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ABSTRACT: We present the uplift of the GPPZ solution of the five-dimensional maximal
supergravity to ten dimensions. The five dimensional solution involves two real scalar fields,
with one of them encoding holographically the (norm of the complex) supersymmetric
N = 1 mass deformation and the other the real part of the gaugino condensate. We
embed this solution in a consistent truncation of D = 5 maximal supergravity which
involves two complex scalars dual to the complex mass deformations and the complex
gaugino condensate, and a U(1) gauge field dual to the U(1)r current, and uplift it to
ten dimensions. The ten dimensional solution is completely explicit, with all fields given
in terms of elementary functions. The metric and the axion-dilaton agree with those of a
partial uplift of the GPPZ flow by Pilch and Warner. We analyze the asymptotics and the
singularity structure of the ten dimensional solution. The uplifted solution is singular, but
the singularity is milder than that of the five dimensional solution, and there is conformal
frame in which the metric is only singular at one point of S°. We compare the asymptotics
of the 10d solution with that of the Polchinski-Strassler and Freedman-Minahan solutions,
and find agreement with Freedman-Minahan and disagreement with Polchinski-Strassler.
In particular, we infer that while the Polchinski-Strassler 10d fields satisfy the correct
boundary conditions, they do not solve the field equations near the boundary.
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1 Introduction and summary of results

Since the early days of the AdS/CFT correspondence many efforts have been devoted to
constructing gravity duals of AV = 1 gauge theories in four dimensions. While we have
now a very good understanding of the duality for superconformal N = 1 theories, the
same is not true for non-conformal ones. The two best known N = 1 solutions, the
Maldacena-Nunez [1] and the Klebanov-Strassler [2] ones, are dual to gauge theories with
unconventional UV completions, namely higher-dimensional theories or theories with an
infinite number of degrees of freedom. A natural theory to be studied holographically is
N = 1*. This is obtained as a deformation of N' = 4 Super Yang Mills and, according
to the AdS/CFT dictionary, its supergravity dual should correspond to a deformation of
AdS5 x S°. However the issue of finding such solution is still not settled.

The N = 1* theory is obtained by adding a mass term for the three chiral superfields
of NV = 4 Super Yang Mills. This amounts to adding to the N' = 4 superpotential the term

5W = mijtr(q)iq)j) s (11)

which reduces the supersymmetry to A/ = 1 and breaks explicitly the R-symmetry. At
energies lower than the mass scale the chiral matter multiplets decouple, the U(1) R-
symmetry is recovered and the theory flows to pure N' = 1 Super Yang Mills. N =1
Super Yang Mills confines and has a mass gap, with NV different vacua associated with the
gaugino condensates.

Far from the decoupling limit, the N/ = 1* theory has a rich structure of vacua as
described in [3-5]. Some vacua are characterised by a mass gap, which can be due to a
Higgs mechanism or to confinement, while some others contain massless photons and hence
have no mass gap. At the classical level the vacua are parameterised by the N dimensional
representations of SU(2), as one can see from the F-term equation®

(@i, 5] = —%Ez‘jkq’k- (1.2)
The N-dimensional irreducible representation of SU(2) corresponds to the Higgs vacuum.
The gauge group is completely broken and there is a mass gap already at the classical level.
As the theory is weakly coupled at all energy scales, the semiclassical analysis holds also
at the quantum level and there is exactly one vacuum. The opposite case, corresponding
to N copies of the trivial representation, is the SU(N) confining vacuum. All the vevs of
the scalars are zero and the gauge group is unbroken. At the quantum level the theory
confines in the IR and the classical vacuum splits into N vacua parameterised by the
gaugino condensate (A\). Since the R-symmetry is explicitly broken already in the UV,
the different vacua are not related by a discrete R-symmetry as in pure N’ = 1 Super Yang
Mills, and are not isomorphic. In each vacuum the superpotential takes different values
and the domain walls connecting the vacua have different tension. This is the vacuum that
survives in the decoupling limit.

'"'We consider the case where the mass term is diagonal. By rescaling the superfields ®; one can always
write the mass term as m;; = md;.



Other confining vacua appear when the fields ®; consist of blocks that are all in the
same representation of dimension p. The residual gauge group is SU(p). At the quantum
level the theory confines and there are p vacua parameterised by the gaugino condensates.
If, on the contrary, the ®; split in blocks of the different dimensions, the vacua will gener-
ically have U(1) factors and, hence, massless photons. These vacua have no mass gap and
are called Coulomb vacua.

A first attempt to determine the gravity dual of the A/ = 1* theory is the so called
GPPZ solution [6] in N' =8 SO(6) gauged supergravity in five-dimensions [7, 8]. This is a
consistent truncations of type IIB supergravity on AdSsx S® [9] that keeps only the lightest
modes of the Kaluza-Klein reduction on S [10]. On the gauge theory side these modes
correspond to the relevant operators in NV = 4 Super Yang Mills and thus contain the mass
deformations. By imposing that the masses of three chiral superfields are the same it is
possible to consistently truncate the five-dimensional supergravity to only two scalars, m
and o, and to find an analytic solution of the five-dimensional equations of motion. The
asymptotic behaviour of the two scalars confirm that m and o can be identified with a
mass term for the matter superfields and the gaugino condensate, respectively.

The solution has a naked singularity. Nevertheless it is possible to perform several
computations on the solution and obtain sensible results that seem to confirm its interpre-
tation as the dual of AV = 1*.2 It can be easily checked that the theory admits a mass
gap and a discrete spectrum of glueballs [13]. Moreover, the holographic computation of
2-point functions along the flow gave results consistent with interpretation of the solution
as a deformation of N' =4 SYM, including subtle issues regarding the analytic structure of
the correlators [14, 15]. The GPPZ solution admits two truncations, with o = 0 and with
m = 0, respectively. For the m = 0 solution the spectrum of light scalars has been com-
puted in [16] and appears to be insensitive to the IR singularity. On the other hand, [17]
found a massless state in the spectrum of theory, which may point towards the interpre-
tation of the solution as being dual to a Coulomb vacuum. Even if the solution has many
qualitative features consistent with being dual of one of the confining vacua of N’ = 1*, due
to the naked singularity, its physical interpretation is still not completely clear. Sometimes
singularities are resolved when a solution is uplifted in higher dimensions [18]. For example,
the solutions describing the Coulomb Branch of N’ = 4 SYM have a naked singularity from
the 5d perspective but they are non-singular from the 10d perspective [19]. Therefore, the
first step towards assessing the validity of the GPPZ solution is to uplift it to 10 dimensions
and this is the topic of this paper.

In [11] it was argued that there cannot be a supergravity description of the confining vacua of N’ = 1*
theory. This claim was based on the structure of the vacuum expectation values at strong coupling, which
was obtained using an alleged modular symmetry of the chiral sector of the theory in each vacuum. The
existence of this symmetry relied on a contribution of the Konishi anomaly to the 10 and 10, which is
now known not to be correct. In more detail, equation (2.4) of [11] contains a quantum contribution to
the 10. The operator in the 10 however is a supersymmetric operators and as such it cannot mix with the
non-supersymmetric Konishi operator (and this has been checked explicitly to 2-loop order in [12].). This
invalidates equation (4.9) in [11] and consequently the derivation of the vevs at strong coupling. We thank
Ofer Aharony for a discussion about this point.



The general uplift of N/ = 8 SO(6) gauge supergravity to type IIB was constructed
in [9]. Here our starting point is a 4-scalar truncation of the five-dimensional supergravity.
As described above N’ = 1* is a deformation of the N' = 4 SYM superpotential by an F-
term, which is a complex operator. The gaugino bi-linear is also a complex operator and,
therefore, their sources are complex, making a total of 4 real scalars in the dual supergravity.
In addition, consistency of the 5d supergravity theory requires that we include a U(1) gauge
field.® Altogether this gives an SO(3) invariant truncation of D = 5 supergravity that
involves the metric, 2 complex scalars, m = me'? and ¢ = ce™ and a U(1) gauge field.
The GPPZ solution lives in a further (consistent) truncation of this theory that keeps the
norms m and ¢ and truncates the angles ¢, w and the gauge field.

The uplift of the 4-scalar sector has a number of interesting features. It turns out that
the angles of the complex scalars are completely accounted for by a combination of an SO(2)
rotation of the coordinates of S° and an SO(2)11g rotation of the SL(2)11 symmetry of IIB
supergravity. To be more precise, let (u’, v’) be coordinates on RS such that each triplet
parameterises an R?. The S is then described by u?+v? = 1 and the SO(3) symmetry acts
by a simultaneous SO(3) rotation of u’ and v’. The first SO(2) rotates the u’s into v’s and
geometrises the U(1) g action of the dual QFT. The SO(2)1p corresponds to the bonus U(1)
symmetry of N'=4 SYM [25] and it is the U(1)y group discussed in [26] in the context of
the S° compactification of IIB supergravity. It is also worth mentioning that the periodicity
of the angles p and w in D = 5 maps in ten dimensions to the invariance under the combined
operation of exchanging of u’ with v’ and performing an S-duality transformation.

Applying the uplift formulae to the GPPZ flow we find an explicit ten-dimensional
solution of type IIB, with all metric coefficients, the dilaton-axion and the p-forms given in
terms of elementary functions. All p-forms are turned on in the solution, in particular both
the NSNS and RR 2-form potentials (as mentioned in the previous paragraph, the solution
is invariant under S duality, which exchanges the two potentials, followed by an exchange of
the coordinates u’ and v*). The ten-dimensional metric and the axion-dilaton agree exactly
with those of the partial uplift of Pilch-Warner [20]. We checked using Mathematica [27]
that the type I1IB equations are satisfied.

The solution is asymptotically AdSs x S° and the leading correction is due to the
2-form potentials, as expected based on the spectrum of linear perturbations [10] and
the AdS/CFT dictionary. We also give the first few sub-leading terms in the asymptotic
expansion in order to compare with other solutions that appeared in the literature. The first
few sub-leading terms are uniquely fixed by the boundary conditions [28] and by working
out the asymptotic expansion to sufficiently high order one can extract (in principle) the
vevs of all gauge invariant operators using the method of Kaluza-Klein holography [29].
We will report on this computation elsewhere.

%In N = 1 language, the SU(4)r R-symmetry of N'= 4 SYM decomposes as SU(3) x U(1)g. The gauge
field that we keep is dual to the U(1)r.

4This 4-scalar sector has been considered earlier in [20, 21]. One can further truncate this theory by
setting either m = 0 or ¢ = 0. The m = 0 truncation and its uplift to 10 dimensions has been discussed
in [22-24]. We discuss both cases in appendix F.



The solution is still singular in ten dimensions but the divergence is milder than that
of the five-dimensional solution. In five dimensions the entire spacetime metric goes to zero
as we approach the singularity. In ten dimensions the singularity structure depends on the
size of the deformation parameter relative to the gaugino condensate, which is quantified
by a parameter . It was argued in [6] that the singularity is acceptable provided A < 1.
The singularity structure is different depending on whether A < 1 or A = 1. The A = 1
is similar to the 5d solution, with a singularity both in the non-compact directions and
the compact spherical part. When A < 1 the non-compact part of the metric is now non-
singular and there is only a singularity in the compact spherical part, a singularity which
was called “ring singularity” in [20]. More precisely, following [20] we view S° as an RP3
fibered over a disc. The singularity is located at the edge of the disc. In [20] it was argued
that the singularity is associated with 7-branes but we find no evidence for 7-branes in the
near-singularity structure of the metric.

It turns out that the singularity structure also depends on the choice of frame: one can
rescale the metric with appropriate powers of the scalars fields in the solution. While in the
usual frames, the Einstein and string frame, the singularity structure is similar, there are
also frames where the ten-dimensional metric is only singular at one point, a point at the
edge of the disc. It would be interesting to understand the physics behind this observation.

It is possible that the supergravity approximation is not sufficient to describe duals
of N' = 1* theories and that some stringy mechanism is needed to resolve the singularity.
In [5] Polchinski and Strassler suggested that the five-dimensional singularity is resolved
by D3-branes polarised via Myers’ effect [30] into five-branes with world-volume R* x 52,
where S? is an equator of S° and R? is a slice of AdS5 at fixed radius. The construction
is motivated by the observation that the F-term condition (1.2) tell us that the branes are
non-commutatively expanded into two spheres.’ Consider, for instance, the Higgs vacuum.
The Dirac-Born-Infeld-Wess-Zumino action for the D3 branes becomes [30]

S~ M3/04 + M3(27T0/)2/F0123z‘jk[$i7$j]95k ; (1.3)

and we see that the expanded D3-branes have an additional electric coupling to the RR 6-
form and are therefore equivalent to a single D5-brane with /N units of D3-brane charge and
zero net D5-brane charge. Then the Higgs vacuum is identified with a single D5-brane. S-
duality transformations can be used to construct the backgrounds dual to the other vacua.
The confining vacua are identified with single NS-branes, while the others are superpositions
of D5 and NS5 branes. This interpretation also agrees with the AdS/CFT dictionary since
the fermionic mass term in (1.1) corresponds the lowest KK-mode in the expansion of the
complex two-form field of type IIB and this latter is exactly the potential needed to polarise
D3-branes into 5-branes. However, only the asymptotic solutions near the boundary and
the branes were given [5] and the full supergravity solutions corresponding to the various
brane configurations are not known. Comparing this solution with the uplifted GPPZ
solution, we find that the boundary conditions (the sources) agree, but the subleading
terms in the near-boundary expansion disagree. Since the first few sub-leading terms are

®The scalar components of the superfields ®; are the transverse coordinates of the branes (z* = 27’ ¢;).



uniquely fixed in terms of the sources, we conclude that the Polchinski-Strassler 10d field
do not satisfy the IIB equations near the boundary.

The finite temperature physics of N' = 1* theory was studied holographically by Freed-
man and Minahan [31] by deforming the solution of a black D3-brane by adding the complex
combination of the RR and NS 3-forms dual to the mass terms. The solution is obtained
perturbatively up to second order in the deformation parameter. We can use T" = 0 limit
of Freedman-Minahan solution as a perturbative check of our solution in the UV, and we
find that the two solutions are indeed in agreement.

The paper is organised as follows. In the next section we review the five-dimensional
GPPZ solution. In section 3 we present the uplift of the 4 scalar sector of the D =
5 supergravity and of the GPPZ solution. In section 4 we discuss the near-boundary
asymptotics and in section 5 we analyse the singularity structure of the ten-dimensional
solution. We conclude with an outlook in section 6. The paper contains also a number of
appendices. In appendix A we summarise the uplift formulas from [9] and in appendix B we
present the explicit parameterisation of the scalar Eg(g) matrix in the 4-scalar truncation
of D =5 maximal supergravity. In appendix C we present the ten-dimensional solution in
Pilch-Warner coordinates and in appendix D we list the SO(3) invariant spherical harmonics
that we use in the main text. Finally, in appendix F we present the uplift of the two one-
scalar truncations of the GPPZ solution.

2 The GPPZ flow

The GPPZ flow [6] is a solution of the five-dimensional N' = 8 SO(6) gauged supergravity [7,
8]. The field content of the theory can be organised in representations of the SO(6) x SL(2)
subgroup of Fgg). It consists of 15 massless vectors fields in the adjoint of SO(6), 12
topologically massive two-forms transforming in the (6,2) of SO(6) x SL(2) and 42 scalars
parameterising an E6(6)/ USp(8) coset space and transforming as

42 = 20/(0) +10o + ﬁ(g) +1+ 1y, (2.1)

where the subscripts are the charges under the U(1)y subgroup of SL(2) [26]. The masses
of these scalar are m? = —4 (for the 20’), m? = —3 (for the 10 and 10) and m? = 0 (for
the two 1s).

According to the AdS/CFT dictionary, the 42 scalars are dual to relevant and marginal
operators® of ' = 4 SYM. N/ = 4 SYM contains six scalars ¢; and four fermions A,
transforming in the 6 and 4 of SU(4), respectively. Then the scalars in the 20’ correspond
to scalar bilinears Trcb(i(bj)(—traces) of conformal dimension A = 2, the scalars in the 10
are massive deformations with A = 3, schematically

QZTW(i%‘) ~ Tr(Ag Ao + ¢°) (2.2)

and the scalars in the 1 are the gauge-coupling deformations.

SRecall that the mass of an AdS scalar is mapped to the conformal dimension of the dual field theory
operator by A =2+ /4 + m?2.



We are interested in massive deformations of N' = 4 SU(N) SYM that break super-
symmetry to N’ = 1. In N = 1 notation the six scalar fields ¢; are arranged in three
complex scalars, which together with three of the four fermions form three chiral super-
fields ®;, ¢ = 1,2, 3, while the remaining fermion sits in the vector multiplet. Of the full
SO(6) R-symmetry only a U(1)g x SU(3)g subgroup is manifest, under which the vector
superfield is neutral and the three chiral superfields transform in the 3y /3.

To identify the relevant 5d scalars we need to describe the mass deformation in more
detail. In A/ = 1 language the mass deformation modifies the superpotential of the theory
by the addition of the term

oW = mijtr(q)iq)j) (23)

that only involves three of the four N' = 4 fermions. Thus we need to decompose the
SU(4) ~ SO(6) representations into SU(3) x U(1) and single out the gaugino. The funda-
mental of SU(4) splits as

4-53+1 (2.4)

and thus the four fermions A, in the 4 of SU(4) split into the 3 corresponding to the three
fermions in the chiral multiplets ®; and the 1 which is the gaugino A. The fermionic mass
term in the 10 then decomposes as

10—-1+3+6, (2.5)

and we identify the 6 with the mass deformation, while the scalar in the 1 corresponds to
a gaugino condensate. Integrating out the auxiliary fields we find that AV = 4 SYM the
generic mass deformation also involves, on the gravity side, part of the scalars in the 20',7
unless the three fermion masses are taken to be equal (the details will be reported in [32]).
If the masses are equal, the part corresponding to the 20’ does not appear, and there is a
residual SO(3) symmetry that allows us to keep only two holomorphic scalars, o € 1 and
m € 6, while setting all the remaining fields consistently to zero. These two fields are dual
to the operators®

3
O3 = tr(AN),  Og=tr(Aaha). (2.6)
i=1

Similarly, we get two anti-holomorphic scalars, g, m (the complex conjugates of g and m)
from the 10. This is as expected, since m and ¢ are dual to chiral operators.

In AdS/CFT the QFT generating functional of correlation functions becomes the on-
shell value of the bulk action. Since m and ¢ couple to complex operators, the gener-
ating functional will only contain the modulus of m and ¢. Indeed, in N' = 4 SYM,
(0303) = (0303) = 0 but (O303) # 0 and the same with O3 — Oy, which means the

2 2 2 =2

generating function will depend on |m/|?, |¢|? but not on m?, m?, 2,52, and similarly for

"The mass deformation also involves the Konishi operator, which however decouples in the supergravity
limit.

8These operators are obtained from 20’ by acting with two supercharges and they contain also a part
proportional to ¢* that we suppress here.



the contributions coming from higher point functions. Indeed, we will see in the next sec-
tion that there is consistent truncation of the bulk supergravity to the moduli m and o of
m and o,

m=me"% c=ce“. (2.7)

We are thus lead to look for 5d solutions of the form
ds? = dy? + 62¢(y)d:v“d:v“ (2.8)

with g = 0,...,3 and non-trivial profile for the real fields m(y) and o(y). The radial
coordinate y ranges from —oo (IR) and 4+oo (UV). With this truncation the Lagrangian

reduces to
1 1 5 1 9
L=+—g —ZR—I-i(@m) —1-5(80')
3 om\ 2 2m
—Z | cosh==) + 4cosh == cosh 20 — (cosh20)? + 4 . 2.9
;| (%) V3 (cosh 20 } 29

Because of supersymmetry, the fields ¢, m and o satisfy the first order equations

| 2
¢ = — [coshm 4+ cosh 20| |,

2 V3
\/§ 2m

m = ———sinh —
2 V3
3
o= D) sinh 20, (2.10)
descending form the superpotential

3 2m
W =- cosh+cosh20] . 2.11

4 [ V3 20

The solution, which is often denoted as GPPZ flow [6], is

V3 14+ e~ @=C1) o
m(y) = > log | = V3arctanh e~ =1 |
1 1+ e 3=C2) o
o(y) = B} log 1 o3 G|~ arctanh e 3 ~C2)

_ .1 _—2-cn] L _ L —6(y—C3)
qb(y)—y—i—Qlog[l e ]+610g[1 e

1
m(y) — —logcosho(y).

N

where Cy and Cy are two arbitrary integration constants.”

(2.12)

=y — log cosh

9The integration constants C; used here are identical to those used by Pilch & Warner [20], and are
related to those used by GPPZ [6] by C{GPPZ) = (1, CéGPPZ) = 3C3. Also the definition of ¢(y) differs
between Pilch & Warner and GPPZ. Here we are using the Pilch & Warner definition, which is related to
GPPZ by ¢FPP2) = ¢ — (Cy + Cy)/2.



Generically, solutions of the type (2.12) can represent both deformations of the dual
field theory by an operator O and/or different vacua of the same theory characterised
by a vev (O). The behaviour of the solution in the asymptotic AdS region, y — +o0,
discriminates between the two options. For y — +o00, the asymptotic behaviour consists
of a non-normalisable part and a normalisable one

o~ e(A—4)y(A+...)+6—Ay(3+...), (2.13)

Yy——+00

where A is the conformal dimension of the dual operator and the dots in the leading
non-normalizable part are local functions of A while the dots in the normalizable part are
functions of both A and B. The coefficient A of the non-normalisable solution is interpreted
as a deformation of the Lagrangian while the coefficient B of the normalisable solution is
related to the vev B = 1/(2A — 4)(O), where O is the operator dual to ¢ [28].
For y — +00, the GPPZ solution behaves as
oy) ~ 'y (2.14)

Yy—r—+00

~ ~y _
m(y) Y00 mope ) mo \/§
1

—3y _ 3Co
o ~  —0ge oo = 2e .
(y) Y—too 2 0 ; 0

From these asymptotics we see that, since A = 3, mg corresponds to a mass deformation
and 0p = Re(A\) is the real part of the gaugino condensate. It is then natural to interpret
the solution as a flow from the mass deformed N' =4 to N’ = 1* in the IR.

The metric has a naked singularity for y — Cy (with y > C4),

ds? = dy* + a(y — Cy)dxtdz, + ..., (2.15)
where a = 2¢“11C2(2sinh (3(C} — C5)))/?. The Ricci scalar is singular
R=—-(y—Cy)2+... (2.16)

and there is no change of frame in which the singularity disappears or is milder. Notice
that also the solution for m diverges at y = Cy

m(y) = —\gg log(y — Cy) + ... (2.17)
while the behaviour of o depends on the relation between C7 and Cs. If Cy < C7 then o
is regular.

Singularities of this kind are common in most 5d solutions and criteria have been
proposed to establish whether the solutions are physically acceptable or not. In particular
in [33] it was proposed that a singular solution is physically acceptable if it can be obtained
as the zero temperature limit of a regular black-hole. The conditions for the existence of
the black hole solution constrain the parameters of the singular solution. In this case
the criterion gives Co < (1. By looking at the behaviour of Wilson loops it was shown
in [6] that the solutions with Cy < C confines. Such solutions should then be dual to the
confining vacua of N' = 1*.



3 Uplift of the GPPZ solution

The general uplift of A' =8 SO(6) gauged supergravity to type IIB was constructed in [9]
and we recall the main formulae in appendix A. In this section we first review the 4-scalar
truncation of A/ = 8 supergravity in which the GPPZ solution lives and then we apply to it
the uplift formulae of appendix A to obtain the full IIB uplift of the GPPZ solution. Finally,
we explicitly verify the entire set of IIB field equations is satisfied by the ten-dimensional
solution.

3.1 Four-scalar truncation of D = 5 supergravity

As discussed above, an important ingredient in the construction of the GPPZ solution is
the invariance under an SO(3) subgroup of the gauge group SO(6) that allows to truncate
the full theory to a pair of complex scalars [6]. Even if the GPPZ solution was found in
a truncation involving only two real scalars, one can actually embed the flow in a larger
theory that is obtained by truncating the N' = 8 supergravity to the full set of SO(3)
invariant fields [20]. This gives an N' = 2 supergravity coupled to two hyper-multiplets.
Of the 42 scalars (2.1) of the A/ = 8 theory we only keep the 8 singlets under the

SO(3)aiag © SO(3) x SO(3) C SO(6) (3.1)

subgroup of the gauge group SO(6) ~ SU(4). These form the coset space G3(2)/SO(4) and
are dual to the operators

3 3
O1 = (tr(gidi) — tr(isadivs)) Oy = Y tr(¢itirs),
i=1 i=1
3
O3 = tr(A\i) Oy = tr(A\s) (3.2)
i=1
O5 = (F')?, Os = (F7)%,

where F'* is the (anti)-self-dual field gauge strength. 01 and Os are the SO(3)giag singlets
contained in 20, the complex operators O3 and O, are the SO(3)diag singlets in the 10
and 10, and Os, Og correspond to the two singlets. Among the SU(4)r gauge fields, the
truncation to singlets under (3.1) only keeps a single U(1) gauge field, dual to the U(1)g
subgroup of SU(4)r — SU(3) x U(1)g.*°

The further truncation to the 2 complex scalars dual to O3 and Oy can also be shown
to be consistent as it corresponds to the truncation to singlets under an additional discrete
subgroup within U(1)r x U(1)y, see [20] for details. In field theory the discrete U(1)g
transformation is

(i, Pit3) = (Pit3, — i), A — eI\, PRV (3.3)

9We normalize the U(1) such that the charges are those of the QFT, see the discussion around (6.88)
in [15].
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Thus under this transformation
01— -0, Oy— -0y, 0O3— 67%7;03, Oy — 67%i04 (3.4)

while O3 and Og are invariant. Under U(1)y the operators O; and Oy are neutral, O3 and
Oy have charge 2 (and the complex conjugates charge —2) and Os and Og have charges
4 and —4 (see (2.1)). Thus the combined operation of the discrete U(1)g in (3.4) and an
discrete U(1)y rotation with angle 7/4 yields

01 — —01, 02 — —02, 03 — 03, 04 — 04, (95 — —(95, 06 — _06 (3.5)

thus projecting out O1, 02, O35, Og and keeping O3 and Oy.
We parameterise the scalars dual to O3 and Q4 as

m=me", o=ce". (3.6)

The five-dimensional theory [34] then reduces to

1 1 1 1 1 1
% L= —Z R— E F;U'V Ful’ - 574 GMVpO—T AuFl/pFO'T + 5 a“mﬁum -+ 5 8u0(9“0
3 2 1
+ 5 sinh® (\g) DypD¥p + ¢ sinh?® (20) DywD*w = Voo , (3.7)

with the Maxwell and Chern-Simons terms of minimal supergravity, covariant derivatives
2
Dyw=0uw+24,, Dup = Oup + 3 Ay (3.8)

and the scalar potential

Vot = —g <4 cosh (f/”g) cosh(20) 4 cosh? <2¢”§> — cosh?(20) + 4) : (3.9)

which only depends on the absolute values of the complex scalars. The scalar kinetic term
is an (SU(1,1)/U(1))* coset space, and the covariant derivatives (3.8) correspond to the
gauging of U(1)r

Note that the angles ¢, w source the Maxwell equation

1 3 2 3
vV, FH 4 S ot F,,For = B sinh? (\;g) D,y + 5 sinh? (20) Dyw

3
_= = lu’
=5J". (3.10)

Thus one may either set the vector field to zero and consider constant angles or demand
that the angles are covariantly constant,

D,p=Dyw=0 (3.11)
This condition is solved by
1 1
w:—/\, ()D:—g)\, Auzia“/\, (312)

for any spacetime dependent function \(x).
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With the angles being (covariantly) constant, the field equations for m and o decouple
and the GPPZ flow (2.12) is still a solution. In the uplift formulae we will also employ the
variables [20]

uw=e’, v = emV3 (3.13)

in terms of which the flow equations (2.10) take the form

.3 .
:—1—
1
v 4]/( V)?
. 1 1
=—(1 H4e =@ 4. .14
b= a0 tu) g (L) (3.14)

3.2 Uplift of the 4-scalar truncation: metric and dilaton/axion

In order to apply the explicit uplift formulae given in appendix A, we first evaluate the
matrix (A.1) for the four-scalar truncation (u,v,p,w) by exponentiating the associated
generators in the group Fg). We give some details in appendix B. Since all scalars are
singlets of the SO(3) in (3.1) it proves useful to decompose the S® sphere harmonics J* into

Yy — {ui,vi} , (3.15)

with v'u’ 4+ v'o’ = 1. Moreover, for compactness of notation, it is useful to define the
rotated functions

U’i

cos (i(@ + W)) u' 4 sin <i(<p + w)> v
v os (31(90 * “)> o' —sin (1(90 + W)> o (3.16)

where ¢ and w are the z-dependent phases of the scalars m and o of the D = 5 theory, (3.6).
This transformation is a local U(1) corresponding to the U(1)p of the dual QFT. Similarly,
we define the rotated one-forms

; 1 . 1 .
O" = cos <4(<p —|—w)> Du' + sin <4(gp —|—w)> Dv' |

A® = cos <i(<p + w)> Dv' —sin (i(gp + w)> Du' | (3.17)
where the covariant derivatives
Du! = du' — %viAM dat |
Dv' = dv' + %uiA# dzt | (3.18)

correspond to the Kaluza-Klein basis (A.13). These are the objects that naturally appear
in the uplift formulae of appendix A. Let us also note that the proper identification of the
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U(1) vector field A, among the 15 SO(6) fields A, gives rise to the relations

4
F,Lwab Mab,cd Fw/Cd = g F/.LVFMV )
32v/2
Eabedes FIOFI A = ~= FukpAs. (3.19)

We can now give the fields of the uplifted solution. The IIB metric (A.7) takes the
explicit form

dshp = A7%/3 (gw(:c) datda? + AS/3 d§§> (3.20)

with the warp factor A and the internal metric ds? given by

(1 + ,u21/2)3 (MQ + V6) U2 y2

_ 2 2 2
AT = 16 5416 + 16 1418 (1_1/4) (“2_’/2) (1+M2V2)
12
—m (1= (1= 22 (12 +0%)° (3.21)
. L4+ v4) (02 +v?%) (1+ p?? ini ind
g G )
(1_V4)2 2 2\ (i ind ind
—W((U -V?)(e'e —AA)+4(U‘V)®A)

L 0= ’;2 2(1/12_ v) (U2 = V?) (070" — ATAT) — 4 (U - V) O'A)

(1= ptd) (1 = p20?) (42 + 09

+ 16 p41/6 (V') (VIe!) + (U'A)(UAY))
—+ (1 - 'LL4V4) (18_;156]/2) (/’Lg - VG) (V'L@z)(UJAJ)
SN e i) (3.22)

4 v

For vanishing angles (i.e. U* = u', V' = ¢!, ©" = du’, A’ = dv’) we recover the result
from [20].1} Tt is important to note that the only singularities of the IIB metric can be
located at p,v = 0 or pu,v = co. Indeed, the warp factor (3.21) can be estimated (using
that U2 V2 > (U-V)? and U V2 =U?(1 - U?) < 1) to be

(1+ ,u21/2)3 (p*+0v%  U?v?

_ 3
AT > 16 416 T 428 (1- “4) (1- V4)
(1+p2%)° (42 +0°) 1 3
= 16 416 o 16 21/ (1 - ,u4) (1 - V4)
() (1)
= 16 40 > 0. (3.23)

We will take a closer look at the possible singularities in section 5.

"We corrected a typo in [20] in the form of index contractions of the penultimate term in (3.22).
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For the symmetric SL(2) dilaton/axion matrix m,g,

1 2 -
e L B a1

Sr \—-Rhr 1
the uplift formula (A.10) yields
Mag = A3 Sa“Sgbmab , (3.25)

where S is an SO(2) rotation matrix parameterised by

S_ CO‘S (%;p— ilw sin (%gp—%w) 7 (3.26)
—sin (¢ —jw) cos (30— 1)
and mg, is a GL(2) matrix with entries
14 p?v?
= o (o) (2 +02) + (1= ) (2 =) (07 = 7))
(1 12%) (1= ") (12 +?)
my2 = 4,U27/4 (U ’ V) )
1 2.2
Mgy — W( (L) (12 +0%) = (1= ) (12 =0?) (U2=V?) ) . (3.27)

It is straightforward to check that the determinant of mgy, is given by A=8/3 (3.21) as
required in order to have mqz € SL(2). Again, for vanishing angles we recover the result
from [20].

It is remarkable that the dependence of the IIB axion/dilation on the (a priori a-
dependent) 5D angles (p,w) is entirely captured by a rotation of the internal coordi-
nates (3.16) and the SO(2) C SL(2)1p rotation (3.26).'2 We will see in the following that
this feature persists for the full IIB uplift. In particular, 27 periodicity of the 5D theory
implies that the IIB uplift is invariant under the combination of an exchange U’ <+ V? with
a constant SL(2) rotation (3.26) with & = —io9, as is easily verified for (3.22) and (3.27).

3.3 Uplift of the 4-scalar truncation: p-forms

We now evaluate (A.11) on the four scalar truncation in order to derive the IIB p-forms.
For the two-form doublet, we find

Crmna = A38,%Crina » (3.28)

2Note that when evaluated on (3.12) the SO(2) C SL(2)rs becomes the identity and @ = dU*, A’ = dV*
(see (3.17)) and thus the 10 dimensional solution involving a non-trivial A(z) can be obtained by simply
substituting u’, v’ with U*, V*.
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where S is the SO(2) rotation matrix in (3.26), and the 2-form C, are
Cr = by e (1= p22) (1 + %) VI OF A OF + (1+ u20?) (u? = v°) VI AT A AP
+ 20 (1- ptv?) U 67 A AF)
+boe T (14 u22) (12 = V) U O A OF 4 (1= 22 (2 + V) U AT A AF

+ 212 (1- u41/4) Vies /\Ak> ,

Co=-Cy| (3.29)
UtV Ot A?
with the functions
14 p?v?
b= s () (2 +02) + (1) (2 =) (02 = 7))
1 — p?v?
b = s (a=v) (@ +r?)W-7)). (3.30)

Again, the dependence on the 5D angles (p,w) is entirely captured by the SO(2) rota-
tion (3.26) and the rotated basis (3.16). The internal component of the 4-form potential
takes the form

o 1 . .
C =G+ 5 A cijmenn (f1 U™ — VMY 42 f U<mvn>) O A ©7 A AF A AL
1 4 . . .
+ 4 ASB fs @ NS AANTAN (3.31)

where the background field €' is given in (A.5) and

3(U-V) M2 (2 2\ 2 2,2\2
h :_32,U4V8 (1_1/) (M +V) (1_M l/) ’
3(U2_V2) 4202 2\ 2 2 2\2
o= =g (=v) (W =7 (L4 e™)”
3(U-V)(U2—V2) 3 4
f3 = 8 20 (1= (1—p) . (3.32)
Finally, the external component C),,,, is determined from integrating the y-independent
function'?
1 1 o) 2042
5a[u Cl/pa'ﬂ = _g Wuvpot (Vpot - 6 Fn)\ F > - 79 F[uprgAﬂ , (333)

with the scalar potential V¢ from (3.9).

3.4 Five-form field strength and self-duality equations

As a first consistency check, we compute the IIB 5-form field strength

15 .
Fﬂl...ﬂ5 = 53[[“0;12_._[15] — Z EafB C[[ﬂﬂz 8/130A B

paps) (3.34)

3Here, and in the following, we use the notation wuwpor = \/|9| Epvpor for the 5D volume form.
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and verify that it satisfies the first order self-duality equations
F=xF. (3.35)

Here and in the following, indices [ refer to the ten-dimensional coordinates, split as
{2} = {a* y™}. After some computation we find that the internal components Fy,, s
calculated from the above expressions for C,,,* and Cppnp, take the compact form

1 .
le...WL5 = _g Ag/g Wmi..ms Vpot s (336)

with Vjor the scalar potential in (3.9), and Wy, . ms is the volume-form of S® defined in
equation (A.5). The external component of the five-form field strength F},, .5~ is computed
from (3.33), (3.34) as

Ful/pO'T =9 8[ucupa‘r] — 10 F[uumcpa‘r]m
1 1

2
= _g Wpvpot <Vpot - ﬁ Fn)\ FﬁA) - 5 F[,uz/FpUAT]

)
+ E [Mygaygyb (4 WooT]kA Mab,chH)\ od +3 ﬁgabcdef FpaCdAT] 6f>
1
= _§ Wyvpot Vpot ) (337)

upon using (3.19). Comparing to (3.36), we find that five-form we have is indeed self-dual.
Similar calculations lead to the other components of the five-form

Eymyma DY™ A Dy™ A Dy™ A Dy™ =3 A *5 (U'A' = V'OY) T, , (3.38)
where the current 7, is defined in (3.10) and the 5D Hodge dual x5 gives explicitly

20T 45 (U'AT - V'O') = @' N OT AN AN (3.39)
(1-v')? irrg 7\ o k j k
+ o (U + V' V) O AO AN AAT.

Comparing to the result for

1 1 . .
Fm/pamDym = E Wuvpa <DI€F)\H + 6 w)\zq...zz4 FV1V2FV3V4> (UZAl - VZ@Z) ) (3‘40)

shows explicitly that the IIB self-duality equations (3.35) reduce to the Maxwell equations
of the D = 5 theory (3.10). For the remaining components, we obtain after some calculation

1 . .
Fp,upmn = _ﬁ Wuvpor FoT (@1 A Az)mn )
A1/3 ) )
Fuukmn = =5~ Fav %5 (0" AN (3.41)

again in accordance with self-duality of the IIB field strength.
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3.5 Dual 6-forms

For an explicit check of the remaining field equations, we further truncate down to two
real scalar fields, i.e. we assume constant angles and set the vector field to zero, so that in
particular the IIB metric is block diagonal. This is precisely compatible with the GPPZ
solution (2.12). The ten-dimensional IIB 3-form field equations take the form

Vp (maﬁFﬂﬁﬁﬁ) = —gaaﬁFﬂfl%j‘ﬁF’%j\ﬁﬁ 5 (3.42)
and we have explicitly checked that they are verified if the five-dimensional scalar fields sat-
isfy the five-dimensional equations of motion induced by (3.7). Rather than going through
the details of this calculation, let us give an equivalent consistency check by extracting
the dual six forms in ten dimensions. The field equations (3.42) may be rewritten as the
Bianchi identities

a[PAl Fﬁz---ﬁs]a =287 F[ﬁl---ﬁsFﬁ6ﬁ7ﬁs] B (3.43)
for the dual 7-form field strength Fj, ;. defined by
a_ 1 aB ppvp
Fp.pr” = 6 \/@%?m...ﬁmaﬁm b ph g . (3.44)

The Bianchi identities (3.43) may then be integrated to

Fpyoin™ = T005,Cy. o)™ — 84 Clyy oy 5F s ]

0
— 7()6&5 67 C[ﬁ1ﬁ250ﬁ3ﬁ47Fﬁ5ﬁ6ﬁ7]5 s (345)

in terms of the dual six-form gauge potential Cj, ;¢ . With the above explicit expressions
for the IIB gauge potentials (3.29) and field strengths (3.36), (3.37) of our ten-dimensional
solution, we find that equations (3.44) can explicitly be integrated to give the following
non-vanishing components of the six form

a - «
C;u/pm'm = Wuvpor =m

A —
C,uz/pa, mn” = Wyvpot QT Exmn” ) (346)

in terms of the one- and two-forms

L @ =e?) (0 =)A= ) + 26707 (14 p*0?))

E = 81, eiji U VI AR
=2 _ =l
U+V,0+A ’
0 0 o 0 0 S
= = e (W_W> U9 A0 4 e <“+) U AT AAE
v 3p 7 v

-2 _ =1
B\ == . 3.47
A A ‘U<—>V,®<—>A ( )
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3.6 Einstein equations

It remains to check the dilaton/axion equations and the Einstein equations. In our IIB
conventions, these read

1

Vi <m676“mm> =—c m’BvFﬂlﬂQﬂg R o 5 mwFﬂmzﬂs JFRBs g (3.48)

and

1 1 25aa 1 sa 1
Rﬂ,} — 5 Gﬂ,} R = 6 Fﬂkx&%FpH)\UT =+ Z Fﬂ&f—aFgaTﬁmag — ﬂ Gﬂl) Fﬁ&f—anaTﬁmag

1 1 R
- Dpmapdom®® + g G Dpmasd®m? . (3.49)

It is a tedious computation to check that with the above expressions for the metric (3.20),
dilaton-axion matrix (3.25), gauge potentials (3.29) and field strengths (3.36), (3.37), these
field equations are indeed satisfied. We have explicitly verified all components of these
equations using Mathematica [27]. We attach a Mathematica file with the explicit 1IB
solution and the verification of Einstein’s equations in the arXiv version of this paper. Let
us just note that the contribution from the five-form field strength to the energy-momentum
tensor on the r.h.s. of (3.49) is simply given by

8
FMP192P3P4 Eyprpopsps = ~3 A10/3 szot Gu
8
ka1k2k3k4 Fnk1k2k3k4 - § A10/3 Vp20t Gmn : (3'50)

In contrast, the remaining terms on the r.h.s. of (3.49) produce very lengthy expressions
in the scalars j, v, their derivatives, and the internal coordinates U?, V*, which we do not
report in detail. They combine however precisely into the Einstein tensor computed from
the metric (3.20) upon using the first order flow equations (3.14). All the ten-dimensional
equations are thus satisfied.

4 UV asymptotics of the uplifted solution

In order to interpret our ten-dimensional solution we can compute its asymptotic behaviour
for large values of the radial coordinate and check whether the various field have the fall-
off expected from the AdS/CFT dictionary. It is also interesting to compare our results
with the asymptotic behaviours of the other supergravity solutions that are supposed to
describe N/ = 1*, namely the Polchinski-Strassler solution [5] and the zero-temperature
limit of the Freedman-Minahan solution [31]. To this purpose we perform the change of
variable ¢ = e“1 /r, where r is the radial coordinate used in [5, 31]. In this section we only
give terms up to quadratic order in the deformation parameters m and o and we fix the
values of the angles ¢ and w to constant values. ¢ and w correspond to rotations in the
space of harmonics. More general expressions can be found in appendix E.
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1471
1—r
that appears in the Kaluza-Klein expansion around S° [10]. The first terms can be easily

Dilaton/axion. The expansion takes a particularly simple form for the field B =

computed for any value of the angles ¢ and w and are

B~ — <4m(2) 6—2i<p B 2mpog —i(@—w)> (u2 B ,02)

972 We
4 2 . 2 .
L ( g i ?%)e—z<w—w>> (u-v). (4.1)

The constants mg and oq are given in (2.14) and are related to the UV mass deformation
and the expectation value of gaugino condensate. The functions (u? — v?) and (u - v)
corresponds to SO(3) invariant scalar harmonics Y29 and Y (31 on S° in the 20 of SO(6)
(see appendix D).

From (4.1), setting the angles ¢ and w to zero, we can compute the expansions of the
dilaton and axion

(u? —v?), (4.2)

m2
C’owfr—;(u-v)—i-— o (u-v). (4.3)

The leading behaviour of the dilaton is the same as for the zero-temperature limit of the
Freedman-Minahan solution [31]. As already discussed in [31], its behaviour does not agree
with the asymptotic limits of the dilaton in the Polchinski-Strassler solution [5], where the
leading term of the dilaton is in a singlet of SO(6).

Metric. For ¢ = w = 0 the large r behaviour of the metric is

m3 dr? m2

ds?y = r? (1 + 247?2> dsj + = (1 - 16;;) + ds? (4.4)

where ds? is the flat Minkowski metric in four dimensions and the internal metric ds? is
given by

m2 moo
dsg = (dui)2 + (dvi)2 + du;du; (TQOAU + :4032'])
m2 mopog m2 mopog
+dUide <r2001] + 7“4D”) + duidvj (7;E1] + 7ﬂ4Fz> (4.5)

with coefficients

1 1
Ajj = == (3 4+ 4(u? —v%)d;; + Vi

|
%‘H@

Bij = [(u? = v?)655 + vivj], (4.6)

Cij = =58 — 4(u” = v7))dyj + Juivy, (4.7)
1 2 _ 2

Dij = %[—(u — v )](5” + uin] 5 (48)
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Ez’j = [—S(U . U)(S,‘j — 8uivj + GUZ'Uj] , (4.9)

2
Fij = —=[=2(u-v)di; + uivj + viny] . (4.10)

V3

The form of the metric agrees with the structure of the zero-temperature limit of the

Wl =

Freedman-Minahan solution.

Two-form potentials and field strengths. For ¢ = w = 0, the first terms in the
expansion of the two-forms potentials (3.28) are

1/ 1 m 1o 1 m 10

i = 5 (\/gro + 2’/“‘2> eijkviduj A duy, + 5 <\/§’l“0 — 2’/“‘2> eijkvidvj A duy, ,
1 1

4 (\/gn;fo + 2:2) eijkuiduj A dvy, (4.11)

1 m 1 1/ 1m 1
Cy = —3 <\/§0 UO) €ijruiduj N dug — 5 <O + Ug) €ijkuidvj A dog,

AN G Tar
1 m lo
— <\/§7“0 + 27“§> eijkviduj A dvy, . (4.12)

A simple derivation gives the asymptotic behaviour of the fully internal components of the
field strengths F; = dC;

3 1 mg 1oy mo 300
Fy = 5 <\/§’r+27“3> eijkdui/\duj Advg + (3\/57“_27”3) dvi Advg A dug (413)
3 1 mg 1og \[mo 300

The terms in 1/r in the (4.11) reproduce the large r behaviour of the two-form potentials
of the Polchinski-Strassler background [5], but the leading terms in o( disagree. For a
different values of the angles, ¢ = 7/2 and a constant arbitrary w we also recover the
leading behaviour 7" = 0 limit of the three-forms in the [31].

Five-form flux. Using (3.36) it is easy to derive the large r behaviour of the purely
internal component of five-form flux

! 1<4_12mg

o > Emy.mey 1y AN dy™ A dy™ A dy™ A dy™® (4.14)

r6 r8
where y™ are the six coordinates of R® that parameterise the internal manifold. Again this
expression agrees with what given by Freedman and Minahan.

5 Singularity

In this section we discuss the behaviour of the ten-dimensional solution as we approach the
position where the five-dimensional solution has a curvature singularity.

As we reviewed in section 2, in five dimensions we have a metric coupled to two
real scalars m and o, which have a domain-wall profile along the radial direction. The
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complete solution is given in (2.12) and contains two integration constants C; and Co,
which parametrize the mass deformation and the gaugino condensate, respectively. The
geometry is singular as the radial coordinate y approaches either C'y or (5, as one can
verify by computing curvature invariants. As in [20] we parametrize the location of the
singularity by defining

t=exp(—(y—C1)), X=2v1—-t. (5.1)

The singularity of the 5d metric is then located at ¢ — 1 or x — 0, and the curvature
scalar and Kretschmann invariant are given by

16 - oo 640 ~
—i +0(x7?),  RueR™r = = +0(x79). (5.2)

R =
Since the scalar fields are also singular in this limit one may wonder if there is a different
conformal frame than the Einstein frame, where the geometry is regular or at least less
singular. It turns out that this is not the case. We will see later that the situation is
different in 10 dimensions. We also define, again following [20],

A= 3(C1=C) (5.3)

It was argued in [6] that C7 > Cy and this translates to A < 1 with the equality corre-
sponding to the case where the singularities in m(y) and o(y) coincide. The singularity
structure of the 10d solution depends of whether A < 1 or A = 1 and we will discuss the
two cases separately.

5.1 The X\ < 1 case

We have computed the curvature scalar of the 10d solution and this has a regular limit as
x =0,

V2 31+ A2) —w(1 —4X+ A%) — w2 (1441 + \?)

lim R — . 4
xlg%)R 1— A2 (1 —w? — w)>/4 (5.4)
However, the Ricci scalar is now singular at
(=1—w?—w?=0 5.5
1 2
which is precisely the ring singularity discussed in [20].
The metric near the singularity is given by
s (V4 2 2C 2\1/3 o X (1002, 2, o
ds :% (1+x2fo0)(2¢%C1 (1 =A%)V N dxt dx” +dx >+Z <CY;( 0) +02+03>
(5.6)

1 (1=X o5 14X X2 X2 4
% <1+/\dw1+1—)\dw2>+8§(1—)\2)w”+16(2(1—/\2)2wD O
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where Yv(o,o) is an SO(3) vector harmonic, (see appendix D). The coefficient fy and the
differentials w) and wp are given by

_ o\ wi—wh
fo= Am (5.7)

wi = (1+X)(2¢ +1)2e* 7 (1 — X))V, datdz” + (24 (3¢ — 1)(1 — A))dx?  (5.8)

wp = [(1 = N2d(w}) + (1 + N)2d(w)]

— [T+ M) (3 —2¢) — 2X\(w] — w3)] [(1 — A)*dwi + (1 + A)*dw3] (5.9)
+8A(C+ 1) [(1 = N)2dwi — (1 + N)2dw3] .

Pilch and Warner also computed the near-singularity metric in [20]. Their metric is
reproduced by setting fo = w = wp = 0 and %YU(O’O) — o' (modulo a typo in one of
the coefficients of dw?). Note that dx? + $x?(07 + 03 + 03) is just the flat metric on
R* and the terms in the first line of (5.6) combine to give eight dimensional Minkowski
spacetime. This was interpreted in [20] as evidence that the singularity is associated with

)

7-branes. We cannot however ignore the terms with fo,w),wp and %YL(O’O because they
are of the same order as iXQ(a% + 03 + 03). Taking these terms into account, we find no
evidence for 7-branes in the near-singularity structure of the metric. At the position of the
5d singularity, x = 0, the 10d metric is of co-dimension 4:

L/4 1 (1-2X 1+
ds® = ¢ <2€201(1 - )\2)1/377Wd:v“d:c” + = ( dw? + +dw%>> . (5.10)

V2 20 \1+ A 1— A\

Note that the limit x — 0 is not a decoupling limit, i.e. the metric in (5.6) does
not solve the bulk equations of motion and its curvature does not agree with (5.4). To
properly account for (5.4) one needs to keep higher order terms in x. First consider the
ten-dimensional metric G ;. One can check that in the expansion in the radial coordinate
x around x = 0 the lowest order in y that occurs is the constant order x", which is also
manifest in (5.6). The same analysis performed on the full inverse metric GM*Y shows that

its lowest order in y is the order xy~2. Given this information we can deduce to which

GMN in order to obtain results consistent with the

orders we need to expand Gy and
full computation of the Ricci scalar in the limit x — 0. Schematically the Riemann tensor

and the Ricci scalar are given in terms of the metric and its inverse as follows:

Rungs ~ 0°G + G10GOG (5.11)
R~ G'G7H9*G + GT10GIG). (5.12)

Since G~ ~ 1/x? to get the correct constant term in the Ricci scalar the Riemann tensor
needs to be at least of order x*. Then, from the second term in (5.11) we infer that 0GOG
has to be at least of order x%, and since a derivative with respect to y lowers the order
in x by 1, G has to be at least of order 7. Similarly, one can deduce that one needs to
keep terms at least up to order x* in the inverse metric G=!. We have explicitly checked
that keeping the metric and inverse metric to these orders one indeed obtains a curvature
scalar consistent with (5.4).
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Similarly, one can study the order to which one has to keep the other fields in order
for the bulk equations to be satisfied, order by order in x2. In general, one cannot truncate
this series at some fixed order and have the field equations satisfied, as different orders
contribute to different terms in the field equations.

We now provide the near-singularity behaviour of the warp factor and all other fields.

Warp-factor. Following [20] we define
€2 =N"83, (5.13)
Then the warp factor has the following leading behaviour as y — 0,

841/2

£ x4 +0(x?). (5.14)

Axion/dilaton. In the limit x — 0 the axion/dilaton matrix m,g is regular and takes
the following form:

mag =712 (1 T e ) +0(x?). (5.15)

wo 1—w1

2-form potential. In the limit x — 0 the 2-form reduces to the following expression,

1 1
Ct = \f <Y1,<070> AYLD - w1 A y, (10 Sdw2 A Y;M)) + 003 (5.16)
c? = \f (—Y;(O’O) AY D 4 %dwl AY LD %dw2 A Yv@‘))) +0(x?) (5.17)

) = Yv(f,jm)dy” are 1-forms on the S°

where the SO(3)giag invariant vector harmonics Yv(k’m
cotangent bundle, and k and m are integers that label the harmonics (see appendix D for

more details).

4-form potential. The limit y — 0 for the 4-form is regular and gives the following
result

° 1 w2

1
C=C+ dwi Adwa Ao Ao+ — (wy dwy —wadwy ) Aa A2 Ao +O(x?) (5.18)

32 /C(1+wp) 16
6-form potential. We get
(1,1)

Cle) — ?6401(1 — \)2Bdr A dat Ada® A da® A (xdyx) A ( ;(170)> + 0. (5.19)

v

The coordinate 7 denotes the time. Note that there are powers of x that come from
the volume form wy,,p0r and cancel some of the divergences. See equation (C.48) for the
expansion of w,, o7 in terms of the radial coordinate.
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5.2 The A\ = 1 case

We now set A = 1 first and then take the x — 0 limit. The Ricci scalar becomes

_ 1 /38 (8 + w? — 8w3) (10 — w? — 10w3)
RO=1 = — < - 1) 1 2 ! 2+ O(x). 5.20
6v/3 \x? (4 — w? — 4w3)9/4 0 (5.20)

Thus in this case the 10d metric is still singular at x = 0, though diverging at slower
rate than the 5d solution. In addition, the metric is singular at (wy,w2) = (0, £1) (which
corresponds to (0, ¢) = (n/4,7/2 + 7/2)), but there is no ring singularity anymore. The
metric itself takes the following form

1 2
ds? = 02 121/3620177Wda:“dw'jx2/3 + (:Xz + 1) dx? + YINE <X82 — 1> dw3 + 31252}
+O?). (5.21)

The differential d5 is given by

2 3 1 1+ w3 2 —w? wWiwWw
W1 < (0,0) 9 a2, 24w 2w ag van)
+ 3@}2 ’ dwz + m}/v ’ + 02 2+ wy Yv " — va ’ . (522)

The leading order terms in this metric reproduce the result found by Pilch and Warner [20],
but we have additional subleading terms.

Warp-factor. The warp factor has the following leading behaviour under A — 1, then
x — 0

16
§= N +0(x7?), (5.23)

A 1
Q:§\/4—w%—4w§. (5.24)

Axion/dilaton. The axion/dilaton matrix mgg is regular and takes the following form:

where

1 (2+w1 2wy
mag

= — O(x?). 5.25
o 2_w1>+ () (5.25)
2-form potential. The limit of the 2-form may be written in terms of wedge products
of the vector harmonics found in appendix D:

20 —
Cl _ \ég <Y;}(0,0) _ C18(:;),2w1dw2> /\YU(LI) o \2/5 (d’LU1 + u;)g?) /\Y;}(I’O) _|_O(X2) ’ (526)
C? = \ég <—Yv(0’0) - %du@) AY L0 4 \2/5 <dw1 + u;{;’f) AYID L 0G3) (5.27)
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4-form potential. The limit of the 4-form is regular, and is given by

) 1/2
C:C+LA dwy Adws Ao Ao® — -2 dwy Aot Ac? AP
72(1 4w )02 4802
1
+ E(wldwg —wadwy) Aot Aa® Aa® 4+ O(x?) (5.28)

_l’_

O . 1, 12
— ( +’LU1> w?CA dwl/\de/\O—Q/\o-S— ’LU} dwg/\Ul/\UQ/\US
2 144622 4802

+ E(wlde — wadwy) A o' Ao Ao+ O(Xz) . (5.29)

6-form potential. For the 6-form we get

7edCn 1 2 3 A (73 v 10/3

where 7 is the time coordinate. Again, as in the case A < 1, there are some powers of x
that come from the volume form wy,,s~ and cancel some divergences. See equation (C.48)
for the expansion of w, o~ in terms of the radial coordinate.

5.3 Different frames

Since the solution involves non-trivial scalars there is an intrinsic ambiguity in the def-
inition of the spacetime metric: one can rescale the metric with powers of the scalars.
Different probe behaviours see different metrics and different conformal frames carry dif-
ferent physical meaning. For example, supergravity probes see the Einstein frame metric
and strings see the string frame metric. In some cases singular geometries are regular in
a different frame. For example, the geometry of non-conformal Dp branes is singular in
the Einstein and string frame but it is regular in the “dual frame” [35] and this is also the
frame best suited for holography [36, 37]. Here we want to analyse the dependence of the
singularity on the choice of frame.

Usually one uses the dilaton when discussing different frames.'* Since our solution has
both an axion and a dilaton we will explore a general rescaling by both: gz — gpp = 02 9pp
with the scaling factor 2 = eng given by some powers of the dilaton e® and the axion Cy
parameterised through constants x and z. Given the definition of the axion/dilaton matrix

Mag

St \-Rr 1

1 2 _
Map = 5= < I §RT> , T=Cotie®, (5.31)

we can write the rescaling parameter as 2 = m3,(—mi2/ma2)?. To compute the effect of
rescaling on the Ricci scalar we can use the standard formula for the Weyl rescaling of the
Ricci scalar (see for example [38]):

R=Q72|R—18¢"V;V,logQ — 729" (V;log Q)(V,1log Q)| . (5.32)

4 One reason for this is that the axion is more properly viewed as a 0-form potential and has an associated
gauge invariance.
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The A < 1 case. After the rescaling the Ricci scalar takes the following form:

7;(>\<1)(w17 wg)

R(A<1) _
(1w} — wd) {"wy (1 — wy)?20-22

+ O(x), (5.33)

where 73()‘<1)(w1, wy) is a polynomial in w; and we with coefficients containing z, z, and .
After a careful inspection it is evident that there is no choice of x and z that removes the

denominator. One can also show that the numerator PA<1(

w1, ws) is non-zero for any
choice of z, z, and A < 1, therefore the singularity in the curvature cannot be completely
removed.

One can now study what type of singular behaviour the terms in the denominator
entail. The term (1 —w? —w3) is just the original ring singularity along the circle w? 4+ w3 =
1. The term wy leads to singularities on parts of the ring corresponding to # € {0, 7} or
¢ = 7/2, while the term (1 — w;) reduces the singularity to a single point (w1, ws) = (1,0),
which is equivalent to the value § = 0. Thus we see that the least singular behaviour that
we can get is achieved by choosing x > 5/4 and z < —1 which leads to a singularity of
type (1 — wy)® with a > 9/4, i.e. in this case we only have a singularity at a single point.
It would be interesting to understand the meaning of these frames.

The A = 1 case. We can now repeat the same analysis for the case A = 1. The
transformed Ricci scalar has the form

R(Azl) _ (8 _ 1> P(Ajl)(wl,wz)
X’ (4 — w? — 4wd)T "W (2 — wy ) 2202

+O(x). (5.34)

First of all, also in this case it can be shown that P*=1 (w1, ws) cannot be identically zero
for any choice of z and z. This means that the singularity x~2 in the radial coordinate
can never be removed. Notice however that the term (2 —w;) in the denominator is never
zero since —1 < w; < 1, and therefore we can arrange that the singularity in the angular
directions is removed completely by choosing x > 9/4 and z < 0.

6 Conclusions and outlook

In this paper we presented the uplift of the GPPZ solution to ten dimensions. The original
GPPZ solution involved two real scalars, which correspond to the norm of a N/ = 1 super-
symmetric mass deformation of N'=4 SYM (which is a complex parameter) and the norm
the gaugino bilinear. The complex scalars corresponding to the sources that couple to the
complex QFT operators are part of a consistent truncation of D = 5 maximal supergravity
containing, besides the two complex scalars, the metric and a U(1) gauge field, which is
dual to the U(1)gr current. We generalised the GPPZ solution to complex fields, which ei-
ther have constant phases or a spacetime dependent but U(1)-covariantly constant phase.
In ten dimensions the solution with non-zero phases can be obtained from the one with
no phases by a combination of coordinate transformation on S and an SO(2) rotation in
SL(2, R) that correspond to a U(1)g transformation and the bonus U(1) transformation
on the QFT side, respectively. The ten-dimensional solution has an infrared singularity
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whose structure depends on the ratio of the mass deformation parameter and the gaugino
condensate, which we denoted by . It was argued in [6] that the singularity is acceptable
only if A < 1. In the A < 1 case, the non-compact part of the metric is regular and there
is only a ring singularity in the S° part. In the A = 1 case there is a singularity both
in the radial direction (but milder than that of the five dimensional solution) and also at
two points on S°. Intriguingly, one can find conformal frames such that there is only a
singularity in the Ricci scalar at one point in S° in the case of A < 1, or only in the radial
coordinate in the case of A = 1. We note however that these comments are based on the
Ricci scalar, and we have not checked the behaviour of other curvature invariants.

The metric and axion-dilaton field of the solution with zero phases agree exactly with
those of the a partial uplift by Pilch and Warner and the singularity structure agrees with
their findings. However we find additional subleading terms in the near-singularity metric,
which do not fit in the interpretation of the singularity as due to seven-branes.

We also compared the asymptotics of the uplifted solution with that of the Polchinski-
Strassler solution [5] and the zero temperature limit of the Freedman-Minahan solution [31].
Our results agree with that of Freedman-Minahan and disagree with Polchinski-Strassler.
We have checked that we use the same boundary condition with Polchinski-Strassler, i.e.
the non-normalizable modes (sources) are in exact agreement: the metric is asymptotically
AdSs x S and the part of the 3-form field strength that depends on the deformation
parameter are in exact agreement. The subleading terms however disagree. Recalling that
the subleading terms (up to the order where the vevs appear) are uniquely fixed in terms
of the sources by the field equations [28], we infer that the Polchinski-Strassler 10d fields
do not satisfy the IIB field equations near the boundary of AdS.

There are still many things to do. The most urgent question is whether the solution
in sourced by branes. While we have checked explicitly with Mathematica that the uplift
solution solves the IIB equations, there may be delta-function sources in the field equations
coming from the couplings of IIB fields to the worldvolume of branes. In principle, one
can detect such terms by a careful analysis of the way the field equations are satisfied. To
illustrate this point suppose that while checking the field equations one needs to evaluate

=l (6.1)
where [ is the Laplacian in n (Euclidean) dimensions and r is the distance from the origin.
This term is proportional to a delta function and hunting for such terms should provide
the delta function sources. However, given the complexity of the uplifted solution and of
the IIB field equations and the fact that we do not know the positions and orientations of
the branes (if present at all), this is a rather daunting task.

One way to proceed is to observe that one may check that (6.1) has indeed a delta
function by multiplying it with a smooth test function and integrating over all space: if
there is a source then the answer for the integral will be non-zero, otherwise it will be
zero. We have devised a version of this method to check whether the uplifted solution is
supported by branes or not. The analysis is complicated by the fact that the bulk solution
has a (conformal) boundary and it is singular, and thus one needs to carefully disentangle
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the three possible contributions to the integral: due to the boundary, from the singularity
and due to delta functions. We will report on this analysis elsewhere.

To understand the implications of the singularity it will also be useful to analyze how
different probes respond when placed in this background. Given that the solution is very
explicit it should be straightforward to perform such analysis.

It is also interesting to understand to which of the many A/ = 1* vacua the GPPZ flow
and the uplifted solution correspond to. Now that we have the solution in ten dimensions
one may proceed to extract the 1-point functions of operators other than the gaugino
bilinear. This can be done following the framework of Kaluza-Klein holography [29] and
it should allow us to definitely establish whether this solution is dual to the confining
vacuum of N' = 1* a different vacuum of this theory, or that it is unphysical (because of
the singularity) and it should be discarded. We hope to return to this and related issues
in the near future.

Finally, it is natural to apply the uplift techniques to other five-dimensional solutions,
as, for instance, the solution of N/ = 8 gauge supergravity dual to the N/ = 2* theory, a
deformation of N' =4 SYM by a mass for two of the chiral multiplets [33, 39-41]. Recently
the approach of consistent truncation has been used to compute the ten-dimensional so-
lution dual to A = 2* on S* [42]. Tt would be interesting to study other cases, with less
supersymmetry or different compact manifolds.

Note added. Soon after this paper appeared in the arXiv, the paper [43] appeared which
has some overlap with our results.
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A 1IIB uplift of D = 5 maximal supergravity

D = 5 maximal SO(6) gauged supergravity [7, 8, 34] is a consistent truncation of IIB
supergravity around AdSs x S° . Its field content comprises the D = 5 metric 9w together
with 42 scalar fields parametrizing a 27 x 27 symmetric Eg(g) matrix which we parametrize
in an SL(6) x SL(2) basis as

M M cB Mab,cd Mab
Myn = ZI;;Cd gg s | » with inverse MMN - — od @, (A.1)
M g M* Mgq Maa,cﬁ
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according to the decomposition of the fundamental representation of Eg) as
27 — (15,1) ® (6',2) , (A.2)

under SL(6) x SL(2). Indices a,b,c,d = 1,...,6, and «, 5 = 1,2, label the fundamen-
tal representations of SL(6) and SL(2), respectively. Index pairs ab and cd in (A.1) are
antisymmetric. The remaining bosonic field content in five dimensions is given by 15 non-
abelian vectors fields Aff’ and 12 topologically massive two-forms B, 4. The truncation
we are eventually interested in and which carries the GPPZ solution [6] carries four scalar
fields, a single vector and no two-forms.

In this section we collect the relevant I1IB uplift formulae of D = 5 supergravity from [9]
(see also [40, 44-47]), in the next section we explicitly evaluate these formulas for the four-
scalar truncation. The IIB fields are expressed in terms of the D = 5 fields introduced above
while their dependence on the five internal coordinates 3™ is carried by the fundamental
S sphere harmonics, Y%, (a = 1,...,6), with Y% = 1, and the S° Killing vectors

Kiapm = —V2 Y10, , m=1,...,5. (A.3)

By Gmn we denote the round metric on S® which can be expressed as

o

Gmn = K[ab] mIC[ab]n ) (A4)
in terms of the Killing vectors (A.3). We also define its volume form
dfklmnp =V deté Eklmnp = 58[kélmnp} s <A5)
in terms of a 4-form potential Co‘klmn . We will also need the tensors

K[ab] mn = 8m’C[ab]n - 8nK:[ab]m )
1

Kiab) kim = 5 Wktrmnp Kiar ™ (A.6)

where indices n,p on the r.h.s. are raised with the background metric (A.4).
In terms of these objects, the IIB metric takes the following form

ds? = A2z, y) Guv () dat dx”
G, ) (™ + Ky ™ () A3 (@)da? ) (dy” + Kpoa () AL (@) da” ), (A7)

with the internal block Gy, (x,y) given by inverting the matrix
G (x,y) = Az, y)*? Kiay™ 0)Kieg™ () M (z) (A.8)

in terms of the submatrix M (z) from (A.1). We use indices u,v and m,n for the
external five and internal five coordinates, respectively. The warp factor A(x,y) is defined

as
(det G (z, y))1/2

A(l’,y) = (det émn(y))l/2

(A.9)
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The IIB dilaton and axion combine into a symmetric SL(2) matrix m,g whose inverse is
given by
m® (a,y) = Az, y)* Y* ()Y (y) M (z) . (A.10)
The relevant components of the IIB 2-form doublet and 4-form gauge potentials are given
by
1

Con® = =5 e P A3 g, Y Kia) mn Map™ (A.11)
Cukmn = —% rmnpa VP K(an? Au® = Kiat? A Copemn |
Conpwp = —31*2 Kiab) m (2 V191 €pwpor Map caFT 4+ 3V2 e apedes 3[uAquAp] ef) ;
Chtmn = Chimn — éaklmnp GPTATL9,A

1
Cuupa = _E yayb V ’g’ 5quUTDTMbc,NMNca + Aul/pa )

with Fm,“b the five-dimensional field strength of Au“b. The function A0 () in the last
line is defined by integrating

Dyybypor) = 600 V9| eppor (10 57“55(1 +2 M9, gh,fe — MeagaMghda) M bcadap
480 \/gguupaTD)\ (MNGC DAMac N) (A.12)

1
240 V ’g Euvpor Mab cd Fn)\ab Frred + @ \/§ Eabcde f F[,uyaproCdAT]Ef .

The p-forms (A.11) are given in the standard Kaluza-Klein basis
™= dy™ + K[ab]m(y)AZb(m)dm“ , (A.13)

cf. (A.7). As compared to the full uplift formulas [9] we have suppressed in the p-
forms (A.11) all terms anti-symmetric in more than one vector field since these will not
survive in the truncation to a single vector field which is of interest here.

B Parametrization of the scalar matrix

In this appendix we spell out the explicit parametrization of the scalar Egg) matrix
Mpyy (A1) in the 4-scalar truncation of D = 5 maximal supergravity. To this end,
we go to a complex basis, in which the SL(6) vector decomposes according to

{X.} — {Xi, X5 =X/}, i,i=1,2,3. (B.1)
In this decomposition, the Eg(g) matrix (A.1) decomposes as

kB k
Mij kl Mz] kl Mz] kl MZ] M g
k k
M’Lj kl Mz] kl sz kl Mj g M 7

)

_ k k
My = Mzg kl Mzg Kl Mz] kl Mzg A M k6 ’ (BQ)
Mmkl M akl Mzcx Mza kB Mza kB

Mza Kl M a Mza Mza kB Mza kB
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with its non-vanishing entries given in terms of the SL(2) vector v* = (1, —i)* by

- 2
M = —0;™ e (#%) sinh (m

V3
2m
I kl
M;; 77 = 6ij" cosh <\[> cosh (20)

):ﬁnh(Qa),

1 2
Mij’m = gtk o= ginh (m) cosh (20) v* |
2 ¢ V3
2m
Mﬁka — ij Zw COSh () Slnh 20 3
ij \/3 )
_ 1 4m
Mﬁka _ - z —ip h{ —
i T af W (ﬁ)
M8 — 1 o2 ginh? < m> (v*P)* — lei(w—so) sinh <2m> sinh (20) v |
2 V3 2 V3
Mia,jﬁ _ } cosh? (2’rn> (Ua)*vﬁ + 1 cosh <27n> cosh (207) v° (vﬁ)* , (B.3)
2 V3 2 V3

together with those components related by complex conjugation. Plugging this explicit
form of the scalar matrix into the uplift formulas of appendix A yields the IIB uplift of the
4-scalar truncation of the D = 5 theory which we describe in section 3.

C Uplift in Pilch-Warner coordinates

In this appendix we present the uplift solution in the coordinates introduced in [20]. First
let us recall the definition of the new radial coordinate ¢ and other constants

t=e W0 A=) o —log (3%) Oy = %log (%) .(C)

where C'; and Cy are the 5d integration constants and mg, g are related to the leading
asymptotic behaviour of the 5d fields m and o (note that mg, og differ by constants relative
to the ones in [20]). Defining u, v as in (3.13), the solution of the first order equation in
terms of these variables takes the form

1+ A3 1+1¢
n(t) =4/ T8 v(t) = T—¢ (C.2)

Yet another definition of the radial coordinate introduced in [20] is the following
X =2(1—t)"2 (C.3)

For the internal manifold we think of the round sphere as embedded in R® described
by the coordinates y1,...vs, so that on the sphere 77> = 1. The six coordinates can be
thought of as split into two triplets

:'-7: (yh .. yﬁ) — (U1,’I,L2,U3,U1,U2,U3) = (67 7'7) (04)
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The diagonal SO(3) acts on u’ and v/ simultaneously in the vector representation. In [20]
the authors show that @ and ¥ can be written as

0
“u=R| 0 = R.1j (C.5)
cosf
0
U=R | sinfsing | = R.Up (C.6)
sin 6 cos ¢

with 6 € [0,7/2], ¢ € [0,7] and R = R(a1, a2, a3) a generic SO(3) matrix parametrized by
three Euler angles «;. Following [20] we further define

£y

2 1 =rcos(20) (C.7)

2
24.0 = sin(20) cos ¢ (C.8)

I~

w1
w2
such that the internal manifold is described by the coordinates {a, ag, ag, w1, wa}.

To write form-fields in terms of these coordinates it is useful to compute the differentials
du' and dv’. In the coordinates just introduced this translates to

dii = dR.iy + R.dily = R(R™dR.iy + dilp). (C.9)

The Maurer-Cartan form R™'dR can be decomposed into left-invariant 1-forms o?, which
we list below in (C.13) so that the differential du’ can be written as

dit = R(io"T" iy + dil), (C.10)

and analogously for dv’. Since in the quantities we are interested in the SO(3) indices are
always contracted the overall factor of R in the differentials drops out. Thus (using the
fact that (77)* = i€¥* for SO(3)) in SO(3)-invariant expressions we can substitute

du’ — eijkuaak + du (C.11)
dv® — eijkvéak + dv}. (C.12)

A particular choice of the SO(3) rotation matrix R(a, a2, a3) leads to the left invariant
forms given by

ol = cos oy dag + sin aq sin oo dog
0% = sin oy day — cos aq sin s das (C.13)
o3 = daq + cos ay dasg.

The ranges for the Euler angles are o1, a3 € [0, 27], and ag € [0, 7]. One may check directly

that these forms indeed satisfy

1
do® = ieabcab eat (C.14)
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The following variables (also introduced in [20]) are also useful,

C=1—w}—ws (C.15)

N 1 1

These variables are the coefficients of the leading terms of the warp factor in the ¢ — 1
and A — 1, ¢t — 1 limits.
We are now ready to present the solution in terms of these variables.

Warp-factor. The warp-factor A we used earlier and the warp factor £ in [20] are related
by
£2 = A8/, (C.17)

In the new coordinates we find

= 1
(1—12)* (1 - A2¢6)?

(C.18)
[ (142)7 (1=22%) —aw? * (1= M) (14 M) —dwd * (14 02) % (1= Aeh)?

Metric. The uplifted ten-dimensional metric was already obtained by Pilch and
Warner [20], see equations (6.1)—(6.7) in their text. It takes a block form containing the
AdS and the S° parts as follows

dsfy = €/2ds? 4 + €3/ 2ds? (C.19)
ds%A = e%(y)nw,dx“dx” + dy? (C.20)
dsg = ardutdu’ + 2axdu’dv’ + agdv'do’

oo oo S S C.21
+ ag(udv’ 4+ vidu)? + 2a5(u'dv®) (v du?) + 2a6(u'dut) (v dv?). ( )

The coefficients a; of the internal metric can be found in equation (6.3) in the Pilch and
Warner text [20]. We can expand the fields p(¢) and v(t) in terms of the radial coordinate
t to get the following expressions for the coefficients a;:
- (T4 xeh) (1+¢2(1 . 2wy) (1 — M%) — At9) (C.22)
(1 —12)7 (1 — \2t5)
—2wyt? (1+ M?) (1 — At?)
(1= 2)2(1— A2
(1+ M%) (1+ 621+ 2wy) (1 — Ae?) — At9)
(1 —t2)% (1 — \26)
12 (14 M2)% (14 At%) (1432 (1 - M2) — At6)
ay = 3 5 (C.25)
(1 —1¢2)7 (1 — \2¢5)
2% (1= N2t (14 ¢4 (1 — A%t4)))
(1 —12)% (1 — A2t6)?
—4t? (1+ %) (1= M2 (1 + 12 (1 = At?)))

ag — (1 — t2)3 (1 ~ )\Qtﬁ) . (027)

az (C.23)

asz = (0.24)

(C.26)

ay, —
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Axion/dilaton. The axion/dilaton matrix m,g is given by

" :lmb:l mi1 miz
o ¢ § \miz maz

with the components

_ (1 + >‘t4) 46 2 44
my = A0 (1) [(1 =A%) + ¢2(2wy + 1) — Adt* 2wz + 1)]
B (1+ At VN A B
Moy = A7 (1= ) (1= M%) +¢2(2wy — 1) — At* 2wz — 1)]
2wat? (1 — Ath) (14 M?)
mi2 =

(1 —2)% (1 — \2¢6)
2-form potential. The 2-form potential is given by
Cq = Con ody™ N dy".
The new basis for the 2-forms will be given by the following 6 two-forms

{dwy, dws, 01} N {02,03}

(C.28)

(C.29)
(C.30)

(C.31)

(C.32)

(C.33)

The expression for C,, in terms of this basis is rather complicated, but reduces to a man-

ageable expression in the t — 1 and A < 1 or t — 1 limits, which we reported earlier in

section 5.

4-form potential. The 4-form potential is given by

1

(f1di + fodi + f3d3)

with the coefficients

—12wq t4(1 4+ At2)2(1 — At)?

h= (1 — £2)4(1 — \2t6)2
by — 12wy t4(1 — M2)2(1 + At4)?
2= (1 — £2)4(1 — \2t6)2
48wyiwy At°
fy = 1W2

(1— £2)3(1 — A2t6)
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(C.35)
(C.36)

(C.37)



and the 4-forms

dy = TR (ymy™ — ™™ du' A du? A do® A do (C.38)
¢"? (w1 — 1) 2 . 3
=2 ———— " dwy ANdwa No“ A
4 (wl T 1) w1 w9 g o
1
+§(1—|—wf —w3) dwy Aot Ao Ao+ wiwy dwy Aot Ao? Ac?
d3 = MM (ymy™ ™) dut A du? A doF A do (C.39)
Cl/Q W

— = dwy Adwy AdZ A o3
4 (w 1) 0T

1
+w1w2dwl/\ol/\UQ/\a?’—i—i(l—w%—kw%)dw2A01A02A03
d3 = du’ A du? A dvt A do? (C.40)
¢H/? 2 4 3
= — dwi N dws N\ o“ A
4 w;+1 w w2 ha e

w w
+?1dw1/\01/\02/\03+72dw2A01A02A03

The combined 4-form reads

t4

¢=C+ A€2(1 — 12)4(1 — X2¢6)2

[ fl dwl/\dwg/\a2/\a3

+ f2 dwi Aot Aa? Ao (C.41)

+f3dw2/\01/\02/\03

with
~ 2 4,
fr= C71 :
+ w1
fo=—wa [(1+ AH)2(1 = MH? — wi(1 — A2)2(1+ Ath)? — w3 (1 + M) (1 — At*)?]
fo=w1 [(1 = M2+ Mth)? — w1 — M)A+ M2 — wd(1+ M) (1 — At

(1 4+ M2)2(1 — xth)? (C.42)

6-form potential. The non-vanishing components of the 6-form potential are the fol-

lowing

« «

Cuupa’rm = Wuvpor Em

A—
C,u,z/pcr, mn” = Wuvpot gT Exmn” (043)

We can transform the one-forms 2% and two-forms Z§ into the Pilch-Warner basis and re-

write some of the differentials in terms of vector harmonics. The result for the one-forms

is

V3 (M 1) (B2 4 0310 1228 - 3A\ + )0 + At + 2+ 1) [ yhY

2 (t2 _ 1)2 ()\Ztﬁ _ 1)2 —Yv(l’o)
(C.44)

—_
-
=
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For the two-forms we get

o VBEOW 1) (W' +1) (1+w1)y/Cot NG (C.45)

TV (-1 (A0 —1) \ =2 dwy — (1—wy)dwa + (L—wr)y/Cot) T \y D) T
VB2 43 3N — 1) [~ L5 dwy +wa/Cot —widwy —wadwy) (Y
¢ (t2—1) (\2t6 —1) —%1fwldw1—|—U;2\f<gl y (1,0)

v

(1,0

Note that there is further ¢-dependence in the volume form w0 and the inverse metric
¢g™. In the basis where t is used for the radial coordinate they are given by

P = diag(—e—20(0)_ (=200 (~20(1) =20(0) ;2 (C.46)
1
e2¢>(t) — tiz(l - t2)(1 o )\2t6)1/36201 (047)
1 1
Wavpor = E«a‘*¢(t>e,w,m =5 (1~ 12)% (1= 2282 et o (C.48)

D S5 spherical harmonics with SO(3)giag Symmetry

In this appendix we would like to list a subset of the S° scalar, vector, and tensor spherical
harmonics that are invariant under the SO(3)qiag C SO(3) x SO(3) € SO(6) symmetry.
These harmonics can be found by solving the following defining Laplace eigenvalue equa-
tions under the constraint that the solutions be SO(3)giag-invariant:

0= V2Y®m 4 gk + 4)y km) (D.1)

0=V2y,Em 4 (k2 4 6k + 4)y,m) (D.2)
_ 2y (km) 2 (k,m)

0=V, + (k" +6k+3)Y,, (D.3)

0 = vrykm) = yry (km (D.4)

t [np)
k=0,1,2,...

The scalar harmonics are denoted by Y *)  the vector harmonics by K,(lf;m), and the

[’;’;?). The symbol V is the covariant derivative on the S5, the

indices n,p € {1,...,5} in Y™ and 3@([]67{;]1)

indices ‘v’ and ‘t’ stand for “vector”and “tensor”. The integer m measures the degeneracy

tensor harmonics by Yt(

refer to the S° cotangent space, and the

of the harmonics for a given k. For scalar harmonics m appears in the eigenvalue of the
following differential operator:

1 9 0
e . Y v (km) (k,m) _
S0 90 <sm ¢6¢Y > +m(m+1)Y 0. (D.5)

In what follows we will normalize the harmonics so that
/ v (k) y (K ) _ / v (km)yn(km') _ / v (ksm)y-[np] (K m’)
p p vn v o5 t[np] t

3

o kK’ cmm/
B 2k—1(k+1)(k:+2)6 s (D-6)
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The lowest scalar harmonics are given by

y©0 —1 (D.7)
y (20 — \}6 cos 26 = \}6(U2 —v?) (D.g)
Yy = \}6 cos ¢ sin 26 = %(u - v) (D.9)
y (0 — m@ cos46 + 1) = Zl\}ﬁ(su‘l — 10u?v? + 3v*) (D.10)
an_ 1 cos ¢ sin 40 = \/§(u -v)(u? —v?) (D.11)
2v/10 5
42) — \/1?)»0 sin® 0 cos? 0 (3 cos2¢ 4 1) = %[3@ -0)? — u?0?] (D.12)
6.0) = S—\ﬁ(cos 20 + cos 66) = 4\1ﬁ(u2 — )t - 6ut® +0t)  (D.13)
©6.1) — 8\}% cos ¢ (sin 260 + 3 sin 60) = 2\}?6(10 ) (but — 14u*0? + 501) (D.14)
6.2) — 2\1ﬁ sin? 0 cos? 6 cos 20 (3 cos2¢ 4+ 1) = \%(u2 —vH)[3(u-v)? — u?] (D.15)
y(63) — W sin® 0 cos® B cos ¢ (5cos2p —1) = \/2375(u 0)[5(u - v)? — 3u®v?). (D.16)

The transformation from the angle coordinates (6, ¢) to the embedding coordinates (i, ¥) is

performed using cos? § = u?

, sin? @ = v?, and sin f cos @ cos ¢ = u - v. The scalar harmonics

can also be converted to the (wy,ws) basis using wy = 22 —1=1-20% = u? —v? and
we = 2u - v. One obtains the following expressions
y (00 — 1 (D.17)
yeo - YL D.18
7 (D.18)
y 2.1 _ w2 D.19
7 (D.19)
quw? — 1
y*0) = 1 D.20
4+/15 ( )
y@ - e D.21
V10 (D-21)
2 2
y _ witdw -1 (D.22)
2v/30
2
y60) _ wi(2wi —1) (D.23)
4T
2
y@G _ w2(bwi —1) (D.24)
4+/35
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2 2

47
Y(673) _ w2(3w1 + 511)% — 3) (D26)
44/35
The lowest vector harmonics that are used in the text are given by
V.00 = cos @ sin O sin ¢ (20" + d¢p) — cos ¢ df) = uldv’ — vidu’ (D.27)
2 2
Y10 = = gin6 cos? sin ¢ o2 = —(Tkyiyd du¥ D.28
v 7 ¢ \/g( ) (D.28)
2 2
YD = = gin?# cosfsin ¢ (cos ¢ o — sing o> = —(TFpiud duk). D.29
v 7 ¢ (cos @ ¢ 0°) \/g( ) (D.29)
We can change the (6, ¢) coordinates to (w;,ws) and re-write the harmonics as follows
1/1 ! 1
0,0) — \/E ot + 1 < +2wl> wo dwi — 5 dws (D30)
1/1 1/2
1 /1 ~1/2
v =\ (FE) et gt (0.2
(k,m)

Note that we view the vector harmonics as one-forms Y on the S° cotangent space.
Their components Yv(ﬁ’m) can be read off by choosing a basis of one-forms and expanding
the vector harmonics in that basis.

The lowest tensor harmonics corresponding to k& = 0 are given by the following two-

forms on the S° cotangent space:

1 ... o
v 0D — éelﬂk(vzduj A duF + 2uidu? A do®) (D.34)
y©02) _ Leijk(uidvj A do + 20t dvd A du®) (D.35)
0.2) _ .
V3
Y%(O,S) — R (oidel A du®). (D.36)

We can change to the (w;,ws) basis as before and write the tensor harmonics in terms of
the vector harmonics as follows:

(0,0) _ \f (0,0) wadwy dwo (1,0)
Y, 1 ' Y\© D.
f ( +w1)< (1+w1)+ 2)/\ 8 (D.37)
0,1) } (0,0) wadwy dws (1,1) 1 (0,0) (1,0
Y, C: 1 + wq (Yv 1 n wl) 5 ANY, + C(2w2Yv dwl) NY,
(D.38)
y 02 _ 1 ) (v _ _wedwr dwa o) Lo 500 gy a v 0D
1 - wl) 2 C
(D.39)
0,3) _ @ . (0,00 wadw; B dws (1,1)
Y, =7 (1 —wn) <Yv 30 —w) 5 NY, (D.40)
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E UV asymptotics of the GPPZ uplift

In this appendix we collect the UV expansion of the various fields in our solution. Contrary
to main text, we keep the explicit dependence on the angles ¢ and w in (3.6). When possible
we express the results on the basis of S° harmonics of appendix D.

Dilaton/axion. The expansion of the axio-dilaton field up to terms of order 1/r% is

L+ir  mi4V2 2o (y
1—ar r2 3\f
2v2
7‘4 3

B =

4\/> 4 72250

i(p—w) (y(2,0) _ ;y(2,1)
—Moooe ( i )+ 9\[

(Y20 4 y@D)

with mg and o given in (2.14). The first terms of the expansions of the dilaton and axion
are

1
e =1 + 7141 ‘l‘ (moooA2 + m%Ag) (EQ)
m? 1
Cy = T;Bl -+ ﬁ(moaoBz + méBg) (E3)

where the coefficients A; and B; can be expressed in terms of scalar harmonics as

A = f(sm 20Y Y 4 cos 20y (20))

B, = f(cos 20Y Y _ gin 20y (20)

A3 = Vi(cos(ip ~ )Y 20 — sin(ip — w)¥ 1)
By = V2(sin(p — w)Y*? + cos(p — w)Y V)
1 2\/§ . 45
As = §Y( 0 4+ ﬁ(sm 20Y Y — cos 207 (20)) 4 9f( y @0 /oy (42))
B3 = —gg(sin 20Y 20 4 cos 207 21
49*\70/ sin4pY 49 — /3 cos4pY WY — sin 40y (42 | (E.4)

Metric. The large r behaviour of the internal five-dimensional metric is, up to order 1/r4

1
ds% = (dul)Q + (dvi)Q -+ fz(Aijduid’LLj + C’ijdvidvj + Eijduidvj)
T

1
+j(Bl]duldu] + Dijdvidvj + Fijduidvj) (E5)
T
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with

2 2
Az’j = —%(3 + 4( 2))(5,']‘ + %U{Uj (EG)
4
Bij = %(7 +40(u2 — v2) + 96(u - v)2 + 24(u2 — v2)?)
1
—i—ﬁmoao(cos(go + w)(u? — v?) + 2sin(p + w)(u - v))] dij
momf1 — cosp+ usss + (" + Loumocoslip+ o))
—=mpop[l — cos w)|uiu; —= 4+ —=00my cos w) | viv;
\/3 000 ¥ j 6 /3 0o ¥ j
1
\/gmoao sin(y + w)(uv; + viuj) (E.7)
2 2
Ciy = ="22(3 = 4(u” = v*)dy; + i (E-8)
4
Dij = ’:20 (7 — 40(u® — v%) + 96(u - v)? + 24(u? — v%)?)
1
—%moao(cos(go + w)(u? — v?) + 2sin(p + w)(u - v))] dij
+manft = costp+ )l + (" + oumacos( +) )
—mypop[l — cos w)|vv; —= 4+ —=00my cos w) | wiu,
\/3 000 4 j 6 /3 07mo ' J
1
\/gmoag sin(y + w)(uiv; + viuj) (E.9)
2
E;; = W;O( 8(u v)d;; — 8uvj + 6viu;) (E.10)
20m 2 )

Fiy; = [ 9 ( cv) + %moao(sin(cp +w)(u® — UQ) —2cos(p+w)(u - v))] dij

4mg 3v/300 ma 6v/300
+ 9 [1+ 2m% Uj ]—F? —7+Tg ViUj
2 .
—ﬁmoffo sin(¢ + w) (uju; — v;v5) (E.11)

Two-form potentials. For generic values of the angles ¢ and w, the two-form potentials

are
oo L emm @
1 = 9 ijk \/g r 2 ,,.3
2ci(v,u) +203f 1w + f20i) (W — %) — A3 fFu; — floi)(u - v)) m) duj A dug
3v3 e
L [b(vw)mo, do(v,u) o
+20_ (v, u) = 2(fLui + 3f2v;) (v — v*) + 4(fFui — 3f1vi)(u - v) mi’rg] dvj A dvy,
3v3
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c—(u,v)mog  d—(u,v) og
[ _ 012 =
2c-(u,v) — 2(f2u; + flog) (u? —v?) = 4(fiui — fo)(u - v) m—g duj A dvy,
3v3 e
o 1 bi(u,v)mg  dy(u,v)op
= ——€;: _— T
2 9 ijk \/g r 9 7«3
_20_ (u,v) — (3Q+Uz + 9+U2)(u2 —v?) — 4(3g%ui — gL vi)(u-v) m—g duj A duy,
3v3 e
1 CL+(U,U) mo d+(u7v) 0]
9 ijk \/g r 2 r3
+20_ (u,v) + 2(g3 i + 3g2vi) (u? — v*) + 4(g2ui — 39~ vi) (u - v) ms] dv; A dvy,
3v3
cr(v,u)mg  d_(v,u)og
—eiji [ N IR (E.13)
 2c4(v,u) - 2(ghui + givi(u? — v*) + 4(gLu; — g2vi) (u-v) m 3} du; A dvy,
3v3 S
where
a*(z,y) = 3sinpx; £ cos Qy; ¢ (,y) = cos px; £ sin py;
bi(aﬁ, y) = 3cos x; £ sin py; di(a:, y) = coswz; £ sinwy;
and
3 3¢ —
fi:sinwl—wcos <p4 :l:cos3gol_ sin 904w
3 3¢ —
fi:cos(pl_wcos <p4 :I:meSOZ sin 304w
3 — 3¢ —
Qzlt = COSBSDZwCOS 904 v j:sinsoj:wsin ('04 “
3p — 3¢ —
Qi:sin3¢+wcos L4 w:tcos¢+wsin L (E.14)

4 4 4 4

F  One field truncations

F.1 The case m(y) =0

For the truncation m(y) = 0 the uplift of the resulting D = 5 theory has been given by
Gubser, Herzog, Pufu and Tesileanu [22], see also [23, 24]. In the language of our uplift
this corresponds to setting v = 1. After applying this to our uplift, and using the usual
definition pu = € the warp factor A is simply given by

A — (cosho)™3/% | (F.1)
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and the IIB metric takes the form

ds3y = cosho [(cosh o)~ 3eHn,, detdr” + dyz} (F.2)
o o 2
[du’du’ + dv'dv’ + (sinh JYv(O’O)) }
cosho
op  \2/3 2do \*  d0? 2
= cosh vzt dz” tanh oY, | .
costa [(2sinh0) My GT 0T+ <?>sinh(20)) * cosh? o i ( Aoty )

In the second line in the metric we change the radial variable from y to o. The field o(y) is
monotonic in y for y € {Cy, 00}, and is therefore invertible. The range of ¢ is o € {0, 00},
where 0 = 0 corresponds to the AdS boundary, and ¢ = oo to the singularity. The Ricci
scalar takes the simple form

R = 18sinhotanho . (F.3)

The asymptotic behaviour of the metric for ¢ — oo, which is the expansion around the
singularity is the following

]' (o 1/3 v 1 ]' g 73 ]' o 1 (e 2
dsiy = (26 > Nuvdxtdz” + 9 (26 ) do? + 3¢ d02 + 3¢ (YU(O’U)) +... (F4)
2dp\? 2
= p2/3nuydx#dxv + <3pf:) + p? {dﬁg + (YU(O’O)> ] +..., (F.5)

where we defined p? = %e”. The asymptotic behaviour of the metric for ¢ — 0, which is
the expansion around the conformal boundary of the AdS, is the following

9 00\ 2/3 do\? 9

dsip — <%) N dat dx” + 35 + dQd3 (F.6)

7 r00\2/3 5 1 2

2| L (Y0 w2 2 - QQ (Y(O’0)> F
+o [18 (20) N dxt dx 54da 2d Y, +... (F.7)
Jdxtdr? + dz?

_ Nuvax ; “ +d02 (F.8)

2 71 5 1 2
+ %26 [Bﬁnﬂydx“dx” — ﬁ0824dz2 - §dﬂg + (Y;}(O’O)) } +... (F.9)

where we have substituted z = (%)71/3.

In this truncation, the dilaton/axion matrix reduces to the identity, and the two form
is given by
Cmna = Saa Cmna y (FlO)

with

C1 = —i (1 - tanho) 7" (V" (@f LY /\Ak) +2U'e AAk’) :

0y = —C (F.11)

1 . o e
UtV Ot At
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F.2 The case o(y) =0

Another consistent truncation to one scalar corresponds to setting o(y) =0, i.e. u=1. In
this case, the IIB metric takes the form

dstig = A72/3 <9w/($) datdz” + AS/3 dgg) , (F.12)

with the warp factor A and the internal metric ds? given by

(1402 (L) U2V2 - (-

~8/3 _ Y
AT = 16 5 168 (=",

(F.13)

2
a2 = UF V2 Sl V) (6°0" + A'AY)
(1_’/4)2 2 2 ini ind ind
_W((U — V) (00" —AN'A)+4(U-V)O'A)
(1—v%) (1 —2v?) (1405
16 16
(1—1/4) (1+1/2) (1—1/6)
816
(1—vH(1 -8

— 15 (U'O)(VIN) (F.14)

+

(V'O (V7)) + (U'A)(U'AY))

+ (V') (UAY)

respectively. The dilaton/axion matrix mqg is given by
Mag = A3 Saa85bmab , (F.15)

with the SO(2) rotation matrix S = e %72 and the matrix my, given by

mp; = ﬁ((l%—u"‘) (142" + (1 —vh)? (UZ—V2)> :
4\ 2
mipy = O;;)(U'V) ,
my = (1404 (1492) = (L= (02 - V7)) (F.16)

The two-form doublet is given by
Conna = A28, Cruna (F.17)
with
Cr =~y e (1=02) (145 V09 AOF 4 (1427) (1-0%) VAT A AF
+202 (1= v U' 67 A AY)
Frmia e (1402) (100 UF 09 AOF 4 (1= 12) (14 45) U7 AT A AF
+202 (1= 1) VIO AAR)

Cy = -0

o (F.18)
UtV Ot A?
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Finally, the non-vanishing components of the 5-form field strength are given by

1
F;pr'T = _g Wyvpor Vpot )
1 o o
Fovpom = g Wywpo JMNUN -Vie) |
1 o
Fw/pmn = _ﬁ Wuvpor For (@l A Az)mn > (Flg)

together with those related by self-duality of the IIB field strength.
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