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1 Introduction

The study of black strings and black holes in a spacetime with a compactified circle has

been a fertile source of insights into the physics of black hole horizons.!

The discovery
by Gregory and Laflamme [8] that black strings in a long enough circle are unstable to
small perturbations prompted two lines of investigation, both of them eventually involving,
although in different manners, the appearance of a naked singularity on the horizon and a
change in horizon topology when this singularity is resolved. The first line, which is the
one that we pursue in this article, studies the static solutions of black holes and strings in
a Kaluza-Klein circle and the connections between them. The other line aims at following
the non-linear dynamical evolution of the instability, a distinct problem that requires very
different methods [3-7, 9].

The small static deformation of black strings at the threshold of the Gregory-Laflamme
instability leads to a branch of non-uniform black string solutions. Following them as their
inhomogeneity grows, one arrives at a configuration in which the black string horizon
pinches to zero thickness at a singular point along its length. This configuration mediates
a change in the topology of the horizon: the black strings with horizon topology S! x SP~3
give way to black holes localized in the circle, with S”~2 topology.? Moving in the opposite
direction, we have a merger transition from disconnected black hole horizons (the periodic
images of a black hole in a circle) to the continuously connected horizon of a black string.?

The singular configurations at the topological transition are interesting. In ref. [11], Kol
proposed an exact local model for the region near the singularity. Its Euclideanized geom-
etry is a self-similar cone over S? x SP~3, and the black hole/black string transition is akin
to the conifold transitions that appear in Calabi-Yau spaces, which connect two topologi-
cally different phases. In the present case, on one side of the transition we have geometries
in which the S? does never shrink to zero. These correspond, upon Wick-rotating an angle
of the S2, to Lorentzian ‘black hole phases’ with two disconnected horizons, and therefore

SD=3 remains of

we will refer to them as split cones. At the other side of the transition, the
finite size throughout the horizon, and we obtain the region near the neck of ‘black string
phases’; we call these fused cones (see figure 1). Note that the terms ‘split’ and ‘fused’ are

SDP=3 i.e., for the horizon in the Lorentzian geometries.

chosen for the shape of the cone over

Related critical cone geometries were argued to universally control the topology change in

other systems of higher-dimensional black holes, e.g., black hole-black ring transitions [12].
Although the exactly self-similar conical geometry is simple, its split and fused defor-

mations to the black hole and the black string phases are only known through approximate

!See [1, 2] for early reviews, and the book monograph [3-7] for a more up to date view.

2The evolution of black strings to black holes in solution space seems to be unrelated to the dynamical
evolution of black strings towards (and across) a naked singularity. Although the change in topology is
expected to be the same in both cases, the dynamical evolution appears to be at all moments strongly
time-dependent, and occurs far from the static configurations around the transition in solution space. The
singularities also appear to be very different in the two cases.

3 Again, these black hole mergers in solution space are rather different than the dynamical mergers of
event horizons. The latter admit simple local models studied in [10] and do not involve naked singularities.
The evolution in solution space is adiabatic, while the dynamical merger is irreversible.



Fused Critical Split

Figure 1. Topology change across the black string/black hole transition, as first proposed in [11].
1 is the parameter in the solutions that changes sign across the transition.

0.0 0.5 1.0

Figure 2. Geometry of the horizon near the merger transition as obtained in this article
(cf. egs. (4.27) and (4.28)). The black curve is the critical solution (¢ = 0), the blue curve the
localized black hole (1 = —1/16), the red curve the nonuniform black string (¢ = 1/16). At short
distances the singular cones are smoothed (split or fused) for p # 0. At large distances all these
geometries deviate from the conical shape to connect to localized black hole and highly non-uniform
black string horizons; both of these can be regarded, away from the conical region, as slightly de-
formed Schwarzschild black holes. The proper physical size of the magnified conical region (right)

is O (1/D) along the horizontal axis and O (1 / \/5) along the vertical axis.

perturbative or numerical solutions [13-20]. Furthermore, the connection of the local model
to the overall geometry of the black hole or black string horizon away from the self-similar
region is poorly understood. In this paper we make progress in these two directions by
giving a complete solution of this system in an expansion in 1/D [21-28]. More concretely,
this method allows us to study how the self-similarity of the conifold is broken in two
regimes: at short distance, where the tip of the cone is deformed (split or fused), and at
large distance, where the horizon asymptotically bends away from the conical shape and
connects to the geometry of a slightly deformed Schwarzschild black hole. Our main results
for the shape of the horizon are illustrated in figure 2.



Our analysis also reveals a fascinating property of horizon mergers in the large-D limit:
the near-horizon geometry of a very general class of them changes along the cone direction
obeying the Ricci flow equation [29, 30]. In the black hole/black string system, Ricci flow
makes the Euclidean S? factor of the geometry shrink. The flow governs the topology of
the merger according to whether it collapses the S? (fused cone) or not (split cone). This
two-dimensional flow actually reduces to a non-linear logarithmic diffusion equation, which
has been extensively studied in the literature with known solutions that play an important
role in the black hole-black string system.

This study culminates the investigation of the black hole-black string problem in the
large-D expansion. Refs. [25, 26], and especially [31], developed this approach to obtain
non-uniform black strings and their phase diagram in dimensions from D =~ 9 to oo, by
solving its equations up to fourth order in 1/D. The method, however, breaks down before
the singular pinch-off point is reached. The results in this paper, which not only comprise
the singularity and its non-singular deformations, but also extend the solutions into the
localized black hole phase, successfully complete the program to describe the black hole-
black string system at large D.

Finally, it is interesting to note that our study involves a new kind of large-D scaling
limit. In particular, it is different than the one used in the effective theory of black holes and
branes [25-28]. We suspect that similar scalings may play a role in other critical systems.

Outline. In the next section, we motivate the new type of large-D scaling by studying the
exact singular double cone geometries, and then solve the Einstein equations to leading or-
der in 1/D to find critical, split and fused cones. In section 3, we derive the Ricci flow equa-
tion as the large- D limit of the Einstein equations for general topology-changing transitions.
Section 4 contains the bulk of the analysis and results of the paper. In it, we show that the
large-D conifolds must solve the logarithmic diffusion equation, and study its solutions. The
properties of the split conifold as a configuration of two gravitationally interacting black
holes are analyzed in detail. Also, the geometry of the conifold away from the transition re-
gion is revealed to be a slightly deformed Schwarzschild solution, both for the fused and the
split conifold. In section 5, we perform a finer resolution of the neck in fused cones which
removes its singular behavior. Section 6 extends the Ricci flow equation to geometries with
a cosmological constant or with scalar fields. Section 7 contains our concluding remarks.

Terminology.

e A cone over a base M is a geometry of the form
dsZone = dp” + pds* (M), (1.1)

at least asymptotically as p — oco. Specifically, we will be considering double cones
with M = SP x S™. Properly speaking, a cone has metric (1.1) for all p > 0, and
is singular at the tip p — 0. But we will also use the term cone for the geometries
with asymptotically self-similar, conical shape as p — oo but smoothed singularity
at small p. These are split or fused cones (see figure 1), corresponding to whether



the Euclidean S? or the S™ remain of finite size in the geometry. We refer to the
self-similar singular geometry (1.1) as a critical cone.

e A conifold is a geometry that contains localized cone singularities, or localized regions
that approach smoothed cones. In the conifolds in this paper, the SO(p+1) symmetry
of SP will be broken away from the conical region, but the SO(n+1) of S™ is preserved.

2 Large-D cones: critical, split and fused

2.1 Exact critical cones

The double cones in dimension
D=n+p+1, (2.1)

that were described in [11, 15] and generalized in [12], are the metrics

—1 n—1
ds® = dp® + L= p202 4 "= ;202 2.2
SS=dpt Ay e T, (2.2)
where dQIQ, and dQ2 are the line elements for SP and S™ respectively. These are exact Ricci
flat metrics for all p,n > 2, with a curvature singularity at the tip of the cone at p = 0.
The Lorentzian geometries obtained by Wick-rotating one azimuthal angle ¢ = it in SP,

n—1
+p—1

p—1

2 2
o 2.3
n+p—1 podSl,,  (2.3)

ds® = dp* + p? (— cos? xdt? + dx? + sin? Xde,g) + "
have horizons at the points where cos y = 0. When p > 2 we have x € [0,7/2] and there
is a single, connected horizon at y = 7/2. Instead, when p = 2 the polar angle x runs in
[—7/2,7/2] and the interval endpoints correspond to two disconnected components of the
horizon, which meet at p = 0.

These geometries are not asymptotically flat, and the horizons extend indefinitely as
p — 00. The conjecture that they arise locally at the connection between black string and
black hole phases when p = 2, and black ring and black hole phases when p = 3, has been
verified numerically in [13, 14, 16-20]. ref. [16] also showed that p = 2 mediates black
hole-black Saturn transitions.

Here we wish to investigate this problem analytically. More precisely, we will study
how the singularity in the conical solutions is resolved when either the SP or the S™ are
blown up at p = 0, and how the solutions at large p deviate from the conical shape to
approach deformed Schwarzschild black holes. To this purpose, we resort to a study in the
large D limit, in which n — oo while p remains finite.

2.2 A new kind of large-D limit

We expect that the resolution of the tip of the cone will preserve the SO(p+1) x SO(n+1)
symmetry. Taking a cue from the exact double cone (2.2), we consider the ansatz

1
ds® = N2(p)dp® + ;S(p)dQ}% + p2dQ2, (2.4)



with n ~ D > 1 and p = O (1). The horizon corresponds to the (Wick-rotated) poles of a
rotational axis in SP. With our choice of radial gauge, the topology of the horizon depends
on whether S(p) and p can reach zero values.

It is important to observe that the large-D scaling in (2.4) is different than considered
in the effective theory of black branes in [25-28]. In that case, the coordinate orthogonal
to the horizon is rescaled such that gradients in that direction are of size

V,.=0(D). (2.5)

This scaling is dictated by the properties of the Schwarzschild solution in the large-D
limit [23]. Instead, in the present case the double-cone geometry (2.3) instructs us to
rescale the direction y that points away from the horizon? so that orthogonal gradients are

V.=0 (\/5) . (2.6)

Therefore, the large-D limit we are studying is a qualitatively new one. In section 4.2 we
will explain how this limit can deal with the near-horizon region of the black holes, which,
in general, has radial extent ~ 1/D. Briefly, in this new limit this region is uniformly
blown up by a factor v/D to size ~ 1/v/D, so radial gradients are like (2.6).

2.3 Smoothing the cone

In the large D limit, expanding in 1/n, the Einstein equations become

1 S’

Rab = 5 (2(]7 - 1) - N2p> wc(lp[;)) (27)
n _ n

R,, ~ —%ap In N, (2.9)

(»)

where w b and w

(n)
ij
find the leading order metric

are the metrics for SP and S™. These equations are easily solved to

_1
ds? = dp? + pT(p2 — )dQ2 + p2d02, (2.10)

where p is an integration constant. These geometries have the same asymptotic conical
structure at large p as the double cones of (2.2), but they allow for richer structure at
small p. Depending on the sign of the constant p, we obtain the following geometries (see
figure 1):

Fused cone: u >0
S(p) vanishes at a neck where S™ reaches a minimum radius p = /i, which joins

the two asymptotically conical regions into a single horizon of cylindrical topology
R?~! x S™. The topology of the Euclidean manifold is RP*! x S™.

4The time direction is also rescaled, but trivially, as it is isometric.



Critical cone: =10
The double cone (2.2) is reproduced in the limit n — oo.

Split cone: pu < 0
S(p) never vanishes but p reaches down to zero. For p = 2, the spacetime has
two separate horizons, with minimum separation m/|u|/n. For p > 2 the horizon
topology is connected, R™*! x SP~2. The topology of the Euclidean manifold is
R x SP,

The split cone geometry is regular, but the fused cone has a curvature singularity at the
neck p = (/. In section 5 we will show that this neck singularity is the result of poor
resolution of this region in our expansion, and is resolved if we magnify it further and
include 1/n corrections to the geometry.

One can show that the corrections to these solutions at any order in 1/n are normal-
izable in the region p — oo, so the asymptotic conical structure is not modified at any
perturbative order. Therefore, if we want to study how the cones extend into a black hole
or black string horizon at large p, we must resort to a more general class of solutions of
which these cones are a limit. We shall do this in the next sections.

3 Merging horizons as Ricci flows

Now we consider product geometries with a S™ factor with SO(n + 1) symmetry and
n — oo, but we will not assume any symmetry (e.g.,SO(p + 1)) in the p-dimensional
factor. Specifically, we study geometries of the form?®

1 a
ds* = N*(p,y)dp® + —gap(p, y)dy"dy” + p*dS2;, (3.1)

where g4 is a one-parameter family of p-dimensional metrics with parameter p, and we
take m > 1. As in the cone metrics, we can regard p as the coordinate orthogonal to S™
along the horizon, or along the Kaluza-Klein circle in the complete configurations. We will
then show that if these geometries are to satisfy the Einstein vacuum equations to leading
order at large-D, then they must solve the p-dimensional Ricci flow equation [29, 30],

8gab
= 2Ry, 3.2
2 b (32)
where the flow parameter is
2
A:M—%— (3.3)

with Ag a constant, and R, is the Ricci curvature of the metric g,, at constant p. We
illustrate this in figure 3.

Therefore, the problem of finding the merger solution is recast as that of solving the
Ricci flow from a given asymptotic geometry at A = —00.9 In the Ricci flow literature, this

®The more precise metric is (3.14) below.
SRicci flow has been used in [38] as a technique to solve numerically the Einstein equations for the black
hole/black string system. However, we do not see any connection between those Ricci flows and ours.
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Figure 3. Ricci flow of merger geometries in D = p + n + 1 dimensions, in the limit n — co. The
p-dimensional metric g.,()) satisfies the Ricci flow equation with parameter A, while the radius p of
the S™ factor shrinks as p = \/2(Ao — A). In this article we discuss in detail two-dimensional flows in
which the circular direction in (Euclidean) g,p shrinks to zero at the (Lorentzian) horizon of a black
hole or black string. The flow starts at A = —o0o, and depending on whether g4, collapses at A < Ag,
at A = \g, or does not collapse by A = \g, we get fused, critical, or split conifolds, respectively.

is called the ancient solution problem, where the ancient solution is the Ricci flow solution
defined back to A = —o0.

The topology of the flow depends on whether it collapses the metric g4, to zero before
the S™ shrinks to zero at A = Ag, or it collapses exactly at A = Ag, or it does not collapse
by A = Ag. These possibilities correspond to fused, critical and split conifolds, respectively.

3.1 Derivation
We begin with a generalized version of the ansatz (2.4),”
ds?> = N%(p,z)dp* + gap(p, x)dzdz? (3.4)
= N*(p,y)dp” + %gab(p, y)dydy® + H?(p)e*CPv)/ndq2 | (3.5)

Bear in mind that, when matching this region to the entire geometry away from it, the
metric must be multiplied by an overall factor of 1 /n. This accounts for the sizes in different
directions shown in figure 3: O (1/n) in the directions y orthogonal to S™, and O (1/y/n)
in p, away from the S symmetry axis.

The vacuum Einstein equations for the metric (3.4) decompose into the evolution
equation

1 _ 1,
N(‘),,KA p=RY% - KK%5 — NVAVBN, (3.6)

"The y dependence in H can be eliminated. Tt would add a term R ~ n®*(VH)? in the scalar con-
straint (3.7), which results in VH = 0.



and the constraint equations

K?> - K'sK”, =R,
?BKBA — V4K =0,
where the extrinsic curvature of surfaces of constant p is

1

Kap = 5300948 (3.9)
From the scalar constraint (3.7) we obtain
0:K2—KABKBA—R:Z;[ﬁ—l}%—@(n), (3.10)
which we solve as
H = p, (3.11)
N =1+ Nl(;:’y). (3.12)

This choice fixes the radial gauge to leading order in the large-n expansion, but we can also
conveniently fix it at the next order. Up to O (n_l), we have the freedom to transform

p—>p<1+6(i’y)), Y =yt + £ y), (3.13)

where £ is chosen to eliminate g,,. This transformation changes the leading order of g,
C and Ny, and we use it to set C(p,y) = 0. As we will see below, this fixes N; on-shell.
With these choices the metric is

2N 1
ds? = <1 + l(npy)> dp? + —gap(p, y)dy”dy’” + p*d0, (3.14)

where we stress that the term with Ny, although apparently subleading in 1/n, must be
retained for consistency of the choice of radial gauge.
The extrinsic curvature up to O (nil) is

Kap = iapgaba K'j= ; <1 - ]Zl> 8, (3.15)
where ¢, j are directions along S", and
K = % [1+711 <;p8plng—]\71>]. (3.16)
The Ricci tensor is
Ry = Ry + O (n71h), (3.17)
R = ”p;léij +0(n7h), (3.18)



Combining these, the evolution equation (3.6) for K,, becomes
KK =Ry +0 (n1) (3.19)

i.e., the second derivatives 8,3 gab are 1/n-suppressed and we get a first-order flow equation

for the metric,

1
; pY9ab = 2Rab7 (320)

which, in terms of the parameter A in (3.3), takes the conventional form of the Ricci flow
equation (3.2).
The equation for K ij determines Ny,

N = Lo, g = 2R, (3.21)
4 2
where in the second equality we have used (3.20). With these equations, the scalar and
vector constraints are automatically satisfied up to the relevant order.
Thus, solutions of the Ricci flow (3.20) provide complete Einstein vacuum met-
rics (3.14) to leading order in 1/n.

4 Large-D conifolds

The Ricci flow equation simplifies considerably for the p = 2 flows that are relevant to the
black hole/black string transition in D + 3 dimensions. This will allow us to find solutions
which extend the horizon beyond the conical region and are asymptotically flat in the
direction away from the horizon.

4.1 Ricci flow as logarithmic diffusion

We are interested in static black hole/black string configurations, which correspond to
two-dimensional flows with one isometry. The two-dimensional metric can be written as

gav(py)dy dy® =V (p, &) (—dt* + d&?) . (4.1)

This part of the geometry, which has extent 1/D (in horizon radius units), can be regarded
as describing the near-horizon region in the merger spacetime.
Then the Ricci flow equation (3.20) becomes the partial differential equation

1
— ;apv =0{InV. (4.2)
In terms of the flow parameter A in (3.3) we find the one-dimensional logarithmic diffusion
equation
RV =0 InV. (4.3)
This is invariant under scaling
V(X&) = a2V (aA, B€), (4.4)

and also under translations A — A\ + C.

~10 -



The complete spacetime metric (3.14) is of the form

1
ds?® = <1 + npa;V) dp? + V(Z’f) (—dt® + d&?) + p*dQ2 . (4.5)

The horizon lies at £ = &, such that

Vi(p,&n) = 0. (4.6)

We see that p is the coordinate along the horizon while £ is a coordinate in the direction
away from the horizon.

The large-D smoothed cones (2.10) are recovered as the solution

once we transform the coordinates
tan xy = sinh €. (4.8)

Observe also that (4.5) admits flat space (in cylindrical coordinates) as the solution
V = 1. Solutions with the asymptotic behavior V' — 1 will then be asymptotically flat.

4.2 Single black hole solution

Other solutions of the logarithmic diffusion equation are known in the literature which
admit an interpretation in terms of large-D black holes. A simple one is [32, 33]®

1

Vi(p, &) = 11 e 262’ (4.9)

with

N(p,&) =1+ —— 20 __ (4.10)

Since V' — 1 at £ — oo and at p — oo, the resulting metric is asymptotically flat in these
limits. It has a horizon at £ — —oo with p < oco.

This solution does not contain as a limit any of the previous ones, (4.7), since those
are symmetric under ¢ — —¢ and thus contain two different regions in which the horizon
grows as p — oo. Instead, the solution (4.9) is identified as a single Schwarzschild black
hole in the large-D limit [23]. More precisely, it describes a portion of the spherical horizon
near one of its poles, with the polar angle extending over a range O (1/y/n). We may
think of it as related to the split conifolds (as we will confirm in the next section), but
consisting of only one of the two horizons. In this case the Euclidean geometry does not
have a topological S? but rather the familiar cigar shape of Euclideanized black holes.

8This was originally suggested by de Gennes in his work on the spreading of microscopic droplets [34].

- 11 -



To make this connection, we change coordinates (t,&,p) — (£,z,6) in the form

n
= — 4.11
=", (411)
¢ = Insinh(z/2) — %sin2 g, (4.12)
2
p= \éﬁsinﬁ <1 + nlncosh(x/2)> . (4.13)
The metric then becomes
2_ 1N 2 o | da? 4 02
ds* = 1 — tanh®(z/2)dt* + —rt 1+ - Incosh(x/2) | d€2, 1], (4.14)
where the S"*! appears from
A 4 = df* + sin® 0dQ2 . (4.15)

We recognize the geometry (4.14) as the large-D near-horizon limit of the Schwarzschild
black hole, with the horizon at x = 0 [23, 25].

The appearance of this solution in this analysis deserves further comment. First,
observe that the entire metric (4.14) is multiplied by a factor n, which means that, relative
to the conventional large-D limit of the Schwarzschild black hole in [23], here the lengths are
scaled up by y/n. This blow-up of the geometry is necessary in order that the near-horizon
region of the black hole, with radial extent ~ 1/n, is appropriately contained within the
regions of radial size ~ 1/4/n considered in this paper.

Second, as a consequence of this blow-up, only a ‘cap’ of polar extent § = O (1/y/n)
of the sphere S™*1! is captured. This is evidenced by the factor \/n in the definition of
in (4.13). Notice that p — oo with p? + ¢ finite? corresponds to the limiting extent of the
cap, where \/nf — co.

Finally, it is interesting to see how the solution (4.9) captures the gravitational poten-
tial that the black hole creates away from its horizon. Consider a massive particle at the
origin of flat space,

ds® = —dt® + d2? + dr® + r2dQ3 . (4.16)
It generates a Newtonian potential
,,,.TL
o= (7«2 " 22)n/72 , (4.17)

where 1y is the mass length-scale —the horizon radius in the general-relativistic solution.
Let us zoom in on a region of radius ~ ry, of radial extent ~ 1/n and within a distance
Ar ~ 1/4/n of the z axis at r = 0. To this purpose, change coordinates (z,r) — (&, p),

Z =79 <1 + 25) , (4.18)

27”0
= \/ﬁp,

9These are surfaces of constant V, i.e., constant gravitational potential.

(4.19)

- 12 —



Then, when n — oo the flat geometry is

492 1
ds? = % (d;ﬂ + = (—di? +d€?) + p2d93> , (4.20)

n
where ¢ = nt/(2r¢), and the gravitational potential in this region becomes
P~ e 2EH7) (4.21)
This is the same as we obtain by linearizing the solution (4.9) in (4.5).

4.3 Topology-changing conifolds

In our study of the logarithmic diffusion equation (4.2), the King-Rosenau solution [35-37]

V= %(tanh(pQ — p+€) +tanh (p? — p—€))
sinh(2(p? — )

= 4.22
cosh(2(p? — p)) + cosh(2¢) (422)
plays a very important role. We will refer to it as the KR conifold. It gives
2 1 h (2(p* — h(2
N1+ 1 ‘ 2p + cosh (2(p? — p)) cosh(2¢) ' (4.23)
nsinh (2(p2 — p)) \ cosh (2(p? — u)) + cosh(2€)

In contrast to the previous single-black hole solution (4.9), this one is symmetric in
& — —£ and therefore the horizon is present on two sides, at £ — +oo, for all the range of
finite p. Since V' — 1 in the limit p — oo at finite &, the solution is asymptotically flat in
that direction.

Consider (4.22) at large distance p > /|u| (or p > 1if u = 0) and close to the horizon
at & — —o0, keeping & + p? finite. We find

V=1-e20 40 <€74p2, 645) ) (4.24)

which is the same asymptotic behavior close to the horizon as in the single black hole
solution (4.9). By symmetry, we get a mirror of this at £ — oo. Thus, using the same
coordinate change (4.13), we find that the horizon geometry in each of the two directions
away from the conical region approaches a spherical cap.

The large-D cones that we found earlier in (2.10) and (4.7) can be recovered in a
scaling limit of the KR conifold. We use (4.4) with

)
a=H"P (4.25)
2
in order to take the limit A — 0 as
1 2\ 2
lim —V (o), &) = ———— = 2 (4.26)
a—0 o cosh“{  cosh”¢
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The KR conifolds (4.22) have the same topology as the smoothed cones (4.7) with the
same sign of u. Therefore, they connect the topology-changing region to an asymptotically
flat region, and can be appropriately called fused, critical and split conifolds.

Setting £ = —oo in (4.22) we obtain the spatial geometry of the horizon,

4 2
ds? = (1 + % coth(2(p* — ,u))) dp* + p*dQ2 . (4.27)
This geometry across the topology-changing transition u > 0 <+ p < 0 can be adequately
illustrated by embedding it into the auxiliary flat space

w§:%¢ﬁ+dY?yWaﬁ. (4.28)

The embeddings are presented in figure 2. The details can be found in appendix A.

The KR conifold breaks the scale invariance of the exact cone both at short and long
distances. The short-distance breaking is controlled by the parameter p, while at large
distances there must appear a length scale related to the only length parameter of the
black hole/black string system near the critical point, namely 7y, the maximum horizon
thickness of the S™.1° However, no such length parameter is visible in the conifold geometry
—it must have been set to one. We will see in section 4.4 that this length scale is 2rg, or
equivalently L, the length of the compact Kaluza-Klein circle. Thus, dimensions can be
restored in the metric (4.5) by multiplying it by (27g)2.

A subtlety arises in that the limit A — 0 defined in (4.26) requires in general a scaling
of the parameter pu, i.e.,it is not a limit of a given solution but a limit along a family of
solutions. Therefore we cannot immediately conclude that a KR solution (4.22) with a
given p contains a small region with the conifold geometry (2.10) of that u. Such a region
exists when we can take A — 0 independently of the size of u, which is possible when p > 0.
In this case, we can zoom in at p >~ /i, to find!!

PP —p 2 3
Ve——F++4+0 — . 4.29
cosh? & ((r* =) (4.29)
This limit is not possible in solutions with p < 0, so the split cones of (2.10) appear as
small regions of split KR solutions only when |u| decreases along with p?. This, however, is
not a problem for the interpretation that we are giving of these solutions. Indeed, next we
proceed to show that they describe a two-black hole geometry, in a similar way that (4.9)

corresponds to a single black hole.

4.4 Interaction between two black holes

Consider the KR solution (4.22) with large negative 4 — —oo. Near the horizon at each of
the two sides, |£| > 1, we recover the single black hole solution (4.9) (after appropriately

°Tn the large n limit the scale of the solution could also be given by, say, ro/n or ro/+/n, which are
parametrically different than ro. But, actually, it is the latter that sets the size in this instance.

11h appendix B we show that the leading corrections to (4.29) with g = 0 correctly reproduce, in the
large-D limit, the perturbations of the double cone studied in [15].
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shifting p? — p? + /2 and € — &€ — 1u/2),

1

Voo et e

(4.30)

As we will see, this is consistent with the fact that —u measures the separation between
the two black holes.

Remarkably, the KR solution also accounts for the gravitational attraction between
the two black holes when their separation is finite —and even when they overlap, as in the
case of the fused conifold with g > 0.

To see this, take the gravitational potential from two identical sources,

p— 04 o : (4.31)
(r2 4 22)"2 (124 (z — L)2)"/?

where L denotes the distance between them —in our case, the length of the compactified
circle in the z direction.!> We assume that the two black holes almost touch each other,

L=2rg+0(1/n). (4.32)

As we did for the single black hole, we zoom in on this region with a radial extent ~ 1/n
and a distance ~ 1/4/n off the axis, by changing coordinates

L L 2
r:\/—%, z:2<1+n£). (4.33)

Then, in the limit n — oo the potential results in

& ~ 2¢~ 27"~ cosh(2¢), (4.34)

e = (220>n (4.35)

This reproduces the expansion of the solution (4.22) in this region with the correct value

where p is defined by

of u,'3 and it gives the precise relation between the parameter u in the topology-changing
solution and the gap between the two horizons,

Az=1—2rg~ 2L, (4.38)
n

120ut of the infinite set of images of the black hole in the circle, only the closest one has a significant
attractive effect when n — oo.

13Remarkably, one can easily guess the complete solution (4.22) from knowledge of the linearized re-
sult (4.34). Assuming an expansion of the form

9]

V(p,€) =1 -3 v;(&)e 2+ (4.36)

j=1

with v1(€) = 2 cosh(2¢) and inserting it in the logarithmic diffusion equation (4.2) gives
V(p,€) = 142> (~1) cosh(2j€)e 27", (4.37)
Jj=1

This is then resummed to the closed form of (4.22).
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Figure 4. The Newtonian potential for a double point source gives the parameters of the KR
conifold solution, both in split (x < 0, left) and in fused (1 > 0, right) configurations.

This analysis is actually also valid when g > 0, in which case g > L/2 and Az < 0,
and we would have the two black holes overlap. Then we can easily find the distance from
the axis at which the two horizons would cross,

Ar ~ /1| Az| 2L\/g, (4.39)

which gives us the thickness of the neck in fused conifolds with the correct scaling. We
illustrate this in figure 4.

It is in fact possible to do a little better and integrate the distance in the KR split
conifold along the axis p = 0 from £ = —oo to £ = o0, to obtain the exact separation (at
leading large-D order) between the horizons,

2L
Az = —/tanh |p| K (tanh2 ) (4.40)
n

(see (A.5)). Here K(z) is the complete elliptic integral of the first kind and we have taken
into account that the conifold metric (3.14) must be multiplied by a prefactor L?/n in
order to obtain the physical metric (cf. (4.20)). In the large separation limit ;1 — —oo this
result reproduces the gap (4.38). At small |u|, instead, we find

Az — 7TL7"|M| , (4.41)
n

which can be directly obtained from the split cone (2.10). This is a smaller distance
than the extrapolation of (4.38) to small |u|, which reflects the effect that at very short
separations the attraction distorts the horizons in the region near the axis and brings them
more closely together. In fact, the remarkable fact that the simple KR conifold solution
accounts for the full non-linear interactions of General Relativity in these configurations is
made manifest in the non-linear dependence of Az on |u| in (4.40).

We have now derived a detailed picture of the black hole/black string configurations
near the merger in the region close to the polar axis. They are well approximated as an
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array of almost spherical blacks holes which are either barely separated, or overlapping
into a highly non-uniform black string. We will next see that far, from the polar axis,
the conifold geometry is indeed, both for © > 0 and pu < 0, that of slightly deformed
Schwarzschild black holes.

4.5 Beyond the polar cap: deformation of the Schwarzschild black hole

In section 4.2, we observed that the single black solution is exactly identified as the polar
cap of the large- D Schwarzschild black hole, extending over a range of polar angles ~ 1/y/n.

We now show that the KR conifold, for positive, negative or zero pu, also matches
the same Schwarzschild geometry sufficiently away from the conical region, on each of the
two sides of the horizon, & — 400, and then study how this large-D black hole is slightly
deformed in the conifold configuration. For definiteness, we choose to study the horizon at
& = —o0, with the analysis for £ — oo being essentially identical by symmetry.

At p — oo and close to the horizon { — —oo, the KR conifold has the same equipo-
tential surface (4.24) as the single black hole solution. Therefore, p in (4.13) is again an
appropriate coordinate along the horizon at £ = —oo. As discussed in section 4.2, the
limiting extent of the cap, where it matches to the complete Schwarzschild geometry, lies

at /nf — co. More precisely, the matching condition is'*

1< e’ « en, (4.42)

where 6 is the polar angle introduced in (4.13). Under this condition, the KR metric is
expanded as

2 n 2 ) d(172
4 .
+ <1 +—In Cosh(x/2)> ((1+6B)df> + d2) + 250d9dx] +0 (e—2”51n2 9) :

where ¢ = 2t/n and the leading corrections are

§A = —e* cosh2(m/2)e_”Sin2 i (4.44a)

5B = 2 sin? e 500, (4.44D)
1 .

C = 564" sinh(z) sinfe™" sin” 0. (4.44c¢)

Taking the limit e~nsin®0 _, 0, the KR conifold reproduces the large-D Schwarzschild
solution (4.14). This means that the inner conical region at smaller p, which is determined
by the parameter p, does not make any difference in the leading-order matching.!®> The
reason is that the effect of the interaction between the two black holes quickly decays at
polar angles 6 > 1//n outside the conifold region as e™" sin?  This is a manifestation of the
generic exponential-in-D localization of the gravitational interaction when D is large [22].

14The stronger condition 1 < nsin? § < n yields the same matching result.
!5Here we only refer to the near horizon geometry. As seen in the previous section, the value of y is
directly related to the separation between the two black holes.
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The information about the inner conical geometry (and topology) is, then, carried by
the correction terms in (4.44). Let us see that these corrections are actually identified
as scalar perturbations of the Schwarzschild black hole (we defer some of the details to
appendix C).

For geometries with S™™! symmetry, such as the leading order metric (4.14), any
perturbation can be decomposed in spherical harmonics,

I1,(8) = C7 (cosb) | (4.45)

where C? (z) are Gegenbauer polynomials. Using the results in (C.5), the leading correc-
tions are scalar harmonics with ¢ = n,

e 0 5 11, (), (4.46)

where the coefficient o, is given by the value at the pole 8 = 0,

L ym (4.47)

O-TL: = ~

ci () = 92n-1°

These corrections to the geometry can be regarded, in the terminology of [24], as ‘non-
decoupled’, being localized at the boundary of the near-horizon region and having very
large wavenumber ~ D. As such, their amplitude is O (e*D ), which is non-perturbatively
small in the 1/D expansion and invisible in the large D effective theory.

In order to verify that the KR conifold corrections (4.44) match to the scalar harmonic
perturbations, we write the latter as

d2 =" 12 Sht,)di2 she )4
S _Z — tan ($/2)(1+ t) t +(1+ x)ﬁ

4
+ <1 + - In Cosh(x/2)> (vrg + (5h[J)dz[dzJ + 2(5hx1d:cdzl (4.48)

where 77 is the metric for S”*!, and

Shly = 6h*%, = —o,e cosh?(x/2)11,(0), (4.49a)
et
Ohyr = — sinh(z)Vy (), (4.49Db)
opett
5h]] = WT[J(H) . (4.49(3)

We see that indeed the purely scalar perturbations §ht; and §h*, are correctly reproduced.
The V;(0) and T;;(0) are the scalar-derived vectors and tensors made from II,,(#). The
details of the matching of the corresponding perturbations are given in appendix C.2.
The conclusion of this analysis is that, as we move further away from the cone re-
gion of the conifold, the geometry can be apropriately treated as a perturbation of the
Schwarzschild black hole. Thus, our construction gives the entire geometry of the localized
black hole and non-uniform black string phases in solution space near the merger transtion.
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4.6 Rigidity of compact ancient flows

To conclude this long section, we mention that the KR conifold solution is called a two-
dimensional compact ancient solution, since the geometry g,, that flows with A is a Eu-
clidean, compact topological S?. The single black hole solution is a non-compact ancient
solution, since in this case the Euclidean geometry that flows is cigar-shaped with non-
compact topology R? —indeed the solution is known as the cigar soliton.

It has been proven that the two-dimensional compact ancient solution should be either
one of the cones (4.7), with exact SO(3) symmetry, or one of the KR solutions (4.22) [39].
This rigidity theorem strongly restricts the asymptotic behavior of the geometry at large
p in the mergers, as long as they can be regarded as flows of a two-dimensional geometry.

The KR conifold can also be described using concepts of statistical mechanics and
field theory.' Namely, the scale-breaking induced by the parameter u can be regarded as
a relevant perturbation of the exact cone at short distances, while the critical KR cone
(with ¢ = 0) is a relevant perturbation of the cone at long distances. The solution is
therefore an attractor.

5 Neck resolution in fused conifolds

In the previous sections we have shown how the large-D expansion yields a complete
resolution of the singular double cone into a regular split cone, eq. (2.10) with pu < 0.
We have also obtained a fused cone geometry, (2.10) with p > 0, for which the KR conifold
provides an extension away from the conical region. However, as we noted in section 2,
these fused geometries are still singular at the neck p = /p.

This singularity is the result of not enough resolution of the neck in the large-D ex-
pansion that we have performed. The radius of the neck has size O (1 / \/5), and its near
horizon region will be smaller by a factor 1/D, which is too small to resolve in our previous
conifold constructions. We illustrate these features in figure 5. We will see next that the

singularity of the fused cones is resolved by adequately blowing up the neck region.!”

5.1 Near-neck limit

Let us first argue that the 1/n expansion that we have performed breaks down near the
neck, requiring a different scaling to resolve it. In the conifold ansatz (2.4) we introduce
1/n corrections as

S(p) = (0" — 1) (1 +y nlkSk(p)> , Np)=1+) %Nk(p)- (5.1)
k=1 k=1

Solving the equations up to the next-to-leading order, we obtain

12In(p*/p—1) +p*/p -1
n p*/p—1 ’

S = (p* — ) (1 + (5.2a)

16We thank our referee for suggesting this.
Y Throughout this section, we only consider the fused conifold for black strings, p = 2, but we expect
that the results will be qualitatively the same for all p > 2.

~19 —



1 I O(1/VD)

Figure 5. The different regions of the neck in the fused conifold, and their sizes. Blue: non-
uniform black string. Hatched: near-horizon region, of size O (1/D). Red: near-neck region, of size
@) (1/D3/2). The latter is the region resolved in section 5.

and
2

L »p
N=1+—— .
+2np2_u

(5.2b)

An integration function in (5.2a) has been absorbed by a change of u, which does not affect
the physics. For concreteness, it is chosen to avoid the first order pole 1/(p? — ) in each Sy.
It is obvious that the 1/n expansion in (5.2) breaks down as one approaches the
dangerous neck region p &~ /. But we can also see that we should expect to match it to
a finer near-neck solution obtained by performing a slightly different expansion.
Let us introduce a near-neck coordinate o by

pzﬂ(l-l—%). (5.3)

Then, when n — oo the metric will take the form

2 0 do? 0y 20 2 2
ds® ~ p (1+O(n))F+(1+O(n))ﬁd92+d9n , (5.4)

where we assume that the sum of all higher corrections in 1/n remains finite. Actually, one
can see that each Ry, has at most a k-th pole of p?—y, which does give an O (1) contribution.
Note also that deformations that break the SO(3) symmetry become negligible in the near-
neck limit, since the perturbative analysis in [15] (see appendix B) implies that these
deformations are suppressed by at least one power of (p? — ).

Observe also that the form of the near-neck metric (5.4) requires another new type of
large-D limit, in which there are two spatial directions in which the gradients are large and
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of order O (D) (we are not including in this count the isometric time direction from the
Lorentzian Wick-rotation of the S?). This same scaling can be inferred from a perturbation
analysis of the conical solution around p = 0, which was performed in [11]: in appendix D
we show that if one requires that the perturbative-in-p solution has a well-defined limit for
n — oo, then the large-D scaling above results.

5.2 Near-neck solution

Following (5.4), we take a near-neck ansatz of the form

ds® = 1 <d§ + L a2(q)ded + in) . (5.5)
Einstein’s equations are
ald” +d'B)+a?-1=0, (5.6)
208 g 87 5/2 —0, (5.7)
8"+ %ﬂ’ + B2 - e*?’a =0. (5.8)
The first equation reduces to
g = L_,O‘O‘H (5.9)

aq
Taking the large-n limit and eliminating 5’ and " in (5.8), we obtain a single ODE,

"—1+2a(a?+1)a" +a? (? —a?) =0. (5.10)

In the large-D limit, (5.7) also gives 8” in terms of «, whose integrability with (5.9)
is guaranteed by (5.10). Therefore, (5.10) is our master equation for «, and then f is
obtained from (5.9).

Assuming a(s) — 0 at ¢ — 0 with &/(0), «”(0) # 0, (5.10) has a unique solution
around ¢ = 0,

als) = - 29§4+0(6) (5.11)
70\ 36 21600 ) ‘
This coincides with the large-D limit of the regular perturbative solution found in [11]

(see (D.2)).

Numerical integration of (5.10) from «(0) = 0 shows that, as expected, « increases
monotonically (figure 6). Actually, (5.10) gives the asymptotic behavior a ~ 1/2¢ at large
¢, which can be further expanded to find

as) = v (1 + IZ; LD ;;glzng .0 (<3)> . (5.12)

At each order, the power of In¢ is at most the same as the order in 1/¢. In order to match
this to the small ¢ expansion, we must shift ¢ — ¢+ Ag, with a numerical fit of A ~ 0.216.
The asymptotic expansion solution gives

Bls) = fo-ts— o — 21“81‘1 LO(?) (5.13)

- 21 —



2 4 6 8 10°

Figure 6. Growth of S?-radius in the near-neck region. The solid curve is the numerical result,
the blue dashed curve, the series expansion from the center (5.11), which is also used for the
initial condition for the numerics, the red dotted curve, the asymptotic expansion (5.12) with the
translation ¢ — ¢ + Ag, where Ag ~ 0.216.

xy/n

Figure 7. Near-neck region. The left diagram is the neck region in the scaling of section 2. The
right diagram is the blow-up of the near-neck region to obtain a smooth neck solution.

where 3y is an integration constant. The large- D limit requires § < n, and therefore ¢ < n.

To complete the analysis, in appendix E we show that the near-neck limit of the fused
conifold (5.2) can be smoothly connected to the near-neck metric (5.5).

Figure 7 illustrates our result that the singular neck that appears in the fused cone at
lengths of order O (1/4/n) is smoothly resolved by considering the near-neck substructure
at scales O (1/n).

6 Extensions of Ricci flow mergers
Although we will not consider any explicit solutions, it is possible to extend the Ricci flow

equations of section 3 beyond the vacuum Einstein theory.
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6.1 Cosmological constant

First we include a cosmological constant

(n+p)n+p-1)

A=— 1
2L2 ) (6 )
and look for solutions of the type
1
ds® = N*(p,y)dp* + —gap(p, y)dy" dy’ + p* A%, (6.2)

where dE%k)n is the metric of a maximally symmetric space with curvature k£ = 0, +1. With
a negative A, all of these are possible, but a zero or positive A (with L = i¢L) only allows
the sphere S", with k = 1.
Retracing our steps of section 3, as is done in appendix F, we obtain the Ricci-flow-like
equation
2/72
Mapgab = 2Rab =+ %gab- (63)

If we consider the conformally related geometry

Jab = k_i_;/Lanb, (6.4)

it satisfies the Ricci flow equation
OnJab = —2Rap (6.5)

with parameter
2
A= ;kﬁ)wuw (6.6)
Notice that in the limit of k = 1 and L — oo,

A= (L; + /\oo) - p; +0(L7?). (6.7)

Absorbing the divergent term in A\, we recover the vacuum flows which start from p — oo
at A — —oo. In contrast to this, the Ricci flow (6.5) starts from a finite value A = A.
Therefore, this is no longer the ancient solution problem. The endpoint, if the flow exists
up to there, varies depending on k. For k = 0,—1, it can flow to A — oo, but for k£ = 1
it can only flow to A — Ay + L?/2.'® It should be interesting to study further these
possibilities. Let us note that AdS geometries of this kind have been investigated recently
in [40]. Ref. [12] described exact horizon mergers in dS .

18This discussion applies to L? > 0. For a positive cosmological constant, the results for &k = 1 and
k = —1 are exchanged.
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6.2 Matter fields

If there are matter fields one obtains coupled flow equations. For example, with a minimally
coupled massless scalar field ¢, the Einstein equations give

1
;apgab = 2Ry — 0a90p9 , (6.8)

(¢ is appropriately scaled to appear in the leading order equation) and the Klein-Gordon
equation reduces to a heat equation

;a,@ + V% =0. (6.9)

7 Outlook

The large-D expansion has allowed us to give a very complete and explicit description of
the topology-changing merger transition in the black hole/black string system, with simple
solutions for the geometries at both sides of the transition —the fused and split conifolds—
which extend far from the high-curvature region near the singularity and connect to the
complete horizon of the localized black hole/non-uniform black string.

A remarkable aspect of the analysis is the relation to non-linear flow equations and so-
lutions that have been studied in mathematics: the Ricci flow equation and the logarithmic
diffusion equation. The possibility that this finding has deeper meanings or implications
is tantalizing.

Our study demonstrates the adaptability of the method of large-D expansion. By
considering different scaling regimes, it can cover all the aspects of the phases of the
black hole/black string system: from weakly to strongly non-uniform black strings [31], to
the singular merger transition, and to the localized black hole phases. The study of the
latter configurations trivializes when the black hole becomes smaller than the length of the
compact circle by a difference larger than O (1/D): in this case the black hole does not feel
the gravitational effect of its images, and it is an undistorted Schwarzschild black hole.

Therefore, the large-D expansion does indeed capture all the regimes of the black
hole/black string system. However, in this article we have not computed the thermody-
namic properties that are needed to complete its phase diagram. This requires further
work, which involves higher order corrections in 1/D and post-Newtonian corrections to
the interaction, and is left for the future.

Conifold transitions are widely present, possibly universally, in topology-changing
mergers in the solution space of black hole systems —e.g., besides the cases considered
n [12], they are also expected in the transitions between black droplets and black funnels
in AdS [41], and perhaps also between black holes hovering above an AdS black brane and
black mushrooms [42]. We have found critical, split and fused conifolds that smooth out
and extend the singular cones S? x S™. It would be very interesting to find similar conifold
geometries for SP x S™ beyond the smooth cones in section 2.3. However, this may require
a better understanding of Ricci flows in more than two dimensions.
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Finally, the success of the large-D expansion in this problem is encouraging for its
application in other cases. In particular, ref. [43] argued that Choptuik’s critical collapse
of a scalar field [44] is related, via double Wick rotation, to the black hole/black string
merger transition. It seems natural to try to apply our methods to this problem, and the
large-D scalings that we have introduced are likely relevant here. Interestingly, a recent
large-D study in [45] of a related system (critical behavior of gravitating scalars) invoked
a scaling of temporal gradients that would map to the same scaling along the horizon as
in our work. It will be of considerable interest to further develop this line of investigation.
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A Horizon embedding

The condition for embedding (4.27) into (4.28) is

Y(p)=p, Xilp) = £2p\/coth(2(p? — p)), (A1)

where + denote each side of the horizon. The embedded surface reproduces that of the
single black hole at y — —oo0.
At p — oo, the embedding behavior is independent of u,

Xi(p) = £p°, (A.2)

which is the same as that of the single black hole horizon. In contrast, the behavior near
the pinch varies depending on the value of p,

)= (w>0, p— ),
Xe(p) = { cosh(—2u)p? (u <0, p—0). (A:3)

For the split conifold (u < 0), we also need the embedding condition for the S™-axis
between the two horizons,

sinh (2|
X = VV| g = de. Ad
v p=0 & \/cosh(2|,u|) + cosh(2¢) $ (A-4)
Integrating from £ = —oo to £ = 0o, we obtain the separation between the horizons on the
axis

(e o]

AXayis (1) = / dev'v

= 2¢/tanh || K (tanh? |p|) . (A.5)
0

p:
Here K (x) is the complete elliptic integral of the first kind. Multiplying by the appropriate
prefactor, this gives (4.40).
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Finally, imposing the mirror symmetry X_(p) = —X(p), we obtain the complete
expression for X4 (p) (figure 2)

~—

B +F(p? — ) )
)= { £F(p? — 1) F F(—p) £ 3AXais (1) (1 <0), o

where F'(x) is given by the integration of (A.1),
1 1 \/coth(2x) + 1 T
F(z) = —-arctan (y/coth(2z) )| + -In | Y—— | + —. A7
(=) 2 ( ( )) 4 (x/coth(Qx) — 1) 4 (A7)

F(z) is adjusted to be F'(0) = 0. Its asymptotic behavior at z — oo is

T+ In4
8

F(z)=x+ + 0 (e7*). (A.8)

B Double cone perturbation

Consider the King-Rosenau solution (4.22) with ¢ > 0, and expand it for small values of
p? — 1 to one higher order than (4.29), to find

2
ve L (1 +2(0? — p)Pa(tanh(€)) + O (" - m?’)) . (B.1)
cosh” ¢ 3

The leading term yields the neck of fused and critical solutions, (4.7), with the SO(3) x
SO(n + 1) symmetry of the S? and S™. The first correction, where Py(z) is the second
Legendre polynomial, is a dipolar deformation of the S2.

Perturbative deformations of the S? for the double cone metric, ;1 = 0, were studied
in [15], which found them of the form

p*t Py(tanh(©)) (B.2)
with 1
5125(2—D+\/(D—Z)(4€2+12€+D+6)) . (B.3)
When D — oo we have
si=0l+2)(-1)+0 (Dil) , (B.4)

and since £ = 1 is a pure gauge mode, we see that our large-D result correctly gives the
leading ¢ = 2 mode perturbation.

C Perturbations of the Schwarzschild black hole

C.1 Large n limit of S”"*!-harmonics

Assuming SO(n + 2) symmetry, the scalar harmonics on S™*! satisfy

I1(6) + n.cot O TI(0) + £(€ + n)II,(0) = 0. (C.1)
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This is solved by the Gegenbauer polynomials
11,(60) = C7 (cosf). (C.2)
To zoom in to the small polar cap, we define a local coordinate

0= +/nsiné. (C.3)

Then, assuming ¢ = £/n = O (1), the large-n limit of (C.1) becomes
1 -
5891'[4 + 00+ 1)), ~ 0, (C.4)

which results in L ) -
i(i+1) nd(0+1) .
Iy(cosf) ~ —e™ ol L sin” 6 (C.5)
¢ ¢
where the coefficient o, is determined by the value at the pole (6 = 0). This formula is
valid only for

0? = nsin®6 < n. (C.6)

Using Stirling’s formula, we can estimate the value at large n,

n

o’
1+0(™Y).  (©7)

(0 + 1)+

| ~ A
o = 21 = AL'(n) ~\/2ml(0 4+ 1)n
CZ (1) I'¢+n)

The Gegenbauer polynomials satisfy the orthogonality relation

/07r sin” 902% (cos Q)Cé(cos 0)do = =T, ergi;g%(nﬂﬁdg’m' (C.8)
For ¢ = n > 1, Stirling’s formula gives
w'({ +n) 4n
2010 +n/2)0T(n/2)2|,_, = 3v2n (€9)
C.2 Scalar-derived vector and tensor perturbations
We decompose the metric of S"*! as
vrydzldz! = d6* 4 sin® Owi;dotdo? (C.10)

where wj; is the metric of S”. Given the scalar harmonics IIy(#), we can construct scalar-
derived vector and tensor harmonics

Vi(0) = DrlL(0), (C.11)

Trs(0) = |DDy — ~yr | e (0), (C.12)

n+1

where Dy is the connection compatible with ~; .
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In the following, we consider the only relevant mode to our analysis, namely ¢ = n.
Using (C.5), we can derive the match for the scalar-derived vector and tensor perturbations,

2
Vo(0) = 9pT1,(0) ~ — ;/HQG_QQ, (C.13)
4n 2
Too(0) = |82 — 0, (0) ~ —g2e—e 14
00(0) = |0 1 cot 00y (9) Un,g e 7, (C.14)
; 1 ) 2 )
T'j(0) =~ cot00pTIn (0)8"; =~ —ae—gzalj. (C.15)

Note that in order to perform the match of geometries we must use that T;; is smaller
than Tgg by 1/n.

Eliminating the scalar-derived vector and tensor by using some gauge transformations:
x — x+dz and 0 — 0+ 60, eq. (4.48) reproduces the perturbative result for ¢ = n [46, 47].
However, the matching ladder will be different, because we are assuming the touching limit
L ~ 2rq, instead of the small black hole limit L > rg.

Multipoles do not contribute directly to the thermodynamical quantities, except
through the monopole in the second order perturbation made of them. Therefore, the
effect from the conifold cap on the thermodynamics can be estimated by using the orthog-
onal relation for II,(6) (C.8),

(6h,)? ~ 0211,(0)* ~ oy, + (higher multipoles). (C.16)

To extract here the monopole component in the square of IL,,(#), we use

672nsin29 ~ 0'21_[ (9)2 ~ VY 2mop
= It =T

+ (higher multipoles). (C.17)

D Large-D scaling of perturbations around the neck
Following [11] we consider the ansatz (with n finite)
ds® = dp? + P(p)dQ3 + Q(p)dS2;, (D.1)

and expand the double cone metric around p = 0, assuming P(p) = O (p?) and Q(p) =
O (1).' Then we obtain

P(p) = p’ exp (2 ZP@'(P/PO)%> . Q(p) = pyexp <2Zqz'(P/po)2i> (D.2)
=1

i=1
where
n(n+1) n(n +1)%(31n + 72)
1= p2 = ’
36 32400
n+1 1 9
= = —— 1)“(2 . D.
T 5 Q2 540(n+ )*(2n +9) (D.3)

90ne can also expand assuming P(p) = O (1) and Q(p) = O (;)2)7 which corresponds to split cones.
However, as we saw, the large-D limit in this case is smooth without the need of finer resolution.
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Near p = 0, introducing X = pcosy and Y = psin x, this metric has a regular neck

ds® ~ dp* + p*(dx* — cos® xdt*) + pgdQ2 (D.4)
= dY? +dX? — X2dt? + padQ>. (D.5)

The important point for us is that in order to obtain a finite large-D limit this series
solution requires that we rescale the coordinate

p=mnp. (D.6)
The metric components then become
=", Py =P, Q)= (140 (7! (D.7)
p_nQa P—n2 p) p_p0(+ (TL ))a .

where P(p) is a function of p. This is the same scaling as in section 5.1.

E Matching the fused conifold to the near-neck region

Consider the near-neck limit of the fused conifold (5.2). Up to O (n~?), the solution
becomes

2Inz+x 22—4+4(1+22)Inzx —2xIn’x _
S = ux <1+ + ( 5 )2 —i—(’)(n 3)), (E.1)
n nex
1142 2x+1)(z+3—-2Inx _
N=1+=> +( )(22 )+Opzﬂ, (E.2)
n o x n?x

where x = p?/p — 1. With p as in (5.3), but now also assuming 1 < ¢ < n, the near-neck
limit of the fused conifold becomes

2 Ino — Ino —oy—1
S:%’u <1+ naa o Ino 0;70 +(’)((7_3,n_1)>, (E.3a)
do? 1 2 -1
N2dp? = B (1 T ?’/“’—g“" o) (03,n1)> : (E.3b)
n g ag

where 0g = In(n/2). For Inn < n, we treat og as a O (1) constant. Since the O (n~F)
correction has at most the same order of the pole, we only need the terms up to O (n‘k)
to obtain the expansion up to O (a_k).

This metric can be connected to the near-neck metric (5.5). The two coordinates are
related through d¢ = N(o)do, which gives

1 4Ino —4og — 1
S=o0—g+ slno+
2 8o

+0(c7?), (E.4)

where ¢ is a constant. Substituting this in (5.12) and (5.13), the near-neck solution can
be rewritten in o as

o —q lno— (2 2
a? ~ 20 <1+ no—w o= Z+wt o) ) (E.5a)
g g
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and .
B —
enFl 1 4 = <0+50—§0+g0 UO). (E.5b)
n 20

Comparing (E.5a) with (E.3a), and also (E.5b) with p as in (5.3), we complete the matching

by setting?’
So = ﬁo =0y = ln(n/2). (EG)

F Ricci flows with a cosmological constant

Consider the ansatz (3.5), replacing now d22 with the metric dZ%k)n for the maximally sym-
metric space with curvature k£ = 0,£1. The evolution equation and the scalar constraint

are?!
n-+p

L2

1 _ 1
NapKAB =R - KK45 + g — NVAVBN, (F.1)

and

n+p)(n+p—1)
L? ’

where L is the curvature radius of a negative cosmological constant. For a positive cosmo-

KQ—KABKBA:R—F(

(F.2)

logical constant, replace L — iL.
Again, we solve the scalar constraint to restrict the gauge

(n+p)(n+p—1)

_ H"? 1
0=K?-KA3KP,-R- :nQ[ i

N2 H?2 2

12
This requires that N be a function of only p. Choosing H(p) = p we obtain??

M= W(”M(ﬁ’y)>' (F-5)

We again gauge-fix C = 0. The evolution equation for K%, yields (6.3) and the conformally-
related flow (6.5).
The leading order metric becomes

2N 1,
ds? = (1 + nl> NEdp* + Wgabdy dy’ + p*dS,, (F.6)
0

h
where 1

No= ——n
‘ Vk+ p?/L?

20Tn the match, we assume 1 < o < n, but the condition ¢ > 1 is only used for obtaining the asymptotic

(F.7)

expansion in both solutions. It might be possible to do the matching using only the weaker condition o < n.
*'A'in (6.1) is at most O (n?). If we allowed y dependence in H, the term n®(VH)? might be balanced
in the scalar constraint by a value O (n3) of A. We will not pursue this possibility here.
22 An alternative gauge choice is N =1 + O (nil), which leads to

Lsinh(p/L) (k=1),
Hp)={ e/t  (k=0), (F.4)
Lcosh(p/L) (k= —1).

The result for k£ = 1 seems consistent with [40].
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and Nj is determined as
1 1 ~
Ny = 5p2N§R = 5pQJ\f(‘}R. (F.8)
For k£ = 1, one can check that the small black hole limit p < L reproduces the vacuum
behavior.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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