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ABSTRACT: We use holographic renormalization of minimal N = 2 gauged supergravity
in order to derive the general form of the quantum Ward identities for 3d N/ = 2 and
4d N = 1 superconformal theories on general curved backgrounds, including an arbitrary
fermionic source for the supercurrent. The Ward identities for 4d N/ = 1 theories contain
both bosonic and fermionic global anomalies, which we determine explicitly up to quadratic
order in the supercurrent source. The Ward identities we derive apply to any superconfor-
mal theory, independently of whether it admits a holographic dual, except for the specific
values of the a and ¢ anomaly coefficients, which are equal due to our starting point of a
two-derivative bulk supergravity theory. We show that the fermionic anomalies lead to an
anomalous transformation of the supercurrent under rigid supersymmetry on backgrounds
admitting Killing spinors, even if all superconformal anomalies are numerically zero on
such backgrounds. The anomalous transformation of the supercurrent under rigid super-
symmetry leads to an obstruction to the Q-exactness of the stress tensor in supersymmetric
vacua, and may have implications for the applicability of localization techniques. We use
this obstruction to the @-exactness of the stress tensor, together with the Ward identi-
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supersymmetric Casimir charges and partition function.
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1 Introduction

Supersymmetric quantum field theories on curved backgrounds admitting a notion of rigid
supersymmetry have attracted considerable interest in recent years, mainly due to localiza-
tion techniques. Such techniques utilize the Q-exactness of certain operators on compact
manifolds admitting Killing spinors, and can be used to compute various observables ex-
actly, for any value of the couplings [1].



This has motivated an extensive study of field theory backgrounds that support rigid
supersymmetry, in various spacetime dimensions [2-13] (see also [14, 15] for earlier work).
Following [2], the approach to constructing a theory possessing rigid supersymmetry on
curved backgrounds involves starting from a version of supergravity and sending Newton’s
constant to infinity, so that gravity becomes non-dynamical. Accordingly, somewhat differ-
ent versions of rigid supersymmetry on curved backgrounds exist, depending on whether one
starts from old minimal [2, 3, 6, 7], new minimal [4, 5, 11], or conformal supergravity [4, 11].

All these approaches lead to consistent theories with rigid supersymmetry, and de-
termine the classical Lagrangian, as well as the supersymmetry transformations of the
classical fields. Moreover, one can apply the Noether procedure to this Lagrangian in order
to derive the classical Ward identities that local gauge-invariant operators satisfy, reflecting
the global symmetries of the theory. However, to obtain the quantum Ward identities one
needs to compute the appropriate path integral on a general curved background in order
to determine the global anomalies. Global anomalies for N = 1 supersymmetric theories
in d = 4 have been classified using superspace cohomology arguments in [16], and have
been computed explicitly in a number of examples, both in superspace [17, 18], and in
component language [19].

However, both the rigid supersymmetry transformations on a curved background and
the general form of the Ward identities, including the quantum anomalies, can also be
determined through holographic techniques, as was done for gauge transformations and
the axial anomaly in [20], or for Weyl transformations and the trace anomaly in [21]. In
particular, starting with a suitable gauged supergravity in asymptotically AdS;11 space,
one can derive the action of rigid supersymmetry on the sources of local gauge-invariant
operators on the d-dimensional conformal boundary, as well as the quantum Ward identities
these operators satisfy. The crucial point here is that the form of the Ward identities and of
the global anomalies is determined by symmetries and is therefore universal. In particular,
the same form of the Ward identities applies to a wider class of supersymmetric theories,
which need not admit a holographic dual.

Of course, the holographic calculation does not determine the elementary La-
grangian on any curved background, except possibly for terms that are protected by
non-renormalization theorems. Moreover, even when specifying the theory in terms of
gauge-invariant operators and their sources, there are two possible caveats in deriving the
rigid supersymmetry transformations and the quantum Ward identities using holographic
techniques. The first is that the version of rigid supersymmetry induced holographically
on the conformal boundary by bulk (minimal) gauged supergravity corresponds specifi-
cally to that obtained from conformal supergravity [23, 24] on the boundary through the
Festuccia-Seiberg argument [4, 11].! However, this reflects the fact that the holographic

!Although the transformations of the background fields induced holographically on the boundary do
indeed correspond to those of conformal supergravity, the claim that the current multiplet induced holo-
graphically on the boundary is the conformal multiplet may not be quite correct. In fact, a simple counting
of off-shell degrees of freedom for the holographic sources on the boundary shows that fermionic and bosonic
degrees of freedom do not much. This suggests that the current multiplet induced holographically on the
boundary should be compared with the standard current multiplets with the auxiliary fields integrated out,
in which case they all coincide.



Ward identities are expressed in terms of the operators at the ultraviolet fixed point, and
apply to both conformal and massive theories. The second is that the holographic calcu-
lation leads to specific values for the anomaly coefficients, which generically do not apply
to theories without a holographic dual, or even to holographic theories at weak coupling.
For instance, starting from two-derivative supergravity in AdSs necessarily leads to a = ¢
in the resulting Ward identities on the conformal boundary [21]. However, starting from a
higher derivative supergravity theory in the bulk may lift this degeneracy.

In this paper we focus on N' = 2 superconformal theories in d = 3 and N' = 1 super-
conformal theories in d = 4. Starting with minimal N' = 2 gauged supergravity in four and
five dimensions respectively, we use holography to derive the general form of the quantum
superconformal Ward identities on an arbitrary curved background, including an arbitrary
fermionic source for the supercurrent. A complementary analysis for N' = 2 gauged su-
pergravity coupled to hypermultiplets is carried out in [25]. The minimal N' = 2 gauged
supergravity describes holographically the current multiplet, consisting of the stress tensor,
7., the R-symmetry current, J°, and the supercurrent S*. Their respective local sources
are the vielbein ef ), a U(1) gauge field A g);, and a chiral gravitino ¥ ;, whose values
specify the field theory background. Notice that in the presence of fermionic sources it is
necessary to introduce the vielbein as a fundamental source, rather than the metric g(y;;. In
the absence of fermion sources, however, one may work exclusively with the metric g(g);; and
its conjugate symmetric stress tensor 7. The superconformal Ward identities we obtain

holographically are given in eq. (5.4). For A" = 1 superconformal theories in d = 4 they are?
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where the local functions of the sources Ay, Ag, Ag, Aw and Agy are given in eq. (5.3)
and are related to the global anomalies of the theory. We have slightly simplified the
notation here for the sake of brevity, but we refer to (5.4) and appendix A for the
precise form of the Ward identities and a guide to our notation, respectively. For N' = 2
superconformal theories in d = 3 the Ward identities are of the same form, except that
the local terms Apz;, Agr, Ag, Aw and Agy are absent.

2An earlier attempt at holographically deriving the supertrace Ward identity starting from minimal
N = 2 gauged supergravity in five dimensions was made in [26]. However, both the term involving the
R-symmetry current and the contribution of the Ricci curvature to the supertrace anomaly were missed in
that analysis.



For a generic N' = 1 superconformal theory in four dimensions, the Weyl and R-current
anomalies take the form

Aw ~ W? — a€, Ar ~ (¢ —a)P[g()] + (5a — 3c)eijle(0)ijF(0)kl, (1.2)
where

£ = R"™ g0\ Rijuilg(0)] — 4R [g(0)| Rijl90)) + R219(0));

W? = R Rijulg(0)] — 2R [9(0) Rijlgo)] + éRQ [9(0)] — 8F 5y Floyij + Oy, (1.3)
are respectively the Euler density and the supersymmetrized Weyl squared conformal invari-
ant, while P[g(o)] is the topological Pontryagin density. In order to specify the numerical
factors, besides the a and ¢ anomaly coefficients, one would need to appropriately normal-
ize the gauge field Ag);. The precise factors for the correctly normalized gauge field can be
found e.g. in [27], which also corrected a sign in the original expressions for the anomalies
n [19]. As anticipated, our computation reproduces these anomalies but with a = ¢. In
particular, we obtain the full superconformal invariant W?, up to quadratic order in the
supercurrent source.

The terms Aj;; and Ag that appear respectively in the diffeomorphism and supersym-
metry Ward identities are related to the R-symmetry anomaly Apg and take the form

Anti ~ " F i FomAop  As ~ €M FojaAonTij — 290y TP DpW 4. (1.4)

The appearance of these terms in the Ward identities simply reflects the fact that the R-
current operator J* is the consistent current (see e.g. [28] for a recent overview). Writing
these

terms get eliminated. In section 5 we confirm that the generating functional is invariant

the Ward identities in terms of the covariant (and gauge invariant) current J¢_,
under local diffeomorphisms® and so indeed Ajps; does not represent an anomaly in the
diffeomorphism invariance of the theory. In contrast, the term Ag does lead to a non-
invariance of the generating functional under local supersymmetry transformations, which
will play a crucial role throughout our analysis. Finally, the terms Ay and Agpy represent
anomalies under local Weyl and local superWeyl transformations, respectively.

Our main result concerns the consequences of the two fermionic anomalies, namely the
supersymmetry anomaly Ag and the superWeyl anomaly Agpy, on the transformation of
the supercurrent under rigid supersymmetry. In particular, we show that on backgrounds
admitting a (conformal) Killing spinor (, which satisfies the Killing spinor equation (6.9),
the anticommutator of the corresponding supercharge with the supercurrent is generically
anomalous, namely

s 1 i i U i agi i
{QIC], 8" = =5 T 6 + mr T (Tt = 2gopt) ¢+ D; T + WG (T] = 36)) C-T" + AL

(1.5)

31 am grateful to Davide Cassani for pointing this out to me.



The supercurrent anomaly A%, given explicitly in (6.20), is related to the supersymmetry
and superWeyl anomalies as

o
5@(0)%‘

Ai / 'z (CoAs + T Agy +hc.) . (1.6)
Moreover, we show through explicit examples that there are backgrounds admitting Killing
spinors where all anomalies in the superconformal Ward identities are numerically zero, yet
the supercurrent anomaly Aé is non-zero. In those cases, the supercurrent anomaly poses
an obstruction to the @-exactness of the operator

— ZTUT 4+ —TUk (T, — 2 D:J + ——
5 3G+ 33 (Trt — 29(0)k1) ¢+-D; Ve

It may be useful to point out that the anomalous transformation (1.5) of the super-

(T —35) ¢ g (L7

current under rigid supersymmetry is reminiscent of the anticommutator of two fermionic
generators of an N’ = 1 superVirasoro algebra in two dimensions, namely

C
[Lony L] = (m — 1) Ly + ﬁm(m2 — D)dmtn.0s

[Lma Gr] = %(m - 2r>Gm+r;
(G, Gy} = 2L, s + 1%(47'2 —1)6,45.0. (1.8)

Although in two dimensions the anomalous term in the transformation of the supercurrent
survives in flat space, leading to a central extension of the superVirasoro algebra, in four
dimensions the anomalous term is manifest only in curved space. However, even in four
dimensions, the consequences of this anomalous transformation of the supercurrent should
be visible in flat space correlation functions.

We show that the anomalous transformation (1.5) of the supercurrent under rigid su-
persymmetry provides a resolution to two paradoxes discussed recently in [29]. Firstly,
considering the class of supersymmetric backgrounds in eq. (6.1), which were originally ob-
tained in [4, 5], we revisit the argument of [30-32], according to which the supersymmetric
partition function on this class of backgrounds is independent of the complex functions
u(z,z) and w(z,z). We show that the u and w variations of the supersymmetric parti-
tion function are indeed a linear combination of certain components of the operator (1.7).
However, the fact that the supercurrent anomaly is generically non-zero on these back-
grounds means that this operator is not Q-exact, and hence the supersymmetric partition
function is not invariant under deformations of the functions u(z, ) and w(z, z). Although
our derivation of the superconformal Ward identities is holographic, the argument we use
to show the non-invariance of the supersymmetric partition function is a field theory ar-
gument, using only the supercurrent anomaly. However, the result matches precisely the
answer obtained in [29], by explicitly evaluating the bulk on-shell action. We therefore
conclude, that holographic renormalization is perfectly compatible with supersymmetry,
and it is in fact the field theory assumption that the supersymmetric partition function is
invariant that is not quite correct!



The second puzzle concerns the BPS relation among the conserved charges in su-
persymmetric states and the supersymmetric Casimir energy, which has been discussed
extensively in the recent literature [29, 33-37]. The BPS relation follows again from the
Q-exactness of the operator (1.7), but the presence of a non-zero supercurrent anomaly
implies that the BPS relation is also anomalous! We show that the supercurrent anomaly
together with the Ward identities provide enough constraints to determine the one-point
functions of the stress tensor and the R-current in any supersymmetric state in terms two
arbitrary scalar functions. This general solution for the supersymmetric one-point func-
tions allows us to obtain general formulas for the conserved charges for any BPS state,
including the supersymmetric Casimir charges of the global vacuum, as well as the super-
symmetric partition function. In fact, we show that there is a one-parameter family of
consistently defined charges, all of which satisfy the (anomalous) BPS relation. Moreover,
the supersymmetric partition function is independent of the definition of the charges.

The rest of the paper is organized as follows. In section 2 we briefly review the minimal
N = 2 gauged supergravity in four and five dimensions. Section 3 sets the stage for the sub-
sequent holographic analysis and discusses the radial Hamiltonian formulation of the bulk
supergravity dynamics. Section 4 contains our main technical results, where we carry out
the procedure of holographic renormalization in order to derive all boundary counterterms,
both bosonic and fermionic. Moreover, we show that there is a two-parameter family of su-
persymmetric renormalization schemes that also preserve parity, corresponding to adding
the two possible superconformal invariants (4.19). In section 5 we use these boundary
counterterms in order to define holographically the local current operators and derive the
quantum superconformal Ward identities, including all quantum anomalies. In section 6
we discuss the anomalous transformation of the supercurrent under rigid supersymmetry,
and we revisit the dependence of the supersymmetric partition function on the functions
u(z,z) and w(z, z), parameterizing the supersymmetric backgrounds found in [4, 5]. Fi-
nally, we use the anomalous transformation of the supercurrent, together with the Ward
identities, in order to obtain general expressions for the one-point functions of the stress
tensor and the R-current in any supersymmetric state, and to derive general expressions
for the Casimir charges and the supersymmetric partition function. Our notation and a
number of technical details are presented in three appendices.

2 Minimal N = 2 gauged supergravity

Our focus in this paper is on the minimal gauged supergravities in four and five dimen-
sions [38, 39], which we briefly revisit in this section, keeping terms up to quadratic order
in the gravitino. The field content of minimal gauged supergravity in both four and five
dimensions comprises of the gravity multiplet only, consisting of the metric g,,, a com-
plex Dirac gravitino ¥, (equivalently a pair of symplectic-Majorana gravitini) and the
graviphoton Au‘4

4Tt can be checked that the number of on-shell bosonic and fermionic degrees of freedom match in both
four and five dimensions, respectively as 2+2=2+2 and 5+ 3 =4+ 4.



The minimal gauged supergravity action is obtained by gauging the Ug(1) subgroup
of the USpp(2) = SUR(2) R-symmetry group of N' = 2 Poincaré supersymmetry and takes
the form [38, 39]

1

5= 52 / Az =g (R — Fu F* =20 + 1 €77 Fp, Fpp Ay (2.1)

_ d—1_
—\IJHI‘“”’)(?V + 2igA,,)\Ilp — T\I]“ (TH + iCQ(FW’”Fpg + 2FH)) \If,,> ,

where k2 = 8m(G 441 is the gravitational constant and

A= ana= . (22)

are respectively the cosmological constant and Ur(1) gauge coupling in D = d + 1 dimen-

sions. As we verify in appendix C, the constants

20 5 l
P 9 C2 = )
3v3 Y T R -1)(d-2)

are fixed by supersymmetry. Notice that ¢y is zero unless d = 4, i.e. D = 5. It should be em-

Cl — —

(2.3)

phasized that although we have written the action (2.1) for generic dimension D = d+1 in
order to treat the cases D = 4 and D = 5 simultaneously, this action is not supersymmetric
in dimensions other than four or five. The covariant derivative acts on the gravitino as

1
V.0, =0,9, + Zwuaﬁraﬁ\yy -0, (2.4)

where w44 is the spin connection, I'}, is the Christoffel symbol of the metric g, and o8
denotes the antisymmetrized product of two gamma matrices, as defined in appendix A,
where we explain our index notation and gamma matrix conventions.’

The bulk action (2.1) must be complemented by the Gibbons-Hawking boundary

terms [40]
1

262 Jom

which are required for the Dirichlet problem of the action (2.1) to be well posed on a finite

Scu dz/ =y 2K + U,T9 W), (2.5)

cutoff surface OM.. However, in order for the variational problem to be well posed on a non-
compact asymptotically locally AdS space, additional boundary terms are required [41]. We
will derive these systematically in section 4. Moreover, the Gibbons-Hawking terms (2.5)
are required for the action to preserve supersymmetry on the boundary.

The supersymmetry transformations that leave the action (2.1) off-shell invariant up
to boundary terms are [38, 39]

1 — _
OB =5 (r*W, — ¥, %), 64, = ic3 (Ve —€¥,),
1
6, = Ve +icy (0,77 —2(d — 2)6,T°) F,pe — % (T, — 2ilgA,,) e,
— 1
0By = €V e (17 = 2(d = D0T7) Fyy + 52 (T — 2ilgA,), (2.6)

SWe hope that the distinction between the Christoffel symbols 'Y, and the antisymmetrized products
of gamma matrices will be clear from the context in the following.



where
d—1 B 1
8(d—1)(d —2)

(2.7)

and B is the vielbein of the metric g, l.e. g = nagEﬁ‘Ef . These transformations are
correct only to linear order in the gravitino, corresponding to the fact that the action (2.1)
is specified to quadratic order in the gravitino. In appendix C we check explicitly that
the supersymmetry transformations (2.6) leave the action (2.1) invariant up to boundary
terms, which we compute.

3 Radial Hamiltonian formalism

The first step in order to construct the holographic dictionary for the supergravity the-
ory (2.1) is to formulate the dynamics in Hamiltonian language, with the radial coordinate
emanating from the conformal boundary playing the role of Hamiltonian time. This for-
mulation allows one to systematically construct the covariant local boundary counterterms
required in order to render the variational problem well posed on the conformal boundary,
and to derive the renormalized observables in the dual field theory, as well as the Ward
identities they satisfy, including all related global anomalies.

The radial Hamiltonian formulation of the dynamics singles out a radial coordinate
r emanating from the conformal boundary M in M and describes the evolution of the
induced fields on the constant radius slices ¥, = 9dM under radial translations. This
foliation of M need only hold in an open neighborhood of O M, since the variational problem
and the holographic dictionary require knowledge of the space of asymptotic solutions
only. Equivalently, the holographic dictionary and the boundary counterterms require only
ultraviolet data.

The induced fields on the radial slices X, are obtained through a standard ADM
decomposition of the bulk fields, given in eq. (A.7) in appendix A. This decomposition is
somewhat more involved in the presence of fermion fields, since a Hamiltonian description
of fermions requires an additional decomposition of the spinors according to radiality [42],
defined in eq. (A.18). Further details on the ADM decomposition of spinor fields are
provided in appendix A.

Radial Lagrangian. Inserting the ADM decomposition (A.7) in the supergravity ac-
tion (2.1) leads to a number of bulk terms that involve only up to first order radial deriva-
tives on the induced fields, as well as a number of boundary terms that are exactly canceled
by the Gibbons-Hawking terms (2.5). We can therefore write

S+ Sagu = dr L, (3.1)
p

5This is in fact a constructive argument for deriving the Gibbon-Hawking terms.



where the radial Lagrangian is given by
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In deriving this Lagrangian we have decomposed the bulk vielbein as in eq. (A.9) and have
partially fixed the SO(1, d) frame rotations by choosing the frame specified in eq. (A.13). As
we shall see shortly, this does not lead to any loss of generality since one can obtain the first
class constraint associated with frame rotations by invoking the fact that there is no torsion.

Canonical momenta. As mentioned above, in order to define the symplectic variables
associated with the gravitino we need to use the radiality projectors (A.18) to decompose
its transverse components as [43]

The variables W ; and W_; are symplectic conjugates and so one radiality can be treated as
a generalized coordinate, while the other as the corresponding canonical momentum. We
will adopt the convention that W, is the generalized coordinate and W_; is (proportional
to) the corresponding canonical momentum.

The canonical momenta conjugate to the vielbein e on ., the gauge field A;, and
the induced fermion fields ¥, ; and W ; can be read off the radial Lagrangian (3.2) and are



given by
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0w, oW, K R\
where we have defined for convenience the fermion bilinears
Cild—1 P _ L
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Notice that the Lagrangian L does not contain any radial derivatives of the variables N,
N;, a, ¥, and VU, and hence their conjugate momenta vanish identically.

As we shall see momentarily, these non-dynamical Lagrange multipliers lead to a set of
first class constraints, each associated with a local symmetry of the action (2.1). In partic-
ular, the lapse and shift functions N and Nj reflect the diffeomorphism invariance of (2.1),
a corresponds to local U(1) gauge transformations, while ¥,. and W, reflect the local super-
symmetry invariance. Notice, however, that there is no Lagrange multiplier associated with
local frame rotations, although the action (2.1) is clearly invariant under such transforma-
tions. The reason for this is that the spin connection here is not an independent field and
so there is no torsion. In a first order formalism, where the spin connection is treated as
an independent field, the Lagrange multiplier associated with local frame rotations would
be the spin connection component w,.q;, while the phase space of the theory would include
the generalized coordinate w;q, and its conjugate momentum. However, as can be seen in
eq. (A.29), here wyqp is completely determined in terms of the vielbein ef on X,, as well
as the lapse and shift functions, and hence it is not an independent Lagrange multiplier.
Moreover, w;q;, and its conjugate momenta are not independent phase space variables.

Nevertheless, the fact that the torsion vanishes implies that the extrinsic curvature
K;j, which can be identified with a certain component of the bulk Christoffel symbol (see
eq. (A.26)), is symmetric, i.e. Kjj; = 0. It follows that canonical momenta (3.4) satisfy
the algebraic constraint

)2

eVt~ e“iwj) = plil 4 ¢¥ebiz,, (3.6)
/—_7 ( a a ’

or equivalently,

. 1. _ .
€l = 1 (e lap¥ i — Vi Tapmy) (3.7)

and hence, on the reduced phase space where the fermion variables are set to zero the
canonical variables ¢! and 7 can be replaced by the induced metric 7i; and its conjugate
momentum 7. As we shall see later, this ensures that on a background where all the
fermion sources are set to zero, the dual field theory possesses a symmetric and relativistic
stress tensor.

,10,



Radial Hamiltonian. The radial Hamiltonian H corresponds to the Legendre transform
of the Lagrangian (3.2) with respect to all dynamical variables, namely

H= /dd Cr it At + i U + @HW%) — L. (3.8)
Introducing the gauge invariant momentum
Pl=ql— \//72@ eaklp, A, (3.9)
and the gauge-covariant derivative (see also (A.32))
DV =Dy, +igAi ¥y, (3.10)
we find that the Hamiltonian takes the form
H= /dda: (NH+ NH + aX + (U, — NG)F + F(¥, — N'I;)), (3.11)
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_ ﬁﬂ-&’ ((fu - (d—2)7ij)$_%(fij - (d—Z)'yij)) 71-%]
d—1

d—1
+T€(W+1W‘I}+W‘I’qj+l) %’P ‘I/ Fk]\I/+
K2 2 iCo
R~k 7~ sk | RER
+(\/?’Y) (d 1) Pkﬂ'q, (F (d 1)(d—2)F 'yij—(d—Z)(ZI‘[ic;j]—kI‘ Fij))TF%
+%FM {wg( o 7¥ 43(d—3)UTH) 4244 (T,F — (d—2)s" ))xpﬂ-
+ﬁ+l( 2T 43(d—3)D1* 6! 2y (T — (d— 2)55)) J} (3.12a)
/— L 4= o~ — o~ L A
— % J(R[y]—2A—FijF”+x1/+iDjr”’“\If+k—\1/+ir’ﬂ’“z>j\1:+k+2pl(\1/+[irﬂ\1/+ﬂ)),
Hi=—D; (el 47, Uy 4 70 ) 4, D' \IJ+J+\D+J% 4 FIP,, (3.12b)
Xsziﬂ'ifig(Trfp\I/+ifa+ﬂT;) /\”le Fkh (312(3)
1~ 2 1 i d—1)e
Fr=gLlm q,+2 ﬁ( g Yk %k%l) <7Ti)Fk7Tl$*7( 2% )273 Wi
22‘3; Fji ((dq)Fﬂkrt(dq)ﬁ’”) P Vﬁ;”f“mmj, (3.12d)
7 1 i1a H2 iCQ ~ i_7
]'—._:*Dﬂl'@ﬁ**ﬂ'ar \I/_g_i* ﬁ_’yﬂ(r‘”*(d*2)’y”)'P ﬂ—%
\ d 1 7 . Nig
— NQ ( 27 )(F \I/+i+’LCQF ]k\I/Jriij), (3126)

and we have defined Fr = 'L F so that F = F, + F_.
Since the momenta conjugate to the variables N, N;, a and ¥, vanish identically, the
form (3.11) of the Hamiltonian leads, via Hamilton’s equations, to the first class constraints

H=H =a=F, =F_ =0. (3.13)
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We will see in the following that these constraints are directly related to the Ward identities
of the dual field theory. An important observation is that the Hamiltonian constraint
H = 0, as well as the supersymmetry constraints F4+ = 0, are quadratic in the canonical
momenta, while all other constraints are linear. This reflects the fact that the symmetries
associated with the Hamiltonian and supersymmetry constraints are spontaneously broken
by the radial slice ¥, and hence realized non linearly, while those associated with the
remaining first class constraints are preserved. The non-linear constraints corresponding
to the symmetries broken by the cutoff result in global anomalies in the dual quantum field
theory. This is completely analogous to the way quantum anomalies appear in standard
quantum field theory, through symmetry breaking by the ultraviolet regulator.

Hamilton-Jacobi formalism and flow equations. The Hamiltonian determines the

radial evolution of the induced fields ef, W, and A; through Hamilton’s equations
oH . oH . oH
Sy — Ai:—A, U, =—. 3.14
€ omt’ omt * ot (3:-14)

In the gauge (A.8) only the Hamiltonian constraint contributes to these equations, which

read
) HZ 1 b a_ b 1 pq .kl pk_ ql \ a I
=3 = 2 71 eje;—eje; 7Tb ﬂ7 Y=y e(p'yq)i(\ll+k7r@+7rqjk\ll+l)
1, “ ~ — A
~@e (ns50) (H@(ka—(d—2)ykp)rq’\p+l+w+krkq(rp,—(d—2)fypl)7rfy)], (3.15a)
. K2 i(d—1)co—
Aj=— i — U IF 1
QHP Y, +k +1 (3.15b)
K2 2 1Co
[ S = = g i
+(ﬁ) Q(d_l)EW\IJ(sz’l_(d_l)(d_2)ri'}’kl_(d_2)(2r[k'7l]i+FiFkl)>7r\1,a

K2 1

gt L
HE Yy d—1
[(%q‘s (d— 1)’7110'7:1 (ip_(d_2)'7ip)fql)ea(pﬂg)‘l’—l-l_2(fip_(d_2)%p)z/j7rg]

2 \2 iy R PR
+< ) (d 1) Pk< —(d—l)(d—Q)Fk")/ij—(d—2)(2r[ 1) ]—i-FkFZ'j))T(fp,

V=
d 1
5 \IJ+Z+Z2C§FM< O M 4 3(d—3)8V T 42413 (T;% — (d— 2)5’f))\1/+j. (3.15¢)
Moreover, inverting the expression for 7'['% in (3.4) we find that U_; is given by
K2 1
V= ( ij — (d— 2)%]) (3.16)

yd—1

These equations allow us to determine the radial evolution of the induced fields without
invoking the second order field equations, or equivalently the other half of the Hamilton
equations, by using instead the Hamilton-Jacobi expressions

i_ 98 i_ 98 f_ 05 _ o0 i %5 (3.17)
A P TP AU A T ‘

™
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where Sle, A, U] is Hamilton’s principal function. In particular, inserting the expres-
sions (3.17) for the canonical momenta in the first class constraints (3.13) leads to a set of
functional differential equations for the functional Sle, A, ¥ ]. Given a solution S[e, A, U ]
of the these Hamilton-Jacobi equations, the flow equations (3.15) become first order equa-
tions for the induced fields. In the next section we will obtain the general asymptotic so-
lution of the Hamilton-Jacobi equations. In combination with the relations (3.17) and the
flow equations (3.15) this solution allows us to determine the general asymptotic Fefferman-
Graham expansions for the induced fields e, ¥, and A;, without solving the second order
field equations. Since Hamilton’s principal functional S[e, A, ¥ ] coincides with the on-shell
action evaluated with a radial cut-off r,, the asymptotic solution of the Hamilton-Jacobi
equations also determines the divergences of the on-shell action, and hence the covariant
boundary counterterms. Hence, the complete holographic dictionary can be obtained from
a single object, namely the asymptotic solution of the Hamilton-Jacobi equations.

4 Recursive solution of the Hamilton-Jacobi equations

In this section we determine the asymptotic solution of the Hamilton-Jacobi equations,
corresponding to the constraints (3.13), with the canonical momenta expressed as gradi-
ents of Hamilton’s principal function Sle, A, ¥ ]. As we will see, our algorithm requires
solving only the Hamiltonian constraint H = 0, with all other constraints being automat-
ically satisfied, up to the corresponding order in the asymptotic expansion. The resulting
asymptotic solution for Hamilton’s principal function will allow us to obtain the asymptotic
Fefferman-Graham expansions for the bulk fields, and will be the basis for constructing the
holographic dictionary in the next section.

4.1 Covariant expansion and recursive algorithm

Since the conformal dimensions of the operators dual to the fields in the Lagrangian (2.1)
are known and fixed, we can obtain the general asymptotic solution of the Hamilton-Jacobi
equation H = 0 by using the dilatation operator method [44]. From the leading asymptotic
form of the fields in eq. (B.11) follows that the dilatation operator takes the form

o 1— 0 1 9

d a

= - + - Vyy=+-—=""Y . 4.1
op /dx<e’(5@‘§ 9 +l51+z 200, +l> (4.1)

This operator allows us to look for a solution S[e, 4, W] = [d%z L of the Hamilton-

Jacobi equation H = 0 in the form of a formal expansion
S = S(O) + S(l) + S(g) + - (4.2)

where S,y = S dx L, are eigenfunctions of the dilatation operator, i.e. dpS,) = (d —
n)S(yy. By construction, S,y are covariant functionals of the induced fields ef, A; and
W ; and higher order eigenfunctions, i.e. larger n, are asymptotically subleading relative to
lower order ones. The formal expansion (4.2) is therefore a covariant asymptotic expansion.
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In order to utilize the expansion (4.2) we observe that the Hamilton-Jacobi rela-
tions (3.17) imply that for a generic variation of the induced fields [45]

mhoef + w0 A; + 6U e + mg oW = 0L + 9’ (4.3)

where ;0" indicates a generic total derivative term. Applying this identity to local scaling
transformations generated by the dilatation operator (4.1) gives

64 s 1,
€iMa(n) + 5 V+iTgm) + 5Tum ¥+i = (d = 1)L, (4.4)

where we have used the fact that L, are only defined up to a total derivative and hence
0;v" () can be absorbed in L.

The final ingredient necessary to set up the recursive algorithm for determining the
terms S,y in the expansion (4.2) is the leading asymptotic behavior of the fields in
eq. (B.11). Together with the flow equations (3.15)-(3.16) and the expressions (3.17)
for the canonical momenta, this leading asymptotic form of the fields determines the zero

order solution S(g) to be

S0 = = [ dlev=r . (4.5)

7

The corresponding canonical momenta are

i V=rd-1) ; i
Ta(0) = 2 1 €a> T (0) = 0,

T (0) = Tu(0) = 0. (4.6)

Inserting the expansion (4.2) in (3.12a) and using the identity (4.4) and the leading
solution (4.5) of the Hamilton-Jacobi equation, the Hamiltonian constraint # = 0 reduces
to a tower of linear equations for L,), n > 0, namely

(d—n)

where the inhomogeneous terms up to order n = 4 are given by

R(l) =0, (48&)
]R(g) :O, (48C)

K2 1 _ _
Ry=——- | [ ——e%l—e%el | 7! (o 7!
(4) 2@{(d—161% 636’>7Ta(2)7rb(2)
U ) . B
+ (d_]_ry ],ykl —y k"}/ﬂ) e(iﬂ-aj) (2) (\I/J"kﬂ-@l(z)_i_ﬂ-q’k(@\ll-}-l)

1 ) ) (TF’E/@) (Tri— (d—2)7k) T 0+, TF 5 (Tiy— (d—Q)%'z)ng(z))

- ﬁf‘iy@) ((fij - (d72)7ij)¢*%(fij - (d*Q)%'j)) Wi(z)}

"The subscript in the canonical momenta indicates the dilatation weight of the corresponding potential
S(n) and not that of the momenta themselves.
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ic . ~
~ 5 P [%m (20" 4 3(d- )00 TH 4298 (D4 —2(d—-2)}) ) W,
+@+z( 2T 4-3(d—3) Tk 51 4-29% (T — (d— 2)51)) (2)} v 7F Fi.(4.8d)

In writing these expressions we have again ignored terms higher than quadratic in the
gravitino.

From (4.7) and (4.8) follows that the first subleading term in the covariant expan-
sion (4.2) is

/ _ .y o
S = 7=z / Ny (R[’y] T, D TR, — \IJHFZJ"?D]-@M) . (4.9)
Varying this expression with respect to each of the induced fields gives the canonical mo-
menta
/=y ¢ 1 . :
()= 2 gy | \27 BB )i
1 S ~ . o~ 1 . /— «— ~ . o~
+5ek (mi%jr”’fmk—\1/+Z-r”k1>jqf+k) . 563 (qzﬂ-D jrpf’qu+k—\11+irmk2)j\p+k)
1 % ipk ipk % riip U, .Twp
5 (TP P T FPDw ) Lk (W DT T T )
1 Dikpa 4 AT (i KIped 1 9T i Apli k] ppli K]
+1D; (\Ifﬂ(eq [kpa | 4Pl kPes 4 9T )\I/+k>+e DU(T,,THw, )
L liph (g, .Tr Ll ph(@, T
+5ea D (Wil PUe) + 577DV (Vi Ta W) |
VT S A
TER) = 3 (d— 2)1"3 DjWeir,  my2)=- (d_z)‘hk%ﬂ“ 7, (4.10)
where we have used the identities (see e.g. (7.96) in [46])
egegéwjab = (Dyjdey))eqa — (Dpdeg))eja + (Digdef))epas (4.11)
and
T ik jke J Tk J
{Tpg, T}y = 2Tk +41“5[ oF ) AT [qé ] +4F35[q p} (4.12)
in order to obtain the expression
eZeZ&wjabWH{qu, TRy, =T, [Q(Djéeg)eqafijkpq (4.13)

n (Sf“ﬁ Kped 1 4TiAplic }) Djoet + (Sepr[km 4 4TPeli D) 4 4T ey [ZDM) Jes ]mk

To proceed to the next order we insert the canonical momenta (4.10) in the expression
for R4y in (4.8). After some algebra we obtain

(d— 2)

/=~ 2 d y
Ry =~ 4 {4( R2—Rin”+ F”F”

2k2 (d—2)2 ) 4(d—1)

1 _ .
—mR(@+5 Tk, W, Tk, \If+k)+diRD[ (T, 17, )
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(2d—-3)
df

R (m+i%jfi1l\1}+k—@kflﬂqufﬂ) 2RIl D, (T, T ) +2RE DT T, )

2 ~ )
d 1R’Lk <\If+[1% ]FJ\I/J,_]C*\I/J,_[ILF D ]\Ij+k> R(\Ij_"_[ %j]Fl\Ijif\Il_HzF’LDJ]\I/i_)

+2) (U, DT 0]~ T (D, v )

+—= 1\v+wlr’f“(<ru—<d 2)3)D~ B (B~ (d-2)) ) 971D, %}

\/_77 Tpqi ikl Tkl l
BN Q)Fm Ty D I (—2DM +3(d—3)60 M 429/ (T - (d—2)6F) ) W,

—Eﬂ( 20 4-3(d—3) D1k 1) 4-24% (T — (d— 2)5l))fquz>px1/+q], (4.14)

and from (4.7) follows that
1

Lo =33

R(q). (4.15)

If the boundary dimension d is not specified, the above procedure can be repeated in-
definitely in order to determine the terms L, to arbitrary order. However, the recursion
procedure stops at the term of zero dilatation weight. In particular, we only need to deter-
mine the terms L,y for n < d. Since we are interested in the cases d = 3 and d = 4 here, the
above results suffice. However, as is clear from the above expressions, there is a significant
difference between the two cases, due to the fact that for d = 4 one needs to go up to the
term LL(4), which contains a pole when d = 4. This pole indicates the presence of a conformal
anomaly and should be removed through the dimensional regularization prescription [44, 45

1

11 — 1o/l (4.16)

where 7, is the radial cutoff in the Fefferman-Graham coordinates (A.7)-(A.8). More
specifically, one replaces (4 in the expansion (4.2) according to the rule

l

—2r ¢ —2r
q_ 4R(4> — L( )log(e 2 O/Z) = —§R(4) log(e 2 O/Z). (4.17)

Ly =
The fact that the resulting asymptotic solution of the Hamilton-Jacobi equation de-
pends explicitly on the radial cutoff is the holographic manifestation of the conformal
anomaly [21] and implies that the implicitly covariant and local expansion in (4.2) is not
a fully consistent asymptotic solution in this case. Alternatively, one could have started
instead with a formal expansion that contains the logarithmically divergent term }1(4),
in which case the recursion procedure would not produce any poles at d = 4. The two
approaches are equivalent and an explicit comparison can be found in the recent review [47].
The punchline of the above analysis is that the general asymptotic solutions of the
Hamilton-Jacobi equation for d = 3 and d = 4 take the form

S) +S@) + 8@+ d=3,

S = B (4.18)
S(0) + S2) + S(ay log(e /") + Say + -+, d =4,
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where S(4) is undetermined but finite (has dilatation weight zero), while S), S(2) and
§(4) = —g / d*x R(4) correspond to the divergent part of the solution S and are given in
equations (4.5), (4.9) and (4.14), respectively. The ellipses in (4.18) stand for terms with
negative dilation weight that asymptotically go to zero, and hence are not relevant for the
subsequent analysis. As we show next, this asymptotic solution of the Hamilton-Jacobi
equation can be used to determine the Fefferman-Graham asymptotic expansions of bulk
fields, and to derive the holographic dictionary.

4.2 Finite local counterterms and the supersymmetric renormalization
scheme

The first implication of the asymptotic solution (4.18) of the Hamilton-Jacobi equation is
that it determines the local and covariant boundary counterterms necessary to render the
variational problem on the conformal boundary well posed, and consequently to renormalize
the on-shell action.

Hamilton-Jacobi theory identifies Hamilton’s principal function S with the on-shell ac-
tion, and so the divergences of the on-shell action are in one-to-one correspondence with the
divergences of the asymptotic solution (4.18) of the Hamilton-Jacobi equation [48]. Hence,
the counterterms can be defined as minus the divergent parts of the solution (4.18). The
resulting renormalized action is invariant under boundary U(1) gauge transformations,
diffeomorphisms, local Weyl transformations, as well as supersymmetry and superWeyl
transformations, up to specific anomalies in the case d = 4. We will discuss these symme-
tries and derive the corresponding anomalies in section 5. In this subsection, however, we
would like to specify the most general form of the boundary counterterms compatible with
the above symmetries, including supersymmetry.

In the case d = 4, besides the divergent part of the solution (4.18), one may include in
the boundary counterterms certain finite, local, and covariant terms that do not cancel any
divergences, but may contribute to the value of the renormalized on-shell action, as well as
to the value of certain one-point functions derived thereof. Such terms must preserve all
local symmetries on the cutoff, since otherwise they would give rise to spurious anomalies,
i.e. anomalies that are trivial cocycles and can be removed by the very same finite bound-
ary terms. An example of a finite local boundary term that explicitly breaks local Weyl
invariance (as well as supersymmetry) is the R? term, which leads to a total derivative
contribution to the conformal anomaly. By construction, this contribution to the confor-
mal anomaly is a trivial cocycle, that can be eliminated by removing the R? term from the
action. Since we are interested in minimizing the possible contributions to the anomalies,
in the following we will strictly insist that any candidate finite counterterm must be a local
superconformal invariant, such that only non-trivial cocycles contribute to the anomalies.

Given the field content in the bulk, or equivalently the spectrum of local gauge invari-
ant operators in the dual quantum field theory, the local superconformal invariants in any
dimension can be classified. This amounts to a classification of the possible (non-trivial)
contributions to the Weyl anomaly, since the Wess-Zumino consistency condition implies
that the Weyl anomaly is itself a conformal invariant. For A/ = 1 supersymmetric theories
in d = 4 this classification has been done using superspace techniques in [16]. Explicit cal-
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culations of the Weyl anomaly have been carried out in superspace in [17, 18] and in compo-
nents in [19]. The result that is relevant for us here is the general form of the bosonic part of
the Weyl anomaly in eq. (4.3) of [19], which is the sum of the only two non-trivial supercon-
formal invariants corresponding to our field content.® These superconformal invariants are

E= RijklRijkl — 4Rinij + RZ, (4.19a)
y y 1 8 i
W? = RUMR, 1 — 2R R;; + §R? = P, + O(v?). (4.19b)

& is the Euler density, which is a topological density and therefore does not receive
fermionic corrections. The bosonic part of W? is a linear combination of the square of
the Weyl tensor and FijFij. Notice that even though the square of the Weyl tensor and
FijFij are separately Weyl invariant, only the specific linear combination in W? preserves
supersymmetry. This means that there is a two-parameter family of supersymmetric
renormalization schemes in this case.”

The term §(4) in the solution (4.18) of the Hamilton-Jacobi equation is proportional

to the linear combination

2 5, 8 9 2K2 2

which, as we will discuss in section 5, corresponds to the holographic Weyl anomaly for

W? — €& =2RYR;; —

d = 4 and can be shown to be a superconformal invariant. Since the Euler density does
not receive any contribution from the gravitino, it follows that the expression (4.14) deter-
mines the fermionic part of the superconformal invariant W2, up to quadratic order in the
gravitino. To our knowledge, this is the first instance where this superconformal invariant,
including the fermionic part, has been determined, at least in component language.

Combining the observations of this subsection with the general asymptotic solution of
the Hamiton-Jacobi equation in (4.18), we conclude that the most general form of the local
boundary counterterms compatible with supersymmetry (and parity), and which do not
add trivial cocycles of the Wess-Zumino consistency conditions to the anomalies, is

—J &z (L) + L) d=3,
—fd4:1: (L(O)+L(2)+H~J(4) log(e_%"/g)—ksl\/—v E+sa/— W2> , d=4,

where s; and so are arbitrary parameters, corresponding to a choice of renormalization

Ser = (4.21)

scheme. In particular, the holographic renormalization scheme for d = 3 is unique, while

8The Pontryagin density and the four-form F' A F are also finite, local and superconformal invariants,
and so they can in principle be added as part of the specification of the renormalization scheme. However
these terms are parity odd, and so we do not include them as finite counterterms here.

9Tt may be useful to emphasize the distinction between a ‘regularization scheme’ or ‘ultraviolet regula-
tor’, and a ‘renormalization scheme’, both of which may break the symmetries of the theory in different
ways. In holography the regularization scheme is the radial cutoff, which as we have seen above, breaks
both supersymmetry and Weyl symmetry, leading to genuine anomalies (i.e. non-trivial cocycles) for the
corresponding symmetries, which we will derive below. The renormalization scheme, however, corresponds
to the choice of finite local and covariant boundary terms, which, by construction, can only break symme-
tries through trivial contributions to the anomalies. Choosing a renormalization scheme that breaks the
least symmetries —possibly none— removes all trivial cocycles from the anomalies.
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for d = 4 there is a two-parameter family of supersymmetric schemes. Once a choice of
scheme has been made, the renormalized on-shell action is defined through the limit

Sren = lim (S + Sgg + Sct). (4.22)

To—>00

The holographic dictionary identifies this quantity with the renormalized generating func-
tional of the dual gauge-invariant operators, as we will review in section 5.

4.3 Fefferman-Graham asymptotic expansions from flow equations

Besides the boundary counterterms, the asymptotic solution (4.18) of the Hamilton-Jacobi
equation also determines the general Fefferman-Graham expansions of the bulk fields. In
particular, inserting the solution (4.18) in the expressions (3.17) for the canonical momenta,
and these in turn into the Hamilton equations (3.15), results in a set of first order flow
equations that can be integrated to obtain the asymptotic expansions of the fields. Up to
the order necessary to obtain both the normalizable and non-normalizable modes of the
asymptotic expansions, the first order equations take the form

1 ¢ (. 1
1 _ —pay © (eapk_ Re?
=gt 2<ek 1T 9(d-1) e’)
& 3 d 1
loge 2"/t | ——— R, R R?+-0R
+oge [4(d—2)2<d 1° ( R Tr Iy S

2 . .
+e (dD D; R+dLRRJ 2DR§—4ququi)>+£< apirg, 4(d3 l)egFmeq>

d—1

1 a a ~J —5r
+(d—1ei 6?_6j6?>li2 €4)b(‘r)6 ° /£+"'a
A —g l() 2T/ZD F'] 4+ A 27 2T/Z+
i 9 ge gl i 0161 jk 11— (4)1( ) A

. 1 / . 1 .
v, =——P, +—— J _ RV
IR TPy (Rl 2(d—1)R‘SZ> +

¢ & - 1 o
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— (DRI 43 ((Dka)Flklmp+23£’Tﬂklmxp+p) +2(DV R, ,
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o [(D Fy)T P( 2r,,q“+35,[?rk”+271q(r,,k—25,’j)) v,

+2Fkl( oM 43Tk 61 4247k (T —25l))fsmpp\p+q”

/4,2 = i 9r

+ﬂ(ri]‘_(d—2)'}/ij)%ja(4)(m)e_ﬂ+"', (4.23)
where the ellipses stand for asymptotically subleading terms that only affect the asymptotic
expansions beyond the normalizable mode. We have written these equations explicitly for
the case d = 4, but kept the coefficients generic so that one can also apply them to the
simpler case d = 3. Notice that the unspecified quantities 7r( )b( ), T(a)i(z), %%( 2 (x)
correspond to the contribution to the flow equations from the undetermined finite part
Sq) (or S(zy in the case d = 3) in the solution (4.18) of the Hamilton-Jacobi equation.
As we will see in section 5, these quantities are directly related to the corresponding local
operators in the dual field theory.

The first order equations (4.23) can be solved either recursively (see [47] for a step by
step example), or by making an ansatz for the asymptotic form of the fields. The resulting
asymptotic solutions for d = 4 and d = 3 are as follows.

Fefferman-Graham expansions for d = 4. The asymptotic solutions take the form

et = et )(x) + ¢ el ) (@) + 7" (log e/ T oy () + ey () + -+
Ai = Ai(x) + e/t (IOg e 2/ A gyi(z) + A(4)i(33)> +-
V= e W 4(x) + 67%‘1’(2)%@) +eee,

U =e 2wy (z)+ e % (log e /M 4y () + ‘I’(4)—z‘($)> +o (4.24)

where ef o) (), Aq)i(r) and ¥ (y;(7) are arbitrary, while the remaining coefficients are
given by
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2 2 2
Awyi= %7?(4)2* + ZD(o)kF(o)kﬁ ?f/gg(o)ijle(O)jkA(O)la
72 1
\I’(2)+¢=—8<RJ[9(0)]—GR[ )07 )‘I’(m
2 - 1 ~ ,
~ 51T 2g<o>1p>[2f oI Doy, D<0)k‘1’(o>+j+(qu[gmﬂ—ggf(?)R[g(oﬂ)F<o>q“1’(o>+y}

il ikl [ Tk k
“33 ( 2T (0)?* +30,'T (O)+2£/(0)(F(o)i *25i)>‘1’(0)+j7
l =~ ~jkl
\11(2)71‘:_E(F(O)ij_29(0)ij)F€o)D(O)k\Ij(0)+la
~ 1~ B1
Vi =50 ~290i1)\ 15 (D(O)kR[g(o)DF(o)‘I’(0)+z+ R[Q(o)]F(O)D(O)k‘I’(O)H

1

; 5 =i =]kl
—g(D[% Rlgo))T ((])) (O)+k+§ ((D(o)kR[Q(o)]f)F(lég‘I’(0)+p+231[p[9(0)}rﬁ)) D(O)k‘lf(o)+p)

k 2 4 i =k
(D%)Rl][ (0)])F<0)‘I’(0)+k+3(D(0)kR[ [9(0)])F(é)‘1’( )+z+§Rl“ [9(0)]F((]))D(0)k\1/(0)+z

+g(D(O)kR[Q(o)])F%)‘I’((]))++§R[9(0)]F%)D(0)k‘1’(g)+ 2(Doyi By 19(0)) o) U+

0 K PPN ~
_4R [ g )] (0 )D(o) ‘I’(O)Jr—grzo) (F(O)ls_2g(0)ls)D(O)kp(o)F?g)qD(O)p\I’(O)Jrqil
i 2T (), ! +-3014T 1) 42 k_26%)) w
43 (D0)s Foyr) T (o)( op  + (o)+ 9(0)( Op — p)) (0)+4q

fay k
+2F (o) (721“( s +3T0No+2g78 (T — 251))r )D(O)qu(o)+q”

K = ~j ¢ Takl a k1
\II(4)i:3(F(O)ij_Qg(O)ij)WfI,(4)+6{|:6ia(2)r(0)+2€j(2)( 0T ()i +25" ](0>Ff )ﬂpmm‘l’(ow

+(Toy K 46T ) [D(o)k‘l’(z)

1 a a a 2
+ ((D(O)[kep] @)eqa(0) = (Do) peq)(2))eka(0) T (Do) gy (2>>€pa<o>> F?é’)‘I’<o>+l] } (4.25)

In these expressions g(p);; = €{ (0)€ja(0) 18 the boundary metric and the notations géz)j and
g(2) stand respectively for gfk)g( 2)kj and géj 0)9(2)ij- Notice that the normalizable modes €7 (4),
Ay and W (yy_; are related respectively to the undetermined canonical momenta 7r( 4)b( x),
T(ayi(), 7?%(4) (z) obtained from the finite part Sy in (4.18). Since the latter are directly
related to the dual operators, the expressions for e 4), Ag); and W (4)_; in (4.25) provide the
explicit relation between the dual operators and the coefficients of the Fefferman-Graham
expansions. Finally, although the solution (4.18) allows one to determine the Fefferman-
Graham expansions of the bosonic fields up to quadratic order in the gravitino, we only
give explicitly these expansions to zero order in the gravitino in (4.25). These expansions
generalize earlier results for the case of flat boundary metric and vanishing gauge field [40].
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Fefferman-Graham expansions for d = 3. The asymptotic expansions for d = 3 do
not contain any logarithmic terms and therefore take simpler form

ef = e"fef oy () + e el ) (x) + e el gy () + - -
Ai = Agyi(z) + 64/414(3)1(@ +
Vi = e W (g) (@) + e 2 Uy pi) + -
V= 5y () +e Uy (@) + -, (4.26)

where ef (o) (), A(g)i(z) and ¥ (gy4;(z) are again arbitrary and the remaining coefficients are

62 k 1 k
€ (2)= *%(0) R; [g(o)}—ZR[Q(O)]@ ,

o 0 1 2j

ei(3)—_§ o (0)63(0)_6 (0)61(0) RGN
K20

A(S)iZTT"(?))iv

62 i 1 .
Vo)ri=— (Rf [90)]= 7 Bl9(0)]d} ) Y0y +j

02~ PP 1 -~

— 5 Ci=90w) [ﬂ?o)Fp’”D(o>qD<0)k‘1’<o>+j + <qu l9)]- zgfc?)R[g(oﬂ) L)’ W(om}
it . .

- gF(O)Icl (_QF(O)ijkl +29éé) (F(O)ik - 55)) Y (0) 445

L ki
Uiy _i= —5 o *g(o)ij)rfo) Doyx Y (0)+1

K2

Va)-i= 5 (C0)is =901 ) T ) (4.27)

Notice that in this case the relation between the normalizable modes ef (3), A(3); and ¥(3)_;
and the undetermined momenta ﬁgg)b(x), T(3)i(x), %\]@(3) (x) obtained from the finite part
S(3) is very simple. These asymptotic expansions are in agreement with those obtained

in [49] in a similar setup.

5 Local operators, Ward identities and superconformal anomalies

In this section we use the boundary counterterms (4.21) in order to construct the holo-
graphic dictionary for the theory (2.1). In particular, we define the local operators dual to
the bulk fields and derive the Ward identities these operators satisfy, including all bosonic
and fermionic anomalies. These anomalies play a central role in our analysis of supersym-
metric backgrounds in section 6.

The operators dual to the bulk fields correspond to the renormalized canonical mo-
menta, namely

) (d+1)ro/t , , odro/t
To ==l (ﬁ (s iss)) = < —(~ 5S‘*)> SNCAY

. ([d+1/2)r0/C 7 59 . (d+1/2)r0/t [ 5
1 3 € 7 ct 1 .
S n}i&(\m (%+ 5@)) N —Tjgfgo< ez (WJFS“M -
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These relations are the holographic version of the local renormalization group definition
of local operators [50], which is why we omit the bracket notation (-). Each of these
operators is a function of arbitrary sources and so correlation functions can be computed
by further differentiating these operators with respect to the sources. Notice that for
d = 4, these operators depend on the value of the parameters s; and so that parameterize
the supersymmetric renormalization schemes. Specifically, the definition (5.1) of the local
operators implies that they are identified respectively with the quantities %g?))b, %(3)i and

A%@) appearing in the Fefferman-Graham expansions for d = 3, while for d = 4 they
correspond to 7r( e T(4); and 7?%( 4 WP to terms proportional to the parameters s; and so

coming from the finite local counterterms parameterizing the renormalization scheme.

The Ward identities that the local operators (5.1) satisfy can be derived by inserting
the covariant expansion (4.2) in the constraints (3.12) and (3.7) and isolating the terms of
dilatation weight zero. This leads to the identities

Dj(—€fmha) =T (a) = Vi) + 7 (o) Di Wt +§+j5ﬂ%(d) +Fymly =v—=7 Ami,  (5.2a)
D'Wi( i (Wg(d)‘l’ﬂ—aﬂﬂif d )Z\/TWAR, (5.2b)

Dimg(a) - ; 5@ " Vai— (dzz)”(d)( —(d=2)7i)) TP DUy ==y As,  (5.2¢)
%Wfp(d)‘lfﬂ =—(Rg=v—Aw, (5.2d)
w @y Vii=v—yAw, (5.2e)

b 1, . _ .
](d)—i(ﬂip(d)l—‘ab‘l’ﬂ—‘I’Hrabﬂ%(d))=0, (5.2f)

e,

1_
—€i o)~ 5 Y+ ()~

F F—(d)

where the expressions on the r.h.s. vanish identically for d = 3, while for d = 4 are local in
terms of the induced fields and take the form!®

2
AR:_;; EME, (5.3b)
L 1 i 2%(d—1)crca
ASWZW[(CZ—W (Rij‘g(d_l)R%j)F’F””Dk\Im— W= Dercz g gy g,
deg Fy ((d—2) 4T (dl)fj’”)ﬁ%pw] (5.3¢)
1 icie .
Ag=— g (dl 22) ciskl kAl< —(d—2)7;))T/PID, 0, (5.3d)
e d 2 (d—2)2
- . . RY g
AW 2/{2(d72)2 {4(d1)R szR + €2 FZjF
! 7 Tij T Tij d P
*MR(‘I’H%JT =TT D W)+ T RDE@ T )
_(2d-3)

d = Rf (@H%ﬁiﬂmk—Ekflﬁpj\yﬂ-) 2RIk D (T, T ) +2RE DT, TF D, )

i o TR oY 2 T AT T o j
- = 1R (T DW= T (DD, ) = R (T Dy D0~ T DDy w)

10 Although these anomalies apply specifically to the case d = 4, for technical reasons we keep d generic.

— 23 —



+2R] (@Hi%ﬂrk‘l’i *@Hirkl’ﬂ‘l’i)

1 — = =~/ o~ ~
+-— W, DT ((Fij—(d—z)%‘j)w—@(Fij—(d—Q)%jD 7P, ,

% U Trgi (o jkl o\ sUTR ([ ,
+2,§2(d_2)sz {\Pﬂqu ( oT' 7% +3(d—3)5 T + 2% (T;* —2(d - 2)s! ))qfﬂ

—@l( 20 4 3(d—3)T1* 5] 4297 (T — (d - 2)51))fm7>p\1/+q]. (5.3¢)

Combining the definitions (5.1) of the dual operators with the identities (5.2) (taking
into account the fact that the finite local counterterms in (4.21) parameterizing the super-
symmetric renormalization scheme by construction obey the identities (5.2) without the
anomaly terms) and removing the radial cutoff results in the Ward identities

D03 (€{oyi Td =S ¥ (0)4i =V (0)+i8))+8 D(0)i ¥ (0)+ +$(0)+j%(0)i5j+F(0)ij~7j =Anoyi, (5.4a)

Dyo)iT " +i0(S W (0) 1=V (0)4:S") = Ar(),  (5.4b)
ic .
5T Ty~ ([@=2)g00)i) )T Doy Y0y +a= A0y, (5.4c)

Di0yiS'+ =TT g s — — 2
@i+ 5TV o0)i = 507755

6(0)2T \II(O)HS _58 Y oy+i =Aw0), (5.4d)

. d c .
L(0)iS' - %T‘I’(O)H =Asw (), (5.4e)

ila 1 —i a — ab oi
ey T+ + (ST ()4 =¥ (0) 1l S") =0, (5.4f)

where the local terms on the r.h.s. of these identities are identical to the expressions on
the radial cutoff in (5.3), except that the induced fields are appropriately replaced with
the corresponding sources on the boundary of AdS. Analogous Ward identities, but with
flat metric g(g);;, were obtained for the N = 1 theory dual to the Klebanov-Strassler
background in [51]. It cannot be overemphasized that the Ward identities (5.4) and the
related anomalies (5.3) apply to generic N/ = 2 superconformal quantum field theories in
three and generic N/ = 1 superconformal quantum field theories four dimensions, except
that the form of the anomalies (5.3) in the four dimensional case holds for theories with
a = c only, and the value of these anomaly coefficients may be different in a generic theory.
Crucially, the form of the Ward identities (5.4) applies to any such theory, irrespectively of
whether it admits a holographic dual. In particular, the alternative derivation of the Ward
identities discussed in the following subsection is entirely field theoretic and allows one to
extrapolate the results of section 6 beyond holographic theories.

5.1 Boundary supersymmetry and current anomalies

The Ward identities (5.4) reflect the local bulk symmetries surviving on the conformal
boundary, including those broken by anomalies arising from the regularization and renor-
malization procedure. An alternative derivation of these identities, therefore, may be
achieved by identifying the bulk symmetries acting on the boundary sources and consider-
ing how the renormalized generating functional transforms. From a bulk perspective, such
symmetries correspond to all local bulk transformations preserving the Fefferman-Graham
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gauge (A.8). In the case of bulk diffeomorphisms these are known as Penrose-Brown-
Henneaux (PBH) transformations [52-54]. In appendix B we derive the most general
bulk symmetry transformations of the supergravity action (2.1) preserving the Fefferman-
Graham gauge. We will refer to these as generalized Penrose-Brown-Henneaux transfor-
mations.

One of the main results of the analysis in appendix B is the identification of the
local symmetries on the conformal boundary and their action on the field theory sources.
Specifically, we find that the local symmetry transformations on the boundary are generated
by the arbitrary bosonic parameters o (z), £ (z), A% (z), as well as the fermionic variables
€o+(7) and €,—(x), all of which are functions of the boundary coordinates only. Removing
the radial cutoff in the asymptotic relations (B.16) we determine that these transformations
act on the field theory sources as

00,0 Xofor0 60— €5 (0) = g ef (0)+£505¢4 (0)+ (0:€)) €5 (0) — Mevel (o)

1 — a N1 a
+§(60+F ¥ (0)+i— Y (0)+i[“€ot), (5.5a)

O oMo lorcos o A(0)i = €205 A(0)i +(Di€0) A (0);+0i0o
+ics (‘I’(o)+z‘€o— +‘I’(2)—i€o+ —eor Y 2)—i—€-Y(0)1i), (5.5b)

o ; ; 1., ,
00,60 0060t 60 Y (0)4i = ﬁ‘l’(owﬁﬁiaj‘l’(owﬁ (082) ¥ (04— Z/\obfab‘l’(ow —i90oV ()44

1~
+'D(0)i60+—zr(0)i60_, (55C)
where from (3.16) and (4.10)

4 = =kl
Vig)_i = —m(r(om —(d— 2)9(0)@']’)F%O)D(O)kz‘ll(o)-&-b (5.6)

Notice that, although these transformations are derived holographically here, they should
apply to any A/ = 2 superconformal theory in d = 3 and any A = 1 superconformal theory
d = 4.

Given the general variation of the renormalized on-shell action

0Sren = diz Ty/— ( 7-156 )+ J* (5A(0)l + S 5\11(0)+1 + (5\11( )+zS ) , (5.7)

the Noether procedure for the transformations (5.5) leads to an alternative derivation of
the Ward identities (5.4). In particular, inserting the transformations (5.5) for the sources
in (5.7) and parameterizing the anomalies such that

50’7507)\0,90760-&-750— ren — dd vV < - 7AW 00AR(0) (58)
_ — 1_ 1—
- €o+-/45(0) - As(o)€o+ + ZEO—ASW(O) + Z'ASW(O)GO— )

reproduces the Ward identities (5.4). However, the anomalies must be computed indepen-
dently in this case, either holographically as above, or through field theory arguments. Note
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that the term Aj;(g); in (5.4a) cancels out in the variation of the generating function (5.8),
implying that the theory is invariant under local diffeomorphisms.

Even though the field theory sources transform as tensors under the local symmetries,
the corresponding operators do not, due to the anomalies. The simplest way to obtain
the transformation of the currents under the local symmetries is by introducing a suit-
able Poisson bracket on the symplectic space of sources and local operators as discussed
in appendix B. In particular, the general transformation of the current densities is given
in (B.26), with the anomalous part of the transformation shown in terms of the anomaly
densities in (B.27). For our purpose of studying supersymmetric backgrounds in section 6
it suffices to determine explicitly the transformations of the supercurrent under bound-
ary supersymmetry and superWeyl transformations, generated respectively by €, (z) and
€o—(x). The general transformation identities (B.26) for the currents and the explicit form
of the anomalies in (5.3) determine

, 1 .
0c 8" = =5 Tal €0y (5.9a)
ie2 ik (p I 2C1gpgs
* mr(%) (F(O)kl o (d - Q)Q(O)kl) D(O)j |:<u7 — ﬁe Pq F(O)qu(O)s> 60-‘1-:| >
; i(d—1)c . 2c1
b8 = _(25)2 (j - ?;?pqu <0>qu<0>5>60— (5.9b)
2 gk 1
- WF(O)F(O)D(O)J‘ [(Rkl [9(0)] — 2(d_1)R[g(0)]g(O)kl)€o:|

1Co

I Tk T Tk
- mré)k ((d — 2)P(0)F1(7g) - (d — 1)P(OPSQ> D(O)j(F(O)pqeo—)‘

Notice that, besides the tensorial part involving the currents, these transformations contain
additional local terms due to the anomalies. This result will be central to our analysis of
supersymmetric backgrounds in the next section. Another observation that will play an
important role in the subsequent analysis is that the anomalous supersymmetry transfor-
mations (5.9) of the supercurrent can be obtained in a third way, namely from the bulk
supersymmetry transformation of the gravitino. Finally, it should be stressed that the
anomalous transformations (5.9) of the supercurrent are independent of the choice of super-
symmetric renormalization scheme, i.e. of the choice of the parameters s; and sy in (4.21).

6 Fermionic anomalies and supersymmetry breaking

The anomalous transformation (5.9) of the supercurrent under local supersymmetry and
superWeyl transformations is our main result. In this section we explore some of the
consequences of this result for N' = 1 superconformal theories in four dimensions. In
particular, we show that even if a field theory background admits a Killing spinor and all
anomalies are numerically vanishing, supersymmetry can still be broken by the anomalous
transformation of the supercurrent.
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6.1 Field theory backgrounds admitting conformal Killing spinors

In order to explore the consequences of the anomalous supercurrent transformation we
consider a simple class of field theory backgrounds admitting Killing spinors that were
originally obtained in [4, 5] and were the subject of the recent analysis of [29].

Setting the AdSs radius to ¢ = 1, this class of rigid four-dimensional supersymmetric
field theory backgrounds takes the form!!

ds(yy = —dt? + (dy + a)® + 4" dzdz,

1 1 i
Ay = — < - gudt + Zu(de +a)+ i(@;wdi — d;wdz) ++/dt + ydy + d)\> , (6.1)
where w(z, Z) is a local function on the compact Riemann surface ¥y parameterized by the
complex coordinates (z, z), a = a,(z,z)dz + az(z,z)dz is a local one-form on 3 satisfying
the condition
da = iue“dz A dz, (6.2)

for a globally defined function u(z, Z) on X, and dy is a nowhere vanishing Killing vector.
The real constants v and ', as well as the function A = A(z,Z) on X9 are locally pure
gauge, but their values are determined by the requirement that A be a globally defined
one-form. In particular, global considerations require that v/ = 0 and ~ be proportional
to the first Chern class of 5. For an extensive discussion of the global properties the
backgrounds (6.1) and explicit expressions for these parameters in terms of topological
invariants we refer the reader to [29].

In the following it will be convenient to slightly reparameterize the background (6.1)
in order to solve explicitly the constraint (6.2). In particular, writing the components of
the one-form a in terms of a local function u(z, z) as

i i

a, = —3 1L az = 585;;, (6.3)

the condition (6.2) is automatically satisfied provided u(z, Z) is expressed in terms of w(z, 2)
and p(z, z) through the relation
u=-¢e¢ “9,0z. (6.4)

This allows us to parameterize the supersymmetric backgrounds (6.1) in terms of the two
unconstrained functions w(z, z) and u(z, z) as

. . 2
ds%o) = —dt* + <d¢ + %agudé - ;azudz) + 4e*dzdz,

1 1 _, I oo LS
Ay = 75 { —5° 0,0z pdt + 1€ 0,0z <dw + 28zudz 5 Zudz)
+ i(@gwdz — d,wdz) ++/dt + vdy + d)\] : (6.5)

HNotice that the gauge field in (6.1) is the one obtained from background conformal supergravity [23, 24]
and not that of new minimal supergravity [22] used in [5]. It is the former that is induced on the conformal
boundary by the bulk graviphoton in holography [4, 11].
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Conformal Killing spinors and vectors. A Killing vector K of a generic bosonic
background specified by the sources e?o)l. and A g); corresponds to a diffeomorphism that
leaves the sources invariant, up to local frame rotations and U(1) gauge transformations.
The general local transformations of the sources (5.5) imply that in terms of the metric
and the gauge invariant fieldstrength the conditions for K’ to be a Killing vector are

Lkgoy; =0,  LxFoy; =0, (6.6)

where Lg denotes the Lie derivative with respect to K!. Similarly, a conformal Killing
vector corresponds to a combined diffeomorphism and Weyl transformation that leaves the
sources invariant up to the same transformations. In this case (5.5) give

o
Ligoyij + 27169(0)753' =0, LicFoyi; =0, (6.7)

and so the Weyl factor ¢ is determined in terms of the vector X' as

/ .

oK = —gD(O)ZKl (68)

Killing spinors and conformal Killing spinors on a bosonic background are defined
analogously. Namely, from the transformations (5.5) follows that a conformal Killing spinor

(. satisfies!'?

Dy)iCt+ = %f(o)iﬁ—, Z+%(o)z = —%Z_f(o)zy (6.9)
where

= 2%@(0»% (= _SZ-&-%(O)Jf{O)' (6.10)
Killing spinors are the subclass of such spinors having in addition (_ = 0. It is a straight-

forward exercise to show that for any conformal Killing spinor (,, the spinor bilinear
K¢ = —i¢, TigyCss (6.11)
is a conformal Killing vector with Weyl factor

ok = 1(C¢- —CCy)- (6.12)

In particular, if (; is a Killing spinor, then ICé is a Killing vector.

In order to determine the Killing spinors that the backgrounds (6.5) admit, it is nec-
essary to first make a choice of vielbein for the background metric, and to specify a basis
for the gamma matrices. In the following we will choose the vielbein components as
i

262,u,dz, e%o) — e (dz +dz), 6?0) = —ie2 (dz — dz),

(6.13)

i _
e?o) = dt, 6%0) =dy + iag,udz —

12Killing spinors correspond to special supersymmetry transformations and so the radiality of such spinors
is unambiguously determined by the generalized PBH transformations (5.5). Our spinor conventions
therefore differ from other common choices in the literature, and in particular from those in [29)].
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and the gamma matrix basis

Fiz 0 ao , Fd}: 00‘1 , Fz-: 002 : 1_‘2%: 00'3 : (6.14)
—00 0 01 0 g9 0 g3 0

where o, are the Pauli matrices. To avoid potential confusion with the complex conjugate
coordinate z, in this section we denote frame indices with a dot rather than an overbar, as
in the rest of the paper. With the above choice of vielbein and gamma matrices, one finds
that the spinor (_ of any conformal Killing spinor of the background (6.5) is given by

= éurfg. (6.15)

Solving the conformal Killing spinor condition on a generic background of the form (6.5)
with u # 0 we find that there is a unique solution given by

0 1
_ ety : _ =yt : 6.16
-1 0

Note that these spinors are globally well defined provided 4/ = 0 [29]. With this normal-
ization the corresponding conformal Killing vector (6.11) takes the form

KC = -0+ 0¢. (617)

In the special case u = 0, however, there are two independent solutions to the conformal
Killing spinor conditions, namely

0 1
M _ L iytpiqprin [ O @ _ L iypigprin | 1 M _ g (618
C+ \/Ee 1 ) <+ \/ﬁe O ) Cf ’ ( : )
-1 0
both of which are in fact Killing spinors since (_ = 0. The corresponding Killing vectors are
KV = -0+ 0y,  KP =-8-0, (6.19)

In the following we will focus on the generic case admitting only the conformal Killing
spinor (6.16).

6.2 Supercurrent anomalies and supersymmetric vacua

Restricting the local supersymmetry and superWeyl transformations of the supercurrent
in (5.9) to the conformal Killing spinor (6.16) results in the transformation of the super-
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current under 7igid supersymmetry, namely

. ~ 2¢
. 126y
5:8'= —77’Z F(O)]CH— (d 2) ( ) (F(O)kl_(d_2)9(0)kl> C+D0); («7 T2 pqu(O)qu(O)s>

1Co 2cq o
+7 ( ( ) (d 1)(5[) C_ (jl_ ﬁ%\lpq F(O)qu(O)s>
62 ~ijkRl 1
- mr(o) Li0yDoys | | Brilgoy]— MR[Q(O)]Q(O)M -
iCQ /\ k

where we have used the fact that on a bosonic background the Ward identity (5.4f) implies
that the stress tensor 7% is symmetric, as well as the gamma matrix identity

fl(f)li (f(o)kz —(d— 2)9(0)kl> 1Aﬂ(o)j =2(d - 2)1%@1 —(d—1)(d—2)d}, (6.21)

and the conformal Killing spinor relation (6.9). Although all anomalies in the super-
conformal Ward identities (5.4) numerically vanish on the class of supersymmetric back-
grounds (6.5), the anomalous term in the supercurrent transformation (6.20) under rigid
supersymmetry is not vanishing for a generic background of the form (6.5).

The fact that the supercurrent transforms anomalously under rigid supersymmetry on
the backgrounds (6.5) has important implications for the supersymmetric vacua of theo-
ries defined on such backgrounds. As we remarked earlier, the transformations (5.9) of
the supercurrent under local supersymmetry and superWeyl transformations can alterna-
tively be derived from the bulk supersymmetry transformation of the gravitino. It follows
that for supersymmetric vacua, corresponding to supergravity solutions satisfying the bulk
BPS equations, the expectation value of the supersymmetry variation of the supercurrent
vanishes, namely

(6,8 )susy = 0. (6.22)

This is commonly used to argue that the linear combination of the stress tensor and the
supercurrent

—%7-” it 5oy (d 2) (f)]; (F(O)kl_(d_2)g(0)kl) (+D); T+ e ( (on—(d— 1)51>C J,
(6.23)
is Q-exact. However, the anomaly in the supercurrent transformation under rigid super-
symmetry invalidates this argument and hence, the operator (6.23) is Q-exact only on the
subclass of backgrounds of the form (6.5) where the supercurrent anomaly is numerically
zero. A sufficient but not strictly necessary condition for the supercurrent anomaly to

vanish is

Rijl9(0)] = 0, Floyi; =0, (6.24)

but clearly this is a too restrictive condition. By a careful analysis of the supercurrent
anomaly in (6.20) one can determine the most general subclass of backgrounds of the
form (6.5) for which the supercurrent anomaly vanishes, but we will not address this
question here.
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6.3 The w and pu deformations

The fact that the operator (6.23) is not in general Q-exact due to the supercurrent anomaly
under rigid supersymmetry implies that the argument first presented in [30-32], showing
that the supersymmetric partition function on backgrounds of the form (6.5) is independent
of the functions w and p, needs revisiting. In this subsection we reexamine this argument
using the anomalous supercurrent transformation (6.20), and we provide a resolution to
an apparent paradox in the recent analysis of [29]. We would like to emphasize that the
subsequent analysis relies only on the superconformal Ward identities and the anomalous
transformation of the supercurrent and, hence, it is applicable to any N' = 1 superconformal
field theory on backgrounds of the form (6.5), irrespectively of whether they admit a
holographic dual.

The general variation (5.7) of the generating functional implies that under a bosonic

variation .
6Sren = [ d'z\/=g(0) ( — 57”’]'55;(0”.]- + Ji(SA(O)i) (6.25)

Since the supersymmetric backgrounds (6.5) are parameterized by the two unconstrained
functions w(z, z) and p(z, z), we would like to examine the dependence of the supersym-
metric partition function on these functions. As we now show, the variation of the partition
function under infinitesimal deformations of the functions w(z, z) and u(z, z) can be ex-
pressed as a linear combination of different components of the homogeneous part of the
supercurrent transformation (6.20), i.e. the part proportional to the stress tensor and the
R-symmetry current given in (6.23). This observation implies that the transformation of
the supersymmetric partition function under w and p deformations, for which the total
variation of the supercurrent vanishes due to the identity (6.22), is determined entirely by
the supercurrent anomaly!

The w deformation. An infinitesimal deformation of the function w, keeping p fixed,
corresponds to the following transformations of the bosonic sources:

1 1
5wg(0)Z2:26w6w, 6wA(0)t:—%€_w8z62/J/5w, 5wA(O)w:47\/§e_wazag,u5w, (626)
i i i i
OwA )y, =——=€ “0,0:10, ppdw+—=0,0w, dwAyz=—=€ "0,0:p0: 0w — —=050w,
©==753° PR 3 0=V HORO— L 3"

with the variation of all other components vanishing.

The p deformation. Similarly, an infinitesimal p deformation, keeping w fixed, corre-
sponds to the source variations

i i 1 1
Oug(oyy==—50:01,  Sugoyyz= 50201 0u9(0)22=—50:10:0p,  5.9(0)zz = —50z10z0m, (6.27)

4 8v/3 43

e (020010 i+ 020511 D-01), Aoz = ——m " (0.0=01 Dz pu+0. 0= 11 D=0p)

1 1 1
5#9(0)22 =7 (82M626/J/+825/J’82M)a 6[LA(0)t = 76_1”8,2826,“, 6MA(0)1[1 = _76_w8z826:u/7
6NA(0)Z:8\/§ 83

We next insert these transformations of the sources in the identity (6.25) and, by
dropping various total derivative terms in the complex coordinates z and z, we express
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these variations in terms of certain components of the homogeneous transformation of the
supercurrent under rigid supersymmetry. Specifically, for the w deformation we obtain

. 1 1
5wSren: d4$ - 5w<26w7-zzewazaz t+767wazai ¥
V90 53 wI Wi nJ

, i .

s 711)8 az zaz o 282 o w az w 7z —85 w Tz

- DT O T ) L e 0. T) -0 )
/d z /7_9(O 6w|:_1er)/2(6}10mSz’ +6hom z’ ) 4\1/§e—w<az(ewjz)+az(ewjz)>:|
/d \/—9(0) 5w1\few/2(§an°m82| +ogmom Z’ ) (6.28)

19 8
N ——D — 27)(2 20oqu—1u?) ).
263}@ /d x 6w( u?Rog > 2qu” +32u +9(7—|— ) (2uRaq+205qu—u ))

The subscript 1 or 2 in the variations of the supercurrent denotes the relevant spino-

rial component. Moreover, from the second to the third equality we have used the R-
symmetry Ward identity D q);J i = 0, since the R-symmetry anomaly vanishes on the
backgrounds (6.5), as well as the identity (6.22) for the supersymmetric partition function.
In the last step we have evaluated the indicated components of the supercurrent anomaly
in (6.20) on the backgrounds (6.5). Remarkably, the final result agrees completely with that
obtained in eq. (4.35) of [29], provided the “scheme” parameters ¢ and ¢’ there are set to
zero.!'3 Since these parameters do not multiply superconformal invariants, they contribute
trivial cocycles to the anomalies, and hence, should be set to zero. As we discussed in sec-
tion 4, the supersymmetric schemes correspond instead to the parameters s; and so in (4.21)
and neither of these affects the supercurrent anomaly, which is scheme independent.
Similarly, the p variation of the partition function can also be related to a certain
linear combination of the supercurrent variation under rigid superymmetry, namely

8 Sren= d‘*:nm{f%(ﬂw T 0.+ = T“azu 1 -wp, (T =2TY)

8v3
1 5 5 1
- v 82 N 82 ——e " 26262 +— - 63 zaz 856 h .
573° (0-:T7)0:p+ \/ge J W (J u)) P+ c}
d x\/%{ |: (6homsz 6?0m82 2)4—%67% (6?0111815 1+6210m$t 2)]855/1,4—}1.0.}

anom z anom z 1 —-w anom anom
d*z\/=g(0) { { (62 |, - d¢ ‘2)+16 2 (6gnomSt| +6¢ St’2)}855u+h.c.}
- w 5, 32
= 21032,@ /d4m\/ —9(0) [e 0- (24uR2d—19u3+§(7+27’)(3u2—4R2d)>855u+h.c.}
=729312%2 / d*z\/=g(0) (e " 0-0:61) (24uR2d—19u3+%(’y+27/)(3u2—4R2d)>. (6.29)

Once again, this result agrees with the corresponding expression in eq. (4.36) of [29], after
setting the parameters ¢ and ¢’ there to zero.

We would like to emphasize that the above argument for the dependence of the super-
symmetric partition function on w and p is fundamentally different from that in [29]. The

13The only difference is the sign of the term proportional to v + 24/, which can be traced to different
choices for the orientation of the bulk manifold. In [29] the signature of the bulk metric is (—, +, +, +, +),
while we use (+, —, +, +, +). The orientation affects the sign of the Chern-Simons term, which is the origin
of the term proportional to vy + 2v'.
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derivation in [29] relies exclusively on the bosonic operators and their sources. In particular,
the variation of the supersymmetric partition function is obtained by explicitly evaluating
the bulk on-shell action on supersymmetric supergravity solutions and it is therefore inher-
ently a holographic derivation. The argument we provide above, however, does not require
the evaluation of the partition function at any stage. Instead, by including the supercurrent
in the analysis, we express the w and p variation of the supersymmetric partition function
in terms of the supercurrent transformation under rigid supersymmetry. This relation is
a direct consequence of the superconformal Ward identities and hence, our argument is in
fact a field theory one! As we stressed a number of times, in our entire analysis we only rely
on holography in order to derive the form of the superconformal Ward identities. These
identities, however, apply more generally to SCFTs, with or without a holographic dual.

An immediate conclusion that follows from the above derivation is that, contrary to
earlier claims, the supersymmetric field theory partition function is in fact not invariant
under w and g deformations around a generic background of the form (6.5). Moreover,
holographic renormalization reproduces precisely this field theory property. In particular,
the anomalous transformation of the supersymmetric partition function under w and u de-
formations is scheme independent on both the field theory and holographic sides (provided
the scheme preserves supersymmetry), and, since it is a direct consequence of a non-trivial
supercurrent anomaly, it cannot possibly be removed by a local covariant boundary coun-
terterm. This anomalous transformation is physical and so there is no need to add non-
covariant counterterms as is done in [29], which explicitly break other symmetries of the
theory! As we now explain, these observations also imply that the BPS relation between
the conserved charges on supersymmetric vacua is also anomalous!

6.4 Conserved charges and the BPS relation

The conserved charges are a consequence of the Ward identities (5.4) [41]. The presence
of anomalies in the Ward identities renders the argument leading to the conserved charges
less trivial in general [55], but for the supersymmetric backgrounds (6.5) we are interested
in here these anomalies numerically vanish.

Electric charge. The R-symmetry Ward identity (5.4b) implies that the quantity

w 1 ) C1 ~pgs
Qe = \/g/d(fz <<j > —f—w;;e Pq F(O)qu(O)s>7 (630)

where the integral is over a constant time slice of the geometry (6.5), is conserved for
any background field A(g); if w = 1, or for any value of w if the R-symmetry anomaly is
numerically zero, as is the case for the backgrounds (6.5). Notice that we have introduced
the notation (-) here in order to emphasize that the charges are associated with a given
state of the theory and so involve the expectation value of the operators in a specific state.
Moreover, the overall factor 1/4/3 in the definition of the electric charge is included in
order to compensate the normalization of the background gauge field in (6.5) and get a
canonical BPS relation between the charges later on.

The transformations (B.26) of the currents under the local symmetries imply that the
integrand in (6.30) is gauge invariant only when w = —2. However, the electric charge is
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invariant under small gauge transformations for any value of w due to the Bianchi identity
D )i Fl0)jx) = 0. Notice that for w = —2 the charge (6.30) is the Maxwell charge, while for
w =1 it is the Page charge [56-58]:

Qw—72 QMaxwell’ Qcé.zzl — Q(};age. (631)

Conformal Killing charges. The conserved charges associated with conformal Killing
vectors of a bosonic background follow from the diffeomorphism Ward identity (5.4a),

namely

; . Cl ~ipos w+2)c)
Do) T? + Floyis (»7 It w e F<o>qu<o>s> = O D o Foa A (6:32)

K

Contracting this identity with a conformal Killing vector K¢ and utilizing the trace (5.4d)
and R-symmetry (5.4b) Ward identities, one finds that the quantity

QVIK] = — / do; [<77’> - <<ji> —|—w;?pqu(o)qu(o)s>A(0)j] K, (6.33)

is conserved provided both the Weyl anomaly Ay o) and Ay (gy; vanish numerically, which
is the case for the supersymmetric backgrounds (6.5). Note that these charges are not
gauge invariant except when w = —2, but they can be made gauge invariant for any w by
a minor modification [55].

Supercharges. Finally, the supercharges associated with a conformal Killing spinor
are

0l¢.] = / do; To(SY),  QlC] = / do; ()¢, (6.34)

These charges are conserved provided the supersymmetry and super Weyl anomalies vanish,
and they are of course zero in a bosonic background.

BPS relation. The transformation of the supercurrent under rigid supersymmetry
n (6.20) leads to the BPS relation between the conserved charges in supersymmetric
vacua. In particular, contracting the identity (6.20) from the left with i¢ + and taking
the expectation value in a supersymmetric vacuum we obtain

_ . 1 . (d—1 . 2
OZiC+<5CSz>susy:2<77>susylcé+(%)62<<jz>susy :1/quF( >(C+C "‘C C—i—)

) 1
(d 2) 3¢ ( 9(0) (()Pl()o))C—(Rkl[g(o)]—Q(d_l)R[Q(o)]g(o)M)

d 1 .
_ )CQC TENC Floyn+ DoV, (6.35)

where

ij ¢ = pijk (1 2¢ <
V= _2(d732)<+r(%])€ <F( 0)kl (d 2) kl) C+ (jl 1/\lpq F( 0)p qA(O)s>
ir? A 1
WC—F -]k ( )C— (Rk‘l[g(())] - 2(d_1)R[g(O)]g(0)k’l>

CQ = ] ~ ~ ~k
e AL <(d — DTG — (@~ 1)F(5>q> - Floypa (6.36)
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and we have used the Killing spinor property (6.9). Moreover, from the conformal Killing
spinor solution (6.16) we determine

; 1 /3
Ak = —— | = -9 .
©0ik¢ /3 (8U +7 ’Y) ; (6.37)
and
— - 2
(46 +C-C4) = < V34K = 5(v =), (6.38)
which allow us to rewrite (6.35) in the form
; . ; Cl ipas ; 1
0= (T, )susylcg - ((J Ysusy + wﬁ—g?w F(O)qu(0)5> (A(O)iICC + %(7 — v’)) (6.39)

i i(k7RD) 1
e );@C (Floygts) — 91T o)) C—(Rkl[g(oﬂ—Q(d_l)R[g(m]g(mkl)

(w+2)¢

= Tijk
— Loy Floyin + RER

8a,4€"% Flo)pgA0)s (€= + (1) + 2D gy, VY.
Integrating this identity over a constant time slice of the geometries (6.5) we obtain the
relation

Qw [ICC] + (7 - VI)Q;) = :nomalw (640)

where,

" TS 'L(k ) 1
anomaly = / do; {—(d_Q)zC (T«ng( 0 =900 )Cf (Rkl[g(oﬂ—Q(d_l)R[g(oﬂg(O)kz)
(d—1)cs (w2l

ijk
Y] [ C—Floyjk 32

+ (0)

84,4677 F0)pq A0ys (C4C— +C—C+)] . (6.41)

Notice that, as the conformal Killing charges (6.33), the anomaly charge is in general gauge
invariant only for w = —2. However, the identity (6.40) is gauge invariant and holds for any
w. Identifying the mass and angular momentum respectively with the conserved charges

= QY[-04], JY = Q¥[0y], (6.42)
leads to the BPS condition
MY+ J% + (7 - ’7,) Q‘(: - :nomaly' (643)

In particular, the supercurrent anomaly gives rise to an anomaly in the BPS condition!
This observation provides a resolution to another apparent paradox discussed in [29], as
well as the earlier works [33-37], concerning the supersymmetric Casimir energy, which we
will discuss momentarily. Interestingly, the anomalous BPS condition (6.43) seems to be

compatible with the recent conjecture [59] for non-supersymmetric AdS vacua.'*

11 thank Gavin Hartnett for suggesting this connection.
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BPS states and Casimir charges. In order to compute the supersymmetric Casimir
charges it is necessary to determine the expectation values of the stress tensor and the R-
current in general supersymmetric vacua. These expectation values must simultaneously
satisfy the supersymmetry condition (6.22), as well as the trace, diffeomorphism and R-
symmetry Ward identities. These conditions together account for 6 + 1 +4 4+ 1 = 12
constraints, while the stress tensor and the R-current together have 1044 = 14 components.
It follows that the general form of the one-point functions for supersymmetric vacua must
be parameterized in terms of two arbitrary functions.

The supersymmetry condition (6.22) and the Ward identities can be solved systemat-
ically to obtain the following general solution for the supersymmetric one-point functions:

1 - 1 1
(T pps = ?T(zﬁ) 10, p(TV*)pps +i0z1(TYZ)pps — 1 (0.1)*(T**)Bps — 1 (0=11)*(T*%)Bps
+(4€" + 0. p0z11) (T %) BPS,

1
(T")gpg=— —5T(27)- [28u<1>(z7z) +3ut +16u” Ryg+64055u”

3x 22

267 0c( (¢ (@up)0® + 1408 ~20ues) 0.1 )

—2e7 "0, ( (67“’ (Ozp) 0. u” +14u> —24uR2d) 85#) ] ,

I N

32 x 26,2
1

32 % 20642

(T”)Bps = 6_“152<3U32d—u3+48<1>(z,z)),

<7—t2>BPS: e "o, <3UR2d—U3+48@(Z,Z)),

1 1 _
<7—ww>BPS = ET(%E) + 565;152;/1 (T**)BPSs,

i 17
3)(;9/4/2671)8}(311,3 —8UR2d+€7w(aZ,Uz)a§U2 +64(:D(Z7Z)> 5

(TV*)pps =— %3%# (T*)Bps—

Yz 71 2Z i —w H 3 —w 2 =
(T"%)Bps =5 0:1 (T )BPs + 3= o5 ¢ 3z< 3 & —8ullzate™(0z1)0:u +64‘I’(sz)),
1 —w —w
<TZZ>BPS:*WG O=(e aEUQ)v
zZZ 1 —w —w
<TZZ>BPS:_WB 0. (e70,u?),
2z 1 —w 2 2 19 4 -
(T )Bpszme aqu®+2u R2d71—6u —16ud(z,%) |, (6.44)
and o i
‘ %gpqu(O)qu(O)s + ﬁ@(z,?), 7, == t,
(J")BPs = (6.45)

M EopgA)s: it

As anticipated, these supersymmetric expectation values are parameterized by the two
arbitrary functions Y(z,%) and ®(z,2).

This solution for the supersymmetric one-point functions can be generalized further
by replacing

(T})BPs = (T;)BPS + V{T} J1oc: (T")Bps — (T")BPS + V(T Noc, (6.46)
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where v is an arbitrary constant and

7 gs 7 i 1 0 i )
(T} )1oc = Sy P <D(0)D(0)jR[g(o)] =300y Rj[9¢0)]+ 500 RI;+6R;, [90)) R} [9(0)] —2Rlg9(0)) R 19(0)]

- §Rzk [9(0)] RS [9(0)]5j+§R2 [9(0)]05 —6W kjl[g(O)]Rkl[g(o)]>

(o po 1 kil i
+/€2(F(0)kF(0)j _EF(O)MF(O)(S]Z’ ;
; l i
(J >10c:_ED(O)jF(]0)a (6.47)

where W gy is the Weyl tensor of the metric g(g),;, which for backgrounds of the form (6.5)
satisfies the identity
2

Wfé“)lmW(o)ijm - FQF (%I)F (O)kl‘;;' =0 (6.48)

The expressions (6.47) correspond respectively to the derivative of

d4$w / —9(0) W(QO), (6.49)

where W(20) is the supersymmetric Weyl squared density defined in eq. (4.19), with respect
to the metric g(p);; and the gauge field A(g);. Notice that although W(QO) vanishes on the
backgrounds (6.5), its derivatives (7} )1oc and (J*)1oc are not generically zero. However, it
can be shown that they only contribute total derivative terms to the one-point functions of
the currents, and so do not affect the value of the conserved charges. This fact also implies
that the conserved charges are independent of the choice of supersymmetric renormalization
scheme, parameterized by the two parameters s; and sy in (4.21).

The general solution (6.44) and (6.45) for the supersymmetric one-point functions

allows us to compute explicitly the conserved charges in terms of the functions Y(z,z) and
®(z,%z). We find

w 1 9 | 06 11,
L /ol 30— (w+2) [ 1y Roy— - (u — 4uRay)
32,2 vol3 3’7 2475y 2d
(w+2) / 1 L3 1 3,2
— 1 - ——(u>—4 ——(2
taags,e | vols | ul gvRea— 5 (v —duRaq) | = o (2yu”+u"Raa) ),

2
K 24

Y 1 1 g
~ 33 /volg (3@—(w+2)(3'yR2d—24(u —4uR2d))>
(w+2) 1 1, 1
t32, 92,2 volg [ u 3vR2d—24(u —4uRsq) —24(2'yu +u”Raq) |,

1 1 1
Q;’zw/volg (3@—(W+2) <3VR2d—24(u3_4UR2d)>>v
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1 2 o 4
Lz:nomaly = W/VOI?) <4u R2d_ Zu )

(w+2) 1 1 g 1 5
3505, | vols | ul 37 Rea— 5 (v —dulsq) | = 57 (270" +u”Raa) | (6.50)

As expected, these charges satisfy the BPS relation (6.43) for any value of the parameter
w and for arbitrary functions Y(z,%z) and ®(z,%). Moreover, they apply to any BPS state,
including states corresponding to supersymmetric black holes in the bulk.

We would now like to evaluate the conserved charges (6.50) explicitly in the global
supersymmetric vacuum of the theory. This vacuum corresponds to a smooth horizonless
geometry in the bulk, which allows one to determine the functions Yyac(z,%z) and Pyac(z, 2)
explicitly. As was pointed out in [29], for smooth horizonless bulk solutions the Page
R-charge vanishes identically, i.e. Q¥=! = 0, which implies that the time component of

i C1 ~ipgs
<~7 >vac + ?5 P F(O)PQA(O)sv (6'51)

is a total derivative. This condition, together with the general supersymmetric solu-
tion (6.45), determines the function ®(z,%) to be

1
(I)vac(zvz) = 77R2d -

1
3 — (u® — 4uRyy). (6.52)

24

In order to determine the function Y(z,%Z) in the global supersymmetric vacuum we
need an additional condition. In [29] this additional condition was that the Ricci potential
be a globally defined one-form in the bulk. However, physically this condition is equivalent
to requiring that the entropy vanishes, which is not a priori obvious how to express as a
condition on the one-point functions of the stress tensor and the R-current. To circumvent
this, below we determine the function Yy,c(2,Z) by requiring the value of the free energy
to agree with that computed in [29] (without the “new counterterms”) through the global
Ricci potential condition. We then manage to express the value of Ty,.(z,%) as a condition
on the one-point functions of the stress tensor and the R-current. The resulting condition
provides an expression for the supersymmetric entropy in terms of the local one-point
functions. For the sake of presentation, however, we find it convenient to start with the
zero entropy condition in terms of the one-point functions, and justify it a posteriori by
the fact that it leads to the correct value of Yyac(2,Z%).

In order to write down an expression for the entropy, or to be able to relate the free
energy to the conserved charges, we need to identify the timelike Killing vector that would
become null on the Killing horizon. The form of the graviphoton in (6.5) implies that for
generic u(z,z) the null generator of the horizon is uniquely determined to be

1
X =0+ 50y, (6.53)

so that

Apux" = —27\/3(7 +27), (6.54)
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is constant. Given this timelike Killing vector, we conjecture that the entropy of any
supersymmetric state can be expressed in terms of the expectation values of the stress
tensor and the R-current as

2 12
. g i €1 ~ipgs I M i
SBps X /CXCfUz K(ﬁ) + <<j ) + 3¢ F(O)qu(O)s> A(o);)X V32 Roax] |,
(6.55)
where 1
X' = —%(1,2), xLixt =1,  xux' =0, (6.56)

is the unit vector orthogonal to x. Notice that the integral is done over the surface orthog-
onal to y; and the relative sign between the stress tensor and the R-current is opposite
that appearing in the conserved charges (6.33). Obtaining a first principles derivation of
this expression is highly desirable, but here we will be content with the fact that it gives
the correct expression for Yyae(z,Z).

In particular, demanding that

SBPS| vac — O, (657)

determines

1
Tyac(2,2) = ———— | 3 x 20ud o0 (2, 2) + 59 4 + 4u% Rog 4 3205qu
32 x 29 12 (6.58)

1 2
_ ﬁm +27/) (@Vac(z,z) — g(’y + 27’)R2d) — ?(72 + 29/?) Ryq.

In the next subsection we will see that this expression for Yy,c(z,Z) leads to the free energy
obtained in [29] (without the “new counterterms”).

Having determined the functions Yyac(z,%Z) and ®yac(z,Z) for the supersymmetric vac-
uum, we can evaluate explicitly the charges (6.50), which in this case are identified with
the Casimir charges:

w 1 2 7 4 1 ]_
M =g o0 / vols (4“ Rza=g5u >+W / V013(<v+2w'><1>vac+37<v—4v’>R2d>

1— / 2 1
+M/volg @Vac+3(w+ ) /V013 <u<I>vaC24(2’yu3+u2R2d)>a

32K 2% 232

y 1 , 1\ 1 1
J :m/volg (u Rgd—gu )—W/volg ((’}/+2’Y/)(I>vac+3’7(’)/—4’}/)R2d)

1— 2 1
_—why /v013 <I>vac+3(w;)/v013 (u<1>vac—(27u3+u2R2d)),

32K2 2x22k2 24
w (1 _w)
Qe = W vols (bvaca
y 1 5 w2 1
anomaly = 59 3 /V013 <4u2R2d - 4u4> + 3(>< 23/32 /VOls (u‘I’vac - Q(Q’YUS +u2R2d)) . (6.59)

6.5 Supersymmetric partition function

We conclude with some remarks regarding the value of the supersymmetric partition func-
tion. On general grounds, the Euclidean partition function I is proportional to the Gibbs
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free energy, namely

I= ﬁ(M - ﬁ_ls —QJ - <I>eQe)? (660)

where (3 is the perimeter of the Euclidean time circle, €2 is the angular velocity, and ®, is the
electric potential. This relation applies to both supersymmetric and non-supersymmetric
vacua and is renormalization scheme independent. In particular, the scheme dependence
of the partition function compensates that of the mass M, while the remaining charges are
scheme independent. This relation applies to any field theory, independently of whether
it admits a holographic dual, but a general holographic proof was provided in [41] by
combining the Noether current approach to entropy [60] and the holographic definition of
the conserved charges.

In order to evaluate the supersymmetric partition function we use the Casimir
charges (6.59) and set S = 0. Moreover, from the Killing vector (6.53) follows that the
angular momentum and electric potential are given respectively by

g
Q=2 ®e=—V3Agx' =51 +27). (6.61)

Using these expressions we obtain

1 1
Imc5<Mw2Jw2(w+2v’)Q;’) (6.62)
B 4 2 128 3 B('Y_'Y/)’Y
:73%(211&2 /V013 19u~ —48u RQd—?(’Y‘FZ/-}//)(U —4uRsq) +W/v01332d,

This result is independent of the value of w and of the choice of supersymmetric renor-
malization scheme. Moreover, it agrees with the free energy obtained in [29] (without the
“new counterterms” and with opposite sign for the term proportional to (y + 2v'), due to
our different orientation conventions, as discussed in footnote 13).
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A Conventions and radial ADM decomposition

In this appendix we define our conventions and collect several identities that are extensively
used in this paper.

A.1 Indices and orientation

The following table summarizes the different sets of indices we use to denote bulk and
boundary coordinates, as well as the corresponding frame bundle indices.
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wvsp,... | 1,....d+1 | bulk coordinate idices

a,B,7v,... | 1,...,d+ 1 | bulk frame indices
5.k, ... | 1,....d boundary coordinate indices
a,byc,... | 1,....d boundary frame indices

An overline, as in 7 or ¢, will be used to denote the frame indices associated with the
corresponding coordinates, respectively r and ¢ in this example. We take the Minkowski
metric 7,3 on the frame bundle to be n = diag(1,—1,1,...,1), where nz = —1. Accord-
ingly, we choose the orientation of the bulk manifold such that the Levi-Civita symbol
Euvp... = £1 satisfies €4 . = 1. The corresponding Levi-Civita tensor is defined as usual

by Cuvp... = \/jg Euvp...-

A.2 Gamma matrix conventions and identities

The Gamma matrices I'* with flat frame bundle indices satisfy the Clifford algebra
{re, 18} = 298, (A1)
The Gamma matrices with coordinate indices are defined using the inverse vielbein EY as
' = EAT, (A.2)

and satisfy

(DM, T} = 291 (A.3)

We do not need the explicit matrix representation of the Clifford algebra here, except
for the calculation in section 6, where we specify the gamma matrix representation used
in (6.14). As in [46], we will assume that the representation is Hermitian so that

ret =rirert, = rirert, (A.4)

We also adopt the standard notation for totally antisymmetric products of Gamma
matrices

prikzepn = Tloapee . il (A.5)

where the indices are antisymmetrized with weight one. Several identities these products
satisfy in D-dimensions can be found e.g. in section 3 of [46]. Some of the identities that
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we utilize here are

e — %{F“,FW}, (A.6a)

1
1 (A.6b
DWWy = T o + 400 571 ) + 260,671 ), (A.6c
I\HI‘\VL..VP _ Fuzq...z/p +p5LV1FV2...VP]7 (A6d

I\Vl...VpI\H _ Fulmyp“ _I_pF[Vl...l/p_lep}, (
TP g = THP o 4 6T 67 ) 4 611167 67, (A.6f

DHPTD = Diee Ty 5ol g 120 v 6e 67 (A.6g
DHPT oy = THYP oy + 9T 67) ) + 18T 167671 ) + 6614587 167, (A.6h
[HLprVie Vs D e D(lz ;i)!s)!rﬂl---ﬂr, (A.6i
T#T,, = (D — 2)T*", + (D — 1), (A.6))
DHPT = (D — 3)TH, +2(D — 2)THeY | (A.6k)
[HAT o = (D — Ty + 4(D — 3)T1 6 ) +2(D — 2)50 .61, (A.61)

Lypl? Ty = (D = 4)*T,%, + (D — 4)(D = 3) (T,0] —T7g,u)
+(D = 3)(D —2)65T, — (D — 3)TT (A.6m)
[, THik2 o]0 — (—1)P(D — 2p)THik2 ke, (A.6n)

A.3 Radial ADM decomposition

The radial ADM decomposition of the dynamical variables consists in choosing a suitable
radial coordinate r emanating from the conformal boundary and describing the bulk space
as a foliation by constant r-slices, which we denote by >,.. Accordingly, all fields with
tensor indices are decomposed along the radial and transverse directions as

ds* = gdatde” = (N? + N'N;)dr® + 2N;drdz’ + y;;dz'da?,
A = adr + A;dz’, U = U, dr + U;da’, (A7)

where 7;;, A; and ¥; are dynamical induced fields on the slices 3., while N, N;, a and ¥,
are non-dynamical Lagrange multipliers conjugate to first class constraints.

Fefferman-Graham gauge. Since N, N;, a and W, are non-dynamical Lagrange mul-
tipliers, once the corresponding first class constraints have been derived, we can set them
to any fixed value that is convenient. A choice that is particularly useful for reading off
the holographic dictionary is the Fefferman-Graham (FG) gauge

N =1, Ni=0, a=0, U, =0. (A.8)

Whenever we gauge-fix the Lagrange multipliers in this paper we adopt this choice of gauge.
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Vielbein and gamma matrices. The vielbeins compatible with the ADM metric (A.7)

can be expressed in terms of a (d + 1)-vector n® and a (d + 1) x d matrix e} as

E* = (Nn®+ N7¢f) dr + efda’, (A.9)
so that
G = EﬁEﬁna57 Yij = ef‘efna57 nqes =0, Napn®n® = 1. (A.10)
The inverse vielbeins are then given by
1 ., N
E;, = e E}, =e, — 7 e (A.11)
and satisfy the orthogonality relation
efxef + ngn? =62, (A.12)

In order to simplify the calculations we sometimes choose a convenient vielbein frame so
that
ne = (1,0), e =(0,el), e =(0,ef), (A.13)

and e becomes the vielbein on the slice X,.

Gamma matrix decomposition and radiality. The decomposition of the vielbein
allows us to decompose the gamma matrices in radial and transverse components as follows:

1 1 . . .. Nt ~. )
I"=T°E, = Nnal“a = NP, I"=T*E,'=T"- WF’ I"=T%.. (A.14)
These relations imply that

ri119.. 0 r i1, in Q1O2...0p 41
r =Bl BBl T

i i
= ina el — N N en — N nna [oraz-Antt
N 1 s N 2 Qn 41 N n+1

1 o~
= T [M2in, A.15
> (A.15)
Moreover, the Hermiticity property (A.4) translates into the identities
rt=rirrt, T =177, (A.16)
while the Clifford algebra (A.3) becomes
(T8 19} =249, {T%.T} =0. (A.17)
The fact that I' anticommutes with all gamma matrices T allows us to introduce the
radiality projectors and the corresponding radially projected spinors [42]
1

Fi = 5 (1 + F) s 1/J:t = F:I:w' (A.18)

Note that the radiality projectors are independent of the spacetime dimension, but coincide
with the usual chirality projectors for odd D = d+1. Moreover, splitting the spinors accord-
ing to their radiality is necessary not only for formulating a consistent Hamiltonian descrip-
tion of the fermion dynamics [43], but also in order to construct the asymptotic Fefferman-
Graham expansions, since fermions of different radiality have different asymptotic behavior.
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Levi-Civita tensor. The Levi-Civita tensor in the (d 4 1)-dimensional bulk is given by

M1 Hgr1 — M, M+l ooy
€ = EN - Eoyl € . (A.19)

In the coordinate system (A.7) it takes the form
o 1 ) N . Nid 1 . .
eriria — Nnao (610411 _ Nna1> .. (eloiid _ Nnad> (000 N/E“Ll---zd7 (AQO)
where €1 is the Levi-Civita tensor on ¥, and

€N = g €90, (A.21)

The Levi-Civita tensor is related with the antisymmetric products of the gamma ma-
trices through the identity
[HLH2 D M1fi2- 1D (A.22)

In particular, for D = d 4 1 with d even (see (3.31) in [46])

[itizia _ ;d/2+1giniz. ia (A.23)
It follows that
o PO N s ST A2 riin.. i
Frzle,,_zd — NFFZ1ZQ...Z(1 — T ’6‘1112---1d — T’é‘lllz...ld = 67"5112---'5d’ (A24)
and hence
[Hak2-ip — j@/241gmpaip D — d 4 1 odd. (A.25)

Radial decomposition of the Christoffel and spin connections. We further need
the ADM decomposition of the Christoffel symbol and of the spin connection. A straight-
forward calculation using the metric (A.7) determines the bulk Christoffel symbol:

I7, = N"Y(N+N'O;N-N'NK;;),
IV, = NN o;N-N’K,;),

Iy = —NT'Ky,
I, = —N"'N'N-ND'N-N"'N'NI9;N+N'+N/D;N'+2NN' K+ N"'N'N*N'K},,
I, = -N"'N'9;N+D;N'+ N 'N'NFK;;+ NK},
Ll = Tyl + NN kG, (A.26)
where .

Kij = ﬁ(%’j — D;N; — D;N;), (A.27)

is the extrinsic curvature of the radial slice ¥, and K = ~% K;;.
The torsion free spin connection is expressed in terms of the vielbein as

Wpaf = EVO&@HE% + FZV paEE- (A.28)
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Using the above decompositions of the vielbein and of the Christoffel symbol we determine
the components of the spin connection (see also (88) and (89) in [43]):

wrap = Bvals” + 0, Epa Eg”

= Era0:Eg" + Eia0rEg' + T} Ero Eg” + T, Eva B’ + Tt EiBg” + T} Eio Eg?

= npang + €infy’ + 2npeg’ (BN — NVKj;) — DiNje,'eg)’, (A.29a)
Wiag = FyabiEg” + 17 EpEg”

= Bra0iEg" + Ejo0iEg) + 15, Eyo " + U Ero Bg) + T Ejo g" + T¥ By Eg’

= nading + ejadieg’ + If;[Veraes’ + 2ngj[an5]. (A.29b)

Choosing the convenient frame (A.13), these identities allow us to write

Wigh = ejaaiebj + I‘kij [W]ekaebj = Wiab, (A.30a)
WiapT ™ = Gigp T + 2K IngT? = iy T 4 2K ;17T (A.30b)
wragT™? = €iqé TP + 2T (9;N — N7K ;) — T D;N;. (A.30c)
It follows that the components of the covariant derivative acting on the gravitino take the
form
1 = 1
Vi\Ifj:]Di\Ilj+§KliI‘lF\IJj+NKU(\IJT—Nk‘IIk), (A.31a)
1.~ ,
Vi\llr:Di\IJT,—kiniF]F\IIT—FgT\I/j—F;-"T\I/r, (A.31b)

.1 ) ~. Ny .
V, U=, + 1 (eaiééfab+2FI‘] (0;N—N'K;;) —rﬂDjN,) U~ U, T W, (A.3lc)
where
1.
DV, =0, + Zwmbr“quj — T[] Py, (A.32a)
1.

D0, = §; U, + Zwmbrab\pr, (A.32b)
are the covariant derivatives of, respectively, a vector and a scalar spinor on the radial slice
pINS
B Generalized PBH transformations

Penrose-Brown-Henneaux (PBH) transformations [52-54] are bulk diffeomorphisms that
preserve the Fefferman-Graham gauge (A.8). In addition to diffeomorphisms, the super-
gravity action (2.1) is invariant under local supersymmetry and U(1) gauge transforma-
tions. Moreover, local SO(1, d) frame rotations not only leave the action (2.1) invariant, but
also automatically preserve the FG gauge (A.8). However, as we discussed in appendix A,
it is particularly useful to make a specific choice of frame defined by the conditions (A.13).
In combination with the FG gauge (A.8), these conditions amount to requiring that

El=1 E*=0, E =0, a=0 U,=0. (B.1)
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We will refer to this gauge fixing condition as the strong Fefferman-Graham gauge. It is
equivalent to the FG gauge (A.8), but also partially gauge fixes the frame rotations. In
the remaining of this appendix we will determine the most general local bulk transforma-
tions that preserve the gauge conditions (B.1). Such transformations generalize the PBH
diffeomorphisms and have a central role in constructing the holographic dictionary, and in
particular, in determining how supersymmetry acts on the boundary.

We start by considering the transformation of all bulk fields under infinitesimal dif-
feomorphisms &, frame rotations \*? = —\5¢, U(1) gauge transformations 6, as well
as local supersymmetry transformations e. The transformation of the fields under local
supersymmetry transformations is given in (2.6). Under bulk diffeomorphisms

oy =0, B + (0,8 )Ey,  6c¢Au =870, A, + (0u8") Ay, ¢V, =870,V + (0,8") Vs,

(B.2)
while under local frame rotations
WES ==XgEl,  5A,=0, 5T, = —iAaﬁraﬂ\IJu, (B.3)
and under U(1) gauge transformations
dE; =0, dp A, = 0,0, doW, = —igfV,,. (B.4)

Requiring that the total transformation of all the fields preserves the conditions (B.1) leads
to the following set of differential equations for the local parameters:

& =0, (B.5a)

lef — X% =0, (B.5b)

(D) = N'yef + % (erw; — W,Te) =0, (B.5¢)

EA4;+6=0, (B.5d)

£ + ¢+ ie,;aébifabe +icy (Ffiﬂ'Fij —2(d — z)fiAz) e — %Fe =0. (B.5¢)

The last equation can be simplified by decomposing the gravitino and the spinor parameter
e using the radiality projectors (A.18), namely

\If:ti = Fi\Pi, €L = Fie. (B.G)
This leads to the two spinor equations

N 1 . o . 1
Wi+ é + Jeiadf T, +icy (rwﬂ-je+ —2(d — 2)F2Aie,) e, =0, (B.7a)

20
. 1 . . U 1
EW_i+ i+ qend T —icy (r@fFije_ +2(d - 2)F2Aie+> o =0 (BD)
Moreover, combining the second and third equations in (B.5) using A\ = —A%1,, gives
o1 _
;6" + ;& + 3 (eI'¥; — ¥;I'e) = 0. (B.8)
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The above equations can be solved to determine the general form of the local transfor-
mations preserving the strong FG gauge conditions (B.1). The general solution contains a
number of integration functions and takes the form (see also section C of [49])

fr:O'(.CU), (Bga‘)
) . T . 1 _ _
g:gg(g;)—/ dr'~ (r' 2 <8jo'—i—2(6_\If+i—6+\11_i—\I’_i6+—|—\11+,'6_)), (B.9b)
- 1 _ _
A= —e?fy” <ajg—|—2 (6_\IJ+Z‘—6+\I/_Z‘—\I/_Z‘6++\I/+i6_)> s (BQC)
A=A () +---, (B.9d)

r g 1 _ _
6’:90(53)—/ dr'~" (v x) (8j0+2 (e_\Il_H—e+\1!_i—\11_ie++\1’+ie_)> Ai(r',z), (B.9e)

d—2 [T .
€4 =460t () +E41 2(d1)/ dr'=71(r' x) (F”Aie_—k(’)(‘lﬂ)), (B.9f)
- Y N )
e~ =E_¢€—(x)+=_i 2d=1) dr'=2""(r',x) (F Aijes+0(U )), (B.9g)
where
2. = exp / ' [+ = Lo eiton T ! T Fyj 4+ O(9?) (B.10)
20 47 8d—2)(d—1) " ’

and o (x), £i(z), A% (2), O,(x), and €,+ () are arbitrary functions of the transverse coordi-
nates only.

Note that in determining the solution for A%z and e+ we used the leading asymptotic
form of the fields for a general asymptotically locally AdSg;;1 background, namely

ef ~ellely(x), A~ Ag(e),  Wap ~ e (). (B.11)

In particular, although the gauge fixing conditions (B.1) allow A%z(r,z) to be arbitrary,
preserving the asymptotic form of the vielbein ef requires that A%(r,x) ~ A% (z), up to
subleading terms that remain arbitrary, but do not affect any physical observable. More-
over, the expressions for e+ look formal since e+ enter on the r.h.s. of the last two equations
in (B.9) as well. However, this dependence on the r.h.s. is asymptotically subleading, and so
are the last two terms in the expression for Z1 in (B.10). The expressions for e, together
with that for Z4 in (B.10), therefore, allow one to recursively determine the asymptotic
solution of the spinors e+. To leading order asymptotically the general solution (B.9) takes
the form

gr = 0'(33), gz ~ fé(x)a )‘ab ~ )\gb(SC)7 0~ 90(33)7 €+ ~~ eir/%eoi("p)a (B12)

with

1

)\CLF ~ —efr/ee((lo)igéé) <(‘9]a(x) + 5 (Eo—l:[l(o)+i - EO_A,_\IJ(()),i — @(0),1604_ + @(0)+i60—)

(B.13)
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Notice that each local transformation is sourced by an arbitrary function of the transverse
coordinates. As is discussed in the main part of the paper, these parameters correspond to
the local symmetries of the dual field theory in a background of arbitrary sources. To deter-
mine how the local sources transform under these local symmetries we next consider how the
generalized PBH transformations act on the induced fields on X, in the limit that » — oo.

Under local bulk transformations that preserve the strong FG gauge (B.1) the induced
fields on the radial slices ¥, transform as

S et = 06! +E05ef + (0i€7)ed — N%el + %(zfa\pi —T,T%), (B.14a)
Seno,cAi = 0 A + E0;4; + (0:8) Aj + 0:0 +ics (Ve — €T;) (B.14b)
e 0.V = oW + 0,0, + (0;87)0; — ixaﬁraﬁmi + Dje + %Kﬁffre - %ﬁf
+icy ([fiﬂf —9(d — 2D 87| Fyy, — 2T — (d— 2)5g}rAj) ¢ —ighW;, (B.14c)
where
D; =D; +igA;. (B.15)
Using the leading asymptotic form of the induced fields in eq. (B.11), and of the local
symmetry parameters in eq. (B.12), we find that to leading order asymptotically
e ng.c€l~ %eg+5gaje;l+ (0i&])es — Napel + % (€, T, — W ;T %), (B.16a)
Oe 00, Ai ~ELD; A+ (0i€) Aj+ 08 +ics (Upjem +U_jep —e4 U —e_Uy), (B.16b)
Ser0,Vpin %mﬁgg@jmi +(0:E) W 4 — iAgbrab\Ifﬂ» +Diey — %ﬁ-e_ —igh, ¥ ;. (B.16¢)
Taking the limit » — oo, these expressions result in the transformations of the field theory

sources given in eq. (5.5). Finally, projecting the gravitino transformation in (B.14) with
the P_ radiality projector gives

o . . 1 -~
Oeno Vi~ —o Wi + 80V i + (€)= ATV
1 ~. ~ . .

+ Die + 5 Kyl Ver + ics(T% — 2(d — 2)TFG! ) Frey —igho¥_;, (B.17)
where

Koy = 75 (Rl = gy R ) + 008, (B.13)

From eq. (3.16) follows that this corresponds to the leading asymptotic transformation of

the canonical momentum W%.

B.1 Ward identities as generators of generalized PBH transformations

In section 5 we argued that the generalized PBH transformations are directly related with
the Ward identities (5.4), which were obtained from the first class constraints (3.13). Specif-
ically, varying the renormalized on-shell action (4.22) with respect to arbitrary PBH trans-
formations of the form (5.5) provides an alternative derivation of the Ward identities. As
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we now demonstrate, the connection between the Ward identities and generalized PBH
transformations admits an elegant formulation on the symplectic space of sources and lo-
cal operators, which can be employed in order to obtain the transformations of the local
operators under PBH transformations.

Inserting the Fefferman-Graham expansions in the symplectic form associated with the
bulk action (2.1) [61, 62], it can be shown that the field theory sources and the correspond-
ing operators defined through (5.1) parameterize a symplectic manifold equipped with the
symplectic 2-form

0= / %z (def () A SIT, + 6 Agyi A SIT' + 60 ()45 A STIL + 01T A 6T (g)4;) . (B.19)

where

—/=90) Ta I, = \/=9(0) T, I = /=90 S', v ="90S-
(B.20)
The symplectic form (B.19) allows us to introduce the Poisson bracket [63]

— —

{A,B}PB:/ddx<5A 0B 04 0B g0 A L, 0 OB AHB),

56((10)2' oI, 9A(); ol 0L 0W (0) 14 0V )+ 611,

(B.21)
for any functions A and B on the space of sources and local operators. It should be
emphasized that, although this result is obtained here holographically from the bulk theory,
it applies to any local quantum field theory where the local operators are defined as in the
local renormalization group [50]. Indeed, the subsequent analysis in this appendix applies to
any local quantum field theory [47], independently of whether it admits a holographic dual.

The Ward identities (5.4) imply that the local functions

Wi = D(0);(€{o) T+ ¥ (0) 4+ (0) 1) =TT, D 0)s ¥ (0) 1 j—@(om%m)i%—ﬂomﬂj

+\/T-AM 0)i> (B22&)
Wr=D(q);lI' +ZQ(H\1/‘I’(0)+Z v —v/=9(0) AR(0); (B.22b)

i i a iCo i
WSZD((J)iHr§HaF ‘1’<0)+i—2(d_2)ﬂ( i~ ([@=2)90)i)) L5 P ¥ 0 +4

—v/ =90 «45(0)7 (B.22¢)

1 a )
WW:Z <—6(0)2 \11(0)+Z T 2H —a/ AW > (B22d)
1/ = ; d—1)c
Wew = 7 (—Fm)iH%(Qh ©)+iT v/~ 9 Asw (o ) (B.22e)
wib— _la L pebg LTl (B.22f)
L (0) 4 (0)+1 (U)+Z v/ .

vanish identically on the symplectic space of sources and local operators. It is straightfor-
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ward to show that the Poisson bracket of the generating function
Clo,&0,00, Aoy €0t €0—] = /ddx (UWW + ﬁéWMi + 0, Wr + Ao abWZb
+ €1 Ws + € Wew + Wseo—i- + W5W60—> ) (B23)

with the field theory sources reproduces the PBH transformations (5.5). Specifically, one
finds

oC

{C[o-v 503 907 )\07 €o+, 60*]’ 6?(0)}133 = 7@ = 6&07)‘27»9{)7606?(0)’ (B24a)

oC
{C[Ua §o> 907 Ao, €o+, 60—]7 A(O)i}PB = _ﬁ = 5507)\2792760‘4(0)1" (B'24b)

oC
{C[Uv an 907 )‘07 €o+» 60—]7 \I/(O)'H}PB = 5H'L = 550’)‘:”9:”60\11(0)—"_2" <B24C)

)

where

Al =N = w00 = 00— Ak (B-25)

It follows that the Ward identities are first class constraints on the space of sources
and local operators generating the corresponding local symmetries through the Poisson
bracket (B.21).

This observation can be utilized in order to determine the transformation of the local
operators,'® which are given by the Poisson brackets

~ : oC
50750,%»9&604—,60— Hfz - {6[07 €0y 005 Aoy €0t 60—]7 HZ}PB = W: (B'26a)
(0)i

) ) oC
6‘7750»)\279£:€o+»€o— ' = {C[Jv €0y 005 Aoy €0t 60—]7 HZ}PB - (5‘47(0)1" (B'26b)

. . oC
50’,507Ai),6:7750+7607 H% — {C[O’, 503 907 )‘07 60+7 60*]’ H%}PB - = - (B26C)
O (0)4i

Since these transformations are obtained by evaluating the functional derivatives of the
generating function (B.23) with respect to the sources, they get contributions from the
anomalies! In particular, the anomalous contributions to the operator transformations are

given by
5 . -1ty ;1 scA 54 gi— ! sCA
0,60,A0,00e07a — o a0 0,£0,\,,0/, €0 o ’ 0,£0,M,0/ €0 - = )
¢ eq) 0¢fy, 7 e 6A@y’ ¢ e(0) 6901
(B.27)

5The transformation of the local operators can also be obtained by using the explicit form of the
Fefferman-Graham expansions as in [54], but the Poisson bracket derivation has the advantages that it
applies to any local field theory, since it only requires knowledge of the Ward identities, and it is practically
simpler.
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where e) = ,/—g(0) and

g
CA[O‘, go, 90, €o+ 607] = /ddm /—g(o) ( - ZAW(O) - HOAR(O) (B28)

_ 1_ — 1
— €+ As(0) + ZEO—ASW(O) — As)€ot+ + EASW(0)60—>'

These anomalous contributions to the transformation of the local operators are central to
the analysis of the symmetries preserved by the quantum field theory vacua.

Finally, the Poisson bracket of the generating functions (B.23) can be used to determine
the infinite dimensional superalgebra of generalized PBH transformations, as is done e.g. in
eq. (3.2.35) of [63] for local Weyl transformations and diffeomorphisms. However, in order
for the algebra to close in the present context, it is necessary to know the bulk supergravity
action and the corresponding supersymmetry transformations to all orders in the gravitino.

C Supersymmetry transformation of the bulk action

In this appendix we show that the supersymmetry variations (2.6) leave the action (2.1)
invariant up to boundary terms that we determine explicitly. We emphasize again that
throughout our analysis we keep terms up to quadratic order in the gravitino only. For the
purpose of this appendix it is convenient to keep the constants ci, ¢s, ¢3, ¢4 and g in the
action (2.1) and in the supersymmetry transformations (2.6) arbitrary. As we shall see,
invariance of (2.1) under the supersymmetry transformations (2.6) determines all these
parameters, up to an overall sign. It is also useful to note that, since there is no torsion,
the Christoffel symbol in the gravitino covariant derivative in (2.1) can be omitted, thus
simplifying the calculation.

Bosonic terms. The supersymmetry variation of the bosonic terms in the action (2.1) is:

§ (V=g 2A) = /=g AeT*¥, + h.c, (C.1a)
1
0 (V —gR) =—V—9(Ruw — iRgW)EF“\I/”
+0, (\ﬁ—gVV(EF(“\II”) ) — \ﬁ—gV“(EI’”\I/V)) +he,, (C.1b)
5 (V=gF?%) =+/—g <;F2g‘“’ — 2FWF”,,> e, U, — dicsy/—g F*'V,(e¥,) + h.c.,
(C.1c)
VPN (Fuy Fog Ay) = —ic3e"P (3F,, Fop€Wy + 4V, (Fpy ANeW,)) + h.c.. (C.1d)

Fermionic terms. The variation of the fermionic terms requires extensive use of the
gamma matrix identities (A.6). After some algebra these variations take the form

5 (\/—*g@rﬂw?y\l/p) = V=900, TP, T, — /=g V,, (0, TP, + h.c.
9/ G6T, DY, T, , (g o T, THP,) thc.

_ -1
=0,(2y/—gel"PV U, — /=g U, TV )+ (d 7 )

J=ger*y, v,
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1
—V—9 (R — iRg,w)EF“\If” —2igy/—g A TN, T,
+2(d—1)ica/=g FTTe(—Tro " +26, 6, )V, ¥+ h.c., (C.2a)
_ d
8(V/=g ¥, T, ) =0, (v/—gel "W, )—\/—gel"'V, U, + ﬂ\/—gEF“\IIH (C.2b)
—igy/—g A el +icy/—g FOT€((d—2)T " —2I';07) ¥, +h.c.,

_ 1
(V=g U I 4,0,) =0, (V=g el AW ,) = o V=g Fiu MWy /=g el P A,V T,

+f%élyﬁi§zF“VAumV
+i(d—1)ca/—g FTTe(—T 0" +26, 6, A, ¥, +hec., (C.2¢)
_ 1 .
S(V=g F"T,0,) = ﬁ—gF‘“’(E%H)\I/V—&-ﬂ«/—gF””E(FM—ZZEQAH)\IJV
+ics/—g F* F,ee(T7, —2(d—2)5ﬁf“) U, +h.c., (C.2d)
§ (V=g U, TH7 W, F,,) =8, (/=g el *7 W, F,, ) —/—g el "7 (V, 0, ) F,y
—%ii?«/fgaﬁmowyfkgAigMggEFWm”WVAﬂE}G (C.2¢)

—icy/—gE(dD . 7 +26"T \P7 —6(d—2)0l 65T, Fpp F** 4 h.c.

Combining these transformations we find that the total supersymmetry variation is a
pure boundary term provided the constants ci, ¢, c3, ¢4 take the values

Ci$2€5 o +4 S d—1 o +1
3t T RA-d-2) 8(d—2) ' /Bd-1)(d—2)
(C.3)
while the gauge coupling is given by
1 /(d—1)(d-2)

g==+-

; 5 . (C.4)

The signs in these expressions are correlated so that there are only two possible choices:
either the upper sign or the lower sign must be chosen for all constants. Choosing the
upper sign leads to the action (2.1) and the supersymmetry variations (2.6). Note also
that the constant ¢; is non-zero only for d =4, i.e. for D = 5.
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