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ABSTRACT: We propose a systematic coset construction of non-equilibrium effective field
theories (EFTSs) governing the long-distance and late-time dynamics of relativistic, finite-
temperature condensed matter systems. Our non-equilibrium coset construction makes
significant advances beyond more standard coset constructions in that it takes advantage
of recently-developed techniques, which allow the formulation of non-equilibrium effective
actions that account for quantum and thermal fluctuations as well as dissipation. Because
these systems exist at finite temperature, the EFTs live on the closed-time-path of the
Schwinger-Keldysh contour. Since the coset construction and the non-equilibrium effective
actions may be unfamiliar to many readers, we include brief introductions to these topics
in an effort to make this paper self-contained. To demonstrate the legitimacy of this coset
construction, we successfully reproduce the known EFTs for fluids and superfluids at finite
temperature. Then, to demonstrate its utility, we construct novel EFTs for solids, super-
solids, and four phases of liquid crystals, all at finite temperature. We thereby combine
the non-equilibrium effective action and the coset construction to create a powerful tool
that can be used to study many-body systems out of thermal equilibrium.
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1 Introduction

When trying to understand a many-body system, the goal is often not to keep track of
all of the degrees of freedom; there are simply too many. Instead, the aim is to focus
only on quantities that persist over long distances and extended time scales. To do this,
one course-grains over the microscopic, or ultraviolet (UV) degrees of freedom to obtain
an effective theory of the macroscopic, or infrared (IR) observables. Often, one of the
most important guiding principles in constructing such effective theories are symmetries
and their corresponding Noether currents. For example the standard formulation of hydro-
dynamics comes from the equations for conservation of energy, momentum, and particle
number [1]. Even though such an approach is heavily based in symmetry considerations it
is not very systematic as other non-symmetry constraints must be imposed. In particular,
it relies on the somewhat ill-defined notion of ‘near-equilibrium’ to construct constitutive
relations among the conserved quantities and local thermodynamic parameters.! Once this
is done, the second law of thermodynamics must be imposed by hand, putting constraints
on various coefficients. While this method has led to very powerful and general statements
about hydrodynamic systems, there remain some difficulties. In particular, it is not at all
clear what are the rules of the game for constructing hydrodynamic theories. For example,
one might wonder if there are additional constraints beyond the second law of thermody-
namics that one must impose. Additionally, a way to extend hydrodynamic theories to
methodically account for thermal fluctuations or quantum effects is not at all clear. An
approach that utilizes symmetries as the only input could resolve some of these issues.

In order to make the approach to hydrodynamics — and many-body physics as a whole
— more systematic, over the last decade or so there has been a great effort to reformulate
hydrodynamics from the point of view of an effective action [2-29]. The reasons for doing
so are as follows. Effective actions provide powerful tools for describing systems in high-
energy and particle physics because they can be constructed from symmetry principles
alone. Once the symmetries and field content are specified, one constructs the effective
action by writing down a linear combination of all terms that are consistent with the sym-
metries. Thus, there is no guesswork when formulating effective actions. One can then
express local thermodynamic quantities like temperature and chemical potential in terms of
the fields, yielding a more rigorous understanding of the concept of near-equilibrium ther-
modynamics. Applying these methods to condensed matter systems has provided powerful
tools of analysis.

From the effective field theory (EFT) perspective, many-body systems can often be
understood as systems that spontaneously break spacetime symmetries. In fact, it is often
possible to classify the state of matter of a many-body system by its spontaneous symmetry
breaking (SSB) pattern alone [10]. Then, the long-distance and late-time dynamics are
described entirely by Goldstone bosons. For our purposes, this is very good news: there
is a powerful and systematic way to construct EFTs of Goldstones known as the coset
construction [30-34]. This construction takes the symmetry-breaking pattern — which is

'Near-equilibrium thermodynamics in the usual formulation is ill-defined in the sense that thermody-
namic parameters like temperature and chemical potential are only rigorously defined in true equilibrium.



specified by the state of matter of the system — as the only input. The coset construction
has been used to formulate numerous EFTs describing various states of matter [12].

Historically, the EFT approach to many-body physics has been unable to account for
statistical fluctuations and dissipation. The reason is that ordinary actions describe noise-
less, conservative systems and are therefore incapable of accounting for stochastic and dissi-
pative dynamics. However, this changed with recent work [2-8] and [19-24] in which a new
kind of non-equilibrium action was formulated using the in-in formalism on the Schwinger-
Keldysh (SK) contour. Using symmetry principles alone these new non-equilibrium EFTs
can account for both statistical fluctuations as well as dissipation. Because these EFTs
are constructed on the SK contour, the field content is doubled. In addition to the global
symmetry group, there exist emergent gauge symmetries at finite temperature, the origins
of which remain poorly understood [2].

Nevertheless, despite significant advances, in the current literature there exist very few
systems for which the non-equilibrium EFTs are known. The reason is that no overarching
understanding of the field content, emergent gauge symmetries, or symmetry-breaking
pattern has yet been provided for non-equilibrium systems. In this paper, we address these
problems by combining two powerful tools: the non-equilibrium EFT approach to many-
body systems and the coset construction.? We term the result the non-equilibrium coset
construction.

Our approach is as follows: we start from the observation that at finite temperature,
there exist Goldstone-like excitations corresponding to each symmetry generator even if it
is not spontaneously broken. However, the Goldstones corresponding to the unbroken gen-
erators behave very differently than those arising from SSB. In particular the Goldstones
corresponding to unbroken generators have infinitely many gauge symmetries analogous to
the chemical shift symmetries of [9]. These gauge symmetries lead to diffusive behavior.
Since the non-equilibrium effective action is defined on the SK contour, the field content is
doubled. This requires the introduction of two cosets; one for each leg of the SK contour.
We use these cosets to construct building-blocks for the non-equilibrium effective actions
that transform covariantly under both the global symmetries as well as the chemical shift-
type gauge symmetries.

To demonstrate the validity of this new coset construction, we use it to formulate
actions for already known EFTs, namely those of fluids and superfluids at finite tempera-
ture. Then, to demonstrate the utility of our approach, we construct novel EFTs for solids,
supersolids, and four phases of liquid crystals, all at finite temperature. We thus vastly
expand the number of known non-equilibrium EFTs. Moreover, our formalism can be used
to construct EFTs for essentially any state of matter that is describable by Goldstone (or
Goldstone-like) excitations. The coset construction and the non-equilibrium EFT formal-
ism may be unfamiliar to some readers. To make this paper as self-contained as possible,
sections 2 and 3 give quick reviews of these topics. Readers already familiar with these
topics can skip these sections entirely.

2The coset construction was recently used in [25] to build simple EFTs on the SK contour; however their
approach only dealt with internal symmetries.



Throughout this paper we will use the ‘mostly plus convention’ so the Minkowski
metric takes the form 7, = diag(—,+,+,+).

2 The zero-temperature coset construction: a review

Consider a relativistic quantum field theory whose full symmetry group is G, which includes
both internal symmetries as well as the Poincaré group. Suppose that the ground state of
the system spontaneously breaks the symmetry group G to the subgroup H. Then the IR
dynamics of the system are described by Goldstone modes. If only internal symmetries are
spontaneously broken, then for every broken symmetry generator in the coset G/H, there
is a corresponding Goldstone boson. However, if spacetime symmetries are spontaneously
broken, there are often fewer Goldstones than broken symmetry generators [30-32].

Often, the only gapless modes in the system are the Goldstones. If we are only con-
cerned with the deep IR dynamics, we can integrate out all non-Goldstone modes to obtain
an effective action for the Goldstones. It turns out that there is a systematic method for
writing down Goldstone effective actions known as the coset construction. This section will
give a brief review of the coset construction for spontaneously broken internal and space-
time symmetries. For in-depth discussions of the coset construction for spontaneously
broken internal symmetries, consult [33] and for spontaneously broken spacetime symme-
tries, consult [34].

The coset construction is an especially powerful technique since it provides a systematic
method for generating effective actions of Goldstone bosons using the SSB pattern as the
only input. Supposing the symmetry-breaking patten is G — H, we represent the symmetry
generators by

15# = unbroken translations,
T4 = other unbroken generators, (2.1)

T = broken generators,

where the generators 7, and T4 may be some combination of internal and spacetime gen-
erators and we have assumed that there exist some notions of spacetime translations that
remain unbroken. In this way, states can still be classified according to the corresponding
notions of energy and momentum [10]. Importantly, we do not require that the unbroken
generators ]5,, be the original Poincaré translation generators (represented by P,); instead
they can be some linear combination of P, and internal symmetry generators [10]. It will
turn out that although ]5# and T4 both refer to unbroken generators, they will play very
different roles in the coset construction. Therefore, it is convenient to define the subgroup
Ho C H that is generated exclusively by T'4.

The EFT of the Goldstones must be invariant under the full symmetry group G. While
the action of the unbroken symmetry subgroup H is linearly realized on the fields, the action
of the broken coset G/H is nonlinearly realized. In general, therefore, generic symmetry
transformations will act in a highly non-trivial manner on the Goldstones. As a result
writing down the most general effective action consistent with symmetries can be rather
challenging unless we use the construction that follows.



We are interested in ensuring that the effective action remain invariant under all sym-
metry transformations. The symmetries that act linearly are easy to deal with, but those
that act non-linearly present more of a challenge. By definition, spontaneously broken
generators act non-linearly on the fields while unbroken generators act linearly. However,
unbroken translations act non-linearly on the coordinates, meaning that the coset of sym-
metry generators that have some sort of non-linear action is G/H.> It is convenient to

parameterize this coset by )
y(z, 7] = e Fheim @)1a (2.2)

Then, up to normalization, 7%(x) correspond to the Goldstones.

By the definition of the coset G/Hy, it is possible to express any element of G as the
product of an element of the coset and an element of Hg. As a result, for any element
g € G, we may write

g- 7(x7 W} = V(xlv 77/} : ho(CE, , 9]7 (23)
where hg is some element of Hy and 2’ and 7’ are transformed coordinates and fields.
It is important to note that for given 7 and g, the terms on the r.h.s. of (2.3) can be
explicitly computed if we know the commutation relations among the generators. We can
therefore read off the transformations of the coordinates and Goldstones under an arbitrary
symmetry transformation from (2.3). In particular, under the transformation by g, we have
r— 2 and m — 7.

Using the parameterization (2.2), we can construct the Maurer-Cartan one-form g~'dg.
This one-form has the property that it can always be expressed as a linear combination of
the symmetry generators [33, 34], so we have

971 0ug = iE}(P, 4+ Vum®1a + B T4). (2.4)

Using the symmetry algebra alone, it is possible to compute the coefficients of each gener-
ator in the above expression. It can be checked that V, 7 transforms covariantly under
the full symmetry group G; we therefore will refer to it as the covariant derivative of .
Additionally, B,‘j‘ transforms like a connection (i.e. gauge field) and we can therefore use it
to compute higher-order covariant derivates by

Vi =(BE71)10, +iBiTa. (2.5)

And finally, E}] serves as a vierbein; in particular, the invariant integration measure is
d*z det E. It should be noted that the indices u, v need not be contracted in the usual way
if the Lorentz group is broken.

After computing g_18ug, it is then easy to identify the covariant building-blocks. At
leading order in the derivative expansion we have V,7%; and higher-order-derivative terms
are given by VZ;‘(V,,WO‘), vj}vy(vaa), etc. Then, the symmetry-invariant terms of the
effective action are simply constructed by taking manifestly H-invariant combinations of
these covariant terms. If boosts are broken but rotations are not, then examples of such
invariant terms are (Vor®)? and (V;7%)2?, where repeated indices are summed over.

3This is a somewhat hand-wavy justification for including ¢ Pu in the coset. But in any case it turns
out that (2.2) has the correct symmetry properties for our purposes.



2.1 Inverse Higgs

We mentioned earlier that when only internal symmetries are broken, the number of Gold-
stones exactly matches the number of broken generators. However, when spacetime sym-
metries are broken, this need not be the case. In this section, we will see how this works
from the perspective of the coset construction.

Pragmatically, the rules of the game are as follows: suppose that the commutator
between an unbroken translation generator P and a broken generator 7/ contains another
broken generator 7, that is [P, 7] D 7. Suppose further that 7 and 7 do not belong to the
same irreducible multiplet under Hy. Then it turns out that it is consistent with symmetry
transformations to set the covariant derivative of the 7-Goldstone in the direction of P to
zero. This gives a constraint that relates the 7-Goldstone to derivatives of the 7-Goldstone,
allowing the removal of the 7-Goldstone. The setting of this covariant derivative to zero
is known as an inverse Higgs constraint.

The physical reasons for imposing these inverse Higgs constraints have been investi-
gated in [11, 32, 35]. Essentially, there are two possibilities. Firstly, sometimes when space-
time symmetries are spontaneously broken, the resulting Goldstones do not correspond to
independent fluctuations. As a result, there can be multiple Goldstone field configurations
that all correspond to the same physical state. From this view point, the inverse Higgs
constraints can be understood as a convenient choice of gauge-fixing condition. Secondly,
when a Goldstone can be removed via inverse Higgs constraints, it is often the case that
if we did include the Goldstone in the effective action, it would have an energy gap. But
we are often only interested in gapless excitations, so we may integrate out these fields.
From this perspective, the inverse Higgs constraints correspond to integrating out gapped
Goldstones. For the purposes of this paper, with the exception of section 5.1, we will take a
purely pragmatic approach and always impose inverse Higgs constraints whenever possible,
remaining agnostic about the precise reasons for doing so.

2.2 Zero-temperature superfluids: a simple example

Thus far, our discussion of the coset construction has been rather abstract. This section
will focus on a simple concrete example: the coset construction of the zero-temperature
superfluid EFT. First, since our theory is relativistic, it ought to be Poincaré-invariant. In
our ‘mostly plus’ convention, the Poincaré algebra is

i[Juvs Jpo) = Mupduo = Mupdve = Nopdpy + Nov Iy,
i[P;u Jpa] = NupLo — Mo Fp, (2.6)
i[P#,P,,] =0,

where P, are the translation generators and J,, are the Lorentz generators. From the
EFT perspective, a superfluid is defined as a system that has a conserved U(1) charge @
such that both @ and Py (i.e. time translation) are spontaneously broken but a diagonal
subgroup, Py = Py + uQ is preserved [36, 37]. Physically, Q is the charge associated with
particle-number conservation and g is the chemical potential. Additionally, since every
condensed matter system (including superfluids) has a zero-momentum frame, boosts are



necessarily broken. As a result, the broken generators are the U(1) charge ) and Lorentz
boots K; = Jo;. The unbroken translations are Py = Py + pu@ and P; = P; for i = 1,2,3
and the remaining unbroken generators are the spatial rotation generators J; = %eijk Jjk-
With this symmetry-breaking pattern, the coset is then

g= ei®" Pu gim(@)Q gin' () K | (2.7)

By explicit computation, the Maurer-Cartan form is

gilaug =ik, (Py +V,mQ + V,n'K; + Qf,Ji), (2.8)
where
B, =AM\,
Vum = (Eil)fﬁulb - /1«527
V' = (B7)A T 9,A], (2.9)
i _ Lo v ik j
Q, =3B DreIR AT O, AR
where AH*, = [ei”iKi]“V and ¢ = ut + w. Here, eiijZ can be thought of as the spin-

connection (or at least the spatial components of it) and transforms as a gauge field under
rotations.

Now, notice that the commutator between unbroken spatial translations and broken
boosts yields [P;, K i1 D i6;j1Q, meaning that we may impose inverse Higgs constraints to
remove the boost Goldstones. In particular, we may set to zero the covariant derivative of
7 along the ¢ = 1,2, 3 directions, yielding

0= Vim = A0,1). (2.10)

These constraints can be solved to give a relation between the boost Goldstones and deriva-
tives of the U(1) Goldstones

(2.11)

Using these relations, we can remove the boost Goldstones as dynamical degrees of freedom.
Thus, at leading order in the derivative expansion, the only covariant building-block is V.
By plugging (2.11) into the expression for Vo, we find that

Vor = /=000 — pu. (2.12)

Since p is just a constant, we find that at leading order in derivatives, the zero-temperature
EFT must be built out of an arbitrary function of

Y =/ —0uporip. (2.13)

Since det E = 1, we have that the invariant integration measure is just d*z, so the leading-
order action is

S = /d4x P(y), (2.14)



where P is some function that is determined by the equation of state. Terms that are
higher order in the derivative expansion can be constructed using V,mi as well as QL,
which plays the role of a connection and can be used to create covariant derivatives of
the form (2.5). But to keep things as streamlined as possible, in this paper we will only
construct leading-order actions.

3 Non-equilibrium effective actions: a review

At zero temperature, the equilibrium state is described by a pure state, namely the vac-
uum. At finite temperature, however, no such pure equilibrium state exists. Instead, the
equilibrium state must be described by a mixed-state thermal density matrix of the form

e_/BOPO
Z )

where fy is the inverse equilibrium temperature and P is the unbroken time-translation

p = Z = tr 67’80130, (31)

generator. In order to describe correlation functions in time, we must use the so-called in-in
or Schwinger-Keldysh formalism [39]. In this formalism, the sources are doubled. Letting
U(t,t',J) be the time-evolution operator from time ¢’ to ¢ in the presence of source J for
some field ¥, the generating functional is

eW[J1,J2] =tr |:U(+OO, —00; Jl)pUT(—i-OO, —0Q; JQ)

3.2
E/D\IJID\IJ2€iS[‘Ij17J1]_iS[\Ij%JZ]’ (3:2)
p

where in the path integral representation, we require that in the distant future,
Uy(t — 00) = Wo(t — 00), and the subscript p indicates that field configurations are
weighted by the thermal density matrix functional in the infinite past. Because there
are two time-evolution operators such that one evolves forward in time and the other back-
ward in time, we can conceive of the SK path integral as existing on a closed contour in
time that starts at ¢ = —oo goes to t = 400 and then returns again to t = —oo. This
contour is often referred to as a closed time path (CTP).

It is possible to use this formalism to construct an effective action of the IR degrees of
freedom on the CTP, known as the non-equilibrium effective action. Since the generating
functional depends on two copies of the fields, the non-equilibrium effective action will have
doubled field content.

Consider the path-integral representation of the generating functional (3.2). We are
interested in the meaning of the low-frequency, long-wavelength dynamics of the system.
In typical Wilsonian fashion, we integrate out the fast modes to obtain an effective ac-
tion for the slow modes. Suppose the fields can be divided up into IR and UV fields by
U = {4 1)} where 1" represent the IR degrees of freedom and 9%’ represent the UV
degrees of freedom. Define the effective action for the IR fields by*

R L v / DDy SR =S [Ug i ] (3.3)
p

“Here as well as in the remainder of the paper, we use S to denote an ordinary action and I to denote
an action defined on the SK contour.



then eWl/1 2l = [ Dlyir pir|etleerl "5 71 72] - Notice that the information contained in
the density matrix p is absorbed into the coefficients of IgpT so we do not need to include
a density matrix for the IR fields w%. Finally we require that the Green functions of Igpr
are path-ordered on the SK contour; the path-ordered Green functions are given in [2].

3.1 Rules for constructing non-equilibrium EFTs

Following the usual EFT philosophy, it is our hope that all of the complicated UV dynamics
and information about p can be absorbed in the low-frequency limit by a finite number of
parameters in Igpr at any given order in the derivative and field expansions. It has been
demonstrated that this is in fact the case [2], but there are several important constraints
that must be imposed upon Igrpr. We outline some important features of this effective
action below without proof [2].

e The UV action describing the system of interest is factorized by S[¥1; J1] —S[¥a; Ja].
The effective action, however, does not admit a factorized form. In general, there
will exist terms that couple 1-and 2-fields in Igpr.

e Notice that, while the coefficients of S[Uy; J;] — S[Ws; Jo] are purely real, the coeffi-
cients of Igpr[¥i", Ji; i, Jo] may be complex. There are three important constraints
that come from unitarity, namely

Tppr [0, 08 J1, Jo] = —Tgpr (08, 015 Ja, J1]
ImIgpr (Y], ¥4; J1, Jo] >0, for any Yy, Jis (3.4)

Igpr[yi” = ¢4 1 = Jo] = 0.
These conditions help to ensure that Green functions are path-ordered.

e Any symmetry of the UV action S is a symmetry of Igpr, except for time-reversing
symmetries. The fact that these time-reversing transformations are not symmetries
of the effective action allows the production of entropy. Because the field values on
the 1-and 2-contours must be equal in the distant future, 1" and ¥ must transform
simultaneously under any global symmetry transformation. Thus, there is just one
copy of the global symmetry group.

e If the equilibrium density matrix p takes the form of a thermal matrix, p e—PoP 0
then the partition function W[Jy, Jo| obeys what are known as the KMS conditions.
These KMS conditions for the partition function can be used to derive the so-called
dynamical KMS symmetries of the effective action. The way these symmetries act
is as follows. Suppose that the UV theory possesses some kind of anti-unitary time-
reversing symmetry ©; at a minimum, the UV theory will be invariant under a
simultaneous charge, parity, and time inversion. Then, setting the sources to zero,
the dynamical KMS symmetries act on the fields by

V(@) = 09y (t —if, 7)

; . , (3.5)
5 (2) = 0Py (t +i(Po — 0), T),



for any 6 € [0,50]. It can be checked that these transformations are their own
inverse, meaning that the dynamical KMS symmetries are discrete Zy symmetries.
These symmetries involve temporal translations along the imaginary-time directions
because the thermal density matrix can be interpreted as a time-translation operator
by imaginary time —ify. As a result, they are non-local transformations. This non-
locality may seem rather odd, but at any given order in the derivative expansion,
these symmetries become local; one need only perform a Taylor series in § and Gy — 6.
Further, in the classical limit they become exactly local. To take the classical limit,
it is convenient to perform a change of field basis by

. 1, . . . . ‘
v 5( Uy, a =V -y (3.6)

Then the classical dynamical KMS symmetry transformations are

v (2) = Oy (z)

i i . 3.7
(@) = OV () + 0 [Bodri (x)]. (3.7)

Notice that the change in %! is proportional to the derivative of 1. Thus, when
writing down terms of the effective action in the derivative expansion, it is natural
to consider ¥ and 9;1)¥" as contributing to the same order.

3.2 The fluid worldvolume

At finite temperature the effective action is often not defined on the physical spacetime.
Instead, we must introduce the notion of the so-called fluid worldvolume. To see why this
is so, we will reproduce the derivation of the fluid action presented in [2]. Consider a
fluid with no conserved currents other than the stress-energy tensor. The sources for the
stress-energy tensor are the metric tensors gg,, where s = 1,2 indicates on which leg of
the SK contour the metrics live. Then, the SK generating functional takes the form

eWlgruw-92im] = 1\ U (+o0, —00; g1y ) pU T (++00, —00; 92/W)]7 (3:8)

where U(400, —00; gsuy) is the time-evolution operator in the presence of source g .
Since the stress-energy tensor is conserved, the generating functional W{gi,., g2,,,] must
be invariant under two independent diffeomorphism transformations. Let &' (x) for s = 1,2
represent two different diffeomorphisms. Then we have

W[glumgmu/] = W[Q%WNa gg?MN]’ (39)
where ggjw y for M, N = 0,1,2,3 denote diffeomorphism transformations of gs,,. More
explicitly, we have ggjw\,(qb) = %gsw(gs(qﬁ))ggi. Now, we can use the Stiickelberg trick

and promote the gauge transformations to dynamical fields. In particular, we ‘integrate
in’ the fields X% (¢) such that the generating functional becomes

€W[91uu792uu] _ /DXIDXQ eiIEFT[GHMN,GzMN}, (3.10)



where .
0X% oxXvY
sMN = =77 Jspuv (X 2 11
GsmN o1 o ( (¢))8¢N (3.11)

are pull-back metrics. Notice that when performing the Stiickelberg trick, we had to
introduce the coordinates ¢™ for M = 0,1,2,3. We will refer to ¢™ as ‘fluid coordinates’
and the corresponding manifold on which they live as the ‘fluid worldvolume.” Then the
fields X% (¢) are the dynamical fields and describe the embedding of the fluid worldvolume
into the physical spacetime. In a certain sense, it is always possible to ‘integrate in’ these
Stiickelberg fields as long as W g1, g2u] is diffeomorpism invariant. However, there is no
guarantee that the resulting EFT will be non-trivial; for example, if the equilibrium density
matrix is a pure, zero-temperature ground state without any SSB then the fields X% are
pure gauge and hence have no dynamics. It turns out that to ensure the system exists
in fluid phase, we must require that the fluid coordinates enjoy partial diffeomorphism
symmetries:

e Fluid elements are indistinguishable from one another, so we should be able to freely
relabel them in a time-independent manner. We therefore require invariance under

¢! = ¢ (¢7), (3.12)
for I,J=1,2,3.

e Treating each volume element as a point particle, we require independent world-line
reparameterization invariance,

& = ¢ = £(6°,6"), (¢, 61) jqj}(qb'(’, o), (3.13)

where 7(¢%, ¢!) plays the role of the worldline einbein for the fluid volume element
at ¢!. We can then gauge-fix 7 = 1, in which case we have the residual symmetry

¢° — ¢'°()), (3.14)
for I =1,2,3.

The partial diffeomorphism symmetries (3.12) and (3.14) can be succinctly encapsu-
lated by the transformation law

oM — oM 4+ M (gh), (3.15)

where ¢M (¢!) are arbitrary functions of the spatial fluid coordinates ¢! for I = 1,2,3. The
justifications provided above for imposing these diffeomorphism symmetries are merely
included to build the readers intuition; it is not understood from first principles how they
arise, only that they are necessary to describe systems in fluid phase. Interested readers
can consult appendix A for a discussion of their relation to local thermodynamic properties
of fluid phase.

~10 -



4 The non-equilibrium coset construction

Before we are able to state the procedure for constructing non-equilibrium effective actions
with the method of cosets, we must first understand the IR field content of condensed
matter systems at finite temperature. It turns out that Goldstone and Goldstone-like
excitations at finite temperature are a bit different than at zero temperature. After the
field content is established, we will outline the procedure for using cosets to construct
non-equilibrium effective actions, which we term the non-equilibrium coset construction.

4.1 Goldstones at finite temperature

At finite temperature, SSB occurs when a symmetry generator fails to commute with the
equilibrium density matrix. Goldstone’s theorem tells us that for every spontaneously bro-
ken symmetry, there is a corresponding Goldstone mode (unless inverse Higgs constraints
are imposed). However, at finite temperature, there are other excitations that survive over
long distances and extended time scales, which resemble Goldstones. Our claim is that
there are in fact Goldstone-like fields for every symmetry regardless of whether it is broken
or unbroken (unless inverse Higgs-type constraints are imposed). This claim is best un-
derstood from a semi-classical perspective. Semi-classically, the density matrix is a purely
pragmatic tool that is used to account for our classical ignorance of the true micro-state
of the system. Essentially every (classical) micro-state in a thermal statistical ensemble
corresponds to a highly chaotic classical field configuration, which will in general sponta-
neously break every symmetry. As a result, we expect that the non-equilibrium effective
action should consist of Goldstones as if every symmetry of the theory were spontaneously
broken. We will refer to the Goldstones corresponding to spontaneously broken genera-
tors as broken Goldstones and those corresponding to unbroken generators as unbroken
Goldstones.

It turns out that there is an important distinction between broken and unbroken Gold-
stones. In particular, in every known case, unbroken Goldstones possess infinitely many
gauge symmetries. For specific examples, consult [2—4, 9, 38]. While it is not fully un-
derstood from first principles where these gauge symmetries come from, appendix A gives
a pragmatic explanation for why they should exist. We will take as a well-motivated as-
sumption that these gauge symmetries act as follows. Let T4 be the unbroken generators
and let €2(¢) be the unbroken Goldstones. Here, s = 1,2 indicates on which leg of the
CPT the fields live. Then we have the gauge redundancies

L (DTa _y il (A)Ta gir (¢1)Ta (4.1)

)

for arbitrary spatial functions A4 (¢’). We use the convention that M, N = 0,1,2,3 and
I1,J =1,2,3. Additionally, the effective action will be invariant under a certain subgroup
of diffeomorphisms that act on the fluid worldvolume coordinates ¢™ by [2]

oM — oM+ M (g1, (4.2)

which we interpret as additional gauge symmetries. Since it is unknown how exactly these
symmetries arise, it is conceivable that they may not hold in all situations. However, we
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will see in the following sections that (4.1) and (4.2) are in fact the correct symmetries for
a wide range of physical systems.

4.2 The method of cosets

As discussed in the previous subsection, at finite temperature there is a Goldstone mode
corresponding to each symmetry of the theory (unless inverse Higgs-type constraints are
imposed). As a result, in the coset construction we must parameterize the full symmetry
group of the theory with Goldstone modes.> Since unbroken Goldstones enjoy a gauge
symmetry whereas broken Goldstones do not, we must distinguish between the two types
of Goldstones. Additionally, we assume that there exist some sorts of unbroken translation
generators [10]. The global symmetry generators of the theory are as follows:®

P,, = unbroken translations,
T4 = other unbroken generators, (4.3)

To = broken generators.

Finally, let G be the full symmetry group of the theory (including spacetime symmetries),
let H C G be the unbroken subgroup, and let Hy C H be the subgroup generated by T4.

We will construct our theory on the fluid worldvolume with coordinates ¢ for M =
0,1,2,3. Parameterize an arbitrary group element by

gs() = i XE (@) Py it ($)7a eieﬁ(fﬁ)TA’ (4.4)

where s = 1,2 indicates on which leg of the SK contour the fields live. Each g4 for s = 1,2
transforms under the same global symmetry action. Notice that the spacetime coordinates
x# that appear in the ordinary coset construction (2.2) have been promoted to dynamical
fields X% (¢) in the non-equilibrium coset construction. These fields serve to embed the
fluid worldvolume into the physical spacetime.

We are interested in building-blocks for the non-equilibrium effective action that can
be constructed from the Maurer-Cartan one-form and that transform covariantly under the
global symmetry group G as well as under the gauge transformations

9s(¢) — gs(d™ + M (1)),
95(9) = gs(¢)e™ (#)Ta,

for arbitrary spatial functions €M (¢7) and A\(¢?).” To this end, we will treat the coefficients
of unbroken generators of Hy in the Maurer-Cartan form as gauge-fields that have the

(4.5)

5Since we are parameterizing the full symmetry group as opposed to merely the non-linearly realized
coset, it is not technically correct to call our construction a coset construction. Nevertheless we will use
the term ‘coset construction’ for the sake of linguistic continuity.

5When using the coset construction for theories with gauge symmetries, there are two main approaches.
In [12, 40], gauge transformations are treated as if they are physical symmetries and generators for each
gauge transformation appear in the coset. In [34], gauge symmetries are treated as redundancies and only
global symmetry generators appear in the coset. Both methods yield correct results, but we will use the
second approach as it is far simpler.

"Once again, we use M, N =0,1,2,3 and I,J =1,2,3.
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partial gauge-invariance defined by the second line of (4.5). The Maurer-Cartan one-form is
g5 Omgs = iEY, (Py+ Vumsta) + iBA, Ty, (4.6)

where Ef: s are the vierbeins, V, 7r¢ are the covariant derivatives of the broken Goldstones,
and certain components of BfM behave like gauge connections.® These objects transform
under (4.5) as follows. Under the T4-gauge transformations, the vierbeins, the covariant
derivatives, and Bﬁ) transform linearly, whereas BSAI transform as

BATy — BYhg' - Ta-ho —ihg' - rho, (4.7)

where ho(¢!) = ei’\A(¢1)TA; that is, B;‘ll transform as connections. Under the fluid dif-

feomorphism transformations, EY), V7%, and B;% all transform as scalars, whereas the

S

spatial component of the vierbeins and the connections transform as

8¢5M
Ef — WEﬁM’
(9(;3M
a¢1[

B:SAI — B?M:
where ¢'M = ¢pM 1+ ¢M(p1).
The building-blocks that transform covariantly under both the global symmetries and

the gauge symmetries (4.5) are as follows: first, there are the building-blocks from the

(67

usual coset construction, namely V,7¢,

which transform covariantly under (4.5), and to
take higher-order covariant derivatives we can use

0

@, VH == 6[ + ZB,,AITA, (49)

where B;f‘l = %(Bfl + Bg‘]) and I = 1,2,3. To contract coordinate indices, we use the
metrics

Gsun = ELI:MHMVEZN- (410)

Second, there are new building-blocks that involve the unbroken Goldstone degrees of
freedom, namely E%; and B;,%, which transform covariantly. Finally, we have terms that
involve combinations of 1-and 2-fields. Notice that EY, (Ey )M and B4, = B, — B3\,
transform covariantly and we can contract coordinate indices with EY) 1, ES ;.

After computing these building-blocks, inverse Higgs-type constraints can be imposed
to remove extraneous Goldstone modes. The basic idea behind inverse Higgs constraints
is that we may set to zero any objects that transform covariantly under the symmetries
and gauge symmetries as long as the resulting equations can be algebraically solved for
one set of Goldstones in favor of derivatives of another set of Goldstones. We will see in

subsequent examples that there are three kinds of inverse Higgs-type constraints.

8Notice that terms from log(g; 1. go) are invariant under the global symmetry group G and covariant
under the gauge transformations, yet they are not used as building-blocks of the effective action. Our claim
is that only building-blocks that arise from the Maurer-Cartan one-form are permissible, the demonstration
of which is provided in appendix B.
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There are the usual inverse Higgs constraints that exist for zero-temperature systems.
Suppose that the commutators between an unbroken translation generator P and a broken
generator 7/ contains another unbroken generator 7, that is [P, 7] D 7. Further, suppose
that 7 and 7/ do not belong to the same irreducible multiplet under Hgy. Then, it is
consistent with symmetry transformations to set the covariant derivative of the 7-Goldstone
in the direction of P to zero. This gives a constraint that relates the 7-Goldstone to
derivatives of the 7-Goldstone, allowing the removal of the 7/-Goldstone.

Notice that the ordinary inverse Higgs constraints only allow for the removal of certain
broken Goldstones by relating them to derivatives of other broken Goldstones. One might
wonder if there are other possibilities. Perhaps we could remove broken Goldstones by
relating them to derivatives of unbroken Goldstones; or perhaps we could specify some
constraints that allow us to remove unbroken Goldstones. It turns out that both of these
are possible; the rules are as follows:”

e Thermal inverse Higgs. Suppose that at finite temperature, the commutator between
a broken generator 7 and the unbroken time-translation generator P, contains an
unbroken spacetime translation generator P, that is [7, Py] D P. Then we may set to
zero the component of EY in the direction of P. This gives an equation that can be
algebraically solved to yield an expression for the 7-Goldstone in terms of derivatives
of the P-Goldstone. This allows the removal of the 7-Goldstone.

e Unbroken inverse Higgs. Suppose that at finite temperature, the commutator be-
tween an unbroken generator 7 and an unbroken spacetime translation generator P’
contains another unbroken spacetime translation generator P, that is [T, P'] O P.
Consider the matrix A%, = (E1)4,(Ey")M, where M = 0,1,2,3 are coordinate in-
dices and u, v = 0,1, 2, 3 are Lorentz indices. Then we may set to zero the components
of A,, in the directions of P and P’. Suppose that under the dynamical KMS sym-
metry transformation, A,, — /Nlu,,. Then, we may also set to zero the components
of flu,, in the directions of P and P’. These conditions give constraints that re-
late the T-Goldstone to derivatives of the P-Goldstone, allowing the removal of the

T-Goldstone. Y

One might wonder if the aforementioned inverse Higgs constraints are the only possi-
ble such constraints. From a very general stand-point, an inverse Higgs constraint can be
imposed any time there is a covariant object that when set to zero, results in an equation
which can be algebraically solved for one set of Goldstones in terms of another. With this
level of generality, it is hard to say if we have been exhaustive. However, most inverse Higgs
constraints are related to commutator relations of the form [A, P] D B, for unbroken trans-
lation generator P and some generators A and B. Because the set of unbroken generators

9To get a better understanding of why these new inverse Higgs constraints can be imposed, see ap-
pendix C. In this appendix, to keep things as concrete as possible, we perform an in-depth analysis of
inverse Higgs-type constraints for fluids without conserved charge.

10Tt turns out that the unbroken inverse Higgs constraints do not necessarily remove the unbroken Gold-
stones from the covariant building-blocks. However they do remove the unbroken Goldstones entirely from
the invariant building-blocks and hence from the effective action; see appendices C.2—-C.3.
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forms a closed algebra, it is impossible for B to be broken yet A unbroken. Every other
combination of broken and unbroken, however, is permitted. If both A and B are broken,
then we have ordinary inverse Higgs constraints; if A is broken and B unbroken, we have
thermal inverse Higgs constraints; and if both A and B are unbroken, we have unbroken
inverse Higgs constraints. Thus, our list of inverse Higgs constraints is exhaustive if we
assume that all such constraints must be related to commutor relations.!!

Once inverse Higgs constraints have been imposed and an effective action has been
constructed, it is then necessary to impose the dynamical KMS symmetry. Often, at
leading order in the derivative expansion (which is the only order to which we will be
working in the subsequent examples) the only effect of the dynamical KMS symmetry will
be to mandate that the effective action factorize as

IerT[Xr, Xa] = SEFT[X1] — SEFT[X2] + O(X), (4.11)

where x, = %(Xl +x2); Xa = X1 — X2, and O(x3) counts as higher order in the derivative
expansion. The only exceptions to this rule that appear in this paper are the EFTs for
nematic and smectic C phases of liquid crystals. When this rule holds, it allows us to work
with just one copy of the fields. Thus, at leading order, the building-blocks V7 describe
the broken Goldstones and E}j and 664 describe the unbroken Goldstones. For the sake of
simplicity, in the subsequent sections, we will construct EFTs for various states of matter
at leading order in the derivative expansion. As a result, we will construct ordinary actions
with just one copy of the fields whenever possible.

It should be noted that the primary reason for defining effective actions on the SK
contour is to account for dissipation. When an action factorizes according to (4.11), the
leading-order physics is fully captured by an ordinary action and is thus non-dissipative.
Therefore, the majority of the effective actions constructed in this paper will not account
for dissipative effects. However, our coset construction gives a clear, almost mechanical pre-
scription for constructing higher-order terms, which if included in the EFT, will account for
dissipation. We leave this important work of computing higher-order terms for future study.

5 Fluids and superfluids at finite temperature

To demonstrate that our non-equilibrium coset construction presented in the previous
section gives correct results, we will reproduce the known effective actions for fluids and
superfluids at finite temperature. Along the way, we will find that finite-temperature
framids — systems for which only boosts are spontaneously broken [10] — can be thought
of as fluids. In particular, at finite temperature, the boost Goldstones automatically become
gapped and can therefore be integrated out, resulting in the ordinary fluid EFT. Finally,
the equations of motion for fluids and superfluids from the EFT perspective have been
studied in great detail in [2, 9, 13]. Thus, we will not study them here. For all other states
of matter, however, we will include brief discussions of the resulting equations of motion.

1 Strictly speaking, the thermal and unbroken inverse-Higgs constraints make the assumption that B is
an unbroken translation generator. It is possible to conceive of more general possibilities for B, but such
inverse Higgs constraints will not be relevant for any constructions in this paper.
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5.1 Fluids

Consider a fluid without a conserved charge; the symmetry group is just the Poincaré
group, whose algebra is given by (2.6). The unbroken generators are P, for translations
and J; = %eiijjk for spatial rotations; the broken generators are K; = Jy; for boosts.
Therefore, the most general group element is

9(6) = X" (@Pu i (DK 10 (6)7: (5.1)
The resulting Maurer-Cartan one-form is
g '0mg =B, (P + V' K;) + i, J;, (5.2)
where the vierbein, covariant derivative, and spin-connection are given by
ER, = 0 XY[AR]",
Vun' = (B~ AT o A]Y R, (5.3)

) 1 .. .
Qi = 5e”k[R—lA—laM(AR)]J’“,

such that RY = [¢/"(#)/1]id and A#, = [ (9)Ki]t  Because spatial rotations are unbroken,

the action must be invariant under the transformations
9(¢) = g(o™ + (8",
9(6) = g(g) - N,

for arbitrary spatial functions £M(¢7) and \'(¢!). Notice that [P;, K] = id;; Py, meaning
that we may impose the thermal inverse Higgs constraints, allowing the romoval of n’. In

(5.4)

particular Ej transforms covariantly under both the global symmetry group G as well as
the gauge and diffeomorphism symmetries (4.5). Therefore we may fix

pOXH L
O - EO - WAH]R] . (55)

Since RY is invertible, this is equivalent to 9y X “A#i = 0, from which we find that

% 30Xi

n
gtanhn = —W, (56)

where n = \/n'n*. For a more detailed calculation, see appendix C.1.
Now we can impose unbroken inverse Higgs constraints to remove the rotation Gold-
stones.'? In order to do this, we must recall that the field-content is doubled. Notice that

[P;, Jj] = i€ii Py, so we may set

(Er)in (Ey DM — (By)ju (B3 M =0, (5.7)

12 At this level in the derivative expansion, it is not actually necessary to solve the unbroken inverse Higgs

constraints, but we will do so just to demonstrate that it can be done. When imposing the unbroken inverse
Higgs constraints in later sections, such calculations will be omitted.
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which gives

w 8X{l J
oy A (5.8)

Ri-Ry' = VMT - M-M, M7 = (A3

See appendix C.2 for more detailed calculations. To get an intuitive sense of what is
happening, let us expand the above equation to linear order in the fields. Transforming
from the 1,2-basis to the r, a-basis (3.6), we have

— =

0, =V x X,, (5.9)

where V x represents the ordinary curl and not a covariant derivative. Then, performing
the (classical) dynamical KMS transformation on both sides gives
Pr _ V x aXT.
By DO

(5.10)

But notice that the linearized version of (5.4) implies that our action must be invariant
under 0,(¢) — 6,(¢) + X(¢?), meaning that at linear order, 6, can only appear in the
effective action in the form 96, /0¢°. As a result, (5.10) is sufficient to remove 6, as an
independent degree of freedom. Thus, 0, and 0, have been successfully removed from the
effective action, so no rotational Goldstones remain. To see how 5T can be removed at the
non-linearized level, see appendix C.3.

Thus the only covariant building-block at leading order in the derivative expansion is

Ef = \/W.13 Defining the metric by'4

ox®  oX¥
GMN = E]!\L/IW#VEK/ = W””VW7 (511)
we find that the leading-order action is a generic function of Gy = —(Eé)2 and is given by

SEFT = /d%b\/j P(Gop). (5.12)

Notice that the above system has the same symmetry-breaking pattern as a framid
except for the fact that it exists at finite temperature [10]. Thus, we can interpret a finite-
temperature framid as a fluid. With this interpretation, the meaning of the thermal inverse
Higgs constraint is as follows. If we did not set E} = 0, then we could use it as a covariant
building-block. But E} D 7' + ---, meaning that terms involving 1’ with no derivatives
must exist in the action. Therefore n° has an energy gap.'® Thus at finite temperature,

13To avoid ambiguity, instead of writing EJ, we replace the Lorentz index with a ¢t. This way it is clear
that E¢ has one raised Lorentz index and one lowered coordinate index. Whenever we feel that there may
be an ambiguity, we will use p = t instead of p = 0 to indicate time-like components of Lorentz vectors
and tensors.

'4The metric tensor defined in (5.11) agrees exactly with the pull-pack fluid metrics of [2].

15 At finite temperature, the notion of an energy gap is ill-defined. Really, what we mean is that the
propagator will die off in space and time exponentially fast. But since the leading-order hydrodynamic
action takes the form of an ordinary action with an energy gap, we use the term ‘energy gap’.
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framid Goldstones necessarily develop a gap and can therefore be integrated out. It should
be noted, however, that at sufficiently low temperatures, the framid Goldstones’ energy
gap may be quite small. In this case it would only be appropriate to integrate them out if
we are interested exclusively in the very deep IR behavior of the system.

Now suppose that the fluid carries a conserved U(1) charge @ and exists at finite
chemical potential. Then the unbroken translations are Py = Py+ uQ and P; = P;.'6 Only
boosts are spontaneously broken and the most general group element is

9(9) = X" (D) Pugin(d)Qpin' (B)Ki gi0'(9):. (5.13)
The resulting Maurer-Cartan one-form is
g ong =B (Py+ Vun'K;) + iBuQ + Q4 J;, (5.14)

where the vierbein, covariant derivative, and spin-connection are given by (5.3) and the
U(1) gauge field is given by
Bar = Outp — pEYy, (5.15)

where 1(¢) = uX*(¢) + m(¢). We are interested in constructing an action that is invariant
under (5.4) as well as the chemical shift gauge symmetry

9(¢) — g(¢) - X2@De, (5.16)

for arbitrary spatial function )\Q(qb[ ). As before, we may remove 7’ by imposing thermal
inverse Higgs constraints (5.5), and we may remove 6 by imposing unbroken inverse Higgs
constraints (5.7).

Notice that the U(1) gauge field By transforms as a scalar. Since E{ also transforms
as a scalar, it is convenient to define the invariant building-block By = By + pE§ = 0p1p.
The effective action at lowest order in derivatives is therefore

SppT = /d4¢\/—G P(By, Goo). (5.17)

Notice that (5.12) and (5.17) are precisely the leading-order actions presented in [2-4].
They appear to differ from the actions presented in [9], but it can be shown that they are
equivalent; see appendix D.

5.2 Superfluids

Consider a superfluid at finite temperature. In addition to possessing Poincaré symme-
try (2.6), such a system must also have a conserved U(1) charge @ such that Py = Py+ uQ,
P =P;, and J; = %eiijjk are the unbroken generators and @ and K; = Jy; are the broken
generators [10, 13]. The most general group element is

g(¢) = @iX“(@pue”(d’)Qeiﬁi((ﬁ)Kz‘ei9i(¢)J¢' (5.18)

1Notice that both Py and @ are unbroken, so defining Py = Py + u@ reflects a choice since any linear
combination of Py and @ is unbroken. But it is the most natural choice given that this definition of Py
p0 0
allows us to express the equilibrium density matrix in the usual form p = e~ PP /tr e Pol
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And the resulting Maurer-Cartan one-form is
g ' omg = iEY (P + VumQ + VlmiKi) + Q% J;, (5.19)
where
ER, = 0 XV[AR]",
Vo = (B~ oy — pd),
V= (Efl)l]y[AflaMA]OjRji’ (5.20)
A 1 .. A
QY = ge”k[R‘lA_laM(AR)]Jk,

such that 1(¢) = uX°(¢)+m(4), the Lorentz boost matrix is A*,(¢) = [e”’i(‘b)Ki]“y, and the
rotation matrix is R (¢) = [ewk(‘ﬁ)‘]k]ij. To remove the boost Goldstones, impose inverse
Higgs constraints 0 = V;m = A”i(e_l),])‘/faMw, where eﬁ/l = Iy X*. These constraints give
a relation between the boost Goldstones and the U(1) Goldstones

7’ (e )Moy

— tanhn = — . 5.21
g S T T (5:21)

Using this relation, we have that Vi = /—GMN9ydn1p — pi, giving our first symmetry-
invariant building-block

Y = /—GMN 9y p0np. (5.22)

Equation (5.21) tells us that [AR]', = v (e )M 0p, from which we find that EjV,m =
[1 — £]00¢, yielding our second symmetry-invariant building-block

o
By=—. 5.23
0= 5 (523)
And just as in the fluid case, we have
GO() = EgnMVEOV (5.24)

as our third symmetry-invariant building-block. Finally, following the same calculation as
in the previous section, we can impose unbroken inverse Higgs constraints to remove the
rotation Goldstones. Thus, the effective action describing a superfluid at finite temperature
is, to lowest order in derivatives,

Serr = [ d'6v/=G P(Y, By, Gon). (5.25)
This effective action looks somewhat different from the one presented in [13], but can be
shown to be equivalent; see appendix D. Further, in the zero-temperature limit, the effec-

tive action loses its dependence on X*(¢), meaning that it only depends on the physical-
spacetime version of Y, namely (2.13), reproducing the standard superfluid EFT (2.14).
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6 Solids and supersolids at finite temperature

Now that we have established that the non-equilibrium coset construction can reproduce
known results, we turn our attention to the construction of novel EFTs. The simplest
physical systems for which the non-equilibrium effective actions are as of yet unknown are
solids and supersolids. In this section, we will construct the leading-order non-equilibrium
EFTs for these states of matter.

6.1 Solids

Consider a chargeless crystalline solid at finite temperature. In addition to possessing
Poincaré symmetry (2.6), such a system must also have internal translation symmetry
generators Q; for i = 1,2,3 that commute with each other. We then take Py = Py and
P, = P, + Q; to be the unbroken generators such that @Q;, K; = Jo;, and J; = %eiijjk are
the broken generators [10]. The most general group element is

9(8) = X O Pugin (9)Qi gin (DK ,i0"(9) (6.1)

And the resulting Maurer-Cartan one-form is
g omg =iEN, (P, + V,r'Qi + V' K; + V ,,0'7;), (6.2)
where
ER, = 0 XY[AR]",

V't = (BN one' — 6,

Vun' = (E"Y) AT ouA]Y RY,

V.0 = (B M [RTAT oM (AR)F,

(6.3)

such that ¥ (¢) = X'(¢) + 7'(4), the Lorentz boost matrix is A", (¢) = [emi((ﬁ)Ki]“w and
the rotation matrix is RY(¢) = [eiek(¢)Jk]ij . To remove the boost and rotation Goldstones,
impose inverse Higgs constraints V;7?! = 0 and VX7 = 0, respectively.!” Let ehy = O X+
Then by imposing the first inverse Higgs constraint, we find that

J . .
%tanh” = —(e D)Moy (a™ )Y (6.4)
where a7 = (e‘l)ZM Ou?. Imposing the second inverse Higgs constraint tells us that

Vlird) = (Y1/2)i — 5 where
Y = GMN oy ptony, (6.5)

such that GMY is the inverse of the metric (5.11). We therefore have our first set of invariant
building-blocks. Notice that because there is no notion of unbroken rotational symmetry,
Y is truly symmetry-invariant and not merely covariant. We have the additional invariant

"Here, V should be thought of as the spatial components of the covariant derivative V. Thus V X 7 is
not the curl of 7.
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objects E§V,mt = (0¥ — (Y 1)¥)0pyp?, from which we extract our next set of invariant
building-blocks ‘
o’
A0
Lastly, we have the usual time-like piece of the fluid metric (5.11), Ggp, as our final building-

7' =

(6.6)

block. Thus the effective action describing a crystalline solid at finite temperature is, to
lowest order in derivatives,

Serr = [ d'6v/=G PV, Z', Goo). (6.7)

Often, solids possess an additional unbroken U(1) symmetry corresponding to particle-
number conservarion. Let () be the corresponding generator. Then, the unbroken transla-
tions are Py = Py + u@Q and P; = P; + ;. The most general group element is

g(¢) = eiX“(¢)13ue”i(@Qz‘eiﬂi(@lﬂei9i(¢)Jieiﬂ(¢)Q. (6.8)

The corresponding Maurer-Cartan one-form is just (6.2) with the addition of a term in-
volving the U(1) gauge-field By = Opyp — pEY, for ¥(¢) = X9(¢) + n(¢). As when we
added a conserved charge to fluids, we now have the additional building-block By = 9.
Thus the effective action describing a crystalline solid with conserved U(1) charge at finite
temperature is, to lowest order in derivatives,

Sppr = / d*¢v/—G P(Y,Z!, By, Goo). (6.9)

As a consistency check, let us take the zero-temperature limit. This amounts to removing
all dependence on 0X*(¢)/0¢°. We see therefore that the zero-temperature EFT only
depends on the physical-spacetime version of Y%, namely

yil = a0, (6.10)

which agrees with the results of [12].

To connect with other formulations of the finite-temperature hydrodynamics of
solids [41-45], we compute the equations of motion. If we vary the chargeless action
with respect to X*, we find the conservation of the stress-energy tensor 9,7"” = 0. The
stress-energy tensor is given by

T = eufut + pAHY + rH¥, AR =g +utu”, (6.11)
where 9P 1 axe
=P, = 2Gp=——— P, ut = ———— 6.12
P 9Goo V—Goo 9¢° (6.12)
are the thermodynamic pressure, energy density, and four-velocity, respectively and
oprP T
Twr = 3y O Ot (6.13)
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is the elastic stress-tensor. So far, our theory appears to agree with standard results.
However, we have the additional equations of motion that come from varying v?,
OP . OP

avi T oz

uJ™ =0, JH = 207 (6.14)
These new equations indicate that the solid degrees of freedom can be excited without
affecting the stress-energy tensor. The physical interpretation is that our solid exhibits
second sound modes, analogous to those found in finite-temperature superfluids. The
ordinary sound modes of solids consist of transverse and longitudinal vibrational modes
of the lattice. However, if a finite-temperature crystalline solid has a sufficiently pristine
lattice structure and Umklapp scattering events can be ignored, then there will be a bath
of thermalized solid phonons that behave as a gas through which an additional fluid-
like longitudinal phonon can propagate [46]. The additional equations of motion (6.14)
account for the fact that the solid degrees of freedom can move independently of the
phonon gas. Further, in the standard formulation, the thermoelastic variables depend
on the temperature and a symmetric tensor, which we can identify with (—Gog)*l/ 2/Bo
and Y% respectively, where Sy is the equilibrium inverse temperature. However, in our
formalism, there is an additional quantity Z¢. Just like the additional equations of motion,
this quantity owes its existence to the presence of second sound. In particular, it is non-zero
when the phonon gas flows with respect to the solid lattice. We leave it as further work to
determine how to remove second sound from solid EFTs.

6.2 Supersolids

Consider an anisotropic supersolid at finite temperature. In addition to possessing Poincaré
symmetry (2.6), such a system must also have internal translation symmetry generators
Q, for p = 0,1,2,3 that commute with each other such that P, = P, + Q, are the
unbroken generators and @, and J,, are the broken generators [10]. The most general
group element is

g(¢) = X" @ Pugim($)Qu 56" () Juv (6.15)
And the resulting Maurer-Cartan one-form is

_ 1
g long = iEY, (Pu +V,m'Q, + 2Vu9”’\JV,\>, (6.16)

where

EY, = 0y XV AM,

V¥ = (E*l)ff oy’ — oy, (6.17)
Vubor = (B~ A 00A]n,

such that ¢*(¢) = X#(¢) + m#(¢) and the Lorentz transformation matrix is A*,(¢) =
[eml(‘é)Ki -eiek(@‘]’f]“y. To remove the Lorentz Goldstones, impose inverse Higgs constraints

0=V,m =Apu(e ) Onrhy — (n o v). (6.18)
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Letting M, = (efl)fy Oy, the inverse Higgs constraints merely require that A7 - M be
a symmetric matrix, where factors of 7, have been suppressed. Using this result, we have
that V(,m,) = (Y1/2),,, — 1y, Where

Y = GMN gyt on g (6.19)
are our first set of symmetry-invariant building-blocks and we use the convention that
(Yl/z)upnpA(Yl/Q)/\u =Y. (6.20)

Additionally, we have E¥V,7* = (6§ — (Y 1)5)0oy”. Our next set of invariant building-
blocks is therefore i
H= —éhﬂ .

oY
And finally, we have the usual Gy building-block. Thus the effective action describing a

Z (6.21)

crystalline supersolid at finite temperature is, to lowest order in derivatives,
SgrT = / d*ov/—G P(YH, Z", Goo). (6.22)

As in the solid EFT case, taking the zero-temperature limit amounts to removing all
dependence on 9X*(¢)/0¢". Thus at zero temperature, the effective action can only
depend on the physical-spacetime version of Y#, namely

Y = 091 ory”, (6.23)

which agrees with the results of [12].

Finally, the equations of motion are very similar to those of solids. In particular if we
replace the ! for i = 1,2,3 with ¢* for u = 0,1,2,3 in equations (6.11) and (6.14), we
find the finite-temperature supersolid equations of motion are 9,7*” = 0 and 9, J** = 0.

7 Liquid crystals at finite temperature

We now turn our attention to the construction of EFTs for more exotic states of matter,
namely those of liquid crystals. There are myriad distinct phases of liquid crystals, so for
the sake of brevity (and the reader’s patience) we will focus on four of the most common
liquid crystal phases: nematic liquid crystals and smectic liquid crystals in phases A, B,
and C. See figure 1 for a graphical representation of various phases of liquid crystals. At
low temperatures, the system exists in the crystalline solid phases, spontaneously breaking
all spatial translational and rotational symmetries; the corresponding EFT is therefore
given by (6.7) or (6.9). As the temperature rises, symmetries are restored until at high
temperatures, the system exists in fluid phase in which no symmetries other than boosts
are spontaneously broken; the corresponding EFT is therefore given by (5.12) or (5.17).
The aim of this section will be to construct EFTs for the intermediate phases that partially
break the ISO(3) group of spatial translations and rotations.

Notice that in figure 1, (a) spontaneously breaks all translations and rotations, corre-
sponding to crystalline solid phase. Parenthetically, the profile of smectic liquid crystal in
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(e)

Figure 1. The figure above depicts the microscopic appearance of various phases of liquid crystal
in order from lowest to highest temperature. The phases are (a) crystalline solid, (b) smectic liquid
crystal in phase C, (c) smectic liquid crystal in phase A, (d) nematic liquid crystal, and (e) isotropic,
i.e. fluid phase. Notice that (a) spontaneously breaks the most symmetries and each subsequent
phase spontaneously breaks fewer and few symmetries until (e) only breaks boosts.

phase B appears almost identical to that of the solid; however in phase B, the horizontal
layers of molecules are allowed to slide past each other. Phases (b) and (c) both sponta-
neously break translations in the vertical direction, but not in the horizontal directions;
therefore both exist in smectic liquid crystal phase. The difference between these two
states of matter is that (b) spontaneously breaks all spatial rotations whereas (c) does not
break rotations about the vertical direction; thus (b) depicts phase C and (c) depicts phase
A. Phase (d) does not spontaneously break spatial translations in any direction, but does
spontaneously break rotations about the horizontal axes, meaning that it exists in nematic
liquid crystal phase. Finally, (e) does not spontaneously break any spatial translations or
rotations and is therefore in isotropic fluid phase.

7.1 Nematic liquid crystals

Liquid crystals in nematic phase are composed of oblong molecules that, like the molecules
of an ordinary fluid, bounce around chaotically and therefore cannot form a lattice struc-
ture; however, on average the long axes of the molecules align, thereby breaking isotropy.
Because no lattice structure can form, spacetime translations remain unbroken, but the
aligned long axes of the molecules spontaneously break rotations. Non-relativistically, the
order parameter associated with broken rotations is a unit vector 7, pointing parallel to
the long axes of the molecules. As a result the SO(3) symmetry group of spatial rotations
is broken to SO(2) [48]. However, for any choice of 7, the long axes of the molecules
could be equally well specified by —7i. Therefore, it is common to use the order parameter
Qij =ninj — %&j, which is invariant under the Zy symmetry 7 — —. To extend this order
parameter to the relativistic case, it is natural to define Q,, = Qijéiéf,. We therefore see
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that boosts are spontaneously broken as well. Then, relativistically, the SSB pattern of
the Poincaré group is
ISO(1,3) — R* x SO(2), (7.1)

where R* represents spacetime translations. We also have the unbroken discrete Zo sym-
metry associated with 7 — —7. Without loss of generality choose (77) = Z and let indices
A,B =1,2.'® Then P, and J3 are the unbroken generators and J4 and K; are the bro-
ken generators. It will turn out that we need to use two copies of the fields to construct
the leading-order action for this phase of matter. Parameterize the most general group
elements by

9s(@) = X5 ()P gin (9)Ki 103 (9)14 163 () Js (7.2)

The resulting Maurer-Cartan one-forms are

95 Onrgs = iEY (P + Vub0 Ja + Vb KG) + 93, Js, (7.3)
such that
EY = 0uXY[AsRs] !,
Vubst = (B P IRA On (AR, (14
Vatls = (B; 1, AT 0 AV RY,
Qi = [BA O (AR,
where AY, = [eméKi]“V and RY = [¢%7a¢1037)i We can impose the thermal inverse
Higgs constraints
Co9xr
0=FEp= a¢g As? B, (7.5)

which reduce to 9y X% AS,/ = 0 because RY are invertible. T hen, as in the ordinary fluid
case, we have

X'
X

UK _
= tanhn, = (7.6)
Tls
where 75 = \/nint. Once again, E'y = /—Gso. Additionally, we can impose the unbroken
inverse Higgs constraint, which removes the rotation Goldstone #3. Define the vector

Al; =

(B (B )5 (7.7)

(NN

The unbroken inverse Higgs constraint is then A3 = 0. At this order in the derivative
expansion it is not necessary to solve this inverse Higgs constraint, so in the interest of
brevity we will not.

In the case of ordinary fluids, we had the additional unbroken inverse Higgs constraints

AaA = 0. But now J4 are broken so we may not impose such constraints. We therefore

8The indices A, B are not to be confused with the indices indicating unbroken symmetry generators that
we used in previous sections.
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have a covariant building-block that mixes 1-and 2-fields, namely A%. Next, define V6

implicitly as follows. Under a dynamical KMS transformation, we have!?

A — AL +i0p Vo (7.8)
The full set of covariant building-blocks at this order in derivatives is

AL VoA, V62

S )

V367, G500, (7.9)

where G500 = EXynuwEY,. Thus, at leading order in the derivative expansion, the effective
action is constructed from SO(2)xZs-invariant combinations of the above terms. The

contribution to the non-equilibrium effective action that does mot contain mixtures of 1-
and 2-fields is S7 — S, where

1
5= [ d'0v/=Gl 5 [2P(Guo0) + Ka(Guoo) (VO + Kea(Gra)(V a021)?

(7.10)
+K3(G500)(v30§1)2} .

Notice that we could have included a term involving (V:02)2, but we will see that the
nematic degrees of freedom are diffusive, so we will consider 9pfZ' to count at the same
order as (9120‘84 in the derivative expansion. In the r,a-basis, the contribution to the non-
equilibrium effective action that contains mixtures of 1-and 2-fields is

Lo = / B/, [—M(GTOO)VH;“A;“ + ;OM(GTOO)(A;;‘)? , (7.11)

where [y is the equilibrium inverse temperature and the relationship between the coeffi-
cients of the two terms is fixed by the (classical) dynamical KMS symmetry. Then, up to
higher-order corrections, the full non-equilibrium effective action is given by

Igpr = 51 — S2 + Imix. (7.12)

To compare the above action built with the non-equilibrium coset construction to more
standard results, let the unit vector n’ = R indicate in which direction the elongated
molecules of the nematic are oriented. Then, working in the classical, non-relativistic
limit, we have

VoA = [ — L nio X - aixgn;)] [n ~ L (ko xi - o' xbnl) (7.13)
and
(VHOPI2 = (F-7,)%, (Vb = (it (T x71))%,  (V302)2 = (il (Vi) (7.14)

where the dot () indicates differentiation with respect to ¢" and hence is the usual material
derivative when acting on 7,.. Note that our EFT is invariant under n; — —fi;. For

9Notice that V67 involves a time-like derivative of 6.
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simplicity, assume that the nematic and hydrodynamic modes decouple so we can focus
just on the nematic degrees of freedom. Then, the equations of motion for the rotation
Goldstones can be written in the form

L o E1/d%[icl(ﬁ-ﬁ)uiq(ﬁ-(ﬁxﬁ))2+/c3(ﬁ><(Wﬁ))?], (7.15)

ST Mo 2

where it is understood that M and K; for ¢ = 1,2, 3 are evaluated on the equilibrium value
of Ggg. We therefore see that ﬁ}" can be interpreted as the relaxation rate times the
free energy, and K1, Ko, and K3 as proportional to the standard splay, twist, and bend
respectively [47]. We have thus recovered the standard nematic equations of motion.

Notice that, linearizing in 64, the dispersion relation for the nematic degrees of freedom
is of the form w o< ik?, indicating diffusion, which is an intrinsically dissipative effect. It
is worth noting that this dissipation owes entirely to the fact that the action cannot be
factorized according to (4.11) because of the inclusion of the term Iix. Further, the
necessity of including Iy« — and therefore the resulting diffusive dispersion relation — is
an automatic consequence of the commutation relations of the Poincaré algebra; we did
not need to assume diffusive behavior a priori.

Finally, we often expect particle number to be conserved, requiring the inclusion of
an additional unbroken U(1) charge Q. Let 7 be the corresponding unbroken Goldstone.
Then just as in section 5.1 and section 6.1, we have the additional invariant building-block

Y

By= —
0 8(]307

»(¢) = nX°(¢) + (). (7.16)
As a result, the effective action is identical to (7.12) except P, M, and K; for i = 1,2,3
are now functions of both Gyg and By.

7.2 Smectic liquid crystals

Smectic liquid crystals are composed of oblong molecules that form layers such that along
one spatial direction, the liquid crystal has a periodic structure. Without loss of generality,
take P35 to be the spontaneously broken translation generator orthogonal to the layers. To
ensure that some notion of unbroken translations along the Z direction exists, it is necessary
to introduce an internal translation symmetry generated by Q3 that is spontaneously broken
such that the diagonal subgroup generated by P3 = P3 + Q3 is unbroken. Throughout this
section, we will use A, B = 1, 2 to indicate spatial indices perpendicular to the Z direction.

7.2.1 Phase A

In phase A, the long axes of the molecules are, on the average, aligned with the 2 direction.
Thus, ]5“ =P, + 62@3, and J3 are the unbroken generators and J4, K;, and (J3 are the
broken generators. The most general group element is?’

g(¢) = I X (D) Py im® (9)Qs pin® (¢) K3 +i04 (¢) Ja+i0%(¢) 3 ,in™ (¢) Ka (7.17)

20We use a somewhat non-standard parameterization of g so that the inverse Higgs constraints are easier
to solve.
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The resulting Maurer-Cartan one-form is

g Omg =By, (Py+ V3 Qs + V04 T4 + V' K;) + Q3% Js, (7.18)
such that

ER, = 0 XV[LALY,
S (BN on? - 5,

V0" = (B~ PN LT 06 (LA)] PP (7.19)
= (E7)YAT LT oy (LA
Q= A~ L7100 (LA))'2,

where 13 = X343 and we have A", = [¢"Ka]p and L, = [¢in’ Ksti0 % Jati0®Js)n  Begin
by imposing unbroken inverse Higgs constraints; as in the previous subsection, they serve
to remove the rotation Goldstone #3. And once again, solving these unbroken inverse Higgs
constraints is not necessary at this order in the derivative expansion. Next, impose ordinary
inverse Higgs constraints V73 = V 4m% = 0, which remove 84 and 7* and tell us that

Var® = /GMN 9y p3ony3 — 1, (7.20)
yielding the first building-block
Y = GMN oy ony?, (7.21)

where the metric is given as usual by Gyny = Ef\‘/lnﬂyE]l(,. Now impose thermal inverse
Higgs constrains to remove 7 given by

A
Then, we have
A A XHL
0
—tanhn, = — , 7.23
N annm 80X“Lut ( )
where n, = +/n4n4.  This allows us to construct our final two building-blocks
Goo = ESnuw ES and E5V, w3, the second of which is just
o>
Z=—. 7.24
Thus, the leading-order action for smectic liquid crystals in phase-A is
Sgrr = / d*¢v/—G P(Y, Z,Gp). (7.25)

To compare with known results, let us now expand this EFT to quadratic order in the
fields. For simplicity, we will neglect the fluid degrees of freedom. Then, transforming to the

physical spacetime, the quadratic Lagrangian describing the behavior of the smectic mode is
1

£ =— [Mo(ﬁ3)2 — My (947°)* — M3(337T?’)2]7 (7.26)
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for constants My, M1, and Ms. The resulting equations of motion,

. M, Ms

7T3 = MO 12477'3 + ﬁoa‘%ﬂ-g’ (727)

agree with the results of [45, 49]. For readers interested in the full equations of motion,

they can be obtained by setting 1! = %? = 0 in the solid equations of motion in section 6.1.
Finally, if particle number is conserved, we include the additional building-block (7.16),

meaning that P in (7.25) may now depend on Bj.

7.2.2 Phase B

Smectic liquid crystals in phase B, like in phase A, consist of vertically stacked layers that
can slide past each other. In phase A, the molecules within a given layer are able to move
around freely without forming a lattice structure. In phase B, however, the molecules in
a given layer are locked in place. If we take the Z direction to be perpendicular to the
stacked layers, then phase B is essentially a solid that cannot sustain uniform z-z and y-z
shears [45]. As a result, the effective action is almost identical to (6.7) — or if it contains
an unbroken U(1) charge it is almost identical to (6.9). The only difference is that to allow
the layers to slide past each other, we must impose the symmetries

P =+ AP, (7.28)

where A = 1,2 and f# is an arbitrary function of ¥3. Physically, these symmetries indicate
that we can translate each layer in the z-y plane independently without changing the
macroscopic state of the system. At the level of the EFT, these additional symmetries
mean that the effective action can only depend on Y% in the combinations

b=detY?, b =YHY3 - (V13?2 by = Y2V (YB)?2, v, (7.29)

and it can only depend on the i = 3 component of Z*. Finally, the equations of motion are
just a special case of the solid equations of motion given in section 6.1.

7.2.3 Phase C

Phase C is much like phase A except now the long axes of the molecules do not on average
align with the 2 direction, meaning that .J3 is now spontaneously broken. Thus the only
difference between phases A and C is that phase C has a Goldstone associated with the
broken generator J3 denoted by 63. Further, this Goldstone cannot be removed with inverse
Higgs-type constraints.

Going through a similar procedure to the one in section 7.2.1, we find that the effective
action has the same building-blocks as (7.25) with five invariant additions. First, we have
V#03, where p = 0,1, 2,3 are now merely labels and do not need to be contracted in any
particular way since the entire Lorentz group is spontaneously broken. Additionally, we
have A2, which is the 2-component of (7.7). The addition of the building-block A2, which
mixes 1-and 2-fields, means that the non-equilibrium effective action cannot factorize into
the difference of ordinary actions.
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The contribution to the non-equilibrium effective action that does not contain mixtures
of 1-and 2-fields is S7; — S, where

1 ..
:/d%\/—Gs [P(YS,ZS,GSOO)+2M”(YS,ZS,G800)VZ-0§V]-0§ , (7.30)

such that repeated indices 4, j are summed over and M¥ is symmetric under exchange of
i and j.2! Just as in the case of nematic phase, we will see that the rotation Goldstone,
63 is diffusive, so we will consider 9p#> and 8?93 to be the same order in the derivative
expansion.

Define V62 implicitly as follows. Under a dynamical KMS transformation, we have
A3 — 0A3 +i0pVE2. (7.31)

In the 7, a-basis, the contribution to the non-equilibrium effective action that contains
mixtures of 1-and 2-fields is

Iix = / d*o\/ -G, [ Groo) VO A3 + 5 1\40((;7@0)(143)2 . (7.32)

As a result, up to higher-order corrections, the full non-equilibrium effective action is
IgpT = Sl — 52 + Imix- (7.33)

If particle number is conserved, we have the additional building-block (7.16). Then
the non-equilibrium effective action is identical to (7.33), except the coefficient functions
P, M;;, and My may now depend on By.

The full equations of motion for smectic C are quite complicated and therefore not
terribly enlightening. Thus, for the sake of simplicity assume that the dynamics of 63
decouple from those of X* and n3. Then, the equations of motion for X* and 73 are
identical to those of the smectic A phase. And the linearized equation of motion for 6 is,
ignoring the complications of hydrodynamical fluctuations,

3 _ MY 3
0 My —0;0;0°. (7.34)
Thus, smectic C phase looks just like smectic A phase with the addition of a diffusive mode
63, agreeing with standard results [45].

It is worth noting that the presence of the term Iy, as in the nematic phase, leads to
a diffusive dispersion relation and hence dissipation. Thus nematic and smectic C phases
of liquid crystal are the only two states of matter considered in this paper that exhibit

dissipation at leading order in the derivative expansion.

2IThe sum over ¢ and j is purely for notational convenience as ¢ and j are merely labels.
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8 Conclusion

In this paper, we defined a systematic coset construction of non-equilibrium EFTs and used
it to formulate both known and heretofore unknown non-equilibrium EFTs for condensed
matter systems. We postulated that IR dynamics of thermal systems out of equilibrium
can be characterized by Goldstones almost as if every symmetry of the system were sponta-
neously broken. However, the Goldstones corresponding to spontaneously broken symmetry
generators behave rather differently than those corresponding to unbroken symmetry gen-
erators. In particular, the unbroken Goldstones possess infinitely many gauge symmetries,
whereas the broken Goldstones, like ordinary Goldstones at zero temperature, have no such
gauge symmetries.

The approach of [12] was to treat these infinitely many symmetries as if they were
true symmetries of the underlying theory. As a result, each of these symmetries required
its own generator and Goldstone to parameterize the coset of broken symmetries.?? By
contrast, our approach was to treat these additional symmetries as gauge redundancies in
the style of [34], thereby circumventing the need to introduce infinitely many symmetry
generators and Goldstones. Further, the coset construction presented in this paper allows
one to formulate non-equilibrium actions in full generality, whereas previous attempts at
the coset construction for systems with spontaneously broken spacetime symmetries can
only be used to formulate ordinary actions that are incapable of accounting for statistical
fluctuations and dissipation.

The non-equilibrium coset construction admits generalizations and applications in
many directions. First, in the interest of simplicity, the EFTs in this paper were computed
to lowest order in the derivative expansion. As a result, all but the EFTs for nematic and
smectic C phases of liquid crystal admit nothing of statistical fluctuations and dissipation.
We leave it as future work to ‘turn the crank’ and extend the actions presented here to
higher orders in the derivative expansion. Second, the ordinary coset construction pre-
sented in [33] can be used to construct pseudo-Goldstone EFTs for spontaneously broken
approximate symmetries. It will be of interest to extend the non-equilibrium coset con-
struction to cases for which approximate symmetries exist. By the philosophy of this paper,
there ought to be associated pseudo-Goldstones whether or not the approximate symme-
tries are spontaneously broken. Third, the EFTs we constructed for solids and smectic
liquid crystal phases exhibit second sound. While second sound can exist in such phases
of matter, it is exceedingly rare [46]. We leave it as future work to construct EFTs for
these states of matter without second sound. Fourth, some condensed matter systems have
excitations that survive over long distances and extended time scales but that cannot be
interpreted as Goldstone modes; for example, such modes exist near critical points. Thus,
extending the non-equilibrium coset construction to allow for couplings between Goldstone

22Gince [12] only constructed actions to leading order in the derivative expansion, it was not actually
necessary to introduce all of the infinitely many symmetry generators. However, extending to arbitrarily
higher orders using their method would require the addition of infinitely many symmetry generators and
Goldstones; see [40] for a general discussion of how gauge symmetries can be treated as genuine symmetries
in the coset construction.
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and non-Goldstone modes is of significant interest. Finally, the hydrodynamic degrees of
freedom in the non-equilibrium EFTs of [2] do not necessitate a long-wavelength expansion.
However our non-equilibrium coset construction — like the ordinary coset construction —
is designed to generate covariant terms for an action in a derivative expansion. Extending
our coset construction to allow for non-local terms would allow one to formulate actions
with much broader applicability, e.g. actions describing low-temperature systems.
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A Emergent gauge symmetries

In this section, we offer a somewhat pragmatic explanation for why we expect non-
equilibrium effective actions to posses the gauge symmetries (4.1)—(4.2). It is pragmatic in
the sense that it should convince the reader that these symmetries are necessary in ordinary
situations, but it is by no means a derivation of the symmetries from first principles.

In the ordinary construction of the hydrodynamic equations of motion it is usually sup-
posed that the system exists in ‘local equilibrium.’” This essentially means that, ignoring
broken Goldstones, the state of the system can be specified by the local inverse temperature
four-vector B#(z) as well as the chemical potentials y“(z) corresponding to unbroken sym-
metries T4. From the EFT perspective, we posit that the fluid manifold is a space on which
the fluid four-vector is fixed, namely M = (9,0,0,0), where Sy is the equilibrium in-
verse temperature. Then, in the physical spacetime, we can define the inverse-temperature
four-vectors — one for each leg of the SK contour — via the push-forwards

Bi(z) = AU S0 — g0 (A1)

oxt oxt
dpM dpM

Additionally, we can identify the chemical potential with?3

BA

A A 50

uh(@) = it + =2, (A.2)
° vV —Goo

where B2, is given in (4.6) and p{' are the equilibrium chemical potentials of the unbroken

symmetries. Working in the r, a-basis of (3.6), the r-type fields correspond to classical field

configurations, whereas the a-type fields describe quantum and statistical fluctuations. As

231t may not be immediately obvious that this combination of fields should be identified with the chemical
potential. For some insight into why this should be so, see the discussion surrounding (5.15)—(5.17) and [3,
38].
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a result, we ought to identify the physical thermodynamic quantities 5*(z) and ,uA(x) with

§(z) = Bi(x) = 3180 (a) + B (@),
1 (A.3)
(@) = i (x) = 5 [ (@) + 3! ()]

If we wish to reproduce ordinary hydrodynamics, then we must require that the equations
of motion only depend on the unbroken Goldstone fields as they appear in (A.3). To
ensure that this is the case, we must require that the effective action be invariant under
the symmetries (4.1)—(4.2). Further, since we expect that the (classical) state of the system
is specified by S (z) and p?(z), these emergent symmetries cannot change the state of the
system and therefore ought to be considered as mere gauge redundancies.

It is worth mentioning that beyond these heuristic arguments, there has been some
success in deriving chemical shift symmetries for unbroken U(1) Goldstones using the
AdS/CFT duality from first principles [50, 51].

B Stiickelberg tricks and the Maurer-Cartan form

We claimed in section 4 that the correct way to construct covariant building-blocks for non-
equilibrium effective actions was to construct two distinct Maurer-Cartan one-forms (4.6)
— one for each leg of the SK contour — that transform under a single copy of the global
symmetry group G. In this section, we will use a Stiickelberg trick inspired by [2] to
demonstrate that using two copies of the Maurer-Cartan form is the correct approach.

We begin by introducing sources for the Noether currents corresponding to each sym-
metry generator of G. This amounts to introducing external gauge fields. Let

P,,, = unbroken translations,
T4 = other unbroken generators, (B.1)

To = broken generators,

be the generators of G, where we now use m,n = 0, 1,2, 3 to denote Lorentz indices and u, v
to denote physical spacetime coordinate indices.?* As before, let H be the set of unbroken
symmetries and Ho C H the subgroup generated by T4 alone. The external sources are as
follows:

o Let ag;(x) be the vierbeins, which can be thought of as the gauge fields correspond-
ing to unbroken translations P,. The metric tensors are then given by gsu.(z) =

5$($)77mn5?u(x)~

o Let Ayyu(z) = Afu(x)T s be the gauge fields (or spin connections if the Lorentz group
is involved) corresponding to the unbroken symmetries of Hy C H.

o Let csu(7) = cg,(7)7a be the gauge fields (or spin connections) corresponding to the

broken symmetries.

24Tt is now necessary to distinguish between Lorentz indices m,n and physical spacetime coordinate
indices p, v because the Stiickelberg trick requires that we gauge all symmetries including Lorentz.

— 33 —



On each leg of the SK contour, we can combine these fields into a single object,

Osu(x) = i€l (x) Py + icS,, () 7o + 1AL, (2)T 4, (B.2)

where the factors of i are included for later convenience. Now, letting U(t,t';6y,) for
s = 1,2 be the time evolution operator from ¢’ to ¢ in the presence of external sources 6,
the generating functional for the conserved currents is

W 0r02u] — ¢y U(+oo,—oo;@lu)pUT(%—oo,—oo;qu) . (B.3)

Since 6, couple to conserved currents, W61, f2,,] must be invariant under two independent
copies of the gauge symmetries [2]; that is, for gauge parameters (;(x) and (2(z) we have

W (01,0, 02,] = W65, 652). (B.4)

We can therefore ‘integrate in’ both the broken and unbroken Goldstone fields using the
Stiickelberg trick. In particular, define

oxY n 0
0pM T §opM

Osm(9) = 'Ys_l ) |:03H(XS(¢)) :|787 73(@ = eiﬂ?(¢)7aei6?(¢)TA: (B-5)

where M for M = 0,1,2,3 are the fluid worldvolume coordinates. Now we can implicitly
define the non-equilibrium effective action by

W01,,02,] — /DX#DW?DE? HErT[©10,0201] (B.6)

Notice that if we remove the external source fields by fixing €} (z) = 6" and .A;‘L = cg, =0,
we find that G4y, are nothing other than the Maurer-Cartan one-forms (4.6) defined on
each leg of the SK contour. Since EQL(x) = 0, we can identify the Lorentz indices m,n
with the physical spacetime coordinate indices p, v, allowing us to use P, to refer to the
unbroken translation generators as we did in (4.3). Moreover because these fields live on the
SK contour, their values must match up in the infinite future, meaning that even though
there were two copies of the gauge fields and gauge symmetries, there is only one copy of
the global symmetry group G.

C Explicit inverse Higgs computations

Since the thermal and unbroken inverse Higgs constrains are new, it may be helpful to
see how they can be solved explicitly. This appendix explains how to algebraically solve
the thermal and unbroken inverse Higgs constraints in the case of ordinary fluids, thereby
removing the broken boost Goldstones n' and the unbroken rotations Goldstones €7, re-
spectively. But before we solve these new inverse Higgs constraints at full nonlinear order,
it is first helpful to understand the motivations for imposing them. To do this, we will
investigate these inverse Higgs constraints expanded to linear order in the fields.
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Consider the case of a fluid without conserved charge. Let X% (¢) = ¢* + ek (¢) and
let the antisymmetric field 85" (¢) represent all Lorentz Goldstones such that 1% = % and
i = %eijkegk. Then at linear order in the fields, the vierbeins are given by

Efy = 0y + Omel — Osp” + -, (C.1)

where s = 1,2 indicates on which leg of the SK contour the fields are defined. We are
interested in setting to zero components of Eg )y that transform covariantly and that can
give an algebraic relation between 6,),* and derivatives of k.

To remove the broken boost Goldstones, notice that E%, for i = 1,2,3 transform
covariantly under all symmetries and gauge symmetries and are given by

Eéo = 8062 - Hsoi + - (CQ)
Thus setting the above expression to zero gives the linearized constraint
77; = _60827 (C3)

which is just the linearized version of (5.6). This allows the removal of the 7:-Goldstones.

Removal of the rotational Goldstones is a bit trickier. There are no terms in a single
vierbein that transform covariantly and, when set to zero, allow the removal of §¢. However,
we have two vierbeins — one for each leg of the SK contour — thus we consider the object
Evymi(Ey 1);‘4 , which transforms covariantly under all symmetries and gauge symmetries.
Setting the antisymmetric part to zero gives the relation

0= ElMZ(Egl)?/I — Ele(EEI)ZZV[ = ajsm' — aié‘aj - 29@7; + - (C.4)

where &}, = &} — ¢} and 09 = 9? — O;j . Solving the above equation gives the constraint

—

0, =V X &,, (C.5)

which is the linearized version of (5.8). Then, acting with the (classical) dynamical KMS
symmetry on both sides gives
Aol =V x &, (C.6)

where ¢! = %(821 + 5’2) and 0 = %(0? + 9? ). Since 6, enjoys a chemical shift-type gauge
symmetry, at liner order, 6, can only appear in the from 8y0,. Thus, the constraints (C.5)-
(C.6) are sufficient to remove the #5-Goldstones entirely from the (quadratic) effective

action.

C.1 Thermal inverse Higgs

Recall that for ordinary fluids, the thermal inverse Higgs constraints are given by (5.5).
Since R is invertible, these constraints give

oxH . 9Xt . 9XJ

0= e T e g

50 A (C.7)
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Let A be the 3 x 3 matrix with components /\ij = Aji and let [ be the 3-vector with
components I* = A;*. Then we have

A=(1-7®n7)+7H®ncoshn, I'=fsinhy, (C.8)

where n = /77 - 77 and 7 = 77/n. Now equation (C.7) becomes

X -
=\ C.9
X! : (C.9)
which simplifies to ‘ .
aOXz 7]1
= —— tanh C.10
s =t (C.10)

as desired.

C.2 Unbroken inverse Higgs

Recall that for ordinary fluids, the unbroken inverse Higgs constraints are given by (5.7).
Expanding out the vierbeins, we find that

j 7 v an v

E¥\; = asm’ R, asy’ = —(%MASp , (C.11)

where RY = [¢05(9)7i]i  Then, we have that
(B = (B (a1, (C.12)

which gives us

(Bvins (By )M = (an)a' (R1)u(Ry ) (ag )™ = (R "My (Ra )i, (C.13)
where M,,! = (a;l)kM(al)Ml = (A;l)kyg_);{i: (Al)ul. Then unbroken inverse Higgs con-

straints (5.7) yield the 3 x 3 matrix equation
RY M- Ry =Rl M".Ry, (C.14)

where we have used the fact that R = R;!. Rearranging this equation we have that
MT = (Ry-RyY) - M- (Ry - RyY), from which it is immediate that

ME M= (Ry-RyY) - M-MT (R - RN = (R - Ry - M) (C.15)
Finally, we have that (R - R;l) M =VMT . M, that is,
R -Ry'=vMT - M- ML, (C.16)

as desired. Notice that the above expression, when linearized, gives (C.5), so it can be
used to remove a-type rotational Goldstones. To remove the r-type rotational Goldstones
beyond the linearized level requires a bit more work; we will carry out the computation in
the next subsection.
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C.3 More on unbroken inverse Higgs

Now we will see that the unbroken inverse Higgs constraints allow the removal of the r-type
rotational Goldstones beyond linear order in the fields. First, define M, = Vv MT . M~1
and suppose that under the (classical) dynamical KMS symmetries, we have

M, — OM, — i30dyM,, (C.17)

where © is a time-reversing symmetry of the UV theory.2 Then, by applying the (classical)
dynamical KMS transformations to (C.16), we have

Ry -Qo-RY =00M, = Q. =RT-0yM, Ry, (C.18)

where Q. = %(QlM + Qops) is the r-type spin connection. The above equation is our
second unbroken inverse Higgs constraint and when linearized, gives (C.6). It can be
checked that in every invariant building-block, R, can appear without ¢’-derivatives only
in the form Ry - RI. But then we can use (C.16) to remove this combination of rotational
Goldstones. Further, if R, appears in an invariant building-block, the only other package
it can come in is €9, in which case we can use (C.18) to remove Q.. This expedient comes
at the price of introducing more factors of Rs. It turns out that there are two possibilities:

e The additional factors of R4 are contracted in such a way that they cancel completely,
in which case we have no remaining factors of Rj.

e The additional factors of R appear in the form R;-RI in which case we can use (C.16)
to remove them.

Therefore, no matter what, the rotational Goldstones can be entirely removed from the
invariant building-blocks using (C.16) and (C.18). It should be noted that the covariant
building-blocks may still have factors of R attached to them that cannot be removed with
inverse Higgs-type constraints, but this is not an issue as only the invariant building-blocks
are relevant for constructing EFTs.

D Fluids and volume-preserving diffeomorphisms

It turns out that despite appearances, the effective actions for fluids with and without
charge that we constructed with cosets, (5.12) and (5.17) respectively, are equivalent to
those given in [9]. Additionally, the action for finite-temperature superfluids (5.25) that we
constructed with cosets turns out to be equivalent to the action presented in [13]. In this
section, we will see how these seemingly different actions are equivalent. For definiteness,
consider the action (5.12), which is defined on the fluid worldvolume. Perform a change of
coordinates so that it is now defined on the physical spacetime; then the dynamical degrees
of freedom are the fields ¢ (x) and they enjoy the gauge symmetry

oM () = 6" (z) + €M (6! (2)), (D.1)

#5Think of (C.17) as a definition of M.
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for arbitrary €. As always, we use M, N = 0,1,2,3 and I,J = 1,2,3. The resulting
action defined on the physical spacetime is

SgpT = / d*z P(T), (D.2)
where?® T = u“@ugbo such that
JH
ut = 5 b=/—Jr],, J = *[d¢t Ade? A de?]. (D.3)

Now integrate out ¢". The equation of motion for ¢° is 0 = 9, [J—;P’ (T)] Since 9, J* =0
identically, this becomes

0= J", [ll)P’(T)} . (D.4)

By the definition of J#, we have that
LP(T) = f(9"), (D.5)

for some arbitrary function f(¢!). Using the diffeomorphism gauge symmetry (D.1), we
can gauge-fix f(¢!) = 1. With this gauge-fixing condition, (D.5) can be solved algebraically
for T as a function of b, that is T'= T'(b). Plugging this solution back into the expression
for the effective action (D.2) gives

SEFT = /d4x F(b), (DG)

where F'(b) = P(T'(b)). But this is precisely the action given in [9]. Notice that now the
action only depends on the three fields ¢!, which enjoy a volume-preserving diffeomorphism
gauge symmetry
g’
et —
o

By almost identical procedures, it can be shown that (5.17) is equivalent to the effective

o' = g'(¢7), d =1 (D.7)

action describing charged fluids given in [9] and that (5.25) is equivalent to the action
describing finite-temperature superfluids given in [13].

261t turns out that T2 = —1/Goo.
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