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1 Introduction

The AdS/CFT correspondence [1-3] gives a plausible non-perturbative definition of the
quantum gravity, via the conformal field theories (CFT). The basic building blocks in
CFT are the conformal partial waves (CPW) which are the bases of correlation functions
in CFT. Hence, it is natural to ask the bulk dual of CPW. Recently, the answer of this
interesting question has turned out to be the geodesic Witten diagrams (GWD) [4]. See also
very recent progress of the study with spinning fields [5-10], thermal background [11, 12]
and boundary/defect [13-15].

To show the equivalence between CPW and GWD, we can use the fact that CPW
is a solution of the conformal Casimir equation. In the bulk, this equation corresponds
to the equation of motion of the bulk-bulk propagator in GWD. This relation becomes
manifest via the embedding formalism [16, 17] by which we embed fields in AdSg41/CFTy
into R“11, While there is another method to solve the equation, called the shadow
formalism [18-23], the split representation [24-26] of the bulk-bulk propagators makes



manifest the connection between them. It is worth noting that the embedding formalism
and the split representation are also useful to compute usual Witten diagrams with or
without loop effects (see, for example, [26-32]).

While we can discuss many interesting aspects of the AdS/CFT correspondence with-
out explicit supersymmetry, the well-known examples of the dualities are the ones between
supersymmetric theories since these have been discovered from the superstring theory.
Thus, it is natural to wonder if fermionic degrees of freedom might play the important role
in the correspondence, for example, the stability of the vacuum at strongly coupled regime
in CFT. Furthermore, superconformal partial waves are also important in the conformal
bootstrap program for superconfomral field theories (see, for example, [33-35]). There-
fore, studying the fermionic sector in the correspondence between CPW and GWD is quite
reasonable and interesting.

In this paper, from the above motivations, we investigate the embedding formalism
for the odd dimensional AdS Dirac spinors and its application to the (geodesic) Witten
diagrams. We construct 3pt and 4pt GWD with scalar and spinor fields by using the
embedding formalism. Then, we check that the 4pt fermion exchange GWD with two scalar
and two spinor external fields satisfies the conformal Casimir equation for CPW. To embed
the AdS spinor, there is a small obstacle to impose the conventional “transverse conditions”
such as one at the boundary. We thus need to impose a new condition that is consistent
with the transverse condition at the boundary. We also derive the split representation of
spinor fields and decompose the 4pt Witten diagram with fermion exchange into GWD by
using the split representation. These GWD correspond to the 4pt CPW for the single and
double trace operators which are constructed from scalar and spinor fields.

This paper is organized as follows. In section 2, we prepare the embedding formalism,
the quadratic Casimir equation and the split representation for spinor fields. In section 3,
we construct the 3pt and 4pt (geodesic) Witten diagrams explicitly and show the correspon-
dence between 4pt CPW and GWD with fermion exchange. In section 4, we decompose the
4pt Witten diagram into GWD as the CPW expansion of conformal correlation functions.
We conclude with an outlook in section 5.

2 Embedding formalism for AdS spinors

In this section, we develop the embedding formalism for odd dimensional AdS spinors. By
using the embedding formalism, we introduce auxiliary fields, the covariant derivative, the
AdS propagators and the quadratic Casimir equation for the spinor fields. We also derive
the split representation of the AdS spinor bulk-bulk propagator. Throughout this paper,
we will consider Euclidean AdS and its boundary.

2.1 Embedding AdS4;; spinors in R4t1!
The AdS441 space can be embedded into the R*11 such that

d d
X2 =napXAXP = ~(XOP2 4 ) (X + (X2 = —XTX 4 (X9 =-1. (21)

i=1 a=1



Here nap is the flat space metric with Lorentzian signature. In particular, we take the
Poincare coordinates,

XA = (X, X, X%) = %(1, 2 4 a2, ). (2.2)

Then, the coordinates for the boundary CFT (R?) can be defined by its conformal boundary,

P2 =0, PA~\PA)\eR), (2.3)

where
PA = (P*,P™,P% = (1,2% 2. (2.4)

Since we are interested in the spinor fields, we introduce the Dirac gamma matrices I'4 in
R which satisfy
{rA 18} = 295, (2.5)

In this paper, we will restrict ourself to Dirac fermions in the odd dimensional AdS space
(namely, d is even). It is useful to introduce an auxiliary field S to contract the spinor
indices such that

U(X,S9)=SY(X), (2.6)

where S means Dirac conjucation of S. We would like to relate an AdSz,1 spinor ¢ with
U in R¥L1 Obviously, ¢ and U have different degrees of freedom in general. Thus, we
need to impose some constraints for ¥ so that it reduce to 1 on the AdS sub-manifold.
In practice, it is equivalent to say imposing the constraints for S. The constraint was
first briefly discussed in [17], whereas we will introduce a different condition for the AdS
fermions. In particular, we impose the condition,

XTA8, =18, (2.7)

for the auxiliary field S. As we spell out below, our basis of the fermions (2.7) makes
the connection to the original AdS ones manifest. Here I' is the chiral gamma matrix in
R¥1L1 Notice that we can not take the conventional “transverse condition”, X4T'AS), = 0
for the AdS spinors. Such a naive condition gives rise to S, = 0 due to the non-vanishing
determinant of X ,T'4. In our convention, summarized in appendix A, the solution of (2.7) is

1
Sb—%

where 4% (a = 1,2, ---d) is the d-dimensional gamma matrices, and 7" is the chiral gamma

(2.8)

(29° +7"za)x
X Y

matrix in the same dimension. Here y is an auxiliary field for the original AdS. Taking
the limit z — 0, .S, goes to z_%Sa, where

(2.9)

Here s is an auxiliary field in the boundary CFT. This Sy is conventional one in the
embedding formalism for CFT fermions [36-38].



2.2 Equation of motion and its solutions

We shall define the covariant derivative V 4 for the embedding fermions. It should be the
straightforward extension for the tensor fields. That is,

VAZGABaB+EABXB, (2.10)

where Gap = nap + X4 Xp is the induced metric, and X 4p = i[I‘A, I'B] is the generator

of rotation for the fermions. Then, the Dirac equation in the embedding space is!

T4V —m] ¥(X) =0, (2.11)
U(X) [%AFA + m] = [(Gap(0P¥ (X)) — U(X)SapX BT+ m¥(X)] =0. (2.12)

Hereafter we will use the notation ¢+ that represents the differential action from the
right side.

2.2.1 Propagators

One can explicitly check that there are non-normalizable solutions of (2.11), namely the
bulk-boundary propagators for the spinors [39, 40].? In the embedding space, these are

given by
AL = <§bH_Sa>
G, 22 (X,S; P,Sg) =C 1 ———m——, 2.13
bd ( b 8) A,;(_QX‘P)AJF% ( )
=A% 5 (Soll_Sy)
G 2 (X,S;P,Sg) =Ch 1 ——————, 2.14
N ) =6 (—2X - P)A+3 (2.14)
where .
raA+s
N ! (a+5) (2.15)

S O

is the normalization constant fixed by the behavior at the boundary. Here 114 is the chiral
projection, 1L = % We also used the relation m = A— %. Note that the chiral projection
is necessarily for the propagators to be the solutions. In the AdS/CFT correspondence, on-
shell Dirac fermions in the AdS space become Weyl fermions in the boundary theory [39]. If
we flip the sign of the mass m to —m in the equation of motion (2.11), the chiral projection
IT_ in (2.13) also becomes II;. For the notation and connection to the usual AdS space,

please see appendix A. The bulk-boundary propagator for the scalar fields is given by

1

(—2X - P)»’

1 I'(A)
2md2 T (A+1-¢)

G’ (X; P) = Cay (2.16)

Ca0 (2.17)

I'With the index-free notation, these derivatives FAVA should be replaced by SbFAVAagb.
2Qur definiton of A is the same as one of [39], however, it is different from one of [40].



We also have the bulk-bulk propagator [40] given by

AL - - d - d B
Gt (X, 55 7.13) = B (6o w) + BT (68 W), (21

where GbAb’O(u) is the bulk-bulk propagator for a scalar field, and

d a0, 1 T(A+1)
W= T ETA D
Fon(u) = (2u) S0P (A+1,A —h+1/2,2A —2h + 1, —2u"1)

(2u) ' Fya(u), (2.19)

U A+1 A 1
= F SHLA-h+1,— ). 2.20
28 (u 4 1)A+12 1( 2 2 * ’(u+1)2> (2:20)

Here we used Ay = A +1/2, h =d/2 and the chordal distance u = -1 — X - Y.

2.2.2 Connection to the conformal Casimir equation

As usual, we also have the Klein-Gordon type equation of motion,
[(TAV4)2 — m?] ¥(X) = 0. (2.21)
By using the above definitions, one can show the well-known relation
T4V 1) = 2BV, V5 — iR, (2.22)

where R = —d(d 4 1) is Ricci scalar for AdSgy1. Thus, the Klein-Gordon equation is now
equivalent to
[V —mig] ¥(X) =0, (2.23)

where mgﬁc =m? — % is an effective mass. From the above equation, we obtain a useful

relation for the AdS Dirac fermion,
1 1
— iLABLAB\I/(X) = [(FAVA)Z + SR] V(X) = Cp 1 W(X), (2.24)

where Lsp = XAOJ)B{ — Xgaff + Y ap is the SO(d + 1,1) generator. Here CA,% is
the same as the quadratic conformal Casimir for d-dimensional spinor representation,
CA,% =A(A—-d)+ %(d — 1), (not the coefficient of the bulk-boundary propagators CA,%)'
In particular, the bulk-bulk propagator (2.18) satisfies the above quadratic Casimir equa-
tion (2.24) when X # Y. This fact will be important to show that GWD satisfies the
conformal Casimir equation.

2.3 Split representation

Let us define the harmonic function for the AdS fermions,
Q, 1 (X,Y)

{ h-tiv, % - o h—iv, _
[dP] Gy 2(X, Sp; P, Sp) (8SBP855) Gy 2(Y, Sp; P, Sp)

)
H+(—)H_ ]

(2.25)

27T J9AdS 41



—~ =
where 0gP0g is the projector and necessary for the conformal integral with respect to
P [23]. In what follows, we will often use a short hand notation for the Dirac matrices, say
P = PAT' 4. (2.25) is a solution of the Dirac equation,
.(—
(T-Vx)—w]Q,1(X,)Y)=Q, 1(X,Y)[(Vy -T') —iv] =0. (2.26)
72 72

Note that €, 1 is not a solution of the other Dirac equation \I'[(VX I') +iv] = 0. One
can confirm thls feature by showing that €1, 1 is a linear combination of the bulk-bulk
2

)} .27)
T4 T

Then, the split representation of the fermion bulk-bulk propagator is,

propagators with different scaling dimensions (see appendix B.1),

Q,1(X,Y) = % {GZJW’Q(X Y) - (Gh "3 (X,Y)

AL e dv
be 2 (X, Y) == /_OO m QM%(X, Y) (228)

hetiv, L
The derivation of (2.28) is as follows. From the explicit form of the propagator, G, e
converges at Im(v) — Foo. Then, we can show?

Z. > dl/ h+ZV A 1

[ G (X,Y) = Gy (XY

2 —ooV+i(A—h) ( ) bb ( ) ),
¢ - dv h—iu%
o LA ) (XY — 9.9
2T /—oo v+ Z(A - h) be ( ) )|H+<—>H7 0, ( 9)

from the residue theorem. These lead (2.28).

3 Conformal partial waves from geodesic Witten diagrams

In this section, we show the equivalence between 4pt CPW and GWD including fermionic
degrees of freedom. In section 3.1, we start analysis of 3pt tree-level (geodesic) Witten
diagrams with two spinor fields and a scalar field. We highlight the ratio of these amplitude,
which will be useful in the next section. In section 3.2, we demonstrate the aforementioned
correspondence especially between the 4pt CPW and GWD including an internal spinor
field and external scalar and spinor fields.

3.1 Warm up: fermion-fermion-scalar amplitude

As warm up exercise, let us compute the tree-level 3pt Witten diagram associated with the
Yukawa-like interaction in the embedding space,

i = / X By (X) o (X) B3 (X). (3.1)
AdSgs1

$We implicitly assume A > h = d/2.



The amplitude of the diagram can be written as

Az = / dX G
AdSqi1

It reduces to
_ 1
As = (510115201 C, 1€y 4 Cas /Adsdﬂ X o X0 (2B, - X% (2P X
(3.3)
Here we introduced 6; = Aﬂtsl, where s; is magnitude of the spin of i-th operator. (Namely,
0= A1+ 2,52 Ag + 5 L and 83 = As in this example.) Notice that the integrand is the
same as the scalar 3pt amplitude of the Witten diagram with scaling dimension 41, d2 and

Al’z . qQ 9 —>_ A272 3,0
(X,Sb,Pl,Sla)(asbasb)G (X, Sb,PQ,SQ@)Gba (X;P3). (3.2)

d3. By using the standard Schwinger-Feynman integral method, one can obtain
(S1511_S59)

A3 201/711/1203( 2P Pz) (51+52 53)( 2P2-Pg)%(52+63_61)(—2P3-P1)%(63+61_52)’ (34)
01/;11/12(93 T CA1 1CA2 1CA3 0F( ( d—{—Z(S))
I (3(01+62—03)) T (5(624+63—61)) T (5(03+01—62)) (3.5)

20 (61)L(52)T(03)
Then, let us consider the corresponding 3pt geodesic Witten diagram,

A272

_ - =
W3(’Y12)=/ dAGAI’Q(X,Sb;Pl,Sla)(asbagb)G (X, Sp; P2, S20) G * (X5 P3). (3.6)
Y12

Here the integration domain «;; represents the geodesic anchored on the boundary points
P; and P;. The bulk coordinate X on the geodesic ;; is given by

e P+ e Poy

XA(N) = 3.7

By using the integral representation of the beta function, we readily obtain
(S1911_529)
Wi (y1a) = C12) , (3.8)
19203 (—2P,-P»)? 1(61462—0 )( 2P, P3)3 1 (62403— )( 2Ps-Py)2 L(83+61—62)
(112) 03—01+02 d3+01—02

szwz(’ls fCAl ch2 1CA3,OB< 5 ) 5 . (3.9)
It is worth noting that, the “ratio” of the usual diagram A3 to the geodesic one Ws(7y12) is

_h 51—|—52 53))
Ws(ya) F< ( d+25>> 61)I'(02) (3.10)

In the same way, one can evaluate Ws(7y23) and Ws(y31). As expected, we get the same
3pt function as (3.8), while the over all coefficients are different from Ws(~12):

As h 52+53—51))
Wg(m)_wr( < d+26>> TG (3.11)
Az (3 53 + 61— d2))
Wt =" r( < d+z(5>> el T (3.12)



One can also obtain the above 3pt functions with opposite chirality by replacing II+ — II+
for each intermediate step. For W(P;) with the chirality I1_, generic fermion-fermion-scalar
3pt correlators have the following two different tensor structures:

(U(Py, 51)U(Py, S2)®(P3))
C1 (S1oT1S20) + Ca (S1011PsSo) | mam ey by

— 3.13
(—2P1 . PQ)%(61+62—53)(—2P2 . P3)%(52+53—51)(_2P3 . Pl)%(63+51—62)’ ( )

where C 2 are OPE coefficients for each spinor bi-linear. In the same manner, we have two
classes of 3pt interactions in AdS for fermion-fermion-scalar vertices. To get the second
term of (3.13) from the AdS integral, for example, one can consider a derivative interaction:

Sint. :/ dX U (X)) TAWL(X)V 4 P3(X). (3.14)
AdSgyq
One can also take a more exotic interaction,

Sint. = / dX U (X)TAW, (X)X 4®3(X), (3.15)
AdSgiq

which will be formally appeared in the GWD decomposition of the Witten diagram in the
next section. In these cases, we need to take the bulk-boundary propagators with relatively
opposite chirality projection because of I'4 in (3.14) and (3.15). In appendix B.2, we leave
intermediate steps from the derivative interaction (3.14) to the second spinor bi-linear
in (3.13). We will compute 3pt GWD with the exotic one (3.15) in section 4.

3.2 Conformal partial waves from geodesic diagrams with fermion exchange

Next, we would like to show the equivalence between CPW and GWD both of which possess
external/internal fermions. However, GWD with 4 external fermions and an internal scalar
is almost trivially equivalent to CPW. One may understand this triviality from the previous
3pt calculations — (3.6) can be expressed as a scalar 3pt GWD times the spinor bi-linear
(S19I1_Sp). Similarly, the above 4pt GWD can be written as a scalar 4pt GWD times
spinor bi-linears such as (S1gIl_Soy) and (S3sII_Ss9). Therefore, the problem almost
reduces to the correspondence between the scalar GWD and CPW.

Thus, here we display only the detailed proof for the fermion exchange. We con-
sider a fermion exchange GWD with two external spinors and two external scalars in the
embedding space. The amplitude of this GWD is given by

Wi(A,Aj) = /

© —

_ <
dAFA[P1, P2, Y (X), S10, T (91,(1 + Y (X)) 07,)

Ay, L _
x Gy 2 (Y (N), Ty; Py, 546)GbAa3’O(Y()\); Ps), (3.16)
where
a ° ~Aqp,L _ — —
FA[PI,PQ,Y,Sla,Tb]E/ NG (X(N), S P, 510)GE2 0 (X (A); Po) (95, (14 X(N) D 5,)
1 _
X Gy ? (X(N), 83V, T5). (3.17)



— —
The reader may wonder why we consider a strange interaction (9s,(1 + X)dg,) rather

than (Bsbg 5,)- As discussed below, one can also take the latter. The different choice gives
rise to the different combination of spinor bi-linears in the corresponding CPW. For the
meanwhile, however, we will take the former (strange one) since we can show that this
choice of interaction reproduces the Yukawa-like interaction for the original AdS,.1 space,

V=9d"™ 'z papa, 0, - (3.18)

AdSgiq

In other words, our choice of the interaction will be useful for the bulk computation in the
next section.? For more detail, please see appendix B.3.
The above function F[Py, P»,Y, S15,T}] is invariant under the simultaneous rotation

by L1+ Lo + L<_y Using this fact twice and (2.24), we get
1 2 G & L 509
—5 (L1 Lo) FAlP1, P2, Y, 519, Th] = Fa[Pr, P, Y, 510, Th) <_2(LY) )
= Cp 1 Fa[PL, P2, Y, 519, T3], (3.19)
Therefore, we have shown that W, satisfies the conformal Casimir equation:
- %(L1 + Lo)*Wa(A, A)) = Ca i Wa(A, ). (3.20)

Moreover, the above GWD has two independent solutions of the conformal Casimir equa-
tion since Lap = YAéﬂé — Y38AY + Y 4p commutes with IIL. Let us decompose the above
GWD W, into two pieces,

Wi(A, A) = Wi (A, A) + Wy (A, A), (3.21)
0 _ — —
WE(A, A) = / INFE(PL Py Y (M), 810, Ty)(97,(1+ Y(\)d7,)
Ayt —
X G 2 (Y (N), Th; Py, Su) Gt ' (Y (N); Py), (3.22)
where we defined
—+ O _ *° _Ah% a AQ,O S =
FX[P1,P2,Y, 519, T = dAGry 2 (X(N),Sp; 1, 510) Gy (X (A); P2)(0s,(1+X ()0 g,)
1 _
X Gy (X (N), 5 Y, Th), (3.23)
AL+ - - d
Gy 2 (X, 5 Y Th) = (Sp 114 1) (CwaAbi’O(U)) - (3.24)

Both of Wf(A, A;) indeed satisfy the appropriate boundary conditions; hence, Wf(A, A;)
are individually CPW with different spinor bi-linears (S15I1_P>P3S45) and (S1911_S49),

4Unfortunately, the relation of 3pt interactions between the embedding space and the original space
is non-trivial in general. This troublesomeness simply comes from the higher dimensional embedding of
spinors (2.8).



respectively.” To extract one of these bi-linears from GWD, one needs other “3pt inter-
actions” for its amplitude, whereas the above choice is obviously convenient for the GWD

— =
decomposition of the Witten diagram with (3.18). For example, if we consider (9s,0g,)

instead of (9, (1+ X)dg,) in (3.17), (3.16) reduces to W (A, A;).

Finally, we comment on the extension to the external higher spin fields. We can
construct these CPW from the seed CPW with differential operators invented in [41].
Similarly, we can construct the corresponding GWD from the seed GWD as studied in [5-9].
We can follow the similar story even with fermions. In our example, Wf play the role of the
seed GWDs. However, the relation between the differential operators in the boundary and
3pt interactions in the bulk would be involved. We will come back this point in section 5.

4 GWD decomposition of Witten diagram

Finally, we demonstrate the GWD decomposition of an exchange Witten diagram with
fermion exchange as a concrete example. Based on the method in [9], we can extract the
conformal dimension in the CPW expansion systematically from the ratio between the
usual diagram A3 and the geodesic one Ws.

We shall consider the following amplitude,

A4—/dX/dYGA1’2(X Sy P1,519) G20 (X5 Py)

Ag,i Ayp

><(8gb(1—|—X)8gb)G (X, Sy, Tb)((‘)Tb(l—i-Y)@ )Gy 2 (Y Tb,P4,S4a)G (Y Ps).

(4.1)
The difference between (4.1) and the previous amplitude (3.16) is just the integration
domain, the geodesics or the entire bulk. We would like to decompose (4.1) into the
summation of (3.16) and to read off the OPE data. To this end, it is useful to employ the
shadow formalism. By using (2.28), we obtain the relation between 3pt and 4pt GWD as

S = / c shadow,c
/{()Ads [dPIWs(Py, Py, P)(05, P05, )W5(P, Ps, Py) = [WE(A,A) = WA, A)],
d+1

c==%
(4.2)
wheref
A1,2 _ < —
Ws(Py, P2, P) = d/\G (X ()\),Sb;Pl,Sw)(agbagb)
Y12
A’% AQv .
X Gy 2 (X(N), Sp; P, S9) Gy " (X (N); Pa), (4.3)
/ ~d—A,L ~ = =2
WHP PP = [ X Gl ™ (X, 80P 55)| (95,X(N) D)
Y34 H+(—>H,
Ay, _
x Gy 2( (N), Sp; Py, Sua) G *(X (N); Py), (4.4)

"Here each chiral projection in (3.24) selects one of the spinor bi-linears. For example, W, (A, A;)
initially includes 4 spinor bi-linears (S15II_1I11111_S4s), (S1o11- XTI 1I1_S4s), (S15II_1I11YII_S4s),
and (S1pII- XTI YTI_S4p). The first three bi-linears become zero, and only (SipII-XIILYTI_Si5) =
(S1811- XY S4p) survives. Then, this leads to (S1o11— P> P3S45).

— — — =

%Based on the cubic vertices in (4.1), we can also define W by using 0s,(14 X)0 3, instead of 05,3, .

Such definition is reduced to (4.3) owing to the chiral projection operators II+ in the fermion propagators.
The same is true for W4.

~10 -



and

Wihadow’i(A,Ai) :/

— o0

d)‘[ AP P, Y (), S1a, Th)

114 —)H:F:|

A“’Z(Y(A) Ty; Py, Sa0) G O(Y (M) P3). (4.5)

H
X (8Tb(1+Y()\))8T )G
We also define A3 and A§ by replacing the geodesic integrals of (4.3) and (4.4) with the
entire bulk integrals. The former ones, A3z and W3, were computed in the previous section.
Here we note the final result of A5 and A5 /W) for references;

Ca-n,1Cn50Cn, 1 1
I 2 ’ 43 I
5 27 <S8H+8PS4>/dX (—2X-P)7(—2X-P;)%(—2X - Py)%
T+(53—(54 Trh 1 F(%(T—l—ég—54))F(%(53+54—T))F(%(54+7’—53))
— 771_‘ J— R
27 2 (2( d+7+53+54)) T(7)T(53)T(34)
<§3H+P35'4>
XCd_AV%CAg”OCA%%(_QP.PB)%(T+63754)+1( 2Py Py)253104=7) (_gp. p;)3(T+0a=03)
(4.6)
A/ F <2 (53—{—54—7_))
an d 8346 4.7
W3 ( +7+ 3+ 4) F(53)F(54) ) ( )

where we defined 7 =d — A — % =h—iv— % Then, we can rewrite (4.1) by using 4pt

GWD,

A_i/dy/ (AP A (Py, Py, P)(D5, PO 5,) Ay (P, Py, Py)
4_27'(' V—|-’L(A0—h) OAdS 41 3\EL 472, Sa So 3\41H 143,14

7 dv / /
- / ATy A/ W) (A5 )

N —
></dAdS [dP]Wg(Pl’PQ’P)(asﬁpaga)wé(P7P37P4)
d+1
i dv B . o
_%/wi(A—h)<A3/W3)(Aé/W§’) (WI+W4 —W4h d ,+_W4h dow, )7 (4.8)

AL+ h4iv, % 4+ d—AL + h—iv, i +
where Wi includes Gy, 2" = Gy 27, and W™F does Gy, 27 =Gy, 2

We apply a complex contour mtegral for the integration with respect to v in (4.8).

htiv, i +

727
Since be

converges at Im(v) — Foo, we consider the lower half complex v-plane

for W4 and the upper half complex v-plane for WZhadOWi.

(As/Ws)(Az/Ws)

In the lower half plane,

has the poles at

v+ Z(Ao — h)
h+iv= Ao, (49)
h+iv=A1+As+2m, h+iv=A~A3+A4+2m, (m=0,1,2,---). (4.10)
!/ /
In the upper half plane, the poles of (AS/Wg)( 3/ W) are
v+i(Ag—h)

h—iv=A1+As+2m+1, h—iv=As+As+2m+1, (m=0,1,2,---). (4.11)
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In the point of the view of CFT, (4.9) corresponds to the single trace spinor operator.
(4.10) and (4.11) correspond to the double trace operators which are constructed from
the scalar and spinor fields. Their schematic forms are ¢a,(9a0%)™a; + ..., where ¢a,
and 1a; are the scalar and spinor fields in CFT. We note that the difference between 2m

and 2m + 1 in (4.10) and (4.11) is related to II; <» II_ exchange in (4.5). For example,

A1+Ao+2m,1 + - A+Ax4+2m+1,1 — -
Gy (X, S Y Ty and Gy, * (X, 5; Y, Ty) |, 1 are the same prop-

agators. One can obtain the coefficients of W, by applying the residue theorem explicitly.

Summarizing the above, the 4pt Witten diagram (4.1) can be expressed by GWD
as (4.8). After the integration with respect to v, we can obtain the GWD expansion of (4.1).
These GWD correspond to CPW for the single trace spinor operator with the conformal
dimension (4.9) and the double trace operators with the conformal dimension (4.10). Gen-
eralization to the GWD decomposition of other Witten diagrams is straightforward, but
we leave it for future work.

5 Outlook

In this paper, we have developed the embedding formalism for AdS fermions in section 2
and applied it to the proof of the correspondence between GWD and CPW with fermions in
section 3. We have also decomposed the fermion exchange Witten diagram into the infinite
sum of GWD (equivalently, CPW) in section 4. The key ingredient for the computation
was the split representation for AdS fermions, which was given by (2.28). We list several
future directions as concluding remarks.

Generalization to odd d. In this paper, we focused on the embedding formalism with
the even dimensional Minkowski spacetime. It is also important to organize the embedding
formalism in the odd dimensional Minkowski spacetime for the odd dimensional CPW
and the even dimensional GWD. In odd dimensional field theories, we cannot introduce
chirality or Weyl fermions. Thus, the spinor structure of the independent even dimensional
GWD is probably different from the odd dimensional one. Interesting research topics
in the odd dimensional CFT with fermion are, for example, 3d (supersymmetric) U(N)
model [29, 42-44] and 1d c¢SYK [45, 46].

Make geodesic Witten diagram super. One of the motivation of our work was to
extend the arguments to the superconformal field theories (SCFT). We can decompose cor-
relation functions of SCFT into the superconformal partial waves (SCPW) corresponding
to the exchange of superconformal primaries and their descendants. The superconformal
partial waves are the solutions of the super conformal Casimir equation. The most trans-
parent approach should be again the super embedding formalism which has been used for
constructing SCPW via the shadow formalism [47]. Then, it is quite reasonable to develop
the counterpart in AdS fields. It would help to construct the super version of GWD and
show their equivalence to SCPW.

- 12 —



Higher spin fields and interactions. One may be curious about extending the argu-
ment in the present paper to higher (half-integer) spin fields, for example, the gravitino.
With the previous developments for the bosonic higher spin fields [4-10, 26], one can
straightforwardly extend our calculation to the (geodesic) Witten diagrams with the most
generic representations. However, the calculation does not become so simple since the
spinor bi-linears in the embedding AdS do not satisfy the transverse condition. In addi-
tion, the relation between 3pt interactions in the original space and ones in the embedding
space becomes involved due to the higher dimensional embedding of fermions; but of course,
one can formally introduce 3pt interactions in the embedding space and use it for GWD.
This is because the interaction for GWD is not unique and probably no physical meaning.
Improving these unsatisfactory points might give more useful tools to compute the Witten
diagrams including higher spin fermionic degrees of freedom.
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A Convention for spinors

In this appendix, we summarize our convention of spinors in d 4+ 2 dimensional Lorentzian
spacetime (the embedding space for AdS;41/CFTy). For more detail, we refer to [36-38].
We basically follows one in [38].

The gamma matrices I'4 are now given by

A B B N I e e (A1)
~10 0 —° 10

where v%s satisfy {v*,7*} = 6% (a,b = 1,2,---,d). The chiral gamma matrix for
d+ 2 = 2n + 2 dimension is defined by

_ 1 6 d+1 _ —’YO 0
F:in+3FF - = 0 ’YO , (A.2)

where we defined one for 2n-dimension (with Euclidian signature) as 40 =—i~ (4142 ... 44,

For the Dirac conjugation, we use —I'° rather than I'° so does [38]. Namely,

¥ = wi(-19%). (A.3)
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Next, we briefly note the convention for the boundary fermions. The primary fields
with spin % should satisfy

Wy(AP) = A=A 2)p,(P), (A.4)

so that it can reproduce the conformal algebra for spin % fields. We also introduce the
index-free notation for the boundary spinors,

U(P,Sy) = Sp¥(P). (A.5)
On the projective null cone P? = 0, Sy satisfies the conventional “transverse condition”,
FAPASa =0. (A.6)

We can consistently impose this condition since (I‘APA)2 = 0, as opposed to the bulk
fermions. We also use the notation for the spinor bi-linears for the auxiliary fields, say
(Sp1 -+ - Sp2). Here the suffixes b (9) represent the fields on the bulk (boundary).

We leave some explicit formulae of the spinor bi-linears in the original space,

_ 1

(SpIl+Sp) = _WXT[Z’YO + 7" (2p — T9)a) Pas, (A.7)
_ 1

(SolleSy) = —=s"P=[27° + 7% (xp — T2)alX, (A8)

NE

(SpillLSy;) = XPEY™ ()0 — v*(20) P X (A.9)

1
\/ ?iZj

where x (s) are the bulk (boundary) auxiliary fields in the original space, and P+ = #

With these formulae, the AdS propagators (2.13), (2.14) and (2.18) can be written as

1
A,l CAvl 0 a i A+§
Gb82(zy$baX§$873):_T;XTh 247" (xp—29)a)P-s <22+($b—wa)2> ;
(A.10a)
_A L CA% T 0 i A+%
"9 . — ! a
Gba (Z,ZL‘b,X;x(?aS)_ \/2 S 73+[’)’ zZ+7y (l'b_l’c’))a]x <Z2+(xb_$6)2) ’
(A.10b)

A,l 1 d A_.0
Gy ? (21,216, X15 22, T2p, X2) = — 5 X{(ZfVMPf—PJrZS’Yu)Xz%be " (u)

d A
—I-Xi(zf’yﬂ:@—Pzgfyu)xgmeb+’0(u)]. (A.10c)

After dropping the auxiliary fields s and yx, these are consistent with the expressions in [40].
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We also leave several formulae about the covariant derivative for help to check (2.22)
and (2.24):

TAVATEV g =TA[V 4, DBV + 2PV 4V +2548V 4V, (A.11)
DAV A, TP VE = XAT4(T-V) :+2ABL§B—%, (A.12)
(Gacd$,GppdR]=—L5, (A.13)
2248540 XY, Gppdl] = —§+(d'2”), (A.14)
YAB[S 40, 8pp)| XOXP = %, (A.15)
NPV AV =[GapdR0% +(d+1)(X -0x)] - LAp=" P + 0" P L acpp XX P,

(A.16)

Y acpp = —% [dTcT p+ncp], (A.17)

$ABY up = 33—%, (A.18)

where R = —d(d + 1) and L%p = X405 — Xpo3.

B Computational details

In this appendix, we supply some of the details which were omitted in the main text for
the sake of presentation.

B.1 Derivation of (2.27)

We complement the intermediate calculation of (2.27). In [29], there is the same analysis
by Fourier transformation without the embedding formalism. Let us start to rewrite the
harmonic function (2.25),

le(X,Y):ZCAlchI/ _ASILS0) (5 pg ) SSollsTh)
i) 2 )2 2 OAdS 11 (—2X . P)A+§ (—2P ] Y)(d_A)+§
(B.1)
where A = h + iv. By using the following formulae:
Py ™T(h+1) Y
dP = B.2
/aAdsdH[ | [—2P-Y]H1 — T(2h+1) (=Y?2)h+1’ (B.2)

1 _F(x—i—y)/oodty 1
0

A By D@y Jo ¢ [A+iBlY (B3)

we obtain

7T (h+1) /°° dt g nayr (SpITy)—t (SpII_T5)

1 —t 2 ,

ZD(A+LT(d-A+5) Jo ¢ [— (X +tY)2]h+1
(B.4)

1
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where we used (2.7). The 1st term in (B.4) is

1) [ s 1
Ca1Cy A’2F(A—|— Ord—A+ D) (Sp 1L Tp) .t X ey )R
- d d A
— S | (o) - (wafb*”(u))], (B5)
where we used

o dt t—¢ T+ c)(—¢) < 1 2>
— = Fi{b+c - +c142c,——
/0 t ((m) + 2 ) T(b)(2u)bte ! 2 u
I'b—c)'(c) 1 2

+ WZFl b— 6,5 - C,l +2C,7E 5 (BG)

and we defined AL = A + 1 and its shadow Ay =d — AL =d — AF L. The 2nd term
n (B.4) also becomes

AT(h 4+ 1) : Cdt 4 apt (—t)
aifeatiay - arp O] T o e
(51T (icﬁ;%w)—(iGé-’°<u>)]- B.7)

Therefore, we obtain (2.27). From the similar computation, one can also derive (4.2).

B.2 3pt amplitude with a derivative interaction

Here we compute 3pt GWD with derivative interaction (3.14),

Sint. (712) = / dX U (X)TAW5(X)V 4P3(X).
AdSgs

In this case, 3pt GWD is given by

AL _ — P Asd _
W3 deriv(712) = dX Gy 2 (X(N),Sp; P1,S19)(05,T 5§b)[Gb0 (X (N),Sp; P2, S20) }
Y12 I <11
XV 4G Y (X (N); P3) (B.8)
O<2A3/ dA — <518H‘P352Aa>1 (B.9)
Y12 (—2P1-X()\)) 1*5(—2P2-X()\)) 2*5(—2P3-X()\))A3+1
& 2P, P,
<518H7P3526> (= QPE P3)(— 2})32_1:)3) (B 10)

“(_2P1.P2)%(51+52*53)( 2P, P3)2(02405=01)(_gpy. Py )5 (8s+01—02)

Hence, we have obtained the second spinor bi-linear in (3.13).
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B.3 Yukawa-like interaction: embedding space vs. physical space

Finally, we note some intermediate steps to relate the strange interaction in the embedding
AdS space with Yukawa-like interaction in the physical one. In the embedding space, the
exchange diagram (4.1) reduces to

d d
(81511 S30) GA (u)+(S1oI_ XTI, YTI_ Ssa) = Gﬁ ()
2P, X)A1+ 3(—2P5 X)A2(—2P;.Y)As+3 ( 2P4 YA

o' (1)

9PV )M
(B.11)

A1=Ca, 1Ca,0Cn, 1Ca00 /dX/dY

d
SwH_Sga)%G,f‘b (u)+(S1511_ XY S35
—2P; - X)A1F3(—2P,- X)A2(—2P;-Y)Ast

>
=Ca,,1C0,,0Ca4,1C0000 /dX/dY lzl

One can see that this amplitude is equivalent to the one in the physical space with the
propagators (A.10) and Yukawa-like interaction (3.18) (for each vertecies),

d d 1
phys. [ dz1d%r1y [ dzad®rop | ~A1L _ 22,0 .
Ay —/ e 1 |G (21,2163 210) Gy (21, X163 T20)
z z
1 2

AL Ag,i A0
X Gy % (21, 165 22, Top) Gy 2 (21, Tap; 39) Gy (21, Tapi Ta9) |, (B.12)

where the above propagators are given by (A.10) (peeled off the auxiliary spinors). For the
explicit check, it is useful to note that

(S1011_ X1 X2529)

1
_ Esl [Pr{(23 (2 —210)i7 — 23 (T16—10) “Va + (T16— T10)i (T16 — T2p) ; (26 — T20) kY ¥ VF) }] 52
(B.13)

Notice that the second term in (B.11) gives rise to the spinor bi-linear (S15I1_PsP;S39).
This can be easily seen in the GWD,

(81011 S30) d GA (u)+<5’1aH_X(>\)Y(/\’)Sga>%Gflf(u)
W4OC/ d)\/ —2P;- X(\))Aits (—2P2~X(/\))A2(—2P3-Y(/\’))A3+%(—2P4-Y(>\’))A4
(B.14)
For W), it is obvious that (Si5II_ XY S3p) becomes proportional to (S15I1_P>P;S35) on
the geodesics v12 and s4.
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