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ABSTRACT: We analyze BPS black hole attractors in the conformal 4d gauged supergravity
formalism and apply the technique known as supergravity localization in order to evalu-
ate Sen’s quantum entropy function [1] in the AdSsxS? near-horizon geometry. Under
certain assumptions, we reduce the exact expression of the functional integral to a finite-
dimensional integral for a number of supersymmetric black holes in gauged supergravity
with AdS asymptotics subject to a holographic description via a dual field theory. Exam-
ples include the asymptotically AdS,xS” Cacciatori-Klemm black holes [2] in M-theory and
the asymptotically AdS;xS® generalizations of Gutowski-Reall black holes [3] and Benini-
Bobev black strings [4] in type IIB, as well as the recently constructed asymptotically
AdS, xS solutions [5, 6] in massive type ITA. Our results provide an important first step
towards a gravitational counterpart to the exact evaluation of supersymmetric partition
functions at finite IV for the holographically dual field theories in these examples.
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1 Introduction, main procedure and summary of results

The understanding of the microscopic origin of black hole entropy is one of the important
problems that only a consistent theory of quantum gravity can answer. Historically this
problem has led to some major developments in string theory, starting with the work of
Strominger and Vafa [7] where they computed the leading Bekenstein-Hawking entropy of a
class of asymptotically flat black holes. This breakthrough served as one of the inspirations
for the discovery of the AdS/CFT correspondence by Maldacena [8], and spurred an ex-
tensive research activity culminating in exact microscopic state counting formulae in string
theories compactified on tori and K3 surfaces [9, 10]. It also shed light on microstate count-
ing in string theories compactified on general Calabi-Yau 3-folds [11]. Macroscopically, the
exact evaluation of the entropy of certain asymptotically flat black holes in maximal super-
gravity, including all possible quantum corrections, was conducted in [12-14] and shown
to agree with the corresponding microscopic counting. The success of this enterprise re-
lied on several powerful techniques developed in well-known works such as [1, 15]. The
literature on this topic is extensive and we refer the reader to the work [12] for a list of
relevant references.

A more recent development in the field of microscopic entropy counting was initiated
in [16] where the Bekenstein-Hawking entropy of supersymmetric asymptotically AdSy
black holes [2] was reproduced by a large N evaluation of the topologically twisted in-
dex [17] in the holographically dual ABJM theory [18]. Many related developments and
generalizations, some of which will be relevant to this work, followed both on the grav-
ity and on the field theory side [19-35]. Perhaps a natural endpoint of this research
topic is again the exact evaluation of the quantum entropy for this class of supersym-
metric black holes. In some of the references cited above, one can already find explicit
results for the first quantum corrections both on the field theory and the gravity side.
To evaluate the full exact quantum entropy however, one should consider separately the
two sides of the duality since the challenges that one faces along the way are fundamen-
tally different.

The natural quantity to consider on the field theory side is the topologically twisted
index [17], which is in principle a well-defined quantum object for any value of the coupling
constant or the rank of the gauge group. By definition, this index counts supersymmetric
states with a certain weight, and via the statistical arguments given in [36] it corresponds
in the large IV limit to the saddle-point approximation for the degeneracy of states. This
means that the macroscopic Bekenstein-Hawking entropy corresponds to an extremization
of the index in a way that can be made very precise [16, 36]. The full evaluation of the index
at finite NV, although well-defined, is unfortunately a technically very challenging problem.

The question of evaluating the exact quantum entropy is less clearly defined on the
gravity side due to our lack of a fundamental understanding of gravity’s quantum degrees
of freedom. The leading Bekenstein-Hawking entropy is unquestionably related to states
in the black hole interior, while the analysis of possible subleading contributions to the
area law due to hair degrees of freedom living outside the horizon is already non-trivial
(see [25, 32]). In this paper we try to answer a slightly simpler question, namely how to



evaluate at a full quantum level the contribution from gravitational states strictly inside
the black hole by only considering the near-horizon geometry.!

We use the quantum entropy function formalism of Sen [1], together with the super-
gravity localization technique used by Dabholkar, Gomes and Murthy in the case of asymp-
totically flat black holes [12, 13]. We will actually see that the technical tools needed on
the gravity side have, to a large extent, already been developed in the off-shell supergravity
literature [44-47], but it is probably fair to say that a complete fundamental understanding
of the localization procedure in gravity is still lacking. Therefore we first turn our atten-
tion towards carefully describing the logic behind our calculations, before summarizing the
main results and commenting on their connection with field theory calculations.

1.1 Localization procedure

We consider Sen’s Quantum Entropy Function (QEF) [1], defined as

finite

21
dmacro (plv QI) = <6Xp <47T qr Wf dT) > ’ (11)
0 AdSo

corresponding to the full Euclidean path integral of the gravitational theory on the AdSs
space arising in the black hole near-horizon geometry, with an insertion of a Wilson line
at the boundary. Here, 7 is the periodic “time” coordinate of Euclidean AdSy (hereafter
denoted as Hs), the superscript ‘finite’ denotes a regularization of the divergences arising
from the non-compact nature of Ho, and the W/f are the real Euclidean U(1) gauge fields
under which the black hole is charged. The insertion of the Wilson line is needed so that
we compute the macroscopic degeneracy in the microcanonical ensemble with fixed electric
and magnetic charges q; and p’ (in Planckian units), respectively. Note that the above
formula makes sense at a full quantum level even if we lose the strict geometric meaning
of the black hole space-times in the strong coupling regime of string theory. Thanks to
the attractor mechanism [2, 37, 38|, dmacro is a function of the asymptotic charges only.
These remain well-defined in the quantum regime, which is why it makes sense to use the
microcanonical ensemble when evaluating the exact quantum degeneracy.

Following the idea of [12] and subsequent literature, here we want to use localiza-
tion techniques in the bulk theory in order to simplify substantially the functional in-
tegral (1.1) for the AdSyxS? near-horizon geometries? of supersymmetric black holes in

"We work with the general class of BPS near-horizon solutions relevant for the Cacciatori-Klemm asymp-
totically AdS4xS” black holes [2] which automatically gives us access to a number of other interesting black
hole embeddings in string theory. The general attractor mechanism in 4d gauged supergravity was analyzed
in [2, 37, 38], and later shown to be exhibited by: the BPS black strings with AdSsxS® asymptotics in type
IIB [4], via a dimensional reduction to 4d [39]; the BPS rotating black holes of Gutowski-Reall [3] and their
generalizations [40-43] with AdSsxS® asymptotics, again via dimensional reduction to 4d [24]; and the re-
cently found BPS attractors of massive type ITA theory compactified on an S° topology [5, 6, 28, 29]. After
analysing the quantum entropy function for the general class of near-horizon geometry, we will comment
on each of these specific cases in section 6.

2Note that in general AdS black holes can have any Riemann surface ¥, for the topology of the horizon,
see e.g. [48]. Keeping the discussion general is fairly straightforward, and in the off-shell formalism this is
explained in [49]. This does not lead to any complications, and therefore we just specialize to the spherical
case in this paper for clarity of some formulas.



four-dimensional gauged supergravity. Before describing the procedure step by step, let us
first stress that we work in the conformal off-shell formalism of N/ = 2 Euclidean supergrav-
ity recently developed in [50]. This formalism has a clear advantage, because most of our
analysis is done at the level of BPS variations and can therefore be performed without re-
lying on the explicit form of the Lagrangian of the theory, allowing e.g. for the introduction
of arbitrary higher-derivative terms that might arise from string theory corrections.

Our main technical assumption is that we “freeze” the supermultiplet containing the
graviton field, known as the Weyl multiplet. This means that our localizing Lagrangian,
usually denoted as QocV, and the resulting critical locus QjocV |iocus = 0, does not involve
fields from the Weyl multiplet. Therefore, up to issues in the one-loop determinant of
QiocV and the integration measure along the locus which will be discussed in due course,
our procedure becomes formally equivalent to the usual rigid (equivariant) supersymmetry
localization on curved backgrounds where the matter content is provided by the supergrav-
ity theory.

Let us outline a general localization program for the problem we consider. In this
paper we will explicitly perform all but the last of the following steps:

e Step 1: write down the supersymmetric on-shell background solution in the super-
gravity theory we consider, repeating the analysis of [47, 49] in the Euclidean case.
We fix both the supergravity multiplet and all matter multiplets to their BPS values
which additionally solve the equations of motion.?

e Step 2: analyze the superalgebra of the fixed on-shell background, i.e. the attractor
near-horizon geometry of BPS black holes in gauged supergravity, and pick a suitable
localizing supercharge Q1o which squares to a compact isometry of Hs.

e Step 3: determine the bosonic localization locus resulting from the chosen super-
charge and associated localizing Lagrangian. For the usual choice of fermionic func-
tional V' =) Yo Qloctn, Where the sum runs over all fermion fields of the theory,
this locus is fully characterized by the solutions of the BPS equations Qioctq = 0.
Since we assume that the Weyl multiplet is frozen, we restrict a to label the fermions

of the matter multiplets only and solve the corresponding BPS equations.

e Step 4: evaluate the classical supergravity action on the localization locus, introduc-
ing appropriate boundary counter-terms to cancel the divergent terms arising because
of the AdS asymptotics of the near-horizon region.

e Step 5 (to do in the future): determine the one-loop determinant and the integration
measure entering the localized QEF and finally perform explicitly the resulting finite-
dimensional integral, if possible.

Notice that steps 2 through 4 are identical to the usual rigid field theory localization,
here on the non-compact space HaxS?. Step 1 has only one additional ingredient coming

3Compared to rigid supersymmetric localization this step is equivalent to putting the field theory on a
curved space, but here we further impose the equations of motion since we are interested in evaluating an
observable in a true gravitational background.



from the supergravity equations of motion, while step 5 is conceptually different due to the
fact that Weyl multiplet fields may contribute to the one-loop determinant and may lead
to difficulties in defining the integration measure of the localized integral. These issues
are more carefully discussed in the concluding section of this paper, while we leave their
proper resolution as the main future direction of our work. Given the steps we perform,
we can conclude that the progress we report in this paper on the QEF of asymptotically
AdS black holes in 4d N' = 2 gauged supergravity is similar to the progress originally made
in [12] for asymptotically flat black holes in ungauged supergravity.

1.2 Main result

After performing the procedure described above, we are able to write down the macroscopic
black hole degeneracy (1.1) as a constrained finite-dimensional integral* (see (5.25)),

+o00

dmacro (pla QI) — /

—00

2
I1=0

ny d I
(H ¢+> 5(&r6t. — 2m) exp[—Qw(pI}'fr(m) + (Hﬁbi)} Zing (9+)

(1.2)
Here, ny is the number of physical vector multiplets and the supergravity theory is uniquely
specified by the choice of a holomorphic® prepotential (¢, ) and constant gauging pa-
rameters ;. The undetermined part of the above expression, Z;§§(¢+), comes from the
combination of one-loop determinant and integration measure and corresponds to the as-
of-yet unfinished step 5 of the localization program outlined above.® It will be clear that
Z:8(¢4) only gives log(Area) and other subleading contributions to the exact black hole
entropy. Its explicit form is therefore crucial for the exact evaluation of the above integral
but does not alter the saddle-point evaluation, which, as we explicitly show, gives back the
correct attractor equations and the expected area dependence of the leading Bekenstein-
Hawking entropy.

We again stress that our gravitational calculation (1.2), when evaluated precisely, cor-
responds to the macroscopic degrees of freedom of the black hole contained inside the event
horizon. It is conceivable that the full microscopic degeneracy of the black hole also in-
cludes hair degrees of freedom living outside the horizon, as already suggested in [25, 32].
Therefore, the holographic calculation of the microscopic degrees of freedom believed to
be captured by the topologically twisted index need not match our macroscopic calcula-
tion. Nevertheless we are already able to find some striking agreement with microscopic
results. In particular one can already note the similarities between (1.2) and the formal

4Note that the exponent corresponds to the classical two-derivative action on the localization locus.
Thanks to the conformal formalism, it is straightforward to include higher-derivative terms if needed,
which would only result in a change of the integrand but not of the integration domain. When considering
such higher-derivative terms, one needs to consider not only chiral superspace integrals as will be done in
this paper, but also contributions from full superspace integrals [51]. For asymptotically flat black holes,
this was done in [52].

®As carefully discussed in later sections, we use the Euclidean formalism where ¢} and ¢ are the
analogs of the complex vector multiplet scalars in Lorentzian supergravity.

In the case of ungauged supergravity the analog of Z:% has been evaluated explicitly, and it takes a
very simple and compact functional form [53, 54].



microcanonical answer for the holographically dual field theory calculation [36],

27 dAa
dmicro(p(Z?qa) _A (g 27'['

where Z(pg, A,) is the field theory partition function depending on the chemical potentials

) 50> Ag —2m) Z(pa, Ag) € P 2eBe8e - (13)

A, for a set of global U(1) symmetries, and the boundary electromagnetic charges (pa, qa)
need to be related to the bulk charges (pl ,qr) with the proper normalization of the coupling
constants dictated by the AdS/CFT correspondence. Note that a leading order match
between the integrands of (1.2) and (1.3) has already been established for a number of
different holographic cases (see again footnote 1). We give more details on this already
surprising similarity between the macroscopic and the microscopic calculation in several
explicit holographic examples in section 6 and conclude with listing again carefully all the
assumptions we made in obtaining (1.2) and the steps left for future work in section 7.

The rest of the paper is devoted to the derivation of (1.2) as follows. In section 2 we
give more details on the Euclidean conformal supergravity formalism we use. In section 3
we perform steps 1 and 2 of the localization procedure, presenting the details of the on-shell
black hole solution. In section 4 we deal with the off-shell fluctuations characterizing the
localization locus of step 3, while in section 5 we perform step 4 by evaluating the classical
action on said locus. We leave some of the more technical details in the appendices, where
we also gather our conventions.

2 Euclidean conformal supergravity formalism

Throughout this paper, we make use of the Euclidean 4d N = 2 conformal supergravity
theory developed in [50], and we refer the reader to this paper for more details. This
formalism has the advantage of realizing the superconformal algebra SU*(4|2) off-shell on
the various multiplets. Just as in the Lorentzian case, the theory is equivalent to Poincaré
supergravity upon gauge-fixing the extra conformal (super)symmetries. This gauge-fixing
makes use of two compensating multiplets: one vector multiplet, and another multiplet
which we choose to be a hypermultiplet. We will therefore consider the superconformal
theory describing the Weyl multiplet (containing in particular the graviton) coupled to an
arbitrary number ny 41 of Abelian vector multiplets and a single hypermultiplet (including
the compensators).

2.1 The Weyl multiplet

The Weyl multiplet of the theory comprises the following independent fields
W= (e,ua7 wuia bu: A/Lv Vuija Tab7 Xiv D)7 (21)

as well as composite fields. In the gauge-fixed Poincaré theory, the field e, is the vielbein.
The rank-2 antisymmetric tensor 7,; and the real scalar field D are bosonic auxiliary fields
ensuring that the superconformal algebra closes off-shell on this multiplet. Note that,
in Euclidean signature, the tensor T},; can be decomposed into self-dual and anti-self-dual



components T;E, and both are real and independent.” The other independent bosonic fields
are the dilatation gauge field b,, the SO(1,1)r gauge field A,, and the SU(2)r gauge field
Vuij. The fermionic fields are the gravitini 1/1,} and an auxiliary fermion, the dilatino, x*.
All fermions in the theory are symplectic Majorana spinors in Euclidean signature, and
can be further decomposed into their chiral left- and right-handed components using the
Weyl projectors (1 ++°)/2. Note that these chiral components are not related by complex
conjugation in Euclidean signature.

The various transformation rules, as well as the explicit expressions for the composite
fields and the weights of the various fields under dilatations and (chiral) SO(1,1)g trans-
formations, can be found in [50]. For the purpose of our analysis, we will need the trans-
formations for the fermionic fields of the Weyl multiplet under Q- and S-supersymmetry,

| 1 ~ -

&W:2Dpel+*61TawabWE’—iwnz, (22)
1

ox' = 24w“leTabe+ R(V)a'j7"e **R(A)aw 756’+D€+24T“W w29

where €’ and 7’ are the parameters of Q- and S-supersymmetry, respectively, and R(V) g’ s
R(A)q are the R-symmetry curvatures. The derivative D), is covariant with respect to all
bosonic gauge transformations except special conformal boosts, while D, is fully superco-
variant. Note that in a bosonic background these two derivatives coincide, except when
acting on b, which is the only independent field that transforms under special conformal
boosts. For later reference, we note

; 1 1 1 A U
D,c' = <8M 1 wi® Yab + 5 by + 3 A, 75> €+ 3 V'€, (2.4)
where w,ﬂb becomes the spin-connection in the gauge-fixed Poincaré theory.

2.2 Matter multiplets

In addition to the Weyl multiplet, we also consider a number of matter multiplets. The Eu-
clidean vector multiplets involve two real scalar fields® X, and X _, a symplectic Majorana,
spinor 7, the gauge field W, and an auxiliary SU(2)g triplet Y,

Vi=(x{, XL, wi, oyl (2.5)
where the index I runs from 0 to ny (including the compensating multiplet needed to
gauge-fix the conformal theory to Poincaré supergravity). The auxiliary field is subject to
the (pseudo-)reality condition YI (Y1) = g5 Y¥I. The Euclidean transformation
rules under Q- and S- supersymmetry are

oXI =+ig QY
W) =i (v 0 =20 X ply) — & (v QY =2 X9, ) |
; 1 1 . Lo ,
o = —2ipxL el — 3 FEWE - ZX;’F TE %y — ey YRTIy 42 X1 0y
syl =2kl g pa) ! —2ckig_ pal)! (2.6)

"We use the Euclidean conventions of [50], summarized in appendix A.1.
8 As opposed to a single complex scalar in Lorentzian signature.



where the + subscripts on the spinors refer to the Weyl projections, while the 4 superscripts
on the rank-2 tensors indicate the self-duality. Above, F’ (W)éb denotes the supercovariant
field strength of the Abelian gauge field,

F(W);Iw =2 a[uWyI] + &i[,u’)/u}gil - @i[,u’)/u]Qi—I + iXiTZJui wui-i- - iXJIrTZJui %i— . (27)

A single Euclidean hypermultiplet contains the following fields
H = (42, 7). (2.8)

Here, A;“ are local sections of an SU(2)g x Sp(1) bundle, subject to the (pseudo-)reality
condition A’ := (4;%)* =¥ Qap Ajﬁ where €, is a covariantly constant anti-symmetric
tensor of Sp(1). The spinors ¢ are symplectic Majorana according to C~!(,T = Qup P,
with C' the charge conjugation matrix. The transformation rules take the form

0A;" =2i €it <a+ —2i¢_(C*,

8¢ =—-1DA" EZ# -2 Xi tr1%g APl + Aty (2.9)

where we have included a coupling to vector multiplets through a gauging described by
ny + 1 anti-Hermitian generators t;%g = &1 t*g, with £ the so-called Fayet-Illiopoulos (FI)
parameters. The action for hypermultiplets generically takes the form of a supersymmetric
sigma model whose target space is a hyper-Kahler cone, and in this paper we will take the
cone to be flat. This implies that the gauging generators ¢;%g are constant. The coupling
to vector multiplets is also reflected in the covariant derivative of the sections,

« « 1 j « « :
D, Ai® = (0, — bu) A~ + 3 Vil A =& Wlft 8 A;® + fermions. (2.10)

In (2.9) and (2.10) we have absorbed the coupling constant g in the FI parameters, so that
one recovers the ungauged case by sending all the &7 to zero.

2.3 Off-shell algebra and action

The @-supersymmetry transformations close off-shell on the Weyl and vector multiplets,
according to the following algebra

[5Q(€1)7 5Q(€2)] = 5cgct (Uﬂ) + 5M(5ab) + 5S(ﬁi) + 5K(AKa) + 5gauge(91) ) (2-11)

where dcgcr denotes a covariant general coordinate transformation, while dy, g and dk refer
to Lorentz, S-supersymmetry and special conformal boost transformations, respectively.
The various parameters are

_ 5 ;
v =26y,

1, _ 1. ;
Cab = —51 i e~ Ty + Sie2i+ et Ty, (2.12)
it = —6i e e’ X't + 6iEn; e’ X,

1 . 1 ; 3 ;
AE = —51 €9i— €1— Dbeba + ii €2+ 612_;_ DbTera + B Egi’)/a"}/‘r)ql D.



The gauge transformation dgayge is associated with the vector multiplet, and has a field-
dependent parameter,
0f = diey; e XTI —dieg e’ XL, (2.13)

We also present the commutator of a (Q-supersymmetry variation with an S-supersymmetry
variation, as well as the algebra of S-supersymmetry transformations [50]

[6q(€), 6s(n)] = om(i&7°v*"n") + op(—i& 1) + dsoa,1) (& n’)
+0gu2) (21770’ — 6} i&y"n"), (2.14)
[6s(m1), 0s(n2)] = 6k (F2i ¥°7*n?) -

It is well-known that on the hypermultiplet the above algebra only closes on-shell, upon
using the fermionic equations of motion. Nevertheless, we will discuss in section 4.2 how
we can close the algebra of a single supercharge (which we will take to be the localizing
supercharge) off-shell on the hypermultiplet fields.

The locally supersymmetric action of the theory under consideration is specified by
two prepotentials F*(X.), which are homogeneous functions of degree 2 in the scalar
fields, describing the coupling of the vector multiplets to the Weyl multiplet through a
chiral-superspace integral. This construction, as well as the one for hypermultiplet fields
transforming under a local gauge group, is presented in [50]. In appendix A.2, we simply
collect the expressions that are needed in the following. Here we also note that it is possible
to consider more general prepotentials which include a dependence on some independent
(anti-)chiral multiplets serving as a background [50]. Upon identifying such a background
with the square of the Weyl multiplet, this generalization leads to higher-derivative terms
in the action of Euclidean 4d N = 2 supergravity. This is all familiar from the usual
Lorentzian supergravity. However, we will restrict ourselves to two-derivative actions in
this paper and thus refrain from discussing such a generalization.

3 On-shell half-BPS attractor

In this section, we recall the on-shell half-BPS attractor bosonic field configuration for the
near-horizon HsxS? geometry of the black hole solutions in Euclidean gauged 4d N = 2
supergravity [47, 49]. This constitutes step 1 of the program outlined in the introduction.
As explained there, we will ultimately be interested in off-shell fluctuations of matter fields
around the on-shell background presented below. Thus, in order to avoid confusion, we will
denote the on-shell values of the various matter fields ® with a circle, ®. Since we assume
that the Weyl multiplet fields do not fluctuate off-shell, we will not modify the notation for
them. After presenting the Euclidean attractor background, we discuss its supersymmetry
algebra and conduct step 2 of our program.

3.1 The Weyl multiplet

We write the HoxS? metric in the hyperbolic disk coordinates,

ds® = v, (sinh2 ndr? + d172) + vg (d02 + sin? 6 dgpQ) , (3.1)



where v; and vy are real positive constants parameterizing the sizes of the Ho and 52
spaces, respectively. We use the vielbein one-forms

el = oy sinhndr, e = \/o1dn, € = /1adf, €' = /vy sinfdp. (3.2)

In this coordinate system, the black hole horizon sits at ng = 0. Another coordinate
system we will use is obtained by the change of variable r := cosh 7,

2

= T_ 1) + vy (d92 + sin? 9d<,02) . (3.3)

ds* = v ((1"2 —1)dr? +

In this coordinate system, the horizon of the black hole sits at rg = 1.
The non-vanishing components of the auxiliary tensor field in the Weyl multiplet are
parameterized by two real scalars w4,

For the half-BPS background, these real scalars are related to the size of Hy as [47]
1 1
U = T - (3.5)

The gauge-fixed Poincaré half-BPS background is obtained by making a gauge choice for
the special conformal and SO(1, 1)g gauge symmetries. We do so by setting the dilatation
and the SO(1,1)g gauge fields to zero,

by =A,=0. (3.6)

In addition, we fix the gauge for the local dilatation symmetry by choosing the so-called
D-gauge, which sets

wy = 2072, (3.7)

in accordance with (3.5). Note that this gauge choice for the background differs from what
is perhaps a more familiar one, where the Kéhler potential (defined in (A.19)) is set to a
constant. The advantage of using a gauge-fixing of the type (3.7) was already explained
in [12]: it allows to keep the ny + 1 vector multiplets independent, and uses the degree of
freedom associated with the conformal mode of the metric to fix the gauge instead.

The remaining bosonic fields are the auxiliary scalar D, which is given by [47]

1
D=— (vt +201), (3.8)
and the SU(2)g gauge field, which we discuss in the next subsection.

3.2 Matter multiplets

As mentioned previously, we will use a single hypermultiplet compensator to ensure that
the superconformal theory is gauge-equivalent to Poincaré supergravity. The sections A;*
of this hypermultiplet can be taken constant on the half-BPS background by an SU(2)r
gauge choice,

g PA = 6,2, (3.9)



where the hyper-Kéahler potential is defined as

1, A
it = 5 €9 Qap A7 A (3.10)
The gauge choice (3.9) breaks the local SU(2)r symmetry to a local U(1)r and identifies

the indices «, 8 with 7,j. Hence we can choose, without loss of generality, an explicit
diagonal representation for the gauging generators in the transformations (2.9) [49],

t% =t'; :=i03'y, (3.11)

where o3 is the third Pauli matrix. This choice breaks the SU(2)g invariance of the back-
ground down to U(1). It also implies that the so-called moment maps take a simple form
on the background:

Nij[ = Xﬁl f]ziia Qagtﬁ’y/ij'y :isz’;‘ikdgkj, (312)

with &7 the FI parameters.

We also consider ny 4+ 1 Abelian vector multiplets, including the conformal compen-
sator, coupled to the gravity background. The half-BPS bosonic field configuration satis-
fies [49]

—-1/2

o 1 _ . 1
fIFSEI = ZUZ la gIX:{: = 1“1 . (313)

In addition, the equations of motion for the auxiliary triplet ng can be derived from the
two-derivative action given in (A.18) and read

YE=2xu N, (3.14)
where N1/ is the inverse of the matrix
Nij = FH(X) + F(X2), (3.15)

which is built out of derivatives of the prepotentials F*.

Let us now come back to the SU(2)r gauge field sitting in the Weyl multiplet. Due to
the gauging and supersymmetry, it is related to a linear combination of the gauge fields in
the vector multiplets [49]. For the half-BPS background configuration, this imposes

V' = —21&W] os';. (3.16)
In the gauge where Wnl = 0, we use the background gauge field components

Wl{ = (el(coshn -1),0,0, —p! cos (9) , (3.17)

where el and p! are the electric fields and the magnetic charges of the black hole solution,
respectively.? In the bulk of this paper, we will consider so-called electric gaugings, which
means that the linear combinations of electric fields and magnetic charges are fixed,

tre! =0, and &pf =1/2. (3.18)

9Note that the constant included in Wf is necessary for regularity at the black hole horizon ng = 0.
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In turn, (3.17) fixes the half-BPS value of the SU(2)r gauge field. In the later stages of
the paper, we will briefly comment on more general gaugings.

For completeness, we note that with the gauging (3.18), the non-vanishing components
of the field strengths associated with the connections (3.16) and (3.17) are

I%éT = el sinhy, FQI@ =p'sing, R(V)g,'; = —isinfos’;. (3.19)

Let us remark that the Weyl and matter field configuration presented in this section
is in agreement with the attractor background expounded in [47, 49], up to phase factors
introduced by our Euclidean formulation.

3.3 Attractor equations

An important feature of the half-BPS background presented above are the so-called at-
tractor equations. They stem from the (super)symmetry enhancement taking place in the
near-horizon geometry of the full black hole solution [2, 37, 38]. In Euclidean signature,
the attractor equations are
o 1 - ° o o
: I I I I xvJ

21 <F§4 - X:FT;;) — Y2 a4 XL X pipy =0, (3.20)
where the moment maps fi;; 1 are given in (3.12). Using the equation of motion (3.14), this
leads to the following relations,

v Bl = el =ol? (X1 - XT) (3.21)
vo By =p' =20 xu NV ¢ (3.22)

These are the electric and magnetic attractor equations, respectively. They will play a
central role in the following.
In the Euclidean theory, one can also define the following dual field strengths [50],

GHEr = :I:1 0Ly

— 3.23
e 8ijil ) ( )

in terms of the Lagrangian density (A.18). With this definition we can compute, at the

two-derivative level,

° o o o o 1 o
+ _ T (NIK J vK +
G34 [—i[FIJ(N XH+2X$Xi)£K+2\/qT1.F]:|, (324)
where it is understood that F* := F*(X.) and similarly for derivatives thereof.
The attractor equations (3.20) and (3.24) can be written in a manifestly covariant form
under the Euclidean electric-magnetic duality group Sp(2ny + 2; R),

Fot ! o fro,—1 1 I
St ) o (3.25)
Gas 1+ G341 v2 \ qr
and
Fytl — o1 1 (X! —xI 0
S IS | S e , (3.26)
G3s 1 — G341 Vo \F; + F &1
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where we have introduced the electric charges g7 of the black hole solution. Equation (3.25)
together with (3.24) also implies the useful on-shell relation

1 o .
@ =3 (Fr, = Fipnr’. (3.27)

3.4 Supersymmetry algebra and the localizing supercharge

We now turn to the Euclidean (conformal) Killing spinors associated with the attractor
geometry. These are spinor parameters for which the supersymmetry variations of the
gravitino and the auxiliary dilatino sitting in the Weyl multiplet, (2.2) and (2.3), vanish. We
relegate the details of their derivation and their explicit expressions to appendix B.1. There,
we show that the on-shell half-BPS attractor background admits two complex unbroken
conformal supercharges which we parameterize by commuting spinor parameters (£, k')
and (£1,7%), Q:= (6)1 Q' + (v')1 §% and Q:= (&) Q' + (#)! S°.

We can evaluate the algebra of the unbroken supercharges starting from the off-shell
algebra (2.11) and (2.14). The result is

Q2 = Goget (1) + Oni(Eap) + dsu) (A7) + 0k (AK™) + Sgauge » (3.28)
@2 = Cgct(%'u) + Om(Eap) + 5SU(2) (A]Z) + 5K(7\Ka) + 5gauge ) (3.29)
{Q, é} - 5M(5\ab) + 6gauge ) (330)

and the parameters on the r.h.s. are as follows,

|2 + |B|> — ie~iTaB cothn + ielTa B cothn
2 2 e Taf + eTap

ol 3.31
v v \/’l}»l 0 ) ( )
0
£19 = 2 <(|a|2 + |B|?) cosh ) — ie""@B sinh i + ie'”af sinh n) , (3.32)
Vo1

e 1812

A= NN (3.33)
° U1 + U2
A a _ —A a a 334
K 4U1U2 ( )
° 4
Mo = ——(la* = |8)? .
12 \/v—l(w 1817) 5 (3.35)

where o and [ are arbitrary complex constants parameterizing the unbroken conformal
supercharges (see appendix B.1 for details). The special conformal boost transformation
and the gauge transformation with field-dependent parameter will not be relevant in what
follows, so we refrain from giving their explicit parameters. We do expect the gauge
transformation to play a central role [53, 54] in the computation of the one-loop determinant
(step 5 of our program) for matter fields around the off-shell field configuration presented
in the next section.

Moving on to step 2 of the localization program in the introduction, we choose the
localizing supercharge Qo parameterized by (£%, ') with 8 € R* and a = 0. It squares
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to the Hso isometry Lg ~ i0; and additional internal symmetries, which is consistent
with the general isometry algebra of the near-horizon geometry presented in appendix B.2.
Furthermore, by splitting off the Lorentz and special conformal transformation parts of
the covariant general coordinate transformation on the r.h.s. of (3.28) and combining them
with the Lorentz and special conformal transformations parameterized by &,, and /o\K“,
respectively, we can write the algebra of our localizing supercharge as

1 . i
Qloc2 =L+ 6SU(2) <\/7.171 103 j> + 5gauge s (3'36)

with L; is the usual Lie derivative along the vector v* = \/%(1, 0,0,0)™. Observe that the
Lorentz and special conformal transformations cancel due to our choice of gauge for the
local Lorentz and special conformal symmetries, in which

Eab — PP wpap =0, and Ag® - f,2=0. (3.37)

Aside from the field-dependent gauge transformation inherent to (conformal) supergravity,
one should note the similarities between (3.36) and the algebra of the localizing supercharge
used for the computation of the topologically twisted index in the dual CFT3 [17]. Evi-
dently, these similarities are in no small part due to our working hypothesis that the Weyl
multiplet, and in turn the parameters (£%, k), are frozen to their on-shell half-BPS values.

4 Off-shell fluctuations

Having presented the details of the on-shell half-BPS attractor configuration, we now turn
to analyzing off-shell bosonic fluctuations around this background which annihilate the
Q1oc-transformations of the various fermions in the theory. Thanks to our conformal su-
pergravity set-up, we can do so in each multiplet separately. The first step would be to
analyze the Weyl multiplet, but as we stressed in the introduction, we work under the
assumption that the Weyl multiplet fields are pinned to their on-shell values. We remind
the reader that this was indeed proven to be true for BPS black holes in ungauged su-
pergravity [55]. In addition, the consistency of our final result (1.2) with previous results
lends a certain amount of confidence in this assumption. We thus move on and consider
the bosonic fluctuations around the half-BPS background for the matter multiplet fields.

4.1 Vector multiplets

In a bosonic background, the action of the localizing supercharge on the gaugino of a given
vector multiplet with index I =0,...,ny follows from (2.6),

. ) 1 1 . . . )
Quoc U = —2iPXL €L — 3 [Fjj - XiT;,F)] e — e, YR p o X KL, (40)

where ¢ and k% are given in (B.21), (B.23), (B.24) and (B.25), with 8 € R* and a = 0
as discussed in the previous section. Closing the variation (4.1) from the left with &;1
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and Kj+, we obtain'® the following independent equations (note that each equation below
encodes two equations, one for each sign):

0 =2 sinh7 (103 + 04) XL + (coshn F 1) e T Y221 (4.2)
1
0=2sinh7 (idy +01) XL +i(coshnF1) |FL F Ff,1 + ﬁ(xi — Xy Fiyt
(4.3)
Using the Euclidean reality conditions
XD =xi, (FE'=F, @) =epeuvy™!, (4.4)
we can separate these complex equations into their real and imaginary parts:
0 =2 sinhn 94 XL + (coshn F 1) Re [e‘iT YQQI] , (4.5)
0=2sinhnd3 XL + (coshn F 1) Im[e*iT Y22I] ,
0=2 sinhn@le_L ,
. 1 .
0=2sinhn & XL £ (coshn ¥ 1) [FR' F Fi! + — (X1 - XT) #iv12]| . (4.8)

Non

We now linearly split the bosonic fields into the sum of their background on-shell values
and off-shell fluctuations,

a ab

Xi:Xi—i-i(Efr:th_), Y9l =yl 4yl Flo=Fl+ f] (4.9)

where the fluctuations ¥4, y¥ and f,, are (pseudo-)real owing to the reality condi-
tions (4.4). The on-shell field configuration solves (4.5), (4.6), (4.7) and (4.8), and these
equations are linear in the fields so we are left with the following BPS equations on the fluc-

tuations:
0 =sinhnds (XL £51) + (coshn F 1) Rele " y* 1], (4.10)
0 = sinhn 03 (El + ZI_) + (coshn F 1) Im [e_iT y221] ) (4.11)
0=sinhno; (2L £27), (4.12)
1
= sinh 7 0, (ZI + ZI,) + (coshn F 1) | fiy F fi, + TEI, Fiy?l] . (4.13)
U1
Taking a trivial linear combination of (4.12) leads to
2.xL =0. (4.14)

Using this and taking 7-derivatives of the other equations leads to 9, (e~i7 4?2!) = 0, which
is solved for

Y2 =" (yh +iyh) | (4.15)

%0ne can check that closing with &T and &;T, where I is a rank-1 or rank-2 element of the Clifford

algebra, does not yield independent equations.
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where yé‘ and y§ are real functions of (7,0, ¢). All other quantities are 7-independent. We
can now solve for yg% and y§ in terms of angular derivatives on ! by subtracting the upper
and lower sign equations in (4.10) and (4.11):

yh =sinhn 9,27 |y =sinhnozx! . (4.16)

Using this in the sum of the upper and lower sign equations in (4.10) and (4.11), we also
obtain the following equation for the angular derivatives of ¥4,

sinhn 95 [coshn 2L + 21 ] =0, (4.17)
sinh 7 04 [coshnZI_ + Ei] =0. (4.18)
It remains to analyze (4.13), which encodes a system of two first-order differential

equations for the 1 dependence of 4. Taking linear combinations, one can show that it is
equivalent to the system

1
0= sinhnﬁgEfL — ——»! — fl, — coshn fi, —i coshny'??, (4.19)
VU1
1
0 = sinhn 9% + —— coshn XL + coshn fly + fi, +iy'2!. (4.20)
VU1

We immediately impose f3{4 = 0 since the magnetic charges of the black hole are fixed at
the quantum level and cannot fluctuate off-shell. Furthermore, the fluctuations of the field
strength are constrained due to the gauging (3.16), which implies

&rfla=0. (4.21)
Multiplying (4.20) by coshn and adding (4.19) yields
sinh 7 92 [coshn >4 Ei] +sinh?7n fi, =0, (4.22)

while multiplying (4.19) by coshn and adding (4.20) yields
1
sinh 7 0o [coshnE{i_ + EI_} —sinh? 7 <\/a 2{1— + iy12[> =0. (4.23)

We look for smooth and regular solutions to the BPS equations (4.17), (4.18), (4.22)
and (4.23). These solutions should furthermore respect the boundary and fall-off condi-
tions [56] imposed by the QEF (1.1). This implies that we can take the following Ansatz,'!

— k ) k ) .
P cosh™n P cosh™n
ylﬂ _ 1 yk( »;0) 7 f112 _ Z fk( »;0) : (4.25)
VU1 = cosh™n VU1 = cosh™n

"Note that there is no term proportional to cosh™ 7 in f’(n), as such a term would imply a term
proportional to log(coshn) = log r in the gauge fields, with r the radial coordinate on Hz. This is forbidden
by the fall-off conditions [56].
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where CL(0, ), DL(0, ), yi(0,¢) and fL(0, ) are real functions of the angular coordinates
and parameterize the fluctuations. In what follows, we will often suppress the angular
dependence to lighten the notation.

The BPS equations (4.22) and (4.23) provide us with relations between the various co-
efficients when analyzed order-by-order in cosh™! 7, or equivalently in 1 /7 in the coordinate
system (3.3) for Hy. We obtain, for all £ > 1,

sinh?n [(k: —1)(CL+Df_y) - flﬂ

0, (4.26)
sinh® 7 [(k = 1)Cf_y + kDL —yf] =0,

(4.27)

where it is understood that we set f{ = D/ := 0. In the same way, (4.17) and (4.18) imply,
forall k > 1,
. 1 I 7 I A
sinh 7 93[C} + Dj_;| =sinhnd4[C}y + Dj_1] =0 (4.28)

Away from the horizon n = 0, (4.26) and (4.27) are solved by

fi=(k-1)(CL+Di_y), (4.29)
yl=(k-1)Cl_ ,+kDL, (4.30)

for all k > 1, and (4.28) shows that J5f{ = 04f{ = 0, which in turn means that the field
strength fluctuations are constant on the S2,

Osfh =041k =0. (4.31)

At the horizon n = 0, the BPS equations degenerate because some of the Killing spinor
parameters vanish (see appendix B.1). However, the above BPS configuration is also a
solution of (4.19) and (4.20) at the horizon and there is no topological obstruction to
continue them at the point 7 = 0. The result (4.31) then shows that the field strength
fluctuations are constant on the 2-sphere at every point in Hos.

We stress that the BPS configuration derived in this section is non-singular. Were we to
allow for singular configurations, there could be additional contributions to the localization
manifold. We will not consider this case in this paper, although we do remind the reader
that, in the analysis of the QEF for 1/2-BPS black holes in ungauged supergravity, there
were exponentially suppressed contributions coming from stringy orbifolds of the near-
horizon geometry of the form AdSs/Z., with ¢ > 1 [14]. We leave the parallel analysis in
gauged supergravity for future work.

Finally, we note that the constraint on the gauge field fluctuations (4.21) can be written
as a constraint on the free parameters C’,ﬁ and D,ﬁ ,

&(CLy +Dp)=0 forall k>1. (4.32)

4.2 The compensating hypermultiplet

We now discuss off-shell fluctuations of the compensating hypermultiplet. As is well-known,
the full superconformal algebra only closes off-shell on hypermultiplets after the introduc-
tion of an infinite tower of auxiliary fields. There is, however, a technique to close the
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algebra of a single supercharge (here the localizing supercharge Qo) off-shell [57]. To do
so, we introduce a set of 4 (pseudo-)real auxiliary fields H;* and find the appropriate trans-
formation rules so as to close the algebra of the localizing supercharge off-shell. Explicitly,
the action of Q)i in a bosonic background on the hyperino (¢ and the auxiliary fields are
modified compared to their on-shell formulation (2.9) as follows

Quoc & = —IPACEE — 26 XL 105 APEL + H €L + Ak (4.33)

Quoc Hi® = &+ PCE — &-DCS, (4.34)

where we introduced constrained symplectic Majorana-Weyl parameters g@c Note that the
on-shell case is recovered by setting the auxiliary scalars to zero. The localizing supercharge

Q1o closes according to (3.36) without the need to use fermionic equations of motion
provided the constrained parameters satisfy

gl-‘rg]—i- = gi— V‘Z )
§i:€l = &zl (4.35)
Gy = Lyek .

These constraints have a non-trivial solution for the parameter £° of Qoc, given by

g = coshn —1 —1/2 ¢ g = coshn —1 1/2 ¢ (4.36)
* \coshn +1 + ~ \coshn+1 - '

Since the Weyl multiplet and in particular the SU(2)g connection are fixed to their
on-shell values, the hypermultiplet conformal compensator should fix the SU(2)r gauge
not just in the attractor background but at the full off-shell level. This implies that we can
take the hyper sections A;* = fiio‘ + a;% such that

XuPA% =6, (4.37)

which, according to (3.9), fixes a;* = 0. Equivalently, the choice (4.37) preserves the
identification of the Sp(1) bundle with SU(2)g for the off-shell fluctuations, and thus does
not modify our explicit representation of the gauging generators t*g (3.11).

Just as in the vector multiplet case, (4.33) is solved for the on-shell half-BPS values
of the various fields. Because of the gauging, we are thus left with an equation relating
the auxiliary fields H;* and the fluctuations of the vector multiplet scalars analyzed in the
previous subsection. Explicitly, we have

HE— (2t F50) %6 =0, (4.38)

Using the constrained parameters (4.36) and t'; = ico3’;, this is

o [coshn —1 F1/2 ) a | ¢
[H" (mg1)  —iaEheshen|d =0, o
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which is solved for

coshn —1

+£1/2
R 1) &(oLF 5. (4.40)

H® =io3%; <
We now observe that these two equations immediately imply
&2 +coshnéen! = 0. (4.41)
Using the expressions (4.24), this yields
&gCi{=0, & (Cly+Df)=0, foral k>1. (4.42)

With the second equation above, we recover precisely the condition &; fL, = 0 (4.32), which
is a consistency check on our procedure.

4.3 Summary of the localizing manifold

In this section, we have achieved step 3 of our localization program by characterizing the
localization locus for ny+1 Abelian vector multiplets and the compensating hypermultiplet.
We summarize the results here for convenience. In the coordinate system (3.3) for Ho, the
off-shell BPS fluctuations of the matter fields are controlled by two functions,

— Ci(0, ) — D}(6,¢)

I _ k\Y> I _ E\Y)

2= . Th= S . (4.43)
k=1 k=1

with real functions C{ (6, ) and DI (6, ) subject to the constraints

&Cf =0, (4.44)
&(Cly +Df)=0 forall k>1. (4.45)

In terms of these functions, the bosonic field configuration which solves the BPS equations

with respect to the localizing supercharge Qo is as follows.?

Vector multiplets:

;1
Xi:Xi+§(ziizf_),

1 I

e 1 P
Fi=—+—x +ro.x +0,31), F, =", 4.46
21 vl+\/171( L 4roXl +6,50) 3= (4.46)

pl i

yl2r ;P 1
v \/171(
Y2 (YH ) =7 \/r2 — 1 (05 +105)%" .

2Here we include the on-shell values derived in section 3.

ro.oh + 0,50,
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Compensating hypermultiplet:
Aia = Aia )

a_: _a (r—1 12 I I . (T 1z I I
H;* =ios%; 1 & (2L —-%L) =103 ) &L +30). (447)

Before closing this section, we give the explicit BPS gauge field on the localization
locus, obtained by integrating the field strengths in (4.46). In the gauge W,/ = 0, we find

W= (ef(r —1) + o1 Z(C,;’ +Di_)(r"=1),0,0, —p’ cos 0) , (4.48)
k=2

where we have included the appropriate constants of integration so that the Wilson line
[ WEdr around the thermal circle vanishes at the horizon ry = 1. Note that the field
configuration (4.46), (4.47) and (4.48) is smooth and regular everywhere provided we keep
the sums >, (C{ + D}) fixed and finite at the horizon.

5 Supergravity action on the localization locus

In this section, we evaluate the supergravity action on the localization locus where the
off-shell fluctuations of the matter fields are controlled by the functions ¥4 according to
the analysis of the previous section. This constitutes step 4 in the program outlined in
the introduction. Throughout, we will consider a two-derivative theory controlled by the
prepotentials F¥ (X, ), which we recall are homogeneous functions of degree two in the real
scalars of the vector multiplets.

We start with the Lagrangian for vector multiplets given in appendix A.2. We evaluate
it on the field configuration where the Weyl multiplet fields take their attractor half-BPS
values presented in section 3 and the vector multiplet fields are given by (4.46). We first
make a rotation in field space by sending'?

yi2l _, iY(IQI (5.1)

cont.) ?

where we do not impose a reality condition on the field Y(gr{t) On the localization locus
however, it is real and given by

1
121 p 1 I I
Yicont.) (1) = v \/7—1(7“ OpXy + 0,50 ) . (5.2)
After implementing (5.1) and some manipulations (involving in particular the homo-
geneity of the prepotentials), we find that the vector multiplet Lagrangian on the localizing
manifold can be put in a simple form,
1
-1
Lv =

R A T T

NN (0,27 + 70,5 +51) + (Ff, — Frp)o, 2] + 19,57 +57)

L2 F X2 F, X1 63)

130Observe that this prescription is identical to the one used in [17] to treat the scalar auxiliary field of
the vector multiplet in the dual CFT3 when using localization to compute the topologically twisted index.
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where we also made use of the attractor equation (3.21). Note that in this expression, the
matrix Ny; and the prepotentials depend on the fluctuations Eli.

From the expression (5.3) one can show that the vector Lagrangian can be conveniently
written as a total derivative:

1
V24/V1

e Ly = pl O [r(Ff +Fr)+ Ff - Fr]. (5.4)

In turn, the action reads
Sy = 2w\/a/52 df dy sine/lm drp’ o, [r(Ff (X4) + Fr (X2) + Ff (X4) — Fy (X2)]
— on o p! /S a0dg sinb[ro (F7 (X (r0)) + Fr (X_(r0))) (5.5)
FFF(Xar0) = Fr (X (o)) = 277 (X4 (r = 1)

where we have introduced a radial cut-off r¢ to regularize the infinite volume of Hs. Taking
the limit r9g — oo and Taylor-expanding the prepotentials, we obtain

Sy =8n2Jurrop! (Ff +F7) (5.6)

1. 1 - . . .
+27T\/U1p1/ dfdy siné {2N[JD‘1]+2(.7-";3—.7:1_])01]—1—]:;“—.7:[_—2]-?(X+(r—1))] ,
S2

up to terms that vanish in the rp — oo limit. The relation between electric and mag-
netic charges (3.27), the attractor equations (3.21), (3.22) and the homogeneity of the
prepotentials can now be used to write the vector multiplet action in the following form

Sv :87r2\/171r0p1 (.7-";“+]-7)
— QW\/H/Q dfdy sin@[pl}';r@XJr(r = 1)) —l—q[()oi'i + X!+ C’{) — Vg XH&D{]
S

+0(1/ry). (5.7)

Next, we turn to the Wilson line contribution to the action. It can be directly evaluated
from the value of the gauge field (4.48) at the boundary r = ry. Because of the BPS
conditions (4.28), the 7 component of the gauge field only depends on the radial coordinate.
Therefore, we obtain

27 >
SW =4m qr WTI(T’()) dr = 87‘1’2 qul (T‘Q—l)—Sﬂ'zqu Z(C;g—i-D]é_l)-l-O(l/To) . (58)
0 k=2

Finally, we discuss the compensating hypermultiplet contribution. Even though this
multiplet is introduced to ensure that the conformal theory is gauge-equivalent to Poincaré
supergravity, the gauging introduces a coupling between the hypermultiplet fields and the
vector multiplets, which in turn gives a non-trivial dependence on the off-shell fluctuations
to the total action of the theory evaluated on the localization locus, as we now show.
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Since we treat the compensating hypermultiplet off-shell with respect to the localizing
supercharge, its Lagrangian (A.20) must be supplemented by the standard quadratic term
for the auxiliary fields H;<,

1 .
eilﬁaux. = 5 XH HiaHZoa . (59)

After implementing the rotation (5.1), we can evaluate Ly + Laux. on the localization locus
using (4.46) and (4.47). All the quadratic terms in the fluctuations cancel, and we are left
simply with
—1 1 I I I
e (»CH"F»Caux,) = —Tl XH51(2+ —|—T8r2+ +8,n2,) . (5.10)

N

This can be integrated to give the hypermultiplet action, including the contribution from
the auxiliary fields,

Sy = —27 va\ /U1 X1 /2 df dep sin @ [&D{ —&C =) &(C + D) |+ 0(1/r),
o k=1
(5.11)

in the limit where the radial cut-off ro — co. Now, recalling the constraint (4.45), this can
be further simplified and we are left with

Sp = —2m UQ\/HXH/ dfdy sinf & DI + O(1/r). (5.12)
S2

We must now combine all the above contributions. For this, we note that the BPS
equations (4.28) allow us to write the prefactor in the second term of Sy (5.8) as a volume
integral on S?. Doing so, the bulk action of the Euclidean theory describing ny + 1
vector multiplets and the compensating hypermultiplet coupled to the Weyl background
Shulk := Sv + Su, and supplemented by the Wilson line Sy, evaluates on the localization
locus to

Spulk + Sw = (5.13)
82 \/v1 70 [pl(]:;r —l-]:f) + 01_1/2 quI] - 27T\/171/2 df dep sin 6 [pl}";r(m) + qlqbfr ,
S

up to terms vanishing when the cut-off ¢ goes to infinity. Above, we have introduced the
following real variable, which depends on the fluctuation parameters C’,g (0, ) and D,ﬁ(@, ®),

oo
L=2X,(r=1)=2X{+> (C[ +Dj). (5.14)
k=1

Observe that, owing to (4.28), this variable is in fact constant on S?. We can therefore
evaluate the angular integration straightforwardly in (5.13) to obtain the final form of the

supergravity action on the localization locus:
; > —-1/2
Soutk+Sw = 8210 [P (Ff +F7) i P are! | =872 /oy o' Ff (91) + ardh | (5.15)

As expected, the total action (5.15) contains a term divergent in the cut-off 7y due to
the infinite volume of Hy. We therefore need to add boundary counter-terms in order to
regularize this divergence.
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5.1 Boundary counter-terms and supersymmetry

A first-principle derivation of the appropriate boundary counter-terms requires a care-
ful analysis of the theory on Hsy in order to ensure that the variational problem for the
QEF (1.1) is well-defined (see [56, 58]) and that the renormalization procedure preserves
supersymmetry. Indeed, besides the usual Gibbons-Hawking-York term, it is well-known
that supersymmetry may require the addition of finite terms which modify the renormal-
ized bulk action (see e.g. [59] for a discussion in the context of four-dimensional theories
with three-dimensional boundaries). In this paper we will instead employ a “minimal” sub-
traction scheme and show that the naive boundary counter-terms we add can be arranged
in a manner which makes supersymmetry of the resulting renormalized action manifest.
To cancel the divergences in (5.15), we add the following counter-terms at the bound-

ary:
Shet = ‘S%ct + Sl%ct ) (516)

with
Ster == — 872 ot rop! (FF + Fr), (5.17)
S2. = —8r’roqrel. (5.18)

We then choose the renormalized action
Sren = (Spulk + She) + (Sw + Siet) - (5.19)

Upon using the attractor equation (3.21), the second term above can be interpreted as
the supersymmetric Wilson line of the gauge theory at the boundary in the limit where
ro — 0OQ,

21
Sw + S, = dm g / (W (ro) — €M (X! — X)) dr, (5.20)
0

where el = /vy (r3d — 1) is the component of the vielbein e, evaluated at the boundary.
It is easy to realize that the above expression coincides with the supersymmetric invariant
Wilson line at the boundary [60], and that it is manifestly finite.

Analogously, it is possible to show that the supersymmetric variation of Spu + S&Ct
vanishes, since the bulk action varies into a total derivative which, when evaluated in the
limit where r9g — oo, exactly cancels the total derivative term obtained by varying the
boundary counter-term Si_, [12]. We refer the reader to appendix D of [12] for a proof of
this statement and further details.'

We stress again that the minimal boundary counter-terms we choose, though consistent
with supersymmetry at the boundary, a priori carry no information about potential finite
terms in the action. However, as we will show below, the final result we obtain from the
above renormalization scheme is consistent without any finite terms. If such terms do exist,
their form will therefore be highly constrained.

Note that the analysis [12] in ungauged supergravity only relies on the vector and Weyl multiplet
transformation rules, which are identical to the ones of the gauged supergravity theory we consider here.
We thus expect their results to apply straightforwardly to our case.
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The conclusion of this subsection is that we will use the renormalized action (5.19),

Srenl¢+] = —8m*\/or [P Ff (64) + a1l |, (5.21)

for the evaluation of the QEF, to which we turn to now.

5.2 Finite result and saddle-point evaluation

We are now ready to write the formula for the localized QEF and bring to a conclusion
step 4 of the localization program outlined in the introduction. The localization locus of
step 3 is parameterized by 2ny + 2 infinite sets of functions (C{ (6, ¢), Di(6,¢)) with k > 1
and I = 0...ny. They are constrained according to (4.44) and (4.45). As a result, we
have that the QEF (1.1) is equal to a constrained functional integral

ny oo

dmacro (p QI / <H H DCk DDk> €Sren[¢+] Zind (plu qr; Ck’ Dk) ) (522)

I1=0 k=1

where the prime on the integral means that it must be computed enforcing the con-
straints (4.44) and (4.45), ¢4 is defined in (5.14) and Zj,q denotes the contribution from
the one-loop determinant of quadratic fluctuations around the localization locus and an
eventual measure factor.!?

Observe that the renormalized action Sy entering the integrand only depends on a
particular linear combination of the integration variables C,g and D,ﬁ, namely qbi, and that
this variable is in fact independent of the angular coordinates owing to the BPS equations.
Let us denote the directions orthogonal to the gbi line in the (C}, Df)-space by ¢(6,¢).
Note that while ¢} is constant on S? thanks to (4.28), ¢{(0,¢) is still a function of the

angular coordinates in general. We can then write the exact!'® macroscopic degeneracy as

dmacro (pla q1) = (523)
> (1T I T 1
/ (H d¢>+) 5 <§1¢+ - 2\@) ¢Srenld+] / <H quo) ina (p', a1, 645 0)
% \I=0

where, in the first integral, we have enforced the constraint on d)i stemming from (4.44)

and (4.45) using a delta function. The last integral is infinite-dimensional, and as such one
may be worried that it renders (5.23) infinite or ill-defined. To properly address this issue
would require us to complete step 5 of the localization program, in order to obtain explicit
expressions for the one-loop determinants and the measure as functions of the qﬁr and qSé
parameters. However we can already sketch an argument (based on supersymmetry) which

'5This measure factor is known to be non-trivial in the case of asymptotically flat black holes (see
e.g. [13, 61]), as well as in the case of the partition function for AdS4 spaces [62] and the topological black
hole studied in [63].

16Recall from the comment at the end of section 4.1 that we only consider the contributions from non-
singular field configurations for the localizing manifold in this paper.
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shows that this integral will likely be regular, by examining the details of the localization
calculation in the CFT3 dual to our black hole asymptotics. It was shown in [17] that,
for the correct localization of the topologically twisted index, one must take into account
the interplay between bosonic and fermionic zero-modes on the localization locus. In our
situation, we can interpret the gbé(@, ©) as bosonic zero-modes on the locus, since our
renormalized action does not depend on them. We should therefore ask what is the effect
of including their fermionic superpartners under the localizing supercharge Qoc, which we
denote by Q(6, ) since they will arise from the gaugini in the vector multiplets. The
effect of including these fermionic zero-modes is to modify the second integral in (5.23) to

/ ny
Z% (", ar. +) 1—/ (H D%DQé) Zina (p", a1, 43¢0, Qo) - (5.24)
=0

Due to the supersymmetric pairing under @, of the bosonic and fermionic zero-modes,
we expect that the (constrained) integration in (5.24) will reduce to a regular function of
gi){i_ and of the black hole charges [17].!” Evidently, for the reasons already mentioned, we
cannot rigorously prove the cancellation of the divergences resulting from the integration
over the zero-modes at this stage. This will be examined in future work. Nevertheless, let
us remark that our situation in gauged supergravity parallels the situation in the CFT3
of [17]: due to the gauging, we effected a twist in the S? factor of the near-horizon geom-
etry which resulted in constant Killing spinors along the sphere (see appendix B.1). As
such, the gauging and the half-BPS character of the near-horizon configuration introduce
an extra degeneracy as compared to the case of the ungauged, full-BPS near-horizon con-
figuration studied in [12]. This ultimately manifests itself in the fact that the infinite tower
of parameters C,g and D,ﬁ with k£ > 1 is not truncated in our situation.

With this motivation in mind, we write the finite result for the localized QEF as'®

—+00

dmacro (plafﬂ) :/

—00

ny d I
(H ¢+> 5 (&10Y —2m) exp [—27 (p' Ff (d+)+aredh )] Zi5 (6+) -

27
1=0
(5.25)
The expression (5.25) is general since it applies to any black hole solution of two-derivative
N = 2 gauged superconformal gravity governed by a prepotential F*(X,) and having
AdS,xS? near-horizon geometry.

The saddle-point evaluation of (5.25) proceeds by defining

2(6:) = 2w (PVFF(00) +ardh),  L(64) = 5ok (5.26)

"More explicitly, we expect supersymmetry to relate the derivative of Zinq with respect to the fermionic
zero-modes QY to its derivative with respect to ¢p since the modes are paired. The integral over the ¢g
modes is then a total derivative, and we assume that it is a regular function of ¢ and the charges.

I
Jijﬁ in (5.23) and absorbed the resulting
constant prefactor in Z.5. With this change, the newly defined integration variables in (5.25) have zero

8To obtain this form we have rescaled the variables ¢ —

mass dimension.
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In terms of these quantities, the constraint (4.42) tells us that £ = 1 and the saddle-point
equations coincide with the standard attractor equations'® [2, 37]
0 Z
— = = 5.27)
i (

a9y L
This shows that the saddle-point is located at the on-shell value qbi = 8m\/v1 X JIF Further-
more, the value of Z/L at this extremum reproduces the Bekenstein-Hawking entropy,

o

Z 47 vy Aqg

= _4n?y =< 5.28

; 2 XH AGn 4Gn ( )
where we have used that xg = — (47 Gn)~! with Gy the Newton constant (see the next

subsection), and Ay is the area of the horizon (cf. (3.1)). The fact that we obtain the
usual attractor mechanism and leading entropy in the saddle-point approximation from
the exponent of (5.25) implies that the factor Z,°§ can contribute at most log(An) terms
in the large horizon limit.

5.3 Lorentzian variables

In the next section, we will compare the macroscopic degeneracy above to the corresponding
microscopic degeneracy obtained in the dual field theory for various models. Therefore,
we dedicate the rest of this section to massaging (5.25) by making various field and charge
redefinitions to bring it to a Lorentzian form which allows for a more immediate comparison
with its holographic counterpart.

Recall that the bulk supergravity Lagrangian used to derive (5.25) contains the fol-
lowing terms (see again appendix A.2)

e MLy = %R (xa — xv)+D <Xv + ;XH) + N0 X1 0" X —dxn g2 (G XD) (& X)) +. .,

(5.29)
where we have reinstated the coupling constant g for the gauging (see below (2.9)). Note
that since g has mass dimension 1, £; in the expression above has mass dimension —1. The
equation of motion for the D auxiliary field sets yg = —2xv, and we obtain the canonically
normalized Einstein-Hilbert Lagrangian (reinstating Newton’s constant Gy) by fixing the
dilatation gauge and choosing yv = 1/x? where x? := 87Gx,

B 1 2
¢ Lt = —5 5 R+ Niyd X[ o' X7 -8 %(gfxi)(gjxi) T (5.30)

We can switch to a more standard holographic convention by redefining the scalar fields
and FI terms to extract an overall factor of 1/2x? in the bulk Lagrangian,

671Ebu1k = —R+ N[]@M)Zia‘u)?i — 892(51)24{)(57)21)] +..., (5.31)

252

9Note that we have so far only taken electric gauging parameters &; and set their magnetic counterparts

¢l = 0. This is the reason why we do not recover the full symplectic covariant form of the attractor
mechanism [37], where

L(p1) = (10 +E"Ff (¢1)) /27

However, we expect to find the symplectically covariant version straightforwardly by repeating our steps
starting from the dyonically gauged off-shell supergravity formalism of [47].
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where
XL =vorxLl, &.=x'¢, (5.32)
are dimensionless scalar fields and FI parameters, which are most suited for holography.

Aside from the fields and gauging parameters, recall that the charges (p’,qr) in the
supergravity theory used to derive (5.25) are normalized as follows (see (3.23)),

SQFO'I:47TpI, /Széfzzmql, (5.33)

and the resulting lattice of electro-magnetic charges is

4
29¢ip' €2, ——aqeZ, 5.34
9&rp 296 ¢ (5.34)
where no sum over [ is implied. If we now define the rescaled charges,
p=rp', Gri=kq, (5.35)

they satisfy the quantization conditions

U 7 (5.36)

26,gp €7, (2&)7! ,
&rgp (2£1) 390n

in terms of the dimensionless FI parameters (5.32).
Changing variables in (5.25) from ¢4 to 2(gk)~'¢%, using the dimensionless FI pa-
rameters and the charges (p,q;), we obtain

o~ +oco WV d¢l+ ~ 1 . g ‘o
dmacro(p vql)—/_oo (1];[) ?>6(261¢+*27T> exp [QQQN(p ‘F]Jr(d)+)+(ﬂ¢+>:| Zin§(¢+)7

(5.37)

"+l coming from the change of vari-

where we dropped a dimensionless constant (2/gk)
ables. In the next section, we will see that the charges (gp’,q7/29Gn) should be identified
with the charges in the dual field theory. Note that in (5.37) we have included the coupling
constant g and Newton’s constant Gy which have mass dimensions 1 and —2, respectively.
The integration variables qﬁ}L and the FI parameters EI have mass dimensions zero while
the charges (p’, ;) have mass dimension —1.

In this formulation, we come back to the Wilson line which is inserted at the boundary
of Hy in the Euclidean QEF (1.1). We see using (5.35) that, in order to have the correct
normalization for the gauge-invariant Wilson line in Lorentzian signature, we must send
qr — 1qr. This shows that the correct quantity which computes the entropy of the physical
black hole, and that we will compare to its holographic counterpart in the next section, is
an analytic continuation

dmacro (517 16]) . (538)

We can interpret this analytic continuation as an artifact of using a Euclidean expectation
value to compute the macroscopic degeneracy of the Lorentzian black hole solution. Along
these lines, the natural expectation is that the fluctuation parameters C’,g are sent to iC,g ,
while D,é are not analytically continued. Therefore the Lorentzian macroscopic degeneracy
is given by ny complex integrations over the complex plane.
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6 Holographic examples

It was argued in [16, 36] that, in cases when the holographic correspondence is available,
one should consider the topologically twisted index [17] of the field theory dual in order
to describe microscopically the black hole degrees of freedom. The twisted index is the
partition function of a topologically twisted theory?® on S?xS! and depends on a set
of magnetic fluxes p, (holographically corresponding to the properly normalized black
hole magnetic charges) and chemical potentials A, for the global symmetries J, of the
theory (holographically corresponding to the gauge symmetries in supergravity, a number
of U(1)’s). The twisted index can be interpreted as the Witten index which counts ground
states in the dimensionally reduced quantum mechanics holographically describing the
degrees of freedom near the black hole horizon,

Z(Pa, Ag) = Tr(—1)F e PH giftala (6.1)
where supersymmetry further leads to the restrictions

dha=2, > Aj=2m. (6.2)

Finally, to evaluate the number of supersymmetric ground states dmicro as a function of
the electric and magnetic charges one needs to perform a Fourier transform with respect
to the chemical potentials,

2m
dmicro(paa %) = /0 (H ds:) (5(2 Aa - 27T> Z(pc“ Aa) €_i Za Aada , (63)

which formally gives the ezact holographic expression for the microscopic entropy of the

black hole. This is therefore the expression that we would ultimately like to match with
the exact evaluation of the quantum entropy function. While our result for the QEF (5.37)
bears some important similarities with the microscopic degeneracy (6.3), we are not yet in
a position to successfully match the expressions at all orders. Here it is important to note
that, unlike the QEF which can be evaluated for a general prepotential, the evaluation of the
twisted index Z(p,, A,) proceeds very differently for the different holographic examples,
which we briefly summarize next. In any case, due to the fact that we have not yet
completed the final step 5 in our localization program which consists in evaluating Zirrfg , it
is clear that any exact holographic match would be too premature and speculative at this
stage. We nevertheless comment on how much progress one can hope to make in each of

the explicit cases below.?!

20Just as we can consider any 34 for the horizon of the black hole, we can also consider a topologi-
cally twisted holographic dual on a general ¥,xS' [21, 64]. The final result is again a straightforward
generalization of the spherical case, and therefore in this section we again specialize to spherical topology.

21Note that in all examples below we deal with models embeddable in different versions of maximal N’ = 8
supergravity with 32 supercharges. This number of supersymmetries forces all higher-derivative invariants
to vanish and therefore it is natural to expect that these models do not receive higher-derivative corrections
from string theory, justifying our comparison with the QEF computed in a two-derivative theory.
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6.1 Cacciatori-Klemm black holes

The Cacciatori-Klemm black holes [2] are the supersymmetric solutions of the electrically
gauged STU model, specified by the prepotentials (in Euclidean supergravity conventions)

FE(Xs)ok =/ XOXLX2X3 (6.4)

and dimensionless FI parameters

&z%zézéz%. (6.5)

This model arises from a consistent truncation of maximal gauged 4d supergravity and
therefore the supersymmetric black holes (with four electric and four magnetic charges)
can be uplifted to full eleven-dimensional solutions with the interpretation of M2 branes
wrapped on 2-cycles. The holographically dual theory on N coincident M2 branes is a
U(N) x U(N) Chern-Simons theory known as ABJM [18]. Its twisted index was evaluated
via localization in the large N approximation in [16] and, upon extremization, was shown to
agree with the leading Bekenstein-Hawking entropy of the Cacciatori-Klemm black holes.
The first finite N corrections in the large N limit were more recently considered in [25].
Therefore at present the known expression for the ABJM twisted index takes the form

OF, 1
ZABJM (pm a = €exp Zpa ABJM + N1/2f(pa’ Aa) - 5 logN + O(NO) ’ (66)

a

where f is a function that remains as-of-yet undetermined and Fapjyv is the partition
function of ABJM theory on S3,

IN 3/2
Faim(Ag) = ( 3) vV A1ASA3A, . (6.7)

To compare with our result (5.37), we can use the AdS/CFT dictionary for this model
which relates Newton’s constant to the rank of the gauge group. To leading order in N,

1 (2N)32
292Gy 3

Using this, (6.4) and (6.5), the localized QEF (5.37) for the Cacciatori-Klemm black holes
takes the form

(6.8)

—+00

dmacro (]5[7 1 671) = /

—0o0

(H d¢+> (Zm )Zcmﬁfm SXiomit(6.9)
I=0

where we defined

N 5. (2N)3/20/ %64 ¢ ¢t
Zek (', ¢+) = exp —E:gﬂ( ; g;'++4J%ZTW¢H . (6.10)
I=0 +
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Comparing (6.3), (6.6) with (6.9), (6.10), we observe a correspondence between macroscop-
ics and microscopics upon identifying the fugacities A, and the integration variables d)i,
and the charges as (note that the r.h.s. is properly quantized according to (5.36))

o ar
, = ) . 6.11
o 00) = (977, 522 ) (6.11)
At leading order in N the saddle-point approximation gives an exact match, while the
exact answer is yet to be determined on each side.

6.2 Benini-Bobev black strings

The class of magnetically charged supersymmetric black strings in AdSs analyzed holo-
graphically in [4] has a near-horizon geometry AdS3xS?. Upon a further dimensional
reduction along a periodic coordinate which is part of AdSs on the horizon, these solu-
tions can be seen as BPS black holes in 4d supergravity (with only up to three of the
possible four magnetic charges switched on) with a non-maximally symmetric asymptotic
vacuum, as shown in [39]. The resulting four-dimensional supergravity model is specified

by the prepotentials
| XiXEx?

FE(X1)pB = 0 (6.12)

+

and the dimensionless FI terms )
S1=86=E§= 3 (6.13)

while 50 can be left arbitrary. This model eventually arises from a consistent truncation
of maximal gauged 5d supergravity and therefore uplifts to asymptotically AdS5xS® type
IIB solutions, thus allowing for an interpretation as wrapped D3 branes on 2-cycles. The
holographically dual theory, SU(N) N'= 4 SYM in four dimensions, when put on a Rie-
mann surface, exhibits an RG flow to a two-dimensional superconformal field theory with
a central charge that was calculated in [4] in the large N limit. The entropy in the Cardy
limit was then matched successfully with the leading Bekenstein-Hawking entropy of the
resulting four-dimensional black hole, and this holographic agreement can be extended to
include arbitrary electric charges as explained in [65].

Due to the modular properties of two-dimensional conformal field theories it was later
shown [22, 66] that in the Cardy limit the twisted index of A" = 4 SYM theory on T?xS? can
be evaluated exactly in the gauge group rank N, up to exponentially suppressed corrections
in one of the fugacities, A4. This therefore gives us the most precise holographic test for
the localized QEF so far, where we need to compare it to (6.3) with

3
T2 xS2 i _ 16 8(1]\/:4 —1/Ay4
Zj\/’:4 (pav Aa) = exp 27A, ;pa oA, + 0(6 ) y (614)

where apar—4 is the conformal anomaly

27
CL,/\/':4(AQ) = 33(]\72 — 1)A1A2A3, (615)
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and the fourth fugacity A4 can be interpreted geometrically as the size of the circle in the
dimensional reduction (which only has an electric charge associated with it). Therefore it
needs to be taken small, A4 — 0, to recover the black hole limit we are interested in. The
AdS/CFT dictionary for this model tells us

1 (N?-1)
292068 2

up to possible corrections in 1/N. Using this relation along with (6.12) and (6.13) for the

(6.16)

localized QEF (5.37) in this model, one can see the correspondence between macroscopics
and microscopics upon relating the fugacities A, and the integration variables gf)fr, and the
charges as in (6.11). As in the previous example, the saddle-point approximation leads to
an exact holographic match.

6.3 Gutowski-Reall black holes

The Gutowski-Reall black holes [3] and their generalizations [40-43] are electrically charged
rotating BPS black holes with AdSs asymptotics. Similarly to the case of black strings,
these black holes can also be Scherk-Schwarz reduced to four dimensions [24], where they
fall in the class of static solutions with near-horizon geometry AdS,xS? considered in this
paper. The resulting four-dimensional solution only has a single fixed magnetic charge,
p” = 1, which also fixes the corresponding dimensionless FI parameter EO. Thus, the

supergravity model is specified by
REDED ¢

FH(Xe)er = =g (6.17)
+
and dimensionless FI parameters given by
~ ~ ~ ~ 1
=a=8a=8=7. (6.18)

Once again we have a type IIB string theory interpretation since these black holes
represent supersymmetric states with AdS5xS® asymptotics, holographically corresponding
to BPS states in the dual N' =4 SYM theory. It was further shown in [24] that the leading
macroscopic entropy is computed holographically by the Casimir energy of the SYM theory
on a squashed three-sphere [67], which is the large N result for the partition function

(superconformal index) of the SYM theory on S* ><S§q,

S1xs3
Z 21 (po = 1, A) = exp[~Ex—a(Aq) + O(NY)] (6.19)

with the Casimir energy

N2 1) A1AzA
En—4(Ag) = ( ) &1 = (6.20)
2 A2

Once again, the holographic relation

1 (N2 —1)

= 21
2P0n 2 (621
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along with (6.17) and (6.18) establishes an exact correspondence between the leading grav-
ity contribution in (5.37) and the field theory expression (6.19). The subleading corrections
need to be computed by evaluating the full superconformal index whose leading behavior
in the large N limit is O(N?). Therefore at the moment we can only correctly reproduce
the saddle-point match between the macroscopic and microscopic entropy and look for-
ward to the development of new tools for the exact evaluation of the superconformal index
(see [68, 69] and references therein for work in this direction).

6.4 Massive type ITA black holes

Another genuinely AdS4 holographic example was more recently analyzed in [5, 6, 28, 29],
where black holes in maximal 4d ISO(7)-gauged supergravity were considered. Via the
uplift of [70] these solutions can be embedded in massive type ITA theory and holographi-
cally correspond to D2, branes [71] (3d SU(N) SYM theory with Chern-Simons interaction
at level k corresponding to the Romans’ mass) wrapped on a two-cycle. The consistent
truncation to a 4d N' = 2 gauged supergravity model [6] includes a hypermultiplet gaug-
ing, but via the supersymmetry-preserving Higgs mechanism it was shown [28] that the
model can be further truncated to the FI gauged supergravity considered here. The re-
sulting black hole solutions have three electromagnetic charges and the model is given by

the prepotential
33/2
FE(Xamiia = = (—0) V(XEXE XSS (6.22)

where the parameter c is related to the Romans’ mass k. The dimensionless FI parameters
are given by
G=6=8=1. (6.23)
The holographic calculation proceeds via the large N limit of the twisted index of
the D2 theory, computed using localization. Unfortunately at the moment there are no
known results for the subleading corrections to the partition function in this setting, and
therefore only the saddle-point match has been successfully performed after the coupling
constants in the dual theories are carefully mapped to each other. The large N answer for
the twisted index gives

3
oF
Zpn, (par Ba) = exp | =D pa—s " +0<NlogN>+O(N2/3>] , (6.24)
a=1 a

with Fpg, is the partition function of the theory on S? [72],
313/6

-FDQk (Aa) = _W(—k)l/3N5/3(A1A2A3)2/3 . (6.25)
The holographic relations
cl/3 91/3 32/3 3 1/5
_ k1/3 N5/3 — kN1/5 92
292 0n 5 U T ’ (6.26)

together with (6.22) and (6.23) again shows an exact match in the leading gravity and field
theory answers. Due to the similarities in the evaluation of the partition function here and
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in the example discussed in subsection 6.1, it is natural to expect that also here the log NV
contribution has a simple form independent of the chemical potentials A,. We are however
not aware of any explicit attempts to tackle finite N corrections in the D2 theory.

7 Conclusion and discussion

In this paper, we have completed an important first step in the evaluation of the exact
degeneracy of horizon degrees of freedom for a class of half-BPS black hole attractors with
AdS asymptotics. Localization techniques yield the result (5.25) (or (5.37) in variables
which are suited for holography) for the quantum entropy function (1.1). Using this result,
we have been able to exhibit a perfect match in the large N limit with the results obtained
in the dual field theories for a number of examples.

Such a check is of course necessary, but perhaps more importantly the results derived
here also provide a clear path for the analysis of finite N corrections. In particular, ac-
cording to (5.37), all such corrections (modulo the presence of hair degrees of freedom) are
captured in the gravitational theory by the quantity Zirrigl, which combines the effects of
the usual one-loop determinants in localization together with bosonic and fermionic zero-
modes on the localization locus, and an eventual non-trivial measure along this locus. It is
encouraging that a number of techniques have already been put forward in other situations
(and in particular for asymptotically flat black holes) which should allow for a straightfor-
ward, albeit technically challenging, computation of this quantity. This is clearly the main
future research interest, and we hope that progress in this direction will pave the way for a
prediction of finite N effects directly from the gravitational side of the duality. Ultimately,
this could lead to finite IV precision holography and deeper insights into the structure of
quantum gravity.

Aside from these considerations, there are a few other aspects of this work that deserve
further attention and will also be of future research interest. As already stated throughout
this paper, the main assumption we started with is the absence of off-shell fluctuations for
the Weyl multiplet. This assumption effectively “freezes” the metric and related super-
gravity fields to their on-shell values. This seems to be a valid assumption a posteriori,
as it leads to an agreement between the localizing configurations for the vector multiplet
and hypermultiplet sectors. It is tempting to speculate that our final result is insensitive
to potential off-shell fluctuations in the Weyl multiplet sector, but clearly this question
deserves careful further investigation.

Interestingly, we were able to evaluate the classical action of supergravity on the local-
ization locus regardless of the explicit form of the prepotential. The locus a priori depends
on 2ny +2 sets of infinitely many free fluctuation functional parameters {C% (6, ¢), DL(6, )}
for all £ > 1. The final integrand, however, only depends on ny independent linear combi-
nations of these variables, and the BPS equations further imply that precisely such linear
combinations are constant on the 2-sphere. This essentially means that we could have de-
rived the final result (5.25) only assuming that a single entry in the set {C} (6, ¢), DL(0, ¢)}
is nonzero and independent of the angular coordinates for a given I. This also relates to
our assumption that the directions orthogonal to the ny linear combinations on the local-
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ization locus yield a finite factor when properly regularized by taking fermionic zero-modes
into account. In contrast with the analysis of asymptotically flat black holes, the integral
over these orthogonal directions is still a functional integral due to the angular dependence.
This feature is specific to the half-BPS attractor background we considered in this paper.
We expect that a detailed analysis of the factor Z;°% will offer insights into the resolution
of these issues.
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A Supergravity details

A.1 Conventions

Space-time indices are denoted by Greek letters pu,v,... while tangent space indices are
denoted by Roman letters a,b,.... (Anti-)symmetrization of indices is always done with

total weight one, e.g.
1
X[aXb] = 5 (XaXb - XbXa) . (Al)
The dual of a rank-2 tensor in four Euclidean dimensions is defined as
~ 1

Tab = 5 Eabed TCd7 with £1234 = 51234 =1. (A2)

The (anti-)self-dual part of such a tensor is defined as

1 ~
T = §(Tab + Typ) . (A.3)

In four Euclidean dimensions, the Clifford algebra is
{7*, 7"} =26%. (A.4)
We use Hermitian y-matrices, and define
V=M Y2 374 (A.5)
When an explicit Hermitian representation of the Clifford algebra is needed, we will use
Nn=01®1Ll, =001, p=03®0, =030, (A.6)

where o;, 1 = 1,2, 3 are the Pauli matrices.
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We define the Dirac conjugate of a spinor as
i = (W), (A.7)

where complex conjugation raises and lowers SU(2)r indices. The symplectic-Majorana
reality condition reads
Clpt =g, (A.8)

where the charge conjugation matrix is anti-symmetric, unitary, and such that??
CrCl=—7", CyCl=7, (A.9)
while the anti-symmetric tensor of SU(2) satisfies
gl Ejk = —6%, and &Y €ij =2. (A.10)

We note that (A.8) also applies to the chiral projections

Wi, ::%(Hrﬁ)w. (A.11)

For fermionic bilinears with anti-commuting spinors fields and a matrix I' built out of
products of v-matrices, we note the following result,

(6 T = h T ¢ = —ep ' GO T Cy* . (A.12)

For commuting spinor fields, the last equality acquires an extra minus sign. For complete-
ness, we also give the Fierz rearrangement formula for anti-commuting chiral spinors,

Bfis = g% 77) (i ) + 57 Wi 81 (A13)
¢ s = —%7‘1 (1 £7°) (Vi Ya BL) - (A.14)

A.2 Locally supersymmetric Euclidean Lagrangian densities

Using the Euclidean multiplet calculus [50], one can build a superconformally invariant La-
grangian density for an arbitrary number of vector multiplets coupled to the Weyl multiplet.
This density is based on two prepotentials F*(X1), which are homogeneous functions of
degree two in the scalar fields of the vector multiplets,

FEO2xD) = N2 FE(xl). (A.15)
We note that this homogeneity also implies

XL rFF=27%, and X{Ff=7FF, (A.16)

221n the explicit basis (A.6), we take Cv° = 01 ® 0.
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where the indices on the prepotentials denote derivatives with respect to the argument,

OFE(Xy)

FE . _ P FE(Xy)
L= oxL 7’

+
and flJ_m

(A.17)

The bosonic terms of the vector multiplet Lagrangian density are given by

1
e Ly =— (XL F + XL F)) (6 R- D) + (Ff, + F;) D XADI X

1 1 | 1
+ 370 {Fagf - L XIT, [F“b_J - 4X°_7T“b_]

1

1 1 1
+ 1%y [F;z;f - T {F - 4X1T“b+]
1

8

1
8

1 ] 1
+ I I+ b — —1I Ip— b—
F] [F;b -1 X4 T T — — F; [Fab —4XTab] T

1 — I~rijJ 1 2 L2
+5 P+ F) Y YV = s FR(TL) = 55 7 (T) (A.18)
In the main body of the paper, we will often use the standard notations

% xv

— v! - 1 - - _
XV'_X—i-‘F] ‘I—X_‘F?», and NIJ’_fE+FIJ_W'

(A.19)

The locally supersymmetric Euclidean Lagrangian density for hypermultiplets trans-
forming under a certain local gauge group contains the following bosonic terms,

1, 11 1,
G_I;CH = 5 51‘7 Qaﬁ AZCYA]ﬁ <6 R + 5 D) — 5 6” Qaﬁ DHAZ'Q D,LLA],B
- 1 -
+ 2005 A E X P € X 05 A — 5 QapAi® Y'Y TP A7 (A.20)

with &7 the FI parameters and ¢®g the generators of the gauging. We will also write

1 ..
X = 57 Qap A AP (A.21)

B Attractor configuration details

B.1 Conformal Killing spinors of the attractor geometry

In this appendix, we derive the explicit conformal Killing spinors parameterizing the un-
broken supercharges of the bosonic near-horizon attractor configuration presented in sec-
tions 3.1 and 3.2. All the equations we write here pertain to the background, and we will
therefore drop the circle on the matter fields for ease of presentation.

Following [47], the strategy to find the conformal Killing spinors is to consider an
S-supersymmetry invariant combination of spinors built out of the gravitino and gaugino
fields. To do so, we introduce

, 1 .
QLY = 3 Xy XE N QY (B.1)
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where the + subscript on fermions refers to chirality and xv is the Kahler potential (A.19).
In the bosonic background, we have

BOLY = Ay el 4, (B.2)

where .
Az = —§x§1 Nij XLep Y*7. (B.3)

Using the equations of motion for YI and the auxiliary scalar D, we can write
j I, ik
.Alj:': = 2)('$ u[Z €kj » (B4)
where f;; 1 are the moment maps (3.12). We now consider the variation of the S-invariant
combination

5(¢Li + i’YMQZ:'FV) =2 Vueit + Vuij €i Fi ( ')’347552J + Al] i) Y€ ﬂF ) (B.5)

1
2,/v1
where V,, denotes the covariant derivative on Hp X S2, which contains only the spin-
connection in the gauge-fixed background (3.6). Setting the above variation to zero yields
the (generalized) Killing spinor equation

2V, e + V) o+ —— 2\/» <03ij - 173452']-)% eZF =0. (B.6)

To solve this equation, let us examine it on the two factors of the Hs x S? geometry, where
we split the space-time index p = (u, 1) accordingly.

The SU(2)g gauge field only has components along the S? according to (3.16). Thus,
on the Hs factor, (B.6) reduces to?

2V ei + \F’mg (B.7)
where we introduced the projected spinor
el= %(]1—1734) el (B.8)
We now impose the following half-BPS projection on the spinor parameter [47]:
Vel =i03; e . (B.9)

As a consequence, the unbroken supersymmetries of the attractor background are param-
eterized by §_1F and ¢!, which satisfy the equation

2V, €L+ (B.10)

1 1
= =0
N

Z3Here we only display the i =1 component of the symplectic Majorana doublet, since the i=2 component

is obtained by imposing the reality condition (A.8).
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A similar analysis on the S? factor shows that the parameters of the unbroken super-

symmetries satisfy
2V, + Ve =0. (B.11)

These equations are not the standard equations for Killing spinors on the 2-sphere [47], but
we can use the SU(2)g connection to effect a twist and cancel the spin-connection present
in the covariant derivative. For i = 6, both the spin-connection and the R-connection
vanish on the attractor background, and we are left simply with

Byl = et =0. (B.12)
For ji = ¢, we obtain instead
28¢£}E—0089734Ei+2i£1p10059§i =0. (B.13)
With our choice of gauging (3.18), this is
20,¢&L +icosd (1+iv*") €L =0. (B.14)
The second term vanishes owing to the half-BPS projection (B.9), and we are left with
0,65 = 0,68 =0. (B.15)

In conclusion, the Killing spinors for the unbroken supersymmetries of the bosonic on-shell
half-BPS attractor background are simply constant on the S?2. On Hsg, they satisfy the
generalized Killing spinor equation (B.10).

To solve explicitly for £, we use an Ansatz compatible with chirality and the half-BPS
projection. Using an explicit y-matrix basis (see (A.6)), we write

0 g9-(1,m)
el - g+(g, n) Lo 8 (B.16)
0 0

The (generalized) Killing spinor equation then implies the following first-order coupled
partial differential equations on g and g_
0=20;94+ —icoshngs +sinhng_, ( )
0=20,9_ +icoshng_ +sinhng,, (B.18)
0=20p9+ +ig-, (B.19)
0=20h9- —ig+. (B.20)

Solving for g4 and g_, we obtain the following expression for ¢1,

0 ﬂe_%”cosh(g) + iae%”sinh(g)
o | eebmeon(®) —ipe by | 0
+ 0 T 0 7
0 0
(B.21)
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where « and 3 are arbitrary complex constants.
Taking the 7-trace of the original gravitino variation (2.2) now gives the parameters
of the unbroken S-supersymmetries on the background,

1 . 1.
wy =S (1-iy*)n = —CiPes. (B.22)
Explicitly,
0 iﬂe_%”cosh(g)—ae%”sjnh(g)
iae%iTcosh(g)Jrﬁe’%iTsjnh(g) 2\/v1
K/}i’ = Qﬁ R ,‘{£ = 0 (B23)
0 0
0 0

Lastly, we can find the ¢ = 2 components of the symplectic Majorana doublets by imposing
the symplectic Majorana condition (A.8):

0 0
0
52 = 1, 0 = L s gz = ’
+ i@efi”cosh(g)—Bei”sinh(g) L 0 N
0 —ifez'"cosh(})—ae 2'"sinh(%)
(B.24)
and
0 Be%”Cosh(g)—i&e_%”sinh(g)
0 B 21
Hi = o’ze*%“—cosh(%)+iﬁe%”sinh(g) ) H% = 0 : (B25)
201 0
0 0

In conclusion, the on-shell attractor background preserves four conformal supercharges,
encoded in the two complex chiral charges

Q= (€)'Q"+ (5})TS", and Q= (£)7Q" + (s1)15". (B-26)
In the main text, we will make use of the combinations
Q:=9,+9_, and Q:= Q,—-9_, (B.27)

which we parameterize using commuting spinors &' := 5@ + ¢ and £~Z = fi — &' and the
corresponding x’ and &°.

B.2 Isometry superalgebra of the attractor geometry

The superconformal symmetry of the on-shell half-BPS attractor background presented in
section 3 is the direct product su(1,1]1) x su(2). It contains the bosonic subalgebra

su(1,1) x u(l)r x su(2), (B.28)
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where the first factor is identified with the isometries of Ho, the second with the R-
symmetry group, and the third with the S? isometries. We denote the generators of su(1,1)
by {Lo, L+1}, and the generator of the u(1)gr factor by R. The odd elements of the super-
algebra are the superconformal symmetries G, 1 and G +1s in accordance with standard
notation, cf. e.g. appendix B in [16]. Their non-vanishing (anti-)commutation relations are

(Lo, L+1] = FLu1, [Li1, 1] = 2Ly, (B.29)
(Lo Gas] =5 Gy, [Lir, Gpa] =Gy (B.30)
(Lo, Gi1] = :F%é:t% ) [Ls1, Goa] = 4Gy, (B.31)
(R, Gi] =Gy, (R, Gi1]=-G.1, (B.32)
{Gi1. Gt =2Lu, {Gi1. G} =2L0 £ R. (B.33)

The hermiticity properties are L = Lo, Lll = L+, R' = R, and Gll =Gzt

2
From this algebra, we see that the supercharge G, := G 1 + @_% squares to 2Lg + R,
while G_ := G_1+G1 squares to 2Ly — R, giving in both cases a compact symmetry (L is a
compact isometliy of %—[2 while R is the U(1) group). Therefore we can freely choose either
of the G4+ as our localizing supercharge. According to the background algebra presented
in (3.28), G, corresponds to Q with 3 = 0 in the (£?, k%) parameters of appendix B.1, while
G_ corresponds to Q with a = 0 in the (£, k') parameters.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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