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1 Introduction

Holography, or the so-called Anti-de Sitter space/Conformal Field Theory (AdS/CFT)
correspondence [2], is one of the most promising approaches to quantum gravity. The
main reason is that it relates quantum theories of gravity on Anti-de Sitter spacetimes to
a class of CFTs, where there is no gravity present. Therefore, in AdS/CFT, gravitational
spacetime is emergent and, as it is manifest in the holographic entanglement entropy [3–5],
it is encoded in the geometry of quantum entanglement in CFT. Thus we expect that the
dynamics of quantum entanglement in CFTs is directly related to that of quantum gravity.

Surprisingly, some tensor networks provide useful playgrounds where holographic cor-
respondence is realized in discretized lattice models. This direction of research started
from the pioneering work [6], which conjectured the relation between AdS gravity and a
particular tensor network for CFT states called MERA (multi-scale entanglement renor-
malization ansatz) [7–11]. Among others, this tensor network setup beautifully explains
the geometric calculation of entanglement entropy in AdS/CFT [3, 4]. Refer to e.g. [12–26]
for further progress and improvements in this direction.

Even though the connection between tensor networks and AdS geometry leads to an
interesting progress in qualitative understanding of the mechanism behind AdS/CFT, it
still remains among toy models for holography (however, refer to a few recent attempts
to improve that [27–31]). The main obstacle of tensor network approaches to AdS/CFT
is the manifest presence of lattice regularizations, which prohibits us from understand-
ing analytical results in the continuum limit. On the other hand current approaches to
continuous tensor networks such as e.g. cMERA (continuous MERA) are limited to free
theories (see however [32–36] for recent progress beyond free CFTs). Therefore, in order
to draw conclusions about a genuine holography, we need to develop a tensor network-like
formalism applicable to continuous and interacting, holographic CFTs.

The path-integral optimization, which was proposed in [37, 38] and is reviewed in
the next section, is a promising formalism for this purpose. The construction starts with
a wave function representation of a CFT state defined by Feynman’s path-integral on
a flat Euclidean space with prescribed boundary condition for quantum fields. Then,
utilizing the conformal symmetry, we perform a Weyl re-scaling of the Euclidean metric
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while keeping the boundary condition fixed, so that the final quantum state prepared by the
path-integral remains unchanged. Intuitively, we can interpret path-integrals on different
Weyl-rescaled geometries as different continuous (non-unitary) tensor networks preparing
the same quantum state (see e.g. [20] for relation between tensor networks and geometry
of path-integrals).

The “lattice structure” of the path-integral network is specified by the metric such
that there is a unit lattice site per unit area. This way, we can simplify such continuous
tensor networks by a coarse-graining procedure implemented by choosing an appropriate
metric (Weyl factor). The maximization of this coarse-graining is called the “path-integral
optimization”. Quantitatively, the path-integral optimization corresponds to minimizing
the “path-integral complexity”, a functional of the background metric, given by e.g. the
Liouville action in two-dimensional CFTs.1 More generally, “complexity” gives us a notion
of how hard it is to prepare a given quantum state and in this context we can regard it as
a size of the path-integral tensor network.

After this procedure it was found that optimal metrics for CFT path-integrals are in-
deed hyperbolic (AdS) [37, 38]. This is a strong evidence that the path-integral optimization
provides a successful, continuum version of the AdS/tensor network correspondence. Nev-
ertheless, the emergence of AdS geometries from this approach has been mysterious and
precise connection (i.e. the gravity dual) to the AdS/CFT has not been well understood.
Moreover, up to date, we have been able to fully analyze only two-dimensional CFT exam-
ples while higher-dimensional generalization of this procedure relied only on a conjectured
path-integral complexity action.

In this article, we present a more direct relation between the path-integral optimiza-
tion and the AdS/CFT in the light of the Hartle-Hawking wave function. We will argue
that the path-integral optimization corresponds to the maximization of the Hartle-Hawking
wave function in gravity on a Euclidean AdS background. Our construction will be based
on generalized Hartle-Hawking wave functions that require imposing a specific boundary
condition on the asymptotic boundary of AdS, dual to a specific CFT state. This max-
imization naturally arises in the saddle point approximation when we calculate physical
observables using the Hartle-Hawking wave function. From this perspective, we can also
understand how to generalize the path-integral optimization to a quantum regime beyond
the semi-classical approximation.

The arguments below will not only explain the origin of the optimization procedure
from the viewpoint of the AdS/CFT but also shed new light on several interesting directions
in the path-integral optimization program. Firstly, the Hartle-Hawking wave function
method works well in higher dimensions and we use it to extract information about the
“correct” path-integral optimization in any dimensions. Secondly, we extend the analysis
to Lorentzian signature including both Anti de-Sitter and de-Sitter spacetimes. This is
a starting point for exploring holography in general spacetimes using gravitational path-
integrals. Finally, in Euclidean as well as Lorentzian setups, we propose a natural definition

1A close connection between the computational complexity and the AdS/CFT already started from [39,
40].
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of holographic counterpart of the path-integral complexity in terms of gravity action with
the Hayward term. Below, we compute it in all examples and discuss some of its interesting
properties.

This paper is organized as follows. In section 2, we give a review of path-integral
optimization in two as well as in higher dimensions. In section 3, we provide a detailed
derivation of path-integral optimization geometry from Hartle-Hawking wave function in
AdSd+1 using Poincare coordinates, define the Euclidean holographic path-integral com-
plexity and discuss a few important points of our proposal. In section 4 we analyze more
examples in Euclidean AdS geometries and in section 5 we test our proposal in the context
of JT gravity. In section 6 we study Lorentzian AdSd+1 and dSd+1 geometries where we
derive Hartle-Hawking wave functions and use them as a guidance for Lorentzian path-
integral optimization in CFT. In section 7, we discuss foliations of AdS and dS spacetimes
by the slices that maximize Hartle-Hawking wave functions and interpret their tension as
an emergent time. Finally, in section 8 we conclude and leave several technical details into
appendices.

2 Review of the path-integral optimization

We start with a brief review of the path-integral optimization [37, 38] that provides a
framework for constructing continuous tensor networks for CFT wave functions. We will
discuss only some of its important properties and new insights that will be particularly
relevant for the holographic interpretation in later sections (see also [27, 41–43] for more
details of the formalism). We will separately discuss CFTs in two and in higher dimensions.

2.1 Two-dimensional CFTs

The main idea of the path-integral optimization is as follows. We start with a two-
dimensional CFTs on the Euclidean plane R2 with coordinates (τ, x) and denote all the
fields in the CFT by Φ(τ, x). The ground state wave function ΨCFT[Φ(x)] of the CFT, that
is formally a functional of the boundary conditions imposed for the CFT fields at the time
slice τ = 0: Φ(x) ≡ Φ(x, τ = 0), is defined by the Euclidean path-integral as

ΨCFT[Φ(x)] =
∫ ∏
−∞<τ≤0,x

[DΦ̃(τ, x)]e−SCFT[Φ̃]δ(Φ̃(0, x)− Φ(x)), (2.1)

where SCFT is the Euclidean action of the 2d CFT under consideration.
This exact definition of the wave functions is usually only a formal expression and

can be rarely used to derive the state beyond free CFTs. On the other hand, this path-
integral representation contains all the information about the state, including AdS dual
geometry for holographic CFTs, structure of entanglement, as well as data required to
estimate state’s complexity. The main problem is to extract this information directly from
the path-integral. The path-integral optimization is then an attempt to solve this problem
and, in particular, to extract information about holographic dual geometry and complexity
from the path-integral representation of CFT states.
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The key step in the path-integral optimization is to deform the metric on the two-
dimensional Euclidean plane on which we perform the path-integral in the following way

ds2 = e2φ(τ,x)(dτ2 + dx2). (2.2)

Then, the original path-integral computing ΨCFT[Φ(x)] is evaluated on a flat R2 metric
with e2φ(τ,x) = 1/ε2, where ε is a UV regularization scale (i.e. lattice constant) introduced
once we discretize path-integrals of quantum fields into those on a lattice. On the other
hand, general Weyl factors e2φ(τ,x) can be interpreted as a position-dependent choices of
the lattice discretization. For this interpretation we need to impose an extra rule, namely,
that there is a single lattice site per unit area. This way we can relate a given metric to
a (non-unitary) tensor network, which is a discretization of Euclidean path-integral, and
volume of the above geometry to the number of tensors.

Next, let us write the wave function obtained from the path-integral on the curved
space with metric (2.2) as Ψφ

CFT[Φ(x)]. If we impose the boundary condition

e2φ(0,x) = 1
ε2
≡ e2φ0 , (2.3)

then this wave function is proportional to the original one ΨCFT[Φ(x)](= Ψφ0
CFT[Φ(x)])

computed by path-integral on flat space R2. The reason for this is that CFTs are invariant
under Weyl rescalings up to the Weyl anomaly, so we have

Ψφ
CFT[Φ(x)] = eS

(e)
L [φ]−S(e)

L [φ0] ·Ψφ0
CFT[Φ(x)], (2.4)

where the functional in the exponent S(e)
L [φ] is the Liouville action on a Euclidean flat

space [44]

S
(e)
L [φ] = c

24π

∫ ∞
−∞

dx

∫ 0

−∞
dτ
[
(∂xφ)2 + (∂τφ)2 + µe2φ

]
. (2.5)

Notice that Liouville action universally depends on the number of degrees of freedom
denoted by the central charge c of the 2d CFT that appears as a pre-factor. From the
relation (2.4), we see that the quantum state still remains the same CFT vacuum |0〉 for
any choice of the metric (2.2) as long as the boundary condition (2.3) at τ = 0 is satisfied.
Moreover, the assumption about the discretization, i.e. that one unit area of the metric (2.2)
corresponds to a single lattice site, fixes the value of the “cosmological constant” µ to µ = 1
as in [37, 38]. Nevertheless, we will keep this constant parameter for later convenience and
will also provide an interpretation for µ 6= 1 in the gravity dual setup.

One way to derive the Liouville action is to examine the expectation value of the trace
of energy stress tensor in CFT, which is given by (we write i = τ, x)

〈T ii 〉 = − c

12π∂i∂
iφ+ µ0e

2φ. (2.6)

The first term is proportional to the Ricci scalar curvature and describes the Weyl anomaly
that is universal for 2d CFTs. The second term simply comes from the UV divergence
(see e.g. appendix A). Since the expectation value of the trace T ii is the derivative of
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the partition function with respect to the Weyl scaling factor φ, we can reproduce (2.5)
with setting µ = 12πµ0/c. Note that here, we are interested in the bare action (before
renormalization) such as the Liouville function S

(e)
L [φ]. Indeed, the Liouville potential

term gets quadratically divergent as e2φ ∼ ε−2. Nevertheless, we keep it and, as we will
momentarily see, it plays an important role in the path-integral optimization story. Finally,
since the Liouville potential term in (2.5) arises from the UV divergence, it should dominate
over the kinetic term when we take the UV limit ε→ 0. This condition is satisfied when

(∂iφ)2 � e2φ (i = x, τ). (2.7)

We will come back to this limit in the gravitational construction in later sections.
Next, we describe how the optimal metrics for Euclidean path-integrals are chosen.

The basic strategy of path-integral optimization is to coarse-grain the discretization of
path-integral as much as possible, such that e.g. the cost of numerical computation of
path-integral is minimal, while keeping the final boundary condition that specifies the
correct wave function fixed. For this we need a measure of computational cost of a path-
integration i.e. an estimate of its computational complexity. In the original path-integral
optimization, the actual Liouville action S

(e)
L [φ] (with µ = 1) was proposed as the com-

plexity functional [37, 38], which should be minimized in the optimization procedure. This
was motivated by the minimization of the overall factor of the wave function, which is
proportional to eS

(e)
L [φ] as in (2.4). Although, as usually, the overall factor does not affect

physical quantities in quantum mechanics, this quantity can be interpreted as a measure
of the number of repetitions of numerical integrals when we discretise path-integrals into
lattice calculations.2

It was shown [37, 38] that such optimization (minimization) procedure properly selects
the most efficient discretization of path-integral which produces the correct vacuum state.
More precisely, the minimization of S(e)

L [φ] is achieved by solving the Liouville equation

(∂2
x + ∂2

τ )φ = µe2φ, (2.8)

which is equivalent to the condition for constant negative (hyperbolic) Ricci scalar of the
2-dimensional metric (2.2)

R = −2µ. (2.9)

Recall that this conclusion is a consequence of the fact that we work with the bare Liouville
action with the potential term (µ 6= 0).

The most general solution of this equation is given in terms of two functions: A(w)
and B(w̄), of w = τ + ix and its complex conjugate w̄ = τ − ix as

e2φ = 4A′(w)B′(w̄)
µ(1−A(w)B(w̄))2 . (2.10)

For example, for the path-integral preparing the vacuum state of the CFT on a line, with
the boundary condition (2.3), the minimization leads to the solution

e2φ(τ,x) = 1
(√µτ − ε)2 , (−∞ < τ ≤ 0). (2.11)

2Remember that our choice of lattice regularization is specified by the metric (2.2).
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We regard the solution with µ = 1 as the genuine optimized metric, which minimized the
original Liouville action (remember we set µ = 1 for our complexity functional [37, 38]). In
addition, in this work, we propose to interpret solutions with µ < 1, for which the metric
gets larger than the original with µ = 1, as only partially optimized where the UV cut-off
length scale is taken to be larger. On the other hand, solutions with µ > 1, for which the
metric is smaller than the original with µ = 1, intuitively, correspond to fine-graining the
cut-off scale more than the current lattice spacing (i.e. ε). We would like to suggest that
these solutions with µ > 1 may not be allowed. One of the arguments is that, as µ gets
larger, the coarse-graining gets too fast (i.e. the curvature R is “too big”) to maintain the
Weyl invariance which is only guaranteed in the continuum limit and which leads to our
basic equivalence relation (2.4).

The observation that (2.11) coincides with the time slice of a three-dimensional AdS
(AdS3) [37, 38], offered the main implication that the path-integral optimization, as a
version of continuous tensor-network, can explain the emergence of the AdS geometry
purely from CFT. Indeed, the discretized path-integral can be regarded as a (non-unitary)
tensor network and its relation to AdS provides a path-integral version of the conjectured
interpretation of AdS/CFT as a tensor network. Moreover, as a product of the above
procedure, the Liouville action S(e)

L [φ] (the “path-integral complexity” [37, 38]) became the
first workable definition of computational complexity in continuous, interacting CFTs, that
could be computed in genuinely holographic models [39, 40] (refer also to [45–49] for further
remarkable connections between path-integral and circuit complexities). This method has
been further generalized to various CFTs and QFTs (see e.g. [42, 43, 50–56]) and also used
to successfully compute entanglement of purification in 2d CFTs [57], which was recently
verified numerically in [58].

Nevertheless, despite this emergence of hyperbolic geometries, a direct relation between
the path-integral optimization and AdS/CFT has remained an open problem. Moreover,
it has not been clear how to promote the classical Liouville theory which appeared in the
path-integral optimization to the quantum regime. The need for that was found in [37, 38]
where, in order reproduce the correct gravity metric dual to a primary state with 1/c
corrections, one would have to replace a classical Liouville result with a quantum one. The
main problem with “quantum” path-integral optimization is that integral

∫
[Dφ]eS

(e)
L [φ],

which is expected to arise from (2.4) in the quantized version, does not make sense as it is
not bounded from below. Indeed, the standard quantum Liouville is defined by the path-
integral

∫
[Dφ]e−S

(e)
L [φ], but it has not been clear how such well-defined expression arises

from the above optimization. In other words, we cannot get the minimization as a saddle
point approximation of path-integrals and its derivation within the AdS/CFT may appear
too challenging. As we will see, the new approach [1] further developed in this paper will
naturally resolve these two problems in the light of Hartle-Hawking wave functions.

Last but not least, we would like to point an important subtlety that, in the solu-
tion (2.11), (∂iφ)2 and e2φ are of the same order, so the UV criterion (2.7) is not satisfied.
This actually implies that the path-integral optimization using the Liouville action is only
qualitative. Indeed, its derivation (2.6) involves the continuum limit and, generally, we
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expect finite cut-off corrections to the Liouville action. As we will see later, the gravity
approach will naturally come with such corrections.

2.2 Higher-dimensional CFTs

In higher dimensions, the status of path-integral optimization is still not entirely clear. At
least in even dimensions, it is tempting to follow the intuition from the Liouville action
that, as discussed above, can be defined as integrated anomaly. For example in four dimen-
sions, this would lead us to the so-called Q-curvature actions (see e.g. [59]) that naturally
generalises the Polyakov action from 2d. However, such actions, even though very inter-
esting, are genuinely higher order in derivatives (or the curvature) and less intuitive from
the tensor-network perspective. Instead, in [37, 38], we proposed a phenomenological gen-
eralisation to an “effective” path-integral complexity action for higher-dimensional CFTs
in the form

I[φ, ĝ] = N

∫
Σ
ddx

√
ĝ

[
e(d−2)φĝab∂aφ∂bφ+ e(d−2)φ

(d− 1)(d− 2)Rĝ + µedφ
]
, (2.12)

where Rĝ is the Ricci scalar for the reference metric ĝ and the normalization

N = d− 1
16πGN

, (2.13)

was fixed in order to reproduce entanglement entropy for spherical regions [37, 38].
We have argued that path-integral complexity computed by (2.12), as well as improved

Liouville complexity3 are good relative measures of complexity between two continuous
tensor networks described by metrics g1 and g2. Moreover, both of these complexity actions
satisfy the so-called “co-cycle conditions” in terms of three metrics

I[g1, g2] = −I[g2, g1], I[g1, g2] + I[g2, g3] = I[g1, g3]. (2.14)

Interestingly, from the above properties it is clear that I[g1, g2] can be negative (unlike
measures of complexity based on e.g. distance in the Hilbert space).

One more comment we should make at this point is that in (2.12) we generalized the
action from [37, 38] by including coupling µ in front of the potential. To get a better
intuition regarding this action and the meaning of µ, let us now rewrite it in a more
transparent way. Namely, consider a general d-dimensional metric of the form

ds2 = e2φĝabdx
adxb, (2.15)

and its Ricci scalar curvature given by

R(d) = e−2φ(Rĝ − 2(d− 1)�̂φ− (d− 2)(d− 1)ĝab∂aφ∂bφ). (2.16)

We can check that, after integrating �̂φ by parts, (2.12) can be actually rewritten as

I[φ, ĝ] = 1
16πG(d)

N (d− 2)

∫
ddx
√
g
[
R(d) − 2Λ(d)µ

]
, (2.17)

3with the volume term subtracted.
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where

Λ(d) = −(d− 1)(d− 2)
2 . (2.18)

This is obviously the Einstein-Hilbert action with negative cosmological constant Λ(d)µ in d-
dimensions, i.e. the same number of dimensions as the CFT. Comparing with the standard
gravity action, µ plays the role of the AdS radius 1/l2 that sits in the denominator of the
cosmological constant. Let us stress that this resemblance is only at the formal level and
our effective complexity action, by generalizing the Liouville action, was aimed to describe
the geometry of the continuous tensor networks from path-integrals. Derivation of this
action from the optimization procedure in CFTs is still an open problem. Nevertheless, the
holographic approach [1], in principle, provides the full answer to the correct path-integral
complexity functional (including finite cut-off corrections) in higher dimensions and will
reproduce and justify (2.12) in the UV limit.

Setting aside the CFT derivation for the moment, this form of the action has obvious
consequences for optimal path-integral geometries. Clearly, by varying the action with
respect to φ we end up with the trace of Einstein’s equations in d-dimensions(

R
(d)
ab −

1
2R

(d)gab + Λ(d)µgab

)
gabδφ = 0, (2.19)

which is of course equivalent to the constant negative Ricci curvature condition

R(d) = −d(d− 1)µ = 2Λ(d+1)µ. (2.20)

This provides a generalization of the optimization constraint for the path-integral geome-
tries (Liouville equation in 2d) to higher dimensions.

It is also interesting to see that the negative cosmological constant that appears on the
right hand side of this equation is d+1-dimensional. As we will see later, this fact naturally
comes from the Hamiltonian constraint in the gravity proposal. Finally, the parameter µ
that fixes the value of the curvature will also find a holographic counterpart in terms of
tension T in the Hartle-Hawking construction. After this review, we can proceed with the
gravity dual description.

3 Optimization from Hartle-Hawking wave functions

In this section we begin by explaining the construction reported in a short article [1], then
we solve the vacuum example in detail and discuss various subtleties and properties of
this new proposal. Our goal is to understand the path-integral optimization procedure,
reviewed above, in holographic CFTs that are equivalently described by gravity in the one-
dimension higher Anti-de Sitter spacetime [2]. This correspondence, or the AdS/CFT for
short, usually involves super-conformal field theories and string theory or supergravity in
AdS, however, in this work, we will limit the discussion to large-N conformal field theories
and the pure gravity sector.
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Figure 1. The on-shell action in the shaded regionM computes the Hartle-Hawking wave function,
related to the path-integral optimization for holographic CFTs.

3.1 Definition of Hartle-Hawking wave functions

In what follows, we proceed with the analysis of the vacuum of a CFT on Rd that, on the
gravity side, corresponds to Euclidean Poincare AdSd+1 geometry4

ds2 = dz2 + dτ2 +
∑d−1
i=1 dx

2
i

z2 . (3.1)

In this geometry, we focus on the shaded region M in figure 1 between surfaces Σ and Q in
the bulk of AdS. In this region, we will be interested in a gravitational “Hartle-Hawking”
wave function [60],5 denoted by ΨHH [gab], which is a functional of the induced metric gab
on Q. More precisely, we consider a path-integral of Euclidean gravity from the asymptotic
boundary Σ of AdS, described by the cut-off surface z = ε with τ < 0, up to the surface
Q, specified by z = f(τ) that extends from z = ε and τ = 0 (where it meets Σ at an angle
θ0) towards the bulk as depicted in figure 1.

Note that, for simplicity, we focus on translationally-invariant surfaces Q. Moreover,
we assume the following form of the metric on Q

ds2 = e2φ(w)
(
dw2 +

d−1∑
i=1

dx2
i

)
, (3.2)

where −∞ < w < 0 (that is a function of τ) renders the induced metric on Q conformally
flat.6 In this setup, we now define the Hartle-Hawking wave function ΨHH [φ] as follows

ΨHH [φ] =
∫

[Dgµν ]e−IG[g]δ(gab|Q − e2φδab), (3.3)

4In Euclidean examples we will set the AdS radius to l = 1.
5See e.g. [61, 62] for previous important applications of gravity wave functions in the AdS/CFT corre-

spondence.
6Note that the above construction assumes that a gravity solution which calculates the Hartle-Hawking

wave function, is given by a sub-region in the Poincare AdS. The metric (3.2) obtained in this way covers
all possible metrics on Q for d = 2 with the condition (2.3) because all solutions to the vacuum Einstein
equation are locally equivalent to the Poincare AdS3. However, for d > 2, the above construction covers
only a sub-class of the metrics on the d-dimensional surface Q. Nevertheless, as we will see below, this
ansatz includes a large class of metrics of our direct interest. More generally, we can extend target metrics
to completely general ones by directly solving the Einstein’s equations.
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where IG[g] is the d + 1-dimensional Einstein-Hilbert action with negative cosmological
constant Λ and the Gibbons-Hawking boundary term

IG=− 1
2κ2

∫
M

√
g(R−2Λ)− 1

κ2

∫
Q∪Σ

√
hK, (3.4)

where we also denoted κ2 = 8πGN .7 More generally, as we will see below, one should also
carefully add a Hayward term in regions with non-smooth boundaries like our M above.

Cautious reader will notice that we also (implicitly) imposed an initial condition (i.e.
fixed the metric) on Σ that corresponds to the pure AdS dual to the CFT vacuum. In
principle, we can consider more general boundary conditions on Σ as well as ΨHH [φ(w, x)]
corresponding to excited states of a CFT (see following sections).

Given this definition, we are now ready to make the connection with the CFT path-
integral optimization. Namely, the key step of the proposal [1] is to identify the metric (3.2)
onQ as the “holographic dual” of the metric (2.2) in the path-integral optimization for holo-
graphic CFTs. Moreover, we propose that the gravity dual of the optimization procedure
corresponds to the maximization of the Hartle-Hawking wave function ΨHH [φ] with respect
to φ (more generally, with respect to the metric on Q). This maximization arises naturally
when we evaluate e.g. generic gravity correlation functions using the Hartle-Hawking wave
functional

〈O1O2 . . .〉 =
∫

[Dφ]|ΨHH [φ]|2O1O2 . . . , (3.5)

by applying the saddle point approximation.8 The main advantage of this dual description
is that the maximization of Hartle-Hawking wave function works well even in the presence of
quantum fluctuations of φ, as opposed to the minimization of eS

(e)
L [φ] as discussed before.

Indeed, we will compute explicitly in the next section that ΨHH [φ] is proportional to
e−S

(e)
L [φ] up to finite cut-off corrections.
As we already mentioned, in this work, we will be able to discuss a generalization of

the path-integral optimization based on the Liouville action (and its higher dimensional
version (2.12)) with a non-trivial coefficient µ of the exponential potential. For this new
construction, on the gravity side, it will be useful to introduce a tension term on the surface
Q, which also plays an important role in the AdS/BCFT [63, 64] (we assume T < 0 below)

IT [h] = T

κ2

∫
Q

√
h. (3.6)

This allows us to define a one-parameter family of “deformed” Hartle-Hawking wave func-
tions in the following way

Ψ(T )
HH [φ]=

∫
[Dgµν]e−IG[g]−IT [e2φ] δ(gab|Q−e2φδab). (3.7)

7One of the defining features of the Hartle-Hawking wave functions in canonical quantum gravity is
the fact that they solve the Wheeler-de Witt equation, i.e. the quantum Hamiltonian constraint. In this
work we will be mostly concerned with the semi-classical regime and will not worry about subtleties of the
quantum definition of (3.3) such as e.g. sum over topologies etc.

8In fact, in AdS/CFT, this computation could also naturally appear in the correlator of local bulk
operators where operators Oi would be related to the CFT ones by the standard HKLL prescription.
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The standard Hartle-Hawking wave functions are obtained by setting T = 0. We can
regard T as a chemical potential or the Legendre transformation for the area of Q, acting
on Hartle-Hawking wave functions. As we will see, the tension term in gravity will be
responsible for shifting the value of the cosmological constant µ in the Liouville action.9

More importantly, since the maximum of Ψ(T )
HH [φ] will correspond to a family of surfaces

Q in AdS parameterized by the tension T , we will observe that T plays the role of an
emergent holographic time.

3.2 Evaluation of Ψ(T )
HH [φ]

Computation of the wave function (3.7) in full quantum gravity is clearly beyond the
present technology but we can nevertheless make progress using saddle point analysis.
In the remaining discussions we will focus on evaluating Ψ(T )

HH [φ] using the semi-classical
approximation i.e. as an on-shell gravity action with tension term added

Ψ(T )
HH [φ] ' e−IG[g]−IT [h]|on-shell, (3.8)

in region M . In this limit, the evaluation of the Hartle-Hawking wave function boils down
to a standard computation from the AdS/BCFT, of a classical gravity action in a portion
of AdSd+1 up to an end-of-the-world brane Q with tension T . However, the important
technical assumption in this computation will be the fact that the (fictitious) “brane” that
describes surface Q does not back-react on the bulk geometry. This allows us to evaluate
the wave function using the Poincare AdS metric (3.1) in a tractable way. This assumption
is sufficient to find solutions whose metrics take the conformally flat form (3.2). For more
general metrics we may need to solve the back-reactions in the presence of the brane, which
is also a well-defined problem.

Let us now compute the gravity action step by step. First, since we are using the
on-shell solution of Einstein’s equations (3.1), we have R− 2Λ = −2d and the bulk action
contributes

− 1
2κ2

∫
M
dd+1x

√
g (R− 2Λ) = d

κ2

∫
dd−1x

∫
dτ

∫ f(τ)

ε

dz

zd+1 ,

= Vx
κ2

(
Lτ
εd
−
∫

dτ

f(τ)d
)
, (3.9)

where we denoted the divergent volumes and the length of τ direction as

Vx ≡
∫
dd−1x, Lτ ≡

∫ 0

−∞
dτ. (3.10)

Clearly, the bulk action not only gives rise to a divergent part from the UV limit but
also contributes a part with f(τ) to the effective action that will describe metric on Q.
Moreover, notice that the bulk action vanishes when we take Q→ Σ i.e. f(τ) = ε.

9Later, we will set T = 0 while evaluating the holographic path-integral complexity. Adding T should
then be thought of as just a trick for selecting partially optimized configurations as solutions to the problem
of maximization of the Hartle-Hawking wave functions.
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Next, from the UV boundary surface Σ : z = ε with normal nµ = −zδµz, we have
K|Σ = d, and the contribution from the Gibbons-Hawking term

− 1
κ2

∫
Σ
ddx
√
hK|Σ = − d

κ2
VxLτ
εd

. (3.11)

Finally, we carefully evaluate the contribution from Q, specified by function z = f(τ).
Firstly, the induced metric on Q is given by

ds2 = (1 + f ′2)dτ2 + dx2
i

f2 ≡ e2φ(w)
(
dw2 + dx2

i

)
, (3.12)

where in the second step we defined

e2φ ≡ 1
f2 , (3.13)

and, to make the metric diagonal, we introduced “conformal” coordinate w with the range
−∞ < w < 0, satisfying

dw

dτ
=
√

1 + f ′2 =
(
1− ḟ2

)−1/2
. (3.14)

We also introduced a short-hand notation f ′ = f ′(τ) = ∂τf(τ), ḟ = ḟ(w) = ∂wf(w) and the
relation f ′(τ) = w′(τ)∂wf(w) = w′(τ)ḟ was used to solve for the second relation. In order to
rewrite formulas in terms of w coordinate, we will later use iteratively f ′′(τ) = w′(τ)∂wf ′(τ)
and from the definition

ḟ = −e−φ(w)φ̇(w), f̈ = −e−φ(w)
(
φ̈(w)− φ̇(w)2

)
. (3.15)

Secondly, we can compute extrinsic curvature and its trace on Q. With coordinates on Q:
yi = {τ, xa}, and projectors

eαi ≡
∂xα

∂yi
, eατ = {1,~0, f ′(τ)}, eαxa = δαa , (3.16)

as well as the outward-pointing normal vector

nµ = z√
1 + f ′(τ)2

{
−f ′(τ),~0, 1

}
, (3.17)

we can compute the components of the extrinsic curvature

Kij = eαi e
β
j∇αnβ . (3.18)

Expressed in terms of f(τ) they read

Kττ = −1 + f ′(τ)2 + f(τ)f ′′(τ)
f(τ)2

√
1 + f ′(τ)2 , Kτa = 0,

Kab = − 1
f(τ)2

√
1 + f ′(τ)2 δab, (3.19)
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and after taking the trace we obtain

K|Q = −f(τ)f ′′(τ) + d(1 + f ′(τ)2)
(1 + f ′(τ)2)3/2 . (3.20)

Note here that when Q → Σ (f(τ) → ε), K|Q has the opposite sign to K|Σ hence, by
construction, the sum of the two Gibbons-Hawking terms also vanishes when Q→ Σ. We
will use this fact in discussion on holographic path-integral complexity.

Then, using relations between τ and w, we can write (3.20) in terms of φ(w) as

K|Q =
e−2φ

(
φ̈+ (d− 1)φ̇2

)
− d√

1− e−2φφ̇2
. (3.21)

Putting all these ingredients together, we have the on-shell gravity action with the tension
term expressed in terms of f(τ)

IG + IT = −d− 1
κ2

VxLτ
εd
− Vx
κ2

∫
dτ

fd
w′(τ)

[
K|Q + 1

w′(τ) − T
]
, (3.22)

with w′(τ) given by the first relation in (3.14) and K|Q given by (3.20).
We can also rewrite this action in terms of w and φ(w) field as

IG + IT = −d− 1
κ2

VxLτ
εd

+ Vx
κ2

∫
dw edφ

d− 1− e−2φ
(
φ̈+ (d− 2)φ̇2

)
√

1− e−2φφ̇2
+ T

 . (3.23)

Furthermore, we can integrate by parts and rewrite this action as first-order in derivatives

IG + IT = −(d− 1)VxLτ
κ2εd

+ (d− 1)Vx
κ2

∫
dwedφG(φ̇) + Vx

κ2

∫
dwedφT

−Vx
κ2

[
e(d−1)φ arcsin(φ̇e−φ)

]0
−∞

, (3.24)

where G is the following function bounded from below

G(φ̇)=
√

1− e−2φφ̇2+φ̇e−φ arcsin(φ̇e−φ). (3.25)

This is our main result in this subsection and a general algorithm for computing the Hartle-
Hawking wave functions semi-classically. In order to derive it, it was crucial that we treated
Q with tension T as a probe in Poincare AdSd+1. With this action, we are now ready to
maximize the semi-classical wave function (3.8).

3.3 Maximization

The next step in our procedure is to maximize the Hartle-Hawking wave function (3.8)
by choosing the appropriate metric on Q. This step should be understood as the gravity
counterpart of the path-integral optimization on the CFT side and we will justify this
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claim below. The maximization condition is obtained by taking a variation of the on-shell
action (3.24) with respect to φ, leading to

e−2φ(φ̈+ (d− 1)φ̇2)− d√
1− e−2φφ̇2

= d

d− 1T. (3.26)

Comparing with (3.21), we find that the left-hand side is given by K|Q, therefore (3.26)
becomes

K|Q = d

d− 1T. (3.27)

In other words, the maximization implies that Q should be a constant mean-curvature
(CMC) slice of the AdSd+1 metric (3.1) dual to the CFT vacuum.

More generally, the maximization procedure requires variation of the on-shell gravity
action with tension term with respect to the induced metric hij on Q. On general grounds
this gives

(Kij −Khij + Thij)δhij = 0, (3.28)

i.e. the Neumann boundary condition on Q. In the “conformal” gauge and with φ(w)
being the only component of the metric, this variation is proportional to the metric itself
and gives the trace of the Neumann condition (3.27). We will see explicitly below that
our metrics will solve (3.27) as well as all the components of (3.28) so the maximization
procedure is equivalent to imposing the full Neumann boundary condition on Q

Kij −Khij = −Thij , (3.29)

which is also usually imposed in the standard AdS/BCFT construction [63, 64]. See more
in appendix B.

Now, by definition, f(w = 0) = ε (see figure 1), and we search for solutions of (3.26)
with the boundary condition

e2φ|w=0 = 1
f2(w = 0) = 1

ε2
. (3.30)

This condition also matches the two metrics, the one on Q and the one on Σ, at the corner
τ = w = 0 where the two surfaces meet. The relevant solutions can be found when T < 0
and we derive

e2φ = 1
f2(w) = 1(

−
√

1− T 2

(d−1)2w + ε
)2 . (3.31)

Note that for T = 0, metric (3.31), in the “conformal coordinate” w, precisely matches the
CFT metric from the path-integral optimization (2.11) written in τ with µ = 1. Identifying
the two solutions for all values of the parameters suggests the dictionary between the two
parameters

µ = 1− T 2

(d− 1)2 , (3.32)

and we will elaborate on it below and check it in all the Euclidean examples.
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Figure 2. Solutions (3.34) are half planes interpolating between the boundary at T = −(d− 1)/l
and the τ = 0 slice for T = 0 (in the text we used l = 1). The inner angle θ0 is related to Θ and T
via (3.35).

By definition, our solution φ determines function f(τ). Indeed using (3.14) we can
rewrite (3.31) in terms of the original coordinate τ that from integrating (3.14) is given by

τ = |T |
d− 1w, (3.33)

so that surface Q is parametrized by

z = f(τ) =
√

1− T 2

(d− 1)2
(d− 1)
T

τ + ε. (3.34)

Surfaces Q that maximize Hartle-Hawking wave functions, shown on figure 2, are then
half-planes that interpolate between z = ε at T = −(d− 1) and the constant time-slice of
AdSd+1 for T = 0 given by τ(z) = 0.

The tension parameter T is naturally related to the angle between Σ and Q. More
precisely, we have

cos Θ = nΣ · nQ|τ=0 = T

d− 1 , sin θ0 =
√

1− T 2

(d− 1)2 , (3.35)

where angle Θ is simply related to the inner angle θ0 between Σ and Q by Θ = π− θ0 (see
figure 2). The allowed values of θ0 ∈ [0, π/2] are reflected in the range of T ∈ [−(d− 1), 0].

If we recall our interpretation of parameter 0 < µ ≤ 1 in the path-integral complexity
action and take the relation (3.32), these gravity solutions provide an elegant geometriza-
tion of sub-optimal continuous tensor networks from the path-integral optimization. Indeed
for T → −(d − 1), surface Q → Σ represents the original, flat (most un-optimal) tensor
network. On the other hand, for T → 0 the τ = 0 slice of the bulk corresponds to the
fully optimized path-integral geometry with µ = 1. All the CMC surfaces in between with
−(d−1) < T ≤ 0 naturally correspond to partially optimized path-integral tensor networks
from the path-integral complexity action with 0 < µ < 1.
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3.4 Holographic path-integral complexity

The important part of the CFT analysis was focused on the path-integral complexity
actions as relative measures of computational complexity. Now, after the optimization we
obtained a family of slices Q labeled by tension T and we argued that they interpolate
between the boundary Σ and the optimal slice for T = 0. In this section we make this
statement more quantitative and propose how to estimate complexity of these sub-optimal
networks in the gravitational construction.

After what we have already discussed, it is natural to expect that the gravity action
in region M is a good candidate for the relative measure of complexity between Σ and Q.
However, the full story is slightly more involved. In order to prepare for our final quantity,
let us then first evaluate the classical action (3.22) or (3.24) that computes the Hartle-
Hawking wave function Ψ(T )

HH [φ] on the solution (3.31). We can verify that the boundary
term, part of the action with G(φ̇) and the tension term precisely cancel and we are only
left with the divergent contribution

IG + IT = −(d− 1)VxLτ
κ2εd

, (3.36)

so the on-shell action with the tension term added is independent of the tension parameter
T . This way, in order to measure computational complexity from the Hartle-Hawking wave
function construction, we propose to consider the value of the action without the tension
term added. This is natural since the role of the tension term is only to fix the intermediate
slices and, by definition, it also doesn’t contribute to the complexity of the τ = 0 slice.

The on-shell action without the tension term is then evaluated as follows

IG = −(d− 1)VxLτ
κ2εd

+ Vx
κ2

|T |
(d− 1)

√
1− T 2

(d−1)2

1
εd−1 . (3.37)

Still, this is not the end of the story. Recall that for the correct variational principle,
gravitational action in regions with non-smooth boundaries should be supplemented by
the so-called Hayward term [65] defined as

IH = − 1
κ2

∫ √
γ(Θ + ϕ0), (3.38)

where as shown on figure 2, Θ is defined in terms of the normal vectors to the surfaces that
meet at the corner (see (3.35)) and γij is the induced metric on the corner. By adding ϕ0
in (3.38) we wanted to stress that, from the point of view of the variational problem, any
constant value of ϕ0 works sensibly in this definition. In order to estimate the complexity
of partially optimized slices, we will argue that the appropriate choice of ϕ0 is given by
ϕ0 = −π, which leads to the following expression for the corner contribution

I ′H ≡
1
κ2

∫ √
γ θ0, (3.39)

that is determined entirely by the data in region M . We will refer to this term as “modified
Hayward term” expressed by the inner angle θ0 between Σ and Q.
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A clear motivation for this way of fixing the ambiguity in the Hayward term comes in
fact from the path-integral complexity. Namely, as we pointed in the careful derivation of
the Hartle-Hawking wave functions, the gravity action (bulk as well as the two Gibbons-
Hawking contributions) vanish in the limit of Q→ Σ. This is clearly a desired property of
a relative complexity between metrics on Σ and Q. If we added the standard Hayward term
to the gravitational action on M, since it vanishes only for smooth boundaries (in our setup
θ0 = π) it would spoil this property. This way, in order to keep a well-defined variational
principle in the cusped region M as well as have a sensible holographic definition of a
relative complexity functional, we propose to fix the constant ambiguity in the Hayward
term to ϕ0 = −π and use (3.39) in addition to the gravity action (3.37).

Finally, we propose to estimate the holographic path-integral complexity of the par-
tially optimized network Q (relative to Σ) corresponding to the Euclidean Hartle-Hawking
wave function with fixed value of the tension T as the sum of the contribution of the on-shell
gravity action in region M (without the tension term) and the modified Hayward term10

C(e)
T ≡ IG + I ′H . (3.40)

In the following sections we will study this quantity in various explicit examples of Eu-
clidean geometries. Interestingly, before going to any specific examples, we can verify that
C(e)
T indeed satisfies the same co-cycle properties (2.14) as the CFT path-integral complexity

(see appendix C).
Evaluating C(e)

T in the vacuum example gives

C(e)
T = −(d− 1)VxLτ

κ2εd
+ Vx
κ2εd−1 (θ0 + cot θ0), (3.41)

where θ0 and its relation to T is computed in (3.35). This shows that C(e)
T is indeed a

monotonically decreasing function of θ0 or equally of T . Thus, it is minimized when T = 0
(τ = 0 slice), as expected from the optimization procedure. The minimal value is given by

C(e)
T=0 = −(d− 1)VxLτ

κ2εd
+ Vx
κ2εd−1

π

2 . (3.42)

Notice that the first negatively divergent term in (3.41) can be regarded as the subtraction
of the complexity for the reference state before the optimization (i.e. eφ(w) = 1/ε at Σ).

Let us also point a subtlety that, by construction, (3.41) should vanish when θ0 → 0 or
equivalently T → −(d−1). This was clear from the definition of C(e)

T but after evaluating it
on-shell (and doing the τ -integral) in order to reproduce this fact we should take a careful
(formal) limit of

θ0 → cot−1
((d− 1)Lτ

ε

)
, T → −(d− 1)√

1 + ε2

(d−1)2L2
τ

, (3.43)

with Lτ/ε→∞.
This concludes our analysis of the holographic path-integral complexity from the

Hartle-Hawking wave function and in section 4 we will provide further evidence and support
for our definition in various Euclidean examples.

10In fact a similar definition was used before in [27] with the overall sign difference since it was evaluated
in the bulk region up to the surface Q that represented a cut-off in that work.
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3.5 Maximization and gravity Hamiltonian constraint

In this subsection we give further comments on the maximization procedure. In particular,
we elaborate on the fact that path-integral geometries in CFT are found from the constant
Ricci scalar constraint (e.g. Liouville equation) whereas surfaces Q are obtained from the
Neumann boundary condition. We will see that it is in fact the gravity Hamiltonian
constraint that elegantly connects the two procedures.

As we argued on general grounds, as in AdS/BCFT [63, 64], the maximization of the
Hartle-Hawking wave function is equivalent to imposing Neumann boundary condition on
Q. We can check this explicitly using components of the extrinsic curvature tensor derived
in (3.19). After writing (3.29) in components we get

1√
1 + f ′(τ)2 = − T

d− 1 , −f(τ)f ′′(τ) + (d− 1)(1 + f ′(τ)2)
(1 + f ′(τ)2)3/2 δab = Tδab, (3.44)

or in terms of w and φ(w)

√
1− φ̇2e−2φ = − T

d− 1 ,
e−2φ

(
φ̈+ (d− 2)φ̇2

)
− (d− 1)√

1− φ̇2e−2φ
δab = Tδab. (3.45)

Plugging (3.34) to the first and (3.31) to the second pair of constraints, we can verify that
full Neumann boundary conditions are satisfied for T < 0 straightforwardly.11 See also
appendix B for more discussion on solving the Neumann boundary condition.

Given the induced metric on (3.12) with maximizing solution (3.31), we can compute
the Ricci scalar curvature (intrinsic) of our bulk slices

R(d) = e−2φ(−2(d− 1)∂2
wφ− (d− 2)(d− 1)(∂wφ)2) = 2Λ(d+1)

(
1− T 2

(d− 1)2

)
, (3.46)

where Λ(d+1) = −d(d − 1)/2. Clearly, slices Q have constant negative curvature
parametrized by tension T . We will come back to this result momentarily and discuss
the precise relation with the path-integral optimization geometries.

Before doing that, we can verify that this negative curvature gives yet another in-
terpretation of the maximization procedure. In fact, we can check that, by definition,
when we impose the Neumann boundary condition on Q, the extrinsic curvature tensor is
proportional to the induced metric

Kij = (K − T )hij = T

d− 1hij , (3.47)

11Note that to find Q (i.e. f(τ)) that maximizes the Hartle-Hawking wave function, we could also vary
the action (3.22) with respect to f(τ) and get the constraint

2ff ′′ + d(1 + f ′2)
(1 + f ′2)2 = − T

d− 1
ff ′′ + d(1 + f ′2)

(1 + f ′2)3/2 .

We can easily check that (3.34) is a solution of this equation with T < 0.
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where in the second equality we used (3.27). Consequently, on-shell, the following combi-
nation of the extrinsic curvature and the square of its trace becomes

K2 −KijKij = d

d− 1T
2. (3.48)

This is nothing but the left-hand side of the “Hamiltonian” constraint in pure gravity on
AdSd+1

K2 −KijKij = R(d) − 2Λ(d+1), (3.49)

where Λ(d+1) is the negative cosmological constant of AdSd+1 and R(d) is the Ricci scalar
curvature of the induced metric on the gravity slice. Plugging (3.48), we can check that
this constraint reproduces the Ricci scalar (3.46). This local Hamiltonian constraint is the
contraction of the bulk Einstein’s equation12 that is satisfied from the beginning in our
construction

nµnν
(
Gµν = −Λ(d+1)gµν

)
, (3.50)

where Gµν is the Einstein’s tensor and nµ are the normal vectors to an arbitrary slice of
the bulk. Here, since the maximization of the Hartle-Hawking wave functions leads to the
Neumann boundary condition this constraint automatically implies that the Ricci scalar
curvature of our slices is constant.

Recall that “Hamiltonian” constraint (3.49) in AdS/CFT usually refers to the “radial
Hamiltonian” where Kij and K are computed locally on some cut-off surface with Ricci
scalar R(d). This constraint plays an important role in the recent developments on the
relations between T T̄ -deformations of holographic CFTs and finite cut-off gravity with
Dirichlet boundary condition on the cut-off surface [67–69]. Imposing Dirichlet boundary
condition for the gravity action with holographic counter-terms allows one to compute
the holographic stress-tensor expressed by Kij , its trace K and the counter-term contri-
bution. Then, rewriting Kij and K in (3.49) in terms of Tij and T ii reproduces trace
anomaly equation in a CFT deformed by the T T̄ -operator with the coupling related to the
finite-cut-off radius. This construction was recently generalized to T T̄ deformations with
time-dependent couplings [31] (see also [70] for discussion on the flow of quantum states
under T T̄ deformations that is relevant in our context) and studied from the perspective
of holographic Tensor Networks as constant K slices of AdS. Interestingly, the explicit
time-dependent “folding T T̄ deformation” in CFTs, precisely corresponds to the bulk AdS
geometry with time-dependent cut-off surfaces identical to the Q in (3.34). We hope that
this intriguing connection will shed more light on the operational and circuit-type inter-
pretation of the path-integral optimization and path-integral complexity and we leave it as
an interesting future direction.

3.6 Boundary UV limit

Let us finally finish with more evidence for the holographic relation with field theory path-
integral optimization. Firstly, one striking feature of the proposal is that both metrics, Weyl
flat metric from path-integral optimization (2.2) (in arbitrary dimensions) and induced

12This can be seen by using Gauss-Codazzi equation, see e.g. [66].
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metric on Q that maximizes Hartle-Hawking wave function (3.2), are identical after we
relate w and τ . Indeed, they have both constant negative Ricci scalars equal to

R(d)|PI = 2Λ(d+1)µ, R(d)|HH = 2Λ(d+1)
(

1− T 2

(d− 1)2

)
. (3.51)

We will analyze various, non-trivial, examples below that confirm this observation. This
again leads to the identification (3.32) between parameters in our proposals. Remember
that changing µ from µ = 0 to µ = 1 means that we gradually increase the amount
of optimization.13 In the gravity dual, this corresponds to changing the tension from
T = −(d − 1) to T = 0 which tilts the surface Q from the asymptotic boundary Σ to the
time slice τ = 0.

Secondly, the gravity construction with Hartle-Hawking wave function involves extrem-
izing action (3.24), that can be thought of as the boundary (UV) action with infinite sum
of finite cut-off corrections. Indeed we can write G(φ̇) as a series in φ̇e−φ

G(φ̇) = 1 +
∞∑
k=1

Γ
(

2k+1
2

)
√
π(2k − 1)2Γ(k + 1) φ̇

2ke−2kφ. (3.52)

In the UV limit, taking only the leading φ̇e−φ term, we end up

edφG(φ̇) = 1
2e

(d−2)φ(w)φ̇2 + edφ +O(φ̇4), (3.53)

and the gravity action (without the tension term) becomes

IG|UV '
(d− 1)Vx

2κ2

∫
dw
[
e(d−2)φ(w)φ̇2 + 2edφ − 2ε−d +O(φ̇4)

]
−Vx
κ2

θ0
εd−1 , (3.54)

where θ0 is the value of arcsin(φ̇e−φ) at w = 0. Interestingly, we can cancel θ0 depen-
dence by adding the “modified Hayward” term (3.39), localized on Σ ∩ Q. This in fact
will be true in all the Euclidean examples below. This is another argument for its im-
portant role in the holographic path-integral complexity. More importantly, (3.54) is pre-
cisely the (homogeneous) form of our conjectured action (2.12), therefore the construction
with Hartle-Hawking wave function gives a strong justification of the higher dimensional
conjecture.14,15

13Let us also point that, from the perspective of complexity and gate counting [45], one could think about
µ as a relative “penalty factor” between unitaries and isometries and we leave this alternative interpretation
for future studies (see also [71]).

14Giving up the homogeneity assumption z = f(t) and taking z = f(t, xi) should reproduce the full
action in the UV limit.

15Note that if we add the tension term IT , the total action IG + IT in the UV limit leads to a “UV
relation”: µ = 2+ 2T

d−1 . We can regard the minimizing IG+IT as a partial optimization and this corresponds
the changing the cosmological constant µ. However notice that the genuine complexity functional, whose
minimization gives the full optimization is obtained by removing the tension term.
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Nevertheless, note that the gravity action (3.24) gives the correct holographic finite
cut-off corrections to the UV Liouville action (as in (3.41)) and thus should be thought of
as the full answer to the path-integral optimization program. Having said that, there is still
a possibility that both complexity actions, the Liouville and the holographic path-integral
complexity, even though apparently different and coming with their own regularization
schemes, are actually equivalent. The fact that they lead to the same optimal geometries
with constant Ricci scalars may suggest this however, we do not have any definite way to
prove/disprove this possibility at the moment and leave it for future investigation.

4 More Euclidean examples

In the following sections we study more examples that will confirm our procedure in various
Euclidean setups across dimensions. The algorithm for computing semi-classical Hartle-
Hawking wave functions using on-shell gravity action with tension (3.8) is straightforward
and we will spare the details of the steps while only showing main results of analogous
computations as we did for the vacuum case.

4.1 Global AdSd+1

We start by analyzing the gravity dual of the vacuum of a CFT on a circle given by global
AdS spacetime. We can perform similar analysis to what we did in Poincare coordinates
starting now from the global AdSd+1 metric

ds2 =
(
1 + r2

)
dτ2 + dr2

1 + r2 + r2 dΩ2
d−1, (4.1)

where Ωd−1 stands for the volume element of a (d− 1)-sphere.
The region M in global coordinates is bounded by the cut-off surface Σ at r = r0 =

1
ε →∞ and a homogeneous surface Q defined by r = 1/f(τ), so its induced metric can be
written as

ds2 = 1
f(τ)2

[(
1 + f(τ)2 + f ′(τ)2

1 + f(τ)2

)
dτ2 + dΩ2

d−1

]
= e2φ(w)

(
dw2 + dΩ2

d−1

)
. (4.2)

Again, in the second equality, we introduced coordinate −∞ < w < 0 and field φ(w) that
render the induced metric on Q conformally flat

w′(τ) =
√

1 + f2 + f ′2

1 + f2 = 1 + f2√
1 + f2 − ḟ2

, e2φ = 1
f2 . (4.3)

The notation for f ′ and ḟ is the same as in Poincare coordinates (see below (3.14)).
Next, we evaluate the bulk Hartle-Hawking wave function semi-classically as the on-

shell bulk action with the tension term on Q (3.8). To compute the classical action, we
will need the trace of the extrinsic curvature on Σ

K|Σ = d+ (d− 1)ε2√
1 + ε2

, (4.4)
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as well as for surface Q written in terms of f(τ)

K|Q = − 1
w′3

[
ff ′′ + f ′2((d− 3)f2 + d) + (1 + f2)2(f2(d− 1) + d)

(1 + f2)

]
, (4.5)

or in terms of w of φ(w) as

K|Q =
e−2φ

(
φ̈+ (d− 1)(φ̇2 − 1)

)
− d√

1− e−2φ(φ̇2 − 1)
. (4.6)

With these ingredients we can evaluate the gravity action with tension term and the answer
becomes

IG + IT = −(d− 1)VΩLτ
κ2εd

(
1 + ε2

)
− VΩ
κ2

∫
dτ

fd
w′(τ)

[
K|Q − T + 1

w′(τ)

]
, (4.7)

where w′(τ) is given by the first equation in (4.3), K|Q by (4.5) and VΩ is the volume of
the (d− 1) sphere.

Similarly, in terms of w and φ, after integrating by parts, we derive the main result
for the global AdSd+1

IG + IT = −(d− 1)VΩLτ
κ2εd

(
1 + ε2

)
+ (d− 1)VΩ

κ2

∫
dwedφG(φ̇) + VΩ

κ2

∫
dwedφT

−VΩ
κ2

[
e(d−1)φ arcsin

(
φ̇e−φ√

1 + e−2φ

)]0

−∞
, (4.8)

where now, function G(φ̇), with finite size corrections, becomes

G(φ̇) =
√

1− e−2φ(φ̇2 − 1) + φ̇e−φ arcsin
(

φ̇e−φ√
1 + e−2φ

)
. (4.9)

Note that, as we showed in the previous example in Poincare coordinates, the gravity
action (without the tension term) that computes the semi-classical Hartle-Hawking wave
functions (3.8) should be regarded as the CFT path-integral complexity (Liouville action in
2d) together with finite cut-off corrections from the bulk. These holographic finite cut-off
corrections will naturally depend on the details of the gravity geometry such as e.g. the finite
size in (4.8) or mass of excitations (black hole) that we will see in the following examples.

Maximization of the wave function with respect to φ again leads to the CMC slices

K|Q = d

d− 1T, (4.10)

and we can solve it for −(d− 1) < T ≤ 0 by

e2φ(w) = 1
f2(w) = 1(

1− T 2

(d−1)2

)
sinh2 (w − c1)

. (4.11)

Constant c1 is fixed such that the boundary condition (3.30), f(0) = ε, is satisfied

c1 '
ε√

1− T 2

(d−1)2

, (4.12)
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and in the computations of the on-shell action we will be taking the ε� 1 limit first.
Again, this result in conformal coordinate w matches the solution that we get from

path-integral optimization with the Liouville action (or its generalization to higher dimen-
sions (2.12)) on the cylinder.16

Moreover, we can integrate (4.3) and write the embedding function f(τ) of the surface
Q in original global AdSd+1 coordinates

f(τ) =
√

1− T 2

(d− 1)2
tanh(c2 − τ)√

T 2

(d−1)2 − tanh2(τ − c2)
, (4.14)

where, from the boundary condition f(0) = ε we can fix c2 to

c2 '
ε|T |

(d− 1)
√

1− T 2

(d−1)2

+O(ε3). (4.15)

To analyze this profile more carefully, it is useful to parametrize Q as τ(r) and we derive

τ(r) = sinh−1

 T

(d− 1)
√

(1 + r2)
(
1− T 2

(d−1)2

)
+ c2. (4.16)

We can verify that Q has a minimum at r = 0 where

τmin = tanh−1
(

T

d− 1

)
+O(ε). (4.17)

These surfaces are shown on figure 3. They interpolate between the τ = 0 slice for T = 0
and the boundary surface Σ for T = −(d− 1).

Finally, for obtaining complexity C(e)
T (3.40), we first evaluate the on-shell gravity

action (without the tension term). It can be computed in arbitrary dimensions in a closed
form written in terms of special functions but, since it is not particularly illuminating, we
just show a couple of results for specific dimensions.

On the other hand, the modified Hayward term in general dimensions given by

I ′H = 1
κ2

∫
γ

√
γθ0 = VΩ

κ2εd−1 θ0, sin θ0 =
√

1− T 2

(d− 1)2(1 + ε2) . (4.18)

This way, e.g. in global AdS3 we derive

C(e)
T = −VxLτ

κ2ε2
+ Vx
κ2ε

(
θ0 + |T |√

1− T 2

)
− Vx
κ2

( |T |
1− T 2 + tanh−1(T )

)
+O(ε). (4.19)

16Recall that the solution of Liouville equation on the cylinder of circumference L with coordinates
τ ∈ (−ε,−∞) and σ = σ + L written in coordinates w = τ + iσ is given by

e2φ(w,w̄) = 4π2

L2 sinh2 (π(w+w̄)
L

) = 4π2

L2 sinh2 ( 2πτ
L

) , (4.13)

and we have the boundary condition e2φ(τ=−ε) = 1
ε2 and e2φ(τ=−∞) → 0.
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Figure 3. Example slices Q that maximize the Hartle-Hawking wave functions in global AdSd+1
for a fixed value of T . They interpolate between the maximal, τ = 0 slice for T = 0 (green) and
one reaching to τ = −∞ for T = −(d− 1).

In odd d, we also get an additional logarithmic divergence from the gravity action part.
E.g. in global AdS4 we derive

C(e)
T = −2VΩLτ

κ2ε3

(
1 + ε2

)
+ VΩ
κ2

 |T |

2
√

1− T 2

4

1
ε2
− arctan |T |

2
√

1− T 2

4


−VΩ
κ2

|T |3

8
(
1− T 2

4

)3/2 log

2
ε

√
1− T 2

4

+O(ε). (4.20)

From the analytic formula in general d we can verify that the complexity action is always
minimized for T = 0. The minimal value can be computed in all dimensions and is given by

C(e)
T=0 = −(d− 1)VΩLτ

κ2εd

(
1 + ε2

)
+ VΩ
κ2εd−1

π

2 . (4.21)

The leading divergent term and the modified Hayward term have the same form as in
Poincare coordinates (with Vx there and VΩ here) and the new finite-size signature enters
via the sub-leading contribution (or constant term in d = 2).

4.2 Excited states in 3d

Next, we consider a general family of spacetimes that will allow us to reproduce all the
metrics found in the path-integral optimization for 2d CFTs [37, 38]. More precisely, we
repeat the computation of the semi-classical Hartle-Hawking wave functions (3.8) using the
on-shell gravity solution given by Euclidean BTZ-type metrics in three dimensions

ds2 = (r2 − r2
h)dτ2 + dr2

r2 − r2
h

+ r2dx2, (4.22)
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where r2
h = M − 1 can be positive or negative depending on the mass M of the excita-

tion. For M = 0 or r2
h = −1 we will formally recover the above results in global AdS3

(with d = 2).
We will now compute Ψ(T )

HH for region M specified by 1
f(τ) ≤ r ≤

1
ε , where r = 1/f(τ)

and r = 1/ε describe the surface Q and the asymptotic boundary Σ, respectively. The x
direction can be taken periodic or a real line and will only appear inside the overall factor
Vx as before.

Following our procedure, for Σ at r = 1/ε we derive

KΣ = 2− r2
hε

2√
1− r2

hε
2
. (4.23)

On the other hand, the induced metric on Q is given by

ds2 = 1
f2

[(
1− r2

hf(τ)2 + f ′2

1− r2
hf(τ)2

)
dτ2 + dx2

]
= e2φ(dw2 + dx2), (4.24)

where we introduced −∞ < w < 0 such that

w′(τ) =
√

1− r2
hf

2 + f ′2

1− r2
hf

2 = 1− r2
hf

2√
1− r2

hf
2 − ḟ2

. (4.25)

The trace of extrinsic curvature in terms of τ and f(τ) is now

K|Q = − 1
w′3

[
ff ′′ + f ′(τ)2(2 + r2

hf
2) + (1− r2

hf
2)2(2− r2

hf
2)

1− r2
hf

2

]
, (4.26)

or in terms of w and φ(w) ≡ − log(f(w))

K|Q = e−2φ(φ̈+ φ̇2) + r2
he
−2φ − 2√

1− e−2φ(φ̇2 + r2
h)

. (4.27)

The action that computes the Hartle-Hawking wave function is now given in terms of
f(τ) as

IG + IT = −VxLτ
κ2ε2

(
1− r2

hε
2
)
− Vx
κ2

∫
dτ

f(τ)2w
′
[
K|Q − T + 1

w′

]
. (4.28)

As before, we can integrate by parts and derive the main result for excited states in
asymptotically AdS3 geometry (4.22)

IG + IT = −VxLτ
κ2ε2

(
1− r2

hε
2
)

+ Vx
κ2

∫
dw e2φG(φ̇) + Vx

κ2

∫
dw e2φT (4.29)

−Vx
κ2

eφ arcsin

 φ̇e−φ√
1− r2

he
−2φ

0

−∞

,

with

G(φ̇) =
√

1− e−2φ
(
φ̇2 + r2

h

)
+ φ̇e−φ arcsin

 φ̇e−φ√
1− r2

he
−2φ

 . (4.30)
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Variation with respect to φ yields the CMC condition K|Q = 2T and is again equivalent
to the Neumann condition (3.29). For negative tension, we can solve it by

e2φ = r2
h

(1− T 2) sin2 (rh(w − c1))
, (4.31)

where c1 is tuned appropriately to reproduce the boundary condition (3.30).
This family of solutions precisely matches those in the path-integral optimization [37,

38] via the identification (3.32). For r2
h = −(1 −M) = −α2 we reproduce excited states

from the optimization for primary operators in 2d CFT i.e. conical singularity geometries,
including the finite size vacuum. For rh = 2π/β and w on the strip, we reproduce the
optimal geometry for the thermofield double (TFD) state that was found to describe the
time slice of eternal black hole (Einstein-Rosen bridge) [72]. We can verify that all these
solutions have constant negative curvature

R(2) = −2(1− T 2), (4.32)

which is just a special case of (3.46) with d = 2 and follows from the Hamiltonian constraint
supplemented by the Neumann boundary condition. We now analyze two of these solutions
in more detail.

4.2.1 Conical singularities

Let as first take the solutions with r2
h = −α2, often referred to as conical singularities

e2φ = α2

(1− T 2) sinh2 (α(w − c1))
. (4.33)

In fact this solution has a constant Ricci scalar as (4.32) with an extra δ-function propor-
tional to (1−α) at w → −∞. This can be seen by e.g. mapping the 2d surface into a disc.

The boundary condition for φ at w = 0 implies

c1 '
ε√

1− T 2
+O(ε3). (4.34)

In terms of τ the embedding function of Q reads

f(τ) =
√

1− T 2 tanh(α(c2 − τ))

α
√
T 2 − tanh2(α(τ − c2))

, (4.35)

with
c2 '

ε|T |√
1− T 2

+O(ε3). (4.36)

It is again convenient to parametrize Q as

τ(r) = 1
α

tanh−1
(

αT√
r2(1− T 2) + α2

)
+ c2. (4.37)

These rotationally symmetric solutions have minima at r = 0

τmin = 1
α

tanh−1(T ) +O(ε), (4.38)
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and interpolate between τ = 0 surface for T = 0 and a surface with minimum at τ = −∞
(and r = 0) for T → −1. For α = 1 we recover the global AdS3 solution.

For the Euclidean complexity C(e)
T , the on-shell action without the tension term is

equal to

IG = −VxLτ
κ2ε2

+ Vx
κ2

( |T |√
1− T 2ε

− α|T |
1− T 2 − α tanh−1(T )

)
+O(ε), (4.39)

while the modified Hayward term is given by

I ′H = 1
κ2

∫ √
γθ0 = Vx

κ2ε
θ0, θ0 = sin−1

√1− T 2

1 + α2ε2

 . (4.40)

Adding these contributions together, we arrive at

C(e)
T = −VxLτ

κ2ε2
+ Vx
κ2ε

(
θ0 + |T |√

1− T 2

)
− Vxα

κ2

( |T |
1− T 2 + tanh−1(T )

)
+O(ε). (4.41)

This action is monotonic and has a minimum at T = 0 so the τ = 0 slices of (4.22) have
the lowest holographic path-integral complexity. The minimal value is given by

C(e)
T=0 = −VxLτ

κ2ε2
+ Vx
κ2

π

2ε +O(ε). (4.42)

Again the ε−2 divergence originates from the choice of the “reference metric” at Σ.

4.2.2 Thermofield double

Next, we can use the solution (4.31) to analyze the gravity dual of the path-integral opti-
mization for the TFD state

|Ψ〉TFD =
∑
n

e−
β
2En |En〉|En〉, (4.43)

studied in [37, 38]. We take rh = 2π/β and Euclidean time between τ ∈ (−β/4, β/4), while
imposing the usual boundary conditions (3.30) at both ends. If we then take

w ∈
[
−β4 + ε√

1− T 2
,
β

4 −
ε√

1− T 2

]
, (4.44)

we can write the solution as

e2φ = 4π2

(1− T 2)β2 cos2
(

2πw
β

) , (4.45)

and it clearly satisfies the boundary condition at each end. This solution is equivalent to
the optimized metric from the path-integrals preparing TFD state in 2d CFTs [37, 38].17

17Note that analogous analysis could be done for the pure state |Ψ〉 = e−β/4H |B〉 with τ ∈ [0, β/4) and
|B〉 representing a boundary state in CFT.
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Figure 4. Solutions (4.46) shown on the cigar geometry (left) and its projection (right) for a few
sample values of T interpolating between T = 0 (red) and T = −1 (green). The semi-circles have
the range τ ∈ [−β/4, β/4].

Using (4.25), we can derive f(τ) and surfaces Q, plotted on figure 4, are given by the
embedding function

f(τ) =
√

1− T 2

rh

√
1 + T 2 tan2 (rhτ)

, (4.46)

where the range of τ is now
τ ∈

[
−β4 − c2,

β

4 + c2

]
, (4.47)

with cut-off
c2 '

εT√
1− T 2

+O(ε). (4.48)

Again in the analysis we take ε→ 0 first.
In order to estimate the complexity C(e)

T , we first compute the on-shell action without
tension term

IG = − Vxβ

2κ2ε2
+ Vx
κ2

2|T |√
1− T 2ε

+O(ε). (4.49)

Similarly, the modified Hayward terms from both corners are given by

I ′H = 1
κ2

∫
τ=−β/4

√
γθ0 + 1

κ2

∫
τ=β/4

√
γθ0 = 2Vx

κ2ε
θ0, (4.50)

where the inner angles are

θ0 = sin−1

√√√√1− T 2

1− 4π2ε2

β2

 . (4.51)

Adding the two contributions gives the complexity for the holographic TFD setup

C(e)
T = − Vxβ

2κ2ε2
+ Vx
κ2ε

( 2|T |√
1− T 2

+ 2θ0

)
+O(ε). (4.52)

We can check that this expression is minimal for T = 0 and again the ε−2 divergence comes
from the “reference metric” at Σ’s. The minimal value is given by

C(e)
T=0 = − Vxβ

2κ2ε2
+ Vx
κ2
π

ε
. (4.53)

Note that this result has a similar structure to the vacuum example in Poincare AdS3 and
the only dependence on the temperature enters via the range of τ : Lτ = β/2. This is a
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similar behaviour to holographic computations of complexity in three dimensions [39, 40, 73]
and reflects the fact that in three dimensions all of the above metrics are locally AdS3 (see
also appendix D for more details on three-dimensional solutions). We will see that in
higher dimensions, black holes lead to a more involved result for holographic path-integral
complexity with respect to the vacuum state.

4.3 Planar black holes in higher dimensions

Next, we can study an interesting generalization of the above computations to the Euclidean
planar black-hole metric in d+ 1 dimensions

ds2 = 1
z2

(
(1−Mzd)dτ2 + dz2

1−Mzd
+ dx2

i

)
, (4.54)

where M1/d = (4π)/(d β) and the Euclidean time is periodic τ ∈ [0, β] such that when we
consider the wave function for the TFD state, we focus on τ ∈ [−β

4 ,
β
4 ].

In the following, we compute the semi-classical Hartle-Hawking wave function (3.8)
using the usual algorithm. For the asymptotic boundary surface Σ at z = ε we have the
trace of the extrinsic curvature in this geometry

K|Σ =
d
(
2−Mεd

)
2
√

1−Mεd
. (4.55)

On the other hand, for surface Q defined by the embedding function z = f(τ) the induced
metric is

ds2 = 1
f(τ)2

[(
1−Mfd + f ′(τ)2

1−Mfd

)
dτ2 + dx2

i

]
≡ e2φ

(
dw2 + d2xi

)
, (4.56)

where, as before for the TFD in two dimensions, we introduced the conformal coordinate
w satisfying

w′(τ) =
√

1−Mfd + f ′(τ)2

1−Mfd
= 1−Mfd√

1−Mfd − ḟ(w)2
, (4.57)

and its range will be specified below.
The trace of the extrinsic curvature on Q is now expressed in terms of f(τ) as

K|Q = − 1
w′3

[
ff ′′ + d(2 +Mfd)

2(1−Mfd)f
′2 + d

2
(
1−Mfd

)
(2−Mfd)

]
, (4.58)

or in terms of φ(w) = − log(f(w)) we get a generalization of the previous expressions

K|Q =
e−2φ

(
φ̈+ (d− 1)φ̇2

)
− d

(
1− 1

2Me−dφ
)

√
1−Me−dφ − φ̇2e−2φ

. (4.59)

Then the on-shell action that computes the Hartle-Hawking wave function (3.8) takes the
standard form

IG + IT = −(d− 1)VxLτ
κ2

( 1
εd
− dM

2(d− 1)

)
− Vx
κ2

∫
dτ

fd
w′(τ)

[
K|Q + 1

w′(τ) − T
]
. (4.60)
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Finally, rewriting it in terms of w and φ(w) and integrating by parts we arrive at the main
result for higher-dimensional black holes (4.54)

IG + IT = −(d− 1)VxLτ
κ2

( 1
εd
− dM

2(d− 1)

)
+ (d− 1)Vx

κ2

∫
dwedφG(φ̇) + Vx

κ2

∫
dwedφT

−Vx
κ2

[
e(d−1)φ arcsin

(
φ̇e−φ√

1−Me−dφ

)]
bdr

, (4.61)

with a closed formula

G(φ̇) =
1− d

2(d−1)Me−dφ

1−Me−dφ

√
1−Me−dφ − φ̇2e−2φ + φ̇e−φ arcsin

(
φ̇e−φ√

1−Me−dφ

)
. (4.62)

This generalizes the result from d = 2 and we can see that only for three-dimensional ge-
ometry the pre-factor of the square-root trivializes leading to a simpler equation of motion.

Indeed, the variation with respect to φ that gives the maximization constraint can still
be written in a compact form as

d

d− 1T −K|Q =
(d− 2)Me−dφ

(
2e−2φ(φ̇2 − φ̈) + dMe−dφ

)
4(d− 1)

(
1−Me−dφ − φ̇2e−2φ

)3/2 , (4.63)

where K|Q is given by (4.59). For d = 2 the right hand side vanishes so that we reproduce
the condition for the CMC slice. Naively, we can expect that CMC slices will no longer
maximize the Hartle-Hawking wave functions in this higher-dimensional background. This
conclusion is too quick as we can see from analyzing the full Neumann boundary condition.

Indeed, we can again consider the Neumann boundary condition (3.29) (rewritten in
terms of φ(w)) that in this setup gives two constraints. First, the (τ, τ) components

hττ

(
T + (d− 1)

√
1−Me−dφ − φ̇2e−2φ

)
= 0, (4.64)

and the (a, b) components yield

hab

[
T −

√
1−Me−dφ − φ̇2e−2φ −K|Q

]
= 0. (4.65)

If we solve the first one, then the second is equivalent to the trace CMC condition K|Q =
d
d−1T . Solving the first constraint is equivalent to the equation

φ̇2 +Me−(d−2)φ =
(

1− T 2

(d− 1)2

)
e2φ, (4.66)

and for T < 0, φ̇ also solves the second equation.
To solve (4.66), for convenience, we first shift

φ→ φ̃− 1
2 log

(
1− T 2

(d− 1)2

)
, M̃d = M

(
1− T 2

(d− 1)2

) d−2
2

, (4.67)

– 30 –



J
H
E
P
0
7
(
2
0
2
1
)
0
1
6

to absorb the constant on the right-hand side and write the equation in terms of φ̃ =
− log(F (w)) as

F ′2 + M̃dF
d − 1 = 0. (4.68)

This equation can be solved by standard methods and requires inverting the integral

w + c =
∫ F dF√

1− M̃dF d
= F 2F1

(1
2 ,

1
d
,
d+ 1
d

, M̃dF
d
)
, (4.69)

in order to find F (w). This way, in d = 2 we recover the previous result with sin func-
tion (4.31).

Interestingly, for d = 4, we can also obtain analytic result in terms of Jacobi sine
Elliptic function sn(x,−1). Namely, for −3 < T < 0, we find the solution of the Neumann
boundary condition and K|Q = 4T/3 given by

e2φ(w) =
√
M√

1− T 2

9 sn
2
(
M1/4

(
1− T 2

9

)1/4
w,−1

) . (4.70)

This metric is a new result that on top of constant K|Q has a constant Ricci scalar (3.46) for
d = 4 hence, after the map (3.32), it is also a solution of the four dimensional path-integral
optimization problem (2.20) for the TFD state.

Let us now fix the appropriate range of w. Since the real periodicity of sn(x,m) is
4K(m), we can consider the 4d counterpart of the previous TFD solution by taking w in
the interval

w ∈

c1,
2K(−1)

M1/4
(
1− T 2

9

)1/4 − c1

 , (4.71)

where K(−1) = K(m = −1) is a numerical constant and c1 is expressed in terms of the
inverse Jacobi sn−1 as

c1 = 1

M1/4
(
1− T 2

9

)1/4 sn
−1

 M1/4ε(
1− T 2

9

)1/4 ,−1

 ' ε√
1− T 2

9

+O(ε5), (4.72)

so that at the end points we satisfy the boundary condition f(w) = ε.
Finally, this analytic result allows us to evaluate the holographic path-integral complex-

ity from the Hartle-Hawking wave function in this five-dimensional black-hole geometry.
The on-shell action without the tension term can now be computed as

IG = −3VxLτ
κ2

( 1
ε4
− 2M

3

)
− Vx
κ2

∫
dwe4φ

[4
3T + 1

w′(τ)

]
,

= −3VxLτ
κ2

( 1
ε4
− 2M

3

)
+ 2Vx

3κ2

 |T |√
1− T 2

9 ε
3

+ |T |M
3/4K(−1)(

1− T 2

9

)5/4

+O(ε), (4.73)

where Lτ = β/2 = π/(2M1/4).
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Moreover, the modified Hayward term again consists of two equal contributions from
each inner-angle

I ′H = 2 Vx
κ2ε3

θ0, θ0 = sin−1
(√

1− T 2

9 (1−Mε4)

)
. (4.74)

Adding two contributions we can verify that the Euclidean complexity C(e)
T is minimized

for T = 0. Its minimal value is given by

C(e)
T=0 = Vx

κ2

(
− β

2ε4 + π

ε3
+ π4

3β3

)
+O(ε). (4.75)

Interestingly, unlike in d = 2, we obtain a constant (ε0), β-dependent term that increases
the value of complexity for large temperatures. In fact, as also noted in [73], the constant
term is proportional to the entropy.18

For other dimensions, inverting the hypergeometric function would have to be done
numerically and we leave this analysis as an interesting future problem.

It is also useful to comment on the relation between the on-shell values of our Euclidean
complexity actions and the complexity equals volume [39, 40] computations. Since, on-shell,
the extrinsic curvature is proportional to T , our complexity action contains the contribution
from the pure volume of Q as well as from the bulk and the Hayward term. However,
once we further minimize over T , the contributions become more difficult to disentangle.
Nevertheless, e.g. similarity with [73] may suggest that the final result contains (parts of)
the CV answer and we leave determining these details and connections with holographic
complexity conjectures as an interesting future problem.

5 JT gravity

In this section we will test our construction in the context of Euclidean JT gravity dual to
the SYK model [74–79]. Most of the computations presented above goes through in this
two dimensional gravity model as well. However, it turns out that in order to naturally
generalize our discussion, it is more advantageous to introduce the tension term on surface
Q by coupling to the dilaton19 field Φ, such that the action computing the Hartle-Hawking
wave functions (3.8) in JT will be given by

IJT + ITΦ = −Φ0χ(M)−
∫
M

√
gΦ(R+ 2)− 2

∫
∂M

√
hΦK + 2TΦ

∫
Q

√
hΦ, (5.1)

with χ(M) being the Euler characteristic of the region M .
On-shell solutions of this theory (again we work in the probe limit and have in mind

solutions of pure JT gravity without TΦ) have constant negative curvature R = −2 and
18We thank the anonymous referee for pointing this to us.
19From the three dimensional origin of JT action such term naturally arises by adding a brane with

tension in 3d in which
√
h yields the dilaton field.
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dilaton equation of motion is set by the vanishing energy-momentum tensor. As an example
solution, we can take the 2d Schwarzschild metric with dilaton profile

ds2 = (r2 − r2
h)dτ2 + dr2

r2 − r2
h

, Φ(r) = Φbr. (5.2)

We will take rh = 2π/β and be interested in τ ∈ [−β/4, β/4]. By analogy to higher
dimensions, we consider region M bounded by Σ at r = 1

ε → ∞ and Q specified by
r = 1/f(τ). The induced metric on Q becomes

ds2 = e2φdw2, eφ = f−1, (5.3)

where w′ is given by the same expression as in (4.25).
Following the same steps as before, we can derive the on-shell action that computes

the semi-classical Hartle-Hawking wave function

IJT + ITΦ = −2LτΦb

ε2
− 2Φ0

∫
dweφ

[
K|Q + 1

w′

]
− 2Φb

∫
dwe2φ [K|Q − TΦ] , (5.4)

with w′ as in (4.25) and

K|Q = φ̈e−2φ − 1√
1− e−2φ(φ̇2 + r2

h)
. (5.5)

Similarly, the action written in terms of w and φ(w) in the first-derivative form can be
obtained as

IJT + ITΦ = −2LτΦb

ε2
+ 2Φb

∫
Q
e2φG(φ̇) + 2Φb

∫
Q
e2φTΦ

−2

(Φ0 + Φbe
φ
)

arcsin

 φ̇e−φ√
1− r2

he
−2φ


bdr

, (5.6)

with monotonic a function of φ̇

G(φ̇) =

√
1− e−2φ(φ̇2 + r2

h)
1− r2

he
−2φ + φ̇e−φ arcsin

 φ̇e−φ√
1− r2

he
−2φ

 . (5.7)

With the intuition from previous examples we can again consider the UV limit. Interest-
ingly, for small φ̇ as well as small rh, we get the following action in the leading order

IJT |UV = Φb

∫ (
φ̇2 + 2e2φ

)
+ . . . (5.8)

With the usual replacement of the reparametrization function eφ ∼ w̃′(w), this action
precisely describes the Schwarzian sector of the SYK model (compare e.g. [77, 78]).

The saddle point equation from the maximization of the wave-function is again equiva-
lent to the Neumann boundary condition. More explicitly, varying the action with respect
to φ yields the equation

K|Q − TΦ = −

(
1− φ̇2e−2φ

) (
r2
h +

(
φ̇2 − φ̈

))
e−2φ

2
(
1− e−2φ(r2

h + φ̇2)
)3/2 , (5.9)

where K|Q is given by (5.5).
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We can verify that for −1 < TΦ < 0, this equation is solved by

e2φ = r2
h

(1− T 2
Φ) cos2 (rhw)

, (5.10)

with
w ∈

[
−β4 + ε√

1− T 2
,
β

4 −
ε√

1− T 2

]
. (5.11)

Similarly to the higher-dimensional planar black holes, the right hand side of (5.9) vanishes
on-shell and the surface is again described by the CMC slice K|Q = TΦ. This solution is a
natural generalization of its higher dimensional TFD cousins.

Finally, we can compute holographic path-integral complexity in the Euclidean JT
model. First, we evaluate the on-shell JT gravity action without tension TΦ term

IJT = −βΦb

ε2
− 2Φ0

∫
dweφ

[
TΦ + 1

w′

]
− 2ΦbTΦ

∫
dwe2φ,

= −βΦb

ε2
+ 4|TΦ|Φb√

1− T 2
Φε
− 4Φ0 (π − arccos(TΦ)) . (5.12)

On the other hand, the internal angles θ0 that appear in the modified Hayward terms are
now related to TΦ by

θ0 = arcsin
(√

1− T 2
Φ

)
. (5.13)

From the form of the JT action (5.1), it is then natural to generalize the modified Hay-
ward term from section 3.4 to include the coupling to Φ0 as well as the dilaton Φ(r) at
each corner20

I ′H = 2
∑
i

θi0 (Φ0 + Φ(r)) |Ci = 2
(

Φ0 + Φb

ε

)
2θ0, (5.14)

where Ci stands for the i-th corner in the wedge regionM . In fact this term plays the same
role as its higher-dimensional counterparts and, when added to the JT action, cancels the
boundary term in (5.6).

This way, the holographic path-integral complexity action in JT model becomes

C(e)
T = −βΦb

ε2
+ 2Φb

ε

 2|TΦ|√
1− T 2

Φ

+ 2θ0


−4Φ0

(
π − cos−1(TΦ)− θ0

)
. (5.15)

We can then check that after inserting (5.13) the second line of this expression, as well as
dependence on Φ0, vanishes. Therefore, analogously to the TFD example in the previous
sections, the complexity is mimimized at TΦ = 0. The minimum value is given by

C(e)
T=0 = −βΦb

ε2
+ 2πΦb

ε
. (5.16)

20See also e.g. [79] where standard Hayward/corner terms in JT gravity were included in the same form
and [80] for related analysis.
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With this example we finish the analysis of the Euclidean Hartle-Hawking wave functions
and confirm our procedure, including the estimation of holographic path-integral complex-
ity for T 6= 0 slices, across dimensions. In the next section, we will proceed to analyze
gravitational path-integrals in Lorentzian geometries.

6 Lorentzian spacetimes

The main important motivation for generalizing the above construction to Lorentzian sig-
nature has to do with understanding how general, time-dependent, holographic geometries
emerge from CFT. An interesting clue in this direction was given in [27] that proposed to
interpret general slices of holographic spacetimes as different quantum circuits constructed
from path-integrals on these geometries (Euclidean or Lorentzian) that prepare quantum
states in CFTs (see also [20, 21]). Nevertheless, in order to test this proposal, the optimiza-
tion of Lorentzian path-integrals in CFTs requires a much better understanding. In this
section, with the gravitational construction at hand, we will first perform the Lorentzian
computations in AdS and then use them to shed some top-down light on how one could
advance the optimization of path-integrals in Lorentzian CFTs.

Moreover, the advantage of the Hartle-Hawking approach is that we can apply it also to
gravity on a de Sitter (dS) spacetime. Up to date, there have been various attempts to for-
mulate holographic duals of de Sitter gravity, the so called dS/CFT correspondence [86, 87],
in which the dual CFTs are usually argued to be associated with the future spacelike
boundary (refer also to other approaches e.g. [17, 88]). However, comparing AdS/CFT,
understanding of dS/CFT holography has been highly limited and it is fair to say that
the validity of the holographic duality with dS itself is under debate at present. There-
fore, working under the assumption that the dual theory is associated with the spacelike
boundary region Σ, we hope that the Hartle-Hawking approach may provide a new way to
probe how holography on de Sitter spaces looks like. In this section, we will also analyze
Hartle-Hawking wave functions in de Sitter spacetimes and extract new lessons for possible
path-integral optimization in dS/CFT.

Conceptually, the standard Lorentzian path-integral in gravity is computing transition
amplitudes between two geometries: some reference metric g(1) and a different metric
g(2) (see e.g. [89] for interesting applications in quantum gravity). If we naturally extend
our proposal to Lorentzian signature, the gravitational path-integral will be evaluating
transition amplitudes between a geometry on a timelike boundary Σ of AdSd+1 (or spacelike
boundary Σ for dSd+1) and a timelike or spacelike surface Q with tension T up to which
we integrate the bulk gravity action

Ψ(T )
HH [g(2), g(1)] = 〈g(2)|g(1)〉(T ) =

∫
[Dgµν ]ei (IG+IT )δ(g|Q − g(2))δ(g|Σ − g(1)), (6.1)

where IG is the Lorentzian Einstein-Hilbert action with the Gibbons-Hawking term and
IT is the tension term on Q. With a slight abuse of language, we will still refer to these
transition amplitudes as Hartle-Hawking wave functions.

To make progress, we will again only be able to compute the Lorentzian Hartle-Hawking
wave function semi-classically by the gravity on-shell action with the tension term. Namely,
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after introducing the conformal coordinate w that will put the metric on Q (specified by
embedding homogeneous function f(t)) in the Weyl Minkowski (for timelike Q) or Weyl
flat (for spacelike Q) form, we will evaluate the Hartle-Hawking wave functional of the
Weyl factor φ(w) = − log(f(w)) as

ΨT
HH [φ] ∼ ei(IG+IT )|on−shell. (6.2)

Then, the “maximization” will be performed by finding the extremum of the classical action
with respect to φ with analogous boundary condition to (3.30).

Last but not least, we propose a generalization of the holographic path-integral com-
plexity from Hartle-Hawking wave functions to Lorentzian signature given by

C(l)
T = −

(
IG + I ′H

)
, (6.3)

where IG is the Lorentzian gravity action without the tension term and I ′H stands for an
appropriate modified Lorentzian Hayward term that, as in the Euclidean case (3.40), will
be careful computed for spacelike and timelike surfaces Q below. The overall minus sign
in (6.3) is chosen such that it is consistent with the holographic analysis in [27].

Before we proceed with explicit examples, let us also review the argument with the
Hamiltonian constraint in gravity and the curvature of the slices that maximize the Hartle-
Hawking wave function. In Lorentzian signature, we will be interested in slices of solutions
to Einstein’s equations in d + 1 dimensions with negative (AdSd+1) or positive (dSd+1)
cosmological constants

Gµν = −Λ(d+1)
AdS/dSgµν . (6.4)

We will then consider arbitrary non-null slices Q with normal vector nµ such that nµnµ =
ε, where ε = +1 corresponds to timelike and ε = −1 to spacelike slices respectively.
We can again project Einstein’s equations to the normal components and derive a local
“Hamiltonian” constraint (see e.g. [66])

ε
(
K2 −KijKij

)
= R(d) − 2Λ(d+1)

AdS/dS. (6.5)

As will see below, the maximization of the Hartle-Hawking wave functions will again be
equivalent to imposing Neumann boundary condition on Q, that together with its trace
being constant, implies (3.48). This way, from the Hamiltonian constraint, we can derive
that Ricci scalar curvature of slices Q is constant and given by

R(d) = 2Λ(d+1)
AdS/dS + ε

d

d− 1T
2. (6.6)

We will verify this formula in the examples below and indeed see that timelike CMC
slices of both AdSd+1 and dSd+1 are positively curved whereas spacelike CMC slices in
these geometries have constant negative curvatures. We will then speculate on possible
extensions of the path-integral optimization to Lorentzian CFTs that could give rise to
continuous tensor networks with both of these constant curvatures.
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6.1 Semi-classical wave functions in AdSd+1

In this section we evaluate the semi-classical Hartle-Hawking wave function (6.2) in AdSd+1
using the on-shell Lorentzian action

IG + IT = 1
2κ2

∫
M

√
−g (R− 2Λ) + 1

κ2

∫
Q

√
|h|(K − T ) + 1

κ2

∫
Σ

√
|h|K. (6.7)

For simplicity, we analyze the d + 1-dimensional AdS in Poincare coordinates dual to the
vacuum of Lorentzian CFTd

ds2 = l2
dz2 − dt2 + dx2

i

z2 , (6.8)

where, in order to compare the results with those in de-Sitter spacetime in the next section,
we keep the radius l of AdSd+1 explicit.

As in the Euclidean computation, we focus on the asymptotic region M of AdSd+1
between Σ: at z = ε, that is timelike, and a spacelike or timelike surface Q in the bulk
defined by radial coordinate as a function of the boundary time t: z = f(t). In M, we
compute the bulk action together with boundary terms and tension (6.7) that will give the
Lorentzian semi-classical Hartle-Hawking wave function Ψ(T )

HH [φ] in (6.2).21

To evaluate the result, we will need the trace of the extrinsic curvature at Σ given by

K|Σ = d

l
. (6.9)

Then, we will have to pay a special attention to the signature of the induced metric on Q.
More precisely, the induced metric on Q: z = f(t) is given by

ds2 = l2
−(1− f ′(t)2)dt2 + dx2

i

f2(t) , (6.10)

and in what follows, we will distinguish two cases: timelike when |f ′(t)| < 1 and spacelike
when |f ′(t)| > 1, and analyze them separately below.

6.1.1 Timelike Q

In the timelike case with |f ′(t)| < 1, we write the metric (6.10) on Q as

ds2 = l2

f(w)2

(
−dw2 + dx2

i

)
≡ e2φ(w)

(
−dw2 + dx2

i

)
, (6.11)

where we defined coordinate w with the range −∞ < w ≤ 0, related to t by

w′(t) =
√

1− f ′(t)2 = 1√
1 + ḟ(w)2

. (6.12)

The trace of the extrinsic curvature on timelike Q is then given by

K|Q = f(t)f ′′(t)− d(1− f ′(t)2)
l(1− f ′(t)2)3/2 , (6.13)

21Again we keep the boundary condition on Σ implicit.
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or in terms of w and φ(w)

K|Q = −
le−2φ(φ̈+ (d− 1)φ̇2) + d

l√
1 + l2φ̇2e−2φ

. (6.14)

With these ingredients, the Lorentzian on-shell action that computes the Hartle-Hawking
wave function (“transition amplitude”)(6.2) between timelike Σ and timelike Q can be
written as

IG + IT = (d− 1)ld−1

κ2
VxLt
εd

+ Vxl
d

κ2

∫
dt

f(t)dw
′(t)(K|Q + 1

lw′(t) − T ), (6.15)

with all the expressions spelled in terms of t and f(t) above and Vx and Lt defined as in
the Euclidean examples. We can again rewrite this action in terms of w and φ(w) as

IG+ IT = (d− 1)ld−1

κ2
VxLt
εd

+ Vx
κ2

∫
dwedφ(w)

− le−2φ(φ̈+ (d− 2)φ̇2) + d−1
l√

1 + l2φ̇2e−2φ
− T

 . (6.16)
Integrating by parts, allows to write the action in the first derivative form and we arrive at

IG + IT = (d− 1)ld−1

κ2
VxLt
εd

+ (d− 1)Vx
lκ2

∫
dwedφ(w)G(φ̇)− Vx

κ2

∫
dwedφ(w)T

−Vx
κ2

[
e(d−1)φ sinh−1

(
lφ̇e−φ

)]0
−∞

, (6.17)

with
G(φ̇) = lφ̇e−φ sinh−1

(
lφ̇e−φ

)
−
√

1 + l2φ̇2e−2φ. (6.18)

This is the main result for timelike surfaces Q in Lorentzian AdSd+1.
To gain some intuition on what to expect from the Lorentzian path-integral optimiza-

tion, we can again use this result to extract the CFT action in the UV limit. Expanding
the answer for small φ̇ we derive

edφG(φ̇) ' 1
2 l

2e(d−2)φ
(
φ̇2 − 2

l2
e2φ +O(φ̇4)

)
. (6.19)

In two-dimensions, this limit reproduces the standard Lorentzian Liouville action S
(l)
L ,

which takes the following form22

S
(l)
L = c

24π

∫
d2x

[
(∂tφ)2 − (∂xφ)2 − µe2φ

]
. (6.20)

The Euclidean continuation of this action is the standard Liouville action (2.5). We will
come back to this action at the end of this section.

22If we include the tension term also, then IG + IT gives the cosmological constant µ = 2 + 2T
d−1 , where

we set l = 1. Note that for T < −(d − 1) which is assumed in the present case, we find µ < 0. This is
the reason why we can have the dSd solutions with positive Ricci scalar. However for the evaluation of
complexity (6.3) we always need to remove the tension term contribution as we did in Euclidean case, which
leads to µ = 2.
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The equation of motion from the maximization of the Hartle-Hawking wave function
with (6.17) becomes

−
le−2φ(φ̈+ (d− 1)φ̇2) + d

l√
1 + l2φ̇2e−2φ

= d

d− 1T. (6.21)

Comparing with (6.14), this is again the constraint for the CMC slices in Lorentzian ge-
ometry (6.8)

K|Q = d

d− 1T. (6.22)

The solution with correct boundary condition, f(0) = ε, is obtained for the negative range
of the tension parameter −∞ < T < −(d− 1)/l and yields the timelike metric on Q

ds2 = l2(
−
√

l2T 2

(d−1)2 − 1w + ε
)2

(
−dw2 + dx2

i

)
. (6.23)

These are the Lorentzian d-dimensional de Sitter slices of AdSd+1 geometry (6.8). Indeed,
we can verify that the Ricci scalar of this metric is constant positive

R(d) = d(d− 1)
l2

(
l2T 2

(d− 1)2 − 1
)

= −2Λ(d+1)
AdS

(
l2T 2

(d− 1)2 − 1
)
, (6.24)

which is consistent with the general result (6.6) from the gravity Hamiltonian constraint.
After integrating (6.12), we can find the embedding function f(t) of the timelike Q in

original time coordinate

z = f(t) =
√

l2T 2

(d− 1)2 − 1d− 1
lT

t+ ε. (6.25)

These are half-planes that interpolate between the timelike boundary Σ for T → −(d−1)/l
and the null plane in the limit T → −∞, see blue lines on figure 5. The inner angle (i.e.
“rapidity”) between Σ and Q is denoted by η0 in blue. We can also verify that they satisfy
the full Neumann boundary condition.

Up to now, the above results are natural generalizations of the Euclidean derivation
so in the next step, in analogy with section 3.4, we would like to define the Lorentzian
holographic path-integral complexity C(l)

T and investigate which slices Q are favoured by
this candidate for a relative measure of complexity.

Similarly to the Euclidean AdSd+1, the dependence on tension T in the on-shell action
with the tension term evaluated on (6.25) cancels. Therefore, as before, in the definition
of Lorentzian complexity we will only take gravity action (without tension term) evaluated
on region M . For the solution (6.25) the answer becomes

IG = (d− 1)ld−1

κ2
VxLt
εd

+ Vxl
d−1

κ2εd−1
lT

(d− 1)
√

l2T 2

(d−1)2 − 1
. (6.26)

Again, for the correct variational principle we should add an appropriate Hayward term
in the definition of complexity. For consistency with the notion of relative complexity, we
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<latexit sha1_base64="8onvQHTLC7XLHuPAw3AIbotmYfU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGnf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8SloXVa9WvbyvVeo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPOe4/T</latexit>

Euclidean AdS Lorentzian AdS

z
<latexit sha1_base64="VLEo6VgUnu2TnOxoOkqsMPXvyTo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqPjQI=</latexit>

⌃
<latexit sha1_base64="BPJq+0/bflPPUVaVxn+aiuvMPUE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bK2PBw==</latexit>

t
<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

T !
�1

<latexit sha1_base64="3tiexw2E4AfcdSzBnNLv+6vZ//M=">AAAB8nicdVBNSwMxEM3W7/pV9eglWAQvLllbuz2KXjwqtFVol5JNsxqaTZZkVliKP8OLB0W8+mu8+W9MPwQVfTDweG+GmXlxJoUFQj680tz8wuLS8kp5dW19Y7Oytd2xOjeMt5mW2lzH1HIpFG+DAMmvM8NpGkt+FQ/Pxv7VHTdWaNWCIuNRSm+USASj4KRuqwf6sCdUAkW/UiU+qddqYQMTvxY2GyRwpBHWSTPEgU8mqKIZLvqV995AszzlCpik1nYDkkE0ogYEk/y+3Mstzygb0hvedVTRlNtoNDn5Hu87ZYATbVwpwBP1+8SIptYWaew6Uwq39rc3Fv/yujkkzWgkVJYDV2y6KMklBo3H/+OBMJyBLByhzAh3K2a31FAGLqWyC+HrU/w/6Rz5Qd0/vqxXT05ncSyjXbSHDlCAQnSCztEFaiOGNHpAT+jZA+/Re/Fep60lbzazg37Ae/sEpmqRhg==</latexit>

T = 0
<latexit sha1_base64="hoMRh6eDz9yeP9XAxMol+Bvi4sE=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZlNNsaLEPTiMWISA8kSZiezyZDZBzOzQljyCV48KOLVL/Lm3zh5CCpa0FBUddPd5SeCK43xh5VbWV1b38hvFra2d3b3ivsHbRWnkrIWjUUsOz5RTPCItTTXgnUSyUjoC3bnj69m/t09k4rHUVNPEuaFZBjxgFOijXTbvMD9YgnbuOqUyw7CdqVWO3PLhmAHu5UKcmw8RwmWaPSL771BTNOQRZoKolTXwYn2MiI1p4JNC71UsYTQMRmyrqERCZnysvmpU3RilAEKYmkq0miufp/ISKjUJPRNZ0j0SP32ZuJfXjfVwbmX8ShJNYvoYlGQCqRjNPsbDbhkVIuJIYRKbm5FdEQkodqkUzAhfH2K/iftsu24dvXGLdUvl3Hk4QiO4RQcqEEdrqEBLaAwhAd4gmdLWI/Wi/W6aM1Zy5lD+AHr7RPr/42U</latexit>

T !
�1

<latexit sha1_base64="dNa+RciXCwYL5RsFv4+AlB2Rs2g=">AAAB8nicdVBNSwMxEM3W7/pV9eglWAQvLtl2az0WvXhUsB/QlpJNs21oNlmSWaGU/gwvHhTx6q/x5r8xrRVU9MHA470ZZuZFqRQWCHn3ckvLK6tr6xv5za3tnd3C3n7D6swwXmdaatOKqOVSKF4HAZK3UsNpEknejEaXM795x40VWt3COOXdhA6UiAWj4KT2bQf0aUeoGMa9QpH4pBKUSgEmfrlaPQtLjpCAhOUyDnwyRxEtcN0rvHX6mmUJV8AktbYdkBS6E2pAMMmn+U5meUrZiA5421FFE267k/nJU3zslD6OtXGlAM/V7xMTmlg7TiLXmVAY2t/eTPzLa2cQn3cnQqUZcMU+F8WZxKDx7H/cF4YzkGNHKDPC3YrZkBrKwKWUdyF8fYr/J42SH4R+5SYs1i4WcayjQ3SETlCAqqiGrtA1qiOGNLpHj+jJA+/Be/ZePltz3mLmAP2A9/oBfMSRaQ==</latexit>

⌘0
<latexit sha1_base64="HLrBzLeOLD1qY4N5OTP/jQjF7es=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6bP6a7oxmUF+4B2KJk0bWMzyZBkhDL0H9y4UMSt/+POvzF9CCp64MLhnHu5954w5kwbhD6ctfWNza3tzE52d2//4DB3dNzSMlGENonkUnVCrClngjYNM5x2YkVxFHLaDidXc799T5VmUtyaaUyDCI8EGzKCjZVaPWpwH/VzeeSisl+tVSByC7ViseRbUkFVv+xBz0UL5MEKjX7uvTeQJImoMIRjrbseik2QYmUY4XSW7SWaxphM8Ih2LRU4ojpIF9fO4LlVBnAolS1h4EL9PpHiSOtpFNrOCJux/u3Nxb+8bmKGfpAyESeGCrJcNEw4NBLOX4cDpigxfGoJJorZWyEZY4WJsQFlbQhfn8L/SavgeiW3fFPK1y9XcWTAKTgDF8ADVVAH16ABmoCAO/AAnsCzI51H58V5XbauOauZE/ADztsntYqPPg==</latexit>

⌘0
<latexit sha1_base64="QAglIWyx2TyGjJVmftEUlFQMMFo=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLTqXVZdOOygn1AO5RMmmmjmWRIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPlHKmDUIfTmFldW19o7hZ2tre2d0r7x+0tcwUoS0iuVTdCGvKmaAtwwyn3VRRnEScdqK7y5nfuadKMyluzCSlYYJHgsWMYGOldp8aPECDcgW5qOb5vgeRW63XzwLfEuShoFqFnovmqIAlmoPye38oSZZQYQjHWvc8lJowx8owwum01M80TTG5wyPas1TghOown187hSdWGcJYKlvCwLn6fSLHidaTJLKdCTZj/dubiX95vczE52HORJoZKshiUZxxaCScvQ6HTFFi+MQSTBSzt0IyxgoTYwMq2RC+PoX/k7bveoFbuw4qjYtlHEVwBI7BKfBAHTTAFWiCFiDgFjyAJ/DsSOfReXFeF60FZzlzCH7AefsEe3KPFg==</latexit>

✏
<latexit sha1_base64="t9crvzoG65g98NZIVz8LGCR91JM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPaZAo</latexit>

✏
<latexit sha1_base64="t9crvzoG65g98NZIVz8LGCR91JM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPaZAo</latexit>

Lorentzian dS

⌃
<latexit sha1_base64="BPJq+0/bflPPUVaVxn+aiuvMPUE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bK2PBw==</latexit>

t
<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

⌘0
<latexit sha1_base64="HLrBzLeOLD1qY4N5OTP/jQjF7es=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6bP6a7oxmUF+4B2KJk0bWMzyZBkhDL0H9y4UMSt/+POvzF9CCp64MLhnHu5954w5kwbhD6ctfWNza3tzE52d2//4DB3dNzSMlGENonkUnVCrClngjYNM5x2YkVxFHLaDidXc799T5VmUtyaaUyDCI8EGzKCjZVaPWpwH/VzeeSisl+tVSByC7ViseRbUkFVv+xBz0UL5MEKjX7uvTeQJImoMIRjrbseik2QYmUY4XSW7SWaxphM8Ih2LRU4ojpIF9fO4LlVBnAolS1h4EL9PpHiSOtpFNrOCJux/u3Nxb+8bmKGfpAyESeGCrJcNEw4NBLOX4cDpigxfGoJJorZWyEZY4WJsQFlbQhfn8L/SavgeiW3fFPK1y9XcWTAKTgDF8ADVVAH16ABmoCAO/AAnsCzI51H58V5XbauOauZE/ADztsntYqPPg==</latexit>

⌘0
<latexit sha1_base64="QAglIWyx2TyGjJVmftEUlFQMMFo=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLTqXVZdOOygn1AO5RMmmmjmWRIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPlHKmDUIfTmFldW19o7hZ2tre2d0r7x+0tcwUoS0iuVTdCGvKmaAtwwyn3VRRnEScdqK7y5nfuadKMyluzCSlYYJHgsWMYGOldp8aPECDcgW5qOb5vgeRW63XzwLfEuShoFqFnovmqIAlmoPye38oSZZQYQjHWvc8lJowx8owwum01M80TTG5wyPas1TghOown187hSdWGcJYKlvCwLn6fSLHidaTJLKdCTZj/dubiX95vczE52HORJoZKshiUZxxaCScvQ6HTFFi+MQSTBSzt0IyxgoTYwMq2RC+PoX/k7bveoFbuw4qjYtlHEVwBI7BKfBAHTTAFWiCFiDgFjyAJ/DsSOfReXFeF60FZzlzCH7AefsEe3KPFg==</latexit>

x
<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

�✏
<latexit sha1_base64="knj50M+DN1D7XRlyPhq8kzLn0cA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlosegF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc9nndpYhhXslcq+xV/BrRMgpyUIUe9V/rq9hVJBZWWcGxMJ/ATG2ZYW0Y4nRS7qaEJJiM8oB1HJRbUhNns4Ak6dUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q4+swYzJJLZVkvihOObIKTb9HfaYpsXzsCCaauVsRGWKNiXUZFV0IweLLy6R5UQmqlcv7arl2k8dRgGM4gTMI4ApqcAd1aAABAc/wCm+e9l68d+9j3rri5TNH8Afe5w+595Bf</latexit>

T
=

0
<latexit sha1_base64="Duu704q0xKG5QhDvA07T9NGMXvY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrMmMlFCHrxGDEbJEPo6fQkjT0L3T1CCPkELx4U8eoXefNv7CyCij4oeLxXRVW9IBVcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqSSTlDVpIhLZCYhigsesqbkWrJNKRqJAsHZwdzXz2/dMKp7EDT1OmR+RYcxDTok20m3jAveLJWxjt1z2KgjbZa9awY4hFc/FVQ85Np6jBEvU+8X33iChWcRiTQVRquvgVPsTIjWngk0LvUyxlNA7MmRdQ2MSMeVP5qdO0YlRBihMpKlYo7n6fWJCIqXGUWA6I6JH6rc3E//yupkOq/6Ex2mmWUwXi8JMIJ2g2d9owCWjWowNIVRycyuiIyIJ1Sadggnh61P0P2md2Y5rn9+4pdrlMo48HMExnIIDHtTgGurQBApDeIAneLaE9Wi9WK+L1py1nDmEH7DePgEVtI2x</latexit>

T
=
+
1

<latexit sha1_base64="nFiITPVzFv76FolNgrLJrYqn8+k=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpCxY6cboejGZYW+pB1KJs20oZnMkGSEofQr3LhQxK2f486/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF/P/PY9lYrFoqGzhPoRHgoWMoK1ke4al2c9JkKd9YslZCO3XPYqENllr1pBjiEVz0VVDzo2mqMElqj3i++9QUzSiApNOFaq66BE+xMsNSOcTgu9VNEEkzEe0q6hAkdU+ZP5wVN4YpQBDGNpSmg4V79PTHCkVBYFpjPCeqR+ezPxL6+b6rDqT5hIUk0FWSwKUw51DGffwwGTlGieGYKJZOZWSEZYYqJNRgUTwten8H/SOrcd1764dUu1q2UceXAEjsEpcIAHauAG1EETEBCBB/AEni1pPVov1uuiNWctZw7BD1hvn8lkkG4=</latexit>

T
=
+
1

<latexit sha1_base64="FOwb0Ro/lrCi92roBUU7rpciWco=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpBpp9aNUHTjskJf0g4lk2ba0ExmSDLCMPQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zP/M49lYpFoqnTmHohHgkWMIK1ke6al2d9JgKdDoolZKOqUy47ENmVWu3cLRuCHORWKtCx0RwlsERjUHzvDyOShFRowrFSPQfF2suw1IxwOi30E0VjTCZ4RHuGChxS5WXzg6fwxChDGETSlNBwrn6fyHCoVBr6pjPEeqx+ezPxL6+X6ODCy5iIE00FWSwKEg51BGffwyGTlGieGoKJZOZWSMZYYqJNRgUTwten8H/SLtuOa1dv3VL9ahlHHhyBY3AKHFADdXADGqAFCAjBA3gCz5a0Hq0X63XRmrOWM4fgB6y3T5++kFE=</latexit>

T = (d� 1)/l
<latexit sha1_base64="MC0mneavn4WpUqhpq4Lv75Vcums=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUhWNmOrVuhKIblxVaW2mHkslk2tDMgyQjlKFf4caFIm79HHf+jelDUNEDFw7n3Mu993gJZ1Ih9GHklpZXVtfy64WNza3tneLu3q2MU0Foi8Q8Fh0PS8pZRFuKKU47iaA49Dhte6Orqd++p0KyOGqqcULdEA8iFjCClZbumhdl/8Q6PuX9YgmZqGrZtgWRWanVzhxbE2Qhp1KBlolmKIEFGv3ie8+PSRrSSBGOpexaKFFuhoVihNNJoZdKmmAywgPa1TTCIZVuNjt4Ao+04sMgFroiBWfq94kMh1KOQ093hlgN5W9vKv7ldVMVnLsZi5JU0YjMFwUphyqG0++hzwQlio81wUQwfSskQywwUTqjgg7h61P4P7m1TcsxqzdOqX65iCMPDsAhKAML1EAdXIMGaAECQvAAnsCzIYxH48V4nbfmjMXMPvgB4+0TFNOPTg==</latexit>

T
=

�
(d�

1)/l
<latexit sha1_base64="C/UAknXAXbzTRkM/BFsWoDtug6o=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLURceMrZ1uhKIblxX6wraUTCZtQzOZIckIZehfuHGhiFv/xp1/Y/oQVPTAhcM593LvPV7EmdIIfVipldW19Y30ZmZre2d3L7t/0FRhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN76e+a17KhULRV1PItoL8FCwASNYG+muflnI+wXn9Iz3szlko1Kx6JYhsotupYwcQ8puCVVc6NhojhxYotbPvnf9kMQBFZpwrFTHQZHuJVhqRjidZrqxohEmYzykHUMFDqjqJfOLp/DEKD4chNKU0HCufp9IcKDUJPBMZ4D1SP32ZuJfXifWg0ovYSKKNRVksWgQc6hDOHsf+kxSovnEEEwkM7dCMsISE21CypgQvj6F/5Pmue2U7IvbUq56tYwjDY7AMcgDB7igCm5ADTQAAQI8gCfwbCnr0XqxXhetKWs5cwh+wHr7BKltj6I=</latexit>

T
=

�
(d�

1
)/l

<latexit sha1_base64="c/Xdds/p8WmlGxYIbMhMtgWJYv0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLURcfMdGrdCEU3Liv0he1QMmnahmYyQ5IRSulfuHGhiFv/xp1/Y/oQVPTAhcM593LvPUHMmdIIfVipldW19Y30ZmZre2d3L7t/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLqe+c17KhWLRE2PY+qHeCBYnxGsjXRXuyzkewXn9Ix3szlko5Ljug5EdrFcPvdcQ5CDvGIROjaaIweWqHaz751eRJKQCk04VqrtoFj7Eyw1I5xOM51E0RiTER7QtqECh1T5k/nFU3hilB7sR9KU0HCufp+Y4FCpcRiYzhDrofrtzcS/vHai+xf+hIk40VSQxaJ+wqGO4Ox92GOSEs3HhmAimbkVkiGWmGgTUsaE8PUp/J80XNvx7NKtl6tcLeNIgyNwDPLAAWVQATegCuqAAAEewBN4tpT1aL1Yr4vWlLWcOQQ/YL19An/Hj4U=</latexit>

T = 0
<latexit sha1_base64="hoMRh6eDz9yeP9XAxMol+Bvi4sE=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZlNNsaLEPTiMWISA8kSZiezyZDZBzOzQljyCV48KOLVL/Lm3zh5CCpa0FBUddPd5SeCK43xh5VbWV1b38hvFra2d3b3ivsHbRWnkrIWjUUsOz5RTPCItTTXgnUSyUjoC3bnj69m/t09k4rHUVNPEuaFZBjxgFOijXTbvMD9YgnbuOqUyw7CdqVWO3PLhmAHu5UKcmw8RwmWaPSL771BTNOQRZoKolTXwYn2MiI1p4JNC71UsYTQMRmyrqERCZnysvmpU3RilAEKYmkq0miufp/ISKjUJPRNZ0j0SP32ZuJfXjfVwbmX8ShJNYvoYlGQCqRjNPsbDbhkVIuJIYRKbm5FdEQkodqkUzAhfH2K/iftsu24dvXGLdUvl3Hk4QiO4RQcqEEdrqEBLaAwhAd4gmdLWI/Wi/W6aM1Zy5lD+AHr7RPr/42U</latexit>

� d�
1l
<
T
<
0

<latexit sha1_base64="aKzv058Zpm011GTDODwThGBKMV4=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHcdMi0U+uii6IblxX6gnYomTTThmYeJBmxDPMrblwo4tYfceffmD4EFT1w4XDOvdx7jxdzJhVCH8ba+sbm1nZuJ7+7t39waB4VOjJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTa/nfveOCsmisKVmMXUDPA6ZzwhWWhqahdLAF5iko5KdpTyrt+poaBaRhap2uWxDZFVqtQunrAmykVOpQNtCCxTBCs2h+T4YRSQJaKgIx1L2bRQrN8VCMcJplh8kksaYTPGY9jUNcUClmy5uz+CZVkbQj4SuUMGF+n0ixYGUs8DTnQFWE/nbm4t/ef1E+ZduysI4UTQky0V+wqGK4DwIOGKCEsVnmmAimL4VkgnWWSgdV16H8PUp/J90ypbtWNVbp9i4WsWRAyfgFJwDG9RAA9yAJmgDAu7BA3gCz0ZmPBovxuuydc1YzRyDHzDePgEYCZPZ</latexit>

⌃
<latexit sha1_base64="BPJq+0/bflPPUVaVxn+aiuvMPUE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bK2PBw==</latexit>

t
<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

⌘0
<latexit sha1_base64="HLrBzLeOLD1qY4N5OTP/jQjF7es=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6bP6a7oxmUF+4B2KJk0bWMzyZBkhDL0H9y4UMSt/+POvzF9CCp64MLhnHu5954w5kwbhD6ctfWNza3tzE52d2//4DB3dNzSMlGENonkUnVCrClngjYNM5x2YkVxFHLaDidXc799T5VmUtyaaUyDCI8EGzKCjZVaPWpwH/VzeeSisl+tVSByC7ViseRbUkFVv+xBz0UL5MEKjX7uvTeQJImoMIRjrbseik2QYmUY4XSW7SWaxphM8Ih2LRU4ojpIF9fO4LlVBnAolS1h4EL9PpHiSOtpFNrOCJux/u3Nxb+8bmKGfpAyESeGCrJcNEw4NBLOX4cDpigxfGoJJorZWyEZY4WJsQFlbQhfn8L/SavgeiW3fFPK1y9XcWTAKTgDF8ADVVAH16ABmoCAO/AAnsCzI51H58V5XbauOauZE/ADztsntYqPPg==</latexit>

⌘0
<latexit sha1_base64="QAglIWyx2TyGjJVmftEUlFQMMFo=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLTqXVZdOOygn1AO5RMmmmjmWRIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPlHKmDUIfTmFldW19o7hZ2tre2d0r7x+0tcwUoS0iuVTdCGvKmaAtwwyn3VRRnEScdqK7y5nfuadKMyluzCSlYYJHgsWMYGOldp8aPECDcgW5qOb5vgeRW63XzwLfEuShoFqFnovmqIAlmoPye38oSZZQYQjHWvc8lJowx8owwum01M80TTG5wyPas1TghOown187hSdWGcJYKlvCwLn6fSLHidaTJLKdCTZj/dubiX95vczE52HORJoZKshiUZxxaCScvQ6HTFFi+MQSTBSzt0IyxgoTYwMq2RC+PoX/k7bveoFbuw4qjYtlHEVwBI7BKfBAHTTAFWiCFiDgFjyAJ/DsSOfReXFeF60FZzlzCH7AefsEe3KPFg==</latexit>

x
<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

�✏
<latexit sha1_base64="knj50M+DN1D7XRlyPhq8kzLn0cA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlosegF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc9nndpYhhXslcq+xV/BrRMgpyUIUe9V/rq9hVJBZWWcGxMJ/ATG2ZYW0Y4nRS7qaEJJiM8oB1HJRbUhNns4Ak6dUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q4+swYzJJLZVkvihOObIKTb9HfaYpsXzsCCaauVsRGWKNiXUZFV0IweLLy6R5UQmqlcv7arl2k8dRgGM4gTMI4ApqcAd1aAABAc/wCm+e9l68d+9j3rri5TNH8Afe5w+595Bf</latexit>T = 0

<latexit sha1_base64="Duu704q0xKG5QhDvA07T9NGMXvY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrMmMlFCHrxGDEbJEPo6fQkjT0L3T1CCPkELx4U8eoXefNv7CyCij4oeLxXRVW9IBVcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqSSTlDVpIhLZCYhigsesqbkWrJNKRqJAsHZwdzXz2/dMKp7EDT1OmR+RYcxDTok20m3jAveLJWxjt1z2KgjbZa9awY4hFc/FVQ85Np6jBEvU+8X33iChWcRiTQVRquvgVPsTIjWngk0LvUyxlNA7MmRdQ2MSMeVP5qdO0YlRBihMpKlYo7n6fWJCIqXGUWA6I6JH6rc3E//yupkOq/6Ex2mmWUwXi8JMIJ2g2d9owCWjWowNIVRycyuiIyIJ1Sadggnh61P0P2md2Y5rn9+4pdrlMo48HMExnIIDHtTgGurQBApDeIAneLaE9Wi9WK+L1py1nDmEH7DePgEVtI2x</latexit>

T
=
+
1

<latexit sha1_base64="nFiITPVzFv76FolNgrLJrYqn8+k=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpCxY6cboejGZYW+pB1KJs20oZnMkGSEofQr3LhQxK2f486/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF/P/PY9lYrFoqGzhPoRHgoWMoK1ke4al2c9JkKd9YslZCO3XPYqENllr1pBjiEVz0VVDzo2mqMElqj3i++9QUzSiApNOFaq66BE+xMsNSOcTgu9VNEEkzEe0q6hAkdU+ZP5wVN4YpQBDGNpSmg4V79PTHCkVBYFpjPCeqR+ezPxL6+b6rDqT5hIUk0FWSwKUw51DGffwwGTlGieGYKJZOZWSEZYYqJNRgUTwten8H/SOrcd1764dUu1q2UceXAEjsEpcIAHauAG1EETEBCBB/AEni1pPVov1uuiNWctZw7BD1hvn8lkkG4=</latexit>

T
=
+
1

<latexit sha1_base64="FOwb0Ro/lrCi92roBUU7rpciWco=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpBpp9aNUHTjskJf0g4lk2ba0ExmSDLCMPQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zP/M49lYpFoqnTmHohHgkWMIK1ke6al2d9JgKdDoolZKOqUy47ENmVWu3cLRuCHORWKtCx0RwlsERjUHzvDyOShFRowrFSPQfF2suw1IxwOi30E0VjTCZ4RHuGChxS5WXzg6fwxChDGETSlNBwrn6fyHCoVBr6pjPEeqx+ezPxL6+X6ODCy5iIE00FWSwKEg51BGffwyGTlGieGoKJZOZWSMZYYqJNRgUTwten8H/SLtuOa1dv3VL9ahlHHhyBY3AKHFADdXADGqAFCAjBA3gCz5a0Hq0X63XRmrOWM4fgB6y3T5++kFE=</latexit>

T
=

(d
�

1)
/l

<latexit sha1_base64="MC0mneavn4WpUqhpq4Lv75Vcums=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUhWNmOrVuhKIblxVaW2mHkslk2tDMgyQjlKFf4caFIm79HHf+jelDUNEDFw7n3Mu993gJZ1Ih9GHklpZXVtfy64WNza3tneLu3q2MU0Foi8Q8Fh0PS8pZRFuKKU47iaA49Dhte6Orqd++p0KyOGqqcULdEA8iFjCClZbumhdl/8Q6PuX9YgmZqGrZtgWRWanVzhxbE2Qhp1KBlolmKIEFGv3ie8+PSRrSSBGOpexaKFFuhoVihNNJoZdKmmAywgPa1TTCIZVuNjt4Ao+04sMgFroiBWfq94kMh1KOQ093hlgN5W9vKv7ldVMVnLsZi5JU0YjMFwUphyqG0++hzwQlio81wUQwfSskQywwUTqjgg7h61P4P7m1TcsxqzdOqX65iCMPDsAhKAML1EAdXIMGaAECQvAAnsCzIYxH48V4nbfmjMXMPvgB4+0TFNOPTg==</latexit>

⇠0
<latexit sha1_base64="aeAzEpTq/egvpoaRPVO8EmhqFDo=">AAAB7HicdVBNSwMxEJ31s9avqkcvwSJ4WrLt1nosevFYwW0L7VKyadqGZrNLkhVL6W/w4kERr/4gb/4b0w9BRR8MPN6bYWZelAquDcYfzsrq2vrGZm4rv72zu7dfODhs6CRTlAU0EYlqRUQzwSULDDeCtVLFSBwJ1oxGVzO/eceU5om8NeOUhTEZSN7nlBgrBZ173sXdQhG7uOKVSh7CbrlaPfdLlmAP++Uy8lw8RxGWqHcL751eQrOYSUMF0brt4dSEE6IMp4JN851Ms5TQERmwtqWSxEyHk/mxU3RqlR7qJ8qWNGiufp+YkFjrcRzZzpiYof7tzcS/vHZm+hfhhMs0M0zSxaJ+JpBJ0Oxz1OOKUSPGlhCquL0V0SFRhBqbT96G8PUp+p80Sq7nu5Ubv1i7XMaRg2M4gTPwoAo1uIY6BECBwwM8wbMjnUfnxXldtK44y5kj+AHn7RPNv46z</latexit>

⇠0
<latexit sha1_base64="3AxvxhgIi8knqEEWexaooFd1zno=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbMmZnMMevEYwTwgWcLsZDYZMju7zMyKIeQbvHhQxKsf5M2/cfIQVLSgoajqprsrTAXXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZIpyho0EYlqh0QzwSVrGG4Ea6eKkTgUrBWOrmZ+644pzRN5a8YpC2IykDzilBgrNbr3vId7hSJ2cblU8isIuyW/WsGeJRW/jKs+8lw8RxGWqPcK791+QrOYSUMF0brj4dQEE6IMp4JN891Ms5TQERmwjqWSxEwHk/mxU3RqlT6KEmVLGjRXv09MSKz1OA5tZ0zMUP/2ZuJfXiczUTWYcJlmhkm6WBRlApkEzT5Hfa4YNWJsCaGK21sRHRJFqLH55G0IX5+i/0nz3PXK7sVNuVi7XMaRg2M4gTPwwIcaXEMdGkCBwwM8wbMjnUfnxXldtK44y5kj+AHn7RP3ZY7Q</latexit>

⌃
<latexit sha1_base64="BPJq+0/bflPPUVaVxn+aiuvMPUE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bK2PBw==</latexit>

t
<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

x
<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

�✏
<latexit sha1_base64="knj50M+DN1D7XRlyPhq8kzLn0cA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlosegF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc9nndpYhhXslcq+xV/BrRMgpyUIUe9V/rq9hVJBZWWcGxMJ/ATG2ZYW0Y4nRS7qaEJJiM8oB1HJRbUhNns4Ak6dUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q4+swYzJJLZVkvihOObIKTb9HfaYpsXzsCCaauVsRGWKNiXUZFV0IweLLy6R5UQmqlcv7arl2k8dRgGM4gTMI4ApqcAd1aAABAc/wCm+e9l68d+9j3rri5TNH8Afe5w+595Bf</latexit>

T
=

0
<latexit sha1_base64="Duu704q0xKG5QhDvA07T9NGMXvY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrMmMlFCHrxGDEbJEPo6fQkjT0L3T1CCPkELx4U8eoXefNv7CyCij4oeLxXRVW9IBVcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqSSTlDVpIhLZCYhigsesqbkWrJNKRqJAsHZwdzXz2/dMKp7EDT1OmR+RYcxDTok20m3jAveLJWxjt1z2KgjbZa9awY4hFc/FVQ85Np6jBEvU+8X33iChWcRiTQVRquvgVPsTIjWngk0LvUyxlNA7MmRdQ2MSMeVP5qdO0YlRBihMpKlYo7n6fWJCIqXGUWA6I6JH6rc3E//yupkOq/6Ex2mmWUwXi8JMIJ2g2d9owCWjWowNIVRycyuiIyIJ1Sadggnh61P0P2md2Y5rn9+4pdrlMo48HMExnIIDHtTgGurQBApDeIAneLaE9Wi9WK+L1py1nDmEH7DePgEVtI2x</latexit>
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Figure 5. Solutions of the maximization in Lorentzian AdSd+1. Timelike half-planes (6.25), shown
in blue, interpolate between the boundary at T = −(d − 1)/l and null plane, dashed red, in the
limit of T → −∞. The counterpart of the inner angle (“rapidity”) η0 given by (6.28) is shown in
blue. Spacelike half planes (6.42), shown in green, interpolate between the null sheet for T → −∞
and the t = 0 slice at T = 0. Their inner angle η̃0, given by (6.45), is shown in green.

will again require that the Hayward term does not contribute to the complexity action
when Q → Σ. Moreover, mimicking the Euclidean construction, we will require that the
Lorentzian modified Hayward term should cancel the boundary term in (6.17). These two
conditions uniquely single out the candidate in terms of the “inner” rapidity parameter η0
defined by the two normal vectors nΣ and nQ (normal to Σ and Q respectively) at the AdS
boundary follows

I ′H = 1
κ2

∫
γ

√
γ η0, nΣ · nQ = − cosh η0. (6.27)

For the solution (6.25), this modified Hayward term is the following function of the tension
parameter

I ′H = Vxl
d−1

κ2εd−1 η0, sinh η0 =
√

l2T 2

(d− 1)2 − 1. (6.28)

Finally, with these two ingredients we define the Lorentzian holographic path-integral com-
plexity as minus the sum of the two above contributions

C(l)
T = −

(
IG + I ′H

)
. (6.29)

The overall minus sign is fixed so that it is consistent with the previous holographic analysis
in [27]. We will test this proposal and its implications in the Lorentzian examples below.

In our first example, the Lorentzian holographic path-integral complexity becomes

C(l)
T = −(d− 1)ld−1

κ2
VxLt
εd
− Vxl

d−1

κ2εd−1 (η0 − coth η0) . (6.30)

Interestingly, this action is minimized in the limit η0 → ∞ or T → −∞. This is the light
sheet surface and, in fact, it was argued to be naturally related to geometry on which
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Lorentzian path-integral corresponds to MERA-type quantum circuits [21, 27]. Notice also
that this optimization limit is equivalent to maximizing the absolute value of the phase
of the Hartle-Hawking wave function at zero tension T = 0. This can be regarded as a
Lorentzian counterpart of the optimization in the Euclidean case, where we maximize the
amplitude of the Hartle-Hawking wave function.

Observe that again we chose the modified Hayward term so that in the limit of Q→ Σ
action vanishes. This is now obtained in the limit

η0 → coth−1
((d− 1)Lt

ε

)
, (6.31)

that generalizes the Euclidean limit (3.43).

6.1.2 Spacelike Q

Now we briefly revisit the above analysis for the spacelike surfaces Q. In this case we have
instead the spacelike induced metric on Q given by

ds2 = l2

f(w)2

(
dw2 + dx2

i

)
≡ e2φ(w)

(
dw2 + dx2

i

)
, (6.32)

where we defined coordinate w with range −∞ < w < 0 that puts the induced metric in a
conformally flat form and is expressed by relations

w′(t) =
√
f ′(t)2 − 1 = 1√

ḟ(w)2 − 1
. (6.33)

The only new ingredient that we need to evaluate the action is the trace of the extrinsic
curvature of Q. It is given in terms of the embedding function as

K|Q = −f
′′(t)f(t) + d(f ′(t)2 − 1)

l (f ′(t)2 − 1)3/2 , (6.34)

or equivalently in terms of w and φ(w) = log(l/f(w)) as

K|Q = −
le−2φ(φ̈+ (d− 1)φ̇2)− d

l√
l2φ̇2e−2φ − 1

. (6.35)

The on-shell action that computes (6.2) is given in terms of w and φ(w) as

IG + IT = (d− 1)ld−1

κ2
VxLt
εd
− Vx
κ2

∫
dwedφ(w)

 le−2φ(φ̈+ (d− 2)φ̇2)− d−1
l√

l2φ̇2e−2φ − 1
+ T

 . (6.36)

Finally, after integrating by parts, we derive the main result for spacelike Q

IG + IT = (d− 1)ld−1

κ2
VxLt
εd
− (d− 1)Vx

lκ2

∫
dwedφ(w)G(φ̇)− Vx

κ2

∫
dwedφ(w)T

−Vx
κ2

[
e(d−1)φ sinh−1

(
i lφ̇e−φ

)]0
−∞

, (6.37)
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with function G(φ̇) now given by

G(φ̇) =
√
l2φ̇2e−2φ − 1− lφ̇e−φ sinh−1

(
i lφ̇e−φ

)
. (6.38)

Observe that since these surfaces cannot reach the boundary surface Σ, we cannot perform
the UV expansion lφ̇e−φ � 1 for this action.

The equation of motion from (6.36) is now given by

−
le−2φ(φ̈+ (d− 1)φ̇2)− d

l√
l2φ̇2e−2φ − 1

= d

d− 1T, (6.39)

which is again the trace of the Neumann boundary condition K|Q = d
d−1T requiring space-

like slices Q to be CMC. For the range of the tension parameter −∞ < T < 0 we can solve
it for φ(w) that gives the metric on the spacelike Q

ds2 = l2(
−
√

1 + l2T 2

(d−1)2w + ε
)2

(
dw2 + dx2

i

)
. (6.40)

These in turn are the d-dimensional hyperbolic slices of the Lorentzian AdSd+1 (6.8) and
their constant negative Ricci curvature is given by

R(d) = −d(d− 1)
l2

(
1 + l2T 2

(d− 1)2

)
= 2Λ(d+1)

AdS

(
1 + l2T 2

(d− 1)2

)
, (6.41)

which can be computed explicitly or using (6.6).
Integrating (6.33), we can find the embedding function expressed in original coordinates

z = f(t) =
√

1 + l2T 2

(d− 1)2
d− 1
lT

t+ ε. (6.42)

These are half-planes that interpolate between the null sheet in the limit of T → −∞ and
the t = 0 slice for T = 0, shown by green lines on figure 5.

Let us now discuss the holographic path-integral complexity (6.3) for spacelike Q.
Firstly, the action without tension term in this case is given in terms of the negative
tension T as

IG = (d− 1)ld−1

κ2
VxLt
εd

+ Vx
κ2εd−1

T

(d− 1)
√

1 + l2T 2

(d−1)2

. (6.43)

Secondly, we add the modified Hayward term expressed by the rapidity η̃0 defined in terms
of normal vectors nΣ to timelike Σ and nQ to spacelike Q (see figure 5) as

I ′H = 1
κ2

∫
γ

√
γ η̃0, nΣ · nQ = − sinh η̃0. (6.44)

For the solution (6.42) this modified Hayward term for spacelike Q becomes

I ′H = Vxl
d−1

κ2εd−1 η̃0 sinh η̃0 = l|T |
d− 1 . (6.45)
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Let us point that for the spacelike Q this modified Hayward term was chosen slightly
different than for timelike Q.23 Indeed the on-shell value of the boundary term in (6.37) is
given by

− Vx
κ2

[
e(d−1)φ sinh−1

(
i lφ̇e−φ

)]0
−∞

= −Vxl
d−1

κ2εd−1

(
sinh−1

(
l|T |
d− 1

)
+ iπ

2

)
. (6.46)

Therefore, if we insisted on canceling it, we would rather have to add the modified Hayward
term (6.44) with rapidity η0 related to η̃0 by η0 = η̃0 + π

2 i. From the perspective of our
holographic complexity this would lead to complex on-shell values of C(l)

T with imaginary
part independent on the tension T . This complexity would clearly give the same solution
for optimal T but we would need to take the absolute value for the final answer to be real.
Instead, since we do not consider the UV limit for spacelike Q where the above cancelation
was a consistency check, for spacelike slices we propose to evaluate real-valued holographic
path-integral complexity in terms of rapidity η̃0. We will study this proposal below as
well as in the de Sitter example and leave its test to more complicated time-dependent
geometries for future works.

Finally, the relative holographic path-integral complexity between timelike Σ and
spacelike Q for the solution (6.42) is given by

C(l)
T = −(IG + I ′H) = −(d− 1)ld−1

κ2
VxLt
εd
− Vxl

d−1

κ2εd−1 (η̃0 − tanh η̃0) . (6.47)

This action is minimized for η̃0 →∞ or T → −∞, where the surface Q becomes light-like
so the optimal slice coincides with the time-like case (6.30). Notice also that the absolute
phase of the Hartle-Hawking wave function is maximized in this limit.

Let us also point the value of C(l)
T for η̃0 = 0 or T = 0 that is given by

C(l)
0 = −(d− 1)ld−1

κ2
VxLt
εd

. (6.48)

This result is different that Euclidean counterpart (3.42). Even though naively one could
expect that both relative complexities are concerned with slice Q with the same induced
metric, (6.48) hints on a very different nature of our Euclidean and Lorentzian complexities.
We leave better understanding of this nature in the language of Euclidean and Lorentzian
continuous tensor networks as an interesting future problem.

6.2 Semi-classical wave-functions in dSd+1

In this section we will evaluate semi-classical Hartle-Hawking wave functions (6.2) for d+1
dimensional de Sitter spacetimes, using the gravity action

IG + IT = 1
2κ2

∫
M

√
−g (R− 2Λ) + 1

κ2

∫
Q

√
|h|(K − T ) + 1

κ2

∫
Σ

√
|h|K. (6.49)

23Perhaps it would then be more appropriate to denote it as Ĩ ′H but we avoid that for the sake of simplicity
of our formulas and hope that it will be clear from the context which term we use.
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This time, we consider a classical solution given by the de Sitter spacetime in the Poincare
coordinates

ds2 = l2
−dt2 + dx2 + dy2

i

t2
, (6.50)

where we again keep the radius l of dSd+1 explicit. This metric solves vacuum Einstein’s
equations with

R = d(d+ 1)
l2

, Λ = Λ(d+1)
dS = d(d− 1)

2l2 . (6.51)

Generalization of our construction to de Sitter spacetimes will involve region M between
the spacelike boundary cut-off surface Σ given by t = −ε, that we assume is again associated
with the dual theory on the fixed flat metric that specifies the state dual to (6.50),24 and
a surface Q defined by

t = h(x) < 0. (6.52)

The Hwartle-Hawking wavefunction will again implicitly depend on the fixed flat metric on
Σ and will be an explicit functional of h(x) (or φ) with respect to which we will extremize it.

Our choice (convention) is such that M will be in the negative t and negative x region
of the geometry (see figure 6).

The trace of extrinsic curvature of Σ will always be given by KΣ = −d/l. For surfaces
Q we again assume the translational invariance in yi directions and write their infinite
volumes as Vy. Similarly to AdSd+1, we will now consider the two cases of timelike and
spacelike Q’s separately.

6.2.1 Timelike Q

For the timelike surface Q we get the induced metric

ds2 = l2
−(h′2 − 1)dx2 + dy2

i

h2 ≡ e2φ
(
−dw2 + dy2

i

)
, (6.53)

where we introduced conformal coordinate w with range −∞ < w < 0. In this example, it
is related to x by derivatives

w′(x) =
√
h′2 − 1 = 1√

ḣ2 − 1
, (6.54)

where as in previous examples we denote h′ = ∂xh(x) and ḣ = ∂wh(w).
The relevant trace of extrinsic curvature on Q can then be computed in terms of h(x)

or φ(w) as

K|Q = h′′h+ d(h′2 − 1)
l(h′2 − 1)3/2 =

le−2φ(φ̈+ (d− 1)φ̇2)− d
l√

l2e−2φφ̇2 − 1
. (6.55)

Observe that in accordance with [87], this result can be formally obtained from its AdS
counterpart (6.14) by continuation ldS = −ilAdS.

24This seems like a natural assumption but it is possible that holography for dS works in a completely
different manner as the AdS counterpart.
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With these ingredients, we have the on-shell action in the Lorentzian semi-classical
Hartle-Hawking wave function (6.2) in de Sitter geometry (6.50)

IG + IT = −(d− 1)VyLxld−1

κ2εd
+ Vy
κ2

∫
dx

ld

hd
w′(x)

(
K|Q −

1
lw′(x) − T

)
. (6.56)

More explicitly, we can write the action in terms of w and φ(w) as

IG + IT = −(d− 1)VyLxld−1

κ2εd
+ Vy
κ2

∫
dwedφ

 le−2φ(φ̈+ (d− 2)φ̇2)− d−1
l√

l2e−2φφ̇2 − 1
− T

 , (6.57)

and comparing to the AdS counterpart, we have a formal relation ldS = −ilAdS for the
action of Q.

As for the spacelike AdSd+1, we can rewrite it in the first derivative form as follows

IG + IT = −(d− 1)VyLxld−1

κ2εd
+ (d− 1)Vy

lκ2

∫
dwedφ(w)G(φ̇)− Vy

κ2

∫
dwedφ(w)T

+Vy
κ2

[
e(d−1)φ sinh−1

(
i lφ̇e−φ

)]0
−∞

, (6.58)

with the function

G(φ̇) =
√
l2φ̇2e−2φ − 1− lφ̇e−φ sinh−1

(
i lφ̇e−φ

)
. (6.59)

The form of G(φ̇) is analogous to the one for spacelike surfaces in Lorentzian AdSd+1 (6.38)
and the reason that we cannot expand it for φ̇e−φ is a manifestation of the fact that timelike
slices in Lorentzian de Sitter geometry will not reach the spacelike boundary Σ (see figure 6).

The maximization of the Hartle-Hawking wave function again leads to the CMC con-
straint in de Sitter geometry

le−2φ(φ̈+ (d− 1)φ̇2)− d
l√

l2e−2φφ̇2 − 1
= d

d− 1T, (6.60)

and in equivalent to imposing the Neumann boundary condition on Q.
This equation with boundary condition h(0) = −ε can be solved for the range of

tension parameter 0 < T < +∞ by φ(w) that corresponds to the induced metric on Q

ds2 = l2(√
1 + l2T 2

(d−1)2w − ε
)2

(
−dw2 + dy2

i

)
. (6.61)

These timelike geometries are the d-dimensional de Sitter slices of the (d+ 1)-dimensional
de Sitter geometry (6.50). Their constant positive Ricci scalar curvature is given by

R(d) = d(d− 1)
l2

(
1 + l2T 2

(d− 1)2

)
= Λ(d+1)

dS

(
1 + l2T 2

(d− 1)2

)
, (6.62)

which is indeed the result (6.6) for timelike slices in dSd+1 spacetime.
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Lorentzian dS

⌃
<latexit sha1_base64="BPJq+0/bflPPUVaVxn+aiuvMPUE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bK2PBw==</latexit>

t
<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

⌘0
<latexit sha1_base64="HLrBzLeOLD1qY4N5OTP/jQjF7es=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6bP6a7oxmUF+4B2KJk0bWMzyZBkhDL0H9y4UMSt/+POvzF9CCp64MLhnHu5954w5kwbhD6ctfWNza3tzE52d2//4DB3dNzSMlGENonkUnVCrClngjYNM5x2YkVxFHLaDidXc799T5VmUtyaaUyDCI8EGzKCjZVaPWpwH/VzeeSisl+tVSByC7ViseRbUkFVv+xBz0UL5MEKjX7uvTeQJImoMIRjrbseik2QYmUY4XSW7SWaxphM8Ih2LRU4ojpIF9fO4LlVBnAolS1h4EL9PpHiSOtpFNrOCJux/u3Nxb+8bmKGfpAyESeGCrJcNEw4NBLOX4cDpigxfGoJJorZWyEZY4WJsQFlbQhfn8L/SavgeiW3fFPK1y9XcWTAKTgDF8ADVVAH16ABmoCAO/AAnsCzI51H58V5XbauOauZE/ADztsntYqPPg==</latexit>

⌘0
<latexit sha1_base64="QAglIWyx2TyGjJVmftEUlFQMMFo=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLTqXVZdOOygn1AO5RMmmmjmWRIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPlHKmDUIfTmFldW19o7hZ2tre2d0r7x+0tcwUoS0iuVTdCGvKmaAtwwyn3VRRnEScdqK7y5nfuadKMyluzCSlYYJHgsWMYGOldp8aPECDcgW5qOb5vgeRW63XzwLfEuShoFqFnovmqIAlmoPye38oSZZQYQjHWvc8lJowx8owwum01M80TTG5wyPas1TghOown187hSdWGcJYKlvCwLn6fSLHidaTJLKdCTZj/dubiX95vczE52HORJoZKshiUZxxaCScvQ6HTFFi+MQSTBSzt0IyxgoTYwMq2RC+PoX/k7bveoFbuw4qjYtlHEVwBI7BKfBAHTTAFWiCFiDgFjyAJ/DsSOfReXFeF60FZzlzCH7AefsEe3KPFg==</latexit>

x
<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

�✏
<latexit sha1_base64="knj50M+DN1D7XRlyPhq8kzLn0cA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlosegF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc9nndpYhhXslcq+xV/BrRMgpyUIUe9V/rq9hVJBZWWcGxMJ/ATG2ZYW0Y4nRS7qaEJJiM8oB1HJRbUhNns4Ak6dUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q4+swYzJJLZVkvihOObIKTb9HfaYpsXzsCCaauVsRGWKNiXUZFV0IweLLy6R5UQmqlcv7arl2k8dRgGM4gTMI4ApqcAd1aAABAc/wCm+e9l68d+9j3rri5TNH8Afe5w+595Bf</latexit>

T
=

0
<latexit sha1_base64="Duu704q0xKG5QhDvA07T9NGMXvY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrMmMlFCHrxGDEbJEPo6fQkjT0L3T1CCPkELx4U8eoXefNv7CyCij4oeLxXRVW9IBVcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqSSTlDVpIhLZCYhigsesqbkWrJNKRqJAsHZwdzXz2/dMKp7EDT1OmR+RYcxDTok20m3jAveLJWxjt1z2KgjbZa9awY4hFc/FVQ85Np6jBEvU+8X33iChWcRiTQVRquvgVPsTIjWngk0LvUyxlNA7MmRdQ2MSMeVP5qdO0YlRBihMpKlYo7n6fWJCIqXGUWA6I6JH6rc3E//yupkOq/6Ex2mmWUwXi8JMIJ2g2d9owCWjWowNIVRycyuiIyIJ1Sadggnh61P0P2md2Y5rn9+4pdrlMo48HMExnIIDHtTgGurQBApDeIAneLaE9Wi9WK+L1py1nDmEH7DePgEVtI2x</latexit>

T
=
+
1

<latexit sha1_base64="nFiITPVzFv76FolNgrLJrYqn8+k=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpCxY6cboejGZYW+pB1KJs20oZnMkGSEofQr3LhQxK2f486/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF/P/PY9lYrFoqGzhPoRHgoWMoK1ke4al2c9JkKd9YslZCO3XPYqENllr1pBjiEVz0VVDzo2mqMElqj3i++9QUzSiApNOFaq66BE+xMsNSOcTgu9VNEEkzEe0q6hAkdU+ZP5wVN4YpQBDGNpSmg4V79PTHCkVBYFpjPCeqR+ezPxL6+b6rDqT5hIUk0FWSwKUw51DGffwwGTlGieGYKJZOZWSEZYYqJNRgUTwten8H/SOrcd1764dUu1q2UceXAEjsEpcIAHauAG1EETEBCBB/AEni1pPVov1uuiNWctZw7BD1hvn8lkkG4=</latexit>

T
=
+
1

<latexit sha1_base64="FOwb0Ro/lrCi92roBUU7rpciWco=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpBpp9aNUHTjskJf0g4lk2ba0ExmSDLCMPQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zP/M49lYpFoqnTmHohHgkWMIK1ke6al2d9JgKdDoolZKOqUy47ENmVWu3cLRuCHORWKtCx0RwlsERjUHzvDyOShFRowrFSPQfF2suw1IxwOi30E0VjTCZ4RHuGChxS5WXzg6fwxChDGETSlNBwrn6fyHCoVBr6pjPEeqx+ezPxL6+X6ODCy5iIE00FWSwKEg51BGffwyGTlGieGoKJZOZWSMZYYqJNRgUTwten8H/SLtuOa1dv3VL9ahlHHhyBY3AKHFADdXADGqAFCAjBA3gCz5a0Hq0X63XRmrOWM4fgB6y3T5++kFE=</latexit>

T = (d� 1)/l
<latexit sha1_base64="MC0mneavn4WpUqhpq4Lv75Vcums=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUhWNmOrVuhKIblxVaW2mHkslk2tDMgyQjlKFf4caFIm79HHf+jelDUNEDFw7n3Mu993gJZ1Ih9GHklpZXVtfy64WNza3tneLu3q2MU0Foi8Q8Fh0PS8pZRFuKKU47iaA49Dhte6Orqd++p0KyOGqqcULdEA8iFjCClZbumhdl/8Q6PuX9YgmZqGrZtgWRWanVzhxbE2Qhp1KBlolmKIEFGv3ie8+PSRrSSBGOpexaKFFuhoVihNNJoZdKmmAywgPa1TTCIZVuNjt4Ao+04sMgFroiBWfq94kMh1KOQ093hlgN5W9vKv7ldVMVnLsZi5JU0YjMFwUphyqG0++hzwQlio81wUQwfSskQywwUTqjgg7h61P4P7m1TcsxqzdOqX65iCMPDsAhKAML1EAdXIMGaAECQvAAnsCzIYxH48V4nbfmjMXMPvgB4+0TFNOPTg==</latexit>

T
=

�
(d�

1)/l
<latexit sha1_base64="C/UAknXAXbzTRkM/BFsWoDtug6o=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLURceMrZ1uhKIblxX6wraUTCZtQzOZIckIZehfuHGhiFv/xp1/Y/oQVPTAhcM593LvPV7EmdIIfVipldW19Y30ZmZre2d3L7t/0FRhLAltkJCHsu1hRTkTtKGZ5rQdSYoDj9OWN76e+a17KhULRV1PItoL8FCwASNYG+muflnI+wXn9Iz3szlko1Kx6JYhsotupYwcQ8puCVVc6NhojhxYotbPvnf9kMQBFZpwrFTHQZHuJVhqRjidZrqxohEmYzykHUMFDqjqJfOLp/DEKD4chNKU0HCufp9IcKDUJPBMZ4D1SP32ZuJfXifWg0ovYSKKNRVksWgQc6hDOHsf+kxSovnEEEwkM7dCMsISE21CypgQvj6F/5Pmue2U7IvbUq56tYwjDY7AMcgDB7igCm5ADTQAAQI8gCfwbCnr0XqxXhetKWs5cwh+wHr7BKltj6I=</latexit>

T
=

�
(d�

1)/
l

<latexit sha1_base64="c/Xdds/p8WmlGxYIbMhMtgWJYv0=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLURcfMdGrdCEU3Liv0he1QMmnahmYyQ5IRSulfuHGhiFv/xp1/Y/oQVPTAhcM593LvPUHMmdIIfVipldW19Y30ZmZre2d3L7t/0FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLqe+c17KhWLRE2PY+qHeCBYnxGsjXRXuyzkewXn9Ix3szlko5Ljug5EdrFcPvdcQ5CDvGIROjaaIweWqHaz751eRJKQCk04VqrtoFj7Eyw1I5xOM51E0RiTER7QtqECh1T5k/nFU3hilB7sR9KU0HCufp+Y4FCpcRiYzhDrofrtzcS/vHai+xf+hIk40VSQxaJ+wqGO4Ox92GOSEs3HhmAimbkVkiGWmGgTUsaE8PUp/J80XNvx7NKtl6tcLeNIgyNwDPLAAWVQATegCuqAAAEewBN4tpT1aL1Yr4vWlLWcOQQ/YL19An/Hj4U=</latexit>

T = 0
<latexit sha1_base64="hoMRh6eDz9yeP9XAxMol+Bvi4sE=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZlNNsaLEPTiMWISA8kSZiezyZDZBzOzQljyCV48KOLVL/Lm3zh5CCpa0FBUddPd5SeCK43xh5VbWV1b38hvFra2d3b3ivsHbRWnkrIWjUUsOz5RTPCItTTXgnUSyUjoC3bnj69m/t09k4rHUVNPEuaFZBjxgFOijXTbvMD9YgnbuOqUyw7CdqVWO3PLhmAHu5UKcmw8RwmWaPSL771BTNOQRZoKolTXwYn2MiI1p4JNC71UsYTQMRmyrqERCZnysvmpU3RilAEKYmkq0miufp/ISKjUJPRNZ0j0SP32ZuJfXjfVwbmX8ShJNYvoYlGQCqRjNPsbDbhkVIuJIYRKbm5FdEQkodqkUzAhfH2K/iftsu24dvXGLdUvl3Hk4QiO4RQcqEEdrqEBLaAwhAd4gmdLWI/Wi/W6aM1Zy5lD+AHr7RPr/42U</latexit>

� d�
1l
<
T
<
0

<latexit sha1_base64="aKzv058Zpm011GTDODwThGBKMV4=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHcdMi0U+uii6IblxX6gnYomTTThmYeJBmxDPMrblwo4tYfceffmD4EFT1w4XDOvdx7jxdzJhVCH8ba+sbm1nZuJ7+7t39waB4VOjJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTa/nfveOCsmisKVmMXUDPA6ZzwhWWhqahdLAF5iko5KdpTyrt+poaBaRhap2uWxDZFVqtQunrAmykVOpQNtCCxTBCs2h+T4YRSQJaKgIx1L2bRQrN8VCMcJplh8kksaYTPGY9jUNcUClmy5uz+CZVkbQj4SuUMGF+n0ixYGUs8DTnQFWE/nbm4t/ef1E+ZduysI4UTQky0V+wqGK4DwIOGKCEsVnmmAimL4VkgnWWSgdV16H8PUp/J90ypbtWNVbp9i4WsWRAyfgFJwDG9RAA9yAJmgDAu7BA3gCz0ZmPBovxuuydc1YzRyDHzDePgEYCZPZ</latexit>

⌃
<latexit sha1_base64="BPJq+0/bflPPUVaVxn+aiuvMPUE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bK2PBw==</latexit>

t
<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

⌘0
<latexit sha1_base64="HLrBzLeOLD1qY4N5OTP/jQjF7es=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6bP6a7oxmUF+4B2KJk0bWMzyZBkhDL0H9y4UMSt/+POvzF9CCp64MLhnHu5954w5kwbhD6ctfWNza3tzE52d2//4DB3dNzSMlGENonkUnVCrClngjYNM5x2YkVxFHLaDidXc799T5VmUtyaaUyDCI8EGzKCjZVaPWpwH/VzeeSisl+tVSByC7ViseRbUkFVv+xBz0UL5MEKjX7uvTeQJImoMIRjrbseik2QYmUY4XSW7SWaxphM8Ih2LRU4ojpIF9fO4LlVBnAolS1h4EL9PpHiSOtpFNrOCJux/u3Nxb+8bmKGfpAyESeGCrJcNEw4NBLOX4cDpigxfGoJJorZWyEZY4WJsQFlbQhfn8L/SavgeiW3fFPK1y9XcWTAKTgDF8ADVVAH16ABmoCAO/AAnsCzI51H58V5XbauOauZE/ADztsntYqPPg==</latexit>

⌘0
<latexit sha1_base64="QAglIWyx2TyGjJVmftEUlFQMMFo=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLTqXVZdOOygn1AO5RMmmmjmWRIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPlHKmDUIfTmFldW19o7hZ2tre2d0r7x+0tcwUoS0iuVTdCGvKmaAtwwyn3VRRnEScdqK7y5nfuadKMyluzCSlYYJHgsWMYGOldp8aPECDcgW5qOb5vgeRW63XzwLfEuShoFqFnovmqIAlmoPye38oSZZQYQjHWvc8lJowx8owwum01M80TTG5wyPas1TghOown187hSdWGcJYKlvCwLn6fSLHidaTJLKdCTZj/dubiX95vczE52HORJoZKshiUZxxaCScvQ6HTFFi+MQSTBSzt0IyxgoTYwMq2RC+PoX/k7bveoFbuw4qjYtlHEVwBI7BKfBAHTTAFWiCFiDgFjyAJ/DsSOfReXFeF60FZzlzCH7AefsEe3KPFg==</latexit>

x
<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

�✏
<latexit sha1_base64="knj50M+DN1D7XRlyPhq8kzLn0cA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlosegF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc9nndpYhhXslcq+xV/BrRMgpyUIUe9V/rq9hVJBZWWcGxMJ/ATG2ZYW0Y4nRS7qaEJJiM8oB1HJRbUhNns4Ak6dUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q4+swYzJJLZVkvihOObIKTb9HfaYpsXzsCCaauVsRGWKNiXUZFV0IweLLy6R5UQmqlcv7arl2k8dRgGM4gTMI4ApqcAd1aAABAc/wCm+e9l68d+9j3rri5TNH8Afe5w+595Bf</latexit>T = 0

<latexit sha1_base64="Duu704q0xKG5QhDvA07T9NGMXvY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrMmMlFCHrxGDEbJEPo6fQkjT0L3T1CCPkELx4U8eoXefNv7CyCij4oeLxXRVW9IBVcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqSSTlDVpIhLZCYhigsesqbkWrJNKRqJAsHZwdzXz2/dMKp7EDT1OmR+RYcxDTok20m3jAveLJWxjt1z2KgjbZa9awY4hFc/FVQ85Np6jBEvU+8X33iChWcRiTQVRquvgVPsTIjWngk0LvUyxlNA7MmRdQ2MSMeVP5qdO0YlRBihMpKlYo7n6fWJCIqXGUWA6I6JH6rc3E//yupkOq/6Ex2mmWUwXi8JMIJ2g2d9owCWjWowNIVRycyuiIyIJ1Sadggnh61P0P2md2Y5rn9+4pdrlMo48HMExnIIDHtTgGurQBApDeIAneLaE9Wi9WK+L1py1nDmEH7DePgEVtI2x</latexit>

T
=
+
1

<latexit sha1_base64="nFiITPVzFv76FolNgrLJrYqn8+k=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpCxY6cboejGZYW+pB1KJs20oZnMkGSEofQr3LhQxK2f486/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF/P/PY9lYrFoqGzhPoRHgoWMoK1ke4al2c9JkKd9YslZCO3XPYqENllr1pBjiEVz0VVDzo2mqMElqj3i++9QUzSiApNOFaq66BE+xMsNSOcTgu9VNEEkzEe0q6hAkdU+ZP5wVN4YpQBDGNpSmg4V79PTHCkVBYFpjPCeqR+ezPxL6+b6rDqT5hIUk0FWSwKUw51DGffwwGTlGieGYKJZOZWSEZYYqJNRgUTwten8H/SOrcd1764dUu1q2UceXAEjsEpcIAHauAG1EETEBCBB/AEni1pPVov1uuiNWctZw7BD1hvn8lkkG4=</latexit>

T
=
+
1

<latexit sha1_base64="FOwb0Ro/lrCi92roBUU7rpciWco=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpBpp9aNUHTjskJf0g4lk2ba0ExmSDLCMPQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zP/M49lYpFoqnTmHohHgkWMIK1ke6al2d9JgKdDoolZKOqUy47ENmVWu3cLRuCHORWKtCx0RwlsERjUHzvDyOShFRowrFSPQfF2suw1IxwOi30E0VjTCZ4RHuGChxS5WXzg6fwxChDGETSlNBwrn6fyHCoVBr6pjPEeqx+ezPxL6+X6ODCy5iIE00FWSwKEg51BGffwyGTlGieGoKJZOZWSMZYYqJNRgUTwten8H/SLtuOa1dv3VL9ahlHHhyBY3AKHFADdXADGqAFCAjBA3gCz5a0Hq0X63XRmrOWM4fgB6y3T5++kFE=</latexit>

T
=

(d
�

1)
/l

<latexit sha1_base64="MC0mneavn4WpUqhpq4Lv75Vcums=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUhWNmOrVuhKIblxVaW2mHkslk2tDMgyQjlKFf4caFIm79HHf+jelDUNEDFw7n3Mu993gJZ1Ih9GHklpZXVtfy64WNza3tneLu3q2MU0Foi8Q8Fh0PS8pZRFuKKU47iaA49Dhte6Orqd++p0KyOGqqcULdEA8iFjCClZbumhdl/8Q6PuX9YgmZqGrZtgWRWanVzhxbE2Qhp1KBlolmKIEFGv3ie8+PSRrSSBGOpexaKFFuhoVihNNJoZdKmmAywgPa1TTCIZVuNjt4Ao+04sMgFroiBWfq94kMh1KOQ093hlgN5W9vKv7ldVMVnLsZi5JU0YjMFwUphyqG0++hzwQlio81wUQwfSskQywwUTqjgg7h61P4P7m1TcsxqzdOqX65iCMPDsAhKAML1EAdXIMGaAECQvAAnsCzIYxH48V4nbfmjMXMPvgB4+0TFNOPTg==</latexit>

⇠0
<latexit sha1_base64="aeAzEpTq/egvpoaRPVO8EmhqFDo=">AAAB7HicdVBNSwMxEJ31s9avqkcvwSJ4WrLt1nosevFYwW0L7VKyadqGZrNLkhVL6W/w4kERr/4gb/4b0w9BRR8MPN6bYWZelAquDcYfzsrq2vrGZm4rv72zu7dfODhs6CRTlAU0EYlqRUQzwSULDDeCtVLFSBwJ1oxGVzO/eceU5om8NeOUhTEZSN7nlBgrBZ173sXdQhG7uOKVSh7CbrlaPfdLlmAP++Uy8lw8RxGWqHcL751eQrOYSUMF0brt4dSEE6IMp4JN851Ms5TQERmwtqWSxEyHk/mxU3RqlR7qJ8qWNGiufp+YkFjrcRzZzpiYof7tzcS/vHZm+hfhhMs0M0zSxaJ+JpBJ0Oxz1OOKUSPGlhCquL0V0SFRhBqbT96G8PUp+p80Sq7nu5Ubv1i7XMaRg2M4gTPwoAo1uIY6BECBwwM8wbMjnUfnxXldtK44y5kj+AHn7RPNv46z</latexit>

⇠0
<latexit sha1_base64="3AxvxhgIi8knqEEWexaooFd1zno=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbMmZnMMevEYwTwgWcLsZDYZMju7zMyKIeQbvHhQxKsf5M2/cfIQVLSgoajqprsrTAXXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZIpyho0EYlqh0QzwSVrGG4Ea6eKkTgUrBWOrmZ+644pzRN5a8YpC2IykDzilBgrNbr3vId7hSJ2cblU8isIuyW/WsGeJRW/jKs+8lw8RxGWqPcK791+QrOYSUMF0brj4dQEE6IMp4JN891Ms5TQERmwjqWSxEwHk/mxU3RqlT6KEmVLGjRXv09MSKz1OA5tZ0zMUP/2ZuJfXiczUTWYcJlmhkm6WBRlApkEzT5Hfa4YNWJsCaGK21sRHRJFqLH55G0IX5+i/0nz3PXK7sVNuVi7XMaRg2M4gTPwwIcaXEMdGkCBwwM8wbMjnUfnxXldtK44y5kj+AHn7RP3ZY7Q</latexit>

⌃
<latexit sha1_base64="BPJq+0/bflPPUVaVxn+aiuvMPUE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bK2PBw==</latexit>

t
<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

x
<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

�✏
<latexit sha1_base64="knj50M+DN1D7XRlyPhq8kzLn0cA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlosegF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc9nndpYhhXslcq+xV/BrRMgpyUIUe9V/rq9hVJBZWWcGxMJ/ATG2ZYW0Y4nRS7qaEJJiM8oB1HJRbUhNns4Ak6dUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q4+swYzJJLZVkvihOObIKTb9HfaYpsXzsCCaauVsRGWKNiXUZFV0IweLLy6R5UQmqlcv7arl2k8dRgGM4gTMI4ApqcAd1aAABAc/wCm+e9l68d+9j3rri5TNH8Afe5w+595Bf</latexit>

T
=

0
<latexit sha1_base64="Duu704q0xKG5QhDvA07T9NGMXvY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrMmMlFCHrxGDEbJEPo6fQkjT0L3T1CCPkELx4U8eoXefNv7CyCij4oeLxXRVW9IBVcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqSSTlDVpIhLZCYhigsesqbkWrJNKRqJAsHZwdzXz2/dMKp7EDT1OmR+RYcxDTok20m3jAveLJWxjt1z2KgjbZa9awY4hFc/FVQ85Np6jBEvU+8X33iChWcRiTQVRquvgVPsTIjWngk0LvUyxlNA7MmRdQ2MSMeVP5qdO0YlRBihMpKlYo7n6fWJCIqXGUWA6I6JH6rc3E//yupkOq/6Ex2mmWUwXi8JMIJ2g2d9owCWjWowNIVRycyuiIyIJ1Sadggnh61P0P2md2Y5rn9+4pdrlMo48HMExnIIDHtTgGurQBApDeIAneLaE9Wi9WK+L1py1nDmEH7DePgEVtI2x</latexit>

T
=
+
1

<latexit sha1_base64="nFiITPVzFv76FolNgrLJrYqn8+k=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpCxY6cboejGZYW+pB1KJs20oZnMkGSEofQr3LhQxK2f486/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF/P/PY9lYrFoqGzhPoRHgoWMoK1ke4al2c9JkKd9YslZCO3XPYqENllr1pBjiEVz0VVDzo2mqMElqj3i++9QUzSiApNOFaq66BE+xMsNSOcTgu9VNEEkzEe0q6hAkdU+ZP5wVN4YpQBDGNpSmg4V79PTHCkVBYFpjPCeqR+ezPxL6+b6rDqT5hIUk0FWSwKUw51DGffwwGTlGieGYKJZOZWSEZYYqJNRgUTwten8H/SOrcd1764dUu1q2UceXAEjsEpcIAHauAG1EETEBCBB/AEni1pPVov1uuiNWctZw7BD1hvn8lkkG4=</latexit>

T
=
+
1

<latexit sha1_base64="FOwb0Ro/lrCi92roBUU7rpciWco=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpBpp9aNUHTjskJf0g4lk2ba0ExmSDLCMPQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zP/M49lYpFoqnTmHohHgkWMIK1ke6al2d9JgKdDoolZKOqUy47ENmVWu3cLRuCHORWKtCx0RwlsERjUHzvDyOShFRowrFSPQfF2suw1IxwOi30E0VjTCZ4RHuGChxS5WXzg6fwxChDGETSlNBwrn6fyHCoVBr6pjPEeqx+ezPxL6+X6ODCy5iIE00FWSwKEg51BGffwyGTlGieGoKJZOZWSMZYYqJNRgUTwten8H/SLtuOa1dv3VL9ahlHHhyBY3AKHFADdXADGqAFCAjBA3gCz5a0Hq0X63XRmrOWM4fgB6y3T5++kFE=</latexit>

T = (d� 1)/l
<latexit sha1_base64="MC0mneavn4WpUqhpq4Lv75Vcums=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUhWNmOrVuhKIblxVaW2mHkslk2tDMgyQjlKFf4caFIm79HHf+jelDUNEDFw7n3Mu993gJZ1Ih9GHklpZXVtfy64WNza3tneLu3q2MU0Foi8Q8Fh0PS8pZRFuKKU47iaA49Dhte6Orqd++p0KyOGqqcULdEA8iFjCClZbumhdl/8Q6PuX9YgmZqGrZtgWRWanVzhxbE2Qhp1KBlolmKIEFGv3ie8+PSRrSSBGOpexaKFFuhoVihNNJoZdKmmAywgPa1TTCIZVuNjt4Ao+04sMgFroiBWfq94kMh1KOQ093hlgN5W9vKv7ldVMVnLsZi5JU0YjMFwUphyqG0++hzwQlio81wUQwfSskQywwUTqjgg7h61P4P7m1TcsxqzdOqX65iCMPDsAhKAML1EAdXIMGaAECQvAAnsCzIYxH48V4nbfmjMXMPvgB4+0TFNOPTg==</latexit>

⌃
<latexit sha1_base64="BPJq+0/bflPPUVaVxn+aiuvMPUE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bK2PBw==</latexit>

t
<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

x
<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

�✏
<latexit sha1_base64="knj50M+DN1D7XRlyPhq8kzLn0cA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBC8GHYlosegF48RzEOSJcxOZpMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc9nndpYhhXslcq+xV/BrRMgpyUIUe9V/rq9hVJBZWWcGxMJ/ATG2ZYW0Y4nRS7qaEJJiM8oB1HJRbUhNns4Ak6dUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q4+swYzJJLZVkvihOObIKTb9HfaYpsXzsCCaauVsRGWKNiXUZFV0IweLLy6R5UQmqlcv7arl2k8dRgGM4gTMI4ApqcAd1aAABAc/wCm+e9l68d+9j3rri5TNH8Afe5w+595Bf</latexit>T = 0

<latexit sha1_base64="Duu704q0xKG5QhDvA07T9NGMXvY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrMmMlFCHrxGDEbJEPo6fQkjT0L3T1CCPkELx4U8eoXefNv7CyCij4oeLxXRVW9IBVcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqSSTlDVpIhLZCYhigsesqbkWrJNKRqJAsHZwdzXz2/dMKp7EDT1OmR+RYcxDTok20m3jAveLJWxjt1z2KgjbZa9awY4hFc/FVQ85Np6jBEvU+8X33iChWcRiTQVRquvgVPsTIjWngk0LvUyxlNA7MmRdQ2MSMeVP5qdO0YlRBihMpKlYo7n6fWJCIqXGUWA6I6JH6rc3E//yupkOq/6Ex2mmWUwXi8JMIJ2g2d9owCWjWowNIVRycyuiIyIJ1Sadggnh61P0P2md2Y5rn9+4pdrlMo48HMExnIIDHtTgGurQBApDeIAneLaE9Wi9WK+L1py1nDmEH7DePgEVtI2x</latexit>

T
=
+
1

<latexit sha1_base64="nFiITPVzFv76FolNgrLJrYqn8+k=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpCxY6cboejGZYW+pB1KJs20oZnMkGSEofQr3LhQxK2f486/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF/P/PY9lYrFoqGzhPoRHgoWMoK1ke4al2c9JkKd9YslZCO3XPYqENllr1pBjiEVz0VVDzo2mqMElqj3i++9QUzSiApNOFaq66BE+xMsNSOcTgu9VNEEkzEe0q6hAkdU+ZP5wVN4YpQBDGNpSmg4V79PTHCkVBYFpjPCeqR+ezPxL6+b6rDqT5hIUk0FWSwKUw51DGffwwGTlGieGYKJZOZWSEZYYqJNRgUTwten8H/SOrcd1764dUu1q2UceXAEjsEpcIAHauAG1EETEBCBB/AEni1pPVov1uuiNWctZw7BD1hvn8lkkG4=</latexit>

T
=
+
1

<latexit sha1_base64="FOwb0Ro/lrCi92roBUU7rpciWco=">AAAB8HicdVDLSgMxFM3UV62vqks3wSIIwpBpp9aNUHTjskJf0g4lk2ba0ExmSDLCMPQr3LhQxK2f486/MX0IKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1zP/M49lYpFoqnTmHohHgkWMIK1ke6al2d9JgKdDoolZKOqUy47ENmVWu3cLRuCHORWKtCx0RwlsERjUHzvDyOShFRowrFSPQfF2suw1IxwOi30E0VjTCZ4RHuGChxS5WXzg6fwxChDGETSlNBwrn6fyHCoVBr6pjPEeqx+ezPxL6+X6ODCy5iIE00FWSwKEg51BGffwyGTlGieGoKJZOZWSMZYYqJNRgUTwten8H/SLtuOa1dv3VL9ahlHHhyBY3AKHFADdXADGqAFCAjBA3gCz5a0Hq0X63XRmrOWM4fgB6y3T5++kFE=</latexit>

T
=

(d
�

1)
/l
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Figure 6. Solutions in Lorentzian dSd+1. Timelike half-planes (6.63), shown in blue, interpolate
between the timelike plane x = 0 at T = 0 and null plane, dashed red, in the limit of T → +∞.
Their inner angle ξ0 given by (6.65) is shown in blue. Spacelike half planes (6.79), shown in green,
interpolate between the spacelike boundary Σ at T = (d − 1)/l and the null sheet for T → +∞.
Their inner angle ξ̃0, given by (6.81), is shown in green.

Integrating (6.54), and finding w(x) allows us to write the embedding function for this
surface given by

t = h(x) =
√

1 + l2T 2

(d− 1)2
d− 1
lT

x− ε. (6.63)

These are the half-planes shown in figure 6 in blue and we can verify that they satisfy the
full Neumann boundary condition. Up to this point the results are naturally in parallel
with the computation in Lorentzian AdSd+1.

Finally, following steps from the previous section, we compute the Lorentzian holo-
graphic path-integral complexity in this de Sitter setup. As we discussed, the rules for
holography in de Sitter spacetimes may be completely different than those in standard
AdS/CFT therefore using the same proposal for the holographic path-integral complexity
seems far from obvious. Nevertheless, given the universality of definition (6.3), we as-
sume/conjecture its validity beyond AdS/CFT, straightforwardly evaluate it and examine
the consistency of the result.

The first ingredient is the on-shell gravity action computed without the tension term
in region M of de Sitter geometry and for solution (6.63) it becomes

IG = −(d− 1)VyLxld−1

κ2εd
+ Vyl

d−1

κ2εd−1
lT

(d− 1)
√

1 + l2T 2

(d−1)2

. (6.64)

Then, naturally adapting the computation for spacelike slices in AdSd+1, the modified
Hayward term for timelike Q in de Sitter spacetime is given by

I ′H = −Vyl
d−1

εd−1 ξ0, sinh ξ0 = lT

d− 1 , (6.65)

where the angle between two surfaces Σ and Q is given by nΣ · nQ = − sinh ξ0.
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Note that the boundary term in the action (6.58) is given on-shell by

Vy
κ2

[
e(d−1)φ sinh−1

(
i lφ̇e−φ

)]0
−∞

= Vyl
d−1

κ2εd−1

(
sinh−1

(
lT

d− 1

)
+ iπ

2

)
. (6.66)

and again we chose the angle ξ0 so that we end up with real value of holographic path-
integral complexity.

Adding the them up we arrive at the following result in de Sitter spacetime

IG + I ′H = −(d− 1)VyLxld−1

κ2εd
+ Vyl

d−1

κ2εd−1 (tanh ξ0 − ξ0). (6.67)

If we continue to employ the definition of gravitational complexity (6.3) in the Lorentzian
signature, we obtain C(l)

T = −(IG+I ′H) which is a minus (6.67). Interestingly, this complex-
ity C(l)

T [dS] for the time-like surface in dSd+1 is equal to −C(l)
T [AdS] of the complexity for

the space-like surface in AdSd+1 given by (6.47) if we relate ξ0 to η̃0. This might suggest
that the optimization in the de Sitter case is opposite to the AdS case i.e. the maximiza-
tion of the complexity, which leads to the limit ξ0 → ∞. This is equivalent to our claim,
common to the AdS case, that the optimization corresponds to the maximization of the
absolute value of phase factor of Hartle-Hawing wave function.

Similarly to (6.48), the holographic path-integral complexity in dSd+1 for timelike Q
would give only the divergent contribution as ξ0 → 0 or T = 0. Interpretation of this result
in terms of continuous tensor networks in CFTs dual to de Sitter spacetime is certainly an
interesting future problem too.

6.2.2 Spacelike Q

The same computation can be repeated for spacelike surface Q: t = h(x) on which we get
the induced metric

ds2 = l2
(1− h′2)dx2 + dy2

i

h2 ≡ e2φ
(
dw2 + dy2

i

)
, (6.68)

where we introduced the conformal coordinate w with range −∞ < w < 0 related to x via
derivatives

w′(x) =
√

1− h′2 = 1√
1 + ḣ2

. (6.69)

The trace of the extrinsic curvature for spacelike Q in de Sitter spacetime (6.50) is now
given in terms of h(x) and φ(w) as

K|Q = −hh
′′ + d(1− h′2)
l(1− h′2)3/2 =

le−2φ(φ̈+ (d− 1)φ̇2) + d
l√

1 + l2e−2φφ̇2
, (6.70)

where as before h′ = ∂xh(x) and φ̇ = ∂wφ(w). Again, this result can be formally obtained
from its AdS counterpart (6.35) by continuation ldS = −ilAdS [87].

The analog of the gravity action with tension term that computes the Hartle-Hawking
wave function (6.2) between spacelike Σ and spacelike Q is then

IG + IT = −(d− 1)VyLxld−1

κ2εd
+ Vy
κ2

∫
dwedφ

 le−2φ(φ̈+ (d− 2)φ̇2) + d−1
l√

1 + l2e−2φφ̇2
− T

 . (6.71)
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Comparing with spacelike AdS action, we again get the formal continuation ldS → −ilAdS
for the action on Q.

As for timelike AdSd+1, integrating by parts, yields the action in the first deriva-
tive form

IG + IT = −(d− 1)VyLxld−1

κ2εd
+ (d− 1)Vy

lκ2

∫
dwedφG(φ̇)− Vy

κ2

∫
dwe2φT

+Vy
κ2

[
e(d−1)φ(w) sinh−1

(
lφ̇e−φ

)]0
−∞

, (6.72)

where the monotonic function G(φ̇) is now

G(φ̇) =
√

1 + l2e−2φφ̇2 − lφ̇e−φ sinh−1
(
lφ̇e−φ

)
. (6.73)

This time, since spacelike surfaces Q are again connected to the spacelike boundary Σ, we
can consider the analog of the “UV limit” and expand G(φ̇) for small φ̇. The combination
that appears in the action for Q becomes in this limit

edφG(φ̇) ' 1
2 l

2e(d−2)φ
[
−φ̇2 + 2

l2
e2φ +O(φ̇4)

]
. (6.74)

Interestingly, in two dimensions (d = 2), this action corresponds to the following form
of the timelike Liouville theory action [81–83] on an Euclidean flat space

STL = c

24π

∫
d2x

[
−(∂τφ)2 − (∂xφ)2 + µe2φ

]
. (6.75)

This observation offers a hint on how a holographic dual of de Sitter space looks like. The
dual CFT seems to lead to the above timelike Liouville theory rather than the conventional
Liouville theory.25 We will comment more on this action in the next section.

The equation from the maximization of IG + IT is again given by the CMC condition

le−2φ(φ̈+ (d− 1)φ̇2) + d
l√

1 + l2e−2φφ̇2
= d

d− 1T. (6.76)

We can solve it with the boundary condition h(0) = −ε for positive (d − 1)/l < T < +∞
and we find φ(w) as well as the metric on spacelike Q given by

ds2 = l2(√
T 2l2

(d−1)2 − 1w − ε
)2

(
dw2 + dy2

i

)
. (6.77)

These are the d-dimensional hyperbolic slices of the (d + 1)-dimensional de Sitter
space (6.50). Their constant negative curvature is computed as

R(d) = −d(d− 1)
l2

(
l2T 2

(d− 1)2 − 1
)

= −Λ(d+1)
dS

(
l2T 2

(d− 1)2 − 1
)
, (6.78)

and agrees with (6.6) for d-dimensional spacelke slices of the dSd+1 spacetime.
25If we add the tension term, then the UV limit of the total action IG+IT gives the cosmological constant

µ = 2 − 2T
d−1 , where we set l = 1. For this range of the tension we have µ < 0 and this is the reason why

the dSd solutions for the surface Q are obtained.
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Integrating w′(x) in (6.69) allows us to rewrite the embedding function h(x) for space-
like Q as

t = h(x) =
√

l2T 2

(d− 1)2 − 1d− 1
lT

x− ε, (6.79)

that represents half-planes, shown in figure 6 in green, that interpolate between the null-
sheet and the spacelike boundary Σ. Again both h(x) and (6.77) solve the full Neumann
boundary conditions on the spacelike Q.

Finally, we finish by computing the Lorentzian path-integral complexity in this ex-
ample. First, the on-shell gravity action without the tension term evaluated on the solu-
tion (6.79) is given by

IG = −(d− 1)VyLxld−1

κ2εd
+ Vyl

d−1

κ2εd−1
lT

(d− 1)
√

l2T 2

(d−1)2 − 1
. (6.80)

By analogy with the timelike Q in AdSd+1, we can now evaluate the modified Hayward
term expressed in terms of rapidity ξ̃0

I ′H = −Vyl
d−1

κ2εd−1 ξ̃0, sinh ξ̃0 =
√

l2T 2

(d− 1)2 − 1, (6.81)

where the ξ̃0 is defined in terms of unit normal vectors nΣ and nQ to spacelike surfaces Σ
and Q as nΣ · nQ = − cosh ξ̃0.

Observe that this modified Hayward term plays the same role as its counterpart for
timelike Q in Lorentzian AdSd+1 and precisely cancels the on-shell boundary term in (6.72)
that reads

Vy
κ2

[
e(d−1)φ(w) sinh−1

(
lφ̇e−φ

)]0
−∞

= Vyl
d−1

κ2εd−1 sinh−1
(√

l2T 2

(d− 1)2 − 1
)
. (6.82)

Adding the two contributions we arrive a the following result

IG + I ′H = −(d− 1)VyLxld−1

κ2εd
+ Vyl

d−1

κ2εd−1 (coth ξ̃0 − ξ̃0). (6.83)

As in the time-like surface case, if we employ the definition of gravitational complexity (6.3)
in the Lorentzian signature, we obtain C(l)

T = −(IG+I ′H) which is minus of (6.83). Interest-
ingly, this complexity C(l)

T [dS] for the space-like surface Q in dSd+1 is equal to −C(l)
T [AdS]

of the complexity for the time-like surface in AdSd+1 given by (6.30) if we relate ξ̃0 to η0.
This again may imply that the optimization in the de Sitter case is opposite to the AdS
case i.e. the maximization of the complexity, which leads to the limit ξ̃0 → ∞. In this
limit, the surface Q becomes light-like. This is equivalent to the claim common to the AdS
case that the optimization corresponds to the maximization of the absolute value of phase
factor of Hartle-Hawing wave function.

As before, the Hayward term (6.81) was chosen such that the holographic path-integral
complexity vanishes in the limit of Q→ Σ corresponding to ξ̃0 → 0. In this example, this
limit should be taken carefully as

ξ̃0 → coth−1
((d− 1)Lx

ε

)
. (6.84)
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This concludes the Lorentzian examples and in the next section we will employ these results
in order to draw new lessons for path-integral optimization in Lorentzian CFTs.

6.3 Towards Lorentzian path-integral optimization

After getting some intuition and motivation from the gravity computations in the two
sections above, we are now ready revisit the idea of extracting geometry from Lorentzian
path-integrals in CFT. In this section we will discuss one possible approach to Lorentzian
path-integrals and their optimization that naturally leads to Lorentzian AdS geometries.
Furthermore, we will speculate on the timelike Liouville action derived above that gives
rise to de Sitter metrics. For simplicity we focus on two spacetime dimensions.

While Euclidean path-integrals define states in quantum field theories (QFT), their
Lorentzian conterparts serve as natural description of transition amplitudes. Indeed given
a QFT Hamiltonian

H =
∫
dxH(ϕ(x), π(x)), (6.85)

and a quantum field ϕ(t, x) which has eigenstates

ϕ̂(t, x) |ϕ(x), t〉 = ϕ(t, x) |ϕ(x), t〉 , (6.86)

we define a transition amplitude between two field values ϕi, i = 1, 2 at two given times ti,
using Lorentzian path-integrals

〈ϕf (x), tf |ϕi(x), ti〉 = 〈ϕf (x)|eiĤ(tf−ti)|ϕi(x)〉

=
∫ ϕ(tf ,x)=ϕf (x)

ϕ(ti,x)=ϕi(x)
[Dϕ][Dπ]ei

∫ tf
ti

dtdx[πϕ̇−H(ϕ,π)]

=
∫ ϕ(tf ,x)=ϕf (x)

ϕ(ti,x)=ϕi(x)
[Dϕ]ei

∫ tf
ti

dtdxL
, (6.87)

where L is the Lorentzian Lagrangian of the theory.
Now, we can naturally generalize the optimization procedure for the transition ampli-

tudes by performing the above path-integral of a unitary CFT on a general two dimensional
Lorentzian background

ds2 = e2φ(x,t)ηµνdx
µdxν = e2φ(x,t)

(
−dt2 + dx2

)
, (6.88)

and, by analogy to the ratio of the wave functions (2.4), define the ratio of transition
amplitudes by

〈ϕf (x), tf |ϕi(x), ti〉e2φη
〈ϕf (x), tf |ϕi(x), ti〉η

≡ e−iS
(l)
L [φ,η], (6.89)

where S(l)
L is the Liouville action on a Lorentzian space, explicitly given by (6.20) as ex-

plained in appendix A.
We could then regard −S(l)

L with µ = 1 defined this way as Lorentzian path-integral
complexity that, when optimized, determines a continuous tensor network built from gen-
erally both spacelike and timelike tensors. The reason why we put a minus sign is because

– 50 –



J
H
E
P
0
7
(
2
0
2
1
)
0
1
6

when we consider the flat metric eφ = 1/ε, which corresponds to the original path-integral
before the optimization, S(l)

L gets negatively divergent.
The next step, i.e. optimization of this action, boils down to solving the Liouville

equation of motion
4∂+∂−φ = µe2φ, (6.90)

where x± = x±t, which is equivalent to the condition for constant curvature of the optimal
surface R = −2µ. The most general solution to (6.90) is given by

e2φ(x+,x−) = 4A′(x+)B′(x−)
µ(1−A(x+)B(x−))2 , (6.91)

and this would be the family of networks achievable with this procedure.
As in the Euclidean AdS case, the Lorentzian Hartle-Hawking result receives finite cut-

off corrections. Indeed, the analysis in the previous subsection shows that the optimization
in gravity which minimizes C(l)

T in Lorentzian AdS is given by the limit η0 →∞, where the
surface Q becomes light-like i.e. e2φ → 0. The light-like surface in the Lorentzian AdS has
been argued to describe the MERA network [20, 21, 27]. Thus, the analysis of path-integral
optimization using the Hartle-Hawking wave function suggests that MERA-type networks
may be the most optimized quantum circuits which produce the CFT ground states.

Next we move on to the path-integral optimization in the de Sitter gravity dual. In
this case we expect that the dual Euclidean CFT is no longer unitary as long as we keep
the standard notion of dS/CFT [86, 87], where the dual CFT is expected to live on the
space-like future boundary of de Sitter spacetime. Therefore, field theoretic calculations
of transition amplitudes like (6.89) are not available. However, the gravity analysis in
de Sitter suggests that the path-integral complexity functional is given by a finite cut-off
corrected version of the timelike Liouville theory STL (6.75) on a Euclidean flat space.
This was derived from the gravity action for a spacelike surface Q situated closely to the
dS boundary Σ. The equation of motion of STL reads

(∂2
τ + ∂2

x)φ = −µe2φ, (6.92)

and its solutions are surfaces with constant curvature R = 2µ. If we believe the dS/CFT,
this implies that there exists a class of (perhaps non-unitary) Euclidean CFTs which leads
to the timelike Liouville theory when we perform a path-integral on a curved manifold to
calculate a partition function.

In the gravity calculations, solutions for spacelike surfaces Q in de Sitter (for a non-zero
tension T ) are given by hyperbolic spaces as in (6.77). This arises as solutions to (6.92)
for µ < 0. Again, the actual complexity computed from the gravity dual includes the
finite cut-off corrections. The gravity calculations in the previous subsection leads to an
interesting result that holographic path-integral complexity in dSd+1 is given by the minus
of the complexity in AdSd+1. Following the general optimization idea for Lorentzian CFTs,
we maximize the absolute value of the phase of Hartle-Hawking wave function. This leads
to the optimized solution given by the light-like limit ξ0 → ∞ of the surface Q. In this
case, the complexity for dSd+1, defined as in the Lorentzian AdS case, is maximized rather
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than minimized. This might be either because our definition of complexity in the dS case
is not appropriate or because the Euclidean CFT dual to a de Sitter space is ill-behaved.
We would like to leave further considerations of the dS/CFT case, which include tensor
network interpretations of this null surface in de Sitter space, as a future problem.

7 Tension as an emergent time

In this last section we would like to present an interesting observation about slices Q
that optimize Hartle-Hawking wave functions for a fixed value of the tension parameter
T . Namely, in all the examples studied above, surfaces Q provide natural foliations of
the d + 1 dimensional AdS and dS spacetimes, once we regard their induced metric as a
function of T . Recall that we originally introduced the tension parameter to construct
intermediate configurations of the surface Q, between the (most unoptimal) boundary Σ
and the fully optimized solution reached in the T → 0 limit (e.g. in the Euclidean cases).
As we will see below, this suggests that the tension parameter, which quantifies how much
we optimize the path-integral, plays a role of an emergent time. We believe that this
interesting interpretation may shed an important new light on the emergence of time from
tensor networks. Below we summarize few mathematical structures that are revealed in
our analysis. For simplicity, we list examples from Poincare coordinates and set l = 1.

7.1 Euclidean AdS

The Euclidean Poincare AdSd+1 (= Hd+1) metric can be written in a form

ds2 = dρ2
H + e2φ(ρH ,w)(dw2 + dx2

i ), (7.1)

with the Weyl factor

e2φ(ρH ,w) = cosh2 ρH
w2 , (7.2)

where φ is the solution of the path-integral optimization on a Euclidean flat space with the
tension T (3.31). Then the radial coordinate can be identified with the tension parameter
(−(d− 1) < T ≤ 0)

cosh ρH = 1√
1− T 2

(d−1)2

, (7.3)

or equivalently
|T | = (d− 1) tanh ρH . (7.4)

This is in fact a standard relation from AdS/BCFT [63, 64].

7.2 Lorentzian AdS

Analogously, the Lorentzian Poincare AdSd+1 can be written as a union of the following
two spacetimes

ds2
(1) = dρ2

A1 + e2φ(ρA1,w)
(
−dw2 + dx2

i

)
, (7.5)
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with the Weyl factor

e2φ(ρA1,w) = sinh2 ρA1
w2 , (7.6)

as well as

ds2
(2) = −dρ2

A2 + e2φ(ρA2,w)
(
dw2 + dx2

i

)
, (7.7)

with the Weyl factor

e2φ(ρA2,w) = sin2 ρA2
w2 . (7.8)

Again, we can interpret the above φ as solutions of the path-integral optimization on a
Lorentzian flat space with non-trivial tension parameters (6.23) and (6.40) respectively
(see figure 5 for these slices).

Indeed, the radial coordinate in (7.5) can be identified with the tension parameter as

coth ρA1 = |T |
d− 1 , (7.9)

for −∞ < T < −(d− 1). Similarly, the radial coordinate in (7.7) can be identified as

cot ρA2 = |T |
d− 1 , (7.10)

for −∞ < T ≤ 0.
It is worth stressing that the coordinate ρA2 is time like. This implies a real time

can emerge from the Euclidean CFT path-integral on a hyperbolic plane, where the time
estimates the amount of cut off scale of the Euclidean CFT.

7.3 Lorentzian dS

Finally, the Poincare dSd+1 can be written equivalently as a union of the following two
spacetimes

ds2
(1) = dρ2

D1 + e2φ(ρD1,w)
(
−dw2 + dx2

i

)
, (7.11)

with the Weyl factor

e2φ(ρD1,w) = sin2 ρD1
w2 , (7.12)

as well as

ds2
(2) = −dρ2

D2 + e2φ(ρD2,w)
(
dw2 + dx2

i

)
, (7.13)

with the Weyl factor

e2φ(ρD2,w) = sinh2 ρD2
w2 . (7.14)

Notice that the above φ is identical to the solution of the path-integral optimization on a
Lorentzian flat space with the tension parameter, related to the time-like Liouville theory.

– 53 –



J
H
E
P
0
7
(
2
0
2
1
)
0
1
6

The two solutions above correspond to (6.61) and (6.77) respectively (see figure 6 for
these slices). This way, the radial coordinate in (7.11) can be identified with the tension
parameter as

cot ρD1 = T

d− 1 , (7.15)

for 0 ≤ T <∞. On the other hand, the radial coordinate in (7.13) can be identified as

coth ρD2 = T

d− 1 , (7.16)

for (d−1) < T <∞. Notice that ρD2 provides a time-like coordinate and this may provide
a mechanism of emergence of real time from an Euclidean CFT.

All these suggestive ways of re-writing of AdSd+1 as well as dSd+1 appear to be hinting
on the physical interpretation of T as time from tensor networks. If this intuition is correct,
it would not only further support status of path-integral optimization as a tool to extract
holographic geometry from CFT states but also help us to understand more general slices
of fully dynamical holographic spacetimes [27]. Unfortunately, at present, we do not have
a precise understanding of the microscopic mechanism behind this emergence of time. For
example, we still do not know how the metric component in the tension direction (i.e. gTT )
would emerge from CFTs and hope return to this important problem in the future works.

8 Conclusions

In this work, we further developed the recent proposal for interpreting the path-integral
optimization [1] from the perspective of the AdS/CFT correspondence. The key role in
our construction is played by the semi-classical Hartle-Hawking wave functions, computed
by gravity action in a wedge region from the asymptotic boundary Σ up to a surface Q on
which we included an extra tension term. For Euclidean AdS geometries, we maximized
Hartle-Hawking wave-functions that lead to the condition which is equivalent to Neumann
boundary condition imposed on Q. By solving this constraint we fixed the shape of Q, i.e.
induced metric on Q.

We analyzed various important examples in AdS3 as well as higher-dimensional holo-
graphic geometries and found that these “maximal” metrics on Q coincide with those
previously found by the path-integral optimization procedure in CFTs [37, 38]. Moreover,
we found that the gravity action provides a complete form of the path-integral complex-
ity functional which includes finite cut-off corrections. In particular, in three dimensions,
the gravity action yields a finite cut-off corrected version of the Liouville action on a Eu-
clidean space. On the other hand, in higher dimensions, we managed to reproduce the
conjectured path-integral complexity functional after taking the UV limit (removing finite
cut-off corrections). This way, along the lines of [27], we see that the minimization of
the full path-integral complexity, equivalent to the maximization of Hartle-Hawking wave
function, leads to the optimal non-unitary quantum circuit which prepares CFT states.

In the latter half of this paper, we generalized the analysis of Hartle-Hawking wave
function to Lorentzian AdS and dS spacetimes. The guiding principle was that the opti-
mization is realized by maximizing the absolute value of the phase of the Hartle-Hawking
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wave function, which also computes relative holographic path-integral complexity in the
Lorentzian construction. For the Lorentzian AdS3, we found that the complexity func-
tional obtained from the gravity calculation can be regarded as a Liouville action on a
Lorentzian space plus finite cut-off corrections. Notably, we found that the optimization of
the gravitational complexity functional leads to a light-like metric on the surface Q. This
implies that the most optimal unitary quantum circuit which realizes the CFT vacuum is
the MERA-like tensor network (as also noticed in [21, 27]).

It is important to stress that we find two definitions of complexity: the complexity
based on the Euclidean path-integral as well as complexity based on the Lorentzian path-
integral, which are denoted by C(e)

T and C(l)
T , respectively. They are different in that when

we consider e.g. a CFT vacuum, we can easily see C(e)
T 6= C

(l)
T , by comparing the Euclidean

result (3.42) and the Lorentzian result (6.30) in the η0 →∞ limit. It is also useful to note
that the leading divergence ∼ O(ε−d) of (3.42) agrees with that of (6.30) and that this
negative divergence arises because we consider a difference of complexity between a given
path-integral and the original un-optimized path-integral corresponding to uniform eφ =
1/ε. It is curious to note that these two different definitions of complexity look “analogous”
to what is happening in the holographic counterparts [39, 40]. Indeed, the “complexity =
volume” proposal behaves similarly as the Euclidean path-integral complexity C(e)

T , while
the “complexity = action” proposal resembles the Lorentzian path-integral complexity C(l)

T .
It is still though an open problem to make a precise connection (if at all) between this work
and the two leading holographic proposals.

Finally we studied Hartle-Hawking wave functions in the Lorentzian de Sitter space.
For dS3, the gravitational complexity functional leads to the action of timelike Liouville
theory plus finite cut-off corrections on a Euclidean space. Its optimization again points
to a light-like metric on the optimal surface Q. Even though our understanding of the
dS/CFT correspondence is much more limited comparing to the AdS/CFT, it is at least
clear that one of the most important aspects of dS/CFT is an emergence of time from a
Euclidean CFT. We expect that such a CFT may be exotic and non-unitary since gravity
duals of standard unitary and well-behaved CFTs should be the Euclidean AdS geometries
(or equally hyperbolic spaces). Our result suggests that partition function of such exotic
CFT on a curved space is described by a timelike Liouville theory. Moreover, the path-
integral optimization using the Hartle-Hawking wave function at least shows an emergence
of a light cone from Euclidean CFTs.

At the same time, we also noted that the full AdS and dS spacetimes can be regarded
as foliations of the surface Q for various values of the tension T . In this context, the tension
parameter plays the role of an emergent time in gravity duals. We are certain that our
analysis provides important hints for understanding the emergent time in dS/CFT and we
would like to come back to this deep problem with more understandings in future works.

There are many remaining open problems and interesting directions for further explo-
ration in this program. To list a few, it will be very interesting to better understand and
develop the Lorentzian setups that include matter and non-trivial dynamics as well as those
that deal with de Sitter geometries. The connection between our setup with CMC slices and

– 55 –



J
H
E
P
0
7
(
2
0
2
1
)
0
1
6

holographic tensor networks from T T̄ -deformations [31] also deserves further study, and
may offer a way to definite finite cut-off corrections to the Liouville complexity action in
order to match the correct holographic path-integral complexity. Understanding the role of
the tension term (possibly its relation to the York time complexity proposals [84, 85]) and,
more generally, the emergence of time from tensor networks remains another interesting
open problem. Last but not least, exploring quantum aspects of the Hartle-Hawking wave
functions and their connection to tensor networks is one of the most interesting directions
that we hope to address in the near future.
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A Lorentzian determinant

In this section, following [91] we directly evaluate the Jacobian of transformation of path-
integral measure after placing it on Lorentzian metric

ds2 = e2φ(x,t)ηµνdx
µdxν = e2φ(x,t)

(
−dt2 + dx2

)
. (A.1)

We will need the curvature of this metric is given by26

R = −2e−2φ
(
−∂2

t + ∂2
x

)
φ = −2e−2φ∆φ. (A.2)

More precisely, we compute the Jacobian of the transformation g = e2φη

J = δg(x)
δη(x′) = e2φ(x)δ(2)(x− x′), (A.3)

under which the path-integral measure changes as

[Dϕ]e2φη = [Dϕ]η det(J) ≡ [Dϕ]ηeSeff [φ,η]. (A.4)
26More generally, for Lorentzian reference metric ds2 = e2φĝijdx

idxj we have

R = e−2φ (R̂− 2∆φ
)
.
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The effective action is then given by

Seff [φ, η] = ln(det(J)). (A.5)

In order to compute it, we take the variation with respect to φ

δSeff = δ ln(det(J)) ≡ δtr(ln J) = 2
∫
d2xδ(2)(0)δφ(x). (A.6)

The delta function δ(2)(0) is divergent and can be regularized by e.g. the Lorentzian heat-
kernel method

δ(2)(0) = KL(ε, x, x) ' i√g
( 1

4πε + 1
24πR+O(ε)

)
. (A.7)

This way we have

δSeff = 2i
∫
d2x
√
g

( 1
4πε + 1

24πe
−2φ

(
R̂− 2∆φ

))
δφ. (A.8)

For the metric (A.1), after integrating over φ, integrating by parts and shifting φ to set
the coefficient of the potential to 1 we arrive at

Seff [φ, η] = i

24π

∫
d2x

(
−(∂tφ)2 + (∂xφ)2 + e2φ

)
+O(ε). (A.9)

This effective action is related to the Lorentzian Liouville action that we discussed in the
main text by

Seff [φ, η] = −iS(l)
L [φ, η], (A.10)

where S(l)
L is the standard Liouville action on a Lorentzian flat space (6.20).

B Inhomogeneous slices in AdS3

In this section we discuss more general, inhomogeneous, surfaces Q and solutions of Neu-
mann boundary condition on slices of AdS3 in Poincare coordinates

ds2 = dη2 + dZdZ̄

η2 , (B.1)

where we introduced complex coordinates Z = τ + ix.

B.1 Action and solutions

We will now consider a general surface Q defined by η = f(Z, Z̄) and evaluate the Hartle-
Hawking wave function in regionM from the boundary Σ at z = ε up to the inhomogeneous
Q with induced metric hij given by

ds2 = 1
f2

[
(∂f)2dZ2 + (1 + 2∂f∂̄f)dZdZ̄ + (∂̄f)2dZ̄2

]
. (B.2)

It will be useful to write its determinant as
√
h = W

2f2 , W ≡
√

1 + 4∂f∂̄f. (B.3)
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The unit normal vector to Q and projectors are then given by

nµ = z

W
{1,−2∂̄f,−2∂f}, eµZ = {∂f, 1, 0}, eµ

Z̄
= {∂̄f, 0, 1}, (B.4)

and the trace of extrinsic curvature is

K = −2
[
f∂

(
∂̄f

W

)
+ f∂̄

(
∂f

W

)
+ 1
W

]
. (B.5)

With this data, we can write the semi-classical action in M as before

IG + IT = − 1
κ2
VxLτ
ε2
− 1
κ2

∫
d2x

f2 W

[
K|Q − T + 1

W

]
. (B.6)

We argued, on general grounds that slices minimizing this action should be solutions of
Neumann boundary condition (see appendix B.3) as well as slices of constant Ricci scalar.
Let us analyze this in more detail.

The full extrinsic curvature tensor defined by

Kij = eµi e
ν
j∇µnν , (B.7)

can be expressed as
Kij = Aij + 1

2Khij , (B.8)

with hijAij = 0. More explicitly we find

Aij = − 1
fW

(
Hij −

1
2Hhij

)
, (B.9)

given in terms of the Hessian matrix of f and its trace

Hij = ∂i∂jf, H = hijHij = W 2�f, (B.10)

where � is the Laplace-Beltrami operator of hij .
Now we want to focus on the Neumann boundary condition and its trace in 3d

Kij −Khij = −Thij , K = 2T. (B.11)

If we just solve the equation for the trace, then we still have remaining constraints

Kij = (K − T )hij = Thij . (B.12)

Using (B.8) this is equivalent to vanishing Aij = 027 that, in the 3d case, becomes

Hij = 1
2Hhij = −(1 + TW )fhij , (B.13)

where in the second equality we used the relation

H = −f(2 +KW ), (B.14)

that can be checked by explicit computation as well as K = 2T .
27This is also true in higher dim. is we set K = d

d−1T to the Neumann boundary condition.
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From (B.13) we can immediately find a class of linear solutions with vanishing Hessian

f(Z, Z̄) = aZ + bZ̄ + d, (B.15)

and fixing the boundary condition yields

d = ε, a = b =
√

1− T 2

2T , (B.16)

that satisfies (B.13) W = −1/T (with negative T ) and corresponds to the solution (3.34).
Note that for this solution it is very important that T 6= 0.

More generally, we can take a surface (see. e.g. [90])

(z − α)2 + (Z − a)(Z̄ − ā) = β2, (B.17)

with arbitrary real (or purely imaginary) coefficient β and complex a = a1 + ia2, that
corresponds to

z = f(Z, Z̄) = α±
√
β2 − |Z − a|2. (B.18)

We can verify that Aij = 0 as well as

Kij = 1
2Khij , K = ±2α

β
= 2T, R(2) = −2

(
1− α2

β2

)
= −2

(
1− T 2

)
. (B.19)

Now, in order to impose our boundary condition on this general solution, we have to first
take the formal “planar” limit of coefficients (α, β, a, ā)→∞ with their ratios fixed. Indeed
this limit corresponds to the surface parametrized by

0 = (z − α)2 + (Z − a)(Z̄ − ā)− β2 ' −2αz − aZ̄ − āZ + α2 − β2 + aā, (B.20)

or embedding function

z = − a

2αZ̄ −
ā

2αZ + α2 + aā− β2

2α . (B.21)

As before (B.16), the boundary condition requires

− a

2α = − ā

2α =
√

1− T 2

2T ,
α2 + aā− β2

2α = ε. (B.22)

Notice in particular that the boundary condition requires α2 + aā− β2 ' 2αε.

B.2 Uniformized metric

In the construction for homogeneous solutions, it was important to choose coordinate w
that was uniformizing the metric into the conformally flat one. In two dimensions, we can
use this trick to write an arbitrary metric this way. Indeed we can write the induced metric
on the general inhomogeneous slice (B.2) as

ds2 = e2Φ(ω,ω̄)dωdω̄ = e2φ(Z,Z̄)
(
dZ + µdZ̄

) (
dZ̄ + µ̄dZ

)
, (B.23)
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with coordinates (ω(Z, Z̄), ω̄(Z, Z̄)) specified by

Φ(ω, ω̄) = φ(Z, Z̄)− 1
2 log(∂ω∂̄ω̄), µ = ∂̄ω

∂ω
, µ̄ = ∂ω̄

∂̄ω̄
, (B.24)

where in our example we can take

e2φ(Z,Z̄) = (1 +W )2

4f2 , µ = 4(∂̄f)2

(1 +W )2 , µ̄ = 4(∂f)2

(1 +W )2 . (B.25)

The last two identifications allow us to find coordinates (ω, ω̄) once we solve the Beltrami
equations with µ and its complex conjugate µ̄ = µ∗

(∂̄ − µ∂)ω = 0, (∂ − µ̄∂̄)ω̄ = 0. (B.26)

In general, the Ricci scalar of the conformally flat metric (B.23) is given by

R(2) = −8e−2Φ∂ω∂ω̄Φ, (B.27)

where
∂ω = ∂ − µ̄∂̄

∂ω(1− µµ̄) , ∂ω̄ = ∂̄ − µ∂
∂̄ω̄(1− µµ̄)

, (B.28)

and requiring that R(2) = −2(1− T 2) would be solved by (Liouville equation)

e2Φ(ω,ω̄) = 4A′(ω)B′(ω̄)
(1− T 2) (1−A(ω)B(ω̄))2 . (B.29)

Constraint of constant Ricci scalar is clearly weaker than the full Neumann boundary
condition. Indeed all our homogeneous (often referred to as mini-superspace) examples of
metrics on Q embedded in AdS3 geometries correspond to A = exp(2pω), B = exp(2pω̄)
and ω = w + ix so that

e2φ(w) = 16p2e4pw

(1− T 2) (1− e4pw)2 = 4p2

(1− T 2) sinh2(2pw)
, (B.30)

and all satisfy
R(2) = K2 −KijKij − 2, (B.31)

with R(2) = −2(1−T 2). However the true minimal solutions of K = 2T and full Neumann
boundary condition are obtained by setting p → 0 for the vacuum, p = α/2 for conical
singularities (and p = 1/2 global AdS3) as well as p = irh/2 for the BTZ geometry.

B.3 Inhomogeneous equations of motion

We can consider a general variation of the gravity action with respect to the metric on Q∫
Q
d2x
√
h(Khij −Kij − Thij)δhij = 0, (B.32)

where in the most general case in Poincare AdS3, with surfaces specified by z = f(τ, x),
we have

ds2 = hijdx
idxj = 1

f2

[
(1 + f2

τ )dτ2 + 2fτfxdτdx+ (1 + f2
x)dx2

]
. (B.33)
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We then have
δ(e2φĥij) = hij2δφ+ e2φδĥij , e2φ = 1

f2 , (B.34)

which gives ∫
Q
d2x
√
h
[
(K − 2T )2δφ+ (Khij −Kij − Thij)e2φδĥij

]
= 0. (B.35)

Then, since

δĥττ = 2fτδfτ , δĥxx = 2fxδfx, δĥτx = fxδfτ + fτδfx, (B.36)

after integrating by parts we can write the terms coming from extrinsic curvature as

Kδf ≡ − 2
f

√
hKδf − ∂τ [2e2φ√h(Khττ −Kττ )fτ ]δf

− ∂x[2e2φ√h(Khxx −Kxx)fx]δf − ∂τ [2e2φ√h(Khτx −Kτx)fx]δf

− ∂x[2e2φ√h(Khτx −Kτx)fτ ]δf, (B.37)

while the terms proportional to the tension are

T δf ≡ 4
f
T
√
hδf + ∂τ [2T

√
hĥττfτ ]δf + ∂x[2T

√
hĥxxfx]δf

+ ∂τ [2T
√
hĥτxfx]δf + ∂x[2T

√
hĥτxfτ ]δf. (B.38)

Evaluating these terms we can check that

(K + T )δf = 0 ⇔ EOM = 0. (B.39)

C Properties of the gravitational action with modified Hayward term

We can check the co-cycle properties of the gravity action (without tension term) with the
modified Hayward term that depends on the internal angle θ(i)

0 between Σ and Qi. The
action is given by

κ2I[Σ, Qi] =− 1
2

∫ Qi

Σ
dd+1x

√
g(R− 2Λ)−

∫
Qi

ddx
√
hK −

∫
Σ
ddx
√
hK +

∫
γ

√
γθ

(i)
0 , (C.1)

and the action between two surfaces Q1 and Q2 (with Neumann boundary condition on
both) is defined as

Ĩ[Q1, Q2] ≡ I[Σ, Q2]− I[Σ, Q1]. (C.2)
Then we can write the following combinations for three surfaces ordered such that 0 <

θ
(1)
0 < θ

(2)
0 < θ

(3)
0 < π/2

κ2Ĩ[Q1, Q2] = −1
2

∫ Q2

Q1

√
g(R− 2Λ)−

∫
Q2

√
hK +

∫
Q1

√
hK +

∫
γ

√
γ
(
θ

(2)
0 − θ

(1)
0

)
, (C.3)

κ2Ĩ[Q2, Q1] = −1
2

∫ Q1

Q2

√
g(R− 2Λ)−

∫
Q1

√
hK +

∫
Q2

√
hK +

∫
γ

√
γ
(
θ

(1)
0 − θ

(2)
0

)
, (C.4)

κ2Ĩ[Q2, Q3] = −1
2

∫ Q3

Q2

√
g(R− 2Λ)−

∫
Q3

√
hK +

∫
Q2

√
hK +

∫
γ

√
γ
(
θ

(3)
0 − θ

(2)
0

)
, (C.5)

κ2Ĩ[Q1, Q3] = −1
2

∫ Q3

Q1

√
g(R− 2Λ)−

∫
Q3

√
hK +

∫
Q1

√
hK +

∫
γ

√
γ
(
θ

(3)
0 − θ

(1)
0

)
. (C.6)
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From these definitions, changing the range of the bulk integrals (with minus sign) we get

Ĩ[Q1, Q2] = −Ĩ[Q2, Q1]. (C.7)

Moreover, by adding the first and the third expression we can easily show that it is equal
to the fourth, i.e.

Ĩ[Q1, Q2] + Ĩ[Q2, Q3] = Ĩ[Q1, Q3]. (C.8)

These are precisely the co-cycle properties that we saw in the CFT definition of complexity
using the improved Liouville action as well as its higher-dimensional generalization.

D Maps in AdS3

In 3 dimensions we can use the solution in Poincare coordinates to obtain surface Q in
different metrics simply by rewriting the surface equation in new coordinates. The most
general asymptotically AdS metrics with flat boundary that we can consider are the Eu-
clidean Banados geometries given by

ds2 = dz2

z2 + (dw + z2T̄ (w̄)dw̄)(dw̄ + z2T (w)dw)
z2 , (D.1)

where w = x+ it, w̄ = x− it, and

T (w) = 3A′′(w)2 − 2A′(w)A′′′(w)
4A′(w)2 , T̄ (w̄) = 3B′′(w̄)2 − 2B′(w̄)B′′′(w̄)

4B′(w̄)2 . (D.2)

This geometry can be mapped to Poincare coordinates

ds2 = dη2 + dvdv̄

η2 , (D.3)

via relations

η = 4z(A′(w)B′(w̄))3/2

4A′(w)B′(w̄) + z2A′′(w)B′′(w) ,

v = A(w)− 2z2A′(w)2B′′(w̄)
4A′(w)B′(w̄) + z2A′′(w)B′′(w) ,

v̄ = B(w̄)− 2z2B′(w̄)2A′′(w)
4A′(w)B′(w̄) + z2A′′(w)B′′(w) . (D.4)

Applying these maps to the surface28

η =
√

1− T 2

T
τ, (D.5)

and subsequently solving for z(t, x) the resulting equation

4z(A′(w)B′(w̄))3/2

4A′(w)B′(w̄) + z2A′′(w)B′′(w) =

− i
√

1− T 2

2T

(
A(w)−B(w̄) + 2z2(B′(w̄)2A′′(w)−A′(w)2B′′(w̄))

4A′(w)B′(w̄) + z2A′′(w)B′′(w)

)
, (D.6)

28Note that we absorbed the cutoff into τ -coordinate redefinition.
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we can find the profile for Q in these 3d metrics. The solution for z(t, x) in the general
Banados geometry is complicated, so in practice it is better to insert particular A(w), B(w̄)
before solving the above equation. In the following subsection, we present how this ap-
proach allows us to find non-trivial inhomogeneous solution in the spinning BTZ metric.

D.1 Spinning BTZ

To apply the above result we first need to rewrite the Euclidean spinning BTZ metric in
Banados form. The spinning BTZ metric is given as

ds2 = f(r)2dτ2 + f(r)−2dr2 + r2(dφ+ iω(r)dτ)2, (D.7)

with
f(r)2 =

(r2 − r2
+)(r2 − r2

−)
r2 , ω(r) = r+r−

r2 . (D.8)

We can rewrite it in Banados coordinates by introducing w = ϕ+ iτ , w̄ = ϕ− iτ , and

z2 =
r2 − L0 − L̄0 +

√
(L0 + L̄0 − r2)2 − 4L0L̄0

2L0L̄0
, (D.9)

with expectation values of the stress-tensor components

T (w) = L0 = (r+ + r−)2

4 , T̄ (w̄) = L̄0 = (r+ − r−)2

4 . (D.10)

We can check that these stress-energy tensors correspond to maps

A(w) = e(r++r−)w, B(w̄) = e(r+−r−)w̄. (D.11)

Inserting these maps into equation (D.6) together with z-coordinate reparametrization, we
can solve the resulting equation for r(τ, ϕ):

r2 = 1
f̃(τ, ϕ)2 = r2

+

1 +
T 2
(

1− r2
−
r2
+

)
(1− T 2) sin2

[
r+
(
τ − ir−

r+
ϕ
)]
 . (D.12)

Setting r− = 0 we reproduce the previous thermofield double solution. Further we can
verify that the inhomogeneous function f̃(τ, φ) introduced in this way indeed satisfies ap-
propriate equations of motion for Q surface in spinning BTZ metric.

From the boundary perspective, the Euclidean BTZ geometry is described by a CFT
on a torus with Euclidean time τ and angle ϕ with identifications

(τ, ϕ) ∼ (τ, ϕ+ 2π) ∼ (τ + β, ϕ+ θ), (D.13)

where β = 1/T is the inverse temperature and θ is the twist angle, written as

β = 2πr+
r2

+ − r2
−
, ΩE = − ir−

r+
, θ = −βΩE . (D.14)
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It is also useful to define

β± = β(1∓ iΩE) = β ± iθ = 2π
r+ ± r−

. (D.15)

The standard boundary conditions for the charged thermofield double state (with momen-
tum charge) are then imposed at

τ = −ΩEϕ, τ = −ΩEϕ+ π

r+
= −ΩEϕ+ β+β−

2β . (D.16)

On the other hand, we could start from the vacuum solution of the Liouville equation

ds2 = 4dzdz̄
µ(z + z̄)2 , (D.17)

and map it with
z = A(w) = eβ+w, z̄ = B(w̄) = eβ−w̄ (D.18)

with w = x1 + ix2, w̄ = x1 − ix2. This way the new solution of the Liouville equation
becomes

ds2 = 4π2dwdw̄

µβ+β− cos2
[
r+
(
x1 − ir−

r+
x2
)] , (D.19)

and the boundary conditions are imposed at

x1 = ir−
r+

x2 ±
(

π

2r+
− ε
√
µ

√
1−

r2
−
r2

+

)
. (D.20)

Note that in these coordinates metric is automatically diagonal. On the other hand, the
induced metric in the spinning BTZ geometry (D.7) on the CMC surface r = 1/f̃(τ, ϕ) can
be brought to (D.19) by mapping

tan(r+τ − ir−θ) = |T | cot(r+x1 − ir−x2), r+θ + ir−τ = r+x2 + ir−x1. (D.21)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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