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1 Introduction

Yang-Baxter deformations were originally constructed as deformations of the Principal Chi-
ral Model and (super)coset sigma models with the interesting property that they preserve
integrability [1-4]. The deformations are built using an R-matrix which solves the classical
Yang-Baxter equation (CYBE)

[RX,RY] — R([RX,Y]+[X,RY]) =*[X,Y], VX, Yeg, (1.1)

where ¢ = 0 gives the standard CYBE equation and ¢ # 0 corresponds to the modified
CYBE. We will consider only the ¢ = 0 case here, for which the deformed models are often
called homogeneous YB models. It was shown in [5, 6] that homogeneous deformations
can be generated using non-abelian T-duality. One simply adds a closed, non-degenerate,
B-field defined on a subalgebra of the isometry algebra and dualizes on that subalgebra.!
This construction means that these deformations can be defined for a general sigma model
as long as it admits isometries that can be dualized. In particular the YB deformation of
the Green-Schwarz superstring was constructed in [7]. A special case of this deformation

'From this construction one obtains a deformation of non-abelian T-duality, but it is possible to show
that a local field redefinition (i.e. a diffeomorphism in target space) plus a shift of the B-field permit to
rewrite the result as a homogeneous YB deformation. See [5, 6] for more details.



is when the isometries are abelian and in that case the deformed model is simply a T-
duality-shift-T-duality (TsT) transformation [8], which are usually called S-shifts or S-
transformations in the context of O(d,d).

Just as in non-abelian T-duality [9, 10], these models may in principle have a Weyl
anomaly. When the anomaly is present the target space fields do not solve the standard
supergravity equations but a generalization of these [11, 12]. Similar to the non-abelian T-
duality case this anomaly is absent if one requires the R-matrix to satisfy a unimodularity
condition [13]. This is the case we consider here although unimodularity is not a necessary
condition to avoid a Weyl anomaly [14-16].

The realization of homogeneous YB models using T-duality makes it natural to try to
describe these models using the O(d, d)-covariant language of Double Field Theory (DFT),
as was done starting with the work of [17]. In fact the YB deformations take the form
of a so-called f-transformation [14, 18] in O(d, d) language. This language is particularly
useful since, as we will show in this paper, unimodular homogeneous YB deformations leave
the generalized fluxes — the basic building blocks in the O(d, d)-covariant formalism —
invariant (see also [18, 19]). With this observation it becomes very simple to prove that the
deformed model solves the low-energy field equations, since those have an O(d, d)-covariant
formulation in terms of the generalized fluxes. In fact the same is true for the first o'-
correction to these equations as shown in [20]. Therefore it is also straightforward to argue
that YB-deformed bosonic strings® are Weyl invariant at least up to two loops. The fact
that all higher derivative corrections should respect the O(d, d) structure suggest that this
should even be true to all orders in o/, although a complete proof that the string effective
action can be written only in terms of generalized fluxes is not known to the authors.

Naively this argument may seem to suggest that the YB-deformed backgrounds should
not receive any o'-corrections beyond those coming from the intrinsic o’-dependence of
the original (i.e. undeformed) background. But this is at odds with the results of [21],
where non-trivial corrections were found working to second order in the expansion in the
deformation parameter. When focusing on the class of TsT transformations, it is also at
odds with the fact that abelian T-duality is known to receive o’-corrections, as was shown
in various works starting from [22-28], which would be expected to lead to corrections to
TsT. As we will explain in more detail in the rest of the paper, the resolution is that while
in the doubled formalism there is indeed no correction, corrections appear when one wants
to go from the doubled formalism to a standard (super)gravity formulation. In order to do
that one has to fix the double Lorentz gauge-invariance in such a way that the two vielbeins
that naturally exist in the doubled formulation are set equal. This requires a certain double
Lorentz transformation and — given that the fields of the doubled formulation have an
anomalous transformation® under double Lorentz transformations [33] — this induces an

2Note that while here we consider only the bosonic string for definiteness, very similar results hold for
the heterotic string. In fact they can both be treated at the same time by introducing parameters that
interpolate between the two as in for example [20]. Note that the relevant equations for the target space
fields for the bosonic string are the type II supergravity equations with RR fields set to zero. Therefore we
will often loosely refer to them as the (super)gravity equations.

3The fact that manifest O(d, d) symmetry requires the fields to transform non-covariantly was clarified
in the works [29-32].



extra o/-correction to the deformed background whose form we determine. A special case
of our formula gives the o’-correction to TsT transformations.

This discussion naturally connects also to the identification of o/-corrections to abelian
T-duality transformations, as mentioned above. We will discuss also this and comment on
the comparison to the results of [26]. Starting from the corrections to T-duality we will
be able to provide an independent way to obtain o/-corrections to TsT transformations,
which does not make use of the double O(d, d) formulation.

The outline of the paper is as follows. First we give a very brief introduction to the
concepts needed from the O(d, d)-covariant formulation as used in DFT. In section 3 we
describe what Yang-Baxter deformations are in this language and show that they leave
the generalized fluxes invariant. The o/-correction to these deformations induced by the
compensating anomalous Lorentz transformation is described in section 4. Section 5 focuses
on abelian T-duality and TsT transformations and we show that the results agree with those
obtained using the O(d, d)-covariant formulation. We end with some concluding comments.

2 O(d,d) covariant formulation of supergravity

We will take inspiration from DFT and use the O(d,d) covariant formulation of (su-
per)gravity. In particular we will work with the so-called frame-like formulation of DFT [34—
36] where the structure group is taken as two copies of the Lorentz group O(1,d — 1) x
O(d — 1,1). More details and references can be found in the reviews [37-39]. However,
unlike in DFT, we will always assume that the section condition is solved in the standard
way Oy = (0,0,,) so that we are really just working with a rewriting of supergravity. Here
we will actually consider only the NSNS sector as appropriate for the bosonic string.
In the frame-like formulation one writes the generalized metric in terms of generalized
(inverse) vielbeins
HMN = B, MHABERN (2.1)
n=(-1,1,...,1) in each
block. Coordinate indices are raised and lowered with the O(d, d) metric

™M =y = (01>, (2.2)

where HAP is block diagonal with the usual Minkowski metric

10

and flat indices with the metric

i 0
P =nap = <n _> . (2.3)
0 —n

The generalized metric can be parameterized in the form

Grn — BmkG*' By, B GF"
MN mn mk in Pmk
H :< g o ) (2.4)

in terms of the usual metric G and B-field. We take the generalized (inverse) vielbein to be

1 e(+)am — e(+)aanm e(+)am
Ba™ = ( (=) (“)m (2:5)

—€am — e(_)anm €a



()

Here e®) are two sets of vielbeins which transform independently as A& e() under the

two Lorentz-group factors. To go to the standard supergravity picture one fixes a gauge
e(t) = ¢(=) = ¢ leaving only one copy of the Lorentz-group.

An important object is the so-called generalized Weitzenbock connection, defined in
terms of the generalized vielbeins as

Qapc = EaMOomENEon . (2.6)
From this the generalized fluxes are constructed as
Fapc =3Qapc),  Fa=0Ppa+2B4M0nd, (2.7)

where d is the generalized dilaton related to the standard one as e=2d = 20 v—G. The
importance of these objects comes from the fact that the generalized fluxes are scalars under
generalized diffeomorphisms. This follows from the fact that a generalized diffeomorphism
is implemented by the generalized Lie derivative which acts on a vector field as

LxYM = XNoyyM (oM Xy — on XYV, (2.8)

The NSNS sector supergravity equations, or bosonic string low-energy effective equations,
can be expressed in terms of the generalized fluxes only. To do this we first introduce the
projectors

Py = % (mtH). (2.9)
Defining the following projections of the generalized fluxes
};%B)C = (P:F)AD(Pﬁ:)BE(P:I:)CF]:DEF, J:S[) = (P)APFg, (2.10)
they take the form*
(P1)a%(P-)s" 3()-7:D—(fE—aE)J:(_[;E—I—iFCEF.FDEF—%(]—"2)(;1) =0, (2.11)

1 1 1
R=—49, F Ao F  FOAL ZfACD}_BCDHAB - ﬁ]ﬂ - ngBC]'—ABC =0, (2.12)

where (F2)ap = FacpHOPHPY Fppr and F? = HAB(F?)4p. The last line defines the
generalized Ricci scalar and these equations of motion can be derived from the action

S = /dX e 2R . (2.13)

Let us emphasize again that for us this is just a convenient rewriting of the usual bosonic
string effective action and equations of motion at lowest order in /.

“Note that eq. (3.78) in [37] is not correct, since for example the Py P} projection does not vanish.



3 Yang-Baxter deformations in O(d, d) language

We first need to show how to write YB deformations in O(d, d) language at leading order in
o/, which will be needed later when discussing their o/-corrections. Under a YB deformation
we have (e.g. [7, 40])°

G-B—-G-B=(G-B)(1+06(G-B))" . (3.1)

The transformation of the dilaton is such that the generalized dilaton d is invariant. The
transformation of G and B is equivalent to the following transformation of the generalized
metric (2.4)

H—-H=0THL, by =0y +0u"Y, (3.2)
where
on’ = (8 @0 ) ;o O =ETEIR™, (3-3)

where k™ are Killing vectors of the undeformed background® and R" is a constant anti-
symmetric matrix satisfying (1.1) with ¢ = 0 (r,s are Lie algebra indices). Later we
will show that if we just impose that R is constant and anti-symmetric, the additional
property of satisfying the CYBE (1.1) will have a natural interpretation. The generalized
vielbein (2.5) then transforms as

EAM — EAM = EANhNM. (3.4)
Note that the two sets of vielbeins in (2.5) transform differently, namely

B = eI (571 = (B F GO (3.5)

This means that if we start from an undeformed background in a gauge such that e(t) =
e(=) = ¢, we will need to accompany the YB deformation by a generalized double Lorentz
transformation. We will keep &) invariant and transform &= by

(A=A =[1+(G-B)OL (1 - (B+G)O] )., (3.6)

in order to preserve the gauge é&(*) = &(=). At the (super)gravity level this is of no
concern since all objects transform covariantly, but when one considers o/-corrections this
transformation becomes important due to anomalous transformations of the fields, as we
will discuss in the next section.

Note that this is a reformulation of YB deformations in the form of an O(d,d) trans-
formation, in fact h has the form of a so-called -transformation or $-shift. It is not a
standard O(d, d) transformation, such as the ones under which the DFT action is invariant,

5We use a tilde to denote quantities after doing the deformation. We absorb the deformation parameter
(usually denoted by 1) into © to simplify the expressions.

5The assumption is that the Lie derivatives along k™ of the metric, the B-field and the dilaton of the
original background vanish. One could in principle relax the isometry condition on B by demanding only
that the Lie derivative of H vanishes, but we will not consider this generalization here.



though. This is first of all because ©™" is (in general) not constant and second, and more
importantly, because ©™" depends on the background itself since it is constructed using
Killing vectors. This is therefore not a symmetry but a map of a background to another
background, which is in fact a deformation of the first if we take © to be multiplied by a
small parameter.

It follows from the transformation of the generalized vielbein that the generalized
Weitzenbock connection (2.6) transforms as

Qape = Ea"hpMom Es" Eon + Ea"hp™ oph™ (W )" Es™ Ecp
= Qupc + EA"OLM0MEpN Eon + EA"hi M 0nOkNEB"EC™,  (3.7)
where we used the fact that any expression with two ©’s contracted (with ny/n) vanishes.

Now we use the fact that k, generate isometries, i.e. the generalized Lie derivative of E4M
and d along k, vanish”

A~ 1
kLo EAM + (0Mk,p — 0L kMYEAL =0,  kEogd= iaka . (3.8)

Using this fact one finds that the change of the generalized flux F4pc is proportional to
the YB equation for R in the form

oMK 90N = 0. (3.9)
Therefore Fapc is invariant under a YB deformation (see also [18, 19]8). For F4 we find
.7},4 =Fa— @LKGKEAL — aK@LKEAL + 2EAN@NM6MCL (3.10)

and using (3.8) we find

(3.11)

B —2V,@mn
Fa=Fa+EMAFy, AFy = ( VO@ > .

Therefore F4 is invariant precisely when the R-matrix is unimodular, since V,0""
fL.R™, and fL.R™ = 0 is the unimodularity condition of [13].

We have therefore shown that the generalized fluxes are invariant under unimodular
YB deformations. In fact their derivatives are also invariant since for example

OaFp = EaMOmTp — 0aFp — EANONM 00 Fp = 0aF5, (3.12)

because k:fn‘/fc?M.FB = Ly, Fp = 0 by isometry.
Since the (NSNS sector) supergravity equations of motion can be cast in terms of the
generalized fluxes and their derivatives, this is enough to conclude that they are invariant

"Recall that d is a density rather than a scalar, hence the non-zero r.h.s. in the second equation. Note
also that we are assuming the vielbeins and not just the metric to be invariant. This assumption was also
made in [7], whose derivation we rely on, but it should be possible to relax it. We comment more on this
in the next section.

8This is however at odds with [41].



under unimodular YB deformations. In other words such YB deformations map SUGRA
solutions to SUGRA solutions. Moreover, also the first o/-correction to the bosonic string
equations can be cast in terms of the generalized fluxes and their derivatives, and therefore
our argument shows that in fact the YB deformation preserves Weyl invariance at least
to two loops.? In fact one would expect that all a’-corrections to the equations can be
expressed in O(d,d) covariant form, which probably means they can be written only in
terms of the generalized fluxes and their derivatives. If this is the case then our argument
implies that YB deformations of the bosonic string preserve Weyl-invariance to all loops, i.e.
they map a consistent bosonic string to another consistent bosonic string to all orders in o’.

4 The o’-correction to YB deformations

Our general argument above has shown that YB deformations preserve two-loop Weyl in-
variance for the bosonic string. In fact they seem to require no additional o’-corrections to
the background besides those that are induced from the corrections to the original back-
ground. Here we want to understand how this fits with the results of [21] where additional
o/-corrections were found for YB deformations. The resolution is that the additional o'-
corrections are indeed absent in the O(d, d) covariant approach, but when one goes down to
a standard supergravity formulation one has to fix the double Lorentz symmetry by fixing
e(t) = ¢(=) = ¢. The double Lorentz transformation required to do this induces, via the
anomalous transformation of the generalized vielbein at order o/, additional o’-corrections
to the YB deformed model. Let us now see how this works.

It was shown in [33] that at order o/ the generalized vielbein acquires an anomalous
transformation under (double) Lorentz transformations. The transformation of the vielbein
is given by!"

OEAM = - AP Ep™ + o/ 5BsM, BN = (0P FL)C — o AP FC) BFM
(4.1)

where A\c? are parameters of an infinitesimal double Lorentz transformation and the second

) =

(P1)aB0p. After fixing the gauge e(*) = e(=) = ¢ the non-zero components of F(*) are [33]

term is the anomalous piece. Note that we have defined the projected derivatives Gj(f

mn, ,(+)ab mn, \—
]:(-i-)ab — 1 G w’fl ) f(_) — 1 G wfmg (4'2)
M 2\ —(1-BG), ) Mab =2\ (14 BG)w' ) |7
where wﬁ,jf Jed _ Wi + %HmCd, and the spin-connection is related to the vielbein and the

Christoffel symbols I'},, as

d

_,n d
Wime" = €' Omen

— TP el (4.3)

9The action was written in terms of the fluxes in [20]. But the variation of the generalized fluxes are again
expressed in terms of the generalized fluxes which shows that the equations of motion are also expressed in
this way, which is all we need.

1%We are specifying here to the case of the bosonic string by setting a = b = —a’ in the formulas of [33].



This leads to the anomalous infinitesimal transformations!!

"= 1 1

_ cd, (+) —ed, ()
6Gon = —58<mA(” Wnyod ~ ia(mx ) Wpyed (4.4)
N5, 1 cd, (+) 1 —ed, (=)
O Brnn = 50[m/\(+) “nled ~ ia[m)\( : “njed (45)
Of course, after fixing the gauge et) = e(-) = ¢ only the transformations with

A+ = A(5) = X remain and the anomalous Lorentz transformations of the fields become
Sémn = _8(mAden)cd7 (4.6)

OByn = %a[mAcdHn]cd. (4.7)

We see from these expressions that we can define new fields that transform non-anomalously
by12

~ 1 3

G%T) = Gmn + o <2wmcdwn0d + 8Hmlenkl> s (4.8)
— a/

pMT) _ B 4 = Hedfmton ed (4.9)

The explicit non-covariant terms are constructed such as to cancel the anomalous Lorentz
transformations. Notice that the above redefinitions also fix the finite form of the anoma-
lous Lorentz transformations of G, B.

4.1 Compensating anomalous transformation

When we are dealing with the YB deformation it is crucial to remember the compensating
double Lorentz transformation needed to make ét) = &(=) given by (3.6). Setting A =0
and A(=) = X in (4.5) we find that this induces an extra transformation of the fields at

order o given by'3

] 1. cop (o . 1, ~edge(-

0Gum = —50mABY )y OBun =~ 0m A (4.10)
We now need the finite form of the transformation since we are doing a finite transformation
A = e given by (3.6). To find it we use the same strategy as above. We redefine G' and
B by terms involving the spin connection in such a way that the new fields do not have

" The bar on the fields is to emphasize that these are the fields coming from the doubled formulation
and which have an anomalous Lorentz transformation. Below we will define unbarred fields that transform
covariantly.

12We have included an extra shift of Gy, by HZ, to go to the scheme of Metsaev and Tseytlin (MT),
see [33] and appendix A.

13n (4.5) we assumed e = (=) = ¢ and we were doing a double Lorentz transformation from that
(+)

starting point. Here we can use the same logic, assuming that we start from the gauge '™/ = é=) = ¢ for

a YB deformation and go back to the situation where &) = & and é7) = AT¢ as in (3.5). In this way we
construct the inverse of the anomalous transformation we want. We remind that wi)® = w,,° & %Hm“l,
so that the (£) on the torsionful spin-connection should not be confused with the (£) on the two vielbeins

coming from DFT. Setting A(t) = 0 means that for the deformed model we take & = &),



any anomalous transformation. From this one can then read off the finite form of the

transformation.

For G,y this is easily done by noting that G, + %@ﬁ; )Cdcbﬁ;% is invariant under the

above transformation and so the finite transformation for G is'*

- 1, < ed o~ (— 1 s, Tredri o
ScompChn = —5[A0n A" 1ol + 180, AT 180,87 . (4.11)
For B,,, things are more subtle because a similar term %LD[(”:)Cchi}_C)d vanishes by anti-

symmetry. The part involving H in w(~) can be integrated as before, while the part
involving w can be found by the following trick. Consider the anomalous transformation
of H = dB instead. One finds that H transforms like the Chern-Simons form for w

6H = —iéCS(w) = —iétr <wdw + gwww) . (4.12)
The finite transformation of the CS form is
5CS(w) = d(AdATw) — %tr([\Td]\f\Td]\ATdf\) . (4.13)
This implies that the transformation of B can be taken to be

Scomp Bmn = —%[Aa[mAT]defﬂ*C )+ BWVIW (4.14)

where BWZW is defined by
1 o e
dBVEW — — —_tr(ATdAATdAAT dA) . (4.15)
12

Now that we have found the pieces induced by the compensating double Lorentz transfor-
mation we are ready to write the a/-correction to the YB-transformed metric and B-field.
4.2 The correction to Yang-Baxter deformations

Putting everything together the o'-correction to the YB-deformed background in the
scheme of Hull and Townsend is'?

§(G — B)WTD) = %a;;c; (@gﬂcd - [AanAT]Cd> + %amﬁcdan[xcd — BYW 4 §(G — By,
(4.16)

SH(HT) — %éklaékl + %(Eﬂ _HY). (4.17)

The correction to the dilaton follows from the fact that in the HT scheme when
¢ = MHT) _ ﬁa’ H? the combination e 2%y/=@ is invariant under YB deformations, up

1Recall that we are computing minus the anomalous transformation we are after.
158ee appendix A for the field redefinitions connecting all schemes. Here we set the parameter ¢ of Hull
and Townsend to zero.



to order o/ included'® [21]. The term ¢'(G' — B) takes into account the scheme-change of
the undeformed background!”

m ned

5(G = B)yn = —%w(_)“le ) (4.18)

needed to relate the HT scheme to the O(d,d) covariant scheme (see appendix A) and it
takes the form

§'(G = B = [1+(G—-B)©)'6(G - B)(1+06(G - B)™ '] (4.19)

mn
Note that in addition to this, one has the o/-corrections to the original background, which
will need to be included in (3.1) and will therefore induce a term of the same form — where
now 0(G — B) is the correction to the original background.

It is important to stress that our derivation assumes that the B-field and vielbein of the
undeformed background are invariant under the isometries generated by the Killing vectors
entering ©. When there is no gauge where this is possible, equations (4.16) and (4.17) do
not necessarily lead to a background solving the o/-corrected supergravity equations. See
however the next subsection.

The spin connection for the YB deformed background entering these expressions is
computed using the vielbein é = &) defined in (3.5) and is given by

O (EH)) = WP+ [(BFG)O) 9 (1 — (BFG)0) 1), —e®alkleg®big, &), . (4.20)

To see that (4.16) and (4.17) reproduces the results found in [21] one sets B = 0 and
expands to order ©2 obtaining

6Gmn = —Vm0%V 04, — V,0%V .04, + O(04) (4.21)

5 Bon = 201, (wn]cdecd) OB+ O(0%) (4.22)
~ 1

5P = Evmea,lvmecd — gvm@cdvc@dm +0(0%), (4.23)

which, up to a diffeomorphism and B-field gauge transformation, is the same as in [21].
Note that one has to use the fact that the isometry of the vielbein implies that

ipw® = —Vekb. (4.24)

It is worth noting that in the case of a single TsT transformation the correction sim-
plifies. Recall that, given two isometric coordinates y1, y2, a TsT transformation is imple-
mented by the sequence of T-duality y; — T'(y1) followed by a shift yo — yo—nT'(y1) and by
another T-duality T'(y1) — y1. It is understood as a special case of YB with © = nky A ko,
where k; = 0, are Killing vectors. The above correction simplifies in the TsT case since
BWYZW vanishes. This follows by noting that A = 1+ 20([1 — (B + G)©]~') which means
that when © has rank 2 the Lorentz transformation is only non-trivial in a 2 x 2 block. In
this block it is e with A an anti-symmetric 2 x 2 matrix. Since such a matrix only has one
independent component, the r.h.s. of (4.15) vanishes.

5Notice that @’ is in fact the dilaton in the HT scheme at ¢ = 1/6.

(=)ed ~(+)

"For the same reason we have also a 3@, * “’@,,) term in the correction above, generated by the scheme-

change after the deformation.

~10 -



4.3 Manifestly covariant form of the correction

The expression (4.16) for the o'-correction is not manifestly covariant but one can show
that it is nevertheless covariant. We start by noting that!®

@b — _glalklghllg, (G + B, + %é[“‘k‘éb]lvm(é + B — Vil(G — B)O)H (1 + (G — B)O] ™),
(4.25)
where @& = &) — w. With a bit of algebra one finds

)= 5 VB (G~ B)VnO(G+ B)lea+[1+(G~ B)O] sy (V*BA+O(G—B)
+[14(G=B)Ol iy (G~ B)V*O(1+(G~B)O) (G~ B)) g

= S Hoea= X (G B)1+6(G~B)) i, (4.26)

where we have defined?
1 1
Xy = 5 ViOad = V(O = iHcdl@lk (4.27)

and we used the YB equation in the last term of the first expression and also the isometry
of B in the next to last term. A similar calculation gives

- ~ - ~ 1 _
A& IR+ AT ViRea = =5 Hiea + X NG +B)Y1-0(G+B) .  (4.28)

Using these expressions we find that (4.16) can be written instead as

- - 1 ~ ~ 1 . ~ - 1
8(C = Bl = = VnA“Vulea = B VW 4 2V, AAT] <X,§jd>(a — Bk, — 2Hmd>
+ %[ATWA]Cd (X,g;;@ _B)k - ;Hmd) (4.29)

b (Aeht, - o) {@ BN Hyg 4 (G - B X He
~2(CG - B)" X7 x5 (G - BY - %Hmef and] :
where G — B is given by (3.1) and we have defined
B WA = BWIY — tr (1 AV A7) + o (AT, A) (4.30)

The correction to the dilaton is still given by (4.17). All terms except B""W2W are now
manifestly covariant. For the latter the identity

r (IATVAP) — i ([ATdAJ?) = —gdtr (wlgAAT + ATaA]) - gwr (w[VART + ATVA])

+ 3tr (R[VMT + ]\Tv]\]) , (4.31)

8Here and in the following the covariant derivative is the one for the undeformed metric G. Moreover,
unless written explicitly otherwise, one should use the undeformed vielbein to go from curved to flat indices.

!9When the vielbeins are invariant under the isometries, (4.24) gives w;:i)@lk = X,ifd).
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where R = dw + w A w is the curvature 2-form, implies
apeo-waw L (A7VAF) + L (RIVAAY + A7VA)) . (4.32)
12 4

Therefore also the transformation of B is covariant (up to B-field gauge transformations).

The manifestly covariant form of the correction given by (4.29) is actually more useful
than the original form (4.16). The reason is that our derivation has assumed that the
vielbeins are invariant under the isometries used to construct O, and therefore (4.16) is
valid only in this case. Being covariant, (4.29) is valid also when the vielbeins are not
invariant under the isometries, as long as there exists a gauge in which they are invariant.
In fact, even though it is not guaranteed by our construction, these expressions can be
valid more generally, i.e. even in cases where it is not possible to find a gauge in which the
vielbeins are invariant. We mention one such example below.

4.4 Tests on examples

We have tested the formulas (4.16), (4.17) for o'-corrections to YB deformations on a
number of examples, to check that they generate backgrounds solving the o'-corrected
supergravity equations. First we worked out deformations of a Bianchi II background first
considered in [21]. We tested our results both on the abelian deformations © = k; A k4
and © = k9 A k3, and on the non-abelian deformation © = k1 A kg + ko A k3. We refer
to [21] for the o'-correction of the undeformed background and for the definition of the
Killing vectors k;, whose non-trivial commutation relations are just [k1, k2] = k3. On this
Bianchi II example we find that BW%W is trivial even when considering the non-abelian
deformation.

We worked out also deformations of the pure NSNS AdS3z x S3 background.?’ Its
YB deformations were classified in [16]. We worked out various abelian deformations
corresponding to TsT transformations on the sphere, on AdS, or mixing the two spaces.
We worked out also the non-abelian deformation generated by © = (ko+ ko) Aks+ki Ak_.
Here k; is a Killing vector on the sphere and we refer to [16] for the definitions we use for
the AdS Killing vectors. In this case we cannot immediately apply (4.16) because it is not
possible to find a vielbein for the AdSs metric that is invariant under all the isometries
entering ©. We can anyway obtain a’-corrections for this non-abelian deformation if we use
the covariant formula (4.29). Alternatively, we can interpret this particular deformation
as a non-commuting sequence of TsT transformations. Doing so, we can first work out the
o'-corrected abelian deformation generated by © = ky A k_, and after doing that we can
work out the abelian deformation © = (kg + ko) A k.2t

20The o' corrections of the undeformed background are simply obtained by multiplying metric and B-field
by 1+ 2a’ on the AdS part and by 1 — 2a’ on the sphere part.

21 After doing the first abelian deformation, and before applying the second one, one has to carefully
choose the vielbein such that it is invariant under the ko + ko isometry. At this stage it is not necessary

anymore to impose the invariance under k4, k_, which is what saves the day in this approach.
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5 T-duality and TsT transformations

Abelian T-duality transformations are another class of O(d, d) transformations and we can
follow exactly the reasoning in section 4 to obtain their o’-corrections. When we remain
in the non-covariant scheme that comes from DFT, the corrections to the dualized metric
and B-field will be given again by the formula (a hat on the field is used to denote the
T-dualization)

~ ~ 1 _ ~ ~ 1 ~ ~
5(G — B)yn = _§afn ) (A9, A7) 4 1Onh 0,8 = BTV, (5.1)

where now the Lorentz matrix is
Al =60 — QGZ;yleyaeyb. (5.2)

We are assuming that we are dualising along the coordinate y and expressions for the cor-
rections in other schemes will be obtained by implementing the relevant field redefinitions,
see appendix A.

In [42] o/-corrections to the T-duality rules from the DFT formulation were also dis-
cussed. There however instead of writing the generic form of the corrections in terms of
the finite form of the Lorentz transformation as above, it was noted that A reduces to a
constant?? when choosing a specific gauge for the vielbein??

en =e,", e, =0, e, =€V, e, =¢€7. (5.3)
Here we are rewriting the fields in terms of fields of a dimensional reduction

ds? = Gnda™dz" = gy, datdz” 4 €2 (dy + V)2,

1 1 1
B = Qandxm Adx" = ibwd:z;“ Ndz” + §W ANV +W Ady, (5.4)
1

Since A is constant the anomalous Lorentz transformation is trivial in this gauge, and also
the o'-corrections to T-duality will be trivial.?* (Note that while it is possible to avoid
corrections for a single T-duality it is not possible in general for more than one T-duality,
as shown in [43].) In [42] this observation was used to obtain the o/-corrections to the T-
duality rules in the scheme of Bergshoeff and de Roo (BR) [44, 45]. We use this result as a

2Tt is A = diag(—1,1,...,1) where the dualized coordinate is placed first.

ZFor curved indices we take m = y,  and similarly we also have flat indices a = ¢, . We denote by e,,“
the vielbein for the reduced metric g, appearing below.

ZImportantly, this statement is gauge dependent, in accordance with the fact that the scheme under
discussion is not Lorentz-covariant. Covariant schemes such as HT or MT will not have this type of
gauge ambiguity.
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starting point to write below the T-duality rules to 2 loops in a family of different schemes.
A a4 2 1
6=—0+ <a1 ) —|—2a5+2’y+> (Do)”— 3 (a1+4ag—as—27v4)
1
x (TVAVa 4T TTWNWY, ) = (7 —ag) VWi, (5.5)
R 1 620' A
VM = WM+§ (7_;,_ —b3+a5) W@O{WMO/B—FT (—4a2+2b1 +b3+7+) hMPV P4
1 1
+ Z (6a1 —aq+4as+4by —2by+4bs +4’y+) WuprU-i- 5 (CL4 —2b2) WNPDP(ZS_

1 1 1
——(a1+2b1) Dqup‘§ (v——ag) (620V5awua6+2hu)\pW)‘p—2€20VMprO'> , (5.6)

\V)

—20

R 1 e
Wy=V,— 3 (v4+—bs+as) Vgawuaﬂ —

1
(6a1 —ag+4as+4by —2by+4bs —1—47_,_) VHPD'DO'— B (a4—2b2) Vupr(ﬁ-i-

(—4ag+2b1+b3+7+) h“ApWA’H—

+

DO = | =

1 1
+=(a1+2b1) D”Vup+§ (y——ag) <e_2"W/3°‘WW5—|-QhW\pV’\p+26_20Wupro> ,
(5.7)

A 1
bd=c¢p— I (a1 —4as—as+4c1+48c2) (eQJV,\pV)‘p—e_%W,\pWA”) +

+% (a1 —8c1+2¢4) D%o— % (ag—4c3—4cq)D,yoDPg, (5.8)
G = gwj—% (a1+4as+as) (engupV,,p—e_%WupW,,p) +

+(—2a1+a4)D,Dyo+2a3D(,0D,)9, (5.9)
by = by —% (v+—bs+as) (Vﬁaw[uaﬁ W, = W5 w0 Vy]) +

+ = (a1+2by) (DPW,,(,V, — DV, , W,)) +

F— (dag—2b1 —by— 4 ) (eQUVWh,,] AV =W, by, ApWAP) +(2b1+b2) hy,DPo+

+
I Y I R N e N N VI

(*6&1 +ayq —4as—4by +2by —4bs *4’Y+) (‘/[;LWy]prO-+W[uV1/]prU) —

(a4 —2b2) (V[qu/]pDPQb_ W[uVV]pr¢) =203V, Wy )0+

+

— 20 (0% a « 1
(v——ag) (e 2 W3 W[WﬁI/V,,]—e2 Vs W[WBVV]—§W)‘ph,\p[MV,,]+

1 _
+§V>\ph>\p[MWl,]—2€ QUW[MWV][,D'DO'—QGQUWMVV]9D90> . (5.10)
Setting o/ — 0 they reduce to the Buscher rules that in terms of these fields read sim-
ply as ¢ =+ —o and V <+ W. Here D denotes the covariant derivative with respect to
the reduced metric g,,, and WW/B is the reduced spin-connection. We have also defined
1
VMV = 8MVV — BVVM, WMV = 6MWV — 8VWM and h,uup = 3(8[ubl/p] — %W[wjvp] — §V[uqu]) =
Hywp — 3W,, V,. Apart from the order-o/ parameters v+ needed to interpolate between
the bosonic and the heterotic strings (see appendix A), the T-duality rules depend on co-
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efficients a;, b;, ¢; (that are also of order o) so that they are valid for any scheme related
to the one of BR by these field redefinitions

Gmn = GSEVIL{) —a1Rmn —angnn —a3Vp, ®V, @ —ayVy, V, @ _QSmeawnab - a6w(maan)ab >
Bn = BN —b1 VP Hypp — b0 Hypop VP @ — bwiy, " Hypp (5.11)
d=0BR Ry H?—3V,0VPD — 4 V2D,

By turning on these coefficients we can cover all schemes typically considered in the liter-
ature, see appendix A for the field redefinitions relating them.2°

As expected, it is possible to tune the coefficients in order to set to zero all corrections
to the T-duality transformations. For generic v4 it is enough to set

a a
agz—zl+%, a3=0, as=2a1, as=—7vy4, ag="—, 61:—51,
o e o (5.12)
b = aj 5320 62:_71_71 C3:a1—401 C4=4Cl—f1
2 ) ) 24 127 ’ 9

and T-duality reduces to the Buscher rules even to 2 loops. We will denote the fields in this
(gauge-fixed) scheme by G’, B', ®. When specifying to the bosonic string (v = o//2,vy- =
0), they are related to the HT scheme by?®

Gl = GBI — %Oz’w(f)“bw(ﬂ =GHD 1 o <;wmabwf§b Ll ) :

(m n)ab — T mn ] mn
g —pun Lo e 0 - pury Loy — (5.13)
mn mn 2 [m njab mn 2 ablm®n]

o = eHT) a'ﬂ[{?
24 '

This matches with the field redefinitions that we would write for G, B, ® as expected. The
difference is that here we are also imposing the specific gauge (5.3) and for that reason we
denote the fields differently.

The rules above can be compared to the ones first derived by Kaloper and Meissner
in [26] for the bosonic string (y+ = a’/2, v— = 0). The scheme used is obtained setting the
coefficients to

, o o o o 5a/ a

a;) =« CLQ:*Z’ blZ*?, b3:57 Clzg 02:*% 03:*5, (514)

Z5Writing the rules for generic a;, b;, ¢; coefficients as above, or in other words translating them into new
schemes starting from a given one, is straightforward although it requires work to compute all tensors in
the dimensional reduction. After that is done we can start from scheme A where 64 = —¢) 4+ o/¢, for
some £. To obtain the rules in scheme B related as oB) =M 4 o/s for some s, we just have to compute
6B =60 1 0/5 = - 4o/ (E+5) = 0P + /(€ + 5+ s). Notice that the fields themselves may have
some explicit o’-dependence. In this example the field o is odd under Buscher rules, and then the shift in
the corrections § + s is even. Fields even under Buscher receive corrections that are odd.

26Here we are further setting a1 = ¢; = 0. Turning on a1, ¢; would introduce terms that vanish by means
of 1-loop equations.
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and the rest of them equal to zero. To match results, one has to take into account the
possibility of transforming the reduced fields by doing diffeomorphisms and gauge trans-
formations. Under such symmetries, the T-dual reduced fields transform as:

V= V4ad (LW +dv) (5.15)

W — W+ (LV + dw) (5.16)
A A 1 1
b%b+o/(£§b+dﬁ+2V/\dv+2W/\dw), (5.17)

and the remaining fields transform normally under diffemorphisms. We are restricting to
transformations which are first order in o/, both for diffeomorphims and gauge transforma-
tions. The dw and df terms come from gauge transformations of the B field with parameter
Budxt + w dy, while v appears when including diffeomorphisms of the form y — y + o/v.
Choosing the following set of parameters

1 1
¢'=D"o, w=-V,D'0, v=-W,D"0, p.= <bW2VMW,,2WuVZ,> D”0, (5.18)

we obtain the following set of rules

O/ 620 6720
6=—0+5 [4VAPVA/’ + TWAPWAP +2 (Da)ﬂ , (5.19)
R O/ 620
Vi=Wut [Qhwv” i+ QWMPDPU} : (5.20)
. Ct/ 6720’
Wy=Vu—= [Qhwww — 2VWDPJ] : (5.21)

by = by + [V[uqu1p = (ViWayp + WuVyy,) Do

20 —20
e A e
— il VY A+

Wby A,,WAP] : (5.22)

and both g, and ¢ remain invariant. These match with the rules given by Kaloper and
Meissner in [26] up to the sign of the o/ correction of the b field.?”

Diffeomorphisms and gauge transformations of the reduced fields can also be used to
simplify the rules and to obtain some nice expressions for the T-duality rules without the
need of the dimensional reduction. We do this in a Lorentz-covariant scheme, the HT
scheme for the bosonic string introduced in (5.13) where we fix ¢ = —1/3. Using the same
parameters for the transformations presented in the previous paragraph, it is possible to

*"The fact that this is a typo in [26] is confirmed by the fact that there (4.9) and (4.11) are not compatible.
For the field H of [26] (here h) which is even under T-duality at leading order in o/, the correction to the
T-duality transformation should rather be —2 the expression in (4.9). For odd fields the same contribution
would be instead multiplied by +2. This easily follows from the first calculation they do to remove by a field
redefinition the part of the action that is odd under T-duality, which is later reinterpreted as a correction
to the T-duality transformation. Since the expressions in [46] agree with those in [26] we disagree also with
that paper.
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obtain the following rules for the T-duality transformation?

R 1 N M N M
My=—, M, =% M,,=-"F 5.23
vy Myy ’ Yyp Myy ’ Hy Myy ’ ( )
N M, M, 1 1 -
My, = M, — —2~0 R — — R (5.24)
224 1224 Myy M. y Hyvy » Hyry
. 1 ! .
&=~ logM,, - % [R(_) - R(‘)] : (5.25)
In these expressions
- )b e ()b
R(). = 23@#}2}&) + 2w[(m3fw1(1]c) (5.26)

is the Riemann tensor constructed from the torsionful connection w(~), R(=) the corre-
sponding Ricci scalar and M,,,;, = G — Bmn. Note also that the dual appears explicitly
in the o’ corrections but, to the order needed, it can be calculated using just the standard
Buscher rules.

5.1 Corrections to TsT transformations

The fact that there exists a (gauge-fixed) scheme — for the sake of the discussion we will
call it the “Buscher scheme” — such that T-duality is given just by the Buscher rules is
useful. Here we use it to obtain an expression for o/-corrections to TsT transformations
that does not necessarily use all the knowledge of DF'T. TsT transformations are a special
case of YB deformations, and we will show that the result agrees with that in section 4.
In order to do the TsT transformation we assume that there are two U(1) isometries
with corresponding coordinates y; and ¥y, and to avoid burdening the notation we will
continue labelling by z* the rest of the coordinates.?? We will do a T-duality y; —
T(y1) followed by a shift yo2 — y2 — nT'(y1) and by another T-duality T'(y;) — yi. TsT
transformations are special cases of YB if we take © = nk; A k2, where k; = 0,, are Killing
vectors. Each step will be performed in the scheme that is most convenient. Therefore,
when doing T-duality we will prefer to move to the Buscher scheme, while when doing the
shift we will prefer to go to a covariant scheme. We will show that the o/-corrections to TsT
transformations can be understood as arising from these shifts coming from the scheme
changes. Because these scheme-changing shifts arise at intermediate steps, we will have to
look at how they are further modified by the remaining steps in the TsT transformation.
Suppose we start from the HT scheme. In order to do the first T-duality on y; we
find convenient to first go to the Buscher scheme. This is achieved by implementing the
redefinitions (5.13) after taking care of choosing the vielbein as in (5.3). This effectively
shifts the fields at order o as 81 (Gyn—Bmn) = —%w(_a)bwﬁ')ab. We can immediately account
for this contribution in the final result: because we will have to do a TsT transformation
including this contribution ¢; (and we only care about the order ') we are essentially
shifting the original metric and B-field as G — B — G — B + §1(G — B) appearing in the

28Here 1-loop equations of motion were used to simplify the form of the corrections.
29The reader should be careful, since when doing T-duality along y; the coordinate y» should be treated
on the same footing as " when using the T-duality rules (5.5).
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map (3.1). After expanding to first order in o/ we obtain the first contribution to the
correction of the final result

= 510+ (G = B)O) Pl e (1 + ©(G = B) . (5.27)

While in the Buscher scheme we can easily do the first T-duality on y; because we just need
to use the Buscher rules. Notice that under Buscher the gauge choice (5.3) is preserved.

To perform the shift it is more convenient to go back to the HT scheme, which is
covariant. That means that we will have to use (5.13) again, although now it will be done
using the data of the T-dual background 62(C¥mn — an) = +§(IJ7(; a)bd’r(l )2 A hat is used
to denote that the first T-dualization has already been done. Notice that under the first
T-duality and shift, the vielbein e,,* (in matrix form) changes as

e 0 0 e 0 0 e (1 —nWy,) —ney,? —ney,®
e7Vy, ey,” ey, L e TWy, ey, e,® = e Wy, e’ ey
eV, e,f e, Wy eM2 e, e W, eM2 ey
(5.28)

The shift is spoiling the choice (5.3) for the vielbein, and that is an important point
because we will want to restore this gauge before going back to the Buscher scheme and
implementing the last T-duality. To achieve it we implement the Lorentz transformation

em® — e’ Ly® where
1-—nWy, 1€’ /Gy yo 0

172 1/2
Lba = _WEQW 1_271%” 0 ’ where D =1 — nWy2 (2 - nWyz) + 77262Ugy2y2'
0 0 0p®
(5.29)
At this point one wants to go to the Buscl}er schefne, in order to perform the last T-duality,
which will produce a new correction 63(C¥mn — Emn) = %cbfga)b@( )% Now a double hat

is used to denote that a T-duality and a shift (followed by the compensating Lorentz
transformation) have been implemented. The contribution d (on which we implement the
effect of the shift) and d3 can be considered together. In fact all expressions from covariant
terms cancel out and we are left with

3(—w( ) (L7189,L)® — &) (L710,,L)% + (L *18mL)ab(L*18nL)“b>. (5.30)

9 mab Whab

In order to account for the effect of the last T-duality on the above expression one uses:
the fact that in the first two terms only (mn) # (y;y;) contribute, that in the summation
of a,b only 1,2 contribute, the fact that under T-duality

A C) oF) — 4 ,&) oF) = = ,&) AF) &)
Wug = TWug Yaus = +w Wau s Wap = :Fwwzﬁ’ Wapy = Wasy (531)

and finally that the last term in (5.30) vanishes if m or n are y;, so that it actually remains
the same after T-duality. After taking everything into account the result after the T-duality

is simply
5 (S50 — G (E 0 L) + (L O s (L0, 1)) (5.32)

A tilde denotes the quantities of the TsT-transformed background.
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After the last T-duality has been performed, we go back from Buscher to the HT scheme
using (5.13) obtaining the final contribution to the o/ corrections which is 84(Gyn — Bimn) =
_’_laj(*) (D(Jr)ab

2" mab™ M '

Collecting together all contributions we obtain the o' correction to the TsT deformed

background in the HT scheme

L (- - ~(+)a - a - — a
8(G = Bl = 5 (3l — (1 18mL)ab> (wﬁﬁ b4 (L710,L) ”) 4 (L 0 D)oy (L 00 L)

N =/~

[(1+ (G~ B)®) mPwl JwlH®[(1 + 6(G — B)) 1%, (5.33)
Because of the steps of TsT, the vielbein used to construct the above spin-connection of
the deformed model is defined as é,™ = L,%¢;™(1 — (G + B)O),,, where the undeformed
vielbein must respect (5.3), and one can check that the Lorentz transformation used here
is related to the one in (3.6) simply as L? = A. To compare to the result (4.16) we need
to use the same deformed vielbein used there, meaning that we should rather take e, =
(L), ey (1—(G+B)O),,™. After taking into account this extra Lorentz transformation we
match with (4.16) in the case of TsT if we remember that BV4W can be taken to be zero,
and if we use that we for TsT we can write L~ 'dL = dLL~! because here L is essentially
a 2 x 2 anti-symmetric matrix and it commutes with itself.

With a similar reasoning we can obtain the o’-corrections to the dilaton of the TsT-
transformed background. The simplification in this case is that the dilaton is insensitive to
the shift, because by assumption it is isometric and the field redefinitions for the dilaton
between the schemes of Buscher and HT are covariant. In HT scheme at generic g we get
% 1+ 3q(H2 _ ]“_1’-2) 1 <51Gy1y1 i 54~Gy1y1 )] ' (5.34)

!/

d=>+

G
10g Gy1y1 + o

Y1y1 24 2 Gyl 2 Gy1y1

At ¢ =1/6 on finds
6_25\/ —detG = e 2%V = det G, (5.35)

which is in agreement with (4.17), since there the result was written when setting ¢ = 0,
and one therefore has the extra H?-terms.

6 Concluding comments

In this paper we have demonstrated that it is possible to extend the YB deformation as
a solution-generating technique in string theory at least to first order in the o’-expansion.
The explicit expression that we found for the corrections allowed us to test successfully our
results on explicit examples. We expect our formula to be useful when addressing specific
questions on the o/-corrected YB-deformed backgrounds. For example, it would be inter-
esting to see whether the singularities that are sometimes introduced by the deformation
procedure are in fact cured by o'-corrections. Another point is the computation of physi-
cal observables on the deformed backgrounds — such as entropy calculations in black hole
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solutions,® see e.g. [42, 47-49] — for which the explicit corrections are needed. It would
be also interesting to investigate the relation to (quantum) integrability when considering
YB-deformations of integrable 2-dimensional o-models.

We have seen that the o'-correction to YB deformations comes from a compensating
Lorentz transformation under which the O(d,d) covariant metric and B-field transform
anomalously. It is natural to expect that the same should be true also for T-duality. In
fact abelian and non-abelian T-dualities are used to construct the YB deformation and
they can also be obtained as a limit (sending the deformation parameter to infinity) of
YB deformations. In fact we have already argued that for abelian T-duality the correction
is given by precisely the same mechanism. It is therefore very natural to expect the first
o’-correction to non-abelian T-duality®' (on a unimodular algebra) to be given by the same
expression, with the Lorentz transformation required for NATD substituted for A in (4.16)
and (4.17).

As in previous works on YB deformations and NATD (see e.g. [5-7]) here it was as-
sumed that the undeformed B-field and vielbein are isometric, i.e. that they have vanishing
Lie derivative with respect to the Killing vectors entering ©. The covariant form of the
corrections we have found seems to be valid more generally but it would be interesting to
analyze more systematically how to relax these assumptions.

In [16] YB deformations of strings on AdS3 x S3 were studied, and their relation to
marginal deformations of WZW models was analyzed. The results of the current paper show
that marginal deformations of current algebras include (at least to 2 loops and probably to
all loops) also cases which do not solve the “strong version” of the marginality condition of
Chaudhuri and Schwartz [52], see [16] for more details. These additional possibilities arise
when considering algebras that are not compact. Let us also comment that the deformation
generated by the unimodular non-abelian Ry of [16] must be marginal to all loops, since it
can be simply understood as a non-commuting sequence of TsT transformations.

We expect that generalizations of our discussion to a construction in the spirit of the
E-model of Kliméik [53-55] will lead to an understanding of the form of o'-corrections for
the n-deformation [2, 3], the A-deformation [56, 57], and to Poisson-Lie T-duality [58].

Another important question we hope to return to is if the structure of the correction
found here persists beyond first order in o’ or whether novel corrections are required at

order o/2.
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A Field redefinitions between different schemes

In this appendix we collect the field redefinitions needed to relate — to first order in the o’
expansion — the schemes we use in this paper and others relevant in the literature. These
are the schemes of Hull and Townsend (HT) [59], Metsaev and Tseytlin (MT) [60], Kaloper
and Meissner (KP) [26, 61], Bergshoeff and de Roo (BR) [44, 45]. From [33] we read

GER) _ qoim) _ L g

mn mn D) mn?
B = B — 5 (9 Hny = 2y V0 + Hyp )

(A1)
= B7(711\;[1T) - 7+H[mabwn}ab7

$(BR) _ pMT) _ %%HQ.

The symbol ~ is used when the expressions are simplified by means of the 1-loop equations
of motion. We relate the parameters v+ = F(a £ b)/4 to a,b used in [33]. The bosonic
string is obtained at v4 = o//2,7_ = 0 and the heterotic string at 74 = +a’/4. In the
following we will specify to the case of the bosonic string. To relate HT and MT schemes
we use

GHT) — qMT) _ %O/H2

mn?
L T (A.2)
1 1
D) — (MT) go/ (—1 +5(l- 6q)> H?.
The parameter ¢ appears in [59], and we normally set ¢ = 0 in the rest of the paper as
in [21]. Notice that the sign of the correction to the metric differs from what one would

read in [59]. We have checked that this is the correct sign in order to have the correct
o/-corrections for T-duality and YB deformations. From [61] we read that

GMT) — M) /R

MT) __ KM / P
B1(TLTL ) - B7(nn ) — «Q Hmnpv (I)’ (Ag)
1 1 1
@(MT) — @(KM) / - - q) 2 7H2 .
+ o 8R 2(8 )*+ 9%

The fields of the non-covariant scheme that follows from the DFT formulation are denoted
simply with a bar G, B, ®. They are related to the fields in the HT scheme as

Gmn = ng{nT) — 1O/(A)(_)abw('i') = G%?) +a (_lwmabwzb + ;Hrznn> )

2 (m n)ab 2
) ) . . (A.4)
By = BUHD 4 50/@)[(7;)(1 wg;)b = BUIT) _ §O/Hab[mwz?-
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