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1 Introduction

The main purpose of this paper is to complete the classification of AdS backgrounds that
preserve strictly more than 16 supersymmetries in 10- and 11-dimensional supergravities.
Such backgrounds have found many applications originally in supergravity compactifica-
tions and more recently in the AdS/CFT correspondence, for reviews see [1, 2|. In the



latter case AdS backgrounds that preserve N > 16 supersymmetries are associated with
the best understood examples of the correspondence [3, 4].

The maximally supersymmetric AdS backgrounds® have been classified in [6] and it has
been found that they are locally isometric to the AdSyx S7 [7] and AdS; x S* [8] solutions of
11-dimensional supergravity, and to the AdSs x S° solution of IIB supergravity, see [9] and
comment within. There are no AdS; backgrounds that preserve 16 < N < 32 supersymme-
tries [10-12] and no smooth AdSg backgrounds that preserve N > 16 supersymmetries with
compact without boundary internal space [13]. More recently, it has been demonstrated
under the same assumptions on the internal space that there are no smooth AdSs; back-
grounds that preserve 16 < N < 32 supersymmetries [14]; see [15-17] for applications to
AdS/CFT. It has also been shown in [18] that the only smooth AdS, solution with compact
without boundary internal space that preserves 16 < N < 32 supersymmetries is locally
isometric to the N = 24 ITA solution AdSy x CP? of [19]. Moreover it has been shown in [20]
that there are no smooth AdSs backgrounds in 10- and 11-dimensional supergravities with
compact without boundary internal space that preserve N > 16 supersymmetries. Product
solutions AdS,, x MP~" with MP~" a symmetric space have been classified in [21]-[24].
Furthermore the geometry of all heterotic AdS3 backgrounds have been investigated in [25]
and it has been found that there are no solutions that preserve N > 8 supersymmetries.

The only class of backgrounds that remains to be investigated are the warped AdSs
backgrounds with the most general allowed fluxes in 10-dimensional type II and 11-
dimensional supergravity theories that preserve N > 16 supersymmetries. For these, we
shall demonstrate a non-existence theorem provided that the solutions are smooth and
their internal spaces are compact manifolds without boundary. It suffices to establish the
non-existence theorem up to local isometries. The more general result follows as there are
no new geometries that can be constructed by taking quotients by discrete groups.

The method used to establish this result relies on a number of recent developments.
One of them is the integration of both field equations and Killing spinor equations (KSEs)
of 10- and 11-dimensional supergravities over the AdS,, subspace for all warped AdS back-
grounds, AdS,, X, MP~" without making any other assumptions on the fields and Killing
spinors apart from imposing the symmetries of the AdS subspace on the fields [10-12]. This
integration reduces the field equations and KSEs of 10- and 11-dimensional supergravity
theories to a system of independent equations on the internal space MP~". To solve these,
we use another key development which is the homogeneity theorem in [26]. This states
that all 10- and 11-dimensional supergravity backgrounds that preserve N > 16 super-
symmetries are Lorentzian homogeneous spaces and all the fields are invariant tensors.
Another ingredient for the proof is the classification of Killing superalgebras of all warped
AdS backgrounds in [27]. For AdS backgrounds that preserve N > 16 supersymmetries
this enables us to identify all the Lorentzian algebras that act transitively and (almost)
effectively? on the spacetime. The requirement for a transitive action is a consequence

!The maximally supersymmetric AdS backgrounds are of the type considered previously in [5].
2A group G acts almost effectively on a space M, iff the group action induces an inclusion of £ie G into
the space of vector fields on M, see also section 2. We also say that Lie G acts effectively on M.



of the homogeneity theorem while that of the (almost) effective action is needed for the
super-Jacobi identities of the superalgebra to be satisfied.

The strategy of the proof is as follows. First one establishes that for all AdSz x,, MP~3
backgrounds that preserve N > 16 supersymmetry, the warp factor is constant. Therefore
the geometry is a product AdSs; x MP=3. To show this, either one uses that the solutions
are smooth and the internal space is compact without boundary as well as techniques
from the proof of the homogeneity theorem or that the even subalgebra gg of the Killing
superalgebra g of AdSs x, MP~3 decomposes as go = is0(AdS3) @ iso(MP~3), where
is0(AdS3) is an isometry algebra of AdS3 and iso(MP~3) = t; is an isometry algebra of
the internal space MP—3.

Having established that the N > 16 AdSs backgrounds are products, AdSz x MP—3
and that go = is0(AdS3) @ to, where tg is an algebra of isometries on MP~3, we obtain as
a consequence of the homogeneity theorem that the internal space is a homogeneous space
G/H with £ie G = ty. In addition, the theorem requires that all fields are invariant under
the left action of G on G/H.

The final part of the proof involves the identification of all homogeneous spaces?

in
seven and eight dimensions that admit a transitive and an almost effective action of a group
G with Lie algebra tg. For ty semisimple, one can identify the relevant homogeneous spaces
using the classification results of (simply connected) 7- and 8-dimensional homogeneous
manifolds in [28]-[32]; for a concise description see [29]. There is also the need of a proce-
dure on homogeneous spaces which tests whether a ty can act effectively on a given G/H.
In section 2, we refer to it as “modification” of a homogeneous space. A similar approach
can be used for the case that ty is not semisimple. After identifying all the suitable homo-
geneous spaces, a substitution of the geometric data into the field equations and KSEs of
supergravity theories in 10- and 11-dimensions establishes our non-existence theorem.

Before we proceed with the proof, let us investigate the need for the assumptions we
have made. First one can establish that if AdS3 x,, MP~3 is smooth and MP~3 is compact
without boundary, then the even subalgebra of the Killing superalgebra of AdSsz x,, MP~3
will decompose as go = i50(AdS3) @ty [27]. The requirement that M P~ must be compact
without boundary may be weakened but not completely removed. If it is removed, then
go may not decompose as stated above. In addition the warp factor of AdSz x,, MP~3
backgrounds with N > 16 supersymmetries may not be constant and there exist AdSs
backgrounds that preserve N > 16 supersymmetries, see [35] for a detailed exposition.
In particular the maximally supersymmetric AdS; x S7 and AdS; x S* backgrounds of
11-dimensional supergravity can be viewed as warped AdS3 backgrounds but the internal
spaces are not compact without boundary.

The paper is organized as follows. In section 2, we describe the Killing superalgebras
of AdS3 backgrounds and introduce the notion of a modification of a homogeneous space
which allows us to test whether an algebra can act effectively on it. In sections 3, 4 and
5, we prove the main result of our paper for 11-dimensional, ITA and IIB supergravities,
respectively. In appendix A, we describe our conventions. In appendix B, we present some

3As we are investigating supersymmetric backgrounds, we require that all the internal spaces are spin.



aspects of the structure of homogeneous spaces admitting a transitive action by a compact
but not semisimple Lie group that are useful in the proof of our results, and in appendix
C, we describe the geometry of the N*! homogeneous space.

2 Symmetries of AdS3; backgrounds

2.1 Killing superalgebras of AdS3 backgrounds

As AdSs is locally a group manifold, the Killing superalgebras of warped AdSs backgrounds
with the most general allowed fluxes decompose as g = g7, @ ggr, where g7 and ggr are
associated with the left and right actions. The left and right Killing superalgebras g7, and
gr have been identified in [27]. This has been done under the assumptions that either the
internal space is compact without boundary or that the even subalgebra decomposes as
(gr)o = sl(2,R)r, @ (tr)o and similarly for gr. As go = iso(AdS3) ® to = (g2)o @ (9r)o,
i50(AdS3) is isomorphic to either s[(2,R); or sl[(2,R)p if the background has only either
left or right supersymmetries, respectively, or iso(AdS3) = sl(2,R); @ sl(2,R)g if the
background has both left and right supersymmetries. Furthermore tg = (t1.)o ® (tr)o-

It has been shown in [27] that for AdS3 backgrounds ty may not be semisimple and
in addition may admit central terms ¢ which commute with all other generators of the
superalgebra. We shall show below that in all cases but one ¢, = {0}. If ¢, # {0}, it
will have at most dimension 3. The left and right superalgebras are isomorphic and so it
suffices to present only the left ones. These are tabulated in table?* 1.

2.2 Central terms

We shall focus on gy, as the description that follows below also applies to gr. It has been
observed in [27] that the Killing superalgebras of AdSs backgrounds may exhibit central
terms. Such terms may occur in all cases apart from osp(n|2) and D(2,1,«). However
it has been shown in [27] that both f(4) and g(3) do not exhibit such terms. Though
5[(2]2)/14x4 can exhibit up to three central terms. This is because s[(2|2)/14x4 arises as a
special case of (2,1, «) at special values of the parameter «. At those values three of the
R-symmetry generators of ®(2,1, «) span the R-symmetry algebra so(3) of s[(2]2)/14x4
and the other three become central.

It can also be shown that sl(n|2), n > 2 and osp(4|2n), n > 1, do not exhibit central
terms either. This can be seen after an analysis of the condition

tY/ tY7 tY;/ tY;/
Qg Vts’ — Qlpsg! Vtr’ + Qprgry V;fs — Qyrglg V;f?“ = 07 (21)

of [27], where V., = — Vi, are the generators of (tz)o and «a is described in [27]. For sl(n|2),
n > 2, the central terms that can occur are (2,0) and (0,2) components of the V. However
one can show that these do not satisfy (2.1) unless they vanish. Thus ¢ = {0}.

It remains to investigate the superalgebra with (tz)o/cr = sp(n) @ sp(1). The central
generators that can occur are the V which lie in the complement of sp(n) ®sp(1) in so(4n).

4Throughout this paper sp(n), n > 1, denotes the compact symplectic Lie algebras. These have been
denoted with sp*(n) in [27] to distinguish them from the non-compact ones.



Ny or/crL (t)o/er | dimeg
2n osp(n|2) so(n) 0
dn, n > 2 sl(n|2) u(n) 0
8n,n>1 | osp(4]2n) | sp(n)® sp(1) 0
16 f(4) spin(7) 0
14 a(3) g2 0
8 D(2,1,a) | s0(3) ®so(3) 0
8 51(2]2) /14%4 su(2) <3

Table 1. AdS; Killing superalgebras in type II and 11D.

Taking the trace of (2.1) with one of the three complex structures that are associated with
sp(n) @ sp(1), one can demonstrate that all such generators V must also vanish. Thus
again ¢ = {0}. Therefore apart from s((2|2)/14x4, all the other superalgebras in table 1 do
not exhibit central terms.

2.3 On the G/H structure of internal spaces

We shall demonstrate later that the spacetime of all AdS; backgrounds that preserve > 16
supersymmetries in 10- and 11-dimensional supergravities is a product AdSs x MP~3 and
that MP=3 is a homogeneous space MP~3 = G/H such that LieG = tg. Of course G
acts transitively on MP~3. In addition it is required to act “almost effectively” on MP~3.
This means that the map of £ie G into the space of Killing vector fields of MP~3 is an
inclusion, ie for every generator of £ie G there is an associated non-vanishing Killing vector
field on MP~3. We shall also refer to this property as £ie G acting “effectively” on MP 3.
This latter property is essential as otherwise the super-Jacobi identities of the AdS Killing
superalgebra will not be satisfied. It is also essential for the identification of the manifolds
that can arise as internal spaces of all AdS, and in particular AdSs, backgrounds preserving
some supersymmetry.

For AdS3 backgrounds, there are two cases to consider. The first case arises whenever
to is a simple Lie algebra. Then the internal spaces can be identified, up a to factoring
with a finite group, using the classification of the simply connected 7- and 8-dimensional
homogeneous spaces in [28]-[32]. This is sufficient to identify the internal spaces of all such
AdS;3 backgrounds that preserve N > 16 supersymmetries.

However for most AdS3 backgrounds ty is not simple. Typically it is the sum of two
Lie algebras, ty = (t1)o @ (tr)o, one arising from the left sector and another from the right
sector. In addition, it may not be semisimple. For example, we have seen that ty = u(3) =
su(3) @ u(1) for the sl(3|2) Killing superalgebra and to = su(2) @ ¢ for the sl(2[2)/14x4
superalgebra with a central term ¢. Furthermore, tg is not semisimple for all AdSs back-
grounds that exhibit either N = 4 or N = 4 supersymmetries. Given that ty may not be



simple, the question then arises how one can decide given a G'/H’ space chosen from the
classification results of [28]-[32] whether ty acts both transitively and effectively on G'/H'.

Let us illustrate this with examples. It is known that both U(n) and SU(n) act
transitively and effectively on $?"~!. Thus $?"~! = U(n)/U(n — 1) and S*"~ 1 =
SU(n)/SU(n—1). However for n > 2, it is u(n) which appears as a subalgebra of s[(n|2) and
so u(n) is expected to act transitively and effectively on the internal spaces instead of su(n).
From this perspective U(n)/U(n—1) can arise as a potential internal space of an AdS3 back-
ground whereas SU(n)/SU(n — 1) should be discarded. As in the classification results for
homogeneous spaces it is not apparent which description is used for a given homogeneous
space but essential for the classification of AdS3 backgrounds, let us investigate the above
paradigm further. To see how S$?"~! = SU(n)/SU(n — 1) can be modified to be written as
a U(n)/U(n—1), consider the group homomorphism ¢ from SU(n—1) x U(1) into SU(n) as

(4,2) 5 <Az ; ) : (2.2)

0 zlfn

In fact ¢ has kernel Z,,_; and so factors to U(n — 1). Next consider SU(n) x U(1) and the
group homomorphism j of SU(n — 1) x U(1) into SU(n) x U(1) as

(A, z) EN <<%Z Zlon> ,z"_1> : (2.3)

Again j has kernel Z,,_; and so factors to U(n—1). Then SU(n)xU(1)/j(SU(n—1)xU(1)) =
S?n=1 with SU(n) x U(1) acting almost effectively on S?"~!. Furthermore one can verify
that U(n) = (SU(n) x U(1))/Z, acts effectively on S*"~! as expected.

The key point of the modification described above is the existence of U(1) C SU(n)
such that SU(n — 1) x U(1) € SU(n) and that this U(1) acts on both SU(n) and the U(1)
subgroup of SU(n) x U(1). Observe that after the modification the isotropy group is larger
and so the invariant geometry of S?"~! as a U(n)/U(n — 1) homogeneous space is more
restrictive than that of S?"~! = SU(n)/SU(n — 1).

Another example that illustrates a similar point and which will be used in the analysis
that follows is S” = Sp(2)/Sp(1). It is known that S7 can also be described as S7 =
Sp(2) - Sp(1)/Sp(1) - Sp(1), where Sp(2) - Sp(1) = Sp(2) x Sp(1)/Zy and similarly for
Sp(1) - Sp(1). The modification required to describe ST as an Sp(2) - Sp(1)/Sp(1) - Sp(1)
coset starting from Sp(2)/Sp(1) is as follows. View the elements of Sp(2) as 2 x 2 matrices
with quaternionic entries and consider the inclusion ¢ of Sp(1) x Sp(1) in Sp(2) as

(z,y) ("g 2) 7 (2.4)

where z and y are quaternions of length one. Then the map j from Sp(1) x Sp(1) into

Sp(2) x Sp(1) is constructed as
(,y) & ((3 0) y) : (2.5)
)



One finds that Sp(2) x Sp(1)/j(Sp(1) x Sp(1)) is diffeomorphic to S7, with Sp(2) x Sp(1)
acting almost effectively and descending to an effective action for Sp(2) - Sp(1). Again the
additional Sp(1) introduced in the isotropy group acts both on Sp(2) and the additional
Sp(1) introduced in the transitive group. The geometry of the homogeneous space S7 =
Sp(2) - Sp(1)/Sp(1) - Sp(1) is more restrictive than that of S7 = Sp(2)/Sp(1). In fact the
former is a special case of the latter. As a final example SU(2) x SU(2)/SU(2) can be seen
as a modification of the homogeneous space SU(2)/{e}. From now on we shall refer to such
constructions as “modifications” of a homogeneous space.

On the level of Lie algebras the modifications can be viewed as follows. Suppose g
decomposes as tg = £ @ ¢, where € and ¢ are Lie algebras, and that there is a homogeneous
space K/L with Lie(K) = ¢. To see whether K /L can be modified to admit an effective
action of the whole ty algebra, it is first required that [ & e is a subalgebra of £, where
LieL = [. Then, up to possible discrete identifications, K /L can be modified to Kx E/LxE,
where now E with L£ie ' = ¢ acts on both the K and E subgroups of the transitive group.

All 7- and 8-dimensional K /L homogeneous spaces with K semisimple are known up
to possible modifications. Because of this for {3 semisimple, one can systematically search
for all modifications to K /L homogeneous spaces to find whether a Lie algebra ty; can act
transitively and effectively on a modified homogenous space. If ty is not semisimple, we
have argued in appendix B that up to discrete identifications one can construct all the
homogeneous spaces G/H with Lie G =ty as product of a modification of a homogeneous
space K /L with K semisimple with the abelian group x*U(1).

As we shall see the modifications of homogeneous spaces are necessary to identify all
possible internal spaces of AdSs backgrounds that can preserve some supersymmetry. For
such modifications to exist for K /L a necessary condition is that the rank of L must be
strictly smaller than that of K. It turns out that this is rather restrictive in the analysis
that follows.

Let us now turn to investigate the homogeneous geometry of a modification K x E/Lx E
of the homogenous K /L space. One can show that this can be explored as a special case
of that of K/L. Indeed suppose that £ = [ @ m. Then observe that one can choose the
generators of Lie(K x F) such that Lie(K x F) = j([®e) @m, where j : [Pe — de is the
inclusion of the modification. Therefore the tangent space at the origin of the original K/H
space and that of the modification K x E//L x E can be identified with the same vector space
m. The only difference is that m as the tangent space at the origin of K/L is the module
of a representation of [ while after the modification m is the module of a representation of
[ @ e. Thus all the local homogeneous geometry of the modification K x E/L x E is that
of K/L which in addition is invariant under the representation of ¢ on m.

3 N > 16 AdS5 X, M?8 solutions in 11 dimensions

3.1 Fields

We consider warped AdSs backgrounds with internal space M8, AdSs3x,, M?®, with the most
general allowed fluxes invariant under the symmetries of the AdS; subspace. The bosonic



fields of 11-dimensional supergravity are a metric ds? and a 4-form field strength F. Follow-
ing the description of AdS3 x,, M® backgrounds presented in [10], these can be written as

ds? = 2du(dr + rh) + A?dz? + ds*(M®),
F=dun(dr+rh)NdzNQ+ X, (3.1)

where (u,r, z) are the coordinates of AdSs,
2 -1
h=—7ds—247'dA, (3.2)

¢ is the AdSs radius, A is the warp factor which is a function of M®, and Q and X are
a 1-form and 4-form on M3, respectively. The dependence of the fields on the AdSs
coordinates (u,r,z) is explicit while ds?(M®), A, Q, X depend only on the coordinates y!
of M8. Next we define a null-orthonormal frame as

et =du, e =dr+rh, € =Adz, e = egdyl, (3.3)
with ds?(M®) = §;;e'e’. The Bianchi identity dF = 0 of F implies that
d(A’Q)=0, dX =0. (3.4)

The field equations for F' give that

dxg X = —3dlog AN+, X —AT'QAX, (3.5)
and 1
d(A™ %, Q) = —5XAX, (3.6)

where our Hodge duality conventions can be found in appendix A. Similarly, the Einstein
equation along AdSs gives rise to a field equation for the warp factor A

2 1 1
ATIWIYLA 4 247 VRAVI A+ 5 = = Q% + — X7 :
V*Vi A+ VHAV, +62A2 3A2Q +144 , (3.7)
and the Einstein equation along M?® reads
R® — 347V, VA — 2A2Q,Q; + —X2 + 5, (2A72Q7 — —x? (3.8)
Y 2 PR AN 144 ’

where RS) is the Ricci tensor of the internal manifold M®. Note in particular that (3.7)
implies that A is nowhere vanishing, provided that A and all other fields are smooth.

3.2 The Killing spinors

Here we summarize the solution of the gravitino KSE of 11-dimensional supergravity of [10]
for warped AdSs3 x.,, M® backgrounds. In this approach, the KSE of 11-dimensional super-
gravity is first solved along the AdSs subspace and then the remaining independent KSEs
along the internal space M?® are identified. The Killing spinors can be expressed® as

e=o,4e it 4o +eir. —( WA o — 0 AT eTIT Ty (3.9)

®The gamma matrices are always taken with respect to the null-orthonormal frame (3.3).



where the dependence on the AdSs3 coordinates is explicit and o4 and 74 are Majorana
Spin(10,1) spinors that depend only on the coordinates of M® and satisfy the light-cone
projections

lior =0, TI'p7.=0. (3.10)

The remaining independent KSEs on M? are

Ve =0, vFr =0, (3.11)
and
=g, =0, <E<i> + 2) T4 =0, (3.12)
where
Vgi) =V; % %81‘ log A — %I:XZ + %X@ F %Ailrzmi + éAileri ’ (3.13)
2 = :F% - %anA + %APZX + é@. (3.14)

The conditions (3.11) can be thought of as the restriction of the gravitino KSE of 11-
dimensional supergravity on M® while (3.12) arises from the integration of the gravitino
KSE along the AdS3 subspace.

To make a connection with the terminology used to describe the Killing superalgebras
of AdS3 backgrounds in section 2, the Killing spinors € that depend only on the o4 type
of spinors are in the left sector while those that depend on 74 spinors are in the right
sector. The existence of unrelated® o4 and 74+ types of spinors is the reason that the
Killing superalgebra g of AdS3 decomposes as g = g7, @ gr. Furthermore, it has been noted
in [10] that if o4 and 74 solve the KSEs (3.11) and (3.12), so do

o_=Al_,o., 7_-=Al_,7{. (3.15)

Therefore the number of Killing spinors N = Ny, + Ny of AdS3g backgrounds is always even,
where Nz and Np is the number of Killing spinors of the left and right sector, respectively.

3.3 For N > 16 AdSj3 solutions M?® is homogeneous

3.3.1 Factorization of Killing vectors

It has been shown in [27] that for compact without boundary internal spaces M?®, the even
part of the Killing superalgebra gy decomposes into the algebra of symmetries of AdS3 and
those of the internal space M®. This together with the homogeneity theorem of [26] can
be used to show that the internal space M?® is homogeneous for N > 16 backgrounds.

For AdSs3 backgrounds, the condition [27] for go = iso(AdSs3) @ to is

<T+7 Fiza+> =0, (316)

5In AdS,, n > 3, backgrounds the o+ and 7+ spinors are related by Clifford algebra operations.



for all o and 71 spinors that satisfy (3.11) and (3.12). This can be derived using the
compactness of M8 as follows. Setting A = o, + 7 and making use of the gravitino
KSE (3.11), one finds

_ 1 1,
Vil AIP=— AP A7Vid+ T (A TGA) - ZATQUATL) . (317)

Now, note that the algebraic KSE (3.12) implies
fov—m) = (T JTX+ 10) A, (3.18)
which, after multiplying by A~'T";, and substituting back into (3.17), gives
Vil AP=2071 A7 7 Tioy ). (3.19)
Furthermore, the gravitino KSE (3.11) also yields
V' (Alry,Ti04)) =0. (3.20)
Combining this with (3.19), one ends up with
V2| A |2 4247 VIAY, || A 2= 0. (3.21)

The Hopf maximum principle then implies that || A || is constant, thus (3.19) yields (3.16).
One consequence of (3.16) is that the linearly independent spinors o, and 74, on
account of (3.12), are also orthogonal

<T+,O'_|_> =0. (322)
One can see this by taking (7, 2o ) — (o, (EH) +£71)7,) = 0 and using (3.16).

3.3.2 A is constant and M?8 is homogeneous

Let us define the spinor bilinear
W; = Alm(x1, iz x2), (3.23)
where y either stands for o or 74 . The gravitino KSE (3.11) then implies
ViW; =0, (3.24)

ie W is a Killing vector” on M®. From (3.16) it follows that the only non-vanishing Killing
vector fields W are those that are constructed as bilinears of either o4 or 74 spinors.

As a consequence of the algebraic KSEs (3.12), one has Im(c!,=*)s2) = 0 and
Im(71, (E) + ¢71)72) = 0. Expanding these, one finds that

iwdA =0, (3.25)

where W is a bilinear of either o4 or 74 spinors.

7If the bilinear in (3.16) does not vanish, then the associated W is not a Killing vector over the whole
spacetime.
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M® =G/H
(1) SU(3), group manifold
(2) W@S)p(l) = HP?, symmetric space
(3) % = CP*, symmetric space, not spin
(4) giﬁﬁ% = 5%, symmetric space
(5) Sl’}(QZ)y T? C Sp(2) maximal torus
(6) S§(24), symmetric space
(™) %ﬁj(?)) = Ga(CY) = %@)(2) = G5(R%), Grassmannian, symmetric space
® st
(9) S%xS6
(10) S% x CP?
(11) S2 x 81%(23)
(12) 52 x Go(R®), not spin
(13) S%x S°
(14) S% x 288;, not spin
(15) S4x 54
(16) S* x CP?, not spin
(17) CP? x CP?, not spin
(18) 5% x §? x g4
(19) S?x 83 x 83
(20) S?x S? x §? x §2
(21)  S% x S2 x CP?, not spin

Table 2. 8-dimensional compact, simply connected, homogeneous spaces.

As it has been mentioned, (3.16) implies that the only non-vanishing Killing vectors
W on M8 are those constructed from either oy or 7, spinors. Therefore (3.25) will be
valid for all non-vanishing Killing vectors W on M®. Suppose now that N > 16. A similar
argument to that used for the proof of the homogeneity theorem in [26] implies that the
set of all Killing vectors W span the tangent space of M®. Thus A is constant and M?®
is homogeneous. It should be noted that if (3.16) is not valid, then the vector fields W
in (3.25) may not span all the Killing vectors on M?®.

Therefore we conclude that all N > 16 supersymmetric AdSs backgrounds are products
AdSs3 x M8, where M8 is a homogeneous space. In the analysis that follows, which includes
that of AdSs backgrounds in type II 10-dimensional supergravities, we shall focus only on
such product spaces.

— 11 —



3.4 Electric solutions do not preserve 16 < N < 32 supersymmetries

A consequence of the constancy of the warp factor is that it rules out the existence of
electric solutions that preserve 16 < N < 32 supersymmetries. Indeed for electric solutions
X = 0. The algebraic KSE (3.12) on o reduces to

1 1
g@fﬂr =0+ (3.26)
which implies the integrability condition
1 1

On the other hand the field equation for the warp factor (3.7) yields %QQ = e% which is a
contradiction as the radius of AdSs does not vanish, ¢ # 0.
3.5 N > 16 solutions with left only supersymmetry

Suppose first that the solutions only have left-hand supersymmetry. In such a case, the
Lie algebras that must act transitively and effectively on the internal spaces are

so(n)r, n=29--,15, (N =2n);
u(n)r, n=56,7, (N = 4n);
(sp(3) @ sp(1))L, (N =24), (3.28)

where N < 32 as there are no AdSs solutions which preserve maximal supersymmetry.
Furthermore solutions that preserve N = 30 supersymmetries have already been excluded
in [36]. An inspection of the list of homogeneous spaces reveals that the only possibility
that can occur is S® = Spin(9)/Spin(8) which can preserve 18 supersymmetries. However
S8 is a symmetric space and there are no invariant 1- and 4-forms. Thus @Q = X = 0 which
in turn implies F' = 0. This leads to a contradiction as the field equation for the warp
factor cannot be satisfied.

3.6 NN > 16 solutions with Np = 2

For Nr = 2 there are no right isometries and so all the symmetries of the internal space
are generated by (tz)o. The Lie algebras (t7,)o that act transitively and effectively on the
internal spaces are

so(n)r , n=38,--,14, (N =2n+2);
u(n)r,, n=4,---,7, (N =4n+2);
(sp(n) ®sp(1))L, n=2,3, (N =8n+2);
spin(7) g (N =18), (3.29)

where the last case is associated with the Killing superalgebra f(4). An inspection of the
8-dimensional homogeneous spaces in table 2 reveals that there are only two possibilities
that can occur

S® = Spin(9)/Spin(8) (N = 20),
CP? x S? = Sp(2)/(Sp(1) x U(1)) x Sp(1)/U(1) (N =18). (3.30)

— 12 —



|1, J2, J3) relations for the fluxes

I+, £, +) é<2‘% %?—(Zii?é‘):el
=), =+, 5) é(zgi%zg) L

w0 |Harpeprn)--4

Table 3. Decomposition of (3.34) into eigenspaces.

Observe that G2(C?*) = SU(4)/S(U(2) x U(2)) could have been included as a potential
internal space of an AdSs; background with N = 18 supersymmetries provided that it
admitted an effective u(4) action. However this is not the case as the rank of the isotropy
group S(U(2) x U(2)) is the same as that of SU(4) and so it cannot admit a modification
such that U(4) acts almost effectively on Go(C*). For confirmation, we have also excluded
this case with an explicit calculation which we shall not present here.

In addition AdS3 x S® can also be excluded as a solution with an identical argument
to the one we produced in the previous case with no right-handed supersymmetries. The
remaining case is investigated below.

3.6.1 CP? x S§? =Sp(2)/(Sp(1) x U(1)) x SU(2)/U(1)
For the analysis that follows, we use the description of the geometry of the homogeneous

space Sp(2)/(Sp(1) x U(1)) presented in [18], where more details can be found. The metric
on the internal space CP? x S? is

ds*(M®) = ds*(CP?) + ds*(S?), (3.31)

where

ds*(CP?) = a ;007 + bo,5070%,  ds®(S?) = c((£7)* + (¢%)?)
and (01, 05), i =1,...,4, r = 1,2 is a left-invariant frame® on CP® and (£7,¢8) is a left-
invariant frame on S?. Moreover a, b, ¢ > 0 are constants. As there are no invariant 1-forms

(3.32)

@ = 0. The most general invariant 4-form is

X = %alzgﬁ NS b g NI +asond+aso AT (3.33)
where aq, ..., a4 are constants, Ig(,H = ("2 4 3 and @ = (12 are invariant 2-forms on CP?
whose properties can be found in [18] and o = £78,

The closure and co-closure of X give a relation between «q and as, and between ag
and ay, but they are not essential here. Also X A X = 0 implies that ayag = 0.

On the other hand the algebraic KSE (3.12) can be written as

1 a1 (%)
| =J1Jo — —(J1+ J2) —
6(@2 1J2 (J1+ J2)

%J:g +
be ac

oy 1

ba (Jl + JQ)J3) J1J2J3U+ =

5In [18], the left-invariant frame on CP? has been denoted as (¢*,¢%) a = 1,...,4, r = 1,2 instead.
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where J; = 1212 J, = 3412 apnd J; = I'"812, We have chosen the orientation such that
.oy = —JyJaJso . The decomposition of the algebraic KSE into the eigenspaces of Jp, Jo
and J3 as well as the relations implied amongst the fluxes for each eigenspace can be found
in table 3.

As each common eigenspace of Jy, Jo and J3 has dimension two for solutions with N >
16 supersymmetries one has always to consider either one of the eigenspinors |+, —, +) and
|—,+, %) or all the eigenspinors |+, +, +) and |+, £+, —). In the former case, we have that

1 a1 Qs 2 1
= L2 = 3.35
36 <a2 + bc> (2A%° (3:35)

where we have chosen without loss of generality the eigenvalue 41 of J3. Taking the

difference of the equation above with the warp factor field equation

1 (a?  2a3 o 2032 1
12 <a4 Tee Tpe T ee) T rar (3:36)

we find that o = as = a3 = a4 = 0, and so X = 0, which is a contradiction. In the latter
case we have that oy = ag = a4 = 0 and %% = —ﬁ. Comparing this with the warp
factor field equation above again leads to a contradiction. There are no solutions with

internal space Sp(2)/(Sp(1) x U(1)) x SU(2)/U(1) that preserve N > 16 supersymmetries.

3.7 N > 16 solutions with Ngr = 4

The only right superalgebra that gives rise to 4 supersymmetries is 0sp(2|2) which in
turn leads to an so(2)pg right-handed symmetry. Therefore the Lie algebras that act both
transitively and effectively on the internal spaces M® are

so(n)p ®s0(2)r, n="7--,13, (N =2n+4);

u(n)r ®so(2)r, n=4,506, (N =4n+4);

(sp(n) @ sp(1))r ©s0(2)R, n=2.3, (N =8n+4);

spin(7) ©s0(2)p, (N = 20);

(92)1 B so(2)R, (N =18). (3.37)

Up to a finite cover, the allowed homogeneous spaces are

Spin(7)/Ga x S, (N =18,20); Spin(8)/Spin(7) x S*, (N =20);
STx St =U(4)/U(3) x St, (N =20);
ST x St = (Sp(2) x Sp(1))/(Sp(1) x Sp(1)) x S*, (N =20);
51 % 83 x S' = Spin(5)/Spin(4) x SU(2) x S*, (N = 20). (3.38)

Observe that all the cases that arise, up to discrete identifications, are products of 7-
dimensional homogenecous spaces with S'. This is because it is not possible to modify
8-dimensional homogeneous spaces which admit an effective and transitive action of the
(tz)o Lie algebras in (3.37) to homogeneous spaces which admit an effective and transitive

— 14 —



| Py, P, P3) relations for the fluxes

|+)+7+>5 |+7+7 _>7 |_)+a+>7 ‘+a R _> (_%OZFZ + %A_17F8)|> = %|>
|_7+7_>7 ‘_7_7+>7 _7_7_>
I+, —+) (§aTs + 3A " Ts)|) = 4])

Table 4. Decomposition of (3.41) KSE into eigenspaces.

action of tg = (t1)o @ s0(2)r. This is due to the fact that for all candidate homogeneous
spaces that can occur the rank of the isotropy group is the same as the rank of (tz)o.

However a modification has been used to include the homogeneous space S” x S =
(Sp(2) x Sp(1))/(Sp(1) x Sp(1)) x S*. This is because an AdS3 solution with internal
space Sp(2)/Sp(1) x S, is expected to preserve N = N + N = 10 +4 = 14 < 16
supersymmetries as sp(2) = so0(5) and so should be discarded, while with internal space
(Sp(2) x Sp(1))/(Sp(1) x Sp(1)) x St is expected to preserve N = 20 supersymmetries as
it is associated to the (sp(n) @ sp(1))r @ s0(2)r subalgebra in (3.37) and therefore has
been included. A modification has also been used to include S7 x S = U(4)/U(3) x St as
ST x St =SU(4)/SU(3) x S! should have been discarded.

The coset space Spin(8)/Spin(7) x S! can immediately be excluded as the 4-form field
strength F is electric and we have shown there are no electric solutions which preserve
16 < N < 32 supersymmetries. It remains to investigate the rest of the cases.

3.7.1 Spin(7)/G2 x S*

The metric on the homogeneous space Spin(7)/Gy x S! can be chosen as
ds?(M®) = ds*(Spin(7)/Ga) + ds*(S') = ad;; 007 + b (£%)? = §;;e'e’ + (e¥)?,  (3.39)

where a description of Spin(7)/G2 can be found in [18] whose conventions we follow, a,b > 0
are constants and (8 is an invariant frame on S, d¢® = 0.
The most general invariant fluxes are

Q =n~ed, X:a*7g0+5e8/\cp (3.40)

where *x7¢ and ¢ are the fundamental G forms and «, 3,7 are constants. Furthermore,
the Bianchi identity dX = 0 implies that g = 0.

It is straightforward to observe that the investigation of the number of supersymmetries
preserved by the algebraic KSE is exactly the same as that for the AdS4 backgrounds with
internal space Spin(7)/G2 in [18], where instead of I'; we have I's. In particular, the
algebraic KSE can be written as

1 1 1
(6a<P1 — P+ P3s— P PP;—P,P;+ P Ps —Plpg)Fz—l- 37A1P8) o4 = HO—+7
(3.41)
where { Py, Py, P3} = {1245 1267 1346} are mutually commuting, hermitian Clifford alge-
bra operators with eigenvalues +1. The solutions of the algebraic KSE on the eigenspaces

of {P1, P», P3} have been tabulated in table 4.
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To preserve N > 16 supersymmetries, it is required to consider the subspace in table 4
with 7 eigenspinors. The integrability condition of the remaining algebraic KSE gives

%Oé + §A vy = €2A2 ) (342)
while the warp factor field equation implies

Clearly, these are mutually inconsistent. So there are no AdSs solutions that preserve
N > 16 supersymmetries with internal space Spin(7)/G2 x S*.

3.7.2 S"x S'=U4)/U(3) x St

Let us briefly summarize the homogeneous geometry of S” = U(4)/U(3) which is useful
for our investigation of other cases below as well. There is a left-invariant frame (£7,¢7),
r=1,---,6, on U(4)/U(3) such that the invariant metric can be written as

ds®(U(4)/U(3)) = a (£7)2 + b6,070% , (3.44)

where a,b > 0 are constants. The invariant forms on U(4)/U(3) are generated by the
invariant 1-form ¢7 and the 2-form w which can be chosen as

w=02 434455, (3.45)

Furthermore

A =w. (3.46)

For more details see eg [18], where the homogeneous geometry of SU(4)/SU(3) is also
described.
Turning to the investigation at hand, the metric on U(4)/U(3) x S* can be written as

ds®(M®) = ds*(U(4)/U(3)) + ds*(SY), ds*(S') = c(£%)?, (3.47)

where ds?(U(4)/U(3)) is as in (3.44), 8 is the invariant frame on S, d¢® =0, and ¢ > 0 is
constant.

The most general invariant fluxes @ and X that satisfy the Bianchi identities (3.4),
dX =d@Q =0, are

X:%aw/\w, Q=031 (3.48)

where «, 8 are constants.
Next consider the Einstein equation along S'. As X does not have non-vanishing

components along S! and the metric factorizes into that of U(4)/U(3) and S*, we have
1 1 X2

Ry = —5A7Q —

A4
o (3.49)

where Résg) is the Ricci tensor along S'. This must vanish, Rs(;88) =0. Thus @ = X = 0.
Then the warp factor field equation cannot be satisfied and so there are no AdSs solutions

with internal space U(4)/U(3) x S*.
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3.7.3 S7 x S' = (Sp(2) x Sp(1))/(Sp(1) x Sp(1)) x St

The modification of Sp(2)/Sp(1) to (Sp(2) x Sp(1))/(Sp(1) x Sp(1)) has already been
described in section 2.3 and in particular in (2.5). The geometry of this homogeneous
space is a special case of that of Sp(2)/Sp(1). In particular, the invariant forms on (Sp(2) x
Sp(1))/(Sp(1) x Sp(1)) are those on Sp(2)/Sp(1) which are invariant under both Sp(1)’s in
the isotropy group.

Using the notation in [18], we introduce a left-invariant frame (¢%,¢") on (Sp(2) x
Sp(1))/(Sp(1) x Sp(1)), where a = 1,2,3,4 and » = 5,6,7. Then imposing invariance
under both Sp(1)’s, one finds that there are no invariant 1- and 2-forms on (Sp(2) x
Sp(1))/(Sp(1) x Sp(1)). However there are two invariant 3-forms and two invariant 4-forms

given by
1
7= ge?“stgmt ) T=L"A I7g+) ) (3'50)
1 1
p=0"prs = §5T86rpq€pq A I§+) > = Eeabcdgab(jda (3-51)

respectively, where = %(Ir(ﬂ)abﬁab and ((Ir(+))ab) is a basis of self-dual 2-forms on R%.

Moreover 1
dJ:§p, dr =3¢y —p, dp=dp=0. (3.52)

After imposing the Bianchi identities d@Q = dX = 0, the most general fluxes can be
written as

X=ap+azp, Q=4 (3.53)

where £2 is an invariant frame on S', d¢® = 0.
The metric can be chosen as

ds® = f Oapl®° + h 6,005 + p (€%)?, (3.54)

where f,h,p > 0 are constants. Substituting the metric and fluxes into the Einstein
equation along the S! direction, we find again (3.49) which implies Q = X = 0. So there
are no AdSs solutions with internal space (Sp(2) x Sp(1))/(Sp(1) x Sp(1)) x S*.

3.7.4 S*x 83 x §' = Spin(5)/Spin(4) x SU(2) x St
The metric can be chosen as
ds?(M®) = a 5007 + byl 05 + ¢ (£%)? (3.55)
where
ds?(S*) = ad; 007, ds*(S3) = b 075, ds*(S') = c(£%)?, (3.56)

and where a, ¢ > 0 are constants, b = (b,5) is a constant symmetric positive definite matrix.
(01), i = 1,2,3,4, is a left-invariant frame on S* viewed as a Spin(5)/Spin(4) symmetric
space and (£"), r = 5,6,7, is a left-invariant frame on the group manifold S3 with

1
der = Sl A (3.57)
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and 2 is an invariant frame on S, d¢® = 0. Note that ¢ can be chosen up to an SO(3)
transformation. This can be used to choose b without loss of generality to be diagonal.

The most general invariant fluxes are
X = 0 4 0578 Q= B 4,07 (3.58)

As the Bianchi identities require that d@Q) = 0, one finds that v, = 0. Set § = 1. As @ is
also co-closed, we have that X A X = 0 which in turn gives ayas = 0.

Suppose first that ey = 0. In that case, the algebraic KSE can be written as

(65 1

1 1 B
- J+ -2 = o, 3.59
<6\/cblb2b3 '3 ave 2)”* (A7F (3.59)

where J; = IS8T, and J, = I'® are commuting hermitian Clifford algebra operators and
b = diag(b1,b2,b3). To find solutions with N > 16 supersymmetries we have to consider
at least two of the common eigenspaces of J; and Jy each of which has dimension 4. This
is possible if either ay or  vanishes. If ap = 0, then X = 0 and the solution is purely
electric. Such solutions cannot preserve N > 16 supersymmetries. On the other hand if
B = 0, the integrability condition of the KSE implies that

i a% 1
36 Cblbgbg N 62142 '

(3.60)

Comparing this with the warp factor field equation, it leads to an inconsistency. Thus
there are no such AdSs solutions which preserve N > 16 supersymmetries with internal
space Spin(5)/Spin(4) x SU(2) x S*.

Suppose now that as = 0. In such a case X does not have components along S'. As
a result the Einstein equations along S! can be written as in (3.49) and so X = @Q = 0.
There are no such AdSs solutions with internal space Spin(5)/Spin(4) x SU(2) x S*.

3.8 N > 16 solutions with Ngr = 6

The only right-handed superalgebra with 6 odd generators is 0sp(3|2). This gives rise to an
50(3)r action on the internal space. Therefore the symmetry algebras that act transitively
and effectively on the internal spaces are

so(n)p ®s0(3)g, n==6,---,12, (N=2n+6);

u(n)r, ®so0(3)r, n=23,4,5,6, (N=4n+6);
(sp(n) @ sp(1))r ®s0(3)r, n=23, (N = 8n+6);

spin(7), @ so(3)r, (N =22);

(92)1 @ s50(3)R, (N = 20). (3.61)

An inspection of the homogeneous spaces in table 2 reveals that up to a finite covering these
are either MO x S? or M® x S3, where M°% and M?® are homogeneous 6- and 5-dimensional
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spaces. So we have

5S¢ x §% = Spin(7)/Spin(6) x SU(2)/U(1), ( 0,22);
CP? x % = SU(4)/S(U(1) x U(3)) x SU(2)/U(1), ( 8
S® x §3 = Spin(6)/Spin(5) x SU(2), (N =18

(

(

20,
18)
18);
S° x 83 =U(3)/U(2) x SU(2), N =18);
22)
20)

?

S* % §? x §? = Spin(5)/Spin(4) x SU(2)/U(1) x SU(2)/U(1),
5% x 8% = @, /SU(3) x SU(2)/U(1), (N =

I

0). (3.62)

The homogeneous space SU(3)/T? x SU(2)/U(1) has been excluded as there is no mod-
ification that can be made such that U(3) can act almost effectively on it. Never-
theless we have performed the analysis to demonstrate that it cannot be the internal
space of an AdSs solution that preserves N > 16 supersymmetries. On the other hand
SU(4)/S(U(1) x U(3)) x SU(2)/U(1) has been included because su(4) = s0(6) and so CP?
admits an s0(6) effective and transitive action giving rise to N = 18 supersymmetries with
Np =12 and Ng = 6. SU(4)/S(U(1) x U(3)) x SU(2)/U(1) could have been considered
as a background that preserves 20 supersymmetries as well but it cannot be modified to
admit an effective u(4) action.

The homogeneous spaces S® x S2 = Spin(7)/Spin(6) x SU(2)/U(1) and S° x S3 =
Spin(6)/Spin(5) x SU(2) can immediately be excluded as giving potential solutions. For
S6 % 82, X = Q = 0 and so the warp factor field equation cannot be satisfied. The same
is the case for S° x S3 after applying the Bianchi identity d@Q = 0 to show that Q = 0.

3.8.1 CP?x §2 =8U(4)/S(U(1) x U(3)) x SU(2)/U(1)

This homogeneous space is considered as an internal space because su(4) = s0(6) and so it
may give rise to a solution which preserves 18 supersymmetries. The most general invariant
metric in the conventions of [18] is

ds*(M®) = ds®(S?) + ds*(CP?) = a 6,007 + b(8,L70° + 655l %) (3.63)

where (¢%), i = 7,8, is a left-invariant frame on S? and (¢", /") r,7 = 1,2, 3, is a left-invariant
frame on CP3 and a,b > 0 are constants. The invariant forms are generated by the volume
form on S? 1

o= 5(1 ez‘jfl AN (3.64)

and the Kahler form on CP?
w="b0s" NI (3.65)

Hence the most general invariant fluxes are
Q=0, X:a%w/\aw—ﬁa/\w. (3.66)
The Bianchi identities are trivially satisfied but the field equation for ) gives the condition
XANX=afocANwAwAw=0. (3.67)

Therefore, either & = 0 or § = 0. It remains to investigate the KSEs.
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|J1, J2) relations for the fluxes
(1) |+7+>’ |+7_>’ |_7+> %FZH :gLA|>
(2) - =) —5T:|) = 1)

Table 5. Decomposition of (3.68) KSE into eigenspaces.

B = 0. For =0, the flux X is simply X = %Ozw A w. Going to an orthonormal frame,
in which the Kihler form is w = e'? + e3! + €%, we find for the algebraic KSE (3.12)

%(J1 Ty — L) Taos = (3.68)

1
aa +
where J; = I'?* and Jy = I'?50 are mutually commuting Clifford algebra operators with
eigenvalues +1. The decomposition in terms of the common eigenspaces is summarised in
table 5. A similar analysis applies to 74, except that the right-hand side is —1/(¢A).

To find solutions that preserve N > 16 supersymmetries, one has to choose spinors
from the eigenspaces (1) in table 5. In such a case, the integrability condition of the
remaining I', projection on the spinors is

2
« 1
36 PAT (3.69)
whereas the field equation for the warp factor (3.7) requires
a? 1

Thus there is a contradiction and there are no AdSs solutions preserving N > 16 super-
symmetries.

a = 0. For a =0, the 4-form flux becomes X = So Aw. Going to an orthonormal frame,
in which w = e!? + e3* + €% and 0 = e®, we find for the algebraic KSE (3.12)

- g(‘h + Jo+ J3)J1JaJs0 = imr , (3.71)
where the Clifford algebra operators J are defined as
Jy = T1278 g, 3478 g 5678 (3.72)
and
I,=—-nJ2Js. (3.73)

The decomposition of the algebraic KSE (3.71) into the eigenpaces of these mutually com-
muting Clifford algebra operators is illustrated in table 6. A similar analysis applies to the
74 spinors with the right-hand side replaced by —ﬁ.

For solutions to preserve N > 16 supersymmetries, we need to consider the eigenspinors
given in row (1) of table 6. This gives

B 1
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|J1, J2, J3) relations for the fluxes
(1) |:l:7:t’:F>’ H:,:F,:l:>, |:Fv:l:’:l:> % = ZLA

B _ 1
(2) £, 4, +) So L

Table 6. Decomposition of (3.71) KSE into eigenspaces.

while the field equation for the warp factor (3.7) leads to

B 1

Clearly this is a contradiction. There are no AdSs backgrounds that preserve N > 16
supersymmetries with internal space SU(4)/S(U(1) x U(3)) x SU(2)/U(1).

3.8.2 S5 x 83 =10(3)/U(2) x SU(2)

The geometry on S° as a U(3)/U(2) homogeneous space can be described in a similar way
as that for S7 = U(4)/U(3) which can be found in section 3.7.2. In particular the metric is

ds*(U(3)/U(2)) = a (7)Y + b6,s705, 1,5=1,2,3,4, (3.76)

where a,b > 0 are constants. The invariant forms on U(3)/U(2) are generated by the
1-form ¢° and the 2-form w = ¢2 + ¢34, Again df® = w.

The existence of AdSs solutions with internal space S® x S can be ruled out with a
cohomological argument. Indeed let £/ be a left-invariant frame on S® such that

1.
det = §eljkw AFL i k=1,2,3. (3.77)

The most general invariant 1-form () can be written as
Q=al’+ .0 . (3.78)

The Bianchi identity, d@ = 0, in (3.4) implies that a = 5, = 0. So, we have @ = 0.

Furthermore, the Bianchi identities (3.4) also imply that dX = 0, and as @ = 0 the
field equation (3.5) also implies that d « X = 0. Thus X is harmonic and represents a class
in H*(S® x S3). However H*(S® x S3) = 0 and so X = 0. This leads to a contradiction as
the field equation for the warp factor (3.7) cannot be satisfied.

Note that the above calculation rules out the existence of AdS3 solutions with internal
space S° x S% = Spin(6)/Spin(5) x SU(2) as this is a special case of the background
examined above.

3.8.3 S%x 82 x §%2 = Spin(5)/Spin(4) x SU(2)/U(1) x SU(2)/U(1)
The most general invariant metric is

ds?(M®) = ds*(S%) + ds*(S?) + ds*(S?)
= adi ("0 +b ((6°) + (1O +c (1) + (6%)?) (3.79)
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where a,b,c > 0 are constants, ¢, i = 1,2,3,4, is a left-invariant frame on S* viewed as
the symmetric space Spin(5)/Spin(4), and (¢2,¢5) and (¢7, ¢%) are left-invariant frames on
the two S?’s, respectively.

As there are no invariant 1-forms Q = 0. Moreover X can be written as

X = o 0154 4 005078 (3.80)
As X AN X = 0, which follows from the field equation of (), we have that ajas = 0. If
ag = 0, then the integrability condition of the algebraic KSE will give

1 a2 1

Comparing this with the field equation of the warp factor leads to a contradiction. This is

also the case if instead a; = 0. There are no supersymmetric AdSs solutions with internal
space S* x 82 x S2.

3.8.4 S%x S§2=G,/SU(3) x SU(2)/U(1)

The existence of AdSs solutions with G5/SU(3) x SU(2)/U(1) internal space can be ruled
out by a cohomological argument. Observe that su(3) acts on m with the [3]g = 3 ® 3
representation. Using this, one concludes that there are no invariant 1-forms on M® and
so @ = 0. In such a case X is both closed and co-closed and so harmonic. However,
H*(M?®) =0 as M® = S% x S? and so X = 0. This in turn leads to a contradiction as the
field equation for the warp factor cannot be satisfied.

3.9 N > 16 solutions with Ngp = 8

The right-handed superalgebras with 8 supercharges are osp(4|2), ©(2,1,«) and
5[(2]2)/14xa. These give rise to right-handed isometries with Lie algebras so(4)g,
(s0(3) @ s0(3))r and su(2)pg, respectively. In the latter case there can also be up to
three additional central generators. As so(4)r = (s0(3) @ s0(3))g, it suffices to consider
(s0(3) @ s0(3))r and su(2)g, and in the latter case include up to 3 central generators.
Furthermore as N > 16, one has Ny > 8. Collecting the above and using the results of
table 1, the allowed algebras that act transitively and effectively on the internal space are
the following.

so(n)r ® (tr)o, n=>5,...,11, (N =2n+38);

u(n)r @ (tr)o n=34,5, (N =4n +8);

(sp(2) ®sp(1))L @ (tr)o, (N =24);

spin(7)L @ (tr)o, (N=24); (92)r ® (tr)o, (N =22), (3.82)

where (tr)o is either (s0(3) @ s0(3))r or su(2)r @ cg with c¢p spanned by up to 3 central
generators. The homogeneous spaces that can admit a transitive and an effective action
by the above Lie algebras have been tabulated in table 7.

A detailed examination of the homogeneous spaces that may give rise to supersymmet-
ric AdSs solutions with N = 8 reveals that the only cases that have not been investigated
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to Homogeneous spaces N
50(5)L @ (tr)o S x 5% x §? = Spin(5)/Spin(4) x SU(2)/U(1) x SU(2)/U(1) 18
S* x §% x T? = Spin(5)/Spin(4) x SU(2)/U(1) x T? 18
CP* x §% = Sp(2)/(Sp(1) x U(1)) x SU(2)/U(1) 18
ST x 8" = (Sp(2) x Sp(1))/(Sp(1) x Sp(1)) x S 18
50(6)r @ (tr)o S5 x 5% = Spin(6)/Spin(5) x SU(2) 20
S® x 8% x S' = Spin(6)/Spin(5) x SU(2)/U(1) x S* 20
CP? x S? = SU(4)/S(U(3) x U(1)) x SU(2)/U(1) 20

s0(7)z @ (tr)o S¢ x §% = Spin(7)/Spin(6) x SU(2)/U(1) 22, 24
u(3)r @ (tr)o SU3)*! = (SU(3) x SU(2) x U(1)/(SU(2) x Ay, U(1)) 20
S5 x 8% =U(3)/U(2) x SU(2) 20
S° x 8% x S =U(3)/U(2) x SU(2)/U(1) x S* 20
N x 8! = mpatiomstay X S 20
sp(2) @ sp(1))r @ (tr)o | S* x S% x S? = Spin(5)/Spin(4) x SU(2)/U(1) x SU(2)/U(1) 24
S* x §% x St = Spin(5)/Spin(4) x (SU(2) x SU(2))/SU(2) x S* 24
(92)z & (tr)o S% x 8% = G2/SU(3) x SU(2)/U(1) 22

Table 7. Homogeneous spaces for Np = 8.

so far are S* x S2 x T?, S5 x §2? x S' with S° either Spin(6)/Spin(5) or U(3)/U(2), SU(3)
and N¥bLm » ST The remaining homogeneous spaces have already been excluded as inter-
nal spaces in the analysis of AdS3 backgrounds with N < 8 backgrounds. The presence of
additional right-handed supersymmetries here for N = 8 are not sufficient to bring these
backgrounds into the range of N > 16 supersymmetries. So again they are excluded as
solutions.

3.9.1 8% x §? x T? = Spin(5)/Spin(4) x SU(2)/U(1) x T?
The most general invariant metric is
ds?(M®) = ds*(S*) + ds*(S?) + ds*(T?) = a 6,5 l705 +b 55000 + ;070" (3.83)

where (7, r =1,...,4, is a left-invariant frame on S*, ¢%, @ = 5,6 is a left-invariant frame
on S% and (%, @ = 7,8, is a left invariant frame on T2, d¢® = 0, and a,b > 0 are constants
and (c;;) is a positive definite matrix. The invariant forms on this M 8 are generated by ¢2
and the top forms on S* and S?. Hence the 4-form flux X is

X=aocAp+p1, (3.84)

—_ 51234, o= 556

where « and [ are constant parameters and and p = ¢"8. Furthermore

Q =al", (3.85)

where v are constants. As @ is parallel, the field equation for @, (3.6), gives X A X =0
and so we obtain the condition that either « = 0 or = 0. Let us proceed to investigate
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a = 0, as the case for § = 0 can be dealt with in complete analogy. As X = 1, the
algebraic KSE (3.12) becomes

1 i 1
(SA@ - —F12341“ ) = 10+ (3.86)

The integrability condition of this is

2
2, P _ 1
2@ 6l — PA (3.87)
On the other hand the warp factor field equation (3.7) gives
2
2, B 1
— — = . 3.88
6429 T 1001 ~ A2 (3.88)

The last two equations are incompatible and so there are no supersymmetric solutions.

392 M8 =S8%xS2x¢S!

Here we shall consider two cases that with S° = U(3)/U(2),SU(3)/SU(2) and that with

S° = Spin(6)/Spin(5). The latter can be excluded immediately. As M?® is a product of

symmetric spaces all left-invariant forms are parallel and represent classes in the de-Rham

cohomology of M8. As H*(S° x S? x S') = 0, we have that X = 0. The solution becomes

electric and as we have seen such solutions cannot preserve N > 16 supersymmetries.
Next suppose that S° = U(3)/U(2). The metric on M® can be chosen as

ds*(MB) = ds*(S%) + ds*(S?) + ds*(S1), (3.89)

where

4
ds*(S°) = b (") +a(l®)?, ds*(S%) =c((°) + (1)?), ds*(S") = f(5)*, (3.90)

r=1

and where a,b,c, f > 0 are constants. The invariant forms are generated by ¢°, (8, w =
024034 and o = ¢57. The independent differential relations between the invariant forms are

A’ =w, df=0, do=0, (3.91)

where we have used the description of the geometry on S° as in section 3.8.2. As dQ =0,
we have that Q = /8. Furthermore after imposing dX = 0 the most general flux X is

1
Xziozcu/\w—i—,@’w/\a, (3.92)

where «a, 8 are constants.
The algebraic KSE gives

1 1
[ <b2 ri2se bﬁ(F1267 " F3467)>FZ I 37118] op = —
C
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|J1, J2) relations for the fluxes
12 | 192 1
[+, =), |—=+) %%+§#:W
1 2 04p% 4 192 1
£, $) 36(%4 b?ﬁc?:FbC;f> +§f7A2 = paz

Table 8. Decomposition of (3.94) into eigenspaces.

Squaring this, we find

1 [a? 282 af 232 1 ~? 1
— =+ 5= — 2+ — —— = —— .94
[36 <b4 pa  hp it R T s ‘]1‘]2> 9 fA2]0+ A7t (3:94)
where J; = T''267 and J, = I'®*7. The decomposition of this condition on o4 into

eigenspaces of J; and Jy is given in table 8.

Fach common eigenspace of J; and Jy has dimension 4. So to find solutions with
N > 16 supersymmetries, we have to consider at least two of these eigenspaces. Hence
this would necessarily involve either one of the eigenspinors |+,—) and |—,+) or both
eigenspinors |+, £). In the former case taking the difference of the condition that arises on
the fluxes with the warp factor field equation

1 /[a? 2B° 72 1
B <b4 * b202> oAz T Az (3.95)

one finds that « = 8 = v = 0 which is a contradiction. In the latter case, we find that
aff = 0. Using this and comparing the condition on the fluxes in table 8 with the warp
factor field equation above again leads to a contradiction. There are no AdSs solutions
that preserve N > 16 supersymmetries with internal space S° x S§% x S1.

We have also performed the calculation for S° = SU(3)/SU(2) which gives rise to an
X flux with additional terms to those in (3.92) because of the presence of an invariant
complex (2,0) form. After some investigation, we find that again there are no solutions
with NV > 16 supersymmetry.

3.9.3 SU(3)k!

In this context SU(3) is viewed, up to a discrete identification, as a homogeneous space with
isotropy group SU(2) x U(1) and almost effective transitive group SU(3) x SU(2) x U(1),
where the inclusion map of SU(2) x U(1) in SU(3) x SU(2) x U(1) is

(le
(a,z) - (( 0 Z_02k> ) 4y Zl) (3.96)

As we have mentioned the geometry of such cosets is more restrictive than that of SU(3)
viewed as the homogeneous space SU(3)/{e}. Thus it suffices to investigate whether SU(3)
is a solution. As SU(3) does not admit closed 1-forms, @ = 0. In such case X is harmonic.
However H*(SU(3),R) = 0 and so X = 0. This leads to a contradiction as the warp factor
field equation cannot be satisfied.
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k,l,m 1 SU(2)xSU(3)xU(1) 1
3.94 N X St = Arim (UD?)-(1xSU(2)) X S

Let us denote the left-invariant frame along S' with ¢8, d¢® = 0. N®&™ can be thought of
as a modification of N*! and so for the analysis that follows we can use the description of
the geometry of N*! in appendix C. In particular, the most general Q flux is

Q=+l (3.97)

As d@ = 0, we deduce that v9 = 0 and set v = . The most general invariant metric is
ds*(M®) = a ((€°)% + (°)2) + b, (0705 + 070%) + c (€7)% + f (£5)%, (3.98)
where (07,07, 05,05 07), r,s = 1,2, is a left-invariant frame on N¥! (8 is a left-invariant

frame on S and a, b, c, f > 0 are constants. Next X can be chosen as

1
X = Jarwi Awr +asw Aws +agwn ATANLE + aguwn AT NEB, (3.99)
where a1, as, ag, ag are constants. As dX = 0, one deduces that ag = ay = 0. Choosing

an orthonormal frame as

61:\/665, 62:\/666, e27~+1:\/g€r, e2r+2:\/5g7"’

e’ =/l e = \/f8, (3.100)
the algebraic KSE can be written as
Lfon 3456 , @2 1234 1256 L v s 1
—| =T —(T r r,+-——7r =—0,. 101
{6(()2 T AT g g o = o (8.101)

The form of this KSE is the same as that in (3.93). A similar analysis again reveals that
there are no solutions that preserve N > 16 supersymmetries.

3.10 N > 16 solutions with Ng = 10

The only superalgebra that gives rise to ten right-handed supersymmetries is osp(5/2) with
(tr)o = s0(5). As we are investigating backgrounds with N > 16 and we have chosen that
N > Npg, we conclude that 10 < Ny < 22. Using this and the results of table 1, the
allowed algebras that can act transitively and effectively on the internal spaces are

so(n)r ®so(5)r, n=>5,6,7,8,9,10, (N =2n+10);

u(n), ©so(5)r, n=3,4,5, (N = 4n + 10) ;

(sp(2) ©sp(1))r ©50(5)R, (N =26);

spin(7), ©so(5)p, (N = 26);

(92)1 B so(5)R, (N =24). (3.102)

The only 8-dimensional homogeneous space that admits such an action by the algebras
presented above is

5% % §* = Spin(5) /Spin(4) x Spin(5)/Spin(4) . (3.103)

It remains to examine whether such a background solves the KSE and field equations of
11-dimensional supergravity.
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3.10.1 S%*x sS4

The most general invariant metric on S* x S is
ds?(M®) = ds*(S*) + ds*(S*) = a 607 + 06,5705 = Spe’e’ + 6,5e"e’ (3.104)

where a,b > 0 are constants and ¢’ (e'), i = 1,...4, and ¢" (e"), r = 5,...,8, are the
left-invariant (orthonormal) frames of the two S*’s, respectively. There are no invariant
1-forms on M8, and therefore @ = 0. The invariant 4-forms are just the volume forms on
the two spheres, hence the most general 4-form flux is

X = ae'®* + e, (3.105)

where «, 5 are constants. The field equation for @, (3.6), yields the condition that either
a = 0or f = 0. Without loss of generality, we take § = 0. Substituting X into the
algebraic KSE (3.12), one finds

« 1
6F1234FZU+ = 10 (3.106)
and hence obtains
a? 1

as an integrability condition. However, the warp factor field equation (3.7) implies that
o? 1

Thus there is a contradiction and there are no such supersymmetric solutions.

3.11 N > 16 solutions with Np > 12

Imposing the restriction that Ny > Ng, it is easy to see that there are no homogeneous
spaces that admit a transitive and effective ty action. This follows from a detailed exami-
nation of the classification results of [28]-[32] as well as their modifications.

4 N > 16 AdS3 X, M7 solutions in (massive) ITA

4.1 Field equations and Bianchi identities for IN > 16

The bosonic fields of (massive) ITA supergravity are the metric ds?, a 4-form field strength
G, a 3-form field strength H, a 2-form field strength F', the dilaton ® and the cosmological
constant dressed with the dilaton S. Following the description of warped AdSs backgrounds
in [12], we write the fields as

ds? = 2eTe” + (e%)* +ds* (M),
G=e"Ne ANe*\NY + X, H=WetNe Ne*+ 7,
F, &, S, (4.1)
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where we have used a null-orthonormal frame (e*,e™,e’), i = 1,...,7, defined as in (3.3)
and ds?(M7) = 5¢jeiej . The fields ®, W, S and the warp factor A are functions, Y is a
1-form, F is a 2-form, Z is a 3-form and X is a 4-form on M7. As the 2-form field strength
F is purely magnetic we have denoted the field and its component on M7 by the same
symbol. This is also the case for & and S. The dependence of the fields on the AdSs
coordinates is hidden in the definition of the frame e*, e~ and e®. The components of the
fields in this frame depend only on the coordinates of M.

As we have demonstrated in 11-dimensional supergravity, the description for the fields
simplifies considerably for AdSs backgrounds preserving N > 16 supersymmetries. In
particular, a similar argument to the one presented for 11-dimensional backgrounds gives
that the warp factor A is constant. The proof of this is very similar to that given in 11-
dimensions and so we shall not repeat the analysis. Furthermore it is a consequence of the
homogeneity theorem and Bianchi identities of the theory that the scalars ®, S and W are
constant.

To focus the analysis on the ITA AdSs backgrounds that preserve N > 16 supersymme-
tries, we shall impose these conditions on the Bianchi identities, field equations and Killing
spinor equations. The general formulae can be found in [12]. In particular taking A, W, ®
and S to be constant the Bianchi identities can be simplified as

dZ =0, dF = SZ, SW =0, dX =ZAF,
dY = -WF. (4.2)

A consequence of this is that either S = 0 or W = 0. Furthermore, the field equations of
the form fluxes can be written as

d*, Z =x XNF+Sx F, d«, F=-WxY+x XANZ, dx,Y=-ZNX,
dx, X =ZNY -WX, (4.3)
respectively. As M is compact without boundary observe that d+,Y = —ZAX implies that
ZNX=0. (4.4)

To see this, first observe that homogeneity implies that % (Z A X) is constant. On the
other hand the integral of Z A X over M? is the constant *.(Z A X) times the volume of
MB. As the integral of Z A X is zero, this constant must vanish giving (4.4).

The dilaton field equation is

1 1 5 3 1 1
— =22+ WP+ S+ SFP 4 —XP - SY?=0. 4.5
12 + 2 + 4 + 8 + 96 4 (45)
The Einstein equation along AdSs and M7 implies
1 1 1 1 1 2
7w2 7X2 7}/2 752 *FQ _
2" Togt Tat 1Y TRY T Ear
Rij = EXU — §Y;Y3 — %X 5ij + ZY 5ij
- ZS 05 + 12t ot — gF 0ij » (4.6)
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where V and Rg) denote the Levi-Civita connection and the Ricci tensor of M7, respec-
tively. The former condition is the warp factor field equation.

4.2 The Killing spinor equations

The solutions to the KSEs of (massive) ITA along AdS35 may be written as in (3.9), although
now o4 and 74 are Spin(9,1) Majorana spinors which satisfy the lightcone projections
I'toy = I'y7+ = 0 and only depend on the coordinates of M7. These are subject to the
gravitino KSEs

Vgi)ai =0, Vgi)ﬂ: =0, (4.7)
the dilatino KSEs
AF oy =0, AHPr =0, (4.8)
and the algebraic KSEs
=(4) . _ =) 4 1 _
=%y =0, = :I:Z 7+ =0, (4.9)

where

) 1 1 1 1 1
V, 7 =V;+ gzz‘r‘n + gST@' + EFI‘iFH + @sz‘ + gYina
1 1 5 3 1 1
B = — 2D F WD +-S+ SFT + —X £ YT
A 12Z 11:F2Wz11+45+8F 11+96X 4Y z

1 1 1 1 1 1
=(£) — - 4 = _ _ - -
= :FQE + -AWT4 8ASTZ IGAFFZFH 192AXFZ F 8AY . (4.10)

If M7 is compact without boundary, one can demonstrate that
| oy = const, | [=const, (o4, 7)=0, (r,Tiss)=0. (4.11)

As in eleven dimensions, the last condition is essential to establish that the warp factor A
is constant for ITA AdSs backgrounds preserving N > 16 supersymmetries with compact
without boundary internal space M.

4.3 N > 16 solutions with left only supersymmetry

AdSs backgrounds admit the same Killing superalgebras in 11-dimensional, ITA and IIB
supergravities. As a result the Lie algebras ty that must act transitively and effectively
on the internal spaces of ITA and IIB AdSs3 backgrounds can be read off those found in
the 11-dimensional analysis. So for Np = 0, these are given in (3.28). An inspection
of the 7-dimensional homogeneous spaces in table 9 reveals that there are no N > 16
supersymmetric AdSs backgrounds with N = 0.
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—G/H
Spin(8)
Spin(7)
Spin(7

PGQ( ) _ S7

ggg; diffeomorphic to S”

= 57, symmetric space

gi—g; diffeomorphic to S”
Sp(2)

(1)
(2)
(3)
(4)
(5) Sp(1) o Derger space
(6)
(7)
(8)
(9)

Sp)_ — v, (R3) not spin
=k = Wk k1 coprime, Aloff-Wallach space

A, (U(1))
SU(2)xSU(3 .
8 Ak’l(U((l)))X(lx(S%(Q)) Nkl k,l coprime
9 % = QP 7 coprime
By (U(1)2) p,q,7 cop
4 3 4 __ Spin(5) SU(3) SU(2) SU(2)
(10)  M%xM°, M Spm<> SOV U X T
M3 = 2)xSU(2)
SU(2), = T())
SU(2 Spin(6) SU(3) SU(2)xSU(2) SU(3
(1) M°x R, MP =GR, S Saom) e S0

Table 9. 7-dimensional compact, simply connected, homogeneous spaces.

4.4 N > 16 solutions with Np = 2

The 7-dimensional homogeneous spaces? that admit an effective and transitive action of
the Lie algebras in (3.29) are

ST = Spin(8) /Spin(7) ( 18)
ST=U(4)/U@3), ( 18)

ST = (Sp(2) x Sp(1))/Sp(1) x Sp(1), (N =18),
S* % 53 = Spin(5)/Spin(4) x SU(2) ( 18)
( 18)

ST = Spin(7)/Go (4.12)

Solutions with internal space Spin(8)/Spin(7) can be immediately excluded. This is a
symmetric space and so all fluxes are parallel. On the other hand the only parallel forms
on S7 are the constant functions and the volume form. Therefore all k-form fluxes for & > 0
must vanish. In such a case the dilaton field equation in (4.5) implies that W = S = 0.
In turn, the warp factor field equation in (4.6) becomes inconsistent. The remaining cases
are investigated below.

4.4.1 S7=1U(4)/U(3)

The geometry of S7 = U(4)/U(3) has been summarized in the beginning of section 3.7.2.
The metric is given in (3.44). The invariant forms are generated by the 1-form 7 and 2-form

“There are several embeddings of Sp(1) in Sp(2) however only one of them admits a modification such
that the internal space is associated to a background that can preserve N > 16 supersymmetries.
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w asin (3.45), dl” = w. Given these data, the most general invariant fluxes can be chosen as
X:%wQ, Z=B0Nw, F=rnw, Y =06/, (4.13)

As the Bianchi identities require that dZ = 0, we have § = 0. Furthermore the remaining
Bianchi identities imply
SW =0, §d=-Wr, (4.14)

and the field equations for the fluxes give

2
i’/g, O‘*b/a _ —%Wa. (4.15)
Suppose first that S # 0. Then W = 0 which in turn gives a = v = § = 0. As both
Z =Y =0, the dilaton field equation in (4.5) implies that the rest of the fluxes vanish which
in turn leads to a contradiction as the warp factor field equation in (4.6) cannot be satisfied.
Next suppose that S = 0. Then ay = 0. Take that W # 0 otherwise there will be
a contradiction as described for S # 0 above. If v = 0, this will imply that § = 0 and so

ay 1 1
i A b= - _ -
b +275 0, vva 3VV

again the dilaton field equation in (4.5) will imply that the rest of the fluxes must vanish.
It remains to investigate the case a = 0. The dilatino KSE (4.8) and algebraic
KSE (4.9) become

1 3 1
<—2WF11 + gFFan - 4Y> oy =0,
1 1 1 1
<2WF11 - gFFZFll - 4Y) o4 = aﬂ_}r . (416)
Eliminating the flux I, one finds
(WL — ¥)oy = —ary (4.17)
LA
The integrability condition gives
w2 yy?— 2 4.18
+Y° = A (4.18)

Comparing this with the field equation for the warp factor (4.6) leads to a contradiction.
There are no supersymmetric solutions.

4.4.2 S™ = (Sp(2) x Sp(1))/Sp(1) x Sp(1)

The geometry of S7 = (Sp(2) x Sp(1))/Sp(1) x Sp(1) has been described in section 3.7.3.
As it has been explained there are no invariant 1- and 2-forms, and no invariant closed
3-forms on this homogeneous space. As a result Y = F = Z = 0. Then the dilaton
field equation in (4.5) implies that W = S = X = 0 and therefore the warp factor field
equation in (4.6) cannot be satisfied. There are no AdS3 solutions with internal space

ST = (Sp(2) x Sp(1))/Sp(1) x Sp(1).
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4.4.3 M7 = S* x S3 = Spin(5)/Spin(4) x SU(2)
The metric on the internal space can be chosen as
ds?(M7) = ds*(S*) + ds*(S®) = a 6; 007 4 b, 07 ¢° (4.19)

where (¢1),i =4,...,7,is a left-invariant frame on S* and (¢"), r = 1,2, 3 is a left-invariant
frame on S = SU(2), a > 0 is a constant and (b,5) a positive definite 3 x 3 symmetric
matrix. Note that

arr = %a‘stes AL (4.20)

Before we proceed observe that without loss of generality b = (b,s) can be chosen to be
diagonal. This is because any transformation ¢" — O" £® of the left-invariant frame with
O € SO(3) leaves the structure constants of su(2) invariant and acts on b as O'bO. So
there is a choice of frame such that b = diag(by, bo, b3) with by, bg, b3 > 0 constants. From
here on we shall take b to be diagonal.

The most general invariant fluxes are

X =a0®7 z=p¢ F= %% Gl N, Y =68,.07, (4.21)
where «, 3, v, and 4., r = 1,2, 3, are constants.

First observe that Z A X = 0 implies that oS = 0. Next suppose that S # 0. It
follows from the Bianchi identities (4.2) that Z = 0 as dF' = 0. In addition, the Bianchi
identities (4.2) give

W=Y=0. (4.22)

Next the dilaton field equation in (4.5) implies that S = X = F' = 0 which is a contradiction
to the assumption that S # 0.

So let us now consider that S = 0. Again af = 0 and so either Z = 0 or X = 0.
Let us first take Z = 0 and X # 0. In such a case the field equation for X in (4.3) gives
W =0. If W = 0, the Bianchi identities (4.2) will imply that ¥ = 0. This in turn leads to
a contradiction as the field equation for the dilaton in (4.5) implies that X = 0.

Suppose now that both Z = X = 0. As S = 0 as well, the dilatino and algebraic KSEs
can be re-written as in (4.16). This in turn gives (4.17) that leads to the integrability
condition (4.18). Substituting this into the field equation for the warp factor in (4.6) and
after eliminating Y2, one finds a contradiction.

It remains to investigate the case that Z # 0 and X = 0. First the Bianchi identity
for Y (4.2) implies that

Op = =W, (4.23)
Then field equation for F', d *, F' = —W *_ Y, together with (4.23) imply that
b2
W?~, = —"—~,, no summation over r. (4.24)
b1b2bs

Next turn to the Einstein equation along S*. As X = 0 and the fields Z, F' and Y have
non-vanishing components only along S3, we find that

n (1 1
R = <4Y2 - 8F2> 5 (4.25)
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Using (4.24), one can show that Rg) = (. This is a contradiction as RZ(-;) is the Ricci tensor
of the S* subspace which is required to be strictly positive. Therefore we conclude that
there are no supersymmetric ITA AdSs solutions with internal space S* x S3.

4.4.4 M7 = ST = Spin(7)/G2

This homogeneous space admits invariant 3- and 4-forms which are the fundamental Go
forms ¢ and *7p. However the 3-form ¢ is not closed and so Z = 0. As there are no invariant
1-forms and 2-forms Y = F' = 0. In such a case the dilaton field equation in (4.5) implies
that W =S = X = 0. In turn, the warp factor field equation in (4.6) becomes inconsistent.

4.5 N > 16 solutions with Np = 4

The Lie algebras that must act both effectively and transitively on the internal space M
are the same as those found in D = 11 supergravity and given in (3.37). After an inspection
of the 7-dimensional homogeneous spaces those admitting an effective and transitive action
by such Lie algebras are the following

S0 x S' = Spin(7)/Spin(6) x S*, (N =18); G2/SU(3) x S', (N =18).  (4.26)
Both are products of 6-dimensional homogeneous spaces with S*.

4.5.1 M7 = Spin(7)/Spin(6) x S?*

The only non-vanishing k-form flux, k£ > 0, allowed is Y = o7, where ¢7 is a left-invariant
frame along S! and « is constant. The dilatino KSE (4.8) can be re-written as

1 5 1
< - §WF11 + ZSFZ - 4Y> o4y = 0, (427)
which leads to the integrability condition
25 1
w2+ ZS2 + Z1/2 =0. (4.28)

As aresult W = S =Y = 0. This leads to an inconsistency as the warp field equa-
tion (4.6) cannot be satisfied. There are no supersymmetric ITA AdS3 backgrounds with
Spin(7)/Spin(6) x S! internal space.

4.5.2 M7 = 8% x S =G,/SU(3) x St

The differential algebra of a left-invariant frame on M7 modulo terms in su(3) A m which
involve the canonical connection is

_ 1 -
d\" = §6T5t>‘r AN ) d£7 =0, r=12,3, (429)

where X" is a complex frame, X" = A", on S% and ¢7 is a left-invariant frame on S'. The
invariant forms on S% are the 2-form

w= %6,@)\" AN, (4.30)
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and the holomorphic 3-form

1
X = éemt)\r AN AN, (4.31)
Clearly
dw=3Imyx, dRex=2wAw. (4.32)

The most general invariant metric on M7 is
ds*(M™) = a8,sN X +b(07)?, (4.33)
where a,b > 0 are constants. Moreover the most general invariant fluxes are

1
X = §a1w2+a2€7ARex—|—a3€7/\ImX, Z=pBImy, F=~rw, Y =60, (4.34)
where a’s, 3,7 and § are constants and we have used that dZ = 0. As Z A X =0, we have
that asf8 = 0. Furthermore as dF = SZ, we have that

3y=258. (4.35)

Let us first consider the case that S # 0. This implies that W = 0. As either a.y = 0 or
Z =0, let us investigate first the case that Z = 0. In such a case the Bianchi identities (4.2)
and the field equations (4.3) imply that X is harmonic and as H*(S® x S') = 0, we
have X = 0. Using this, we also find that F is harmonic and so as H?(S® x S') = 0,
F = 0. Next the dilatino KSE (4.8) becomes (55 +YT,)o; = 0 which in turn implies that
25582 +Y? = 0. This is a contradiction as S = 0. Thus there are no such supersymmetric
AdSs3 backgrounds.

Next suppose that ap = 0. The field equation d x, X = Z A'Y gives

a3 = 0, (436)

and so X does not have a component along S'. Then the Einstein equation along S' gives

RO = _%W - 252 — éF2 — 9%)(2 =0. (4.37)
Thus again S = 0 which is a contradiction.

So to find solutions, we have to set S = 0. The Bianchi identity dF' = 0 gives F' = 0.
Furthermore the field equation d x, Z = 0 gives Z = 0. We also have from the field
equations (4.3) that WY = 0. If we choose Y = 0 and as Z vanishes as well, Z =0 , the
dilaton field equation in (4.5) implies that the rest of the fields vanish which contradicts
the warp factor field equation. So let us take W = 0. In such a case X is harmonic and
so X = 0. This is also the case for Z and so Z = 0. In turn the dilatino KSE implies that
Yo, = 0 which gives Y = 0. Thus all the fields vanish leading to a contradiction with
the warp factor field equation. There are no supersymmetric AdS3 solutions with internal
space G2/SU(3) x S*.
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4.6 N > 16 solutions with Ng = 6

The 7-dimensional homogeneous spaces that admit an effective and transitive action of one
of the Lie algebras in (3.61) are

5% x 52 = Spin(6)/Spin(5) x SU(2)/U(1), (N =18);
5% x 82 = U(3)/U(2) x SU(2)/U(1), (N =18);
S* x $* = Spin(5)/Spin(4) x (SU(2) x SU(2))/SU(2), (N =22). (4.38)

The Spin(6)/Spin(5) x SU(2)/U(1) case can be easily ruled out as Y = Z = 0. Then
the dilaton field equation implies that X = W = S = F = 0 which in turn leads
to a contradiction as the warp factor field equation cannot be satisfied. Moreover the
Spin(5)/Spin(4) x (SU(2) x SU(2))/SU(2) internal space has been investigated already as
it is a special case of Spin(5)/Spin(4) x SU(2).

4.6.1 S° x S§?2=1U(3)/U(2) x SU(2)/U(1)

The geometry of the homogeneous space S° = U(3)/U(2) has been described in sec-
tion 3.8.2. Using this, the most general invariant metric on M7 can be written as

ds*(M7) = ds*(S°) + ds*(S%) = a (£°)* + b 0,705 + ¢ ((£5)* + (£7)?) , (4.39)

where a,b,c > 0 are constants (¢",£°), » = 1,2,3,4, is a left-invariant frame on S° and
(€5,47) is a left-invariant frame on S2. The invariant forms on the homogeneous space are
generated by

P, w=02403 o =057, (4.40)
with
A’ =w, do=0. (4.41)
The most general invariant fluxes are
1 2 5 5
X:§a1w +aswANo, Z=0/F ANw+ P20’ No,
F=yw+my0o, Y =60, (4.42)

The Bianchi identity dZ = 0 implies that 81 = 82 = 0. So Z = 0. The remaining Bianchi
identities imply that
SW = 0, 6= —W% , W’}/Q =0. (4.43)

To continue first take S # 0. In such a case W =0 and so § =0. Asboth Y =27 =0,
the dilaton field equation implies that S = X = F' = 0. This is a contradiction to the
assumption that S # 0.

Therefore we have to set S = 0. Furthermore W # 0 as otherwise Y = Z = 0 and the
dilaton field equation will imply that all other fluxes must vanish. This in turn leads to a
contradiction as the warp factor field equation cannot be satisfied. As W £ 0, we have 7o =
0. Then the field equation for the fluxes (4.3) give *. X A F' = 0 which in turn implies that

a2yl = 0, Y11 = 0. (4.44)
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Notice that 1 # 0 as otherwise § = 0 and so Y = Z = 0 leading again to a contradiction.
Thus we find ooy = oo = 0 and so X = 0.

As we have established that Z = X = 0, we can follow the analysis of the KSEs in
section 4.4.1 that leads to the conclusion that there are no supersymmetric AdSs solutions
with internal space U(3)/U(2) x SU(2)/U(1).

4.7 N > 16 solutions with Np = 8

The 7-dimensional homogeneous spaces that admit an effective and transitive action of one
of the Lie algebras in (3.82) are

ST=(Sp(2) xSp(1))/Sp(1) xSp(1), ( )

5% % 8% =Spin(5) /Spin(4) xSU(2), ( )

5% % 5% % ST =Spin(5)/Spin(4) x SU(2)/U(1) x S*, ( )
5% x 8% =Spin(6) /Spin(5) x SU(2)/U(1), (N =20);
§°x$?=U(3)/U(2)xSU(2)/U(1), ( )
NEb™ = (SU(2) xSU(3) x U(1))/ Ak n (U(1) x U(1))- (1xSU(2)), ( )

( )

S* x 8% =Spin(5)/Spin(4) x (SU(2) x SU(2)) /SU(2), (4.45)

The only new cases that arise and has not been investigated already are those with internal
space S? x §% x S' = Spin(5)/Spin(4) x SU(2)/U(1) x S* and N®L™  All the remaining
ones do not give supersymmetric solutions with N > 16 and Nr = 8.

4.7.1 S* x 8% x S! = Spin(5)/Spin(4) x SU(2)/U(1) x St

The most general invariant metric on this homogeneous space can be written as
ds*(M7) = ds*(S*) + ds*(S?) + ds*(S') = a 6,075 + b ((£°)* + (€°)?) + ¢ (£7)?,  (4.46)

where a, b, c > 0 are constants and ", r = 1,2, 3, 4, is a left-invariant frame on S4, (¢°, £°)
is a left-invariant frame on S? and ¢7 is a left-invariant frame on S'. The most general
invariant form fluxes can be chosen as

X=al®t Z=~n0"AP5 F=p30% Y=6/0, (4.47)

where «, 3,7, d are constants.
From the Bianchi identities (4.2) and the field equation (4.4), we find that

Sy=0, ay=0, SW=0, Wp=0. (4.48)
First suppose that S # 0. It follows that W = Z = 0. Moreover from the field equation of
Z (4.3) follows that F' = 0. Next consider the Einstein field equation to find that

Ly _lg (4.49)

(7) — _1}/2 o
Ry 4 96 4

However this is the Ricci tensor of S' and hence vanishes. This in turn gives S = 0 which
is a contradiction to our assumption that S # 0.
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Thus we have to set S = 0. The Bianchi identities (4.2) and the field equation (4.4)
give that
ay=0, WpB=0, (4.50)

and the field equations (4.3) of the form field strengths imply that
Wi=0, Wa=0. (4.51)

Therefore if W #£ 0, we will have ' =Y = X = 0. Furthermore as Rgp = 0, the Einstein
equation reveals that Z = 0. Then the dilaton field equation implies that W = 0 which is
a contradiction to our assumption that W # 0.

It remains to investigate solutions with W = .5 = 0. Notice that we should have that
Z # 0, or equivalently v # 0, as otherwise the Einstein equation Rg? = 0 will imply that
X =Y = F = 0 and so the warp factor field equation cannot be satisfied leading to a
contradiction. Thus Z # 0 and as ay = 0, we have that X = 0. Inserting X =5 =W =0

into the dilatino and algebraic KSEs we find that they can be rewritten as

vy 3p 1946 B
( b\/EJ1J2+2bJ1 2\/EJ2 or =0,

<§J1 + \%J2>0+ = _%O’J,_ ) (4.52)
where J; = I'°T",I";; and J, = I'7. As each common eigenspace of J; and .J, has dimension
4 to find solutions with N > 16 supersymmetries we have to choose at least two of these
eigenspaces. One can after some calculation verify that for all possible pairs of eigenspaces
the resulting system of equations arising from (4.52) does not have solutions. Therefore
there are no AdS3 solutions that have internal space Spin(5)/Spin(4) x SU(2)/U(1) x S*
and preserve N > 16 supersymmetries.

4.7.2 NkL™ = (SU(2) x SU(3) X U(1))/Ak1,m(U(1) x U(1)) - (1 x SU(2))

As NFb™ is a modification of N¥! see [33, 34], we can use the local description of the
geometry of the latter in appendix C to describe the former. In particular the metric can
be written as

ds?(M7) = a (07)2 4 b (6,075 + 6,.5070%) 4 ¢ (1°)2 + (£5)?), rs=1,2, (4.53)

where (¢7, @", 0%, 05 07) is a left-invariant frame and a, b, ¢ > 0 constants. From the results of
appendix C, one can deduce that there are no closed 3-forms and so Z = 0. The remaining
invariant form field strengths are

1
X = ialwf + aowi Awy, F =wi 47wy, Y =060, (4.54)

where aq, ag,7v1,72,0 are constants. The Bianchi identities (4.2) imply that

o o
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Furthermore, the field equation for Z in (4.3) gives

c 1
b—2a1’yl + ECKQ’)/Q + SC"}/1 =0

1
a7yl + 55’72[)2 =0. (456)

Clearly from (4.55) either S = 0 or W = 0. Suppose that S # 0. Then W = 0 and from
the rest of the conditions arising in the Bianchi identities Y = 0. As both Y = Z =0, the
dilaton field equation implies that S = F = X = W = 0 which is a contradiction to our
assumption that S # 0.

Therefore we set S = 0. We also take W # 0 as otherwise the same argument presented
above leads again into a contradiction. As S = 0, the last condition in (4.56) implies that
agy1 = 0. However 7 cannot vanish. Indeed if v; = 0, then (4.55) will lead to Y = 0.
Since Y = Z = 0, the dilaton field equation in (4.5) will imply that the rest of the fields
vanish. In turn the warp factor field equation (4.6) cannot be satisfied. Thus we have to
set 1 # 0. In such case ay = 0 and the first equation in (4.56) gives a3 = 0. As both
Ozlzagzo,XZO.

We have shown that the remaining non-vanishing fields are W, Y and F'. To continue
consider the dilatino and algebraic KSEs. These can be written as in (4.16). Then a
similar argument as that presented in section 4.4.1 leads to a contradiction. There are no

supersymmetric AdSs solutions with internal space N*4m.

5 N > 16 AdS; X, M7 solutions in IIB

5.1 Field equations and Bianchi identities for N > 16

The bosonic fields of IIB supergravity are a metric ds?, a complex 1-form field strength
P, a complex 3-form field strength G and a real self-dual 5-form field strength F. For
the investigation of IIB AdSs x., M7 backgrounds that follows, we shall use the analysis
presented in [11] where all the necessary formulae can be found. As we are focusing on
backgrounds that preserve N > 16 supersymmetries, the homogeneity theorem implies that
the scalars are constants and so P = 0. We shall use this from the beginning to simplify
the relevant field equations, Bianchi identities and KSEs. Imposing the symmetries of the
AdS3 subspace on the fields, one finds that the non-vanishing fields are

ds? = 2eTe” + (e%)? +ds* (M), F=e"Ne Ae*ANY —x.Y
G=Xe " Ne ANe*+H, (5.1)
where a null-orthonormal frame (e*,e”,e* e’), i = 1,...,7, is defined as (3.3) and

ds’(M7) = §;;e'e. Y is a real 2-form, X is a complex function and H a complex 3-form
on M7. The dependence of the fields on AdS3 coordinates is hidden in the definition
of the frame (e',e™,e*). All the components of the fields in this frame depend on the
coordinates of M.
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The Bianchi identities of the k-form field strengths can be written as

dY:é(YH—XF), dX = 0
d*7Y:—éH/\ﬁ, dH =0, (5.2)
while their field equations are
%H2+X2:0, dsx, H=4iXx% Y +4iY NH . (5.3)

Note that the Bianchi identities imply that X is constant. We have also used that the
warp factor A is constant. This is proved as in eleven dimensions upon making use of the
compactness of M7 and the homogeneity theorem.

The Einstein equation along AdSs and M7 becomes
=ik _ 2

3. 1
2
V2 + SXX + o HgeH = 5

7 1 H
R’Ej) = 2Y%5;; — 8Y;§ + ZH(ilej)kl

A—2

1 < 1 —klm
+ gXX5ij - ZnglmH dij (5.4)
respectively. Here, V denotes the Levi-Civita connection on M7 and R is the Ricci tensor

on the transverse space. The first condition above is the field equation for the warp factor.

5.2 The Killing spinor equations

The solution of the KSEs of IIB supergravity along the AdSs-subspace can be expressed
as in (3.9), only that now o4 and 74+ are Spin(9, 1) Weyl spinors which depend only on the
coordinates of M” and satisfy the lightcone projections I'to+ = I't7+ = 0. The remaining
independent KSEs are the gravitino

Vo =0, VW —o, (5.5)
dilatino
Aoy =0, AHri =0, (5.6)
and algebraic
E®oy =0, <E(i> + é) 4 =0, (5.7)

KSEs, where

1 3 1
——TH. + =—H.=—XT..
+< og i+ 551 F 5 >C*

6
1 1
() — —= =
A ¢4XFZ+24H,
E<i>:¢iifAY+ Lap HiiAX Cx (5.8)
20 4 9 16 ' '
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and C'is the charge conjugation matrix followed by complex conjugation. In the expressions
above we have used that P = 0 and that A is constant. As in 11-dimensional and ITA
supergravities, the IIB AdS3 backgrounds preserve an even number of supersymmetries.

5.3 N > 16 solutions with Ng = 0 and Nr = 2

The existence of solutions that preserve strictly 28 and 30 supersymmetries has already
been excluded in [37]. As in the ITA case, IIB N > 16 supersymmetric AdSs solutions with
Np = 0 can also be ruled out because there are no 7-dimensional homogeneous manifolds
that admit a transitive and effective action of the tg subalgebra of the expected symmetry
superalgebra of such backgrounds. So we shall begin with backgrounds with Ng = 2. The
homogeneous spaces are as those in ITA and are given in (4.12).

The homogeneous space S” = Spin(8)/Spin(7) can be ruled out immediately. This
symmetric space does not admit invariant 2- and 3-forms. Therefore Y = H = 0. Then
a field equation in (5.3) implies that X = 0 as well and so the warp factor field equation
in (5.4) cannot be satisfied.

Similarly S” = Spin(7)/Gz can also be ruled out as it does not admit an invariant
closed 3-form and so H = 0. Also it does not admit an invariant 2-form either and so
Y = 0. Then because of the field equations in (5.3), one deduces that X = 0 and so the
warp factor field equation in (5.4) becomes inconsistent.

5.3.1 S7=1U(4)/U(3)
Following the description for the geometry of the homogeneous space U(4)/U(3) as in
section 3.7.2, the most general allowed fluxes are

Y =aw, H=BAw. (5.9)

The Bianchi identity dH = 0 requires that § = 0. In turn a field equation in (5.3) implies
that X = 0. Substituting this back into the Bianchi identities (5.2), one finds that Y is
harmonic and so it must vanish. As all fluxes vanish, the warp factor field equation in (5.4)
becomes inconsistent. There are no AdSs solutions with internal space U(4)/U(3).

5.3.2 S7 = (Sp(2) x Sp(1))/Sp(1) x Sp(1)

The geometry of this homogeneous space described in section 3.7.3 reveals that there are
no invariant 2-forms and closed 3-forms. As a result Y = H = 0. The field equations (5.3)
imply that X = 0 as well. Therefore there are no solutions as the warp factor field equation
cannot be satisfied.

5.3.3 S* x §% = Spin(5)/Spin(4) x SU(2)

The geometry of this homogeneous space has been described in section 4.4.3. The most
general fluxes can be chosen as

1
Y = §ar6TSt€S AN, H =0, (5.10)
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where r,5,¢ = 1,2,3. As Y is both closed and co-closed and H?(S* x S3) = 0, we deduce
that Y = 0 and so a Bianchi identity in (5.2) implies that

Xp—-XB=0. (5.11)

This together with a field equation in (5.3) imply |3|?> +|X|? = 0 and so X = H = 0. Then
the warp factor field equation in (5.4) cannot be satisfied. There are no AdSs solutions
with internal space Spin(5)/Spin(4) x SU(2).

5.4 N > 16 solutions with Ng = 4

The homogeneous internal spaces are given in (4.26). It is straightforward to show that
S6 x St = Spin(7)Spin(6) x S! is not a solution as Y = H = X = 0 which contradicts the
warp factor field equation.

5.4.1 G2/SU(3) x St

In the notation of section 4.5.2 the metric can be chosen as ds? = ad,s\"\* + b(£7)? and
the most general invariant Y and H forms are

Y =aw, H=pIny+ /B0 Aw+ B3Rex. (5.12)

The Bianchi identity dH = 0 implies that 8o = $3 = 0. In what follows set g1 = 5. It
follows that the Bianchi identity for Y in (5.2) gives

3a = %()_{B ~ BX). (5.13)
Furthermore the field equation for H in (5.3) gives
f=—-iXaaxa. (5.14)
Next turn to the dilatino KSE. Setting A" = ¢?"~! 4 i¢?" it can be written as
%(J1+J2—J3—J1J2J3)U+ = Xog (5.15)
a2
where J1 = I',I'136, Jo = I',I'935 and J3 = I',I'o946. These are commuting hermitian
Clifford algebra operators with eigenvalues +1. For all choices of eigenspaces either X = 0
or X = :|:45/a%. Substituting this into the first field equation in (5.3), we find that g8 = 0.
Therefore X = 0 as well. Then (5.13) and (5.14) imply that Y = H = 0. Thus the warp
factor field equation in (5.4) cannot be satisfied. Therefore there are no supersymmetric
AdS3 solutions with internal space Ga/SU(3) x S*.
5.5 N > 16 solutions with Ngp = 6

The allowed homogeneous internal spaces are given in (4.38). We have already investi-
gated the AdS3 backgrounds with internal space S* x S3 = Spin(5)/Spin(4) x (SU(2) x
SU(2))/SU(2) as they are a special case of those explored in section 5.3.3 and we have
found that there are no solutions. Next we shall examine the remaining two cases.
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5.5.1 S° x §% = Spin(6)/Spin(5) x SU(2)/U(1)
The metric can be chosen as
ds* (M) = ds?(S°) + ds*(S?) = a &,s0"¢* + b ((£°)% + (£7)?), (5.16)

where a,b > 0 are constants, £, 7 = 1,...,5 is a left-invariant frame on S° and (¢5,/7) is
a left-invariant frame on S?. As this symmetric space does not admit invariant 3-forms,
we have H = 0. Then a field equation in (5.3) implies that X = 0. Setting Y = a %7, the
Einstein equation along S? gives

2
(0%
R = —455 0, Pa =67 (5.17)

However the Ricci tensor of S? is strictly positive. Thus there are no AdSs solutions with
internal space Spin(6)/Spin(5) x SU(2)/U(1).
5.5.2 S° x 82 =1U(3)/U(2) x SU(2)/U(1)

The geometry of this homogeneous space has already been described in section 4.6.1 and
the metric is given in (4.39). The most general fluxes can be chosen as

Y=aiw+aso, H=FL Aw+ [l Ao. (5.18)

The Bianchi identity dH = 0 implies that §; = 2 = 0 and so H = 0. In turn a field
equation in (5.3) gives that X = 0, and d %7 Y = 0 implies a3 = 0.
Next consider the Einstein equation (5.4) along S?. A direct calculation reveals that

2
(0%
R = —41722 Opg, Dyq=6,T. (5.19)

However the Ricci tensor of S? is strictly positive. There are no AdSs solutions with
internal space U(3)/U(2) x SU(2)/U(1).
5.6 NN > 16 solutions with Ng = 8

The allowed homogeneous internal spaces are given in (4.45). All the cases have already
been investigated apart from those with internal space S* x S? x S = Spin(5)/Spin(4) x
SU(2)/U(1) x S* and N¥4™ which we shall examine next.

5.6.1 S%x 8% x S' = Spin(5)/Spin(4) x SU(2)/U(1) x St
The geometry of this symmetric space has been described in section 4.7.1. The metric can
be chosen as in (4.46) and the most general invariant fluxes are

Y =al®, H=per", (5.20)
As dY = 0, the Bianchi identities (5.2) give that
XB—-BX =0, (5.21)

which together with a field equations in (5.3) imply that H = X = 0. The only non-
vanishing field is Y. However as in the previous case after evaluating the Einstein equa-
tion along S2, one finds a similar relation to (5.19). This is a contradiction as the Ricci
tensor of S? is strictly positive and so there are no AdSsz solutions with internal space

Spin(5)/Spin(4) x SU(2)/U(1) x S.
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|J1, J2, J3) | relations for the fluxes
£7.1) v b

[+ ) =

1+, £, 4) =
ET) | ook

Table 10. Decomposition of (5.24) into eigenspaces.

5.6.2 NFkbL™ = (SU(2) x SU(3) x U(1))/Ak:m(U(1) x U(1)) - (1 x SU(2))
The metric can be chosen as in (4.53). From the results of appendix C, one can deduce

that there are no closed invariant 3-forms and so H = 0. The field equations (5.3) imply
that X = 0 as well. The most general 2-form Y is

Y=0aiwi +agws. (5.22)

The Bianchi identities imply that Y must be harmonic. Observe that dY = 0. The
co-closure condition implies that
aq a9
— — —5 =0, 5.23
b2 kc? ( )
where dvol = %w% Awg A LT
Next the algebraic KSE (5.7) can be written as

(651 a9 1
(?(J1 +J2) + ?J3> o4 = €7A0+ ) (5.24)
where J; = il''?, Jy = iI®* and J3 = iI'%%. The relations amongst the fluxes for each of
the eigenspaces can be found in table 10. The warp factor field equation in (5.4) also gives

2 2
o} a; 1

As the common eigenspaces of Ji, Jo, JJ3 have dimension 2 to find solutions preserving

(5.25)

N > 16 supersymmetries, one needs to choose at least three such eigenspaces.

The eigenspaces that lead to the relation %2 = éLA for the fluxes can be ruled out
because of the warp factor field equation. Therefore we have to choose three eigenspaces
from the remaining cases in table 10. For every choice of a pair of relations either oy or
a vanishes. Then the co-closure condition (5.23) implies that Y = 0. There are no AdSs

supersymmetric solutions preserving N > 16 supersymmetries.
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A Notation and conventions

Our conventions for forms are as follows. Let w be a k-form, then

2 Oyl 2
w = Ewilmikdl‘zl Ao A dat Wi = Wity W) 1-bp—1 , w’= Wil...iszl ik (Al)

To simplify expressions, we use the shorthand notation
W=wA-Aw, 2T =PANPA A (A.2)

where £’ is a left-invariant frame, and similarly for an orthonormal frame e’.
Our Hodge duality convention is

1
WA *w = Eoﬂdvol. (A.3)
We also define
¢ = wiy. 4, T G, = Wiig.ix [, Ty, = Filiz“'i’““wiz...ikH ; (A.4)

where the I'; are the Dirac gamma matrices. Throughout the paper, the gamma matrices
are always taken in an orthonormal frame.

The inner product (-,-) we use on the space of spinors is that for which space-like
gamma matrices are hermitian while time-like gamma matrices are anti-hermitian, i.e. the
Dirac spin-invariant inner product is (I'g-, -). For more details on our conventions see [10—
12].

B Coset spaces with non-semisimple transitive groups

We have already argued that if ¢y is simple then the internal spaces G/H, with Lie G =
tp can be identified from the classification results of [28]-[32]. This is also the case for
to semisimple provided that in addition one considers modifications to the homogeneous
spaces as described in section 2.3.

Here, we shall describe the structure of homogeneous G/ H spaces for G a compact but
not semisimple Lie group. As we consider homogeneous spaces up to discrete identifications,
we shall perform the calculation in terms of Lie algebras. The Lie algebra of GG can be
written as LieG = p @ a, where p is semisimple and a is abelian. Suppose now that we
have a G/H coset space, where H is a compact subgroup of G. Then Lie (H) = q @ b,
where ¢ is a semisimple subalgebra and b is abelian. Let us now focus on the inclusion
i : Lie(H) — LieG. Consider the projections p; : £ieG — p and py : LieG — a.
Then we have that p oi|; = 0 as there are no non-trivial Lie algebra homomorphisms from
a semisimple Lie algebra into an abelian one. Thus p; o i|q is an inclusion. Furthermore
P1 © i|Ker(pooil,) 18 also an inclusion. Therefore q © Ker(pz oily) is a subalgebra of p. As p
is semisimple and for applications here dim G/H < 8, there is a classification of all coset
spaces P/T with £ie P = p and Lie (T') = q & Ker ps 0 ifp.

Next consider b, = b/Ker (ps o i|p). Suppose first that i(by) is contained in both p
and a, then up to a discrete identification a coset space W/X with Lie W = p @ i(b) and
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Lie X = qdb is a modification of P/T with an abelian group which has Lie algebra pyoi(b).
Furthermore the generators of a/i(b) commute with £ie X and of course are not in the image
of i. As aresult G/H up to a discrete identification can be written as W/X x T*, where k =
dim a/i(b), ie up to a discrete identification G/ H is the product of an abelian modification of
a coset space with semisimple transitive group and of an abelian group. On the other hand
if i(b) is all contained in a, then G/H up to a discrete identification is a product P/T xT™,
where m = dimi(a). In the classification of AdSs backgrounds, we use the above results to
describe the geometry of the internal spaces whenever t; is not a semisimple Lie algebra.

C Nk =S8U(2) x SU(3)/Ak,(U(1)) - (1 x SU(2))

The inclusion of U(1) x SU(2) in SU(2) x SU(3) is given by

Zk Zl
(2 4) ( (0 Zok) , (AO ZOQZ) ) .

Consequently in the notation of [18], the Lie subalgebra b of the isotropy group is identified
as 1
f) :R<M12,N12,N11 —|—§N33,2]<3N11 —3lN33>. (Cl)

The generators of the tangent space at the origin m of the homogeneous space must be
linearly independent from those of h and so one can choose

m = R(Mi2, N1, M3, Maz, N13, Nog, 2k N1 + 31 N33) , (C.2)
where su(2) = R(MTS,NTS> , 8 =1,2 and su(3) = R(Mgp, Nap) , a,b=1,2,3.
A left-invariant frame on N*! is
0 =10"Z + "My + (°Nyg + 0" M35+ {"N,5 , (C.3)

where Z = 2kN11 + 31 N33.
The exterior differential algebra of the left-invariant frame, modulo the terms that
contain the canonical connection and so lie in h A m, is

1 1 R
AT = —— N+ =5, .07 NP
i Mgt A
ar® = 2k07 N 1° d® = —2k07 A 0P,
dem = =310 A L dir =310 AL (C.4)

Note that upon taking the exterior derivative of invariant forms the terms in the exterior
derivative of a left-invariant frame that lie in h A m do not contribute.
The invariant forms on N*! are generated by a 1-form ¢7 and the 2-forms

wi = 6pglm NP, wy =2 NLE (C.5)

Observe that dw; = dwy = 0. On the other hand d¢" = —(4k) tws + (81)7'w;. So
H?(MT,R) has one generator as expected. The invariant 3- and 4-forms are £7 A wy,
07 A wy, and w1 Awi, wi Aws, respectively. Both 4-forms are exact as they are the exterior

derivatives of invariant 3-forms. As a result H*(M7,R) = 0 as expected. Note though that
H4Y(MT7,Z) # 0.
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