T be its isospin and Y its hypercharge. Then, an electrically neutral component is
present if and only if the difference T − |Y | is a natural number. We assume that Y is
non-negative without loss of generality: from a multiplet X , one can obtain a new one X̃
in the same representation of SU(2)L and with opposite hypercharge as

X̃ = EX̂ , (2.1)

where E is the anti-diagonal matrix with entries (1,−1, 1,−1, . . .) and X̂ is the conjugate
of the field X (ϕ̂ = ϕ∗, χ̂ = γ0Cχ

∗ and V̂µ = V ∗µ for scalar, fermion and vector fields,
respectively).5 We thus have an infinite but discrete set of possibilities for the DM multiplet
X , given by

T ∈ {0, 1/2, 1, . . .}, Y ∈ {T, T − 1, . . . , T − bT c}, (2.2)

where bT c denotes the integer part of the isospin T . The minimal field content of multiplets
with vanishing hypercharge and integer isospin corresponds to irreducible representations
carried by real scalars, Majorana spinors or real vectors.

We note that multiplets with large T values will accelerate the running of the SU(2)
gauge coupling g (and the U(1) coupling g′ if the hypercharge Y is also large). We do
not impose any restriction in this sense because Λ is arbitrary and the scale at which g

becomes non-perturbative will typically be beyond the regime of validity of the EFT.
Our approach covers a large number of the models, both complete in the ultraviolet

regime and constructions in the effective theory approach, that have been proposed in the
literature and involving a weakly interacting massive DM particle. Some of these scenarios
have been mentioned before and, for instance, models in which the DM interacts with the
SM particles through the Higgs portal have been reviewed recently in ref. [25] where a
rather exhaustive list of references may be found.

For most phenomenological purposes, the only relevant operators are those that contain
the DM field quadratically. The kinetic and mass terms read

L0 = ηϕ
[(
Dµϕ

)†
Dµϕ−M2

ϕϕ
†ϕ
]
, (2.3)

4For instance, note that no renormalizable operator linear in X is allowed for representations not included
in the list which is given in e.g. ref. [43].

5This is related to charge conjugation C by CXC−1 = ηCX X̂ , ηCX = ±1, so A and B are charge conjugation
eigenstates with eigenvalue ηCA,B .
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for a scalar multiplet, denoted by ϕ;

L0 = ηχ
[
χ̄i /Dχ−Mχχ̄χ

]
, (2.4)

for a fermion multiplet, denoted by χ; and

L0 = ηρ
[(
Dµρν

)†
Dνρµ −

(
Dµρν

)†
Dµρν +M2

ρρ
†
µρ

µ], (2.5)

for a vector multiplet, denoted by ρ. The derivatives Dµ are covariant with respect to GSM
and ηX = 1, 1

2 for complex and real representations of the multiplet X , respectively. Note
that the spin-one extra particles are described in our effective treatment by a Proca vector
field. This vector field can represent an extra gauge field of an extended gauge group;6 in
our minimal setup, this comes along with the assumption that the Higgs fields associated
to the spontaneous breaking of the additional gauge invariance are heavier than the scale
Λ, and have been integrated out. In order to allow for non-perturbative UV completions,
we do not impose here the restrictions on the Wilson coefficients that would arise from the
extra gauge invariance.

A list of all the operators with dimension D ≤ 6 for any electroweak multiplet X is
given in appendix A. This is the main result of this paper. The effective Lagrangian can
thus be written as

LDMEFT = LSMEFT + L0 +
∑
i

cH
i OH

i +
∑
i

(
cNH
i ONH

i + h.c.
)
, (2.6)

where LSMEFT is the SMEFT Lagrangian; the OH
i and ONH

i operators are the hermitian
and non-hermitian operators in appendix A respectively. Also, in the equation above, the
cH
i coefficients are real, while the cNH

i are complex.
Not all structures are allowed for all choices of isospin and hypercharge. The restric-

tions arise because the quantum numbers of the product of two X must match the quantum
numbers of the combination of SM fields appearing in a given operator. For instance, when
D ≤ 6, whenever the latter has non-vanishing hypercharge, X must have Y = 1/2 for the
operator to be gauge invariant. These tables comprise a non-redundant basis of operators:
gauge-invariant operators not written here can be expressed as linear combinations of these
by the use of algebraic identities, integration by parts and field redefinitions.

2.2 Suppressing gauge couplings

The dark matter fields in multiplets with Y = 0 obviously have no coupling to the Z boson.
On the other hand, multiplets with Y 6= 0 are usually avoided because in general gauge
interactions, and in particular the coupling to the Z boson, give too large a contribution to
the direct detection cross section, well above the current experimental limits. However, as
we discuss in this section, there is a quite generic scenario in which the vector coupling to
the Z boson, and therefore its contribution to spin-independent direct detection, vanishes.
This leaves only gauge contributions to spin-dependent direct detection processes that are
much less constrained experimentally.

6This is actually necessary for perturbativity if the cutoff is not close to the mass of the spin 1 particle.
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The electrically neutral component of multiples with Y 6= 0 is a complex field X0,
which transforms trivially under U(1)Q but non-trivially under U(1)Y. Hence, it has gauge
couplings to the Z boson field with strength eY/(sW cW ). This complex field is made of
two self-conjugate components: X0 = A + iB, with Â = A, B̂ = B. Consider now the
mass term of the fields A and B. It is a hermitian form over self-conjugate fields, so it is
equivalent to a quadratic form and the 2× 2 mass matrixM is real and symmetric. This
is diagonalized by a real orthogonal transformation and its eigenfields N1 and N2 are also
self-conjugate. If M has two degenerate eigenvalues, then A and B are mass eigenfields
as well, and the full complex X0 constitutes the DM candidate. On the other hand, if
the eigenvalues are non-degenerate, then only the particle associated to the lighter mass
eigenfield, N1, survives and forms the DM today. In this case, only N1 is relevant as an
initial state in DM-nucleon interactions. Furthermore, if the mass separation is larger than
the typical kinetic energy of a DM particle near the Earth, only N1 will appear as a final
state.

Let us consider the non-degenerate case. We are interested here in the trilinear inter-
action of two N1 fields and one Z boson field, which will be of the form jN1

µ Zµ. The current
jN1
µ is necessarily invariant under C, since it is bilinear in N1 and this field is self-conjugate.
Hence, since Aµ is C odd, these trilinear interactions cannot conserve C. If the interaction
preserves CP , it must be parity-odd. That is, jN1

µ must be a pseudovector current. Vector
currents that couple to the Z boson preserving CP (as the ones from minimal coupling)
cannot be built with N1 alone. These are the currents that enter the spin-independent
nuclear-DM cross-sections mediated by a Z, which thus vanish for non-degenerate Ni. In
this scenario, small contributions from non-renormalizable operators can dominate direct
detection.

The relevant question is then: when are the two mass eigenfields non-degenerate?
Consider a global U(1)X symmetry transformation acting only on the DM multiplet X .
This acts as an SO(2) transformation on the two-dimensional real vector space generated
by A and B. In fact, A and B span the vector space of a two-dimensional irreducible
representation of this SO(2), since no one-dimensional subspace is left invariant. Indeed, a
generic SO(2) transformation transforms any vector into a linearly independent one. The
vector space of the irreducible representation is thus the complete space generated by A

and B. If the global U(1)X is a symmetry of the action, then the mass matrix M will
commute with the SO(2) transformations and all the linear combinations of A and B will
be mass eigenfields with the same eigenvalue.7 So, if U(1)X is preserved, we are in the
degenerate case.

Conversely, any breaking of U(1)X will generically produce a splitting of the eigen-
masses. This is the case, for instance, of SUSY DM models in which the Higgsino mixes
with a Majorana gaugino, which breaks the symmetry. In our effective treatment with
only one DM multiplet, the breaking of U(1)X can only occur in operators in which the
combination of DM fields has non-vanishing hypercharge. The reason is that U(1)X acts

7An equivalent way to put this is that a 2 × 2 matrix left invariant by arbitrary rotations must be a
multiple of the identity.
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Operators Contraints
Oφ1, Oφ4 H → inv, direct detection

Oφ�1 H → inv
(Oeφ1)33 —

(Odφ1)33, (Ouφ1)33 direct detection
OB, OW1, O

B̃
, O

W̃1 —
OG, O

G̃
monojet

Table 1. Allowed operators for a real scalar singlet DM candidate and sources of constraints over
their coefficients. All operators are relevant for setting the correct DM abundance. They all have
dimension 6, except for Oφ1, which has dimension 4.

as a global U(1)Y on the DM fields. For operators that are bilinear in X , the only possible
combinations with non-vanishing hypercharge are products XX or X̂ X̂ , with hypercharge
±2Y . From gauge invariance, they must multiply a SM operator with hypercharge ∓2Y .
Hence, the Y assignments for which U(1)X-breaking operators of a given dimension exist
are restricted by the hypercharge of the possible SM operators that can enter those oper-
ators. To dimension 6, the only possibility is Y = 1/2. From the point of view of direct
detection, these multiplets can behave similarly to the ones with Y =0.

This symmetry argument applies also at the quantum level, since a linear global U(1)X
preserved by the classical action is non-anomalous— the left-handed and right-handed
components of Dirac fermions transform in the same way — and will also be a symmetry
of the quantum effective action, and in particular of the quadratic terms in the effective
potential.

As we have emphasized, this mechanism works for bosons as well as for fermions.
Nevertheless, spin-independent contributions to nuclear-DM scattering at low energies are
suppressed in any case, (in particular for Y 6= 1/2) when X is a boson, as the couplings of
X0 to the Z boson necessarily involve derivatives.

3 Scalar singlet dark matter

In order to study the effects of each effective operator, one needs to fix a concrete multiplet.
In this section, we will use a real scalar singlet ϕ [88–98] as an example of how to use
the general framework introduced in the previous section. A similar analysis can also
be performed for fermion and vector singlets. The case of non-singlet multiplets will be
illustrated in section 4. For the scalar singlet, there are 12 independent allowed operators,
shown in the first column of table 1.

The relevant experimental constraints over the coefficients of the operators for the
scalar singlet ϕ are the measured value of the DM relic abundance and the upper limits
on: the nucleon-DM cross section from direct detection experiments; the DM annihila-
tion cross section from indirect detection; the Higgs branching ratio into invisible decay
products and the monojet cross-section from the LHC. For the relic abundance, we take
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Planck collaboration’s [9] value of 0.120. For the nucleon cross section we use the bounds
from DarkSide-50 [13] and Xenon1T [10] experiments, for masses below and above 6 GeV,
respectively. For the DM annihilation cross section into bb̄ and W+W− final states, we
apply the bound obtained in ref. [99] using the data on the gamma ray flux from dwarf
galaxies. For the collider limits, we use the LHC results from ATLAS and CMS on the
invisible Higgs branching ratios given in refs. [17, 18] and on the missing energy events
given by CMS in ref. [19].

In order to study the effects of each operator, we can turn on one Wilson coefficient
ci, corresponding to one operator Oi, at a time, and set constraints on the [Mϕ, ci] planes,
where Mϕ is the scalar mass. We assume that only the third generation of SM fermions
couples directly to the DM particle. The experimental data relevant for each operator is also
shown in table 1. The limits coming from different sources for each operator are summarized
in figures 1 and 2. We have computed these limits using the code micrOMEGAs [100–102],
and, for the direct detection limits on the OG operator, eq. (23) in ref. [103].

The top-left plot in figure 1 corresponds to the renormalizable Higgs portal Oφ1, stud-
ied in detail in refs. [88–90]. The operators Oφ4 and Oφ�1 also couple ϕ only to the Higgs.
The plots for the three Higgs operators show a downwards peak at M = mH/2 in the
curve for the abundance, due to the enhancement of annihilations at s = 4M2 through an
s-channel Higgs. For the Oψφ1 operators, the correct abundance is set by an approximately
constant value of the Wilson coefficient, and only for DM masses above the mass of the
corresponding fermion ψ. In general, for all the operators, the abundance line goes down
quickly whenever a new annihilation channel opens up. The direct detection limits are
relevant for the operators Oφ1, Oφ4, (Odφ1)33, (Ouφ1)33 and OG. For all of them, these
limits are stronger for masses between 10 and 100GeV, where the Xenon1T experiment
has the most sensitivity. The operators Oφ�1 and OF contain derivatives and therefore
give suppressed contributions to the DM-nucleon cross section at low energies,8 except for
OG, which, despite the derivative suppression, gives a relatively large cross section with
nucleons, because it couples the DM particles directly to gluons. (Oeφ1)33 does not give
any relevant contribution. The operators that couple ϕ to the Higgs only are the ones that
contribute to the invisible Higgs branching ratio. The operators coupling ϕ only to gluons
give monojet signals, through the process gg, qq → ϕj [90]. In each plot, we include a
red region were the EFT description is expected to break. This happens when the EFT
expansion parameters E/Λ are order 1,9 where E represents the energy scale of the process
under consideration, and Λ = c−1/2 is the cut-off scale, for each Wilson coefficient c of a
dimension-6 operator. The relevant energy E is the DM mass M for all the observables
we consider, except those from colliders, for which it is E = v. We thus require M < Λ
and v < Λ. The first condition induces the red regions, the second one translates into
c . 15 TeV−2, which is always satisfied in our plots.

From figures 1 and 2, one can see that direct detection constrains the mass of a DM
particle coupling through the operators with coefficients cφ1, cφ4, cdφ1 and cuφ1 to be rather

8Oφ�1 is the dominant operator in pseudo Nambu-Goldstone DM scenarios [103, 104], which allows them
to evade direct detection limits.

9Here, we are conservative, ignoring factors of 4π in loops contributions.
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Figure 1. Constraints on the coefficients of the operators coupling the DM particle to the Higgs
boson and/or SM fermions, as a function of the DM particle mass. The points over the solid black
line give the correct DM abundance. The gray region gives an overabundance of DM. The orange
region is excluded by the bound on H → invisible from ATLAS and CMS. The blue region is
excluded by the XENON1T and the DarkSide-50 experiments. The region excluded by the limit
on the annihilation cross section set by Planck is shown in green. The EFT is no longer valid in
the red region.
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Figure 2. Constraints on the coefficients of the operators coupling the scalar DM particle to
gauge bosons, as a function of the DM particle mass. The points over the solid black line give the
correct DM relic abundance. The gray region gives an overabundance of DM. The orange region
is constrained by the analysis of monojet events performed by the CMS collaboration. The region
excluded by the limit on the annihilation cross section set by Planck is shown in green. The EFT
is no longer valid in the red region.
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large, with the lower limit ranging from around mt ≈ 175GeV for cuφ1 to values close to
1 TeV for cφ1. The growth with energy of the DM annihilation cross section for a derivative
portal coupling with coefficient cφ�1 allows to have a DM mass just above the mass of
the Higgs boson, & 125GeV. Below this mass value, the invisible Higgs branching ratio
BR(H → inv) rules it out. The DM couplings to the gluon cG and cG̃ are constrained to
be smaller than about 3× 10−1 TeV2 by the CMS monojet searches for a DM mass below
∼ 200GeV. This, together with the constraint from the relic abundance, translates into a
lower limit of ∼ 20 GeV for the DM mass. Finally, the coefficients ceφ1, cB, cB̃, cW1 and
cW̃1 are practically unconstrained by experiment.

The leading-order dependence of each DM observable on the Wilson coefficients is
easily obtained. All observables are functions of the squared amplitude

∣∣∣M∣∣∣2 for some
process, which can be written as a quadratic function∣∣∣M∣∣∣2 =

∑
ij

fij(Mϕ)cicj , (3.1)

of the Wilson coefficients, with Mϕ-dependent coefficients. Since cφ1 is of order 1/Λ0 and
the rest of the ci are of order 1/Λ2, each term in this sum can be of order 1/Λ0, 1/Λ2

or 1/Λ4. In what follows, we will keep all terms for completeness, but we remark that,
when the dimension-4 operator is present, the precision of the formulas is 1/Λ2, since the
interference between dimension-4 and dimension-8 operators would also be of order 1/Λ4.
However, when the coefficient of the dimension-4 operator vanishes, the precision becomes
1/Λ4, since the lowest order to which dimension-8 operators can contribute is 1/Λ6.

Eq. (3.1) allows to obtain semi-analytical expressions for the main observables that we
consider in our study. In order to do so, we need to find the Mϕ dependence of the fij
coefficients. We choose a simplified dependence that gives the correct results with less than
10% error for most of the parameter space. For the annihilation cross section σann of two
DM particles into two SM ones times the velocity in the non-relativistic limit, we choose:

(σannv)|s=4M2
ϕ

=
(
3× 10−26 cm3 s−1

)∑
fij

θ(2Mϕ −mf )P fij(Mϕ)Afij c̃ic̃j , (3.2)

with c̃φ1 = cφ1, c̃i = ci ·TeV2. The dimensionless coefficients Afij are ci andMϕ independent.
The f index labels final states, while the i, j indices label the Wilson coefficients. mf is
the sum of the masses of the particles in the final state. Most of the mass dependence is
encoded in the functions

P fij(Mω) =



m2
H/M

2
ϕ for f = HH and i, j = φ1, φ4

1 for f = bosons and i = φ1, φ4; j = φ�1, F, F̃
M2
ϕ/m

2
H for f = bosons and i, j = φ�1, F, F̃(

1− m2
ψ

M2
ϕ

)3/2
for f = fermions and i, j 6= φ1, φ4, φ�1

m4
H

(4M2
χ−m2

H)2+Γ2
H→bb̄

m2
H

for f = bb̄, cc̄ and i, j = φ1, φ4, φ�1 .

(3.3)

We obtain the coefficients Afij by evaluating (σannv)|s=4M2
ϕ

numerically using the code
micrOMEGAs. The results are shown in table 2. As a general rule, the formula eq. (3.2) can
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AHHij

i\j φ1 φ4 φ�1
φ1 390 150 −56
φ4 16 −11
φ�1 2.0

Aγγij

i\j B B̃ W1 W̃1
B 9.1 −12 350 0.43
B̃ 37 −12 1400
W1 0.85 0.29
W̃1 3.4

AγZij

i\j B B̃ W1 W̃1
B 5.5 −7.2 710 4.0
B̃ 22 −8.1 −2800
W1 5.5 1.9
W̃1 22

AW
+W−

ij

i\j φ1 φ4 φ�1 W1 W̃1
φ1 990 120 −120 2.1 5.3
φ4 3.6 −7.4 −0.057 −0.057
φ�1 3.9 −6.9 6.2
W1 31 14
W̃1 120

AZZij

i\j φ1 φ4 φ�1 B1 B̃1 W1 W̃1
φ1 490 61 −62 0.21 0.089 1.54 −1.6
φ4 1.8 −3.4 0.15 −0.028 −0.028 −0.028
φ�1 1.9 −1.3 −2.2 −3.8 0.31
B1 0.83 −1.1 360 6.1
B̃1 3.4 0.21 1400
W1 9.0 6.3
W̃1 36

AGGij

i\j G G̃

G 120 500
G̃ 33

Abb̄ij

i\j φ1 φ4 φ�1
φ1 34 4.1 −1.7
φ4 0.12 −0.10
φ�1 0.2

Acc̄ij

i\j φ1 φ4
φ1 2.5 0.30
φ4 0.0090

Att̄uφ1,uφ1 = 11, Abb̄dφ1,dφ1 = 11, Aτ
+τ−
eφ1,eφ1 = 3.8.

Nij

i\j φ1 φ4 dφ1 uφ1
φ1 36000 4300 −10000 −260
φ4 — 130 −600 −16
dφ1 — — 700 37
uφ1 — — — 0.49

Hij

i\j φ1 φ4 φ�1
φ1 3189 387.1 −97.20
φ4 — 11.72 −6.043
φ�1 — — 0.7788

Table 2. Coefficients Afgij , Nij and Hij in the semi-analytical formulas for the DM annihilation
cross section, DM-nucleon scattering cross section and Higgs to invisible branching ratio.
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be trusted away from SM particle production thresholds Mϕ ' mSM (with mSM the mass
of any SM particle) and from the Higgs boson resonance Mϕ ' 1

2mH .
The DM-nucleon scattering elastic cross section is simpler to parametrize. We find the

approximate formula

σN |s=(Mχ+mN )2 = (10−46 cm2)
(

100 GeV
mN +Mχ

)2∑
ij

Nij c̃ic̃j , (3.4)

where the dimensionless coefficients Nij are ci and Mχ independent. The sum runs over
the φ1, φ4, uφ1 and dφ1 Wilson coefficients. Again, we obtain the values of Nij from the
numerical calculation, and display them in table 2.

Similarly, the formula for the branching ratio of the Higgs boson decay into invisible
DM particle is given by

BR(H → inv) = θ(mH − 2Mχ)

√
1− 4M2

ϕ/m
2
H

∑
ij Hijcicj

1 +
√

1− 4M2
ϕ/m

2
H

∑
ij Hijcicj

, (3.5)

where the Hij coefficients are ci and Mχ independent. The sum runs over the φ1, φ4 and
φ� Wilson coefficients. The values of the Hij obtained from the numerical calculation are
also given in table 2.

These expressions greatly facilitate the exploration of the parameter space of the Wil-
son coefficient. For example, examining the table of Nij coefficients suggests that a can-
cellation between the contributions of the operators with cφ1 and cdφ1 coefficients to the
DM-nucleon cross section can occur. This opens the possibility of evading the stringent
limits from direct detection.

We show in figure 3 the limits in the [cφ1, cdφ1] plane for two values of the DM particle
mass, Mϕ = 50 and 200GeV, computed numerically using micrOMEGAs. As can be seen
there, the semi-analytical treatment has led us to a viable possibility: while masses below
the TeV scale are excluded by direct detection limits when only the dimension-4 portal
is present, the addition of a dimension-6 operator allows to avoid them while keeping the
correct relic DM abundance. For Mϕ >

1
2mH , no other limits apply. For Mϕ <

1
2mH , the

tiny set of values not excluded by direct detection is only ruled out by the limits on the
invisible Higgs branching ratio BR(H → inv). Similar results as those shown in figure 3,
with in particular a suppression of the direct detection limits, have been obtained in a
different context in ref. [41].

4 Lepton doublet dark matter

In this section, we consider the possibility in which the DM particle belongs to a non-singlet
SU(2)L × U(1)Y multiplet and illustrate the use of our approach in the specific case of a
DM lepton doublet.10 We start by discussing the contributions of the various operators to
the DM annihilation cross sections and to the mass splitting.

10There is a vast literature on DM scenarios with singlet-doublet leptons and, in the context of Higgs
portal models, they have been reviewed in e.g. ref. [25]. Doublet leptons alone have been discussed in

– 15 –



J
H
E
P
0
7
(
2
0
2
1
)
0
8
1

Figure 3. Line of points (in black) that give the correct DM abundance, together with the region
that gives an overabundance of DM (in gray), the region excluded by direct-detection experiments
(in blue) and the region excluded by the upper bound on BR(H → inv) (in orange), in the space
of cdφ1 vs. cφ1, for different values of Mϕ.

Non-singlet multiplets are fundamentally different from singlets in two ways: they have
dimension-4 couplings fixed by gauge invariance and more than one particle is present in
the spectrum near the DM mass. In order to illustrate this possibility, we consider the case
in which the multiplet is a spin-1/2 doublet ∆ = (N,E)T with hypercharge Y = −1/2, so
that ∆̃ corresponds to the Y = 1/2 > 0 multiplet χ we considered in section 2. We choose
the opposite hypercharge in order for ∆ to have the same quantum numbers as the usual
SM lepton doublet. The leading higher-dimensional operators for ∆ have dimension 5 and
are listed in table 3.

Apart from the vector-like mass term in eq. (2.4), the particles contained in the ∆
multiplet receive tree-level corrections to their mass from the four dimension-5 Oφi oper-
ators. After the spontaneous breaking of the electroweak symmetry, the mass Lagrangian
takes the form

−Lmass =
(
N c
L NR

) v2cφ3
1
2

(
M − v2

2 (cφ1 − cφ2)
)

1
2

(
M − v2

2 (cφ1 − cφ2)
)

v2cφ4

(NL

N c
R

)

+
(
M − v2

2 (cφ1 + cφ2)
)
ELER + h.c. . (4.1)

The diagonalization of the mass matrix for the states NL and N c
R is performed by means

the context of supersymmetric models with higgsino DM, see for instance refs. [105–107], and in the non-
supersymmetric case, for instance in refs. [46, 108]. Non-singlet scalar multiplets have been explored in the
context of composite Higgs models in [109, 110].
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Operators Constraints
Oφ1, Oφ2, Oφ3, Oφ4 H → inv, direct detection

OB, OW —

Table 3. Dimension-5 operators for a DM lepton doublet. All of them contribute to the DM
annihilation cross section.

of the unitary transformation(
NL

N c
R

)
=
(

cos θ −eiφ sin θ
e−iφ sin θ cos θ

)(
e−iα 0

0 e−iβ

)(
N1
N2

)
, (4.2)

with mixing angle θ given by

sin2 θ = 1
2 + |cφ3|2 − |cφ4|2

2

{(
|cφ3|2 − |cφ4|2

)2
+ |cφ3 + cφ4|

∣∣∣∣ M2v2 −
cφ1 − cφ2

4

∣∣∣∣}−1
. (4.3)

After diagonalization, we find that our multiplet contains three particles: two heavy Ma-
jorana neutrinos N1 and N2, and a heavy charged lepton E with masses given by

MN1 = M

[
1 + v2

2M
(
−Re cφ1 + Re cφ2 − 2|cφ3 + c∗φ4|

)
+O

(
c2
i

)]
, (4.4)

MN2 = M

[
1 + v2

2M
(
−Re cφ1 + Re cφ2 + 2|cφ3 + c∗φ4|

)
+O

(
c2
i

)]
, (4.5)

ME = M

[
1− v2

2M (Re cφ1 + Re cφ2) +O
(
c2
i

)]
. (4.6)

In order for the neutral state N1 to be stable, its mass must be smaller than the charged
lepton E mass: MN1 < ME . This occurs if and only if

Re cφ2 < |cφ3 + c∗φ4|. (4.7)

When both cφ3 and cφ4 vanish, the masses M1 and M2 become degenerate, and it is then
convenient to keep the neutrino mass matrix anti-diagonal, and view NL and NR and as
the left- and right-handed components of a unique Dirac neutrino.

The coefficients cφ2, cφ3 and cφ4 thus provide a general order-1/Λ2 parametrization of
new physics effects in the mass splitting. Even when no new physics is present, there will
be a remaining splitting induced by loops involving the gauge interactions [85–87]. We will
assume that the tree-level effects of the dimension-5 coefficients are dominant here, and
neglect the loop-induced splitting.

Let us briefly summarize the present experimental constraints on the masses and cou-
plings of the vector-like leptons. First, because of the Z2 symmetry which has been intro-
duced to stabilize the DM particle, these heavy leptons will not mix with the SM ones and,
thus, will not decay into SM particles and cannot be produced in association with them.
Hence, the usual stringent constraints on heavy leptons from the anomalous magnetic mo-
ments of the muon or electron [111] or from the associated production with charged SM
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leptons and neutrinos at LEP2 [112] will not hold.11 In the case of the DM particles, the
only relevant constraint will come from the invisible decays of the Z boson into DM pairs
(when the particle has non-zero hypercharge) which sets a bound of MN1 & 45GeV in the
Dirac and MN1 & 39.5GeV in the Majorana cases [112]; there are also bounds from the
invisible decay of the Higgs boson, MN1 .

1
2mH = 62.5GeV [17, 18] if the Higgs-N1N1

coupling is not too small. In the case of the charged lepton, there is a strict lower bound
on its mass from the pair production at LEP2: ME & 103GeV for an almost stable E
and ME & 101GeV if it decays into a light neutrino and a W boson [112]. This bounds
translates to a bound on MN1 when the leptons are close in mass.

Searches of these particles have also been conducted at the LHC where they can be
produced in the Drell-Yan type processes p → E+E−, NN,E±N (N stands for a generic
neutral lepton) with the latter mode being by far dominant as it is mediated by the exchange
of the charged W boson [113]. However, the constraints are again tight only in the case
where the heavy leptons mix with the ordinary ones, leading to prompt electrons or muons
and W,Z bosons in the final state [114, 115]. In our case, the lightest N particle is stable
while the next-to-lightest N ′ and the charged lepton E states will decay into the DM and
Z or W bosons. If the mass difference between the DM particle and its companions is
very small, as it is necessary the case for the co-annihilation mechanism to be relevant, the
intermediate gauge bosons would be far off-shell and the available phase space would be
tiny, so the processes would correspond to the production of long-lived particles that lead
to displaced vertices or particles being eventually stable at the detector level. There are
searches by ATLAS and CMS of stable and long-lived charged sleptons and charginos, which
constrain these particles to have masses above a few hundred GeV, see e.g. refs. [116, 117],
and could be relevant in our case. However, as these bounds are model dependent and
are very sensitive to the details of the analyses, we will not include them in our study.
Dedicated experiments such as MoEDAL, FASER or SHiP for instance could probe long-
lived particles more efficiently, see e.g. ref. [118] for a review.

In our analysis, we will therefore simply use the constraints ME & 100GeV for the
charged leptons andMN & 45GeV for the neutral ones, which have a non-zero hypercharge.
We will of course also take into account the bounds from the Higgs invisible branching ratios
as measured at the LHC, BR(H → NN) . 20% [17, 18] as well as constraints from direct
and indirect detection of the DM particle.

According to eq. (4.7), there are two classes of Wilson coefficients, those that induce
a splitting between the masses ME and MN1 , and those that do not, which we denote
respectively by cM and c /M :

cM ∈ {cφ2, cφ3, cφ4}, c /M ∈ {cφ1, cB, cW }. (4.8)

An analysis similar to the one in section 3, of the effects of each coefficient individually
while turning off all others, is only possible for the cM coefficients.

The relative effects of gauge interactions and dimension-5 operators in the DM anni-
hilation cross section are controlled by two parameters: the relative mass splitting of the

11Some of the dimension-6 operators in table 6 would contribute to the lepton anomalous magnetic
moments; however, they are not relevant for our discussion here.
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charged and lightest neutral leptons ∆ ≡ (ME−MN1)/MN1 ∼ cMv2/MN1 , and the effective
Yukawa coupling of the neutral lepton YN1 ∼ cMv. Then, there are three different cases to
consider:

i) ∆ . 0.1: in which the co-annihilation processes dominate in the cross sections. In
terms of cM and MN1 this happens when

cM . (0.02 TeV−1)
(

M

10 GeV

)
. (4.9)

ii) ∆ & 0.1 and YN1 . gEW: in which DM annihilation processes through the s-channel
exchange of the Z-boson dominate. This occurs is when

(0.02 TeV−1)
(

M

10 GeV

)
. cM . 3 TeV−1. (4.10)

iii) YN1 & gEW: the annihilation processes through the s-channel exchange of the Higgs
boson (with dim-5 operators) dominate, when

3 TeV−1 . cM . (4.11)

There are two issues with case iii): first, the masses MN1 that correspond to the correct
abundance are low, about 10 GeV for M , and thus excluded by LEP searches; and second,
the perturbative expansion of the EFT is broken if dim-5 interactions have a similar size
to dim-4 ones. cM being high also means that the masses MN1 and ME should be small,
MN1 ,ME . Λ ∼ c−1

M . We conclude that in almost all of the allowed parameter space,
dimension-5 operators affect the abundance only through the splitting.

Not all observables depend on the cM coefficients through the splitting. The case of
direct detection, for instance, can be strikingly different since, as we have discussed in detail
in section 2.2, the couplings to the Z boson leading to spin-independent direct detection
can be naturally suppressed in this case [119]. Indeed, when N1 is a Majorana fermion, its
vector current vanishes:

N1γ
µN1 = N c

1γ
µN c

1 = NT
1 C
†γµCN

T
1 = −N1γ

µN1 . (4.12)

This means that its coupling to the Z boson must be through the axial vector current:

LNZ = e

cW sW
N̄γµNZµ

⊃ e

cW sW
N̄1(eiα cos θPR − e−i(φ+α) sin θPL)γµ(e−iα cos θPL − ei(φ+α) sin θPR)N1Zµ

= −igZN̄1γ
µγ5N1Zµ, (4.13)

where we have used eq. (4.2) in passing from the first to the second line, eq. (4.12) in going
from the second to the third one, sW and cW are the sine and cosine of the Weinberg
angle, and

gZ = e cos(2θ)
2sW cW

. (4.14)
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Thus, this interaction vanishes for the value θ = π/4 of the mixing angle, which occurs if
cφ3 = cφ4. In the case in which cφ3 > 0, cφ4 = 0 and M/cφi � v2, the mixing angle and
the N1N1Z coupling are simply given by

sin2 θ ' 1
2 + v2|cφ3|

M
, gZ '

ev2|cφ3|
cW sWM

' 0.04
(

cφ3
0.1 TeV−1

)(100 GeV
M

)
. (4.15)

The coupling of the N1 states to the Higgs boson would be given, in this case, by

LN1N1H = YN1N1N1H, YN1 =
√

2vcφ3 ' 0.03
(

cφ3
0.1 TeV−1

)
. (4.16)

Since the N1 coupling to the Z boson only contributes to the spin-dependent DM-nucleon
cross section while the coupling to the H boson contributes to the spin-independent one,
and the limits on the spin-dependent cross section are at least five orders of magnitude
weaker [12], the direct detection limits are essentially controlled by the interaction with
the Higgs particle.

In figure 4, we show the limits in various regions of parameter space from the relevant
experimental constraints: the DM abundance, the direct detection cross section and the
searches for heavy leptons at LEP. We also include in each case a red area in which the
EFT description is expected to break down, which is the region where ME > Λ = c−1

for each Wilson coefficient c. The two plots at the top correspond to turning on one cM -
type coefficient at a time: cφ3 and cφ2. We choose negative values for cφ2, as required by
eq. (4.7) when cφ3 = cφ4 = 0. On the bottom plots we turn on more than one coefficient at
a time. On the left, we display the limits in [MN1 , cφ3] plane when the relation cφ4 = cφ3 is
imposed. On the right, we consider the case in which cφ4 = cφ3 = 0.1 TeV−1, and explore
the [MN1 , cB] space.

The generation of the correct abundance is dominated by co-annihilations for the black
curve on the right of each plot in figure 4. This corresponds to the regime labeled i) above.
The curve on the left is dominated by annihilations through the Z, corresponding to case
ii). The limit from LEP becomes just the upper bound on MN1 for large cM , since this
implies a large splitting; and just the upper bound on ME , for small cM . In the three plots
in which cφ3 6= 0, N1 is a Majorana particle, and the N1N1Z coupling does not contribute
to the spin-independent DM-nucleon cross section. Thus, the region excluded by direct
detection is controlled by the N1N1H coupling, which is proportional to the relevant cM
coefficient. On the top-right plot, the N1, N2 pair is degenerate and can be seen as a single
Dirac fermion. Then, there is an spin-independent contribution to the DM-nucleon cross
section from the N1N1Z coupling, leading to strong limits from direct detection.

Since the cφ3, cφ4 → 0 limit should lead to the Dirac case, one may wonder how the
strong limits from direct detection arise in that case. In this limit, the mass splitting
between N1 and N2 becomes small. Then, the collision between N1 and a nucleon may
produce an N2 particle through the exchange of a Z boson with vector (not axial vector)
couplings, thus contributing to the spin-independent cross section. However, in order for
this to happen, the mass splitting must be smaller than the typical kinetic energy of a DM
particle near the Earth, which is Mv2/2, with v ' 1× 10−3. This does not happen in the
region we consider.
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Figure 4. Constraints on the coefficients of operators for the DM lepton doublet. The points over
the solid black line give the correct DM abundance, while the gray region gives an overabundance
of DM. The orange region is constrained by LEP searches of heavy leptons. The region excluded
by direct-detection experiments is shown in blue. Indirect detection places not relevant limits.

On the bottom-right plot of figure 4, we see that most of the limits on [MN1 , cB]
space do not depend on cB. This is because its effects are subdominant in each case: the
annihilation cross section on the left is dominated by the dimension-4 coupling to the Z,
the mass is controlled by M and cM , and the contribution of cB to direct detection is
suppressed by the DM velocity while that of the cM is not. However, for high-enough
masses, cB has a relevant contribution to the annihilation cross section, since then the
effective coupling McB becomes comparable to the dimension-4 gauge couplings and larger
than the effective vcM coupling from the other coefficients.

5 Conclusions

Effective field theory has proven to be a useful approach for model independent studies
of the phenomenology of the weakly interacting, massive and cosmologically stable parti-
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cles that are expected to form the dark matter in the universe. In this paper, we have
investigated the possibility of going beyond the simple EFTs which have been discussed in
the past, in which the interaction of the DM particles with the SM ones is parameterized
in terms of a single or a few dominant operators, renormalisable or not, with the medi-
ators of the interactions assumed to be very heavy and integrated out. Assuming that
the DM particles have spin-0, 1

2 or 1, and appear as the neutral components of a single
SU(2)L × U(1)Y multiplet with arbitrary isospin and hypercharge, we construct a general
and non-redundant basis for all relevant gauge-invariant operators in this theory up to
dimension six. This complete EFT can be viewed as being simply the SMEFT that has
been widely discussed in recent years, in which an additional scalar, vector or fermionic
multiplet containing the DM particle is added to the SM spectrum.

We have then illustrated the usefulness of such a general approach with two specific
examples. We have first considered a singlet scalar DM state and constrained the Wilson
coefficients of all the relevant operators using present data on the DM: its cosmological
relic abundance, direct and indirect detection in astroparticle experiments and searches in
collider experiments, like through the invisible decays of the SM Higgs boson at the LHC. In
order to simplify such an analysis, we have proposed a rather simple and convenient set of
semi-analytical expressions for these DM observables, which allows to explore the complex
parameter space of the various operators in a very efficient manner. Using our expressions it
is, for instance, trivial to find possible cancellations in the contribution to very constrained
observables, like direct DM detection, thus opening up the allowed parameter space.

In a second illustration, we have considered the example of a vector-like lepton isodou-
blet, and we have discussed the interplay between the gauge interactions that are present
in this case and dimension-5 operators. In particular, we have studied the simultaneous
impact of some the higher dimension operators which enter both the mass splitting between
the different members of the multiplet and the annihilation and co-annihilation cross sec-
tions of these states into SM particles. We have also described how, when the DM particle
is Majorana, its gauge coupling to the Z boson leads to a vanishing contribution to the very
constrained spin-independent DM-nucleon cross-section relevant for direct detection exper-
iments. In this case the direct detection constraints are dominated by higher-dimensional
operators despite the fact that the DM particle has non-zero hypercharge. We have shown
that this is a quite generic mechanism, which can be applied to scalar, fermion and vector
DM particles with non-vanishing hypercharge, equal to Y = 1/2 if we restrict ourselves to
operators of mass dimension up to six, as we have done in this work.
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A Operator basis

In this appendix, we present the basis of operators of dimension D ≤ 6 containing two
multiplets X , for the EFT defined in section 2. The operators for scalar multiplet ϕ are
shown in tables 4 and 5; for a fermion χ, they are in table 6; and for a vector ρ, they are
in tables 7, 8 and 9. We do not list the complex conjugate of non-hermitian operators.
We have checked the counting of operators with each field content for the lowest isopins
T = 0, 1/2, . . . , 4 using the code BasisGen [120]. In all the tables use the following notation:

• The SU(2) index of X = ϕ, χ, ρ, any SU(2) doublet index and Lorentz spinor indices
are implicit.

• Lower case letters a, b, . . . are used for SU(2) triplet indices, capital letters A,B, . . .
are used for SU(3) octet indices and the letters I, J, . . . are used for SU(2) quadruplet
indices.

• T a denotes the SU(2) generators in the X representation, ε is the Levi-Civita symbol,
CIab denotes the quadruplet-triplet-triplet SU(2) Clebsh-Gordan coefficients. When
the SU(2) isospin T is larger than 1/2, we denote by Qa the unique set of square
matrices acting on X such that X †QaX transforms as a quadruplet.

• The tilde symbol˜ is used to denote both the operation defined in eq. (2.1), when used
over the DM multiplet and the dual F̃µν = 1

2εµνρσF
ρσ when applied to a field-strength

tensor F .

• GAµν , W a
µν and Bµν are, respectively, the SU(3)C, SU(2)L and U(1)Y field strengths.

The SM matter content is denoted by φ for the Higgs doublet, q and l for the left-
handed quark and lepton doublets and u, d and e for the charge 2/3 and −1/3 quarks
and charged lepton singlets.

• We define the standard linear combinations of covariant derivatives
↔
Dµ = Dµ−

←
Dµ for

both any multiplet,
↔
Da
µ = T aDµ−

←
DµT

a when applied to X and
↔
Da
µ = σaDµ−

←
Dµσ

a

when applied to φ.

The allowed operators for real representations are those for which both the “SU(2)
irrep” and the “Hypercharge” columns of tables 4–8 read “any”. In these tables, the
operators are listed assuming a complex multiplet. The real case is recovered by identifying
X = X †. For spinors this means χL = χcR, so that some operators are duplicated and
the copies are to be discarded. Moreover, for vector fields the operators containing ρ†µρν
contracted with an anti-symmetric tensor σµν , Fµν or F̃µν will vanish.
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A.1 Operators for a scalar multiplet ϕ

Name Operator SU(2) irrep Hypercharge Dimension
Oφ1 (ϕ†ϕ)(φ†φ) any any 4
Oφ2 (ϕ†T aϕ)(φ†σaφ) T > 0 any 4
Oφ3 (ϕ̃†T aϕ)(φ†σaφ̃) T ∈ Z + 1/2 1/2 4
Oφ4 (ϕ†ϕ)(φ†φ)2 any any 6
Oφ5 (ϕ†T aϕ)(φ†φ)(φ†σaφ) T > 0 any 6
Oφ6 iεabc(ϕ†T aϕ)(φ†σbφ)(φ†σcφ) T > 1/2 any 6
Oφ7 (ϕ̃†T aϕ)(φ†σaφ̃)(φ†φ) T > 0 1/2 6

Oφ�1 (ϕ†ϕ)�(φ†φ) any any 6
Oφ�2 (ϕ†T aϕ)D2(φ†σaφ) T > 0 any 6
OφD1 (ϕ†

↔
Dµϕ)(φ†

↔
Dµφ) any any 6

OφD2 (ϕ†
↔
Da
µϕ)(φ†

↔
Daµφ) T > 0 any 6

OφD3 (ϕ̃†
↔
Dµϕ)(φ̃†

↔
Dµφ) T ∈ Z + 1/2 1/2 6

OφD4 (ϕ̃†
↔
Da
µϕ)(φ̃†

↔
Daµφ) T ∈ Z + 1/2 1/2 6

OB (ϕ†ϕ)(BµνBµν) any any 6
O
B̃

(ϕ†ϕ)(BµνB̃µν) any any 6
OW1 (ϕ†ϕ)(W a

µνW
aµν) any any 6

O
W̃1 (ϕ†ϕ)(W a

µνW̃
aµν) any any 6

OW2 iεabc(ϕ†T aϕ)(W b
µνW

cµν) T > 1/2 any 6
O
W̃2 iεabc(ϕ†T aϕ)(W b

µνW̃
cµν) T > 1/2 any 6

OBW (ϕ†T aϕ)(BµνW aµν) T > 0 any 6
O
BW̃

(ϕ†T aϕ)(BµνW̃ aµν) T > 0 any 6
OG (ϕ†ϕ)(GAµνGAµν) any any 6
O
G̃

(ϕ†ϕ)(GAµνG̃Aµν) any any 6

Table 4. Basis of operators of dimension ≤ 6 with two scalar DM multiplets and SM bosons only.
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Name Operator SU(2) irrep Hypercharge Dimension
Ol5 (ϕ̃†T aϕ)(lcσal) T ∈ Z + 1/2 1/2 5

Oe (ϕ†i
↔
Dµϕ)(ēγµe) any any 6

Od (ϕ†i
↔
Dµϕ)(d̄γµd) any any 6

Ou (ϕ†i
↔
Dµϕ)(ūγµu) any any 6

Ol1 (ϕ†i
↔
Dµϕ)(l̄γµl) any any 6

Ol2 (ϕ†i
↔
Dµϕ)(l̄γµσal) T > 0 any 6

Oq1 (ϕ†i
↔
Dµϕ)(q̄γµq) any any 6

Oq2 (ϕ†
↔
Da
µϕ)(q̄γµσaq) T > 0 any 6

Oud (ϕ̃†
↔
Dµϕ)(ūγµd) T ∈ Z + 1/2 1/2 6

Oeφ1 (ϕ†ϕ)(l̄φe) any any 6
Oeφ2 (ϕ†T aϕ)(l̄σaφe) T > 0 any 6
Oeφ3 (ϕ̃†T aϕ)(l̄σaφ̃e) any 1/2 6
Odφ1 (ϕ†ϕ)(q̄φd) any any 6
Odφ2 (ϕ†T aϕ)(q̄σaφd) T > 0 any 6
Odφ3 (ϕ̃†T aϕ)(q̄σaφ̃d) any 1/2 6
Ouφ1 (ϕ†ϕ)(q̄φ̃u) any any 6
Ouφ2 (ϕ†T aϕ)(q̄σaφ̃u) T > 0 any 6
Ouφ3 (ϕ̃†T aϕ)(q̄σaφu) any 1/2 6

Table 5. Basis of operators of dimension ≤ 6 with two scalar DM multiplets and at least one SM
fermion.
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A.2 Operators for a fermion multiplet χ

Name Operator SU(2) irrep Hypercharge Dimension
Oφ1 (χ̄LχR)(φ†φ) any any 5
Oφ2 (χ̄LT aχR)(φ†σaφ) T > 0 any 5
Oφ3 (χ̄LT aχ̃L)(φ̃†σaφ) T ∈ Z + 1/2 1/2 5
Oφ4 (χ̄RT aχ̃R)(φ̃†σaφ) T ∈ Z + 1/2 1/2 5
Oφ5 (χ̄LγµχL)(φ†

↔
Dµφ) any any 6

Oφ6 (χ̄RγµχR)(φ†
↔
Dµφ) any any 6

Oφ7 (χ̄LT aγµχL)(φ†
↔
Da
µφ) T > 0 any 6

Oφ8 (χ̄RT aγµχR)(φ†
↔
Da
µφ) T > 0 any 6

Oφ9 (χ̄LγµχcR)(φ̃†
↔
Dµφ) T > 0 1/2 6

OB χ̄Lσ
µνχRBµν any any 5

OW χ̄Lσ
µνT aχRW

a
µν T > 0 any 5

Oe1 (χ̄LγµχL)(ēγµe) any any 6
Oe2 (χ̄RγµχR)(ēγµe) any any 6
Od1 (χ̄LγµχL)(d̄γµd) any any 6
Od2 (χ̄RγµχR)(d̄γµd) any any 6
Ou1 (χ̄LγµχL)(ūγµu) any any 6
Ou2 (χ̄RγµχR)(ūγµu) any any 6
Oud (χ̄cLγµχR)(ūγµd) any any 6
Ol1 (χ̄LγµχL)(l̄γµl) any any 6
Ol2 (χ̄RγµχR)(l̄γµl) any any 6
Ol3 (χ̄LT aγµχL)(l̄σaγµl) T > 0 any 6
Ol4 (χ̄RT aγµχR)(l̄σaγµl) T > 0 any 6
Ol5 (χ̄LχcL)(l̄lc) T ∈ Z + 1/2 1/2 6
Ol6 (χ̄LT aχcL)(l̄σalc) T ∈ Z + 1/2 1/2 6
Ol7 (χ̄RχcR)(l̄lc) T ∈ Z + 1/2 1/2 6
Oq1 (χ̄LγµχL)(q̄γµq) any any 6
Oq2 (χ̄RγµχR)(q̄γµq) any any 6
Oq3 (χ̄LT aγµχL)(q̄σaγµq) T > 0 any 6
Oq4 (χ̄RT aγµχR)(q̄σaγµq) T > 0 any 6

Table 6. Basis of operators of dimension ≤ 6 with two fermion DM multiplets.
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A.3 Operators for a vector multiplet ρ

Name Operator SU(2) irrep Hypercharge Dimension
OB1 (ρ†µρν)Bµν any any 4
O
B̃1 (ρ†µρν)B̃µν any any 4

OB2 (ρ†µρν)BµρBρν any any 6
O
B̃2 (ρ†µρν)B̃µρB̃ρν any any 6

O
BB̃

(ρ†µρν)BµρB̃ρν any any 6
OW1 (ρ†µσaρν)W aµν T > 0 any 4
O
W̃1 (ρ†µσaρν)W̃ aµν T > 0 any 4

OW2 (ρ†µρν)W aµρW a
ρν any any 6

OW3 εabc(ρ†µσaρν)W bµρW c
ρν T > 0 any 6

OW4 CIab(ρ†µQIρν)W aµρW b
ρν T > 1/2 any 6

O
W̃2 (ρ†µρν)W̃ aµρW̃ a

ρν any any 6
O
W̃3 εabc(ρ†µσaρν)W̃ bµρW̃ c

ρν T > 0 any 6
O
W̃4 CIab(ρ†µQIρν)W̃ aµρW̃ b

ρν T > 1/2 any 6
O
WW̃1 (ρ†µρν)W aµρW̃ a

ρν any any 6
O
WW̃2 εabc(ρ†µσaρν)W bµρW̃ c

ρν T > 0 any 6
O
WW̃3 CIab(ρ†µQIρν)W aµρW̃ b

ρν T > 1/2 any 6
OBW1 (ρ†µσaρµ)BνρW aνρ T > 0 any 6
OBW2 (ρ†µσaρν)BµρWaνρ T > 0 any 6
O
B̃W̃1 (ρ†µσaρµ)B̃νρW̃ aνρ T > 0 any 6

O
B̃W̃2 (ρ†µσaρν)B̃µρW̃aνρ T > 0 any 6

O
BW̃1 (ρ†µσaρµ)BνρW̃ aνρ T > 0 any 6

O
BW̃2 (ρ†µσaρν)BµρW̃aνρ T > 0 any 6

OGG (ρ†µρµ)GAνρG̃Aνρ any any 6
O
GG̃

(ρ†µρµ)GAνρG̃Aνρ any any 6
O
G̃G̃

(ρ†µρµ)G̃AνρG̃Aνρ any any 6

Table 7. Basis of operators of dimension ≤ 6 with two vector DM multiplets and SM field-
strength tensors only. QI is the unique set of square matrices acting on the SU(2) part of ρ which
transform covariantly as a quadruplet. CIab represents the quadruplet-triplet-triplet Clebsh-Gordan
coefficients.
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Name Operator SU(2) irrep Hypercharge Dimension
Oeφ1 (ρ†µρµ)(l̄φe) any any 6
Oeφ2 (ρ†µρν)(l̄σµνφe) any any 6
Oeφ3 (ρ†µT aρµ)(l̄σaφe) T > 0 any 6
Oeφ4 (ρ†µT aρν)(l̄σµνσaφe) T > 0 any 6
Oeφ5 (ρ†µρ̃µ)(ēφ̃†l) any 1/2 6
Oeφ6 (ρ†µT aρ̃µ)(ēφ̃†σal) T > 0 1/2 6
Odφ1 (ρ†µρµ)(q̄φd) any any 6
Odφ2 (ρ†µρν)(q̄σµνφd) any any 6
Odφ3 (ρ†µT aρµ)(q̄σaφd) T > 0 any 6
Odφ4 (ρ†µT aρν)(q̄σµνσaφd) T > 0 any 6
Odφ5 (ρ†µρ̃µ)(d̄φ̃†q) any 1/2 6
Odφ6 (ρ†µT aρ̃µ)(d̄φ̃†σaq) T > 0 1/2 6
Ouφ1 (ρ†µρµ)(q̄φ̃u) any any 6
Ouφ2 (ρ†µρν)(q̄σµν φ̃u) any any 6
Ouφ3 (ρ†µT aρµ)(q̄σaφ̃u) T > 0 any 6
Ouφ4 (ρ†µT aρν)(q̄σµνσaφ̃u) T > 0 any 6
Ouφ5 (ρ†µρ̃µ)(q̄φu) any 1/2 6
Ouφ6 (ρ†µT aρ̃µ)(q̄σaφu) T > 0 1/2 6
Oe1 (ρ†µDνρ

µ)(ēγνe) any any 6
Oe2 (ρ†µDνρ

ν)(ēγµe) any any 6
Od1 (ρ†µDνρ

µ)(d̄γνd) any any 6
Od2 (ρ†µDνρ

ν)(d̄γµd) any any 6
Ou1 (ρ†µDνρ

µ)(ūγνu) any any 6
Ou2 (ρ†µDνρ

ν)(ūγµu) any any 6
Oud (ρ†µDν ρ̃

µ)(ūγνd) any 1/2 6
Ol1 (ρ†µT aρ̃µ)(l̄σalc) T ∈ Z + 1/2 1/2 6
Ol2 (ρ†µρ̃ν)(l̄σµν lc) T ∈ Z + 1/2 1/2 6
Ol3 (ρ†µDνρ

µ)(l̄γν l) any any 6
Ol4 (ρ†µDνρ

ν)(l̄γµl) any any 6
Ol5 (ρ†µT aDνρ

µ)(l̄γνσal) T > 0 any 6
Ol6 (ρ†µT aDνρ

ν)(l̄γµσal) T > 0 any 6
Oq1 (ρ†µDνρ

µ)(q̄γνq) any any 6
Oq2 (ρ†µDνρ

ν)(q̄γµq) any any 6
Oq3 (ρ†µT aDνρ

µ)(q̄γνσaq) T > 0 any 6
Oq4 (ρ†µT aDνρ

ν)(q̄γµσaq) T > 0 any 6

Table 8. Basis of operators of dimension ≤ 6 with two vector DM multiplets and at least two SM
fermions.
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Name Operator SU(2) irrep Hypercharge Dimension
Oφ1 (ρ†µρµ)(φ†φ) any any 4
Oφ2 (ρ†µT aρµ)(φ†σaφ) T > 0 any 4
Oφ3 (ρ†µT aρ̃µ)(φ̃†σaφ) T ∈ Z + 1/2 1/2 4
Oφ4 (ρ†µρµ)(φ†φ)2 any any 6
Oφ5 (ρ†µT aρµ)(φ†σaφ)(φ†φ) T > 0 any 6
Oφ6 εabc(ρ†µT aρµ)(φ†σbφ̃)(φ̃†σcφ) T > 1/2 any 6
Oφ7 (ρ̃†µT aρµ)(φ†σaφ̃)(φ†φ) T > 0 any 6

Oφ�1 (ρ†µρµ)�(φ†φ) any any 6
Oφ�2 (ρ†µT aρµ)D2(φ†σaφ) T > 0 any 6
Oφ�3 (ρ†µT aρ̃µ)D2(φ̃†σaφ) T ∈ Z + 1/2 1/2 6
OφD1 (ρ†µ

↔
Dνρµ)(φ†

↔
Dνφ) any any 6

OφD2 (ρ†µ
↔
Dνρν)(φ†

↔
Dνφ) any any 6

OφD3 (ρ†µ
↔
Daνρµ)(φ†

↔
Da
νφ) T > 0 any 6

OφD4 (ρ†µ
↔
Daνρν)(φ†

↔
Da
νφ) T > 0 any 6

OφD5 (ρ†µ
↔
Daν ρ̃µ)(φ̃†

↔
Da
νφ) T ∈ Z + 1/2 1/2 6

OφD6 (ρ†µ
↔
Daν ρ̃ν)(φ̃†

↔
Da
νφ) T ∈ Z + 1/2 1/2 6

OφB1 (ρ†µρν)Bµν(φ†φ) any any 6
OφB2 (ρ†µT aρν)Bµν(φ†σaφ) T > 0 any 6
OφB3 (ρ†µT aρ̃ν)Bµν(φ̃†σaφ) T ∈ Z + 1/2 1/2 6
O
φB̃1 (ρ†µρν)B̃µν(φ†φ) any any 6

O
φB̃2 (ρ†µT aρν)B̃µν(φ†σaφ) T > 0 any 6

O
φB̃3 (ρ†µT aρ̃ν)B̃µν(φ̃†σaφ) T ∈ Z + 1/2 1/2 6

OφW1 (ρ†µρν)W aµν(φ†σaφ) any any 6
OφW2 (ρ†µT aρν)W aµν(φ†φ) T > 0 any 6
OφW3 εabc(ρ†µT aρν)W bµν(φ†σcφ) T > 0 any 6
OφW4 CIab(ρ†µQIρν)W aµν(φ†σbφ) T > 1/2 any 6
OφW5 (ρ†µρ̃ν)W aµν(φ̃†σaφ) any 1/2 6
OφW6 (ρ†µT aρ̃ν)W aµν(φ̃†φ) 1/2 < T ∈ Z + 1/2 1/2 6
O
φW̃1 (ρ†µρν)W̃ aµν(φ†σaφ) any any 6

O
φW̃2 (ρ†µT aρν)W̃ aµν(φ†φ) T > 1/2 any 6

O
φW̃3 εabc(ρ†µT aρν)W̃ bµν(φ†σcφ) T > 1/2 any 6

O
φW̃4 CIab(ρ†µQIρν)W̃ aµν(φ†σbφ) T > 1 any 6

O
φW̃5 (ρ†µρ̃ν)W̃ aµν(φ̃†σaφ) any 1/2 6

O
φW̃6 (ρ†µT aρ̃ν)W̃ aµν(φ̃†φ) T > 0 1/2 6

Table 9. Basis of operators of dimension ≤ 6 with two vector DM multiplets, at least one Higgs
boson, and no SM fermions. QI is the unique set of square matrices acting on the SU(2) part
of ρ which transform covariantly as a quadruplet. CIab represents the quadruplet-triplet-triplet
Clebsh-Gordan coefficients.
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B Basis of ϕ†ϕφ†φD2

We prove here that the linear space of operators with the field content ϕ†ϕφ†φD2 is
parametrized by 4 real coefficients if T > 0, or 2 real coefficients if T = 0. We first notice
that there are two independent SU(2) structures for T > 0, without derivatives, given
by Oφ1 = (ϕ†ϕ)(φ†φ) and Oφ2 = (ϕ†T aϕ)(φ†σaφ). For each of them, we will count the
number of independent ways of introducing two derivatives in the operator. First, using
the Leibniz rule for covariant derivatives, we can assume that each derivative is applied to
one field only. Second, the application of two derivatives in the combination D2 = DµD

µ

to any scalar field produces an operator that can be eliminated using equations of motion.
This leaves 6 possibilities:

Q1 = (Dµϕ
†Dµϕ)(φ†φ), Q2 = (Dµϕ

†ϕ)(Dµφ†φ), Q3 = (Dµϕ
†ϕ)(φ†Dµφ), (B.1)

Q4 = (ϕ†Dµϕ)(Dµφ†φ), Q5 = (ϕ†Dµϕ)(φ†Dµφ), Q6 = (ϕ†ϕ)(Dµφ
†Dµφ), (B.2)

for the Oφ1 structure and 6 other similar possibilities for the Oφ2 one. Two of these
possibilities are the complex conjugates of the others (Q2 = Q†5, Q3 = Q†4), but we
include them explicitly in order to count real degrees of freedom. It remains to eliminate
integration by parts redundancy. In order to do so, we define the following operators with
one derivative:

V1µ = (Dµϕ
†ϕ)(φ†φ), V2µ = (ϕ†Dµϕ)(φ†φ), (B.3)

V3µ = (ϕ†ϕ)(Dµφ
†φ), V4µ = (ϕ†ϕ)(φ†Dµφ). (B.4)

They generate 4 linear relations DµViµ = 0, i = 1, . . . , 4, between Qj operators, which are


1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1





Q1
Q2
Q3
Q4
Q5
Q6


=


0
0
0
0

 . (B.5)

Since the rank of the matrix on the left-hand side is 4, the 4 relations are independent,
leaving 2 independent hermitian operators with 2 derivatives, for each SU(2) structure.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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