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1 Introduction

There has been a renewed interest in non-relativistic (NR) theories due to their utilities to
approach strongly coupled condensed matter systems [1-8] as well as NR effective field the-
ories [9-12]. At the gravity level, the study of NR gravitational theories has been discussed
by diverse authors in [13-28]. A NR theory can be obtained by a suitable limiting process
from a relativistic theory. In particular, through this work, the NR limit corresponds to
the limit in which the speed of light ¢ tends to infinity. It is well known that in such NR
limit, the AdS spacetime becomes the Newton-Hooke symmetry which in the flat limit
corresponds to the Galilei symmetry [29-36].

On the other hand, three-dimensional gravity models are interesting and simple toy
models as they can be formulated as a Chern-Simons (CS) gauge theory [37-39]. In par-
ticular, CS approach allows us to construct diverse relativistic and non-relativistic (su-
per)gravity actions. Nevertheless, the construction of a NR CS action might lead to in-
finities and degeneracy. Such difficulties can be overcome by enlarging the field content
of the relativistic theory [24, 25, 40, 41]. In the case of the relativistic Poincaré CS grav-
ity theory the NR limit requires to introduce two central extension in order to admit a
non-degenerate bilinear form. Such extension leads to the exotic Bargmann algebra which
allows us to define a proper finite NR CS action [25, 26].

Recently, the NR limit of a three-dimensional CS gravity theory based on a particular
deformation and enlargement of the Poincaré symmetry was presented in [42]. Such symme-
try, known as the Maxwell algebra, has been introduced in [43-45] to describe the presence



of a constant electromagnetic field background in a Minkowski space. Interestingly, the
infinities and degeneracy are avoided by considering the NR contraction of a [Maxwell]
@u(l)@u(l)®u(l) algebra leading to the Maxwellian Exotic Bargmann (MEB) algebra.

In this work, we explore the NR limit of a three-dimensional CS gravity theory based
on the AdS-Lorentz algebra. Such symmetry is a semi-simple enlargement of the Poincaré
one and has been initially introduced in [46, 47]. The AdS-Lorentz algebra and its general-
izations have been particularly useful to recover (pure) Lovelock gravity theories from CS
and Born-Infeld theories [48-50]. At the supersymmetric level, the supersymmetric exten-
sion of the AdS-Lorentz algebra has been used to introduce alternatively a cosmological
constant term in four-dimensional supergravity [51-54]. More recently, a BMS-like ansatz
for a three-dimensional CS theory based on the AdS-Lorentz algebra has been presented
in [55]. In particular, the asymptotic symmetry at null infinity turns out to be a semi-
simple enlargement of the bmss algebra. An interesting feature of the AdS-Lorentz algebra
is that it reproduces the Maxwell algebra through a flat limit ¢ — oco.

Here we present a NR CS gravity based on a particular enlargement of the extended
Bargmann (EEB) algebra by considering the NR contraction of the [AdS-Lorentz] & u (1)@
u (1) @ u(l) algebra. Such U (1) enlargement not only allows us to construct a finite
NR CS action but also to obtain the MEB gravity in the flat limit. We also present
an alternative procedure to obtain the EEB and MEB algebras through the semigroup
expansion mechanism (S-expansion) [56-58]. Such procedure note only provides us with
the commutators of the NR algebras but also gives the non-vanishing components of the
invariant tensor which are crucial to the proper construction of a CS action.

The paper is organized as follows: in section 2, we give a brief review of the three-
dimensional relativistic AdS-Lorentz CS gravity theory. The section 3 is devoted to the
NR contraction process of the AdS-Lorentz gravity theory. In section 4, we present an al-
ternative mechanism to obtain the EEB and MEB algebras by considering the S-expansion
method. Section 5 is devoted to discussion and possible developments.

Note added: while this manuscript was in the process of typesetting, it came to our
knowledge the ref. [59], which possesses some overlap with particular cases of our results.

2 Three-dimensional AdS-Lorentz Chern-Simons gravity, U(1) enlarge-
ments and flat limit

2.1 AdS-Lorentz Chern-Simons gravity and flat limit

In this section, we review the construction of a three-dimensional CS gravity based on a
semi-simple enlargement of the Poincaré group. The mentioned group is known as the AdS-
Lorentz group [46, 60, 61] and the corresponding algebra is a deformation and enlargement
of the AdS algebra. The commutators of the AdS-Lorentz algebra read

[Ja, JB] = €apcJ®, [Pa, Pg] = eapcZ,
1

[Ja, ZB] = eapcZ©, 24, Z8) = zeapcZ®, (2.1)
1

[J4, Pg] = eapcPC, [Za,Pp| = FQGABCPC,



where J4 are the spacetime rotations, P4 are the spacetime translations and Z4 are non-
Abelian generators. Note that A, B,C = 0, 1,2 are the Lorentz indices which are lowered
and raised with the Minkowski metric nap = (—1,1,1) and espc¢ is the Levi Civita tensor
which is normalized as €y = —€"'? = 1. Let us note that the name “AdS-Lorentz” is due
to the fact that the algebra (2.1) can be written as the direct sum so (2,2) @ so0(2,1) by a
suitable redefinition of the generators,

Ja =074,

Py =Py, (2.2)

Za = j A— 7 Z A -

Let us construct now the relativistic CS action for the AdS-Lorentz symmetry. The

three-dimensional CS action is given by

I[A] = /(AdA - ; A3 (2.3)

where A is the one-form gauge connection and (- --) denotes the invariant trace. In partic-
ular, the one-form A taking values in the AdS-Lorentz algebra (2.1) reads

A=WAJy+ EAPy+ K4Zy4, (2.4)

where W4 is the one-form spin connection, E4 is the vielbein and K4 is the gauge field
along the non-Abelian generator Z4 . The associated curvature two-form is

F = RYW)Js+ RYE)Py+ RYNK)Zy,
where
RA(W) := dW# — %EABCWBWC,
RA(E) := DwEA — E%EABCKBEc, (2.5)

1 1
RAK) := Dy K* — @EABCKBKC — §eABCEBEC.

In particular, the Lorentz covariant derivative is defined as Dy ©4 := dO4 — eABCW 0.
The non-vanishing components of an invariant tensor of rank 2 for the AdS-Lorentz algebra
are given by [55, 60, 62]

M2

(JadB) = ponas (PaPp) = j5naB,
(JaPs) = Znas, (ZaZs) = Fnap. (2.6)
(JaZp) = %UAB, (ZaPp) = %UABa
where the arbitrary constants pg, p1 and po can be redefined as
o — ag 1 — a1l o — asl?. (2.7)



In this way the flat limit £ — oo is well defined and (2.6) with the redefinition (2.7) leads
to the invariant tensor of the Maxwell group in three-dimensions. Note that applying this
limit in (2.1) leads us to the commutation relations of the Maxwell algebra. As we will see
in the next sections, this behaviour also arises at the level of the non-relativistic gravities.
Considering the AdS-Lorentz connection one-form (2.4) and the invariant tensor (2.6)
with the redefinition (2.7) in the general form (2.3), we find that the explicit form of the
relativistic CS gravity action invariant under the AdS-Lorentz symmetry reads

1
Ip= / [ao (WAdWA+3eABCWAWBWC)

1
— EAFNK)+ —

302

+ o <2EARA(W) ;

ABC EAEBEC> (2.8)

1
QKA DwKA+ 4€ABCKAKBKC> :| )

1
+ o (TAEA + 25 APCE KpEc+2K AR W)+ T

14

where we have defined the torsion two-form T4 := Dy E4, and the curvature FA(K) :=
Dy KA — ﬁeABCK pKc . From (2.8) we see that the action is split into three different
sectors proportional to the o's constants. The gravitational CS term is related to the ag
constant, while the EH term plus a cosmological constant term appear along the a1 constant
together with a term depending on the gauge field K. The last term proportional to s
contain a torsional term plus couplings of the gravitational gauge fields with the K4 field.
It is important to point out that each of the three sectors is invariant under the AdS-Lorentz
symmetry. In particular, the infinitesimal gauge transformations oy A = dA + [A, A], with

gauge parameter A = pAJy 4+ 4Py +~y4Z4, are given by

SAWA = Dy p?

1
OAEA = Dyett — EABCPBEC — —etBC (Kpec —vBEC) (2.9)

€2

1
06K = Dyt — P (Bpec — ppKe) — 3¢ P Kpye.

2
The CS action (2.8) is invariant, modulo boundary terms, under these gauge transforma-
tions.

Note that the flat limit £ — oo applied to (2.8) leads to the relativistic CS action for
the Maxwell symmetry in three-dimensions [42, 63, 64]. In the same way, this limit leads
to the gauge transformations for the Maxwell symmetry when is considered in (2.9).

The field equations coming from (2.8) are given by

1
SWA: 0= agRa(W)+ o (TA EABCKBEC> + ag (FA(K) — eABCEBEC) ,

Iz 2
1
A . _ B nC B nC
OB : = <RA(W) EQFA(K) 262 eapcE"E ) —+ o <TA £26A30K FE >
1 1
A . B nC B nC
K 0= (TA peanck’E >+a2 (RA(W) EQFA(K) 55 €ancEPE )



which can be written as

Ra(W) =0,
1
Ty — EEABcKBEC =0, (2.10)
1
Fu(K)— = eapcEPEC = 0.

2

As is expected, when ¢ — oo in (2.10) the equations lead to the Maxwell field equations.

Let us now study the NR limit of the presented theory. Here we are interested in the
limit where the speed of light is taken to infinity. It is very well-known that taking the
limit ¢ — oo in the relativistic Lagrangian, might lead to infinities. In order to cancel the
divergences, one can include extra fields in the relativistic theory. As we are also interested
in finding the NR Maxwell CS gravity [42] in the limit £ — oo, we will consider the [AdS-
Lorentz] @ u(1) ®u(l) @ u(1l) theory as our initial relativistic theory, i.e, we add three new
extra fields to the field content. In this way, the NR contraction should lead to a finite
Lagrangian and to a NR algebra with a non-degenerate bilinear form.

Before studying the non-relativistic limit of the AdS-Lorentz gravity theory, let us first
introduce the extra U(1) gauge fields in the one-form gauge connection (2.4).

2.2 U(1) enlargements

Motivated by the discussion of the previous section, we now include three extra U(1) one-
forms gauge fields, M, S and T in (2.4) as

A=WAJx+ EAPy+ KA Zy + MY| + SYs + TY3. (2.11)

The new Abelian generators satisfy the following non-zero invariant tensors

(V1Y1) = az, (YaY3) = az,
(6%

(Y2Y2) = ag, (YsYs) = 35, (2.12)
(0%

(V1Y) = a1, (ViY5) = 5

Then, the non-vanishing components of the invariant tensor for the new [AdS-Lorentz]
@u(l) ® u(l) & u(l) algebra are given by (2.6) along with (2.12). Considering the new
enlarged one-form gauge connection (2.11) and invariant tensor, the relativistic CS action

is written as

1
I = / [ao <WAdWA +3 ABCW A WEWe + SdS)

2 1 2
+ a; (2EARA(W) + % E FAK) + T ABCE EREq + 2MdS + EQMdT>
1 2
+ an <TAEA + & APCE KpEq + 2K AR W) + EKA Dy K4
1 1
+ @EABC KiKpKc + MdM + 28dT + ngdTﬂ . (2.13)



In the following we will show that the inclusion of these three extra U(1) gauge fields
allows to cancel the divergences that appear in the limiting process. Let us remark that
in this work we are interested in the contraction of the [AdS-Lorentz] @ u(1) & u(1l) & u(1)
algebra since, as we will show in the next section, the resulting NR algebra admits on one
hand a non-degenerate invariant tensor, and on the other hand, leads to the MEB algebra
introduced in [42] in the ¢ — oo limit.

3 Non-relativistic Chern-Simons AdS-Lorentz gravity

3.1 Contraction process and enlarged extended Bargmann algebra

In the previous section we have constructed an extended relativistic AdS-Lorentz algebra.
Now, considering the Inonii-Wigner contraction of this algebra we will obtain a NR version
of the AdS-Lorentz algebra. To this purpose, we will consider a dimensionless parameter
&, and we will express the relativistic generators as a linear combination of new generators
involving the £ parameter.

We define the contraction process through the identification of the relativistic gen-
erators defining the [AdS-Lorentz] @ (1) & u(1) @ u(1) algebra, with the NR generators
(denoted with a tilde) as

J - - J _

JO_§+§257 Janga7 Y2:§_§2SJ

H . qH -
Ph=—+4+&M P,=P,, Yi=——&EM, 1
0 2§+f ; T 3 (3.1)

7 - Za 7 -

Zo=—5+T Zog=—, Ys=— —T.

P ¢ P
along with the following scaling

C =&l (3.2)

This redefinition is required in order to have a well-defined limit & — oco. A particular
enlargement of the extended Bargamm algebra, which we have denoted as EEB algebra,
comes from the contraction of (2.1):

(Go B = —calt,  [Cu] =T, [B.2] = geah,
[7,6.] = P, 5.7 =cwZs, |20 5] = peal
7B = carBr. AP =cw,  [Pud] =gl (33)
7.6 =culs,  [PuB] =T, [ZB)] = geahs,
(AT (2.64] = e, 2,2.] = geat

Here a = 1,2, €gp = €gap, € = €%, Such NR algebra contains three central extensions

given by M, S and T which are related to the three extra U (1) generators. Note that



when we set Z = Z, = T = 0 the extended Bargmann algebra is recovered. On the other
hand, in the £ — oo limit the EEB algebra leads to the MEB algebra [42].

It is interesting to note that the algebra (3.3) can be rewritten as three copies of the
so-called Nappi-Witten algebra [65, 66],

[7%,6%] = et (6%,GE] = —ew5*,
[j, éa} = eabéb, [éa, éb] = —eabg. (3.4)

Such algebra can be viewed as a central extension of the homogeneous part of the Galilei
algebra. Let us note that the three copies of the Nappi-Witten algebra reproduces the EEB
algebra (3.3) by considering the following redefinitions

Ca=CutGi+Cr,  P=4(G1-G2),  Zu=4(GI+G7),
§=§+5 45, M:%(S*—S*), T:E%(SMFS*), (3.5)
J= gt ﬁ:%(ﬁ—j—), zzgi?(juj—).

ewrite the algebra (3.3) as the direct

A different redefinition of the generators allows u rew
J, H } and the Nappi-Witten algebra

s to
sum of the extended Newton-Hooke {GG,PQ,S, ]\:4,
{21, 1:’, 7 } In fact, one could define

Ga:Ga“‘ZCH Pa: a Za:ﬁa
~ ~ ~ ~ ~ ~ g
S=S5+T, M =DM , T=2. (3.6)
~ = = ~ =~ ~ j
J:J_|_Z7 H—H, Z:Ea

such that the direct sum of the extended Newton-hooke and the Nappi-Witten algebra

appears,
R 5.6 = cui
|::a7 :b_ — —eqM [:, :a: = ey,
[:m B, = *%Eabéa Ffa éa = by, (3.7)
75, = Leuti,
702 = e 2.2] = s 55)

This is similar to the relativistic AdS-Lorentz algebra which can be written as the direct
sum s0 (2,2) @ so(2,1). In particular, the Nappi-Witten algebra is characterized by the
presence of a central extension, denoted by Z. On the other hand, the Newton-Hooke
symmetries have been recently studied in three-dimensional spacetime in [32, 33, 36]. The



extended Newton-Hooke algebra (3.7), also known as exotic Newton-Hooke algebra [36] has
two central extensions given by the generators S and M. Such algebra is the NR version
of the AdS algebra and appears as a NR contraction of a particular enlargement of the
relativistic AdS algebra.

It is important to remark that, even though the NR algebra (3.7)—(3.8) looks simpler
than (3.3), it is the basis {j, Go,H,P,, Z,Z,,5, M, T} which allows us to make contact
with the Maxwellian Exotic Bargmann gravity through a proper flat limit. In addition, the
relativistic AdS-Lorentz CS gravity theory has been studied previously in the literature [55,
62, 67] in the basis {J4, P4, Z4} which satisfy (2.1). It is then natural to construct the CS
action related to the EEB algebra in the form (3.3).

3.2 Non-relativistic Chern-Simons action

Let us consider the explicit construction of a NR CS action based on the EEB algebra
obtained in the previous section.

The non-vanishing components of a non degenerate invariant tensor are obtained from
the contraction (3.1) of the relativistic invariant tensor (2.6) with the redefinition (2.7)

<j > = _dg,

U

(GuGiy) = Godu

<éa} — @16, (3.9)
(HS) = (81]) =~

<E}::@JQ:@%,

(ZuZs) = 53 0u.

<}} z%ﬁw, (3.10)
(231) = (TH) = = 3bu,

(2T = S dan.

where the relativistic parameters a’s were rescaled as
= ap&* =a =a 3.11
ag = apl”, a1 =a1§, o =a, (3.11)

in order to have a finite CS action. As is expected, the flat limit ¢ — oo applied to (3.9)—
(3.10) leads to the NR invariant tensors for the MEB algebra [42].

Now we can write the NR one-form gauge connection A in terms of the NR generators
as follows

A=7H+e"P,+wJ +w'Gq + kZ + k°Zy +mM + sS + T . (3.12)



The NR curvature two-form is then

F = R(r)H + R*(")P, + R(w)J + R*(w")Gy + R(k)Z
T,

+R* (k") Zy + R(m)M + R(s)S + R(t) (3.13)
where
R(r) = dr,
ab_da ac ac 1ack 1ack
R(e’) = de® + €*we. + € Twc—i-ﬁe 6c+£2€ Tk,
R(w) = dw,
RY (W) = dw® + e®“ww
R(k) = dk, (3.14)
RY(KY) = dk® + €““wke + €“Tec + € kwe + €k, |
1
R(m) = dm + e*“eqw. + ﬁeaceakc ,
1
R(s) = ds+ §eacwawc,
ac 1 ac 1 ac
R(t) = dt + € “wake + € eace + ﬁe koke .
Finally, the NR CS action invariant under the EEB algebra is
~ a ~ a 2 a
Ing = /ao [waR (w) — 2sR (w)] + & [QeaR (Wb) — 2mR(w) — 27R(s) + 7 eaF (k)

—STR() ~ mP (k)] + s [eaR“ () + kak? () + ghaB (K) (315)

+we R (k;b) —2sR (k) — 2mR (r) — 2tR (w) — %22&2 (k)] ,

where

FOEY) := dk® + e“whke + €*kw, + E%e“kkc.

The NR CS action contains three sectors proportional to different arbitrary constants &;.
The first term is the CS action for the NR Exotic Gravity. The second and third term
reproduce the enlarged extended Bargmann gravity with the explicit presence of the k,
gauge field. Let us note that the limit £ — oo in the term proportional to &; reproduces
the CS action for the extended Bargmann algebra [25, 26]. On the other hand, the flat
limit £ — oo in the ay term leads us to the CS action for the NR Maxwell algebra [42].
It is important to point out that the term proportional to &; is not the exotic Newton-
Hooke gravity Lagrangian although it leads to the extended Bargmann gravity Lagrangian
in the ¢ — oo limit. In particular, the additional gauge fields related to the EEB algebra
appearing in the @; term vanish in the flat limit.



Note that we can express the relativistic gauge fields in terms of the NR ones as follows

0— 78 a:LJa = —73

W _w—}-2£2, W £ S=w 262

0 __ m a_ a _ ~m

E _5T+f2£, B = e, M =¢r %" (3.16)
t t

K0:§2k+§, K® = ¢k“, T:£2k—§,

such that A = A. Tt is straightforward to show that by using (3.2), (3.11) and (3.16) in
the action (2.13), after taking the limit £ — oo the NR action (3.15) is obtained.

One can notice that the equations of motion from the finite NR action (3.15) reduce
to the vanishing of the curvatures (3.14). A completely different situation would occur if
the invariant tensor became degenerate during the NR contraction procedure.

4 Non-relativistic algebras and S-expansion

In this section we show that the Enlarged Extended Bargmann algebra (3.3) can be alter-
natively obtained using the S-expansion procedure [56]. We show first that the Maxwellian
Exotic Bargmann algebra can also be obtained using the S-expansion method. In simple
words, this method consists in finding a new Lie algebra & = S x g, by combining the
structure constants of a Lie algebra g with the elements of a semigroup S. Our starting
point will be the so-called Nappi-Witten algebra [65, 66] which can be interpreted as a
central extension of the homogeneous part of the Galilei algebra. Such Lie algebra can be
obtained as a In6nii-Wigner (IW) contraction of a central extension of the Lorentz algebra.
In this way, we consider the algebra generated by the Lorentz generator J4, and one extra
U(1) generator Y.

The contraction process is defined by the identification of the generators defining the
[Lorentz] @& u(1) algebra, with the Nappi-Witten generators as

N,
N,

Jo = +§2‘§7 Ja :féa, Y = —fzg, (4.1)

where J are spatial rotations, G, are Galilean boosts and S is a central charge. The result-

ing algebra coming from the contraction of the central extension of the Lorentz algebra is
|:j7 éa] = 6abé;b >

[éa, éb] = —Eabg. (4.2)

This algebra, which can be viewed as the Heisenberg algebra with an outher automorphism
J, will be our original algebra in the expansion process. As we will see, using different
Abelian semigroups it is possible to derive different NR algebras.

4.1 Maxwellian exotic Bargmann algebra

Let us first obtain the Maxwellian Exotic Bargmann algebra recently introduced in [42].
For this purpose we consider the Nappi-Witten algebra (4.2) and the Abelian semigroup

,10,



Sg) = {0, A1, A2, A3}, whose multiplication law is given by

A3 | A3 A3 A3 A3
Ao | A2 A3 A3 A3
AM AL A A3 A3 (4.3)
Ao [ Ao A1 A2 A3
Ao A1 A2 A3

and where A3 = 0g is the zero element of the semigroup such that Og), =
0g. After considering a 0Os-reduction, one finds a new algebra whose generators

{j, éa, H, P,, Z, ZaS, M, T} are related to the Nappi-Witten ones as

J=XoJ, Go = MGa, S = X\oS,
H=MJ, P, = MG, M= \8S, (4.4)
Z =X, Z0 = MGy, T = XS

Using the multiplication law of the semigroup (4.3) and the Nappi-Witten commuta-
tors (4.2), one finds that the expanded generators satisfy the following non-vanishing com-
mutation relations

i

(Gu By] =~ (Co 2] =~
(.G = cuB, 7. 2] = e,
[ ], ~a: = caby, [13} ~a_ = eaZp, (4.5)
TGl = carCr. Pus B] = —eaT
(G G| = S 12.Ga| = caZy.

The algebra (4.5) correspond to the Maxwellian Exotic Bargmann algebra and can be
obtained as the NR contraction of [Maxwell] & u(1) @ u(1) @ u (1) algebra. Indeed, as was
shown in [42], (4.5) can be obtained from the relativistic Maxwell algebra generated by
{J 4, Pa, Z 4} which satisfy

[Ja,JB] = €apcd®,
[Pa, Pg| = eapcZC,
[Ja, ZB] = eapcZ©, (4.6)
[Ja, Pg] = €apcPC,

and three extra U (1) generators Y7, Y5 and Y3. At the relativistic level, there has been
a growing interest in exploring (super)gravity models based on the Maxwell algebra and
its generalizations [68-87]. Interestingly a dual version of the three-dimensional Maxwell
algebra, known as Hietarinta algebra [88], can be obtained by interchanging the role of the
momentum generator P4 with the Maxwell gravitational generator Z 4. In this dual version,

— 11 —



interesting results have been recently obtained in [28, 89] in which a three-dimensional bi-
gravity action has been presented.
The contraction is defined through the following identifications:

J - - J -
J0_§+£257 JazéGa) Y2:§7§2515
H - _ H -
Py=— M P,=P,, Yi=——&EM, 4
0 254-5 ; 1= 9 '3 (4.7)
Z - Za 7 .
Zy=—+T Ly = —, Y3 = — —
0 2524—, ¢ 3 262

which is the same identification used in the AdS-Lorentz case. The main difference appears
in the absence of the ¢ parameter in the relativistic algebra (4.6).

It is worth it to mention that the MEB algebra is obtained by expanding the Nappi-
Wittwn algebra using the same semigroup Sg) used at the relativistic level [90]. As we
shall see, such particular feature will appear not only for the MEB algebra. The same
behavior appears for infinite-dimensional expanded (super)algebras in which the same ex-
pansion relation appearing for finite (super)algebras can be used for infinite-dimensional
(super)algebras [91, 92].

The following diagram summarizes the NR limit as well as the S-expansion applied at
the relativistic and NR level:

s0(2,1) ® u(l) ﬁ) Maxwell @ u(1)3
{JAaY} {JA7PAaZAaY17Y27Y3}
J IW contraction J NR limit
Nappi-Witten algebra s Maxwellian Exotic Bargmann algebra
~ o~ o~ — o~~~ o~~~
{J.Ga, 5} {J.Gas 11, P07, 20,8, 00, }

4.2 Enlargement of the extended Bargmann algebra

Let us focus now in the NR version of the AdS-Lorentz algebra which is the main topic
of the present work. As we have seen, this algebra corresponds to the contraction of the
AdS-Lorentz algebra enlarged with three extra U(1) generators, namely the NR limit of
[AdS-Lorentz] @ u(1) ®u (1) du(l) algebra. An alternative way of deriving this NR algebra
is through the S-expansion.

As in the previous cases, we first consider the Nappi-Witten algebra (4.2) and a suitable
semigroup. For our purpose, we choose the Abelian semigroup Sﬁ) = {0, A1, A2}, whose
elements satisfy

TN Nagpz if a+B>2 '

The election of the semigroup is motivated by the fact that the AdS-Lorentz algebra can

be obtained as a S’/(a)—expansion of the Lorentz algebra in three spacetime dimensions.
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After considering the S/(\i)—expansion of the Nappi-Witten algebra one finds an enlarge-

ment of the extended Bargmann algebra whose generators {j , éa,fl Py, Z,Z,,5 M 7T}
satisfy the commutation relations:

(Go B = e, [Gu 2] = —eaT,  [A.2)) = peahs,
[1.6.] = B 5.2 =cwZs, |20 2] = peal
7.2 = carh. R =cwts,  [Pud]=—geadl,  (@9)
7.6 =caln,  [PuB]=—wf,  [2.B]= e,
[Gu G = —ewsS. (2.64] = cwa. 2,2.] = eas

The explicit commutators appears by considering the multiplication law (4.8) and the

Nappi-Witten algebra (4.2). In particular, the expanded generators are related to the
Nappi-Witten ones as

J = XoJ, Go = MGa, S = XoS,
(H=M\J, (P, = MGy, M = )\ S, (4.10)
0’7 = X, ’Z, = MGy, T = X\,S.

It is interesting to note that the Nappi-Witten algebra is the smallest Lie subalgebra of
the EEB algebra containing rotations and boosts. The following diagram summarizes the

NR limits, the S-expansion applied at the relativistic and NR level and the corresponding
flat limits:

50(2,1) @ u(1) 5@ [AdS-Lorentz] @ u(1)3 l—00 3
- — | [Maxwell|pu(1
{Ja, Y} {Ja, Pa, Z4,Y1,Y2, Y3} [ Jou(1)
J IW contraction 4 NR limit J NR limit
Nappi-Witten algebra 5@ EEB algebra Iyoo
J.G.. 8 = | {iGem b2z, 50T} | | MEP e

A particular advantage of the S-expansion procedure is that it allows us to obtain the
expanded invariant tensor in terms of the original one [56]. It is well known that the
invariant tensor is a crucial ingredient for the construction of a CS action. In particular, the
non-vanishing components of the invariant tensor of the Nappi-Witten algebra are given by

<J§> — 1,
<C¥aéb> = b, (4.11)

Then, considering the definitions of the Theorem VII of [56], we recover the non-vanishing
components of the EEB algebra given by (3.9)—(3.10). Let us note that the invariant
tensor of the MEB algebra can not only be derived as flat limit £ — oo of (3.9)—(3.10) but

,13,



can also be obtained from the Nappi-Witten invariant tensor (4.11) considering Sg) as

the relevant semigroup. It would be interesting to extend this methodology to approach
new supersymmetric extension of NR gravity theories.

5 Discussion

In this work we have presented the NR limit of the relativistic AdS-Lorentz gravity
theory. A particular U (1) enlargement of the AdS-Lorentz algebra is considered in order
to avoid infinity and degeneracy difficulties. In particular, an enlargement of the extended
Bargmann algebra is presented by considering the NR contraction of the [AdS-Lorentz]
@Du(l)®u(l)Pu(l) algebra. Such NR algebra allows to construct a proper finite NR CS
action. Interestingly, we have shown that the NR CS gravity theory presented here repro-
duces the Maxwellian Exotic Bargmann gravity [42] in the limit ¢ — oo. Furthermore, in
such limit the NR CS gravity action contains the Extended Bargmann gravity as a subcase.

We have also studied an alternative method to obtain the EEB and MEB algebra using
the S-expansion procedure. It is interesting to note that the S-expansion method not only
provides us with consistent NR algebras but gives us the appropriate central extension of
the NR algebras in order to have well defined non-degenerate bilinear form. In particular,
at the relativistic level, the same semigroup S gives us the respective relativistic algebras
with extra Abelian generators whose presence assures a finite Lagrangian in the NR limit.
Let us note that further generalizations of the Galilean algebra have also been obtained
through the S-expansion method in [93]. On the other hand interesting works have recently
appeared in the literature where the Lie algebra expansion method using the Maurer-Cartan
equations [94], which is the first report introducing in a general procedure the Lie algebra
expansions, has been used to obtain several (super)algebras for NR (super)gravity [95, 96].
It would be worth studying the possibility to obtain the EEB algebra and the MEB one
by applying the Lie algebra expansion of [94] to the relativistic AdS-Lorentz and Maxwell
algebra, respectively.

It would be interesting to extend the results obtained here at the supersymmetric level.
In particular, the Maxwell and AdS-Lorentz supergravity in the CS formalism have been ex-
plored recently in [81, 86]. It would be worth it to explore the extra bosonic field required at
the relativistic level to formulate a proper finite NR supergravity action [work in progress|.

Another aspect that deserves further investigation is the ultrarelativistic limit of the
AdS-Lorentz theory [work in progress|. One could obtain the complete cube, analogously
to the ones presented in [29, 97], describing the ultrarelativistic, non-relativistic and flat
limits for the AdS-Lorentz symmetry. In particular, one could expect to find an Carroll
version of the AdS-Lorentz algebra.
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