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ABSTRACT: Supersymmetric circular Wilson loops in N' = 4 Super-Yang-Mills theory are
discussed starting from their Gaussian matrix model representations. Previous results on
the generating functions of Wilson loops are reviewed and extended to the more general
case of two different loop contours, which is needed to discuss coincident loops with opposite
orientations. A combinatorial formula representing the connected correlators of multiply
wound Wilson loops in terms of the matrix model solution is derived. Two new results are
obtained on the expectation value of the circular Wilson loop, the expansion of which into a
series in 1/N and to all orders in the 't Hooft coupling A was derived by Drukker and Gross
about twenty years ago. The connected correlators of two multiply wound Wilson loops
with arbitrary winding numbers are calculated as a series in 1/N. The coefficient functions
are derived not only as power series in A, but also to all orders in A by expressing them in
terms of the coefficients of the Drukker and Gross series. This provides an efficient way to
calculate the 1/N series, which can probably be generalized to higher-point correlators.
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1 Introduction

Wilson loops play an important role in testing the AdS/CFT correspondence [1-3] beyond
the planar approximation [4-6]. Amongst the simplest cases one finds the class of %—BPS
circular Wilson loops and their correlators in N' = 4 Super-Yang-Mills (SYM) theory with
gauge group U(N) or SU(N). On the one hand, the holographic dual configurations of
strings or D-branes fully capture the planar approximation in the limit of large 't Hooft
coupling A [7-12], and a lot of effort has been dedicated to obtain corrections in 1/X [13-24].



On the other hand, localization [25-27] maps the calculation of these Wilson loop corre-
lators to the solution of a Gaussian matrix model [28-32], which, in principle, is exact
in both, A and N, although extracting the 1/N expansion in a useful form is not easy.
A standard method to construct the 1/N expansion is topological recursion or the loop
equation approach [33-39]. Colour invariants have also been used [40] or more direct ap-
proaches [29, 41]. More recently, the 1/N expansion of correlators involving Wilson loops
has been studied with the help of the Toda integrability structure [42], with a particular
emphasis on the strong coupling behaviour [43].

A useful approach to Wilson loops is to consider suitable generating functions. Quite
generally, Wilson loop generating functions are most elegantly formulated in the language
of symmetric functions [44], which allows to encode the information on Wilson loops in
arbitrary representations of the gauge group and to translate between different sets of basis
correlators using combinatorial identities. The generating functions for higher rank Wilson
loops introduced in [31] are contained in this language as special cases. In particular, the
connected correlators of multiply would Wilson loops turn out to be a natural basis to
work with and are a key ingredient in the proof of an interesting involution property [38,
40, 45, 46]. In the case of N' =4 SYM theory with gauge group U(N), the expression of
these correlators in terms of the matrix model solution has been worked out in [38, 45, 46],
and it will be one of the aims of this paper to further elaborate on this relation.

At a time when localization had not been established yet as a theorem [25] and the
relation between supersymmetric Wilson loops in N/ = 4 SYM theory and the Gaussian
matrix model had only been conjectured [28], Drukker and Gross [29] calculated the circular
Wilson loop expectation value exactly, as a series in 1/N and to all orders in A. To date,
their result remains a rare example of a full series in 1/N that can be obtained from the
exact matrix model solution.

The aim of this paper is to develop methods that allow to extract as many results as
possible about coincident circular Wilson loops from the exact matrix model expression of
the general Wilson loop generating functions. In particular, we shall be interested in the
correlators of multiply wound Wilson loops,

h
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and their connected variants, where the non-zero integers k1, ko, . . . kj, represent the winding
numbers. Following Okuyama’s slight abuse of nomenclature [38], we will also call such
correlators “h-point functions”.

The structure of the paper is as follows. We will start by reviewing, in section 2,
the general theory of Wilson loop generating functions in the language of symmetric func-
tions [44, 46]. This review will end with a generalization to the case of two independent
contours, which is necessary for treating coincident circular loops winding with opposite
orientations. In section 3, we discuss these Wilson loop generating functions in the case of
N =4 SYM theory, in which they can be obtained exactly by solving a Gaussian matrix
model. The result of this discussion will be a general formula for the connected correlators
of multiply wound Wilson loops in terms of the traces of symmetrized matrix products,



generalizing the results of [38, 46]. Section 4 is dedicated to the manipulation of the matrix
model result using harmonic oscillator algebra. The deep relation between the Gaussian
matrix model and the harmonic oscillator is well known, but the very elegant treatment
by Okuyama [47] has gone nearly unnoticed. Therefore, we shall review it here. In sec-
tion 5, we will consider the one-point functions W1) starting with a review of Drukker
and Gross’ exact series in 1/N. We will be able to add two new results here. First, we
find a recursive set of differential equations, from which the series can be constructed and,
second, we provide a new derivation of the series in 1/N, which results in an explicit com-
binatorial formula for the numerical coefficients in this series that have been defined only
recursively. These two results find their analogues in the treatment of the connected two-
point functions, which is carried out in section 6. The direct approach will result in the
full series in 1/N, but the individual terms are given only as series in A. It will be checked
that the leading term in 1/N coincides with known results. Using the differential equation
approach, however, we will show that the series can be constructed from the knowledge of
the Drukker and Gross’ series for the one-point functions, resulting in expressions to all
order in A. A procedure for this construction, which can be coded on the computer, will be
given. Finally, we will conclude in section 7 and add two appendices for technical details.

2 Generating functions of Wilson loops and correlators

2.1 Brief review of combinatorics and symmetric functions

In this subsection, we will recall some basic combinatorial notions and introduce the sym-
metric functions. Readers not familiar with them should consult a standard reference such
as [48] or the lecture notes [49].

A partition A+ n is a weakly decreasing (or weakly increasing) set of positive integers
Ai (i=1,2,...) such that > ; \; = |A\| = n. The numbers \; are called the parts of A, and
the number of the parts of A is denoted by I(\). Obviously, it holds that {(\) < |A|. In order
to avoid ambiguities, we will assume [(A) > 0 throughout the paper, i.e., we exclude the
empty partition. A can be represented graphically as a Young diagram containing columns
of lengths A1, Ao, . ... Flipping the diagram along its diagonal defines the transpose partition
AT,

Sometimes, the notation

A=]]i (2.1)
%
is used, meaning that the integer ¢ is contained in A a; times. Then, we have

Z(A):Zai, By :Ziai. (2.2)

The notation (2.1) is particularly useful when relating partitions to permutations. A par-
tition A is associated with the cycle type of a permutation, if the permutation contains
a; cycles of length 7. Thus, A defines a conjugacy class C) of the permutation group &,,.
Defining the centralizer size by

Z\ = H(ai!i‘“) , (2.3)

i



we have that |Cy| = |A|!/z, is the size of the conjugacy class, i.e., the number of permuta-
tions of cycle type A.

A composition K is a sequence of positive integers, K = (ki, ks, ...), which are called
the parts of K. The length [(K) is the number of the parts of K, and the weight of K is the
sum of its parts, |K| = Y, k;. Writing the parts of K in weakly decreasing (or increasing)
order uniquely associates K with a partition. Therefore, two sequences of positive integers
that differ in the order of their parts define different compositions, while they are considered
to define the same partition. As for the partitions, we will assume [(K) > 0.

Given a set X, a set partition v = (v1,14,...) of X is a sequence of disjoint sets v;,
called the parts of v, the union of which is X. The length (v) is the number of its parts. Of
particular interest in this paper are the set partitions of X = [n], where n is some positive
integer, and [n] = (1,2,...,n). In particular, given a composition K of weight |K| and
length I(K), let v be a set partition of [I(K)]. This implies that {(v) < I(K). Then, let K,
be defined as the following composition,

K=Y ki) kiyooon > ki - (2.4)

1€V S% LEVI(1)

Clearly, |K,| = |K| and [(K,) = l(v).

Let us now introduce the symmetric functions [48, 49]. Let e,, h,, and p, be the
elementary, complete homogeneous and power-sum polynomials of degree n, respectively.
For a € {e, h,p}, given a composition K, we define ax = []; ar,. Because a composition

L These functions

K is uniquely associated with a partition A\, we can identify a) = ag.
form bases of symmetric functions (on some countably infinite alphabet). There are three
additional classical bases, the monomials, m), the Schur basis, sy, and the “forgotten”
basis, fy. Their role is captured best by considering the Hall inner product, (-,-), or the
Cauchy kernel. The monomial basis is the adjoint of the complete homogeneous basis,
(my, hy) = 0y, the forgotten basis is the adjoint of the elementary basis, (fx,e,) = s
whereas the power-sum basis and the Schur basis satisty (px, p,) = 2x0x, and (sy, Sy) = Oxy,

respectively. The Schur functions are related to the monomials by the Kostka matrix [48].2

2.2 Wilson loop generating functions

Generating functions for Wilson loops in arbitrary representations of the gauge group can
be formulated elegantly [44, 46] using the language of symmetric functions. We will restrict
our treatment to unitary gauge groups.

Let U be the holonomy of the gauge connection for a single Wilson loop, an “open”
Wilson loop, so to say. We can take U diagonal, U = diag(ui,us,...) and denote by
u = (u,us,...) the alphabet of its eigenvalues.> Then, it is obvious that the n-fold

'Most often, these functions are defined with reference to a partition. For commuting variables, the two
definitions are clearly equivalent. For non-commuting variables [50], using compositions is more appropriate.

2The Kostka matrix was used in [32] to obtain the Wilson loops in irreducible representations (Schur
basis) from the matrix model solution (monomial basis), but we will not use it here.

3We will formally consider a countably infinite set of diagonal entries, almost all of which are zero.



multiply-wound Wilson loop
TrU" = Zu? = pp(u) (2.5)

is simply given by the power-sum symmetric polynomial of degree n in the eigenvalues.
Introduce an alphabet of real parameters y = (y1,¥2,...) and define the two generating

functions*

1
E(y) =[]+ y), Hy) =1]] T v (2.6)
ij iy - it
Because these two generating functions contain the same information, we shall work with
E(y) in what follows.

Expanding E(y) as a formal power series in the parameters y, one obtains

E(y) =1+ ex(y)ma(u), (2.7)
X

where 3", denotes the sum over all non-empty partitions.® One may call my(u) a monomial
representation of the Wilson loop. A Wilson loop in some irreducible representation of
U(N) is given by a Schur function

Tra(U) = sa(u) . (2.8)
Using the Cauchy identity [48] in (2.7) one has,

E(y) =1+ sx(y)sxi(u). (2.9)
A

Products of multiply wound Wilson loops are given by power-sum functions. More
precisely, given a composition K, we have

UK I(K)

)

TrU" = H Pk, (1) = pr(u) . (2.10)
i=1 i=1

Recall that px(u) = pa(u), with A the partition that is associated with K, because the
traces commute in the product. In terms of the power-sum basis, (2.7) reads

Ely)=1+) 2m(y)m(u) : (2.11)
A

where ¢) is a shorthand for
ey = (=AY (2.12)

Wilson loop expectation values (.) are now encoded in (E(y)), and connected correlators
((.)) are defined in terms of In (E(y)). For example, expanding In (E(y)) in the power-sum
basis,

In(Ey) =Y ‘Z—im(y) (pa(w))) (2.13)
A

‘H (y) is the so-called Cauchy kernel. It is also known as the Ooguri-Vafa operator [51].
5The unity term corresponding to the empty partition has been separated in order to avoid possible
ambiguities, which are present in [46].



yields the connected correlators of multiply wound Wilson loops. Note that the unity term
is absent in (2.13).

The above argument can be extended to two or more different Wilson loops.® Let us
consider two of them, with gauge holonomies U and U, respectively. We now need two
alphabets of parameters, y and x, and two generating functions, E(y) and E(z). Corre-
lators between the two Wilson loops are encoded in the generating function <E (y)E (x)>
Moreover, taking the logarithm defines the connected correlators. For example,

In (E(y)E(@)) = (E@W) + I (E@)) + Y 2“pa@pu(@) (palwpa @) . (2.14)

)\7V Z)\ZI/
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The first two terms on the right hand side arise from the unity term in (2.11), and we recall
that the sums include only non-empty partitions. Specializing to z = 0 reduces (2.14)
to (2.13). Moreover, one may consider the special case of equal Wilson loops, U = U,
which implies E(x) = E(z). In this case, we simply have E(y)E(z) = E(y ® z), where @
is the operation of alphabet addition [49]. Thus, one would not get any new information
from the product.

3 Wilson loop generating functions in N/ = 4 SYM theory

3.1 Review of the single loop case

In this subsection, we briefly review the results of [46]. In A" = 4 SYM theory, 3-BPS
circular Wilson loops can be mapped by localization to a Gaussian matrix model [28-32].
Our conventions for the matrix model are

PO = [ PX PO 1), =1, (31)

We shall consider only the case of U(N) as gauge group, in which the matrix integral is
over hermitian matrices X.”

In terms of the Gaussian matrix model, the Wilson loop generating function (E(y))
defined in (2.6) is given by

(E(y)) = <H det (1 +y; egX>> = <det li er(y) eng] > , (3.2)

where g = % gym. The 't Hooft coupling is then A = 4Ng¢?. The matrix model integral can
be done with standard techniques [52], and the result is [41]

(E(y)) = det [i ek(y)Ak] : (3.3)

k=0

where Ay represents the N x N matrix [38, 41]

n! 122 m—n Tt m—-n
(Ak)mn = (Ak)nm = m! ez (kg) Ly (_k292) . (3.4)

5By different we mean following different contours.
"For SU(N), the matrices must be hermitian and traceless.



L ™(z) denotes an associated Lagurerre polynomial, and m,n = 0,...,N — 1. It is
important to notice that the integer k only appears in the product kg.
Taking the logarithm of (3.3) yields

(_1)1(/\)71
In (B(y)) = 3 exly)————[I(}) ~ 1] (H )\i> Tr [Ap Ay, Argy] - (35)
A i

A

which tells us, from (2.7), that the traces of the symmetrized matrix products® are related
to the connected Wilson loop expectation value in the monomial basis,

(_1)1(/\)—1 P
(LA = 1M

Using purely combinatorial relations, the monomials can be translated into any other basis.

Tr [A()\):| =Tr [A(MA)\z s A)\Z(M)} = A}\i <<m,\(u)>> . (36)

For the power-sum basis, which represents the correlators of multiply wound loops, the
relation is [49]
(_l)l()\)fl
Tr [Agy] = =TT 2 M) (o) (3.7)
" veP([I(M))
In (3.7), the sum is over all set partitions, v, of [[(N\)] = (1,2,...,1(\)), M(v) denotes the
Mébius function
M) =] i) - 111, (3.8)
(2

and the composition ), was defined in (2.4). In [46], the inverse of (3.7) was given
without proof, but we refrain from reviewing it here, because a more general relation will
be derived below.

In the above equations, all \; are strictly positive, because A always denotes a proper
partition. This implies that all of the loops in the correlator (2.10) have the same orien-
tation. For unitary groups, inverting the orientation of the loop maps each representation
to its complex conjugate. In the above calculation, this amounts to swapping the sign of
the gauge coupling, g. Therefore, denoting the generating function of the Wilson loops in
the complex conjugate representations by E(y), one has

(e 9]

<E(y)> = <H det (1 + i e_gX)> = det [Z ek(y)A_k] . (3.9)
i mm k=0
As is obvious from (3.4), we have A_j # Ay, the difference arising from the term (kg)™~".
However, because this term cancels in matrix products, it holds that Tr A_) = Tr A, where
—A = (=A1,=A2,...,=N)). In turn, together with (3.5), this implies <E(y)> = (E(y)).
This result is of course expected, because the choice of the common orientation of all the
loops is irrelevant.
In order to discuss correlators of loops with opposite orientations, we need to consider
the case of two different loops discussed at the end of subsection 2.2. This is what we will
do next.

8Symmetrization includes a normalization factor 1/I()!.
90One needs to substitute X in place of K in (2.4).



3.2 Oppositely wound loops

In this subsection, our aim is to generalize the results reviewed in the previous subsec-
tion to products of multiply would Wilson loops with arbitrary orientation. The loops
are still spacially overlapping to ensure that the configuration remains %—BPS, so that it
can be mapped to the Gaussian matrix model. This is the general case considered by
Okuyama [38]. Specifically, we are interested in correlators of the form

Wlkka,..k <H Tr U* > (3.10)

where ki, ks, ...,k are non-zero integers.'® The results of the previous subsection can
be applied to (3.10), if either all k; are positive, or all k; are negative. These two cases
are equivalent, because U™% = (U~1)*, but we have seen that (E(y)) = <E(y)> holds
for representations that are complex conjugates of each other. In the general case, we
can collect the positive and negative integers into two sets using the commutativity of the
traces and rewrite (3.10) as

WAL 11=v20) () (1), (T)) - (3.11)

These correlators belong to the generic two-loop case discussed at the end of subsection 2.2.
Consider the two-loop generating function <E (y)E (:c)>, where y and x are two indepen-
dent alphabets of parameters. The matrix model expression of this generating function is

(Bl)B)) = <gdet (14 we™) (142, egx)}>

:det[i ek( ) ( )Ak l

k,1=0

mm

: (3.12)

with the NV x N matrices Ay again given in (3.4).
There are different ways to proceed from here. The first way is to rewrite (3.12) as

1+Z€k Ak+zel A+ Z ex(y)er(z) Ay

= k=1

1+Zek(y) 1—1—261 YA
k=1

<E(y)E(:c)> det

—det{

= (E(y)) (E(x) ) det {1+

o0

+Z€k Ak Z—AkA )}

k=1

0o -1 0o -1
1+Zel(x)Al] 1+Zek(y)Ak] (3.13)
k=1

=1

X Z ek Ak Z_AkA )}

k=1

One could now take the logarithm in (3.13), which would yield the generating function of
the connected correlators (2.14). While this would reproduce nicely the first two terms

10Zeros lead to trivial modifications, because Tr U° = N.



on the right hand side of (2.14), expanding the remaining term in y and z would seem
dreadfully complicated, because of the matrix inverses. Let alone the conversion to the
power-sum basis.

Another way of manipulating (3.12) is to reorder the double sum and collect the terms
with equal Ag. This yields

<E(y)E‘(x)> = det {ag(y,a:) + i [ag(y, x) Ay, + ak(:c,y)Ak]}

k=1

= ap(y, )V de o [k (v @) ()
= O(y7 ) dt{1+l§[ao(y,x)Ak+a0(y7x)

A_k] } : (3.14)

where the functions ay(y, z) are defined by
ar(y,x) =) erpy)elw). (3.15)
=0

This time, after taking the logarithm, the expansion in powers of ay/ay is straightforward,
but the conversion into the power sum basis still seems dreadful. Therefore, we shall
proceed differently and follow Okuyama [38].

Okuyama considered the generating function of multiply wound Wilson loops,

=1

h
Glkrkzekn) 4y = <H det (1 + i e’%gX>> , (3.16)

where y denotes the finite alphabet of parameters y = (y1,y2,...,yn). Because of
det (1 + vy ekigX) =14 y; TrekisX 4 (9(%2) )

the correlator (3.10) is the coefficient of the maximum-rank elementary polynomial ep,(y) in
the Taylor expansion of G(k1:k2,----kn) (y). Similarly, the connected correlator is the coefficient
of e;(y) in the Taylor expansion of In GF1-k2.kn) (4)),

Evaluating the matrix model expectation value in (3.16) results in

Ghk2mkn) () = det (1 + Z yﬂAku) , (3.17)

O#uC[h]

where the sum runs over all non-empty subsets of [h], and we defined

v =lvi,  ku=D ki (3.18)

€N S

Then, taking the logarithm in (3.17) yields

o0 1\c—1 c
lng(k1,k2,...,/€h)(y> — Z (10) Tr (H Z y'uiAkM) . (319)

=1 i=1 01 C[h]

In (3.19), the terms containing the maximum-rank elementary polynomial e, (y) are pre-
cisely those in which (u1, o, ..., i) constitutes a set partition of [h] (for the definition of



a set partition, see section 2.1), such that each parameter y; appears exactly once in the
product. Therefore,

iz = (frm)) - 5
i=1

veP([h) l(v)

-1 l(v)—1
CU™ 1y ag,, (3.20)

where the sum is over all set partitions of [h]. In analogy with (2.4), K, denotes the set!!

Ky= Y ki) koo D ki, (3.21)

S%0 S 2) 1EVI(1)
and we introduced
I(v)
Ak, =TT A, - (3.22)
i=1

Eq. (3.20) is our final result of this subsection, which generalizes the expressions given
by Okuyama [38] to arbitrary h. It is also equivalent to formula (4.18) of [46], which it
generalizes to arbitrary integers k;.'2

To end this section, let us consider the special (trivial) case when at least one of the
integers k; is zero. We simply have

(TrU%) = Tr (4g) = N, (3.23)

and
(ot Tt Ut ) =0 (h>2). (3.24)

Eq. (3.24) is a consequence of (10) = (1) (O) for any operator O, which means that the
connected part of the correlator is trivial. To see this explicitly in (3.20), take k1 = 0 and
separate the set partitions into two groups. In the first group, the integer 1 sits alone in
a set, in the second group not. Consider first a set partition v with I(v) = ¢ parts, which
belongs to the first group, i.e., in which one part is v; = {1}, and the remainder v/ = v /y;
is a set partition of {2,3,...,h} with I(+/) = ¢ — 1 parts. There are ¢ equivalent choices
for ¢, so that these set partitions contribute

-1 c—1
CL Tr Ay, = (—1)0_1 Tr A,
C v
to (3.20). Compare this to the contribution of the set partitions v of length ¢ — 1 that
belong to the second group. These set partitions are obtained by adding the number 1 to
one of the ¢ — 1 parts of v/ defined above. Their contribution to (3.20) is

(_1)6_2 c—1
(C - 1)ﬁ Tr Aky,, = —<—1) Tr Akz// .

Thus, the two contributions cancel, which proves (3.24) after iterating through all c.

"Here, we cannot call K, a composition, because the integers k; are not necessarily positive.

L2Formula (4.18) of [46] is expressed in terms of a partition A and contains explicit symmetrizations both
over the k;s and over the matrix products. To establish the equivalence with (3.20), one can use the unique
association of a partition A with a given set partition, as explained in [46]. The factor |Px| stems from the
multiplicity of set partitions associated to the same partition A. The other factor I(A\)! is the normalization
factor in the symmetrized product of matrices.

~10 -



4 Exact results from the matrix model

4.1 Matrix model results from harmonic oscillator

In this section, we will review and elaborate on exact results that can be obtained from
the Gaussian matrix model (3.1). Our analysis will be based on the very elegant treatment
of Okuyama [47] and exploits the intricate relation between the hermitian matrix model
and the simple harmonic oscillator quantum mechanics. Mathematically, this relation ap-
pears, because the Vandermonde determinant, which is introduced in the matrix integral
by the matrix diagonalization, is most conveniently expressed in terms of Hermite polyno-
mials [52], which represent the eigenfunctions of the harmonic oscillator [38, 41]. Therefore,
the matrices Ay given in (3.4) are nothing but the matrix elements [47]

(Aw)ig = (il 9D ), (4.1)
where a and a' are the oscillator lowering and raising operators satisfying
[a,al] =1, (4.2)
and the states |i) are the normalized eigenstates of the number operator,

(af)’
NG

Before going on, let us slightly change notation by introducing

z:k‘g:lﬂ/ﬁ, (4.4)

which can be treated as a continuous (real or complex) variable. Because k appears in Ay

iy =22 0). (4.3)

only within z, we will also let A, = Ay, so that (4.1) reads
0 slatal) |-
(A2)ij = (il TV ). (4.5)

Whereas the harmonic oscillator eigenstates are given by i,5 = 0,1,...,00, the matrix
model involves only the elements i, j = 0,1,..., N—1.13 The clever insight of Okuyama [47]
is that one can work in the infinite-dimensional Hilbert space, if one truncates any sum
over the eigenstates by inserting the projector

-1
P=Y"|il. (4.6)
=0

B The relation between the matrix A, and the algebra of the truncated harmonic oscillator was made
explicit in [41]. The truncated harmonic oscillator is defined by N x N matrix lowering and raising operators
b and b satisfying [b,b'] = 1 — NPy_1, where Py_; is the projector onto the highest eigenstate. This is
required by the fact that the trace of any commutator must vanish in a finite-dimensional system, in contrast
to the infinite-dimensional system of the standard harmonic oscillator. Nevertheless, the number operator
npy = b'b retains the standard commutators [ny, b = —b and [ny, b'] = bf.

- 11 -



The elegance of this approach can already be seen in the calculation of the matrix ele-
ment (4.5), which we wish to report here from [47]. One starts with rewriting (4.5) as

)

— 2
22 e 2

A =e 23 eZ“eZ“Tj =
(Az2)ij (i 17) NG

818] <0| (z+s)a (z+t Yat ‘OH

(0la’ e e*@' (at)7|0)

)

Z2_
2

F

2

e 2 ]
_ J (z+s z+t
VT (0] el |

22

ez . .
= W@;(z +5)7 e* |s—0 . (4.7)

After introducing w = £, the generating function of the Laguerre polynomials [53] can be

recognized, so that (4.7) becomes

2 o]

j zaz Z Lﬁ'fn(—zz)w"\w:o

b2 iri—io 9
= ﬁe2 z Lz (—z ), (48)

reproducing (4.5).

4.2 One-point functions
Although the calculation of the one-point function
W® = (TeUF) = Tr A, (4.9)

is very easy by tracing over the matrix (4.8), it is instructive to do the calculation in the
infinite-dimensional system [47]. One starts with

W = Ty (ez(a“*) P) , (4.10)

where Tro, denotes the trace in the infinite-dimensional Hilbert space. Then, one exploits

the relations
Zez(a—i—af) _ [CL e?

)

(a+aT)] _ [ez(a—&—(ﬁ) CLT], (4‘11)

)

the cyclic property of the trace, as well as the commutators
[a,P] = —V/N|N —1)(N|,  [af,P] = VN|N}(N —1]|. (4.12)
Thus, one can write
W) = Ty (z e(ata’) P) Treo ([a,ez (atal) ]P) = Tro (ez(“+aT)[P, a])
= \/N<N|ez(a+aT) IN - 1) =VN(A)yn-1=VN(A)N_1N
= zeé LY (=2%), (4.13)
which reproduces the known result

z2
WE —e7 LY (=2?). (4.14)



4.3 Two-point functions

Let us extend the procedure of the previous subsection to the two-point function
Tr(A, A,,). A similar calculation yields [47]

(21 + 22) Tr(As, A.,) = VN(N| ezt (atal) pezlatal) N 1y 4 (21 65 2). (4.15)
Furthermore, one can write (abbreviating 9, = 9, for n =1,2)
(21 + 22) (81 — Do) Tr(A,, As,) = VN(N| e (@t g 4 af, Ple®@ta) |N — 1) — (21 <5 29)
= N [(Az)NN(Az)N-1,8-1 = (Az)) NN (A2 ) N-1,N-1]

2,2
zl+22

= Ne =" [Ly(—2]) Ly1(—23) = L (=23) L1 (—=D)] -
(4.16)

This is where the calculation stops in [47], and we will take it from there. First, using the
sum [53, 8.974.1], (4.16) can be rewritten as

22,2 N—1
(21 + 22)(01 — O2) Te(Az Asy) = (2 —23) e T > LO(=2])LO,(—23),  (4.17)
m=0
which gives
z%+z§ N-1
(01— 02) Tr(AL AL,) = (s1 —2)e” 2 Y Ly (—27) LD, (—23). (4.18)
m=0
Then, using [53, 8.976.4], (4.18) is equal to
2.2 N-1 m 2k
(01 — &) Tr(An Any) = (21— z)e 70 3. S L2 — 22 (zlzf)z (4.19)
m=0 k=0 (k)
After reordering the summations, one obtains
Z+22N1N1k o1 2) 2K
(01— O TH (A ) = (51— 2a)e 70 30 50 (st )02
k=0 m=0 ( )
2 N- 2k
(2122)
= (21— 22) Z LY p(=21 — 23) (4.20)

(k1)

We will further manipulate this expression and integrate it in section 6.

5 One-point functions

In this section, we revisit the one-point functions W*) = <Tr Uk>, with & of order unity

(as opposed to order N or VN, for example). Without loss of generality, we can set
k = 1, keeping in mind that k appears in the exact result (4.14) only in the combination

2 = kzﬁ. The general case can be recovered from the case k = 1 by scaling A — k2.
The 1/N expansion of W) was obtained by Drukker and Gross [29]. We will review their
solution and provide a very simple check of it. The solution contains certain numerical
coefficients, which are defined through a recursive procedure. Then, we will present an
explicit construction, which results in a direct combinatorial formula for these coefficients.
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k-
m1l 0 0 0 0 0
10 & 0 0 0 0
1 1
0 woow 0 0 0
0 8 960 70368 0
0 1 71 1 1 0
2304 268800 23040 497664
0 1 31 23 1 1

11264 483840 1612800 829440 29859840

Table 1. Some values of B(m, k).

5.1 Drukker and Gross’ series in 1/N

The expansion into a series in 1/N of the exact result (4.14),

(1) _ sy 1 <A) 1
w edN Ly_4 AN ) (5. )
has the form [29]
wl) = S Ny, (5.2)
m=0

where the genus-m contributions W, are given by'*

m 2m+k—1
Wi =Y B(m,k) (‘E) Tomak—1(VA). (5.3)

k=0 2

Here, I,(#) are the modified Bessel functions of the first kind, and the coefficients B(m, k)
are determined by the recurrence relation (for m, k > 0)

1 1
(2m + k)B(m, k) = Z(Qm +k—-2)B(m—1,k)+ ZB(m -1,k-1), (5.4)
together with the initial values
B(m, 0) = 5m,0 y B(O, k) = 5k,0 . (5.5)

Some values of B(m, k) are listed in table 1. Notice that B(m,k) = 0 for k& > m.
Other particular values are
1 1 1
—— B =——, B —1)= .
amen Bomm = Bimm— ) = e o)
(5.6)
We find it useful to express W, in terms of generalized hypergeometric series, see (B.7).

B(m,1) =

In particular, for m = 0,

Wy = \%11(\5\) =oF1 <; 2; 2) : (5.7)

"Our coefficients B(m, k) are related to Drukker and Gross’ Xi by B(m,k) = Xk Morever, we
include the term with m = k& = 0 in the sum.
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N
1 0 0 0 O
1 £ 0 0 0
12 L 0 o
i g1 O
1248299L 1

315 1575 405 1944

Table 2. Some values of C(m, k).

For m > 0, we have

2 CO(m =1,k —1) (A\2mHh=2 A
Win=>_ (2 B (4) oF1 (—; 2m + k; 4) : (5.8)
k=1 ’

where we have introduced the new coefficients
C(m, k) =4 2m+k+3)B(m + 1,k +1). (5.9)

The recurrence relation for C'(m, k) is easily found from (5.4) and reads

C(m—-1,k—1)
(2m+k)

C(m,k)=C(m—1,k) + (5.10)
with the start values C(0,0) = 12B(1,1) =1 and C(m,—1) = C(—1,k) = 0. Some values
are listed in table 2.

There is a slightly different form of (5.8), which we wish to derive for later purposes.
Let us first use a recurrence relation for the modified Bessel function to write (5.3) as

m 2m+k—1 2m+k—2
Wi =Y B(m, k) K\f) Lotk (V) + (2m + k) (?) 12m+k<ﬁ>]
k=0

(5.11)
Next, consider the second term in the bracket in (5.11). For k& = 0, this term does not
contribute to the sum (B(m,0) = 0 for m > 0), nor would it for k¥ = m + 1, so we can
safely shift the summation index by one for this term. After this, the two terms can be
combined using (5.4) to give

m \/X 2m+k71
k=0

i C(m, k) <)\) 2mtk A
=y — = oF 1 (—;2m+kz+2; > : (5.12)
S Am@2m+k+ 1)\ 4 4

The expression (5.12) is valid for all m > 0, but it has one summand more than (5.8) for
m > 0.
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To the best of my knowledge, the easiest way to check the series of Drukker and Gross
(and find it, as one might say with hindsight) is as follows. Consider the exact solution (5.1).
Laguerre polynomials satisfy the differential equation [53]

d? L (x) dLd(z)
n _ 1)—n\/ Lo =0. 1
T2t (a—x+1) 5 Tn n(x)=0 (5.13)

With the help of (5.13) it is straightforward to verify that (5.1) satisfies the differential
equation

2 1 1
o 25 _ MYy~ 1 0
(6)\4— 0 M) Wit = W, (5.14)

Knowing that W) has an expansion of the form (5.2), (5.14) implies a differential recur-
rence relation for the genus-m contributions W,,,

<a§ + %aA —~ 41A) Wy = 6L4Wm*1 : (5.15)
The leading term W is the unique homogeneous solution of (5.15) (up to a normalization
constant) that can be written as a power series in A. Furthermore, one can show that
the functions W, given in (5.3) [or (5.8)] satisfy (5.15). In doing so, one must use some
recurrence relation of the modified Bessel functions (or the generalized hypergeometric
functions), and the recurrence relation (5.4) [or (5.10)] is essential. Vice versa, given
Wp,—1 for some m > 0, the function W, is the unique particular solution of (5.15), if one
demands that it be a power series in A and start with A\?™.

5.2 Explicit construction

In this subsection, we shall present a new explicit construction of W) as a series in 1 /N.
Our immediate aim is to find non-recursive expressions for the coefficients B(m, k) and
C(m, k). The calculation will also serve as a blueprint for the analogous calculation in the
case of the two-point function, which we consider in the next section.

Let us start with the exact expression (5.1), which can be rewritten in terms of a
Whittaker function as [54, 18.11.2]

4N? A
n — =Y _
W My ( 4N) . (5.16)
This, in turn, allows for the series expansion [54, 13.14.6]
wlh =N i lgF1 (—n,1—N;2;2) ()‘>n . (5.17)
= n! ’ T 8N

This expression reproduces (A.8) and (A.9) of [29]. Because oF; (—n,1 — N;2;2) is a
polynomial of degree n in N, and because of the identity [53]

oF1 (—n, 1—N;2; 2) = (—l)ngFl (—n, 1+ N;2; 2) , (518)
we see that it must have the form

oFy (=1, 1= N;2;2) = N"Pa) (N*Q) , (5.19)

NIE]
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where P[%} is some polynomial of degree [3]. This is far from obvious by direct inspection

of the hypergeometric series. To get a procedure where this property is evident, we can
use either of the identities [53]

oF1 (—n,1— N;2;2) = Wﬁl (—n,1+ N;N —n;—1) (5.20)
= (15;\[)1121?1(_”71 —N;—N —n;—1) . (5.21)

Using the expression on the second line, writing out the hypergeometric series and simpli-
fying the Pochhammer symbols, one finds

oF1 (—n, 1 = N;2;2) = N(nl—i—l)' > (7) (N = Dnt1- (5.22)

" 1=0
We remark that this has the form of a Meixner polynomial [54] in N. To continue, we
write the Pochhammer symbol in (5.22) as

%(N —Dir1(N)n—141 (5.23)

and note that (N —1);41 and (IV),_;4+1 are lowering and rising factorials of N, respectively.

(N - l)n-i-l =

These can be expanded in terms of the (signed and unsigned) Stirling numbers of the
first kind,'®
l

(N =D =Y s(l+1,k+ 1N (5.24)
k=0
n—I

(NMni1 =D _(=1)" " Fs(n— 1+ 1,k + )N (5.25)
k=0

Therefore,

I n—l

(N=Dps1=>_ > (=1)" " Ps(l+1,k+1)s(n—1+1,p+1)N*HrH!
k= Op 0

ZNH—H mz l+m+k l+1 k+1) ( —l—{—l,n—m—k‘—f—l), (5.26)

m=0
where we have reordered the double summation, and the sum over k is over all values for
which the summand is non-vanishing.
After putting everything back into (5.17), one gets

> 1 A\ " [n
Wi = 3° in!(w 5 (8N) % <z> (N =Dt

n=0

- 1-m

nz,%n' ( ) ZN

xﬁ:()Z DF™ s+ 1L, k+Dsn—1+1,n—m—k+1). (5.27)
k

=0
15\We denote by s(n, k) the signed Stirling numbers of the first kind, the unsigned ones being simply
(=1)" " s(n, k).
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Then, reordering the summations over n and m gives

1 by n+m
1 — 1-m
w ZN Z ORI CE——T (8) (5.28)
n+m
n+m l+m+k
X -1 sl+1,k+Ds(n+m—-Il+1,n—k+1).
l;( l ); ks )s( )

To see that the terms with odd m are absent in (5.28), we can relabel the summation
indices on the second line by kK — n — k and | — n 4+ m — [, which returns the summands
with parity (—1)™. Therefore, after dropping the terms with odd m, we can read off the
genus-m contributions to (5.2) as

Wp=3 (Z)Mm Aln,m), (5.29)

n=0
where the coefficients A(n, m) are given explicitly by

—n—2m

n 2m
n 4+ 2m
A = E 5.30
(n,m) (n+2m)'(n+2m+1‘ 0l0<k+l> (5.30)

k=
X (=)l s(k+1+1,k+)s(n—k+2m—1+1,n—k+1).

We remark that an alternative representation of A(n,m) can be found by a similar
calculation that starts with the hypergeometric series oF1 (—n,1 — N;2;2). It yields

A(n,m) = (5.31)

1 QZmQ—l n+2m\ s(n+2m—1014+1,n+1)
(n+2m)! = l (n+2m—1+1)!

In this approach, however, the vanishing of the terms with even powers of N is not obvious
from the explicit expression and must be checked by other means. Moreover, to establish
the equivalence of (5.30) and (5.31), some convolution formula of the Stirling numbers [55]
might be employed. In any case, we have verified using computer algebra [56] that the two
formulae give the same values.

Another remark is that one can use the recurrence relations of the Stirling numbers
and the binomial coefficients to show that the coefficients A(n,m) satisfy the recurrence
relation

(n+2m)(n+2m+1)A(n,m) = A(n —1,m) + iA(n, m—1). (5.32)

This is equivalent to the recurrence relation (5.10). Moreover, (5.32) implies the differential
equation (5.15) and, in turn, (5.14).

At this point, we can make contact with the Drukker-Gross series. Taking (5.12) and
substituting the generalized hypergeometric series, one finds

m 00 1 A 2m—+k+1
m:4im 7k — .
W };00“” )§Z!(2m+k+z+1)! (4)

(5.33)
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Because C(m, k) = 0 for k > m, we can extend the sum over k to infinity and reorder the
two sums by setting n = k + [. This yields

. [e'e) A 2m+nmin(m,n) C(m,k)
) R S Terr==a

Confronting this with (5.29), we can read off

(5.35)

am@2m+n+1) = (n—k)!
The inverse of this relation is
Clm, k) = 4™ f: DM@t Dy <m). (5.36)
= (k—n)!

Finally, combining (5.36) with (5.30) or (5.31) yields explicit expressions for the coefficients
C(m, k), without the need of a recursion.'® For example, with (5.31),

—1)k—n 2m 1 1
(-1) y <2m+n+1> s(ntl+ln+l) (5.37)

2m — 1 (n+1)!

6 Connected two-point functions

In this section, we will evaluate the 1/N expansion of the connected two-point functions'”

conn

WEED = (TrUR TrUR)) = Tr Ay, — Tr(A2,ALy) (6.1)

In subsection 6.1, we will perform an explicit calculation along the same line as we did for
the one-point function in subsection 5.2. This will result in a series in 1/N? with coefficients
that are series in A and functions of k; and ko. In subsection 6.2, the leading term will be
compared to known expressions from the literature. In subsection 6.3 we develop a new
procedure. It will be shown how the connected correlators (6.1) can be constructed from
the knowledge of the one-point functions W®*) and develop a procedure by which the 1 /N
series can be construced. This will be the main new result of the paper.

6.1 Explicit construction

Our starting point is the exact expression (4.20),

A4 = 2k+1 o o (z122)*
(01 — 02) Tr(Az Azy) = (21 — 22) €™ 2 kz_:o Ly (=21 — Zz)w~ (6.2)

16For the sake of a computer algebra implementation, using the recurrence relation is faster.
"We recall our definitions z = kg and A, = Ag.

~19 —



Unfortunately, there does not appear to be an easy way to integrate (6.2) in this form, but
we can proceed to expand it as we did with the one-point function in subsection 5.2. First,
we use [54, 18.11.2] to express the Laguerre polynomial in terms of a Whittaker function,

N + k‘) (2129)%F
(

(01—02) Tr(Az Azy) = (21— 22) ];) <2k i1 22— 22)RHL ()2 MN,k+%(_Z%_Z2) (6.3)

where we have formally extended the summation over k to oo, which is safe, because of the
binomial coefficient. Then, expanding the Whittaker function into a series [54, 13.14.6],

we get
0o 00 2 2\ "
O — o) Tr(A,, A,) = (21 — 29 S(n,k; N)(z129 2% (2112 , 6.4
1 2 2
k=0n=0
where we have introduced the coefficients
1 N+k
It is helpful to express (6.4) in terms of the variables
1
Zy = 5(21 + 29), (6.6)

and expand it in powers of zi — 22, which gives
0o 0o no/n ‘ . '
O_Tr(A, Az) =222 > S(nksN) > ( ) (—1)7(22 — 22)2 (2229 (6.7)
k=0 n=0 j=o \J
Equation (6.7) can be readily integrated. The result is

(2 = 229 2
Tr(A., As,) = ZZSMN;)@( 1)/ T . (6.8)

k=0 n=0

The integration constant F(z;) is determined uniquely by considering the special case
2o = 0, in which z4 = z_ and

Tr(A., Ag) =Tr A, =Tr A, . (6.9)
Therefore, F(z4) = Tr A 42, Comparing this with (6.1) reveals that the rest of (6.8)
represents the connected two-point function,
2 p2)2kAitl (9,2 )0

Wik k) j(z+ 2 ?
Weonh ZZSnkN;%(j)( 1) T . (6.10)

0n=0

Our next aim is to rewrite (6.10) as a series in 1/N. First, let us return to using z;
and zo,

j
(k1 ,k2) S(n, k; N)(z129) 27+ = A" 6.11
Weahin™ ];MZO n, ks N)(z12) Z( >2k+j+1 ’ (6.11)
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where by A we denote the N- and M-independent combination'®

(21 + 2’2)2 _ (kl + k2)2

A = = 6.12
22122 2k1k2 ( )
We show in appendix A that S(n, k; N) has the form
k+[%]
S(n,k;N) = Y N*tH=2me(n | om). (6.13)
m=0

Therefore, substituting z = kg and g% = ﬁ into (6.11) yields

k—i— .
SIS k1ko 2k+n+1 n n (_1)] .
kl,kQ) —2m 172 =)
Weakia® =2 2. ZN )( 4 ) ;<j>2k+j+1A '

k=0n=0 m=0

Then, pulling the sum over m in front, we get

ks hz) i N2y kaka) (6.14)

conn
m=0

where the coefficients are given by

00 0 kleA 2k+n+1 n n (_1)3 .
W(k17k2) _ k ( ) _ ) AnI
m Z Z J(na 7m) 4 jz:;) ,7 2k+]+1 )

k=0 n=max(0,2m—2k)

o (3]

kik n+2m+1
_Z Yo n+2m—2k,k:,m)( 14”)
n=0 k=0
n+2m—2k i
% +Z n+ 277.1 —2k (_1-)J AnT2m—2k—j ,
= J 2k+5+1

n+2m-+1 n+2m _1)d Ant2m—j
Z (’““) ) Aln.jim). (6.15)

= (J+ Dl(n+2m — j)!

Here, we have performed a sequence of sum rearrangements and introduced the coefficients

Z] (n+ 2m — 2k)!
(7 —2k)!

A(n,j,m o(n+2m — 2k, k,m). (6.16)

k=0

Equation (6.15) is our main result of this subsection. It provides an explicitly calcula-
ble expression for Wgﬁ Lkz2) as a series in A\ and function of k1 and k9. The coeflicients
o(n, k,m) are given by double sums involving combinatorial functions, see (A.5) or (A.11),
which makes the whole result quite unwieldy except for the leading case m = 0. Neverthe-
less, (6.15) can be used to check the series expansion of expressions of W(kl’kz) derived by

other means.

8 The connected correlator vanishes when one of ki or ks vanishes.

- 21 —



6.2 Leading term

In the case of the leading term, Wékl’k2), the sum (6.15) simplifies significantly. Using (A.6),
the coefficient A(n, j,0) becomes

. j!2n—2k
A(n, j,0) = ; (5 — 2k)!(n + 1)!(K")2

)

Then, relabelling p — p — k and exchanging the order of summation gives

) on—j i -
a0 = 22 ()50 ()
_ 2 (i
~ (n+1)! zp: (p)

n=i (25 onti 1
NCESY (g) RCES <2)j | (6.17)

Substituting (6.17) into (6.15) yields

" J
e _ ot 2 (k)" o (2 (), (3)
' 4 -0 nl(n+1)! = GG+ 1)
A n
=3 2 e (-nyi2iz) (6.15)

Using hypergeometric function identities, this can be written in several equivalent forms.
In particular,

ke _ Rikad o (472 kikor)" (%)n
0 4 = nl(2)n2)n

31 A
Fi(—n, 2= —n 1
2 1( n72a2 n; ) (6 9)

(6.20)

A
ULTE (Sikar)” (3), 1 1 A-2
- 4 n=0 n!(2>n(2)n 2 <_ n ) .

We remark that

A - k1 + ko 2
A-2 (kl—k2> '

The above expressions do not simplify further in terms of generalized hypergeometric series,

except for the special cases |k1| = |k2|. Setting, without loss of generality, |ki| = |k2| = 1,

we have
A 3
Wit = 20 , (;2,2;)\) , (6.21)
4 2
_ A 1
Wit = ~ T (2;2,2;/\> . (6.22)
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Let us compare these expressions with the results of Beccaria and Tseytlin [42]. They
have calculated the genus expansion of the correlators

A A2
(rUTrU) = N21F2 <;;2,3;)\) + ZIFQ (2;2,3;)\> + 19721]:—“2 (;;3,4; /\) +--- (6.23)

and

_ 3 A 1 22 3
<TrUTrU 1> = N?,F, (2;2,3; )\> — ZlFQ (2;2,3; )\> — @1]?2 (2;3,4; )\> (6.24)

A3 )
2B (245N )
+23041 2(2, 393 )‘f—
In order to find the connected contributions to (6.23) and (6.24), we need to subtract
(TrU)?. From (5.2) and (5.3) we have

(T U) = NoF (—-2~A)+ A <—~3'A)+ (6.25)
- or'1 ) 74 384N0 1 ) 74 . .

To square this, we can use the product formula (B.8), in which, for our parameters, the
9F3 ()’s simplify to 1F3 ()’s. Furthermore, one can use the contiguous function relations of
the generalized hypergeometric functions, which we review in appendix B. This gives

3 A2 5
(Tr U>2 = N?,F, (2;2,3;)\> + @113‘2 (2;3,4; )x) + e (6.26)

After subtracting (6.26) from (6.23) and (6.24) and using again the contiguous function
relations of appendix B, one finds (6.21) and (6.22), respectively.
Another form of W{F**2) is [30, 38]

Py (kake) V1 ks

0 = St ) [To(k1VA) T (ko VX) + To (ko) L (k1 V)] (6.27)

To prove the equivalence with our result, let us first expand the modified Bessel functions
in (6.27) into series. After some rearrangement of the two infinite sums one gets

o0 AN\ g 25, 2(n—5)+1 | 5 2(n—j)+1,2j

(k1k2) _ Ak1ka (4) n\(n+1\k"ky + k] k5

Wy ) = > i §O ; . (6.28)
]:

4 nl(n + J k1 + ko

n=0

Thus, to show that (6.18) is equal to (6.27), we have to establish that

" n+1 k%jkg("—j)‘f'l —i—]{?%(n_j)—’—lk‘;j 1 )
= (2Ak1k))"9F 1 | —n, =:2; — | . 2
Z(j)( j ) Rtk ( ”)“(”’2”A) (6.29)

=0

Consider first the left hand side of (6.29). For simplicity, we shall omit the summation
limits using the convention to sum over all possible non-zero summands. Using the identity

(-0 )
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and letting 7 — n — j in the term with even powers of ko in the numerator, we find
n ? n n
Lhs. = KR Ty il I 6.31
; [( j> 1 R ITAVERT A 2 ( )
This can be written even shorter as
2n n n
Lhs. = > (W) QM})k%g"—m (6.32)
m=0 2 2

To manipulate the right hand side of (6.29), we first use the hypergeometric function
identity [53, 9.137.16], which leads to

. 12\ n+2 3., 2
r.hs. = (2Ak‘1k‘2) |:2F1 (—n—1,271,A> + 9A oF1 <_n72,3’A>:| .

By means of the quadratic transformation law [53, 9.134.2] and recalling the definition of
A (6.12), this is equal to

" kl —2n—2 k‘%
r.h.s. = (2Ak1k2) 1+ — oF1 | —n—1,-n-1;1; 5

n+2 ki) " ki
1+ — Fi{—mn,—n—-1,2;—5 .
+ 9A ( +k’2> 2 1( n,—mn ) 7k%

After writing out the hypergeometric series, this becomes

2
1 o(nal—j 2 , .y
R I G R i Pt il
J jJ\g+1

Finally, with the help of the identity (6.30) one can show that

2
n 25 2(n—j n n 2j+1,2(n—j)—1
rhs. =3 [(j) K20 (;) <j+1> 2t 2 nd) ] , (6.33)

J

1

(k1 + k2)? 7

r.h.s. =

which is just (6.31). Thus, we have proven (6.29).

6.3 Recursive construction

The result (6.15) for the genus-m contribution to the connected two-point function, al-
though exact as a power series in A, is extremely unwieldy. Beyond the leading order term,
a general pattern is not apparent, and operations such as finding the large-A behaviour
would require further work. Therefore, we shall abandon this explicit approach. Which
alternatives do we have for making progress? A look at the one-point function can help.
As explained in subsection 5.1, the easiest way to find the genus expansion of the one-point
function W) is to use the differential equation (5.14) to construct a recursive series of dif-
ferential equations for W, (5.15). Although these are second-order differential equations,
the physically relevant solutions are unique once the leading order solution W is taken as
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the start of the recursion. So, the question is whether a similar technique exists for the
two-point functions. In this section we shall see that the answer to this question is indeed
affirmative.

To start, let us return to the exact expression (4.16),

2,2
z1+z2

(21 + 22) (02 — 02) Tr(Az Auy) = Ne™ 7 [L(—28) LYy (—23) — L (—23) Ly (—2D)]

(6.34)
Tr(A,, A,,) differs from the connected correlator Wél.%;{“?) by a minus sign and an additional

term that depends only on k; + kg, cf. (6.1). Therefore, (6.34) implies that

2,2
27 +22

(21 + 22)(Dzy — o)) WERED = =N ™77 [LR(=21) LY_1(=23) — L (=25) Ly (—2D)] -
(6.35)

Let us also recall the exact one-point function (4.14)

22
Wk =T LL_(=2?), (6.36)
which satisfies the differential equation
3

<a§ + 20 - 22— 4N> wk =0, (6.37)

Equation (6.37) can be established either by direct calculation or by changing the inde-
pendent variable in (5.15). One can show by direct comparison with (6.36) and using some
Laguerre polynomial identities that (6.35) is nothing but

1

(21 4 22)(0sy = Do) W) = — o

[2(2% — 22) 4 22200, — Z%zlazl} Wk wWk2) - (6.38)

To continue, let us rewrite (6.37) and (6.38) in terms of k, k1 and k2 as independent

variables, recalling that z = kg = k\/ﬁ. Therefore, (6.37) becomes

3 kN2
<a,§ + 70k = A= 16N2> wk =, (6.39)
Similarly, (6.38) takes the form
(01 — o) Wihyl) = DWW, (6.40)

(k1,k2)
0

where, here and henceforth, 0,, is a shorthand for 0, = 0,, and D denotes the

operator

~(k1,k2) A ) ) ) ,
o T TR k) T - : A1
0 8(/€1 + k2) |: (kl k‘2) + k:lk‘282 k2k‘181:| (6 )
Next, consider the operator
(klka) Akle
b = o [2(k1 + k2) + k1k2(01 + 02)] . 6.42
0 8(k1+k2)[(1+ 2) + k1k2(01 + 02)] ( )
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Applying (01 — 02) from the left yields

A

01— DY = O
(91 = 92)Dy 8(k1 + k2)

[—z(k:% — k2) + 4k2k1 01 — 4k2ko0o + K2K2(0% — ag)] .

(6.43)
When acting with this on WEW®E2) | one can use (6.39) to replace the second derivatives,
which yields

(81 _ 82)D6k17k2)w(k1)w(k2) — <’Z~)ék1,k2) _ ]\;ﬁgkl,lﬁ)) W(kl)W("’?) ’ (644)

where we have introduced the new operator

f)(kl,i@) _ A3

(krka) —fk%kg(kl — ky). (6.45)

Clearly, (6.40) and (6.44) imply that

1 1 -
(01 — BpyWikiks) = [Nm — 09)D5" ") 4 MDY“””)} Wik (6.46)
This suggests the following recursive procedure. Let DIk and DIk e operators

independent of N and containing at most first derivatives with respect to k; or k2 (the only
allowed second derivative is the mixed 0;0;). They are defined in a recursive fashion by

. 1 -
(81 — By) DRtk ke) — (Dg’“:kﬂ - WD;’“;’I’”)) Wk (k2) (6.47)
and by fixing the integration constant in Dﬁ{“””) such that Dﬁlkl’o) = D,(qo””) =0. In (6.47),
second derivatives acting on W) W(k2) are eliminated using (6.39). Then, we immediately
have the solution'®
Wikik) = ™ =220 plkik)yy k) pylha) (6.48)
n=0

from which we can read off the N—2™ coefficient

Wr(fl,k’z) _ Z D7(lk317k2) . I/Vl(kl)W(kZ)n_l . (6.49)

m—
n=0 =0

It is reassuring to verify that the leading order term Wékl’kZ) is just (6.27).
Let us flesh out this procedure. We start by writing

DkLk2) — 4,010 + b (91 4 D) + by, (81 — ) + ¢n (6.50)

and
DkLk2) — b9y + 0y) + by, (81 — o) + &n (6.51)
19To rewrite (6.48) for the two-point correlator <Tr Ukt Ty U'“2>, one can add a term with n = —1

and Dikf’kg) =1.

— 96 —



where a,, b, ¢, as well as b and &, are functions of ky, ko and \. After inserting (6.50)
and (6.51) into (6.47) and eliminating the second derivatives by means of (6.39), the terms
of order N© give rise to the following system of equations,

3 3
(01 — h)ap, — —an + —a, —2b, =0, (6.52a)
kq ko
3 .
(01 — D2)byy + m[(kl — k)b — (k1 + k2)b, ] = by (6.52b)
3 -
(01 — o)b,, + m[(kl — ka)b,, — (k1 + k‘g)bz] +cn— Aan =0, (6.52¢)
Moreover, the terms of order N2 determine the coefficients in f)gfﬁ’lb),
P+ X2 2 _ 1.2
b1 = “390n (/ﬁ - k2) ) (6.53a)
i \? 2, 12
b1 = 5500 (/ﬁ + k‘g) ; (6.53b)
. A2 _
T (k2 = K3) bt + (K +3) bz | - (6.53¢)
The functions corresponding to ﬁékl’kQ) (6.41) are
. A k1 — k2) = A _ A
b =———kik by = —kik =——(k1 — k .54
0 160k & k) LR 0 = qghke, 4 (k1 —k2), (6.54)
and the first solution D(()kl’kQ) (6.42) is given by
NkTk3 A
=0 by = 12— by =0 = Zkiks. 6.55
ap 5 0] 8(k1+]€2) 3 0 ’ €o 4 1h2 ( )
In order to make progress for n > 0, let us introduce the variables
y=Nerky,  z2=VAk +k), (6.56)
and let
1 A R
an = X&n’ bt = (k1 + k)b, b, = (k1 — k2)b, , Cn = Cn, (6.57)

where the new variables a,,, IA)?LE and ¢, are functions of y and z. The various factors
of X serve the purpose of removing it from the system. Moreover, we note from (6.53a)

and (6.53b) that
(kP +k3) b + (k3 — K3) b =0, (6.58)

which can be used to form a homogeneous equation from (6.52b) and (6.52¢) (for n > 0
only). Then, the system (6.52), with the right hand sides determined by (6.53), can be
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n|a bt b™ ¢

1|1 0 1

2 | 4y—4(22+4) y+2 -2 —y

3| (22424)y? —16(322+20)y | 4y —(522+8)y —(22+24)y (22—4)1?
+8(324 44022 +160) —8(322+4-20) +8(322+20) | +4(322+20)y

4 | 12(2%2+16)y3 (22+24)y3 —18(224+16)y? | 3(22—8)y3
—12(2446022+480)y> —18(322+16)y? +12(24 46022 | —6(2*—2422
+576(24 42022+ 112)y +36(22+422-32)y | +480)y —288)y?
—192(2%+302 433622 +288(244-20224+112) | —288(244-2022 | —144(2*+2022
1+1344) +112) +112)y

Table 3. Table of the coefficients a,,, IA)?% and ¢,. The displayed expressions must be multiplied by
%y?’, where v, = 2_(5"+3)/(§)

n'

transformed into the following recursive system for the hatted variables,

By — =iy +2b =0, (6.59)
(4y—22)0,b;, +(2y—22)d,b, —3b} —by, +¢,—an =0, (6.59b)
A ~ ~ ].
b —;’y (b by ) = 55dn—1- (6.59¢)
~ 1 ~ ~
Oyen—2by = 15 2200+ (2 =29)b, | (6:594)

The case n = 0 is special. In that case, the right hand sides of (6.59) are to be replaced
2
by 0, &=, 145z and 1, respectively. The start values are given by

2

ap =0, by = 70%7 by =0, ¢o = Y02y (’Yo = ;) : (6.60)

The system (6.59) can be solved recursively for n > 0. In each step, one must impose
that a,, lA)T% and é, vanish for y = 0, which gives a unique solution and ensures that
it corresponds to the connected 2-point function. This essentially implies that one can
construct a particular solution of the inhomogeneous equation in the form of polynomials
in y. More precisely, one can make a solution ansatz in which the functions a,, B,f and ¢, are
given by 3? times polynomials of degree n— 1, with coefficients that depend algebraically on
z. Then, finding the coefficients amounts to solving a system of linear algebraic equations.
This can be easily coded. The solutions until n = 4, obtained with the help of [56], are

listed in table 3.

6.4 Special cases |k1| = |k2|

For completeness, we shall provide the explicit expressions for a few subleading terms in

the special cases k1 = ko and k1 = —ks. In these cases, it is possible to simplify the
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general expressions that result from (6.49) by applying the product formula (B.8) and the
contiguous function relations listed in appendix B. As before, we can limit the discussion to
|k1| = |k2| = 1, because the general case can be recovered by rescaling A\. Without further
details, the first sub-leading terms in the case k1 = ko are

A3 5 5A\4 7
with = 2 p (-3 4; A) F (-4 5-)\> 6.61
1 1921 2 9701 +122881 2 9B ) ( )
5 6
(L.1) A 7 ) 217\ <9 >
— Fo(L:5.6: 2 Ry (26T 62
Wy 23040" 2(2’5’6’A + 12236800172 (276 75 A (6.62)
23\7 11 778 13
% Py 8N+ Py (2:89:0) .
176947200 " 2(2’ o )+905969664001 2(2’ e >
For k; = —ko, we have
e N (5-4 5-A> (6.63)
1 368641 2 27 )Yy ) .
6 8
(1,-1) _ A <7. . > A <11. . )
W, - Py (t4 TN - — Py (=—:89:)). 6.64
2 44236800 2\ 27 " 3170893824000 2\ 2777 (6.64)

Like the leading term, these results can be compared to the results of [42] using the con-
tiguous function relations of appendix B.

7 Conclusions

In this paper, we have discussed various aspects of %—BPS Wilson loops in N/ = 4 SYM
theory, focusing one exact results that can be obtained starting from the Gaussian matrix
model representation.

First, we have reviewed the formulation of general Wilson loop generating functions in
the language of symmetric functions, which allows to use combinatorial tools to translate
different basis representations into each other. We have generalized this formulation to two-
loop generating functions, where by two-loop we mean loops running along two different
contours.

Second, this formalism has been applied to the generating functions of %—BPS Wilson
loops in N/ = 4 SYM theory. These Wilson loops have a circular contour, but can run
along this contour in either direction, so that the generic two-loop case is needed for the
most general treatment. We have considered the generating function of the correlators

kikn) - which was introduced earlier by Okuyama,

of multiply wound Wilson loops, wl
and provided a generalization of his result to all orders in combinatorial terms, cf. (3.20).
Specifically, the connected h-point function of multiply wound Wilson loops (with arbitrary
orientation) is obtained in terms of the traces of products of certain matrices Ay.

Third, we have reviewed how the matrices A can be reformulated in terms of harmonic
oscillator quantum mechanics. The simplest results of the matrix model, in particular
the one-point functions W®*) = Tr A, arise in this formulation in a curiously elegant
fashion. For the two-point functions, this approach results in an exact first-order differential

equation, upon which one can build. Although we have not considered the three- and
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higher-point correlators in this paper, it is reasonable to believe that the harmonic oscillator
formulation carries a lot of potential for further progress also in these cases.

Fourth, we have reviewed the Drukker and Gross expansion of the one-point function
WM as a series in 1 /N? and added two new approaches. We have shown that the entire
series can be constructed also from a recursive system of differential equations, cf. (5.15).
Furthermore, the direct approach, in which the power series in A is reordered such as to
give a series in 1/N2, results in several explicit expressions of the numerical (rational)
coefficients of the Drukker and Gross series, which were originally defined only in terms of
a recursion.

Last, we have considered the 1/N? expansion of the connected two-point functions,

gfﬁhb), using two different approaches, both of which start from the exact result of the
harmonic oscillator approach mentioned above. The direct approach of reordering the series
in A into a series in 1/N? results in an exact, although unwieldy, solution to this problem.
However, we have also shown how the connected two-point functions, WC((Ifl}lhk2), are related
to the product of one-point functions, W) W®*2) and constructed a systematic procedure

1%2) i1\ terms of the series coefficients W,gf Y and

to calculate the series coefficients W,,f

7% 2), cf. (6.49). This construction is perhaps the main result of the paper. It is possible
that this result is related to other methods that exploit the integrability of the Gaussian
matrix model, such as the Toda integrability structure, and it would be very interesting
to investigate this. Finally, a generalization of our construction to three- and higher-point

functions is left for the future.
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A Explicit forms of S(n,k; N) and o(n,k, m)

In this appendix, we will derive several forms of the coefficients S(n, k; V) defined in (6.5).
Using a hypergeometric function identity, (6.5) can be also written as

1 (N+k\(N+k+1),
(kD20 \2k+1) (2k+2),

Depending on which expression we start with, we shall find different, but non-trivially

S(n,k;N) = oF1 (—n,k+1—-N;—k—n—N;-1). (A.l)

equivalent, results. This is similar to the expressions (5.30) and (5.31) for the coefficients

A(n,m). We shall start by considering (A.1), which will directly show that S(n,k; N) has

an expansion in 1/N?2. Writing out the hypergeometric series in (A.1) and simplifying gives
1 (N+k\(N+Ek+1),

ED2\2k+1) 2k +2),

1 i N+k+n-—1
() (i
1

- (KN 2nl(2k +n + 1)! ; (7) (N =k = Doktnt1s (A.2)

S(nkN) 2F1(—n,k:—|—1—N;—k:—n—N;—1)
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where we have let [ — n — [ in the last step. Next, we use (5.26) to get

2k+n n
1 n
. _ 2k+n+1—m
Sk ) = 3 N 3 (1) a9

XZ D™ (e 1+ 1,0+ Ds(n+ k= 14+ 1,2k4+n—m—i+1),

where the sum over ¢ comprises all non-vanishing summands. Changing the summation
indices by | — n—1 and i — 2k +n —m — i returns the same summand with parity (—1)",
which shows that terms with odd m are absent. Therefore, we find

k+[%]
S(n,k;N) Z NZRAnFL=2m s 0 e ) (A.4)
m=0
with
1 " (n
ol km) = Gk + g 11 Z (z) (A:5)

XZ Dk +1+1,i4+Ds(n+k—1+1,2k+n—2m—i+1).

The special case m = 0, which gives the leading order result, can be calculated in closed
form. In this case, only the term with ¢ = [ 4 k contributes in the sum on the second line
of (A.5), so that one finds

1 n 2™
ok 0) = s T ) l; (z) T NIk +n+ 1) (A.6)

Another form of o(n, k, m) can be obtained by starting from (6.5), which gives

1 N+k
S(n,k;N) = (k:')zn'<2k+1>2F1(_n7k+1_N;2k+2;2)
1 (o N =k — Dot
2 . A.
(k')%'Z( ) @k +1+1)! (A7)

This time, however, we write (N — k — )og114+1 = (N + k — 2k — 1)2p 1141 to find

21 2k+14+1 '
N) —_— 2 1,4)(N L. A.
S(nk 2n|z< ) Qk—l-l—l—l)! g S(k—l—l—i— ,Z)( +k) ( 8)

Expanding the binomial (N + k)* and exchanging the order of summation yields

ol 2k+14+1 2k+l41-j i+
- J 1 y 1
<>2k+l+1)! NN s(2k+l+1,z+])< . )k

§=0 i=0
(A.9)

S(n,k; N) 2n'

Nmz
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Now, the sum over [ can be extended to —2k — 1, because of the binomial coefficient (7),
after which we can exchange the sums over j and [ to get

1 2ktntl  2k+ntl—j n ol+j—2k—1 L i+7\
S(n,k; N) = N i 25U w
(n, E: 3 <L+j—2k—d> L 3 s —+Lz+])< ; )

=0 =0
(A.10)
Note that the summand with 7 = 0 can be omitted, because the first binomial would be
non-zero only for [ > 2k 4+ 1, but

l
> s(lik = (k—141),
i=0
vanishes for [ > k. Moreover, letting m = 2k +n + 1 — j, we know from above that the
terms with odd m vanish, although this is not evident here. Omitting these terms, we
find (A.4) with

1 2m n 2l+n 2m
k =
O'(TL 7m) (k|)2n|z l+n—2m (l—2m—|—2k‘—|—n+1)

l
x Y s(l—2m+2k+n+1,i—2m+2k+n+1)
=0

_ 227%]@27”1'(2]{:“‘”4'1—1') L2k +n4+1—1,2k+n+1—1)
=0 1=0

<2k+n+1—2m+i>ki
i

(k)2 & Nn—D12k+n+1-1)! ’
(A.11)

2m — 1

where we have again exchanged the order of the sums. The special case (A.6) can be read
off directly. I have checked using computer algebra [56] that (A.5) and (A.11) give the

same values.

B Some properties of generalized hypergeometric functions

In this appendix, we will review some properties of generalized hypergeometric series, with
special regard to relations between contiguous functions. The main sources of this material
are [57] and the earlier [58], as well as [54].

For non-negative integers p and ¢ and with coefficients

a=(ai,...,ay), b=(bn...,b), (B.1)

we define

i=1 i=1
Then, the generalized hypergeometric series is defined by

[e.9] n

(a),
»Fq(asb;2) Z ()l (B.3)

n:0
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The series (B.3) is convergent for all z if p < g and diverges for all z in the case p > ¢+1.
In the case p = ¢ + 1, it is convergent for |z| < 1, divergent for |z| > 1 and convergent
for |z| = 1 if Re(}>>;b; — >-;a;) > 0. If one of the coefficients a; is a negative integer or
zero, the series terminates, in which case the above generic statements of divergence or
convergence are irrelevant. If an element of a coincides with an element of b, then this
pair of parameters can be omitted. For example,

pFola,aa, ... ap;a,ba, ... bg;2) = p1Fg—1(ag, ... ap;ba, ... by 2) . (B.4)

Some notable special cases are

oFo (—3—32) =¢7, (B.5)
1Fo(a;—;2)=(1—-2)"7, (B.6)
1, 2\ 7?

oFy (—5b+1: 72 =T+1) (5) L(2). (B.7)

Amongst the few known product formulas, there is [54, 16.12.1]

b b—1
oF1 (—;a;2) 0F1 (—;b;2) = oF3 (a;— 7@4—2 ;a,b,a+b—|—1;4z) . (B.8)
The derivative of ,F, () is
d a;

oFaaibis) = TR, b+ 1:2) (B.9)

where by a 4+ 1 we intend that every element of a is increased by unity.

Let
d

0=z—. B.10

5 (B.10)
Then, using 6zF = kz* one can easily derive that the generalized hypergeometric function
satisfies the following differential equation of degree ¢ + 1,

Hﬁ(ﬁ—l-bi—l)—zﬁw—}-ai) pFq(a;b;2) =0. (B.11)
i=1 i=1

Two generalized hypergeometric functions are said to be contiguous, if their parameters
differ by integers. As in the case of the standard hypergeometric functions, there exist a
number of linear relations between contiguous functions. The differential equation (B.11),
together with (B.9), is an example, but there are others. Following [58], we shall introduce
some shorter notation,

F=,F(a;b;2) , (B.12)
Fla1t) = pFq (a1 £ 1,a9,...;b;2) (B.13)
F(blzlz) :qu (a; b1 il,bQ,...;Z) 5 (B14)
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and so on. Then, one has

(9 + ai) F=aq F(ai—i—) , (B.15)
O+b;—1)F = (b — 1) F(bi—), (B.16)

from which follow the contiguous function relations

(ai — aj) F=uq F(ai—i—) — aj F(aj—i—) , (B.17)
(bs — bj) F = (b — 1) F(bi—) — (b — 1) F(by—), (B.15)
(ai - bj + 1) F=gq F(CLZ‘—I—) — (bj — 1) F(bj—) . (B.lg)

Other relations can be found in [57], but will not be used here.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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