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ABSTRACT: We consider symmetry-resolved entanglement entropy in AdS3/CFTy coupled
to U(1) Chern-Simons theory. We identify the holographic dual of the charged moments
in the two-dimensional conformal field theory as a charged Wilson line in the bulk of
AdS3, namely the Ryu-Takayanagi geodesic minimally coupled to the U(1) Chern-Simons
gauge field. We identify the holonomy around the Wilson line as the Aharonov-Bohm
phases which, in the two-dimensional field theory, are generated by charged U(1) vertex
operators inserted at the endpoints of the entangling interval. Furthermore, we devise
a new method to calculate the symmetry resolved entanglement entropy by relating the
generating function for the charged moments to the amount of charge in the entangling
subregion. We calculate the subregion charge from the U(1) Chern-Simons gauge field
sourced by the bulk Wilson line. We use our method to derive the symmetry-resolved
entanglement entropy for Poincaré patch and global AdS3, as well as for the conical defect
geometries. In all three cases, the symmetry resolved entanglement entropy is determined
by the length of the Ryu-Takayanagi geodesic and the Chern-Simons level k, and fulfills
equipartition of entanglement. The asymptotic symmetry algebra of the bulk theory is
of (1), Kac-Moody type. Employing the (1), Kac-Moody symmetry, we confirm our
holographic results by a calculation in the dual conformal field theory.
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1 Introduction

A promising approach to the problem of quantum gravity is via the holographic princi-
ple [1, 2]. A concrete realization of this principle is provided by the AdS/CFT corre-
spondence [3], which originated from string theory. In a particular limit, the AdS/CFT
correspondence (often also simply called holography) relates strongly coupled quantum
field theories to weakly interacting gravitational theories in asymptotically Anti de Sit-
ter space-times. The Ryu-Takayanagi prescription [4] for the holographic computation
of entanglement entropy led to substantial progress in the study of quantum gravity by
establishing a bridge between the AdS/CFT correspondence and quantum information
theory. From this, holographers have gained the fundamental idea that the bulk space-
time in AdS/CFT should emerge from the geometrization of core concepts of quantum
information such as entanglement entropy [5], mutual information [6], relative entropy [7],
quantum computational complexity [8-10], tensor networks [11, 12], and quantum error



correction [13]. Moreover, the quantum information community has profited as well from
this connection, one instance being the refinement of our understanding of operator algebra
quantum error correction [14].

Recently, a more refined notion of entanglement entropy was introduced in [15], appli-
cable whenever additional conserved charges exist in a system. The question approached
in [15] was how an Aharanov-Bohm flux « inserted on the replica manifold influences a
charged particle. It was noted that the particle acrues a phase proportional to the to-
tal charge in subregion A. In formalizing this observation, the authors of [15] were led
to introduce a more refined notion of entanglement, the symmetry resolved entanglement
entropy. Given a global symmetry, the Hilbert space organizes into representations of the
symmetry, or charge sectors. The symmetry-resolved entanglement entropy quantifies the
entanglement associated with the sector of fixed subregion charge.

The aim of this paper is two-fold. Our first goal is to establish a new method for
the computation of the symmetry-resolved entanglement entropy, complementary to the
approach pioneered in [15]. We show that the symmetry-resolved entanglement entropy
can be deduced from a generating function. This approach has the virtue of allowing
the determination of the charged contributions of the symmetry-resolved entanglement
entropy directly from the expectation value of the subregion charge operator () 4. Another
advantage over the previous approaches [15-19] lies in the study of excited states, where our
method bypasses the potentially laborious computation of charged moments' altogether.

This new formalism is used to achieve our second main goal in this paper: we pro-
vide a new geometric realization of the symmetry-resolved entanglement entropy within
gauge/gravity duality. Our setup is AdS3/CFT3 holography coupled to U(1) Chern-Simons
theory. The U(1) Chern-Simons gauge fields are dual to a conserved U(1) current, and hence
a conserved U(1) charge, in the boundary conformal field theory. This model is interesting,
because it is non-trivial yet integrable. It carries a 1i(1); Kac-Moody algebra, turning the
charged sectors into familiar affine U(1) representations, which are well-understood on the
gravity as well as the field theory side. Moreover, the Chern-Simons gauge fields decouple
from gravity, such that exact solutions for the gauge fields can be found. Our geometric
realization of the symmetry resolved entanglement involves a U(1) Wilson line defect in the
bulk, anchored at the endpoints of the entangling region in the boundary. In the replica
manifold, this Wilson line defect follows the fixed point locus of the replica symmetry, and
hence is identified as the Ryu-Takayanagi geodesic minimally coupled to the U(1) Chern-
Simons gauge field. At the endpoints of the entangling region, the Wilson line generates an
insertion of Aharonov-Bohm flux [15]. Calculating the subregion charge on the boundary
from the bulk Chern-Simons gauge fields sourced by the Wilson line defect, our generating
function method allows us to determine the symmetry resolved entanglement entropy. We
apply our holographic construction to general asymptotically AdSs geometries [20]. We

In the context of symmetry resolved Rényi entropies, the charged moments are the analogues of the
grand canonical partition function in statistical physics, in which the chemical potential is fixed and the
charge is allowed to fluctuate. In the charged moments, it is the chemical potential dual to the subre-
gion charge inside the entangling region that is kept fixed when calculating the symmetry resolved Rényi
entropies.



then cover the examples of Poincaré and global AdSs, as well as conical defects. In all
these cases, the symmetry resolved entanglement entropy is equally distributed in different
charge sectors, which is known as the equipartition of the entanglement entropy [21].

All CFT calculations [15-19] of symmetry resolved entanglement so far use the charged
moments in their computation. Also in the holographic setup, the charged moments have
been discussed in [22], where, for the vacuum state, they were related to a topological black
hole by a conformal transformation. The thermal state described by the topological black
hole has a natural U(1) symmetry, the time evolution around the Euclidean time circle.
The charged moments are then simply the partition function of the topological black hole.
For excited states, this approach is rendered invalid by the additional insertions in the
boundary CFT, which break the U(1) symmetry generated by the modular Hamiltonian.
In more general holographic setups including for example excited states, our generating
function approach, which does not rely on the charged moments, may be more applicable.

We confirm our gravity results with an independent calculation in two-dimensional
conformal field theory, which provides a further non-trivial test of the AdS/CFT corre-
spondence. The bulk Wilson line is dual to a charge defect in the CFT, which is naturally
described by a pair of U(1) vertex operators inserted at the endpoints of the entangling
region A. The vertex operators are charged under the (1), Kac-Moody symmetry of
the dual conformal field theory. Similar to the conventional replica trick involving twist
fields inserted at the endpoints of the entangling region, the U(1) vertex operators are
connected by a branch cut along A4, which can be thought of as a charge defect line. It
induces monodromies on charged fields upon crossing the defect line. These monodromies
are the desired Aharanov-Bohm phases, and are related to the holonomies of the U(1)
Chern-Simons field around the bulk Wilson line. Similar relations have been explored
in the first order Chern-Simons formulations of gravity [23], where the monodromies in-
duced by the twist operators on the boundary are directly related to the holonomies of
the Chern-Simons connections in the bulk. Using the charged defect, we directly compute
the symmetry-resolved entanglement entropy in the CFT vacuum state, and find perfect
agreement with our holographic result.

Our paper is structured as follows. In section 2, we first review the formalism of [15],
and then present our generating function approach. In section 3 we introduce AdSs gravity
coupled to U(1) Chern-Simons gauge fields. We relate the charged moments necessary for
the computation of the symmetry-resolved entanglement entropy to the U(1) Wilson lines
in AdS3. We present our examples in section 4, in particular Poincaré AdS, global AdS,
and the conical defect geometries. In section 5 we confirm our holographic results within
conformal field theory. We conclude and give an outlook in section 6. Details on the
asymptotic symmetry algebra and on vertex operators are relegated to the appendices.

2 Symmetry resolved entanglement

Given a system with a global symmetry G, the spectrum decomposes into corresponding
representations. Each representation corresponds to a charged sector. In this situation it
is pssible to investigate the entanglement associated with each of these charge sectors, the



symmetry resolved entanglement entropy. Section 2.1 provides a short review of general
aspects of the symmetry-resolved entanglement entropy. In section 2.2 we develop a new
method to calculate the symmetry-resolved entanglement entropy based on a generating
function.

2.1 Entanglement in charge sectors

We consider a system with an internal U(1) symmetry and its bipartition into two subsys-
tems, A and its complement B. The charge operator () is the generator of the symmetry
and we assume that Q = Q4 ® Q. If the system is in an eigenstate of @, then [p, Q] = 0.
Tracing out the degrees of freedom of B, one obtains [p4, Q4] = 0. Hence p 4 has a block-
diagonal structure. Each block of p4 corresponds to an eigenvalue q of the subregion charge
operator @Q 4.

pA = BgpA(q)- (2.1)

The block pa(q) is selected by the projector II, onto the eigenspace of Q4 with fixed
eigenvalue ¢,

pAla) = pally. (2.2)
The probability of finding eigenvalue ¢ in a measurement of () 4 is given by
Trpa(q)
Palq) = ——— =Trpalq), 2.3
(@)= (@) (23

since p4 is normalized, Trp4 = 1. Furthermore, the block-diagonal structure of p4 induces
block decomposition on p’,

Pa = ®gpal(a)” with pa(q)" = (pally)" = piIl, . (2.4)
The probability distributions of different charge blocks in p’j are given by

_ Trpa(e)"

2.
Too (2.5)

P A,n(Q)
Given the decompositions (2.1) and (2.4), one defines the symmetry-resolved entanglement
entropy and symmetry-resolved Rényi entropy, which are a measure of the amount of entan-
glement between the subsystems A and B in each of these blocks. The symmetry-resolved
Rényi entropy is defined as

1 pa(q) )” 1 Z(q)
Sn(q) = log Tt < = lo , 2.6
(9) = T (B0 =1 %8 2, (g (2.6)
where we denote
Z,(q) = Trpa(q)™ = Tr [pilL,] (2.7)

representing the contribution to the partition function Z,, from the g-block. The symmetry
resolved entanglement entropy in the g-block can be obtained by taking the n — 1 limit of
Sn(q), which reads

s-pmsia=-n (). s



From (2.1) and (2.8), the total entanglement entropy associated with p4 is given by

S1 =Y Pa(q)Si(q) = Y_ Palq)log Palq), (2.9)
q q

where the two terms in (2.9) are usually referred to as configurational and fluctuation
entropy, respectively [24]. In particular, the configurational entropy is also related to the
operationally accessible entanglement entropy [25-27].

To obtain the symmetry-resolved Rényi entropy and entanglement entropy, one needs
to calculate Z,(q). However, this is generally very difficult in general, since it requires
the knowledge of the spectrum of the reduced density matrix py and its resolution in
Q4. Rather than calculating Z,(q) directly, the idea advocated in [15] is to focus on the
computation of the charged moments

Zn() = Tr [ plhe™ 4] (2.10)

From (2.7), Z,(q) can be obtained by a Fourier transformation of the charged moments,

©dp

Zu)= [ Sz, () (2.11)
oo 2T

Here we have assumed that the eigenvalues of () 4 are continuous. In the case that the eigen-

values are integers, i.e. Z,(u) = Z,(u + 27), one needs to change the range of integration

in (2.11) to [—m, .

2.2 Generating function method

Even though the charged moments (2.10) provide a way to calculate the symmetry-resolved
entropy, it’s still difficult to compute Z,(u) for general excited states (cf. [18, 28, 29]).
In particular, the holographic calculation requires constructing the holographic dual of
the CFT charged moments, and evaluating the on-shell action of this configuration. We
introduce here a method based on a generating function, which simplifies the calculation of
the symmetry-resolved entanglement entropy, as it reveals how to compute the symmetry-
resolved entanglement entropy directly from the expectation value of the subregion charge
operator Q4. The latter is generically easier to compute than the charged moments.
Examples are presented in subsequent sections in the context of holography.

We start by defining the following normalized generating function associated with the

charged moments Z,(u) as?

fn(p) = = , (2.12)

with initial condition
fn(0)=1. (2.13)

2 A similar but not completely equivalent ratio of partition functions has been employed in [16, 18]. Also,

the calculation in [16, 18] was done by directly evaluation the charged moments in the theories considered
there. Our method evades the evaluation of the charged moments altogether.



The expectation value of Q4 can then be expressed as

Tr [iQApnei”QA} 0 Z,(p)  Oln fr(p)
Tr[pne@a]  ou  Op

(1QA)np = (2.14)
In general, Z,(u) is already known from the usual calculations of the Rényi entropies. In
order to calculate f,, (1), and hence Z,(p), it suffices to know the expectation value of the
charge, and integrate (2.14) with initial condition (2.13).

The symmetry-resolved Rényi entropy can be rewritten in terms of the generating
function f,,(1). As evident from (2.5), (2.7) and (2.11), the probability distribution P4, (q)
is related to the generating function by a Fourier transformation,

Panle) = 200 = [* Semivag, ). (2.15)

As pointed out in [18], the symmetry-resolved Rényi entropy,

1 Py n(Q)
S, =S 1 : 2.16
n(q) n + 1—n 0og Pa(q)" ) ( )
as well as the symmetry-resolved entanglement entropy
1 P
S(q) =S + lim log () (2.17)

n—11—n "7 Pa(q)"’

decompose into two additive contributions. The first are their uncharged counterparts,
the Rényi entropy and the entanglement entropy, while the charge information resides
fully in the second contribution. Remarkably, our generating function approach traces the
computation of the latter all the way back to (Q4), cf. (2.14) and (2.15). Furthermore,
this method has practical merits, as for general excited states the expectation value of Q) 4
is much easier to calculate than Z,(u).

Our approach is particularly efficient in holography, since we already know that the
entanglement entropy is given by the Ryu-Takayanagi formula [4]. The remaining task
in the holographic calculation is now reduced from finding the exact holographic dual of
the CFT charged moments Z,(u), to simply obtaining the boundary expectation value of
Q4. As we show in section 3.2 this holds true even without knowing the exact holographic
renormalization, as long as the proposed bulk state contains the same amount of subregion
charge Q 4 as the exact dual. In this case, the information leading to the symmetry-resolved
entanglement entropy can still be extracted from the proposed bulk state.

3 Holographic U(1) Chern-Simons-Einstein gravity

In this section, we begin by briefly reviewing some aspects of AdSs gravity with U(1)
Chern-Simons gauge fields relevant for our work. This model, under appropriate boundary
conditions, contains two chiral U(1) Kac-Moody currents on the boundary, which provide
the notion of the U(1) charge. Our main task is then to investigate the gravity dual of
the charged moments. The basic idea is that the operator QA in the charged moments



is generated by additional source terms on the gravity side, which is coupled to the Kac-
Moody currents. For this reason, we introduce a U(1) Wilson line defect in the bulk. After
solving the gauge fields with defect insertion, we calculate the shift of the deformation to the
CFT action stemming from the defect, and show that indeed this holographic construction
realizes the gravity dual of the charged moments in general asymptotic AdS backgrounds.
In particular, these allow us to obtain the subregion charge of the charged moments from
the boundary values of the gauge fields. We defer the derivation of the symmetry-resolved
entanglement entropy to section 4.

3.1 AdSj3 gravity with U(1) Chern-Simons fields

Considering the three-dimensional Einstein-gravity with negative cosmological constant
as well as additional U(1) Chern-Simons terms on a manifold M. The topology of the
manifold is ¥ x R, where ¥ denotes the constant Fuclidean time slice. The total Euclidean
action is given by

IOZIg—i-IA—i-IA. (3.1)

The Euclidean gravity action I, contains the Einstein-Hilbert action, the boundary
Gibbons-Hawking term, and the volume counter term [30],

__ 1 3 _2 1 2 ( _1)
I, = :mwG31;¢uv§<R p) Vi (K- 7)., (3.2)
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with [ being the AdS radius. For later convenience, we set [ = 1. The action for the gauge
fields contain two chiral sectors, given by the usual U(1) Chern-Simons terms as well as
additional boundary terms [31, 32],

ik k A
In=— | AANdA— —— 2 JgAtA;
AT gr /M NA =16 /3de VoA A,
ik ook o
Ii=—— | AANdA-— — dr?\/gA' A; )
8 /M A 167 /aM VA AL (3.3)

where the dimensionless Chern-Simons level k can take any real value.® In Fefferman-
Graham coordinates, the metric solution takes the following asymptotic form as p — oo,
ds? = dp® + €% (gg-)) + 6_2’)91%2) +- ) delde?, i,7=1,2. (3.4)

0)

The variation of the gravity action with respect to g;;”,

1 g
1, = 5 [ da® Tg)ag). (3.5)
yields the renormalized gravitational stress tensor [30]
L (2) 2),(0)
Tijlg] = 871Gl (gij —Trg 9ij ) . (3.6)

In the pure gravity case, T;;[g] identified as the expectation value of the stress tensor in
dual CFT, and g(Q)

;; represents the boundary metric.

3In the case that the gauge group G is non-abliean and compact, the level k is quantized to be integer [33].



To present the asymptotic symmetry algebrae, in this subsection, we consider a con-
formal boundary with topology S' x R!. The boundary complex coordinates are defined
as w = ¢ +17 and w = ¢ — o7, with 7 as the Euclidean time, and ¢ as the compact spatial
direction, i.e. ¢ ~ ¢ + 27.* Various types of boundary conditions for AdS3 gravity lead
to different asymptotic symmetry algebrae [34-40]. Here we choose the Brown-Henneaux
boundary condition for the metric [34],

gV dr'de? = dwd . (3.7)

In this case, the stress tensor Ty [g] (Twwlg]) is then restricted to an arbitrary holomorphic
(anti-holomorphic) function and the asymptotic symmetry algebrae are given by two copies
of the Virasoro algebra. To be precise, the Brown-Henneaux boundary condition (3.7) is
preserved by the following infinitesimal diffeomorphisms,

w—w+&(w) — %8_2‘781255(12)) ,
b — @+ E(@) — %6‘2”835(10) :
p—p— % (8w€(w) + 8@5(117)) ; (3.8)

where &(w) and &(w) are arbitrary functions. The diffeomorphisms (3.8) act non-trivially
on gi?), and transform the renormalized gravitational stress tensor (3.6) as

Twwlg] = Twwlg] + 20w (w) Tiww(g] + (W) 0w Tww(g] — ﬁ@i (w). (3.9)

This is exactly the conformal transformation law for a CFT stress tensor with the Brown-
Henneaux central charge ¢ = 31/2G3. As shown in [34], using the Brown-Henneaux bound-
ary conditions, the modes of the stress tensor, defined as

T c —inw
Ly, — ﬂén,o = - j{ dwe Toww [9]7
7 ¢ —inw_ _
Fn— wbno = - 74 dw ™" Typg], (3.10)
yield the Virasora algebra
Ly Lon] = (0 = ) L + ~— (1 = 10)0m im0 - (3.11)

12

For the U(1) gauge fields, we focus on the left-mover A. The analysis follows through
for the right mover A. In Fefferman-Graham coordinates, the solutions A are supposed to
take the following form [32]

A=AD L7240 ... 5 0. (3.12)

“In later sections, we will also consider the Poincaré patch. In order to distinguish two different cases,
the complex coordinates in the Poincaré patch are defined as z = z+itg and zZ = x —itg, and the definitions
for the current modes should be changed accordingly.



Since the topology in the radial direction is trivial, one can always perform a gauge trans-

formation such that the leading order of AE,O) vanishes. Therefore we impose the boundary

condition AE,O) = 0, which enforces AZ(-O) to be a flat connection, as required by the equation

of motion. Varying the action (3.3) with respect to A yields [32]

_ 2. [(0) a5 40
014 o 8Mala: g O J6AL . (3.13)

In complex coordinates, the components of the current J read
Js =0. (3.14)

Following from (3.13), the well-defined variational principle is to allow Aq(l? ) to vary while

(0)

keeping A’ fixed. Furthermore, as we show in appendix A, the modes of the U(1) current,
defined as
dw _;
g, = 7{%6 inw g (3.15)

fulfill an affine (1), Kac-Moody algebra [31].

Since the bulk and boundary symmetries match by the AdS/CFT correspondence,
the boundary CFT must contain a (1), Kac-Moody current. Moreover, the value of the
current J,, is identified as the expectation value of the corresponding current operator J (w)
in the dual CFT, and the component Agbo ) plays the role of the source conjugate to the
current operator. The CFT action is therefore deformed by an additional source term [32]

7 .~
Towr = Torr + 5 / PENFON IO (3.16)

Although the gauge fields decouple from gravity in the bulk, the additional boundary term

couples to the metric and induces a shift for the stress tensor, which can be obtained by
(0)
ij o

1 2 [T 41500
== )7 L
014 5 /8/\/1 dz”y/ gV T [A]dg;;” . (3.17)

Evaluating (3.17), one finds

the variation of the action with respect to the boundary metric g

Tow[A] = - A@AO) | puora] = FAO 4O 4] = 0. (3.18)

8T g W W
Since A is flat, dA©® = 0, if we impose the gauge fixing such that AS} ) is holomorphic
and AEI? ) is anti-holomorphic, the stress tensor (3.18) is indeed conserved, V,T“[A] = 0.
However, it’s well known that for a CFT with (1), Kac-Moody current, the stress tensor
arising from the current can be obtained by the Sugawara construction [41]

A

Tr(w) = %(jj)(w). (3.19)

—_



This suggests to modify the bulk stress tensor as

k 1 J(w)?
Tuld] = —ADAO0) — _ _—
1] 8r W ¥ 2 k7
Tow(J] = TwalJ] = Tow[J] =0, (3.20)
which is still conserved. Similarly, the anti-holomorphic part of the stess tensor is given by
— — T\ 2
the right-moving field A, i.e. Tiyg|J] = —%% Therefore, the non-vanishing components
of total stress tensor read
Tww = ww[g] + Tww [J] v Tow = Taw [g] + Ti)i)[j] . (321)

Modes of the total stress tensor are defined as

L, — 2—64%,0 = — }{dw e~ T
Ly — 2345”,0 =— 7{ dw e " Ty . (3.22)

As shown in appendix A, the full asymptotic symmetries imply the following quantum
algebrae of the dual CFT,
1
[Jna Jm] = ink(sm—i-n )
[Lns Im] = —mdntm

i(nS - n)6n+m,0 ) (323)

LnaLm: - an
(Lo L) = (0= m) L+ -

which is the 1(1); Kac-Moody-Virasoro algebra.

3.2 U(1) Wilson line defect in AdSs

In this section, we turn to investigate the gravity dual of the CFT charged moments Z;(u),
and we begin by introducing the notion of U(1) subregion charge in the dual CFT. The
Kac-Moody current J,, in the dual CFT provides the left-moving charge,

1 R
j=— w - .24
1 2mi j{de (3:24)

On the gravity side, this charge generates the global U(1) transformation for the gauge field
(details are found in appendix A). Then the left-moving subregion charge on a boundary
interval A is obtained by replacing the contour integral in (3.24) by the integration over A,

1 A
jA = — | dwdy. 2
4= 5 [ dwl (3.25)

Analogous relations hold for the right-moving subregion charge ¢. The total subregion
charge is then given by

QA=da+qa. (3.26)

5In our conventions, the stress tensor on the gravity side is related to the CFT stress tensor by Tww =
—ﬁT(w). This relation holds for both sectors, gravitational and gauge.

~10 -



interval A

(a) Defect in Poincaé AdSs (b) Riemann sphere

Figure 1. (a). In Poincaré AdS;, the boundary defects extend continuously into the bulk as a
Wilson line defect, inducing a non-trivial holonomy along the geodesic. (b). The endpoints of the
boundary interval A are transformed to the south pole and north pole of the Riemann sphere.
The interior of the Riemann sphere represents the bulk, which contains a U(1) symmetry when the
background gauge fields vanish.

The appearance of the non-local operator M@ in the charged moments indicates
that on the gravity side, there should be an additional source coupled to the current which
generates a shift for the original deformation of the CFT action. The question is what kind
of source generates shifts of type QA Our inspiration is drawn from an observation in the
dual CFT. As we show in section 5, the operator ¢4 acts as a defect in the dual CFT,
inducing monodromies at the endpoints of the interval A. Therefore, from the bulk point
of view, it’s natural that the defect located at the endpoints of A extends continuously into
the bulk. This is synonymous with a Wilson line defect as illustrated in figure 1. Such a
defect line induces non-trivial holonomy inside the bulk. As a consequence, it generates a
phase for the gravitational path integral when the path encircles the defect. This parallels
the CFT interpretation for the charged moments [15], and is also in accordance with the
cosmic brane interpretation of the holographic entanglement and Rényi entropy [42-44].
Hence, to implement the this idea, we insert on the gravity side a defect action of form,

Idefect = _7J2k;f~/CA - A (327)
The curve C is anchored at the endpoints of the boundary interval A. For the non-replica
manifold, i.e. n = 1, the trajectory of the curve is required to follow the path of the
Ryu-Takayanagi geodesic.

3.2.1 Euclidean Poincaré AdSs

To test our holographic construction, we start with the Euclidean Poincaré AdSs back-
ground and reproduce the charged moments Z;(u) by solving the defect solutions. We
focus on the left-movers A. The result for right-movers A is completely analogous. The
line element of Poincaré AdSs reads

ds® = dp? + €*Pdzdz, i,j=1,2, (3.28)

- 11 -



with boundary complex coordinates defined as z = x + itgp and z = x — itg. The ansatz
for the background gauge field A takes the asymptotic form

A, =alz)+-, As=alzZ)+---, p— . (3.29)

Without loss of generality, we assume that the endpoints of the boundary interval A are lo-
cated at z = v1 and z = vy, with |v1| > |va|. After introducing the Wilson line defect (3.27)
in the bulk, the total action for the gauge field A reads

ik K ik
T=Iat L= [ apaa— " [ a2 AlAi——/dAs. .
A+l 871'//\/1 " 167 Jom TV 2m Je N (3.30)

The curve follows the Ryu-Takayanagi geodesic, which is orthogonal to the boundary when
approaching spatial infinity,
dxt(s) ccdp, p—o0. (3.31)

The variation of the action with respect to A gives

ik ik
o= / deP§ A, Fpehvo — / / daB5 4, T <3>( o(s)) + 6Lpay,  (3.32)
with €,,, being Levi-Civita tensor defined as €.z = % The equation of motion for A
becomes dgh
T
Fo\ = 2u/dsgeup,\5(3) (x —x(s)). (3.33)

This equation of motion can be easily solved for a given curve. However, explicitely solv-
ing (3.33) is not necessary due to the following two properties which determine the asymp-
totic behavior of the gauge field. First, contracting (3.33) with the tangent vector to the
curve, i.e. dz”/ds, yields

JT )
2u/ da’ d ——aupd® (@ —a(s)) = 0. (3.34)

This implies that the non-vanishing components of field strength F' is tangent to the curve
C. Furthermore, integrating (3.33) on a two dimensional surface ¥ which intersects with C
at an arbitrary point z(sp), one obtains

/F: A=2u. (3.35)
by ox

Since the curve is normal to the boundary when it approaches spatial infinity, from (3.34)
and (3.35), one finds

lim F = F,zdz ANdz
p—00
=24 (5(2)(;: —v1,2—01) — 6P (z —vg,7 — 172)) dz Ndz. (3.36)
From (3.36), the leading order of the gauge field solution is determined to be

A0) — a(z) + B., A(_O) =a(z) + Bz, (3.37)

z z
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with the back-reaction contributions

j 1 1 ] 1 1
BZ__W< _ ) BE_W<_ o _)_ (3.38)
2r \z—v1 zZ— U9 2r \zZ—11 Z— Uy

There are residual gauge degrees of freedom for the back-reactions. However, as we verify

in section 5, if we consider the vacuum state with a = a = 0, the solution (3.38) matches
the expectation value of the current operator.

As mentioned in the previous section, the appearance of the source deforms the CFT
action as in (3.16). In presence of the bulk Wilson line defect, (3.37) and (3.38) imply a
shift for the deformation of the CFT action

_ i 2 7z
Al = ﬁ/d:): Vg J?B: . (3.39)

Given the precise form of the source Bz (3.38), the shift (3.39) can be further evaluated
by expanding the source in Laurent series around z = 0. We present this analysis only for
the first term of Bz in (3.38),

T
~ 5 o ™E™ 2] < v
: 1 -
ph - m=0 (3.40)
z 2T Z — 0 i
1 e mmz—m—1
G 2| > |va].-
2
m=0

The second pole in (3.38) is treated analogously. The mode expansion of the current
operator J, in complex z-plane is given by

o 2. (3.41)

n=—oo

In polar coordinates z = pe’? and z = pe™®, the insertion of the expansions (3.40)
and (3.41) into (3.39) yields

1y _ ¢ 2 7z (1)
AL = - [ ds?\ /9075

po ol o i(n+1+m)0 1
_ W dp db Z Z anm—ne—z(n-l— +m) @;m,

n=—oo m=0

—n—k—1_i(k—n)6 k
27r2/ dp do Z Zan” elth=m)
n=—00 k=0
Z - o orel (3.42)
n7£0 i
where € denotes the UV cut off of the integration, and we take the limit ¢ — 0 in the last
step of (3.42). Following from (3.42), it is straightforward to write down the result for the
full shift A,
W 1 - I U1
Aly=—23 =g, (07" = v3") + 2 don L] (3.43)

27rn7£0n
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which can be expressed in terms of the left-moving subregion charge operator (3.26),

given by
v1 R 5
AL =2 o ( ) + ﬂ/ dzJ, = 2~ JoIn (?) —ipda. (3.44)
27 21 Juy 27 Vg
The analogous result for the right-moving sector is
AL =2 J, ln( > —ipda. (3.45)
27 V2
Combining (3.44) and (3.45) yields the partition function in the dual CFT
(e7AL=ALy ity = Zopr = ( €M9AT20 Yoy (3.46)
with
W
A —Joln —Jpl 3.47
- Ea(2)+ £an(2) oo
The partition function (3.46) can be rewritten as
Zepr =Tr [PA et QA*AO] 7 (3.48)

which differs from the desired charged moments Z;(u) = Tr [p A ei“QA] by the additional

insertion of e~20. Since a U(1) Wilson is the natural choice for the gravity dual of the
charged moments, we expect that the exponential term e 20 can be removed by a proper
holographic renormalization procedure. Due to our generating function method, c.f sec-
tion 2.2, we do not require the charged moments and hence not the properly renormalized
action. Instead all that is needed is the correct expectation value of the subregion charge
operator. In the case at hand this is given by

(Qa)ip = (3.49)

From the symmetry algebra (3.23), we have [jz, Jo] = 0, which implies the operator e~20
in (3.46) doesn’t carry charge. In other words, we have the following relation

N <jZ6iMQA_AO>

<jz€wQA>CFT A
= <JZ>1,M = < z)l,u,Ao =

CFT
<eiMQA > CFT

(eiHQa—20)

(3.50)

The right-moving current J; is treated in complete analogy. Therefore, the expectation
value of the total subregion charge operator in these two different CFT states are the
same, i.e.

(Qa)1n = (Qa)1 A, - (3.51)

Using the boundary values of the gauge field A in (3.37) and (3.38), by the AdS/CFT
correspondence, the left-moving subregion charge evaluates to

(Ga) (Ga) / d”k()+/v1€dz“k ( w)( : : )
— = z - o
9A) L = \QA) 1,00 vy 270 2 vote 2T 2 2r) \z—v1  z—v2

ik V] — U9
= 1 3.52
— a0+l (P 2)), (352)
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where gy = £ Js dz a(z) denotes the background charge. In the second step of (3.52),
since the integral is divergent, two cut-offs near the endpoints are introduced. The result
for the right-moving charge takes an analogous form,

ik

L dkp (01—
(qa)1u = qo + ir? In ( = ) . (3.53)

In the vacuum the background charge gy vanishes, and from (2.14), the normalized
generating function f1(u) can be obtained as

1)1 — ’l)2 _k(%)Q

fi (N) — ei fou dy/ <QA+§A>1,;/ _ (3‘54)

€

As we verify in section 5, this result coincides with the two-point function of the appro-
priately chosen charged vertex operators on the complex plane, where in particular the
conformal dimensions of the vertex operators are given by

A k(Y
AU_AU_4(27T) (3.55)

This agreement comprises a non-trivial check of the AdSs/CFTy correspondence.

3.2.2 General asymptotic AdS3 backgrounds

In this subsection, we generalize our holographic construction of the charged moments
Z1(p) to asymptotic AdSs backgrounds. The most general solutions to three dimensional
Euclidean Einstein gravity satisfying the Brown-Henneaux boundary conditions are the
Banados geometries [45]. Their metric takes the form

ds* = dp? + e dwdw + AGs(Lydw? + Lydiw?) + 16G3L,Lye~ > dwdib , (3.56)

where L, = L,(w) and L, = L,(w) are identified with the expectation values of the CFT
stress tensor. One important feature of pure AdSs gravity is that all solutions are locally
AdS3. This feature allows to transform the Banados geometries to Poincaré AdSs by ap-
propriate local coordinate transformations. In particular, in the case that £,(w) and L, ()
are complex conjugates of each other, bulk diffeomorphisms correspond to associated con-
formal transformations for the CF'T states. The explicit form of the bulk diffeomorphisms
was found in [46], which in fact is determined by the boundary conformal mapping. The
stress tensor of Poincafe AdS3 (3.28) vanishes, Ly(z) = 0, which implies the CFT state is
the vacuum state on the complex plane. By the transformation law of the stress-tensor,
the boundary conformal transformation from the w-coordinates to the flat z-plane satisfies

Ly(w) = —%{z,w}, (3.57)

where {z,w} denotes the Schwarzian derivative.® Therefore, given £(w), one can find the
boundary conformal transformation z = z(w) by solving the differential equation (3.57).

5The minus sign in (3.57) appears since the imaginary part of w = ¢ 4 i7 is Euclidean time. Note that
the method presented in this section relies on z(w) being bijective. If z(w) defines a multi-sheeted Riemann
surface, summing over images has to be taken into account, cf. the example of conical defects in section 4.2.
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One can use the conformal transformation z = z(w) to obtain the asymptotic solution
to the gauge field A with the defect insertion. The reason is that the boundary condition
AE,O) = 0 is preserved under the asymptotic diffeomorphism (3.8), which implies that AZ(-O)
transforms as a vector under bulk asymptotic diffeomorphisms. Therefore, using (3.52), we
directly obtain the leading order of the back-reaction in the asymptotic AdS3 background as

Bu=-3) (5;) (z(w) —12(w1) - #(w) —12<w2>> |

iu (dz 1 1 )
By =—1|-= — —— — —— —— , 3.58
27 <dw> <z(w) —zZ(w1)  zZ(w) — Z(w2) (3.58)
where w = wy and w = wy denote the endpoints of the interval A on the w-plane. By insert-

ing (3.58) into (3.39) and evaluating the integral explicitly, one finds that the shift (3.39)
arising from the defect still takes the form of (3.44) in asymptotic AdSs backgrounds. In

fact, there is a more convenient way to see this result. Since the deformation action (3.39)
is conformally invariant, the shift for the deformation should take the same form as the
Poincaré AdSs case, which in w-coordinates is given by

1 s 5@1)) 1 (2(w1)> .
Al =2 | dwdy,+ ZJon (22 ) = Z oI [ 222 ) — . 3.59
27r/,4 wy + 5 JoIn (Z(MQ) 27 0 S(ay) ) T HGA (3.59)

Again, this implies that the expectation value of the subregion charge for the charged

moments Z(j) is the same as the boundary current of the gauge field. To derive the left-
moving subregion charge from the boundary value of the gauge field, we notice that g4
is invariant under conformal mappings. It is more convenient to introduce an additional

global conformal mapping, i.e.

z = 2(w2) (3.60)

— 2 =
= z—z(wy)’

which maps the z = z(w2) to 2/ = 0 and z = z(w;) to 2/ = co. Then the corresponding
back-reaction takes the simple form
B,=-t  pg,=_"® (3.61)

5 - — .
2mz! 2wz’

Working in z’-coordinates, we find that the subregion charge takes the following universal
form,

. 1 4y .
ik (<5 dz ik ( 1 )7 (3.62)

~ — (4 e — 7B a— 71

(Ga)1 = (@A) 1,00 = Q0 + 3 Jos) 2mi 2 =qo+ 12 n <)
where ¢y is the background charge, and €(d) denotes the cut-off on the z’-plane, in-
duced by the corresponding cut-off § on the w-plane through the conformal transformation

Z =2 (z(w)),

€(6) = 2/ (z(we + §)) — 2’ (2(w2)) = 2/ (2(wg +9)) . (3.63)
The right-moving subregion charge takes a similar form
A A _ ’L]CIUJ 1
<Q.A>1,M <Q.A>1,M,A0 qO + 47'('2 n (E(6)> ) (3 6 )

~16 —



A Branch cut A;

Figure 2. For the complex plane with a single interval as the entanglement region, the correspond-
ing n-sheeted branched covering is still a Riemann sphere. The defect in the bulk replica manifold
runs along the locus of the Z,, fixed points. The operators O denote the current primary fields for
the original CFT states, which generate the background gauge fields. They are taken to be n copies
on the replica manifold.

where go denotes the right-moving background charge. The anti-holomorphic cut-offs €
and § are the complex conjugates of € and §. Combining (3.62) and (3.64) yields the total
subregion charge for the charged moments Z;(u), given by

1
e(9)

where Qo = qo + ¢o denotes the total background charge. In particular, as we show in

A ~ LA ik
Q1 = (@1 + (a1, = Qo+ 5 5 n | <. (3.65)

section 4, the logarithm in (3.65) is related to the length of the geodesic anchored at the
endpoints of the interval in the background geometry.

3.3 Subregion charge in the replica manifold

In this subsection, we apply our holographic construction of charged moments Z,(u) to
the replica manifold. In the replica manifold, the U(1) Wilson line defect (3.27) considered
before must follow the Z,, fixed points. From the Chern-Simons gauge field sourced by the
Wilson line, we calculate the subregion charge, which will be used in the derivation of the
results of section 4.

For pure AdSs gravity, the exact replica manifold M,, was found in [47], using the
Schottky uniformization method. A characteristic feature of these geometries is that they
contain a Z, symmetry in the bulk. The corresponding line of Z, fixed points is located
along the geodesic anchored at the boundary branch points. This Z,, symmetry persists
when matter fields exist in the bulk. On the boundary n-sheeted Riemann surface R, there
are n branch cuts lying on the n separate sheets. As illustrated in figure 2, our U(1) Wilson
line defect must run along these Z, fixed points in order to preserve the Z, symmetry.”

"Technically speaking, the operator QA in the charged moments Z,,(u) is defined on a single sheet.
When using the replica trick, this operator should be evenly distributed on n branch cuts of R,. This
construction ensures that the charged moments preserves the Z, symmetry on the replica manifold.
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For simplicity, consider the Poincaé AdSs with A = [vg,v;] as the entangling interval
on the boundary R;. As shown in [48], the corresponding replica solution assumes the
form of the Banados geometries (3.56). The complex coordinates on the spatial boundary
R1 of Poincaré AdSs, denoted with z and Zz, are analytically continued to the n-sheeted
branch covering R,,. The line element on R,, can be written as

d3? = gV da'da’ = dzdz. (3.66)

One should note that in fact the metric is singular at the endpoints of A since the range of
angle around the endpoints is Af@ = 27n. The curvature singularities at the endpoints can
be extracted from the Weyl factor of the following conformal mapping from the universal
cover of the z-plane to a flat z’-complex plane [49]

Y = (2_”2)}1, (3.67)

zZ— U1

where the endpoints z = v9 and z = v1 are mapped to 2z’ = 0 and 2’ = co. By this conformal
mapping, the states in the dual CFT are transformed to the vacuum state on the complex
z'-plane. The full bulk diffeomorphisms to the Poincaré AdSs were given in [48].

To compute the subregion charge expectation value on the gravity side, we assume
that the components of the background gauge field A on the original manifold M take
the following boundary value,

AD —q(z), AV =a(z). (3.68)

As mentioned in section 3.2, the boundary value of the gauge field transforms as a tensor
under the conformal transformation. In presence of the U(1) Wilson line defect, using the
conformal mapping (3.67) and the equation (3.58), a straightforward calculation yields the
boundary value of the gauge field

A9 =a(z)+B., A =a(z) + B:, (3.69)
with the back-reaction
] 1 1 ] 1 1
BZ:—W< - ) B =1t ( _ ) (3.70)
2tn \z—v1 Z— U9y 2rm \z —v1 Z— Uy

One can check that, inserting the solution (3.70) into (3.39) indeed yields a shift of the de-
formation of the form of (3.59). The boundary left-moving subregion charge is obtained as

N ik (U1 dz S vl — Vg
(@nn="5 [ 2=AY =+ o 1n< - ) (3.71)
v2

where ¢g denotes the background charge, and ¢ is the cut-off near the end points v; and v
on R,. One can confirm this result via the general formula (3.62) and the mapping (3.67).
In this case, the cut-off ¢(9) in (3.62) is given by

6(5):< g ) (3.72)
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The analogous results can be obtained for the right-moving subregion charge. Hence, the

total charge (3.26) is
v — U2

0
The subregion charge differs from the results for n = 1 by the % factor. This implies that

N ik
(Q.A>n,u = Qo + onZn In

(3.73)

the charge is evenly distributed on the n sheets of R,,, which preserves the Z,, symmetry of
the bulk solutions. For the replica manifolds of the general AdSs3 solution, one can always
transform to the Poincaré case and compute the charge by the same procedure.

4 Holographic calculation

In this section, we consider two examples of background solutions and calculate the subre-
gion charges for the replica manifolds with defect insertions. We show that the probability
distributions Py ,(q) are the Gaussian distributions of the charge fluctuations in the general
cases. Furthermore, the resulting symmetry-resolved entanglement entropy is independent
of the subregion charge and completely determined by the length of the geodesic in the
background solutions and the Chern-Simons level.

4.1 Example 1: Poincaré AdSs

Using Poincaré AdSs,

ds? = dp* + e*dzdz (4.1)
as background geometry, the background gauge fields have the general asymptotic expan-
sion

A, =a1(z)+---, Az =ay(z)+ -,
A, =ag(2) +---, Az =az(2)+---. (4.2)

Given a boundary interval with the endpoints located at z = v; and z = vy, (3.73) readily
provides the expectation value total subregion charge for the charged moments, denoted
(QA)n,u- Then the normalized generating function is obtained through

V1 — V2 7%(%)2

5 ) (4.3)

i =exp (i [t @apnye) = %

where Qg = qo + §o is the total subregion charge stemming purely from the background
solutions (4.2). In Poincaré AdS, the regularized length of the geodesic which connects the
endpoints of the boundary interval A is given by

U1 — U2

J

where 0 is related to the bulk UV-cutoff pg, i.e. 6 = e, and should be identified with
the cutoff around the boundary endpoints. The subregion charge and the normalized

L=2In , (4.4)

generating function are then expressed through

A ik

. k
(Qadnp= Qo+ 5 L, faln) = Q02 (32 (4.5)
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The Fourier transformation of f, (1) in (4.5) yields the probability distribution P4, (q)

© d —i 2m™n _M
Pan(@) = [ Ghemmaf, ) = Srte 2500 (4.6)

where the fluctuation of the subregion charge is denoted by Aq = g — Qy. The resulting
symmetry-resolved entanglement entropy (2.17) is then easily obtained as
Pan(q) ¢ 1 (kL

: 1 B
S(q) —S—|—7lll_>nr11 1_nlog P 6L— 2ln 27r> +0(1), (4.7)

where the entanglement entropy S is given by the Ryu-Takayanagi formula in three dimen-
sions, S = gL in three dimensions [4]. Observe that the charge dependence has disappeared
in the final result. This is called equipartition of the entanglement entropy [21] and indi-
cates that all charge sector have identical entanglement.

4.2 Example 2: global AdS3 and conical defect

Asymptotic AdSs geometries at zero temperature and compact spatial coordinate,
¢ ~ ¢ + 2m are described by the line element

1 1
ds? = ———dr* + < + 7’2) dr? + r2dg?. 4.8

ﬁ + r2 N2 ¢ ( )
These are parametrized by a positive real number V. For N = 1, the line element is global
AdSs while for N > 1, it corresponds to the conical defects with deficit angle 27(1 — %)
at r =0.

In new coordinates
1

r:ep—ﬁefp, w=¢+ir, w=¢o-—ir, (4.9)

the line element (4.8) assumes the form of the Banados geometries (3.56) with

= 1 c
7o 16G3N? 24N? (4.10)
By the local coordinate transformations
B T S S Ny S (411)
r2+ N
the line element (4.8) is transformed to Poincaré AdSs,
ds? = d€? + e**dzdz . (4.12)

On the boundary, the coordinate transformations (4.11) reduce to the conformal mapping,

z=eTT/N — gmiw/N (4.13)

which indeed reproduces the stress tensor (4.10) by the conformal transformation law (3.57).
Since the mapping (4.13) between the conical defect and the covering space-time is not
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bijective, inserting a Wilson line defect in the conical defect AdSs leads to N copies of
that Wilson line defect in the covering Poincaré AdSs3 space-time. Assuming a spatial
boundary interval A with endpoints wy = i1 + ¢1 and wy = iTg + @2, the locations of the
2N endpoints of the defects in the z-plane are given by

Zoj 1 = ei(wi+2mg)/N Zoj = e~Hwet2m)/N i1 9... N, (4.14)

which leads to the asymptotic form of back-reaction in the z-plane as

. N
1 1
Bz:_% ( - >7
27‘1'].:1 Z—Zgj_l Z—Zgj
T N
BZ=Z< - ) (4.15)

Hence, by the transformation (4.13), one finds the solutions for the back-reaction in w-

U eiwl eiwg
By = % elw _ glwi - elw _ piwz ’
—iw —iw2
7 e e
Bo=o | =6~ miwr — omiv _ g | - (4.16)
2w \ e —e e —e

Note that the solutions (4.16) are independent of N, owing to the fact that the U(1) Chern-
Simons fields are decoupled from gravity. In the n-replica manifold with branch cut A on

coordinates to be

the boundary, the back-reaction of the Wilson line defect reads

U eiwl eiwz
Bw = 2mn \ etw — eiwt B elw _ plwa ’
— w1 —iwe
" e e
By = —W _ iy i _ p—tw2 | (4.17)
2mn \ e —e e —e

The additional % factor appearing in (4.17) yields the correct holonomy when each endpoint

is circled n times.
Hello Analogous to the Poincaré patch case discussed in section 4.1, general on-shell
solutions are allowed for the background gauge fields. The only requirement is that they
satisfy the boundary condition A, = 0, i.e. the analog of (4.2). Since in this case, the
spatial direction is compact, general background solutions might be singular in the interior.
However, the singular behavior can be valid if U(1) Wilson defects exist in the background
solution. By the AdS/CFT correspondence, these are generated by appropriate boundary
current primary operators located at the endpoints of the defect. Hence, as before, we
simply denote the total background subregion charge as Qo = qo + qo. The final result for
the subregion charge of the n-replica solutions in presence of the defect is given by
2 A¢

—sin —
2

5

ikp In

(QA>n,u = Q() +

: (4.18)

2m2n

with A¢ = ¢1 — ¢o. 0 denotes the cut-off around the endpoints in the w-coordinates.
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Note that the regularized length of the geodesic in global AdS3 or in the conical defect

geometry reads
2N | A¢
— sin —

o 2N
As a result, we find that the subregion charge and the normalized generating function take

Ly =2In

. (4.19)

the same form as in the Poincaré case (4.5), with the only difference being the exact form
of the geodesic length. Hence, the result for the symmetry-resolved entanglement entropy
is given by

S(a) = £Ln - %m (%) +0(1). (4.20)

Again, we find equipartition of the entanglement entropy. This concludes our gravity
analysis.

5 CFT calculation

In this section, we provide a CF'T calculation of the symmetry-resolved entanglement en-
tropy for the vacuum state defined on the complex plane. The result is consistent with our
holographic calculation for the uncharged Poincaré AdSs background, cf section 4.1.

5.1 Non-local operator from vertex operators

In this subsection, we show how to express the U(1) Wilson line defect through a pair of
bosonic vertex operators. This simplifies the anaylsis, since vertex operators have the de-
sirable property of being 11(1); primary (which includes Virasoro primarity). Furthermore,
it explains the appearance of vertex operators in [15] from our defect vantage point.

As demonstrated in the previous section, the dual CFT of U(1)-Chern-Simons Einstein
gravity contains a {i(1); Kac-Moody current J (z). The symmetry algebra is now given by

1
[Jna Jm] = *nk(sm-i—n,() 5

2
[Lna Jm] = *mJn+m s
(L, L] = (n — m) Ly + 1—02(713 — )Bnsm s (5.1)
and the corresponding OPEs read
A k/2
A Jw)  9J(w)
T
()~ 2y + T
N /2 2T (w) 9T (w)
T(2)T(w) w0t T o w) + (5.2)

For the right-moving part, analogous relations hold. The first task for the CF'T calculations
is to investigate the properties of the non-local operator e#@A. Tts holomorphic part
given by

- (I
I,(v1,v2) := €44 = exp (;/ dzJ(z)) , (5.3)
T V9
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where the positions of the endpoints are arranged such that |v1| > |ve|. This non-local
operator should be radially ordered in correlation functions. As we show in appendix B,
one can rewrite the radially ordered non-local operator as

k

. _ —5(42)?
RIL(o1, 09)] = ( ) (01, 09): | (5.4)

J

where R denotes the radial ordering operator, and the cut-offs § are introduced around the
endpoints in order to regulate the non-local operator I,,(v1,v2). On the other hand, if we
formally write x(z) = [* dw.J(w), a vertex operator is expressed through

Vi) =exp (ox(2)): (5.5)

Then the following identity holds in any correlation function [50],

Loy2

Viu(v)V_(v2) = (v1 — vg)_g(ﬁ Iy (vi,v2): . (5.6)

Comparing (5.4) with (5.6) leads to the following relation,

o

Lu(v1,v2) = 626V, (01) Ve (v2) | (5.7)

where the cut-off § can be regarded as a natural normalization constant rendering the
two point function of the vertex operators dimensionless. In the following we identify
the operator I, (vi,vs2) with the pair of vertex operators V,(vi)V_,(v2), since the cut-off
dependent prefactor cancels in all ratios of correlators of interest. Thus, in the following
the focus lies on the analysis of vertex operators.

As shown® in appendix B, the OPEs for the vertex operator are given by

JVa(0) ~ & (2’;) Vu©) |

2 z
2
T(2)V,,(0) ~ g (2’;) V{;(f) + W‘;(O) T (5.8)

Thus, combining with the anti-holomorphic part, the full vertex operator V,(z,2) =
V,.(2)V,(Z) are both Virasoro primary and (1) primary, with conformal dimensions and

kN _ k(p
AN:AM:4<27{.>’ OZM:OZMZ2<27T> (59)

With this, the vacuum expectation value of the current in presence of the vertex operators

charges given by

is given by

2T

5.10
— U1 w — V2 ( )

<j(w)V (1)1,1_)1)V_ (UQ,TJQ)) . k 1% 1 1
T =30 (5 ).

8More precisely, in appendix B we rederive the familiar {i(1) OPEs (5.8) without assuming the Sugawara
construction in order to minimize the employed assumptions. Of course the result confirms that the energy
momentum tensor must be of Sugawara form.
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which indeed coincides with the solutions to the gauge field (3.37) in presence of the Wilson
line defect (3.27) for the uncharged Poincaré AdS3 background. On the other hand, the
two-point function of vertex operators reads

oy |R()?
u-n o (5.11)

(Vi(v1,01)V_p(v2,02)) = 5

which agrees with the normalized generating function fi(u) in (3.54) for the uncharged
Poincaré AdSs.

5.2 Symmetry-resolved entanglement through charged twist operators

In this section, following [15], we use the charged twist operators for the computation
of the subregion charge expectation value (Q A)nu, the charged moments and finally, via
our new generating function, the symmetry-resolved entanglement entropy. The result-
ing symmetry-resolved entanglement entropy coincides with the holographic result of sec-
tion 4.1. Our analysis extends that in [15] by determining also the U(1) charge of the
charged twist operators.

Considering a single interval A on the Riemann surface Ri, the partition function
Z, = Trp" is calculated by evaluating the path integral on the Riemann surface R, where
R, is defined as the n-sheeted branched covering of Rq, with the interval A as the branch
cut on Ry. (Anti-)Twist fields (&) oy, are Virasoro primaries of conformal dimension

A, =7, =— (n — ) : (5.12)

defined so as to relate expectation values on R,, and R; via
(O(z1, z1;sheet @) - - ), = (O;(21, 21) o (v1,01)0p(v2, V2) -+ )1 . (5.13)
The index 1 and n denotes the surface R; and R,,. Therefore twist fields implement the

complicated topology of R, on the single sheet Ry. The local operator O(z1, z;;sheet 7)
lives on the itP-sheet of R,,, which corresponds to the i®'-copy of the fields, i.e. O;(21, z1).

Since the non-local operator QA ig equivalent to a pair of vertex operators inserted
at the branch points, the charged moments for the vacuum state can be written as

Zn(/L) = <VM(’L)1,’[}1)V,#(U2, 172))71 = <O’n“u(1)1, ’(71)5'717,#(’[)2, ’(72)>1 . (514)
The operator o, and &, —, on the right hand side of (5.14) are the charged twist and

anti-charged twist operator, which were first introduced in [22]. In presence of the pair of
vertex operators, the generalization of (5.13),can be expressed as

<O(z1,21;sheet Z')Vu(vl,’t_)l)v_“(vg,v_g»n = <Oi(2’1,21)0n7u(1)1,171)5'n7_u(7)2,52))1 . (515)
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Following the method in [15], one finds that the charged twist operator is both a Virasoro
primary and current primary. The conformal weight and the U(1) charge of the charged
twist operators is given by (cf. appendix B)
A = A AM —

np = Ap + — Qun = 0y . (5.16)
The same results hold for the anti-holomorphic part. Here, we clarify the notion of “fusion”
used in [15] of an ordinary twist field and a vertex operator to yield a charged twist field.
Notice that the conformal weight in (5.16) of the vertex operator enters rescaled by n,
while the charge is not. This suggests that the charged twist operator can be understood
as the normal ordered product

Tun =:0,V':;, with V' = H V;/n, (5.17)

where V/f /n is a vertex operator confined to the i** copy. From (5.9), it is easy to see that
the conformal weight of V' is indeed

ZAu/n:—”, a/:ZaZ/n:aM (5.18)
=1

n

The product structure of ¥V’ implies that the vertex operator is distributed evenly among
the sheets of the Riemannian surface R,,. This clarifies the notion of “fusion” used in [15].

Given the charged twist operators, the charged moments for the vacuum state are
expressed by

Ul J— 'U2 _2(A7L,M+ATL,}I,)

o

Zn(p) = (onu(v1,01)0n,—pu(v2,02)); =

—gn—1)-E(£)?

U1 — V2

4]

(5.19)

The holomorphic subregion charge can be obtained by integrating the current in (B.16)
over the branch cut A, given by

@i = [ (g = e (222)

ote 271 nmw
ik V1 — Uy
= 2 In ( 5 ) , (5.20)

and the total subregion charge reads

A ik V] — Vg
(QA)np = 2 In (5.21)
21 )
The resulting symmetry-resolved Rényi entropy is given by
c 1 v — Uy 1 kvl — w2
S. =—(1+-)1 ——In{—1 O(1 5.22
o0 = f+ D |22 S (T Jrow. G2
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and the symmetry-resolved entanglement entropy reads

1 k
—2111( In

c V1 — U2 V1 — U2
S(q) =7 In p

. ; ; ) +0(1). (5.23)

This confirms our holographic result (4.7). This equipartition of the entanglement entropy

is in fact universal even in excited states [18], which can be seen as follows. The singular
terms in the OPEs of J with any current primaries contain only simple poles, with their
coeflicients given by the charges of the primary fields. Since the subregion charge is obtained
by taking the integration of the current over the branch cut, the divergent part of the
subregion charge is always determined by the charged twist operators, located at the branch
points. As a result, these lead to the universal behavior (5.23) of the symmetry-resolved
entanglement entropy.

6 Discussion and outlook

In this paper we extended the framework for computing the symmetry-resolved entangle-
ment entropy by introducing a new generating function method. It allows to relate the
charge part of the symmetry-resolved entanglement entropy to the expectation value of
the subregion charge operator (@ 4). Our method is particularly useful in the holographic
context, since it reduces the computation of the symmetry resolved entropies to the calcu-
lation of the boundary subregion charge (Q.4). As we show explicitly for the case of U(1)
Chern-Simons theory coupled to three-dimensional Einstein-Hilbert gravity with negative
cosmological constant, this simplification in particular enables us to derive the symmetry-
resolved entanglement entropy without the necessity of deriving the full renormalization of
the holographic dual.

In the context of U(1) Chern-Simons gravity, our holographic construction is inspired
by the field theory picture of [15], in which an Aharanov-Bohm flux is introduced on the
replica manifold. We realized this flux in asymptotically AdS geometries by inserting its
natural holographic dual, namely a charged Wilson line defect (3.27) at the fixed point
locus of the replica symmetry. This defect sources the U(1) Chern-Simons gauge field,
from which we calculate the subregion charge (Q.4). In turn, the subregion charge allowed
us to determine the generating function (2.12). This result was used to directly calculate
the interesting charge contribution to the symmetry resolved entanglement entropy. The
charge-dependent partition function of the dual CFT differs from the generating function
by the insertion of an operator, cf. (3.46) and (3.47), which however cancels out in the
calculation of the subregion charge, cf. (3.51). This cancellation relies on the structure of
the (1) Kac-Moody algebra, which implies that the additional operator indeed commutes
with the subregion charge. As a consequence, the subregion charge (@ 4) can be obtained
independent of knowing the charged moments. The subregion charge together with the
Ryu-Takayanagi formula [4] for entanglement entropy can in turn be used to determine the
full symmetry-resolved entanglement entropy without the necessity to directly calculate
the charged moments.

Besides the calculation of the symmetry resolved entanglement entropy in Poincaré
AdS, we also applied our generating function method to general asymptotic AdSs back-
grounds. We presented further explicit calculations of the symmetry-resolved entanglement
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entropy for the examples of global AdS3, and conical defect space-times. Our results show
that in all these cases, the probability distributions (2.5) for the subregion charge fluctu-
ations are always Gaussian. Furthermore, the resulting symmetry-resolved entanglement
entropies exhibit a universal equipartition behavior, i.e. the entanglement for each charge
sector is identical and depends only on the geodesic lengths given by the Ryu-Takayanagi
prescription [4] and the Chern-Simons level k. For more complicated symmetry algebrae,
we suspect a breakdown of the equipartition of entanglement.

Since the asymptotic symmetry of the U(1) Chern-Simons theory is of #1(1); Kac-
Moody type, in our CFT calculations we assume the dual CFT to admit the same symmetry
algebra. Using this summetry, we show that the non-local operator (5.3) can be identified
with a pair of charged U(1) vertex operators, up to a cut-off dependent proportionality
constant. As expected from [50], this pair of vertex operators generates U(1) charge defects
on the multi-sheeted Riemann surface. Working in the twist operator picture, we use the
product of the charged vertex operator with the usual twist operator o,, to define a charged
twist operator oy, . Following the method in [15], we find that this charged twist operator
is both a Virasoro primary and a current primary. The charged twist operator allows us
to compute the charged moments and the expectation value of the subregion charge for
the vacuum state in a two-dimensional CFT with 1i(1); Kac-Moody symmetry. Our CFT
calculations are in complete agreement with the holographic results.

Our work, and in particular the generating function method, allows for several natural
extensions. One option is to investigate the case of m intervals, in particular also in view
of possible topological transitions in the symmetry resolved entanglement and Rényi en-
tropies, along the lines of [6, 51]. The case of m intervals reduces to the calculation of CET
correlators with 2m insertions of charged twist operators. It will in particular be interesting
to see whether the subregion charges in different intervals can be chosen independently, or
are correlated with each other in some way. Another interesting quantum information mea-
sures that could be resolved in different charge sectors is the mutual information, which
should extract the non-divergent piece of the symmetry-resolved entanglement entropy.
Another finite entanglement measure is the relative entropy [7]. Other interesting exten-
sions of this work involve non-abelian Aharanov-Bohm fluxes. These should be captured
by defects of non-abelian Wess-Zumino-Witten type [52, 53]. In the context of hologra-
phy, an investigation of higher spin gravity will be interesting as well [54]. Since our bulk
theory admits the {i(1); Kac-Moody symmetry which also governs the CF'T description of
abelian anyons, it would furthermore be interesting to compare our result to the symmetry
resolved entanglement in anyonic conformal field theories. In all these cases, we expect our
generating function method to considerably simplify the calculation of symmetry resolved
entanglement measures. Finally, three-dimensional gravity coupled U(1) Chern-Simons
gauge fields have emerged in the study of two-dimensional free conformal field theories
over the Narain lattice [55-58]. Studying the symmetry-resolved entanglement entropy in
this setting may lead to a refined insight into this novel instance of a holographic duality.
Relatedly, developing a proof of our prescription for the holographic dual (3.27) of the
charged moments along the lines of [42, 44] would further add to the understanding of the
holographic dual of the symmetry-resolved entanglement entropy.
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A Asymptotic symmetry algebra

The asymptotic symmetry algebra can be obtained by the standard Hamiltonian ap-
proach [20, 59] or the covariant phase space approach [60-63]. Here we work in the latter
framework. Consider a hyper-surface ¥, which is defined as the base manifold of the
unconstrained phase space. The variation of the pure Chern-Simons action gives

'k: %
5ICS:L/5AMA+L/5AAA (A1)
4 81 Jx

Here, 6 represents the exterior derivative in the phase space and dA is a one-form on
phase space. A second variation of the boundary term in (A.1) leads to a closed and
non-degenerate symplectic two-form on the unconstrained phase space, given by

ik
w:L/aAMA. (A:2)
81 Jxn
In components this reads
1 ..
W = 5&)”5141' A (SAJ' . (A3)

Then the Poisson bracket of two functionals F[A], H[A] on the unconstrained phase space

is defined by oF oI A oF oI
(F,HY =i T [

“ugaon, =k oA 04,

where w;; is the inverse map of w* and €;; is defined on ¥ with chosen orientation such

(A.4)

that €12 = 1 in the local coordinates. There is a so-called smeared function G(n) on the
unconstrained phase space, which is associated with a infinitesimal gauge parameter 7, and
generates the gauge transformation A — A + dn, given by

k
=— [ AAdy. A.
Gln) = 5= [ Andn (A5)
Indeed, applying the definition (A.4), we find
{G(n), A} = dn. (A.6)

Computing the Poisson bracket of two smeared functions associated with two gauge pa-
rameters, we find

(Gn), GO} = ﬁ /Z dn A d. (A7)
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The smeared function can be decomposed into

G(n) = Q(n) +C(n) (A.8)
with
/ nd, C(x / ndA. (A.9)

After imposing the constraints C = 0, the charge ) becomes the generator of the gauge
transformation on the constrained phase space of on-shell solutions, and the Poisson
bracket (A.7) reduces to the Poisson bracket of the charge @,

(Qu).QW} = 1= [ _nax. (A10)

In order to be compatible with the variational principle (3.13) as well as the boundary con-
dition (3.12), the gauge parameters are required to have the following asymptotic behavior

n=n0w)+e 2 (p,w, )+, p—oo. (A.11)

Therefore, if we choose Y to be a constant time slice, we obtain the associated charge

k
_ ?{ (0) { 4(0) (0)
=0 do n (Aw + Ay ) . (A.12)

It follows from the variational principle that Az fixed, which means it is a Lie algebra
constant. Hence, if we choose a gauge fixing such that Ag) ) (ASI? )) are holomorphic (anti-
holomorphic), then the Poisson bracket is further reduced to

{a(n),a(\)} = % ]{dw n00,A O, (A.13)

with the holomorphic charge ¢(n) defined as

k 1
= (0) g(0) — (0)
= j{dw n\"" Ay, 5] /dw "W J(w). (A.14)

Here we denote J,, = J(w) since it is holomorphic by gauge fixing. This holomorphic
charge is the generator of the residual gauge transformation arising from the gauge fixing.
The gauge parameters have a mode expansion

Z e A0 = Z e~ (A.15)

n=—oo n=—oo

Combining with the mode expansion in (3.15) and inserting them into (A.14), we obtain a
simple form for the charge

atn) = 5z fdw n®I@) =i 3 (A.16)

n=—oo

Inserting (A.16) into (A.13), and evaluating the right hand side, we find

k
i{In, Im} = n5n+m0, (A.17)
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which is the “classical” 1i(1); affine Lie algebra. The quantum version of this algebra is
obtained by replacing i{, } by commutators [,], yielding the 1i(1); Kac-Moody algebra

k
[y Jn] = 5n4m,0- (A.18)

Next, we verify that the modified stress tensor T, [J] (3.20) indeed satisfies the Vira-
soro algebra. In particular, we show that it will not shift the central charge on the gravity
side. This is expected since the {i(1); model has central charge one and therefore does not
alter the large central charge of the gravity sector; see below.

The stress tensor Ty,[J] is the generator of infinitesimal asymptotic diffeomor-
phisms (3.8) for the gauge field, which is actually equivalent to a corresponding field-
dependent gauge transformation when dA©®) = 0. This fact can be easily shown by the
Cartan formula,

0eA = LeA=d(1eA) + 1edA =~ do+ 1edAY p— o0, (A.19)
with the corresponding gauge parameter

a = Ew) A (w) + E(w)AY. (A.20)

w

Note that in this case, the requirement of holomorphic gauge parameter « enforces the
()

vanishing of the source A, which is similar to the situation in the gravity sector, where

the symmetry algebra is broken if the gravitational source appears.
)

If we impose A’ = 0, then in this case, the corresponding diffeomorphism charge ¢

associated with the vector field £ is given by

a) = % 7( du €(w) A A©) — 74 dw ()Tl J]. (A.21)

Expanding the Ty, [J] and {(w) in modes, defined through

L= fdw ™ T, )= Y g, (A2

n=—oo

the simplified form of the diffeomorphism charge is obtained as

o) = — i nLn. (A.23)

n=—oo

With this, the Poisson bracket (A.13) of two diffeomorphism charges ¢(«) and ¢(/3), reduces
to the Witt algebra
i{L,,L }=(n—m)L

m n+m -

(A.24)

Similarly, inserting (A.16) and (A.21) into (A.13), the Poisson bracket of diffeomorphism
charge g(«) and charge ¢(n) yields

L T} = =i - (A.25)
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Combining the above algebrae with the gravitational Virasoro algebra (3.11), one obtains
the full asymptotic symmetry algebra of the theory,

1
Z{Jny Jm} = §nk5m+n,0,
Z{Ln, Jm} = *mJner,

i{Lp, Ly} = (n — m) Ly + %(

73 —n)6n 1m0, (A.26)
and analogously for the anti-holomorphic part.

The quantum version of this asymptotic symmetry algebra is obtained after replacing
i{, } by the commutators [,], and should be identified as the symmetry algebra in the dual
CFT by the AdS/CFT correspondence. It is interesting to note that the effective central
charge in the dual CFT does not shift even in presence of the U(1) Chern-Simons fields
on the gravity side. This fact essentially arises from the boundary condition, i.e. A(po) =0,
which yields no central term contributions to the diffeomorphism charge in (A.21). From
the perspective of the AdS/CFT correspondence, this is also expected, since it is well-
known that the CFT stress tensor constructed from a U(1) Kac-Moody current by the

Sugawara construction satisfies the OPE [64]
—(JI)(2) (T (w) ~ — = 4 (A.27)

revealing a central charge contribution ¢y = 1 to the full theory. Hence it can be neglected
in large c limit.

B Vertex operators and charged twist operators

Non-local operator. The radial ordering of the left-moving non-local operator I,,(v1,v2),
defined in (5.3) can be written as

N © 1 no e vl N
Ry, 0] = 3 ~ (“) / / dzr - dep RT(21) - J(z0)] (B.1)
—nt \2m Vo vo
R is the radial ordering operator. Wick’s theorem implies the relation
R k/2

Therefore we have

/vzl /u:1 dzdwR [J(2)J (w)] = /1:1 B dzdw <:J(Z)J(w): +I€/22> ,

s (z —w)
:/1: U:I dzdw :J(z)J (w):
v15d2< k/2 B k/2 >

246 Z—v1 2=

%/:l /v; dzdw :J(2)J (w): —kIn (”15”2). (B.3)

+
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For simplicity, we denote

V1 v1

X, = dzy - dzpR[J(21) - J(z0)] (B.4)
V2 v
yn:/ b ldzl---dzn J(z1) - J(zn):, (B.5)
V2 V2
and
B=—kln (”j”) (B.6)

Then we can write down the generalization of (B.3) as
X, = Nn,OYn + Nn,IYn—QB + ]Vn’QY'n_ng2 +...+ Nnvan_QmBm + - (B?)

where Ny, p, is the number of terms for m times contractions of X, given by

1

|
_ 2m  ~2m—2 2m—4 2 _ n.
Nn,m = m|Cn : C'2m "Yom—2 "7 C4 -

2mml(n — 2m)!"

(B.8)

By summing over all the terms with the same number of contractions in (B.1), we can
rewrite the radially ordered non-local operator as

o= (351 ()% (5 ()" (2)')

n=0 """

_ (vl ;1)2)_ 1, (01, v2): (B.9)

Charge and conformal weight of vertex operator. In this subsection we derive the
OPEs of the current and stress tensor with charged U(1) vertex operators. We do so without
the Sugawara construction since we do not assume knowledge of the exact CFT dual.

To get the OPEs for the vertex operators, we integrate the OPEs (5.2), leading to

(B.10)
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Then, using the generalized Wick Theorem, we obtain the OPEs for the vertex operator

JVu0)~ 5 (25) 22+
oo [ n /m—1 ) N
TV, (0)= Y | 20 ( ¢ O;Z;)T(Z)X(wl)x(w2)~~x(wn1)x(0) oo
n=0 i=17Wi=
o) n—1 ~
(p/2m)" dw; \ J(w1)
~ : 0 i
S (T4, st ) vt )]+
oo [ n /m—1 ) Aw1 w1A’w1
3 <&/3q;'< § 2%)(‘](2 Lot )x<w2> NOIES
n=0 L w;=0 g

n=0 =1
[e's) n—1
(w/2m)™ 1 dw; kwi kwas
+§0 (n—2)! 2Z2<1_[1j1{u 027riwi> (2(w1—w2)_2(w1—w2)>X(w3> X(O) T
2V, oV,
N%(%) V7(2®+VT(O)+.._ (B.11)

Charged twist operator. This section presents a thorough derivation of the conformal
weight and the U(1) charge of the charged twist operators oy, , using the original n-sheeted
geometry R,,. The conformal weight is already given in [15], while the charge is calculated
explicitely here for the first time.

When R, is a flat complex plane with complex coordinates z and z, the n-sheeted
branched covering R,, can be mapped to a flat z’-complex plane C' by the uniformization
map [49],

1

= (Z_”2)". (B.12)

z— v

The expectation values for the stress tensor and the current on C' are given by

20y (T()Vu(w)Vop(0)e . (w=0?2 A,
FEen = TG v e~ S —op 0 B
and
» EWAV e oy o ay
(J(Z))ep = wlg%o Vo (w)V_, (0)) ¢ - wl_mo o —w + S0 (B.14)

Then, by the transformation laws of the stress tensor and current under the conformal
transformation (B.12), one obtains the corresponding expectation values on R, given by

) (01— v2)” (B.15)

ﬁ + A/‘
(z —v1)2(z —v9)2’

n n?

(T () = (dz>2 (T()) e + %{z/, 2} = (

and

G = () T New= 2 (= - =5 ) (B.16)
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Coming back to the twist field picture, (5.15) yields

3 (T3(2)Tnu(v1, 01)Fn,—p (02, 02))1 _
T(2)nu= —— = = (Ti(= ) B.17
< ( )> Y <Un,,u(vlvUl)Un,—u(U27U2)>1 < ( ))LH ( )
and R
5 (Ji(2)om,u(v1,01) 00, —p(v2, U2))1 A
J(2))npu = o = (Ji(2))1,1 5 B.18
< ( )> Nz <0'n,u(vl7Ul)o'n,—u(v277)2)>1 < ( ))LH ( )
for 2 = 1,...,n, which gives the stress tensor and current for a single copy of the fields.

Multiplying (B.15) and (B.16) by n provides the total stress tensor and current in the n
copies of CF'T, given by

n vl — U 2
<T(n)(z)>l,u = Z;< Az’(z)>1,u = (An + A;) (z _(Ui)z(;z vg)2” (B.19)
and .
(O 1 = S (@)1 = —b - (B.20)

= zZ—v] Z—1U9

Comparing with the Ward identities of the conformal and U(1) symmetries, one can read
off the conformal dimension and the charge for the charged twist operator,

A
Anvﬂ =An+ 7’“ y  OQun = Oy - (B21)

The same results hold for the anti-holomorphic part.
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