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Introduction

The Ryu-Takayanagi formula [1, 2] for computing the entanglement entropy holographically

has stimulated a huge amount of interest in studying quantum entanglement and its relation

to gravity, see the review [3].

One of the main goals is to understand how quantum

entanglement captures global structure in the holographically dual spacetime and whether



the latter can be reconstructed from entanglement. Ideas about spacetime reconstruction
using entanglement can be found in [4-8].

In particular, it was proposed in [8] that the area of a non-minimal closed surface
in a holographic geometry should be related to the entanglement between the degrees of
freedom contained within this region and those of its complement. Recently a sharp relation
between the area of such a hole and the differential entropy was shown, see [9-14] and
section 6.1. The interpretation of the differential entropy in quantum information theory
was further discussed in [15, 16] and limitations on spacetime reconstruction (“shadows”)
were discussed in [17, 18], see also [19].

To develop our understanding of spacetime reconstruction, it would be desirable to
extend the holographic realisation of the Ryu-Takayanagi formula to other measures of
quantum entanglement. However, many standard measures of quantum entanglement un-
fortunately do not seem to admit a simple holographic description. For example, the log-
arithmic negativity measures the distillable entanglement contained in a quantum state.
This quantity has been explored in a number of recent papers including [20-22] but there
is as yet no proposal for the holographic computation of the negativity. The negativity
is known to be related to the Renyi entropy at index one half which would seem to sug-
gest analytic extension to a non-integral number of copies of the bulk geometry might be
necessary to realise the negativity holographically.

In this work we discuss two measures of entanglement in quantum field theory and
their holographic realisation. The first measure of entanglement corresponds to integrating
out a subset of fields in the quantum field theory; we denote this the field space entangle-
ment entropy, as it is associated with a partitioning of the field space. This quantity has
previously been discussed in [23-27]. The second measure of entanglement is applicable
only to field theories with a global symmetry. It corresponds to integrating out part of the
orbit of the global symmetry and we hence denote it as the global symmetry entanglement
entropy.

In sections 2 and 3 we discuss features of these entanglement entropies in simple field
theory models. For both quantities the leading UV divergences scale with the spatial vol-
ume, as one would expect, since entanglement with the modes which have been integrated
out occurs throughout the spatial region. Consider the symmetry preserving vacuum state
in a conformal field theory with global symmetry, such as N' =4 SYM. The global sym-
metry entanglement entropy is non-zero, and depends on how one partitions the global
symmetry. To define the field space entanglement entropy one would have to integrate out
some of the SYM fields; we can implement this perturbatively in quantum field theory but
there seems to be no natural way to realise this situation holographically.

Next consider a field theory which does not have global symmetry. The global sym-
metry entanglement entropy can therefore clearly not be defined but let us suppose we
can integrate out (massive) fields to define a field space entanglement entropy. In general
the effective description after integrating out such modes may be expressed in terms of
irrelevant operator deformations of a low energy action; this is the picture we should have
in mind when trying to realise field space entanglement entropy holographically.

Let us now turn to holographic analogues of these entropies. The global symmetry
entanglement entropy is argued in section 3 to correspond to the generalised holographic



entanglement entropy introduced in [27] and discussed further in [28]. The latter is com-
puted from the area of a codimension two minimal surface for which the boundary condition
at conformal infinity is such that it fills the spatial background for the dual field theory
and partitions the compact part of the geometry. That is, for any asymptotically AdS x S
geometry the boundary condition for the minimal surface is a partitioning of the sphere.
This partitioning is argued to be exactly the partitioning of the global symmetry orbit used
in defining the global symmetry entanglement entropy.

The field space entanglement entropy is more subtle as in general we would not expect
that this quantity can be realised holographically. The field space entanglement entropy
requires integrating out a subset of quantum fields but the holographic duals of the latter
cannot in general be viewed as localised in the dual geometry. In the example given above,
integrating out fields in the trivial vacuum of N/ = 4 SYM, we do not expect a simple
geometric realisation.

The closest holographic analogues to the setup for field space entanglement entropy
are situations in which the bulk geometry has interior throat regions, at which low energy
degrees of freedom from the field theory are localised. Whenever there is an inner throat
region, there will be a dual description of this inner throat in terms of a quantum field
theory with irrelevant deformations, which we argued above was the setup needed for field
space entanglement entropy.

In sections 4 and 5 we consider Coulomb branch supergravity solutions for separated
D3-brane, M2-brane, M5-brane and D1-D5 brane stacks. In such cases the geometries
contain inner throat regions associated with each brane stack. The dual field theory de-
scription for each inner throat is a conformal field theory whose gauge group has a rank
corresponding to the number of branes in the stack. As pointed out in [27] such geome-
tries geometrically realise an analogue to the setup of field space entanglement entropy,
as within the inner throat regions we can view the degrees of freedom associated with the
other brane stacks as having been integrated out.

We use the methods of Kaluza-Klein holography [29-31] in sections 4 and 5 to show that
there is an effective low energy description of each inner throat region in terms of Einstein
gravity coupled to massive scalar fields (dual to irrelevant operators in the conformal field
theory associated with the throat). These massive scalar fields characterise geometrically
the effect of integrating out the degrees of freedom associated with the other brane stacks.
Note that this effective description is obtained by reducing over the sphere using [29, 30],
and thus the holographic description has only one extra radial dimension relative to the
field theory description.

The definition of the field space entanglement entropy does not rely on the existence
of any global symmetry. From the bulk perspective this implies that the compact part
of the geometry should not be a prerequisite to describe the field space entanglement
entropy; the only prerequisite should be an inner decoupling region. Our effective actions
for the Coulomb branch geometries (after reducing over the sphere) indeed give exactly such
descriptions of inner throat regions. In section 5 we consider other examples of holographic
geometries with interior decoupling regions: near extremal AdS Reissner-Nordstrém black
holes. We show that again the inner throats can be described by gravity coupled to massive
scalar fields.



The effective holographic descriptions for interior throat regions are then used in sec-
tion 6 to explore geometric measures of entanglement. We show that the area of a spatial
hole in an inner throat is equivalent to the differential entropy, i.e. the analysis of [9—14]
extends to the case in which one makes irrelevant deformations of the underlying conformal
field theory.

Both the spatial volume of the throat and the differential entropy capture features of
the field space entanglement entropy. However, these geometric quantities are generically
non-zero even for asymptotically AdS throats and are therefore not equivalent to the field
space entanglement entropy. This was to be expected: by zooming into the inner throat
region and imposing a cutoff there, we are effectively removing high energy modes from
the low energy field theory dual to the throat itself. Thus the geometric measures of
entanglement capture not just the entanglement with the degrees of freedom associated
with the other brane stacks, but also the entanglement with high energy modes associated
with the given brane stack.

The plan of this paper is as follows. We discuss the field theory definitions of field space
entanglement entropy in section 2 and global symmetry entanglement entropy in section 3.
We derive effective descriptions for Coulomb branch and near extremal AdS black holes in
sections 4 and 5. We explore geometric measures of entanglement and their interpretations
in 6 and we conclude in section 7. Technical results required for Kaluza-Klein holography
for M2-branes and Mb5-branes are contained in the appendices A and B.

2 Field space entanglement entropy

Consider a field theory which may be viewed as two weakly interacting conformal field
theories such that the total action is

I = /ddxx/—g (Lorm1 + LorT2 + 9Lint) - (2.1)

In the limit of g = 0 the Hilbert space factorizes into the direct product of two CF'T Hilbert
spaces; g controls the interactions between the fields in the two CFTs. Note that the UV
behaviour of the full theory is controlled by the interactions; since we are interested in
holographic realizations, we will mostly consider theories which are UV conformal.

In the interacting theory we can define an entanglement entropy between the degrees
of freedom contained in each conformal field theory by tracing out the total density matrix
p over the degrees of freedom of either:

ST = —Tr(plogpr);  p1 = Trorralp]. (2.2)

Operationally we implement the trace by integrating out the fields of the second CFT.
The entanglement entropy thus defined is clearly qualitatively different from the more
familiar entanglement entropy between two different spatial regions of a field theory. For
the latter, in any local field theory, only degrees of freedom close to the separating surface
are entangled and therefore the leading UV divergence of the entanglement entropy scales
with the area of this surface.



If one defines an entanglement entropy by integrating out degrees of freedom, the re-
maining degrees of freedom are entangled with those which were integrated out everywhere
in the space and therefore one expects the leading UV behaviour of this entanglement
entropy to scale with the volume. In this paper, we will denote the entanglement entropy
obtained by integrating out degrees of freedom as the field space entanglement entropy,
S¥ | to distinguish it from the usual entanglement entropy.

The field space entanglement entropy has been analysed in a number of condensed
matter papers [23-26, 32] and was recently studied in simple free field models by [27].
Examples of such models include scalar fields interacting by off-diagonal mass terms

1
I= -3 /dd:m/—g ((8q§1)2 + (0¢%)% + m? (¢! cosa — ¢*sin a)2) (2.3)
or by off-diagonal derivative interactions

1= / a9 (96" + (96°)? + u(96") (96%)) . (2.4)

Entanglement entropy in both models can be computed explicitly by integrating out the
field ¢2. Following [33, 34] one computes the entanglement entropy as a limit of Renyi
entropies SF(™ defined as

n 1 V23

with 5
F n
St =— (%lnTr(p(ﬁl))n:l. (2.6)

For (2.4) the entanglement entropy in the ground state behaves as
Vi
S = () (dd foy cO> (2.7)

where € is the UV cutoff length, s(u) is a function of the dimensionless coupling between
the fields which vanishes when p = 0, Vz_1 is the volume of the spatial sections, ¢; are
constants with ¢g potentially capturing universal behaviour. For (2.3) the leading UV
divergences are given by

ST~ m*sin?(2a)Vy_1(In A)? d=75; (2.8)
St ~ m*sin?(2a)V;_1 A9 5(In A) d > 6.

Note that for d < 4 the entanglement entropy is UV finite. The entanglement entropy
vanishes for m? = 0 (all mass terms vanish) and for & = nm (mass terms diagonal). It
scales with the spatial volume, as anticipated, and the powers of A are consistent with
dimensional analysis.

In general when g # 0 in (2.1) the entanglement of the ground state follows from
the fact that the state cannot be written as a product state in the Hilbert space which
is the product of the Hilbert spaces associated with each decoupled field theory. One



can demonstrate this easily in the free field examples: the model with off-diagonal mass
terms (2.3) is solved by diagonalising the mass term, i.e.

I = ;/dd;c\/jg ((8(51)2 + (8@?)2)2 +m2(¢;1)2) : (29)

with ¢y = ¢1 cosa — ¢asin o and ¢y = ¢; sin a + ¢ cos a. The Hilbert space of the theory
is therefore diagonal with respect to the fields ¢; and ¢o:

H="Hs @Hg, (2.10)

but it is not diagonal with respect to the original fields ¢ and ¢o.

Note that when g = 0 in (2.1) the field space entanglement entropy vanishes provided
that the theory is in a pure state which is not entangled between the two CFTs. Field space
entanglement entropy would not be zero for non-interacting CFT's entangled in thermofield
double states or more generally whenever the field theory is in a mixed state.

2.1 Holographic realization

It is not a priori clear whether a system of the type (2.1) can be realized holographically.
The degrees of freedom associated with the two CFTs are interacting directly. From the
field theory perspective it makes sense to view the complete quantum field theory in terms
of two interacting subsystems only if the interactions between the two sets of degrees are
freedom are very weak relative to their self-interactions, i.e. g is small.

To obtain a geometric description of the entanglement entropy in holography we will
need to impose a similar but inequivalent condition: we require that the two sets of degrees
of freedom can be thought of as localised in different regions of the bulk spacetime. While
the two regions of the spacetime are in causal contact, we will consider situations in which
one can decouple one region to integrate out degrees of freedom. In particular we will con-
sider examples for which one can view the bulk spacetime as having an interior decoupling
region which is an asymptotically AdS;41 spacetime. The effect of tracing out degrees of
freedom is equivalent to specifying particular boundary conditions for this asymptotically
AdS g1 spacetime — we will show that these boundary conditions correspond to irrelevant
deformations of the effective d-dimensional CFT dual to the AdS;1 region.

There has been considerable discussion in earlier literature concerning how interact-
ing conformal field theories should be modelled holographically. One proposal advocates
describing a geometry for two conformal field theories interacting via massless modes via
Anti-de Sitter spacetimes joined at their conformal boundaries [35, 36]. It has also been
suggested that conformal field theories interacting via massive modes should be described
by two asymptotically AdS bulk geometries glued along a finite size surface in the interior,
with their asymptotic conformal boundaries identified [27]. Note that the case of inter-
acting CFTs is qualitatively different to the case of non-interacting CFTs entangled in a
thermofield double state, described first in [37].

In this paper we will focus on well-understood classes of holographic geometries which
are known to admit field theory interpretations as systems of the type (2.1), and in which
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Figure 1. Two throat regions, associated with stacks of Ny and Ns branes.

the resulting UV theory is conformal. Our main examples are Coulomb branch geometries,
which are engineered using branes that share world volume directions but are distributed
over the transverse space. We will primarily consider the case where there are two stacks
of branes, N1 and N5 in each stack, separated by a spatial distance, although our analysis
could straightforwardly be generalised to additional stacks of branes.

The conformal symmetry is spontaneously broken and, from the field theory perspec-
tive, the low energy degrees of freedom are the massless modes associated with the stack
of Nj branes and the massless modes associated with the stack of No branes; integrating
out the massive modes associated with strings stretched between the branes gives rise to
interactions between the two sets of massless modes. The resulting low energy theory is
therefore indeed of the form (2.1).

In Coulomb branch solutions the decoupled geometries are asymptotically AdS, but
the throat bifurcates into internal throats associated with the locations of the brane stacks,
see figure 1. Deep inside each throat, the geometry is again AdS, with a smaller curvature
radius, and the low energy field theory description is a CFT. However, this CFT is not
completely decoupled: from the low energy perspective, the field theory is deformed by
irrelevant operators, corresponding to integrating out the massive string modes connecting
the stacks of branes and in addition integrating out the modes localised at each other brane
stack.

Now let us turn to entanglement entropy. The Ryu-Takayanagi formula describes the
entanglement entropy between two spatial regions A and B as the area of the minimal
surface in the bulk homologous to the boundary separating the two regions. One way to
understand the origin of this formula is by viewing the minimal surface as separating the
bulk into two regions, one which can be constructed using only the information in region A
and the other being its complement. The leading contributions to the entanglement entropy
arise from local interactions at the boundary between the two regions and therefore it is
natural that the entanglement entropy is related to the extension of this surface into the
bulk. In the situation being considered here, the bulk can be divided into two regions, the



inner throat region and its complement. It is natural to postulate that the inner throat
region should be reconstructable from a reduced density matrix, obtained by integrating out
fields, while the complement cannot be constructed from this reduced density matrix. The
geometry of this inner throat region should thence be related to field space entanglement
entropy. We will propose a general description of the bulk geometry of such a system in
section 6, building on examples given in sections 4 and 5, and we will discuss holographic
measures of entanglement in section 6.

3 Global symmetry entanglement entropy

3.1 Generalized holographic entanglement entropy

In [27] a new holographic functional probing the dependence of the entanglement entropy
on the compact part of the geometry was proposed; this was denoted the generalized
holographic entanglement entropy. Consider a static spacetime which is asymptotically
AdSg41x SP. The proposed functional is the volume of a minimal codimension two (spatial)
hypersurface:

¢ = 1/ ATy /7, (3.1)

4GnN Jx

where Gy is the Newton constant (in (d 4+ p + 1) dimensions). The hypersurface X is
chosen to be a minimal hypersurface of constant time with boundary conditions such that
it completely fills the (d— 1)-dimensional spatial part of the conformal boundary of AdSz1
and wraps a (p — 1)-dimensional submanifold of SP. Parameterizing the sphere S? as

Q2 = d6* + sin® 0dQ;_ |, (3.2)
then one can for example choose such a submanifold to be an SP~! at a fixed angle 6,
at the conformal boundary. The hypersurface 3 therefore partitions the spacetime along
the internal space at the conformal boundary. In general, as for the usual entanglement
entropy, one would expect that a homology constraint is also required but the minimal
hypersurface will not be ambiguous in any of the examples discussed here.

We will use the notation of S& for the quantity (3.1), again to distinguish it from the
standard holographic entanglement entropy obtained from partitioning the spatial back-
ground of the dual field theory. Note that the same functional with different boundary
conditions has been proposed to evaluate the standard entanglement entropy in top-down
models [38]: for the latter one imposes boundary conditions such that the minimal hyper-
surface completely fills the sphere S? and partitions the (d — 1)-dimensional spatial part of
the conformal boundary of AdSg,;.!

In [27] it was proposed that the generalised holographic entanglement entropy S¢
should be the dual description of the field space entanglement entropy S¥. There are
however various issues with such an interpretation of (3.1). The most fundamental problem

Tt is an interesting open issue to understand the relation of this definition to the usual Ryu-Takayanagi
definition in terms of the (d+1)-dimensional Einstein metric, since the latter is in general not simply related
to the higher-dimensional metric.



is that the definition of field space entanglement entropy does not assume that the field
theory has global symmetry. Any holographic description of this quantity should therefore
not need to make explicit reference to the compact part of the geometry, whose existence
relies on global symmetry.

Consider the evaluation of the holographic functional (3.1) in the AdSs x S° back-
ground. It is straightforward to show that the surface § = 7/2 is a solution of the minimal
surface equations; this follows on symmetry grounds. (For other values of 6, the minimal
hypersurface is non-trivial and pinches at a finite value of the radius.) Now the area of the
spatial surface 8 = 7/2 gives

1 27(2R2{/ 27(2R27'BL

G 3 2,.2 3 2 cV3

S Q = = —<° .
S 4GN/d$/d 4/err 3G N /r ar WGy (3:3)

where V3 is the regulated volume of the spatial section and the volume of a 4-sphere is
872 /3. The radial integral is clearly UV divergent and r. is the radial cutoff. Using the
standard holographic relation R®/Gx = 2N?/7* and setting r. = AR?, where A is the
cutoff, one obtains

4N 2V
~ 9x2

This quantity scales with the volume of the spatial section of the field theory, and is UV

S¢ A3, (3.4)

divergent, just as for the field space entanglement entropy. The holographic functional
therefore gives a non-zero value for a conformal field theory with R symmetry in its ground
state, with the answer depending on how the compact part of the geometry is partitioned;
different values are obtained according to the minimal surface determined by the boundary
condition 6, [27]. This is in contradiction to the field space entanglement entropy of
section 2, which is zero in the ground state of any CFT.

In [27] an interpretation of the above result in terms of D3-branes was suggested:
consider a spherically symmetric distribution of N D3-branes in RS such that a plane
dividing the R has N/2 branes on each side. It was then proposed that the generalised
holographic entanglement entropy corresponds to the field space entanglement entropy
between the two sets of N/2 branes.

However, this interpretation assumes that the conformal ground state of the theory
can be viewed as a limiting case of a Coulomb branch solution and hence that the SO(6)
symmetry is only approximate at infinite N. Yet the ground state of N =4 SYM is SO(6)
invariant at any value of N so we cannot view it as being a discrete spherically symmetric
distribution of branes. Other issues concerning the relation of generalized holographic
entanglement entropy to field space entanglement entropy were discussed in [28].

3.2 Field theoretic definition

In holography the compact part of the bulk geometry (usually an n-dimensional sphere,
S™) is necessary to capture the global symmetry group of the dual field theory. Therefore
the proposed generalised holographic entropy functional should only be applicable to field
theories which have global symmetry.



Let us briefly review relevant features of field theories dual to holographic geome-
tries. The best understood holographic correspondences include the non-conformal branes,
dual to maximally supersymmetric SU(N) Yang-Mills, for which the bosonic terms in the
Lagrangian are

1

i 1 amnt a 93 a b 2
3 FuFY = 3D D'+ 0,6 (3.5)
d

4
a,b

S = /ddx\/—gﬂ

where i =0,--- ,(d— 1), D; = 9; — iA; and there are n = (10 — d) scalars, so the index a
runs from 1 to (10 —d). The trace is over SU(NN) and the gauge coupling g2 is dimensional
for d # 4. The theory has a global SO(10 — d) symmetry, under which the gauge fields
are singlets and the scalars transform in the fundamental representation; the fermions
transform in spinor representations. The holographic dual geometries for the trivial vacua
of these theories are conformal to AdSy, 1 x S19~%; the isometry groups of the bulk spheres
are associated with the global symmetry groups of the field theories.

As a simpler prototype model with global symmetry, we can consider a free field theory
with U(1) invariant mass terms such that

Sa = -3 / a5 (961 + (06°)?) — 5 / dzy/=gm?* ()" +(6%)%) . (36)

This example can straightforwardly be generalised to a model with n scalar fields ¢* of
equal mass such that ¢® transforms in the fundamental representation of SO(n).

Now let us turn to the duality between AdSs x S® x T and the D1-D5 CFT. The
Higgs branch of the D1-D5 theory flows in the infrared to an ' = (4,4) SCFT on 7% x
(T*)NNs /S(NyNs), where Ny and N are the numbers of D1 and D5 branes, respectively,
and S(N1N5) denotes the permutation group. The SCFT on T* is free but the symmetric
product contains interesting dynamics. The SCF'T on the orbifold can be described by the
Lagrangian

1 _ _ L
S = [ = [ouhoat + wsdus + 5005 (3.7)

Here we switch to Euclidean signature and a runs over the T* coordinates while A =
1, -+ N1 N5 labels the copies of the torus. The symmetric group acts by permuting the copy
indices and introduces twisted sectors. The theory has an SO(4) = SU(2) 1, x SU(2)r global
R symmetry under which the bosons transform as (2,2) while the fermions transform as
(2,1) and (1, 2); this symmetry corresponds to the isometry group of S in the holographic
dual AdSs x S x T*. The theory also has a local SU(2) x SU~(2) R parity symmetry.

A simpler prototype would be the bosonic theory with N1 N5 = 2:

1 _
S = 3 /dQZ [05%0z%] (3.8)
where now A = 1,2 and a still runs over the 7% coordinates. This theory still admits the

global SO(4) symmetry associated with rotations of the scalars but does not have a local
R symmetry.

~10 -



In free field theories such as the toy models discussed above one can define a global
symmetry entanglement entropy as follows. Let p be the density matrix of the theory,
which we first take to be a pure quantum state |¥) so that p = |¥)(¥|. One can always
define a reduced density matrix by tracing out degrees of freedom. In the free field models
we defined the field space entanglement entropy using the reduced density matrix obtained
by integrating out one of the scalars. We now define a global symmetry entanglement
entropy in the toy model (3.6) by constructing the reduced density matrix

o= [ DoDolw) @ (3.9)

and then defining
ST(N) = —Tr(px1n py). (3.10)

Here S is a wedge of angle ) in the R? in which the real fields (¢!, ¢?) take values.

The generalisation to a theory with a number n of scalars ¢, transforming in the
fundamental of SO(n) is immediate. Let ¢, = ¢n, where n, such that n*n* = 1 is a
normal vector to the unit S”~!. Now we can define a reduced density matrix and an
entanglement entropy by defining a spherical cap S, i.e. by choosing a plane which bisects
the unit S”~!, and integrating out all field configurations on one side of the cap:

ps = /¢ DO s = ~Te(pshnps) (3.11)
Mg €

We will next show how this quantity is computed in free field theory examples in the ground
state of the theory. We first express the ground state wavefunction explicitly in terms of
the scalar fields ¢, and, after tracing out the degrees of freedom outside the cap, represent
the reduced density matrix in terms of the scalar fields which have not been traced out.

In principle this definition does not rely on the field theory being non-interacting
although in practice it would difficult to implement the integration in an interacting the-
ory, even without the additional complications of gauge freedom implicit in theories such
as (3.5). In the examples below, we consider massive free field theories, in which the ground
state wavefunction is Gaussian and therefore it is straightforward to integrate over part of
the field space.

We should note that global symmetry entanglement entropy could be viewed as a
particular case of field space entanglement entropy. We do not however require that the
fields in each cap and its complement are both associated with UV conformal field theories.

3.3 Evaluation for free fields

As a warm up, we consider two massive scalars in the case of d = 1, i.e. quantum mechanics.
The ground state wave function is then

mi/? 1
$(18)) = (o9) = Zrexp |- pm(ot + )] (3.12)
and the corresponding density matrix is
101 (3D = bODUAN) = Tewp | gmteh + o + R+ )] 31y

- 11 -



which is clearly normalised to satisfy the condition Tr(p) = 1. The reduced density matrix
is obtained by integrating out the wedge. It consists of two parts:

m A
Pwedge = dg1dpoexp [_m((ﬁ% + (ZS%)] = o5 (314)
T Js, 27
together with
m 1 ~ ~
Poutside = ?exp |:_2m(¢% + Q% + QZ)% + qb%) . (3'15)
Thus
PX = Pwedge T Poutside - (3'16)

By construction Tr(py) = 1. We now compute the entanglement entropy using

SO =~ (Tr(p5) oo (3.17)
Since
Te(p}) = <2)7‘T> + (27;; A) (3.18)
we find that . \ A2r— )
ST = —%log (47r2) . (3.19)

This vanishes as A — 0 and gives S® = log(2) for A\ = 7, which corresponds to a partitioning
of the field space into two. For A = 27(1 — §) with 6 < 1,

SE(ar(1 - 6)) ~ —log(d) (3.20)

which diverges as 6 — 0, since in this limit all of the fields are integrated out.
We now consider the generalisation to two equal mass scalars in d > 1. The ground
state wave function is

B((6)) = (99) = Nexp |5 [ @S2 ) (on (2)6n () + (o))

(3.21)
where N is a normalisation factor and

W(x,y) = Va1 Y _ (K +m?)1/2e*ey), (3.22)
k

with V4z_1 the spatial volume. The normalisation factor is determined by the condition
Tr(p) =1 to be
N = det(m 1Re(W)). (3.23)

The reduced density matrix is now defined using

pustse = [ DorDG2 ({01, 62} ) (91 {61. 62} (3.2
A
with Sy denoting the wedge region and

P = Pwedge T Poutside (¢17 (Z;la P2, (;32) (325)

- 12 —



Again the entanglement entropy is easiest to compute for A\ = m, corresponding to the
partitioning of the field space into two halves, in which case

Tr(pn) = 287" =27¢ (3.26)
where n = 14 €. By construction Tr(py) = 1. Thus
SE(r) =log?2, (3.27)

which is again UV finite. The entanglement entropy is finite in this case since the degrees
of freedom which have been traced out in the reduced density matrix are not interacting
with the remaining degrees of freedom.

3.4 Interactions

Consider a more general field theory in which the scalar fields are interacting. Integrating
out fields within the spherical cap thus should give rise to an entanglement entropy which
scales with spatial volume and is UV divergent, since all remaining degrees of freedom are
entangled with those which were integrated out, at all scales. Such behaviour is qualita-
tively different from that in the free field models of the previous section. The simplest
prototype for the behaviour in SYM would therefore be an interacting theory with global
symmetry which is exactly solvable and for which the ground state preserves the global
Symmetry.

In both of the toy models (2.3) and (2.4) there are interactions between the two species
of scalar fields but these can be solved by carrying out orthogonal transformations on the
fields, so that the resulting theory is free. Both models have a U(1) R symmetry which
is explicitly broken by the interactions; in the massive field case the theory is nonetheless
UV conformal (free), but in the derivative interaction case the R symmetry is broken at
all scales. As discussed earlier the latter is a reasonable prototype for the Coulomb branch
of SYM (although the R symmetry is spontaneously rather than explicitly broken in the
latter) but neither toy model is an ideal prototype for SYM in the R symmetric vacuum.
Nonetheless, these results suggest that for SYM the leading terms in the global symmetry
entanglement entropy should be of the form

Ss ~ 5(S)Vy_ AL, (3.28)

where s(S) depends on the partition of the symmetry orbit. This would be in qualitative
agreement with (3.4).

3.5 General definition of global symmetry entanglement entropy

The definition of global symmetry entanglement entropy would be subtle in gauge the-
ories and in theories with other elementary fields such as fermions transforming in non-
fundamental representations of the global symmetry group. In a gauge theory the scalar
fields would not be gauge invariant and therefore our construction should be replaced by a
manifestly gauge invariant procedure. In defining the reduced density matrix, it is unclear
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how one should trace out fermionic degrees of freedom. In an interacting theory, it is not
clear that the Hilbert space can be expressed as a direct product, as in the free field models.
Note however that analogous issues affect the usual entanglement entropy both in gauge
theories and in theories with fermions.

More generally, to make contact with holography, the definition of global symmetry
entanglement entropy would better be expressed in terms of gauge invariant operators
rather than elementary fields, since the latter do not exist in holographic realisations. In
a conformal field theory with global symmetry, the most natural basis for gauge invariant
operators is R symmetry eigenstates. Global symmetry entanglement entropy is obtained
by integrating out part of the orbit of the R symmetry, and therefore its definition requires
states which are localised along orbits of the R symmetry, rather than eigenstates of R
Symmetry.

To illustrate this, consider a conformal field theory with a U(1) global symmetry, in
which orthonormal states are labelled by their conformal dimensions A, their R charge
n and additional degeneracy labels k, |A;n; k). A new orthonormal basis can always be
defined as a superposition

%) = > annklAin;k) (3.29)

An,k

where by construction the expansion coefficients satisfy

W) = > BAnrank = 0. (3.30)

An,k

If such a conformal field theory is realised holographically in AdSy, 1 xS!, then the spectrum
of states is usually expressed in terms of R symmetry eigenstates, i.e. modes with definite
angular momenta along the circle. For every operator creating a state |A;n;k) there is
a corresponding dual (d + 1)-dimensional field ®a .., which in turn is associated with a
(d + 2)-dimensional mode carrying momentum n along the S'. By superposing such modes
one can create fields which are localised along the circle; such a procedure would determine
the coefficients in (3.29). Given the basis |1)®) of states localised along the R symmetry
orbit, one could then trace out states localised within part of the orbit, and hence define a
global symmetry entanglement entropy.

This is very similar to the proposal made in [28]. However, we should note that it
would be very hard to compute the coefficients in (3.29) in practice even in cases for which
the detailed map between bulk Kaluza-Klein fields and boundary operators is known: the
dictionary between spherical harmonics of ten or eleven dimensional supergravity fields and
boundary operators is complicated and highly non-linear, see for example [29-31].

4 D3-brane supergravity solutions

In this section we will explore separated D3-brane stacks, i.e. Coulomb branch solutions
of N'=4 SYM. We will argue that there is an effective five-dimensional description of the
throat geometry near a given brane stack, corresponding to the field theoretic description
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of a CFT deformed by irrelevant operators. Earlier discussions of entanglement in this
system can be found in [27, 28, 39)].
Supergravity solutions for D3-branes on the Coulomb branch can be expressed as

ds? = H(y)""?dx - do + H(y)">dy®dyq; (4.1)
Fs = dCy + *pedCly; Cy = H(y) day,

where H(y) is a harmonic function on RS:

N dma’“gs
Hiy) =Y —2 I (4.2)

and y; denote the locations of each D3-brane. Note that the supergravity solutions are non-
singular only if the distribution of D3-branes is continuous, on a compact hypersurface of
dimension four or less. Solutions involving separating stacks of branes are mildly singular,
as one can only remove the singularity at a single stack, see [40] and the discussion below.
Nonetheless let us consider the case of two stacks of equal charge,? separated by distance
21 along the y' direction. In this case the function H(y) is

2rgsa/* N 2rgsa/* N
H(y) = +
(r2 +12—=2rlcosf)?  (r2+12+ 2rlcosf)?

(4.3)

and the geometry preserves an SO(5) subgroup of the SO(6) symmetry group of the S°.
Here we have introduced spherical polar coordinates for the RS such that y' = 7 cos# and

dy®dy, = dr? + r*(d6? + sin® dQ3) (4.4)

with 0 < 60 < 7.
As argued by [40], in the neighbourhood of each stack the geometry is AdSs x S°, with
a radius appropriate to N/2 branes. To see this, let

r=Il+z  0=96 (4.5)

with § <« z. Then \ .
R R

Hr~y — 4+ ——— 4.6

24 " 2(2l 4 z)* (46)

where we have set R* = 4mg,a’?N. The first term gives an AdS warp factor with radius
R/2Y*, appropriate to that of N/2 branes. The additional term can be understood in
terms of irrelevant deformations of the SU(N/2) CFT [30, 41].

As pointed out in [40], the metric defined by (4.3) is singular at the locations of both
stacks of branes. Using (4.6), the metric in the vicinity of the stack at » = (i.e. assuming

z 1) is
R4 -1/2 R4 1/2
ds* = <2Z4> dx - dx + <2Z4> (d2* + 12dQ2) (4.7)

2For computational simplicity in this section we split the branes into two equal charge stacks but the
generalisation to stacks of different charge would be straightforward.

~15 —



which is clearly singular as z — 0, since the warp factor of the S diverges. To remove the
singularity one shifts the stacks of branes (or, equivalently, redefines coordinates) so that
one stack is at y = 0 and the other stack is at y' = —2[. Then

R R*
Hy) =— . 4.8
v) o T 2(r2 + 412 + 4rlcos 9)? (48)
The resulting metric is regular as » — 0 but is still singular at y* = —2I; one can only

remove the singularity at one stack by coordinate transformations. Since one cannot elim-
inate all singularities, we will work with the form of the metric (4.3), but we need to bear
in mind the naked singularities at y' = +I.

4.1 Generalized holographic entanglement entropy

In this section we briefly review the evaluation of the generalized holographic entanglement
entropy (3.1) for the Coulomb branch solutions, highlighting various subtleties relative
o [27]. The proposed functional (3.1) was evaluated for the D3-brane stacks discussed
above: the surface 8 = 7/2 is a solution of the minimal surface equations (by symme-

try). Then
2 4d 2 2 P2 4d
/d3/d94/R T”RVS/ rdr (4.9)
4GN r2 412 3G N (T2 + l2)

The radial integral was regulated in [27] as 0 < r < r. < [, which is the red region in

figure 2. (Note that § = 0 on the positive y! axis; § = 7 on the negative y! axis and
6 = 7/2 on the orthogonal axis.) Then

2T R2Vy 10 T

G _
57 = " 3GN B2

(4.10)
In the next steps the authors of [27] apply the standard holographic relations R® /Gy =
2N?/7* and R? = 2ma/+/\ together with

2 oy A?
re = AR g = (ma )l—2 (4.11)

where A is the UV cutoff. The first equality follows from imposing the standard relation
between geometric IR cutoff and field theory UV cutoff. The second relation introduces a
dimensionless coupling g which characterises the interactions between the brane stacks: g
becomes of order one when the mass scale set by the brane separation is of order the cutoff
scale. Using both these relations in the expression (4.9) we obtain

16N2V3

G __
57 = 1572

AgA3. (4.12)
This expression correctly gives zero as g — 0 and qualitatively reproduces the behaviour

found in CFTs with massless interactions — the derivative coupling case reviewed in sec-
tion 2.
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Figure 2. The (r,0) plane is shown, with the red region indicating the integration region of [27]
while the green region is the cutoff for our analysis. The locations of the brane stacks are indicated
with crosses.

However, the use of the first expression in (4.11) is conceptually flawed: the UV of the
dual field theory corresponds to the region r > [ for all §: this would be a circle of large
radius in figure 2, enclosing both brane stacks. The red line does not approach the boundary
of the spacetime and therefore r. cannot be thought of as a UV cutoff. Indeed along the
red line the warp factor H is approximately constant and the metric is approximately flat,
rather than being approximately AdSs x S°! In other words, we cannot use the AdS/CFT
relation when r. is deep within the spacetime and nowhere near the AdS boundary. In
figure 1, the red region corresponds to the surface deep inside the spacetime at which the
throat bifurcates.

4.2 Irrelevant deformations

We now consider the interpretation of the bulk geometry in terms of interacting CFTs.
Associated with each stack of branes we have SU(N/2) CFTs. The interactions between
the CFTs are via massive string modes, with the mass scale being

M = — (4.13)
In the CFT language these massive string modes correspond to irrelevant bifundamen-
tal operators in the product of the two CFTs. The strength of the interactions can be
characterised by the dimensionless coupling g = A?/M? introduced above. It would only
make sense to consider the system as well-described by two weakly interacting CFTs if g
is small, which in turn requires that M is large compared to the cutoff scale. It is claimed
in [27] that the limit [ > r., i.e. the region indicated by red in figure 2, that we can view
the system as two weakly interacting CFTs. However, geometrically it is hard to justify
this interpretation as this region (in which the throat bifurcates) is not decoupled and the
metric is approximately flat.
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Let us now explore the system further by zooming in on the vicinity of one brane stack.
It is convenient to switch to the metric with the defining function being (4.8). Then we
take the limit of » <« I. This is not the same region as discussed previously, but rather
the region enclosed within the green circle of figure 2.2 Geometrically, the throat region
bifurcates into two narrower throats which each approach one stack of branes.
Expanding the warp factor for 1 < r < [ we obtain
4 4 2\ 2 4 =4
:;+£l4<1 ;0050+412> 54 <1+i’6+0(g5)> (4.14)
where we define § = r/l < 1. The warp factor produced by the stack of branes at r = 0
is that for a conformal field theory, with gauge group SU(N/2), as expected. The warp
factor produced by the second set of branes corrects H by terms which are small within

the inner throat region.
Substituting into the metric we find

2 2r* g* R? g* 2 2 102
ds® = 11—+ | (dz-dx) + 1+7_|_ (dr® +r°dQz).  (4.15)
V2r?

Using the method of Kaluza-Klein holography (see the final section of [30]), we can read
off the correspondence between the expansion of H in terms of scalar spherical harmonics
Yl on the S% and irrelevant deformations of the SU(N/2) CFT associated with the stack
of N/2 branes. Following formula (6.1) from that paper, we write the warp factor H as

H= Z(lkr + M (e)). (4.16)

Here (I, hir) are expansion coefficients. Expressing

R4
H = o +6H (4.17)
we see that our 0 H is expanded in positive powers, i.e. only [;; are non-zero. The scalar
ti fields are given by

l
I — kI k+4 41

For r < A, the leading correction term is that for which k& = 0. The ¢ field corresponds
to the R singlet dimension eight operator Tr(F*) and the coefficient Iy ~ %4 describes a
deformation of the CFT by this operator:

Of o< o / da/—gTr(FY). (4.19)

This deformation was first dscussed by Intriligator in [41], in the context of understanding
how the decoupled AdSs x S° part of the D3-brane geometry can be extended to the
asymptotically flat geometry. By construction the irrelevant deformation has a coefficient
which is small for energy scales much smaller than [.

3Equivalently this region is that inside one of the throats of figure 1.
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The next correction term is that for which k& = 1. The scalar #{ fields correspond to a
dimension nine operator transforming in the 6 of SO(6). The only active scalar is a singlet
under an SO(5) € SO(6) and describes a deformation of the CFT by the dimension nine
operator breaking the global symmetry to SO(5), i.e.

61 %5 / dz/—gTr(Fipl), (4.20)

where we label the six scalar fields of N = 4 SYM as ¢%, as in (3.5). To go to arbi-
trarily higher order in the expansion in terms of powers of 1/l, we would need non-linear
terms in the Kaluza-Klein holography dictionary [30]. However, it is clear that the general
structure is that the SU(N/2) CFT is deformed by irrelevant SO(5) singlet operators with
deformation parameters proportional to I*~2.

Now let us evaluate the generalized holographic entropy functional (3.1) in the met-

ric (4.15), along a slice of 6 = /2. This gives

2 2 TA 4
S¢ = m Vs / drr? (14— . (4.21)
3v2G N Jo 1614

The first term reproduces the form of the expression found in [27] and reviewed above
in (3.4) for pure AdSs:

N? V3
s = — =5 4.22
972 €3 (4.22)
where we take the cutoff ry = %25 corresponding to N? — NT2. Working out the second

term in the integral we obtain

~4
§6@) — 3%5@@ . (4.23)

Clearly, while S¢ is sensitive to the irrelevant deformations, and thus to integrating out
the other degrees of freedom, it is non-zero even when there is no second stack of branes
and the irrelevant deformation vanishes, i.e. § = 0. This is in line with what we found
for the global symmetry entanglement entropy defined in section 3, again supporting the
identification of the generalized holographic entropy with this quantity.

4.3 Effective description via dimensional reduction

In the previous section we argued that the effective geometry at the top of the inner throat
associated with a brane stack is anti-de Sitter, plus certain corrections which can be viewed
as small provided that our radial cutoff is small compared to the scale set by the irrelevant
deformations.

In holography it is more straightforward to work with an asymptotically AdS geometry
than with the uplifted higher-dimensional geometry which is asymptotic to the product of
AdS with a compact space. However, a generic higher-dimensional solution cannot be
expressed as the uplift of a lower-dimensional solution of a consistently truncated theory.
Whenever the geometry is AdS cross a sphere plus small corrections, as in the analysis
above, the techniques of Kaluza-Klein holography [29-31] can however be exploited to
construct a lower-dimensional effective description.
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Figure 3. The shaded green region of the inner throat can be described in five dimensional language
by small deformations of AdS, characterizing the irrelevant deformations of the dual CFT.

In the case at hand we can express the solution in five-dimensional language working
perturbatively in the parameter g, which is small at the boundary of the inner throat region
(i.e. the green regions of figures 2 and 3).

The leading terms in five dimensions are captured by the following action, see [29-31]:

N2
7=
3272

/d%\/fg (R+ 12 — %((6%)2 + 32T3) + - - > (4.24)

with the solution (to quadratic order in 1/i*) of interest being

=2
ds? = g(F)—d_TQ + P2 f(F)dx - da; (4.25)
T
—4
T
TO = Clj,

where ¢ denotes a computable numerical constant and the AdS radial coordinate has been
rescaled to 7. Here the metric functions ¢(7) and f(7) depend on the gauge choice, with

only the combination
I 2 o7
g(7) —TOrf(T) =1 — 50278 (4.26)

being determined by the Einstein equations. In the gauge choice g(7) = 1 this expression

implies that
28
T

f(f):l—ﬁ.

Note that the Einstein frame metric in five dimensions is related to the higher dimensional

(4.27)

metric by a Weyl rescaling; the lower-dimensional metric has to be AdS to linear order,
as the backreaction of the scalar field Ty is of order 8. The scalar field Tj is a rescaling
of the field tg; its mass is appropriate for a dual operator of dimension eight. The terms
in ellipses denote additional fields dual to the higher dimension irrelevant operators which
break the SO(6) R symmetry to SO(5). For example, the ten-dimensional fields ¢/ reduce
to (rescaled) scalar fields T} of mass 45 in AdS units.
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5 Other holographic systems

The D3-brane solutions discussed in the previous section describe the flow from N = 4
SU(N) SYM to the infrared. The inner throat region in the interior geometry associated
with a brane stack was argued to describe an IR conformal field theory, deformed by
irrelevant operators. The corresponding effective geometric description in five dimensions is
Einstein gravity coupled to massive scalar fields. Such a situation occurs rather generically
in holography and in this section we will consider other examples.

5.1 M-branes
The M2-brane and M5-brane geometries for Coulomb branch solutions can be expressed as
ds* = H(y) *(dz - dw)g + H(y)'~“(dy - dy)p (5.1)

where H(y) is a harmonic function on RP. Here a = (D —4)/(D —2) and D = (11 —d) for
the M-branes of worlvolume dimension d. For brane stacks separated along the y! direction
by distance [ the harmonic function takes the form

Q1 Q2
H(y) = 55+ — (5.2)
P2 (2 4 12 4 2l cos0) T
where we place one of the brane stacks at y* = 0 and again choose y' = rcosf etc.
For r <1 0 0
1 2
H(y):TD—2+lD—2+'” (5.3)

and hence the geometry is

2
ds® = — (A2 +dzx - dzg) + Q1 (1 + §H)dQ%_; + -+ (5.4)
B 2 %(1—04)

~\ d
7= @l o (1) = (l)

where g is considered to be smaller than one so that the other terms, denoted by ellipses,
are subleading.

We can now use the results on Kaluza-Klein holography for AdSy x S7 and AdS7 x S4
contained in appendices A and B to interpret the geometry (5.4) in terms of irrelevant
deformations of the dual field theories. Using appendix A for M2-branes, the metric (5.4)
can be expressed as

guMN = gyn + hun (5.5)

where g4, is the AdSy x S” background and hence from (5.4)

hyndeMdzN = 4X2G3d02 + - - (5.6)
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Using (A.7) and (A.15), we can interpret this change in the metric as a source for a
dimension six operator O,o, i.e. the field theory deformation corresponding to the throat
geometry is

I—Ig, +1° / dBz0,0, (5.7)

where I, denotes the CFT dual to Q1 M2-branes.

Following the same arguments as in the previous section, the effective description of
the top of the inner throat region in four-dimensional language is thus gravity coupled to
the scalar field dual to O, i.e.

I= 16;G4 /d%\/—TJ <R+ 3— %((8770)2 +18(7%)?) + - ) 7 (5.8)

where the ellipses correspond to additional Kaluza-Klein modes associated with the sub-
leading terms in the metric (5.4).

Using appendix B for M5-branes, the metric (5.4) can again be expressed as gyn =
9% + harn with g° the background AdS; x S* metric and

1
hyrndeMdaN = ZVngQi SRR (5.9)

From (B.5) and (B.11), we can interpret this change in the metric as a source for a di-
mension twelve operator O, i.e. the field theory deformation corresponding to the throat
geometry is

I—Ig, +1° / d®z0,0, (5.10)
where Ig, is the action for the CFT dual to ()1 M5-branes.

The effective description of the throat region in seven-dimensional language is thus
gravity coupled to the scalar field dual to O, i.e.

1
I =
167Gy

/d%\/fg <R+6— ;((3770)2+72(7r0)2)+---), (5.11)

where the ellipses again correspond to additional Kaluza-Klein modes associated with the
subleading terms in the metric (5.4).

5.2 D1-D5 system

Extremal D1-D5 geometries can similarly be expressed as solutions to six dimensional
supergravity, see [42], with the metric being:

ds® = Hy(y)""*Hs(y) "/ (da - dz)y + Hi(y)"/* Hs(y)"* (dy - dy)a, (5.12)

where Hi(y) and Hs(y) are both harmonic functions on R*. For separated D1-D5 brane
stacks, in which the D1 branes and D5 branes remain coincident, each harmonic function
takes the form of (5.2):

@ Q)

Qs Qs
H 9 '
1(y) r2 (r2 412+ 2rlcosf)’

H — —
5(Y) r2 + (r2 +12+2rlcos®)’

(5.13)
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and thus for r < [

Hi(y)=-3+5+5  Hy)=—73+5+ (5.14)

g5t = 1 (dz - dx) + VQ1Q5 +\/mcz92(1+ S REEE (5.15)

where again g < 1.
In [42] the field theory deformation corresponding to (5.14) was shown to be

Ll e (< Q5) <Q'1_Q'5) >
1oreg [eo (G G) oot (G- ) 0n) (516)

where (O, O;,) are dimension four operators, the top components of short multiplets
generated from dimension two chiral primaries through the action of the supercharges.
These dimension two chiral primaries can be expressed in terms of the fields of (3.7)
as follows. The dimension two primary associated with the (2,2) cohomology is in the
untwisted sector,

Wl ()W (2) 04 ()87 (2) (5.17)

where
Uh=oh +ivd; R =od 4k U =9k +abh Ph=9% +igh. (5.18)

The dimension two primary associated with the (0,0) cohomology is in the twist three
sector, ¥()(z, 2), see [43] for more details.

When each brane stack has the same fraction of D1-branes as D5-branes, Q}/Q1 =

t/Qs, only one of the two operators is sourced. The effective description of the inner

throat region around one brane stack is via three-dimensional gravity coupled to the scalar
field dual to O, i.e.

_ 3 — _1 2 2 2
_ 167TG3/d e <R+2 (0% + 2, 72) + (5.19)

2

where m7, = 8. Here the ellipses again denote contributions from additional Kaluza-Klein

modes, associated with subleading terms in (5.14).
5.3 AdS Reissner-Nordstrom

AdS Reissner-Nordstrom black holes have received considerable attention in the AdS/CMT
literature. The action is Einstein-Maxwell with cosmological constant

1

1
_ d+1,. /— 1) - —F? 2
T / R (R+d(d )~ 3 ) (5.20)
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for which the Einstein equation is

1
Ry = —dgmn + =Fppy E.P S — mn 5.21
and the AdS-RN solution is
1 dz?
2 _ 2
u NG
A= ——[1—-(— dt
224 ( <ZO> )
with ) ( )
2(d -1
h(o) =1 —mad o B2y, 2 2d=1D) 2
(2) mz’ + 5 I R (5.23)

and implicitly we take d > 2. The horizon is at z = 2, and the parameters m and p can
be expressed in terms of z, in the extremal solution as follows

2 _ Qgil(ci—z)lg)zg(l—d); m = 2<(dd__21))zo—d. (5.24)

from which one can show that

_ 2d(d - 1)

2
20

h' () . WO (z,) = 2d(5 — 8d 4 3d%)z; . (5.25)

Now define z = z, + p. In the near horizon limit of the extremal solution

d{d—1) 5, d(5—8d+3d?) ,

h(p) = + + - 5.26
(p) 2 F 3.3 p (5.26)
and the leading order metric and potential are
d(d—1) dp? 1
2 2 7,2
= + - dx; 2
ds < A podt® + Jd—1)p gdx dz; (5.27)

&z—zmpng.
o

Here the AdSs curvature radius 2 is such that [> = 1/d(d — 1) and the transverse space
is flat, due to the cancellation between the cosmological constant and the gauge field
contributions. It is convenient to rescale so that

1 dp? 1
2 _ — 2472 —dx - dz: 2
ds d(d—1)< podt” + p2>+zgdx dx; (5.28)
2
AE:_L&
d(d—1)

In the AdS/CMT literature this near horizon limit is often interpreted as being dual to
a one-dimensional CFT (i.e. a chiral CFT or conformal quantum mechanics). Note that
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for this interpretation to be valid the transverse space must be compactified so that its
spectrum is discrete.

As in the previous sections, the effects of the outside region can be seen as an irrelevant
deformation of the low energy theory. Indeed, we will now show that the deformation is
the exact analogue of the deformation involved in the case of the D3-branes. The chiral
operator content of the theory dual to (5.27) is obtained by diagonalising the linearised
equations of motion. Here we do not need to obtain the full spectrum but we will simply
focus on the operators of interest. Let the background metric and gauge field be denoted
Gmn and A,, respectively and perturb the fields as grmmn = Gmn + hmn and A,, = A, + apm,.
These fields can be decomposed in terms of harmonics of the transverse space:

hyw = hL, Y (2); hyi = b Y (5.29)
_ InI( A Iy 1 .

hii = @™ Y @Y gy

a, = afLYI(:U); a; = aI“YZ-I“.

Here we impose a de Donder gauge V™ hy,, = V™a,, = 0. The fields are expressed in terms
of eigenmodes of the compact space: Y/ are scalar eigenmodes; Y;I” are vector eigenmodes
and Y(Z) are traceless symmetric tensor modes. At the linear level the fields (h{“,, ml, alﬂ)
can mix with each other, as can (b{f ,a’*). The mode ¢t is necessarily decoupled.

Let us focus on the zero mode of the transverse space, i.e. that associated with the
trivial scalar harmonic Y = 1: only (hJ,,, 7%, a}}) need to be switched on. The independent
equations are the (uv) Einstein equations, the trace of the (ij) Einstein equations and the
p component of the gauge field equation. It is straightforward to show that the field 7°

satisfies a field equation
Or% = m27° (5.30)

with m2 = 2/I2. The other fields are then determined in terms of 7. The dimension
of the operator dual to 7¥ is two, which is an irrelevant operator; the dimension is twice
the spacetime dimension of the dual CFT, as in the previous examples. In the explicit
solution (5.22) we can read off 7° ~ p, which is indeed consistent with a source term for
this operator. Therefore, once again the effective description of the inner throat region is
gravity coupled to a scalar field dual to an irrelevant operator.

6 Prototype holographic description

In all examples in sections 4 and 5 the inner throat region can be described in terms of an
effective theory consisting of Einstein gravity coupled to massive scalar fields. Therefore
a generic model which should suffice to capture the holographic description of field space
entanglement entropy is the following:

1

T /dd“x\/—? <R +dd—1)— %((aTF + m2T2)> (6.1)
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where the mass of the scalar field T is is such that T is dual to an irrelevant operator, i.e.
m? > 0. This action agrees to leading order with those derived in the previous sections,
with the operators being of dimension 2d, although the actions in previous sections receive
corrections from other higher mass Kaluza-Klein fields (higher dimension operators).

Let us take the following ansatz for the metric and scalar field

2 dr?
ds® = g(?“)r—2 + 7 f(r)dx - d; T="T(r) (6.2)

and work perturbatively in the field T around the AdS background, assuming a non-
normalizable mode for T'. Therefore the leading order solution is an AdS metric with

T= (%)A_d (6.3)

where we assume a cutoff scale 7. such that r. < [. Working perturbatively in r /I one can
compute the backreaction on the metric using the Einstein equations: the gauge invariant

combination (A 2A—d)
_ r -
o) =ronf ) =1 s () (6.4)
Choosing a gauge in which g(r) =1
1 7\ 2(A—d)
f(?")—l—ﬁ(d_l) (7) + - (6.5)

This model captures the essential features from the systems discussed in the previous
sections. We interpret the non-normalizable mode for 7" in terms of irrelevant deformations
of the CFT, obtained by integrating out other fields. Now let us consider the definition of
field space entanglement entropy in such a holographic setup. The new functional proposed
by [27] is not relevant, since we have no compact part of the geometry. The definition of
field space entanglement entropy should however only require a throat region, and this is
indeed exactly what is captured by (6.2).

Any definition of a holographic functional for the field space entanglement entropy
should satisfy the following properties:

1. The functional should vanish when evaluated on AdS;; spacetimes, since such back-
grounds describe the ground state in a dual CF'T which is not entangled with any
other field theory.

2. The functional should also vanish when evaluated on static, asymptotically locally
AdS spacetimes with no horizons for the same reason: such backgrounds describe
pure states in (relevantly deformed) CFTs which are not entangled with any other
field theory.

3. The functional should give a non-vanishing result for a spacetime whose asymptotics
correspond to an irrelevantly deformed field theory.

4. The functional should generically give rise to an entanglement entropy of the form
ST o eV;_1 A% where V,_; is the volume of the spatial sections, A is the UV cutoff
and c is a dimensionless coupling, parameterising the interactions.
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It is worth pausing to consider the first two assumptions more carefully. From the
standard holographic dictionary AdSgy1 describes the ground state of a dual CFT. From
the field theory side, one could of course still define a non-trivial field space entanglement
entropy by integrating out a subset of fields and this quantity must have a holographic rep-
resentation, which is dependent on the subset of fields which are integrated out. According
to the arguments given earlier, there is however no reason why a general partition of the
dual fields would be associated with a geometric partition of AdS;y1 and therefore we do
consider such a situation in this paper. We instead focus on the less general situation in
which the two subsectors of the dual field theory are localised in different bulk spacetime
regions, for which the first two assumptions are reasonable.

For simplicity, we restrict to static situations. Let us now assume that the holographic
functional depends only on the Einstein geometry, as the Ryu-Takanagi functional does; in
other words, the functional should not depend on other matter in the bulk theory. Then
the simplest possibilities meeting the above requirements are (i) the area of a spatial cutoff
surface and (ii) the spatial volume.

6.1 Differential entropy

First we consider the area of a spatial cutoff surface of the inner throat and its relation
to field space entanglement entropy and differential entropy. The area of such a surface is
a natural candidate for an entanglement entropy; it has been conjectured in [8] that the
entanglement entropy between the degrees of freedom in any given spacetime region and
those of its complement is given by the black hole formula to leading order (whenever the
leading low energy effective gravitational action is Einstein-Hilbert):

A
4Gay1

£ (6.6)
Moreover the quantity £ has a precise definition in terms of field theoretic quantities, when
computed in the bottom up system (6.1): it is the differential entropy, defined as [9-13]

€= "[S(Ix) = S(Ix N Iy41)] (6.7)
=1

where {I;} is a set of intervals that partitions the boundary and S(I) is the standard
entanglement entropy, computed holographically using the Ryu-Takayanagi formula. In
this case we cover the boundary with n intersecting slabs each of width Aw such that the
overlap is (Aw — L,,/n) where L, is the regularised length of one of the spatial directions.
We then take the limit n — oco.

We now show explicitly that the differential entropy computes the area of a hole in
the throat geometries, extending the work of [9-13] to cases in which the field theory is
deformed by irrelevant deformations (i.e. non AdS asymptotics). We parameterise the
metric as

g(2)dz? n f(z)dz - dx

2 _
ds® = 5 5

(6.8)

z z
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where the gauge invariant combination (g(z) + zf’(z)) is determined by the Einstein equa-
tion. Here it is convenient to fix a gauge in which f(z) = 1 and hence

g(z) =1+ %, (6.9)

with A a constant, which according to (6.4) is given by

d
A= S e 1
2(d — 1)12d (6.10)
Slab entangling regions are minimal surfaces for the functional
1 i-2, 1
5= 1 /dZd vV (9(2) + (0:0)?), (6.11)

where the boundary entangling region extends over (d—2) spatial coordinates but partitions
the w direction. From this functional we can immediately write a first integral
cg(z)l/zzd_l

Byw = TEgEcra (6.12)

where c¢ is an integration constant, relating to the turning point z, of the minimal surface:

czd =1, (6.13)
Thus 1 1/2 d—1
Aw = z*/ M—Sds (6.14)
e/ze /1 — s2(d=1)
and . 12
g Vi—2 9(2) (6.15)

42872G 1 Jesz sd-1/1 — s2(d-1)

where V;_ is the regulated volume of the (d — 2) spatial coordinates.
Let us parameterise the regulated elliptic integrals as follows:

L = ki; 6.16
0 ( Zx \/ 1-— 82 d 1 ) ' ( )
r 1 ! ke ks
0| L2d ¢z 3d+1,/ 2(d—1) T zded 240
1 1 K, Ko
L = s i
-0 ( /2 sh—11/1 — g2(d—1) ) 2t 242
1 1 K3 Ky K5
N I N
€E— (Zfd_Q G/z* 53d 1 1 _ 52 d 1 ) 63d_2 edzz(d—l) Zid_2

Then the entanglement entropy is given by

- Vao K Ky A K; K, Ks
= 4G a1 <6d2 =R R (20D Tz ) (6.17)

~ 98 —



while

A [ ko ks
The differential entropy is given by
0z, OS
=Ly———, 6.19
¢ O(Aw) Oz (6.19)

where L,, is the regulated length of the w direction. This expression evaluates to give the
area of a hole, i.e. the differential entropy is

Vd—l 2
g—— L (11002, 6.20
42471G ( ) (6.20)

with V;_1 the regulated volume of all spatial directions, provided that
k‘l = —(d - 2)K2; kg = 2K4; (2d - 1)k3 = (3d - 2)K5 (621)

These identities are indeed satisfied with

klzﬁr(w‘ll)); b= b k= VT P<_2(dd”). (6.22)
(35t )

For completeness note that

It might seem surprising that the relation between the strip width and the depth of the
entangling surface (6.18) depends on the UV cutoff. However, one can rewrite this relation

using (6.10) ]
4(d — 1)1dzd ( >> ’ (624

where g = 1/le < 1. Similarly we can rewrite the entanglement entropy for each strip as

Vi 1 d 9 1 d 9Ky Ks
= —¢°K — | K .
o 4G 411 <ed2 <K1 Taa—n? ) T\t gy e T opaa

(6.25)
Note that the quantity (6.6) is inherently dependent on the choice of gauge for the

k
kag? +

Aw:z*</~c1—|— ldid

radial coordinate. If we compute (6.6) on a surface 7, in the metric (6.4) we obtain

Vd—l d—1 1 /re\2d
£ = -2 (5)7 ). 6.26
4G ¥ s \7 (6.26)
This matches (6.20) if we take into account the redefinition of the radial coordinate, i.e.
1 1 T\ 24
- = 1— —— <7) . 6.27
P ( 8(d—1) \1I ) (6:27)
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The differential entropy evaluated on the cutoff r, = r. gives

Vi1 d—1 1 og
= — 1— - . 2

Clearly if we define 6€ as the difference between the differential entropy in AdS and that
in the deformed background then

o4 Vd-1 4—
0 = —g?d 2= pd-1 6.29
g 32Gd+1’rc )] ( )

which is of the same form as the field space entanglement entropy. We can understand
the physical difference between (6.20) and (6.26) as follows. In (6.20) we effectively adjust
the width of the slabs used to subdivide the space in the field theory to ensure that the
area of the bulk hole remains unchanged at first order, i.e. to enforce the bulk gauge in
which f(z) = 1, while in (6.26) we allow the area of the bulk hole to be changed. The
most natural coordinate gauge choice from the field theory perspective is however neither
of these: from the field theory one would usually fix the strip width Aw and compute the
area of the associated hole.

6.2 Spatial volume of inner throat

Let us now consider the spatial volume. It might seem surprising to define a measure of
entanglement in terms of a spatial volume but one can give a heuristic argument in favour
of this possibility as follows. For the usual entanglement entropy, degrees of freedom are
entangled at the surface separating spatial regions A and B; the extension of this surface
into the bulk gives the Ryu-Takayanagi minimal surface. In the case at hand, degrees of
freedom have been integrated out throughout the whole spatial region; the image of this
region in the bulk is the entire spatial volume.

However, the naive spatial volume clearly violates the first and second requirements
stated above, as one necessarily obtains a non-zero answer for AdS and asymptotically AdS
throats. To try to solve this problem, one could use the renormalised spatial volume:

C C 1
SV = /ddaz —/ dd_lx\/ﬁ<1—7€h +>
Git1 Jx v (d—1)Ga+1 Jos 2(d —2)(d - 3) ()
(6.30)
where ¥ is a hypersurface of constant time in the (d 4 1)-dimensional stationary manifold

and 0¥ is its boundary. Here C' is an overall normalisation. The Ricci scalar of the
boundary metric is denoted R(h) and the boundary counterterms renormalise the volume.
To work out these counterterms we use the following expansions of a static, asymptotically
locally AdSg4+1 Einstein manifold in Fefferman-Graham coordinates near the conformal
boundary [44]

9 dz? 1 9 i QY
2,2
= — |14+ — R
git < + 20d = 1>R(9(0)) + ) ;

9i = 9yij + 2 ) (—Rij (90) + 57 =17 R9@)905 + ) :
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Following [45, 46], we see that the volume term gives logarithms in even bulk dimensions,
which must be cancelled by logarithmic counterterms. In odd bulk dimensions (d even)
there are no finite counterterms and no finite contributions from the counterterms. In even
bulk dimensions (d odd) finite counterterms can be included.

The first example of logarithmic divergences arises in d = 3. In this case the action
above becomes

gv__C /dsx 5 - ¢ /d%\/ﬁ<1+172(h)lne+as72(h)), (6.32)
Gar1 Jx 2G a1 Jox 2

where the regulating surface is at z = e. (For d = 3 the above action is not-defined,

because of the logarithmic term.) Here the choice of o determines the scheme, since this
counterterm is finite.

By construction this functional vanishes for a constant time slice of AdSy in Poincaré
coordinates. However, it is never possible to fix finite counterterms such that the func-
tional vanishes for all asymptotically locally AdS solutions with no horizons since finite
contributions depend not only on the non-normalizable data of the metric, but also on
the normalizable data. In particular, even for a constant time slice of AdS4 in global
coordinates SV is finite but non-zero:

SV = é;rfl (i - %ln2 - as) . (6.33)

One can fix ay to set this to zero, but one will then still obtain finite answers for other

conformal classes of the boundary metric.

Another conceptual issue with the use of the renormalised volume is that the Fefferman-
Graham expansion for the metric changes as the matter content is adjusted. Counterterms
to renormalise the volume therefore depend not just on the induced geometry but also on
the boundary values of the matter fields, so the functional does not in general depend only
on the geometry.

Leaving these issues to one side for a moment, the functional can be computed for the
solution (6.2), working perturbatively in the irrelevant field. We set

g(r)=1+Ag(r);  f(r)=1+Af(r), (6.34)
where the gauge invariant combination (Ag(r) —rOAf(r)) is determined from (6.4). Then

the renormalised spatial volume gives

CViq [T _
T 2Ga /0 drr*(Ag(r) = rOA[(r)) (6.35)

where V;_; is again the regulated volume of the spatial sections. The integral is expressed

SV

in terms of the gauge invariant metric perturbation and evaluating it we obtain

v _ (A —d) | N
5= C4(d —1)2A—-d—1) Ggu1 g ’ (6:36)
where we define
% 3. (6.37)

The functional therefore by construction does have the same qualitative behaviour as the
field space entanglement entropy of section 2.
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6.3 Summary and interpretation

In the holographic systems we have been discussing, degrees of freedom of the dual field
theory are indeed localised in the inner throat region. In particular, in the Coulomb branch
geometries the low energy physics is analogous to that in the field theory examples in
section 2. However, imposing any cutoff on the inner throat region automatically removes
not only the degrees of freedom associated with the other brane stacks (as in the field
theory examples), but also high energy modes from the SU(N/2) CFT dual to the inner
throat (which were not removed by the definition of field theory entanglement entropy of
section 2).

It is hence unsurprising that both geometric measures of entanglement, the spatial
volume of the inner throat and the area of the cutoff of this throat, give non-zero answers
even for asymptotically AdS throats. The latter are dual to states in a single conformal field
theory and, according to the field theory definition, their field space entanglement entropy
would be zero. Yet the geometric entanglement quantities both remove high energy modes
from this CFT by introducing a geometric cutoff, resulting in non-zero entanglement. The
procedures of background subtraction (6.29) and renormalisation (6.30) subtract off the
entanglement with high energy modes of the CFT.

Corrections to the throat geometry associated with irrelevant deformations give anal-
ogous contributions to the geometric entropies to the field space entanglement entropy of
section 2. The measure of entanglement associated with the spatial volume of the throat
has the advantage that it is gauge invariant, see (6.35), but the exact dual field theory def-
inition is unclear. The differential entropy by contrast has a sharp field theory definition
although the relation between the defining strip width in the quantum field theory and the
cutoff surface is subtle.

Finally, let us note that both geometric quantities are also qualitatively similar to
the momentum space entanglement entropy explored in [47], although the difficulty in
exactly matching the bulk radial coordinate with boundary RG scale precludes a precise
identification.

7 Conclusions

In this paper we have derived effective descriptions of inner throat regions in holographic
geometries in terms of Einstein gravity coupled to massive scalar fields dual to irrelevant op-
erators. Such descriptions are applicable both to Coulomb branch solutions with separated
brane stacks and to the interior region of near extremal anti-de Sitter black branes.
Using these effective descriptions we have explored geometric measures of entangle-
ment, characterising the entanglement of the degrees of freedom associated with the in-
ner throat with those degrees of freedom associated with the geometric complement. We
showed that the differential entropy computes the area of a hole, even in an irrelevantly
deformed conformal field theory. Both the differential entropy and the spatial volume of
the throat capture features of the field space entanglement entropy. However, unsurpris-
ingly, the geometric measures of entanglement receive contributions associated with the
entanglement with high energy modes of the low energy CFT dual to the inner throat and
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thus we conclude that the field space entanglement entropy cannot be precisely realised
holographically using the simple geometric quantities explored in this paper. Of course
any quantity with a precise field theory definition will be realisable holographically but it
seems unlikely that field space entanglement entropy has a simple geometric realisation.

The generalized holographic entanglement entropy (associated with a partitioning of
the compact part of the bulk geometry) should correspond to a global symmetry entangle-
ment entropy. In future work it would be interesting to sharpen the field theory definition
of the latter and compute it in interacting field theories. One would also like to understand
whether the generalized holographic entanglement entropy can be understood and derived
using the methods of [48]. Entanglement entropy for Coulomb branch geometries was ex-
plored in detail in [39], with the results having implications for correlations in field space.
It would be interesting to understand whether the measures of entanglement introduced
here imply similar results.

More generally, we note that it is hard to derive precise relationships between bulk (ge-
ometric) measures of entanglement and quantum field theory measures of entanglement.
From the quantum field theory perspective it would also be natural to consider entan-
glement between different components of the matrix for matrix valued fields (although a
gauge invariant definition would clearly be needed). From the bulk perspective such entan-
glement would presumably be hard to realise geometrically for the same reasons discussed
in this paper: there is no reason why the degrees of freedom traced out should generically
be localized anywhere in the bulk spacetime.
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A M2-brane analysis

In this section we discuss the Kaluza-Klein spectrum on AdS, x S7, focussing on the scalar
fields of interest dual to irrelevant operators. Our discussion is consistent with the early
papers [49, 50] but we follow the approach introduced in [51] for AdS5 x S°.
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The Einstein equation is

1 1
Run = 6 MPQRFNPQ = rors T grrn, (A1)

while the equation for the four-form is

1
Dy FMNPQ — = Mi-MsNPQEy W o o (A.2)

V2576

with Fynpg = 248[MANPQ]-
For AdSy x S7 the background solution can be expressed as

Rapns = M3(90, 985 — 90595 ); (A.3)
Ruvpr = =i(951p950 = 9padip):
where m3 = 4m? and
,uzzpa \ m777uupa (A4)

Now we consider metric perturbations such that

IMN = gyn + hun- (A.5)

Fixing a gauge such that
D%hop = D%hgy =0, (A.6)

with D% being the background covariant derivative, we can decompose the metric pertur-
bations in terms of spherical harmonics as

hyw =Y bl (@)Y (1); hpa = BE(z)Y(y (A7)
hap) =y " (@)Y ie ) ha =) (@)Y’

Here Y (y) denote scalar harmonics; Y,/* denote vector harmonics which satisfy D®Y» = 0
and Y(,p) denote tensor harmonics satisfying DY,z = 0.
Similarly the three form can be expressed as Aynp = Af;yp + amnp with

Qpvp = Z aIIWpYI; v = Z alv ylIv, (A.8)
Loy la . _ Isy1.
Opap = Z ay Y[ama Gapy = Z a 3Y[a357]a (A.9)

where we have imposed a gauge choice:
Daaauu = Daaaﬁu — Daaaﬁ'y = 0. (A.lO)

Here Y[ 8] and Y[ 3y 1€ again tensor harmonics.
The linearized Einstein and four-form equations can be diagonalised by projecting onto
the linearly independent spherical harmonic components. Clearly only modes associated

with the same spherical harmonics can mix at linear order. Thus in particular we need to
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I

uwp and express

diagonalize the equations for (Al , 7! al, ). Note that we can dualise a

p ™ Qpup
it as
I

Upp = nzypatl". (A.11)

To diagonalize the equations of motion we need the projections of the (ur) Einstein equa-
tion, the (af) Einstein equation and the four form equation onto scalar harmonics. Pro-
jecting the symmetric traceless part of the (o) Einstein equation we obtain

5
<h51 + 7# ) DDy Y' =0, (A.12)

which immediately allows hﬁl to be eliminated in favour of 7!. From the four form equation

we obtain

1
<tfpfu + Oyt — 5 V18mer (g — nf);u> vi=o, (A.13)

where [, is the Laplacian along the S7. In particular, for modes depending on the trivial
constant spherical harmonic:

1
<tg;? + mm77r0> = 0. (A.14)
HY

Tracing the (a3) Einstein equation with ¢°*® and projecting onto the trivial spherical
harmonic then gives the following equation of motion for 7°:

(Opn® — 72m3n°) = (O,7° — 18min°) =0, (A.15)

where we have eliminated tf,? and hﬁo using the relations above. The mass implies that the
field 70 is dual to an operator of dimension six.

B Mb5-brane analysis

In this section we discuss the Kaluza-Klein spectrum on AdS; x S*, focussing on the scalar
fields of interest dual to irrelevant operators. Our discussion is consistent with the results
of [52-54] but we follow the elegant approach introduced in [51] for AdSs x S°.

For AdS7 x S* the background solution can be expressed as

Ragns = M3(90, 985 — 9as98); (B.1)
Rw/pa = —m%(gngga - gZagZp)7
where ;i denotes AdS indices and a denotes S* indices. Here m? = 4m2 and
Fosys = V18minapys. (B.2)

Now we consider metric perturbations such that

IMN = 9un + hun. (B.3)
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Fixing a gauge such that
D%hap = D%hey =0 (B.4)

we can decompose the metric perturbations in terms of spherical harmonics as

hw = > bl (@)Y (y); hpo = > _ B (2)Y.(y); (B.5)
hap) = Y " (@)Y e ) ha =) w (@)Y’

As in the previous section Y denote scalar harmonics, Y.!* denote vector harmonics and
Y(I; 3) denote tensor harmonics.
Similarly the three form can be expressed as Aynp = A} yp + amnp with

Auvp = Z a;ILVpYI; Auva = Z a;Iﬁ/Yo{v; (Bﬁ)
Ao = Z aff ea[gm;DVYM”; Aoy = Z aleam(gDéYI, (B.7)

where we have imposed a gauge choice:
D%y = D%apag = D%anpy = 0. (B.8)

The linearized Einstein and four-form equations can be projected into spherical harmonic
components and only modes associated with the same spherical harmonics can mix at linear

order. For the case at hand we only need to diagonalize the equations for (hIIW, , /IW 05 al).
I

Note that we can dualise a,,,,,

and express it as

I Io
Uy = nzypgt . (B.9)

To diagonlize the equations of motion we need the projections of the (ur) Einstein equation,
the (af) Einstein equation and the four form equation onto scalar harmonics. Projecting
the symmetric traceless part of the (a/3) Einstein equation we obtain

1
<hgf+-2wf>1)mzzﬂy4::o, (B.10)

which again immediately allows hﬁl to be eliminated in favour of 7/. Tracing the (af)
Einstein equation with ¢°* and projecting onto the trivial constant spherical harmonic
gives the following equation for 7°:

(0,7 — 72m37°) = 0. (B.11)
Thus 7° is dual to an operator of dimension twelve in the CFT.
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