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1 Introduction

We would like to understand collective macroscopic behaviour of matter subject to external
fields. In the high-temperature limit this is often captured by classical hydrodynamics. The
ingredients that go into writing down the hydrodynamic equations are: the identification of
relevant variables (conserved densities, order parameters), the derivative expansion (small
gradients near equilibrium), and symmetry constraints. The hydrodynamic equations are
modified when the system is subject to external electric and magnetic fields. The latter will
induce polarization (electric, magnetic, or both) in a fluid, and as a result the transport
properties of the fluid will change. Our focus here will be on isotropic relativistic matter
because a) electromagnetic fields are intrinsically relativistic, b) relativistic fluids have
more symmetry than non-relativistic fluids, and ¢) relativistic fluids have been a subject of
much recent attention in the literature due to their appearance in heavy-ion physics [1, 2],
in gravitational physics, through the holographic duality [3], and even in condensed matter
physics [4, 5]. The systematic description (including the derivative expansion) of polarized
relativistic fluids is largely missing, and the present paper is a step in filling that gap.



In order to understand the hydrodynamics of matter subject to external fields, one
needs to understand its thermodynamics first. In what follows we will describe the pro-
cedure for obtaining the energy-momentum tensor and the current density for stationary
equilibrium polarized matter subject to external gravitational and electromagnetic fields.
We will find simple expressions for “bound” currents, including equilibrium surface currents
and surface momenta.

Let us start with the standard description of equilibrium thermodynamics without
external fields. In the grand canonical ensemble at temperature Ty = 1/ and chemical
potential ug, extensivity in the large-volume limit dictates that the logarithm of the grand-
canonical partition function Z[Ty, uo| is proportional to the d-dimensional spatial volume,

InZ = f /ddw P(Ty, po) ,

where the pressure P(Tp, o) is constant in equilibrium [6]. The partition function Z may
be computed from a Euclidean path integral with a Euclidean (imaginary) time compact-
ified with period fy, see e.g. [7]. In the path integral action, the fundamental fields of the
microscopic theory can then be coupled to time-independent external sources: the (Eu-
clidean) metric gj;, and the (Euclidean) gauge field A;. The gauge field couples to the
conserved current, whose time component is the charge density corresponding to the chem-
ical potential. See ref. [8] for a convenient parametrization of the Euclidean sources g” and
AP. The Euclidean path integral gives rise to the partition function Z = Z[Ty, o, g7, A”],
where Ty = 1/ is the coordinate periodicity of the Euclidean time. We assume that the
coupling to time-independent external sources leaves the system in equilibrium, so that no
entropy is produced. The temperature and the chemical potential will be altered by the
external sources and are not uniform any more. For example, the equilibrium temperature
becomes T'(x) = Ty/+/9§,(x) [6]. Similarly, the chemical potential will be shifted by the

time component of the external gauge field. We can write W = —iln Z as
W[T07,UO>9E7AE] = _iBO ddx \/gEf(T0>M079EaAE)> (1'1)

where /¢ is the square root of the determinant of 9> and F is the negative of the grand
canonical free energy density. In flat space and without external gauge fields, F reduces to
the pressure P, and in general F is a complicated function of the spatially varying external
sources. In a slight abuse of terminology, we will refer to F as the free energy density,
and to W as the free energy. Varying W with respect to a time-independent source gives
rise to a zero-frequency insertion in the Euclidean path integral of the operator coupled
to the source. The relevant operators are the energy-momentum tensor (coupled to the
metric), and the conserved current (coupled to the gauge field). Thus W is the generating
functional for zero-frequency correlation functions of the energy-momentum tensor and the
current in equilibrium.

The Euclidean external sources gﬁu and Aﬁ may be “un-Wick-rotated” to Minkowski
time to obtain the physical real-time external sources g,, and A, for example g{, = —goo,
96, = —igok, Aj = —iAg etc. In what follows we will omit the dependence on Ty and o,



and will denote the Euclidean generating functional with arguments continued to physical
time as Wg, A], so that

Wig, A] = / & /g F(To, 0,9, A) (1.2)

where [ d41z stands for —ify [ dz. We may as well view [ "1z as containing an integral
over the physical time, as the argument of the integral does not depend on time anyway.

For a relativistic microscopic theory without gauge and gravitational anomalies, the
generating functional is both gauge- and diffeomorphism-invariant. Let us further assume
that all long-range interactions are screened due to a non-zero temperature 7', so that
the spatial correlations are local on scales longer than the screening length. The effective
description of static correlations on such long scales will then be given by Wg, A], where
the density F is a local function of the external sources. For external fields that vary slowly
in space, the above locality implies that F may be written as a derivative expansion in the
gradients of the external fields. See ref. [8] for a study of the local generating functional in
the Euclidean form, and ref. [9] for the Minkowski form. Here we will use the Minkowski
form, in which the underlying gauge and diffeomorphism invariance is manifested in a more
straightforward way.

In order to implement the derivative expansion in practice, one needs to postulate the
derivative scaling of the external sources g, and A,. Physically, this amounts to deciding
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whether the external sources are taken as “strong” or “weak” on the scale of the spatial
inhomogeneity in equilibrium. In refs. [8, 9], the external sources were taken as “weak” in
the sense that both g,, and A, were assumed to be O(1) in the derivative expansion, so
that both electric and magnetic fields appear at order O(09) in the expansion. This choice of
scaling makes the description of equilibrium polarization rather awkward: for example, in
3+1 dimensions, the thermodynamic response to constant homogeneous magnetic field B
appears at the same order as the response to two derivatives of temperature, B? ~ (9T)2.

In order to describe polarized matter in constant (or slowly varying in space) electric
and magnetic fields, a different derivative counting scheme is more natural, one in which
constant homogeneous electric and magnetic fields are taken to be O(1) in the derivative
expansion, rather than order O(9). This will be our goal here: to implement the derivative
expansion of the free energy in the regime when the external gravitational field is still
“weak” so that g, is O(1), while the external electromagnetic field is “strong” so that the
field strength F,, = 0,4, — 0, A, is O(1). Following the general approach of ref. [9], we
will obtain simple expressions for the energy-momentum tensor and the conserved current
in relativistic polarized matter subject to external fields.

2 Free energy

2.1 Thermodynamic parameters

Let us first outline the starting point. The free energy W]g, A] is a gauge- and
diffeomorphism-invariant functional of A,, g,,, and their derivatives. Being in equilib-
rium means that that there is a Killing vector V, such that the Lie derivative with respect



to V vanishes on all observables, £y(...) = 0. In suitable coordinates, V* = (1,0). In

the grand canonical ensemble, the equilibrium state is parametrized by the temperature,

velocity, and the chemical potential. Their relation to the external sources is
1 VH _ VEAL+ Ay

T= S =55 ut = T =55 9
BO,/_V2 1/_‘/'2 H _V2

where [y is a constant setting the normalization of temperature, and Ay is a gauge pa-

(2.1)

rameter which ensures that p is gauge-invariant. The constant pg is absorbed into Ay .
Without external gauge fields, relations (2.1) are the covariant versions of the statement
that T'v/—goo and p\/—goo are constant in equilibrium [6]. The vector u* is the normalized
(u? = —1) velocity of matter, and the coordinates in which V# = (1,0) correspond to the
matter “at rest”. Both T and p are gauge invariant and transform as scalars under dif-
feomorphisms. For a discussion of gauge and diffeomorphism covariance of the equilibrium
parameters see section 5 of ref. [10]. For a system occupying a spacetime region M with a
boundary dM, we assume that the generating functional can be separated into bulk and

boundary contributions, and we take

Wig, A] = /Mdd+1:z: V=G F + /BM & L. (2.2)

Here the first term describes the bulk contribution, and the second term the boundary
contribution. To leading order in the derivative expansion, F is the pressure, and L is the
surface tension. In the bulk term, g is the determinant of g,,,,, and F is a function of T, u*,
1, as well as of the sources A, g,,,, and their derivatives. For the boundary with coordinates
y® whose shape is specified by x#(y?), the tangent vectors are e, = Oz /0y®, and the
projector onto the boundary is P*” = g"” — n#n”. The induced metric on the boundary is
Yab = €h €} guy. In the boundary term, ~ is the determinant of the induced metric, while L
in addition may depend on n*, the spacelike unit normal vector to the boundary.

2.2 Response to external sources

The energy-momentum tensor and the current are defined as
1
= / A /=g T 6g, + / At /=g J" 5 A,
2 Jm M

1
+ = / A% /T 59, + / A%z /7 JE A,

2 Jom oM

+ / A%z /7 KM £,89, + / Az KE £20A 4., (2.3)
oM oM

oWlg, A] =

where £, is the Lie derivative along the normal, the dots denote boundary terms with
higher normal derivatives of the sources. The variations are performed at fixed V# and
Ay. Here TH, J* are the bulk energy-momentum tensor and the current, and 74", J¢'
are the boundary energy-momentum tensor and the current. The tensors K. and K
describe interactions between bulk and boundary degrees of freedom. The gauge- and



diffeomorphism-invariance of W g, A] implies conservation laws

v, Jth =0, (2.4a)
V. TH = F" ], (2.4D)

The derivative expansion for the free energy density F in the generating functional (2.2)
gives rise to the derivative expansion for the equilibrium 7" and J*, as described in [9].
The boundary energy-momentum tensor and the current in (2.3) may be decomposed into
the contributions tangential to and normal to the boundary,

TSHV 59#1/ = Tsab 5'7@1) + Hg 59a + Il 5gn y
JESA, = JO6Aa+ Jy 6 An .

Here dg, is the pullback of Pj dgn,n” to the boundary, dgn = n*n"dg,., 6A, is the pull-
back of §A, to the boundary, and A, = n*dA,. Similarly, one can vary the generating
functional with respect to the field strength F),,,

1 1
0rWlg, Al = 5 /Mdd+1x V=g MM 0F + 5 /8 Mdd:c V7 M SF,,
+ / dlx /Y M&SF, + / A%y LE £,6F ) + ... (2.5)
oM oM

where again 0 F,;, is the pullback of 0 F),, to the boundary, 6F, is the pullback of P;‘ dF\,n”
to the boundary, and the dots denote boundary terms with higher normal derivatives of
0F,,,. This defines the bulk polarization tensor M*¥, and the boundary polarization tensor
Msab.1 The surface terms Jg, 11, I, M depend on how the equilibrium is set up, and what
the boundary conditions on OM are, as determined by the nature of the phase separation
at OM.

In all the above variations, we assume that the region M occupied by matter is un-
changed. One could also consider the response of the generating functional to changing the
shape of OM, however this will not be needed for our purposes. See ref. [11] for a recent
discussion of surface terms in the Euclidean generating functional.

The polarization tensor contains both electric and magnetic components. We define
the electric field as E, = Fj,u”, the magnetic field as B = —%eﬂo‘ﬁuﬂFa/g for d = 2,
and B* = %e‘“’ aﬁuyFag for d = 3. In 1+1 dimensions, we define the “magnetic field” as
B = L F,,, so that F,, = —Be,,. The Levi-Civita tensor is e#’®? = gte8/ /=g with
= 1, and similarly in other dimensions. Both E,, and B,, are spacelike and orthogonal
to u*. We have the following decomposition of the field strength:

d=1: Fo=u,E, —uwkE,,
d=2: Fu =u.kb, —uE, —€,,u'B,

d=3: Fo=uw,E, —u,E, — €p0u’ B’ .

!There is a gravitational analogue of the polarization tensor which involves varying the generating
functional with respect to the connection coefficients. The energy-momentum tensor then takes the form
analogous to eq. (2.14) below. See section 5 of ref. [10].



The electric polarization vector p* and the magnetization vector m® (for d=3) are
defined by rewriting the integrand in (2.5) as %M“”éFNV = p*0E, + m*0B,. For d=2,
the variation is %M W6, = p*6E, +mdéB, which defines the magnetization m. The
decomposition of the polarization tensor into the electric and magnetic parts is then

d=1: My =meu, (2.6a)
d=2: My = puuy — pyuy — €upu’m, (2.6b)
d=3: My = puty — putly — €uupet’m? (2.6¢)

where p* = u\ MM, mt = %e“”o‘ﬂu,,Ma/g (for d = 3), and m = —%e“aﬁuuMa[g (for d = 2).
Both p, and m, are transverse to u.

2.3 Equilibrium relations

The equilibrium definitions (2.1) together with £y (...) =0 give
8,\T = —TCL)\ y 8)41 = E,\ — pay , (27)

where a* = uVyu* is the acceleration vector, uyat = 0. These relations imply that
T0\(p/T) — Ey vanishes in equilibrium. In other words, a system subject to an external
electric field will develop a gradient of p/T" in order to compensate the applied field and
ensure that the equilibrium is maintained.

This has implication for derivative counting. For “weak” electric fields E) ~ O(0), the
gradients of T and p are O(9) as well. For “strong” electric fields E) ~ O(1), there will
be an O(1) gradient of u/T. How exactly this gradient is achieved depends on the nature
of the microscopic degrees of freedom. Given that the chemical potential determines the
number of charge carriers, we take “strong” electric fields to mean that both F and Ou are
O(1), while 9T is still O(9), so that %” > 9T In the generating functional, the derivatives
of the chemical potential may then be traded for the electric field.

Similarly, the derivative of the velocity can be decomposed in equilibrium as

d=1: V,u, = —uya,, (2.8a)
1

d=2: V,u, =—uya, — 5 Cura u®Q), (2.8b)
1 ans

d=3: V,u, =—uya, — o Cuvap U Q° (2.8¢)

The vorticity is Q = —e’“’)‘uuv,,uA for d = 2, and Q* = e“”“ﬁuyvau/g for d = 3. This
velocity decomposition implies that both the expansion V,u* and the shear tensor o#” =
(AHEAVB L AV ARE — 2 A NBY T ug (where AMY = gMY +ufuY is the transverse projector)
vanish in equilibrium. This is as it should be: out of equilibrium, the expansion would
contribute to dissipation through bulk viscosity, and the shear tensor would contribute to
dissipation through shear viscosity.



Combined with the electromagnetic “Bianchi identity” e***# V,Fy3 = 0in 3+1 dimen-
sions, the velocity decomposition (2.8) implies
V-B = B-a— EQ,
u€"P’V,E; = u, """’ Eya, .

These are the covariant versions of the familiar flat-space equilibrium relations V-B = 0
and VXE = 0. More generally, for the electric field in equilibrium we have

d=2: EMO‘BVaEﬁ = e“O‘BEaag , (2.9a)
d=3: "V, E, =" Eya,, (2.9b)
as a consequence of £y FE, =0 and E,u® = 0.

2.4 Polarization ambiguities

The electromagnetic Bianchi identity also implies that there is an ambiguity in the defini-
tion of the polarization tensor: in 341 dimensions, one can always add to the generating
functional an identically vanishing term Wg = % J/=gCpe™ B V., F,p3, where C}, can be
a function of the field strength and its derivatives. Such a term shifts the polarization

tensor by
M — M 4 2Py, C, . (2.10)

The polarization vectors correspondingly shift as
= p =P, V,Co (2.11a)
my, — my — V,(Cu) — (Cu)ay, . (2.11b)
In 2+1 dimensions, we can add an identically vanishing term Wy = % Jv/=gC ehoB VuFog,
where again C' can be a function of the field strength and its derivatives. The polarization

tensor then shifts by
M — M — Pry,C. (2.12)

The electric polarization vector correspondingly changes as
p" = pt 4+ P, V,C, (2.13)

while the magnetic polarization m remains unchanged.

The variational derivatives of W with respect to both g, and A, vanish. As a result,
the energy-momentum tensor and the current (both bulk and boundary) are not affected
by such unphysical shifts.

2.5 Bound charges and bound currents

For matter whose degrees of freedom carry gauge charges, it is conventional to separate
the charge into the “free charge” and “bound charge” components. In the grand canonical
ensemble, the chemical potential p describes the coupling of the system to a reservoir



of “free charges”. Demanding local charge neutrality for free charges in the bulk would
amount to demanding 0F/0u = 0. Doing so would eliminate the contribution of free
charges to polarization. One may refer to p-dependent contributions as coming from “free
charges”, and p-independent contributions as coming from “bound charges”, though such
a separation is somewhat artificial. We will not impose 0F/0u = 0, and will keep the
contribution to polarization from both free charges and bound charges.

The current J* admits a simple expression in terms of the polarization tensor to any
order in the derivative expansion. Indeed, the free energy density F can be written as

F = S(o) + S?SVV)\FMV -+ S(A;)MVV)\VUFIW +...,

where the coefficients S(,,) do not contain derivatives of the electromagnetic field strength.
The derivative of the chemical potential can be traded for the electric field according
to (2.7), hence we can take S(,) = S(,)(T, i, Fup, - ..) where dots denote the arguments
which do not depend on the gauge field. The polarization tensor can be easily found in
terms of S(,,) through integration by parts. It is then clear that the current extracted from
the generating functional according to (2.3) is

J = pu® — V\M™ (2.14)

to any order in the derivative expansion, where p = 0F/Ju. The first term in the right-
hand side is the standard equilibrium current in the absence of polarization: to leading
order in the derivative expansion the free energy density F is just the pressure P, and
p = OP/0u is the density of “free charges”. The second term in the right-hand side is
a total derivative of an anti-symmetric tensor. It therefore does not contribute to the
conservation equation V,J# = 0, and can be interpreted in terms of “bound” charges and
“bound” currents. It is clear from the expression (2.14) that the unphysical polarization
shifts (2.10) and (2.12) do not affect the current.
The current can be decomposed with respect to the velocity u* as

JE = Nu' + J* (2.15)

where ' = —u,J" is the charge density, and the spatial current J,, = A\ J A is transverse
to ut. For the polarization tensor of the form (2.6), the definitions (2.1) together with
£v(...) =0 lead to the following equilibrium expressions for the charge density:

d=2: N =p—-V,p"+pla, —mQ, (2.16a)

d=3: N =p—-V,p"+pla, —m,Q". (2.16Db)

Consider the charge density in d = 3 spatial dimensions. The second term in the right-hand
side is the familiar electrostatic bound charge density, which in flat space reduces to —V-p.
The third term is the bound charge density induced by gravity: in the static Newtonian
gravitational field it becomes p-V, where ¢ is the gravitational potential. The last term
is the bound charge density induced in magnetized matter which is rotating. For a system



undergoing rotation with small (meaning |w|R < 1, where R is the size of the system)
angular velocity w, the last term in the right-hand side becomes —2m-w.

Similarly, the definitions (2.1) together with £y = 0 lead to the following equilibrium
expressions for the spatial current:

d=2: J'=é""u,Vym+ " u,a,m, (2.17a)

d=3: J'=€e"""u,V,ms + " u,a,mes . (2.17Db)

Consider the current density in d = 3 spatial dimensions. The first term in the right-hand
side is the familiar bound current, which in flat space reduces to V xm. The second term is
the bound current induced by the gravitational field: in the static Newtonian gravitational
field it reduces to (V) xm, where ¢ is the gravitational potential.

We emphasize that the above expressions for bound charges and bound currents are
simply a consequence of thermal equilibrium. Equations (2.16), (2.17) do not assume
any particular microscopic model of matter, and moreover they hold to any order in the
derivative expansion.

2.6 Derivative expansion

We close this section with a comment on the derivative expansion of the free energy. As
a schematic example, consider the functional Wa, g] which depends on two sources a(x)
and g(x) which both vary slowly in space. Assuming locality, the derivative expansion is

Wi, g] = / Poa.g) + / Pi(a,g)d(z) + / Py(a,g) ¢ (x)
+ / Py(a,g) a"(x) + / Py(a,9)g"(z) + / Py(a, ) d'()g (x)
+ / Poa,g) d/(x)? + / Pr(a,g) ¢/ (2)? + 0(6?),

and the boundary terms are implied.

Suppose now that a changes much faster than g, such that |a’(x)/a(z)| > |¢'(z)/g(x)].
Naively, one may think that the terms containing the derivatives of a(z) are more important
than those with derivatives of g(x), and there is a separate derivative counting associated
with a(x) and g(x). This is not in general so: for example, integrating the P, term by
parts gives rise to [(0P2/da) g(x)a’(x), which may be of the same order as the P term. It
is possible to count the derivatives of g differently from the derivatives of a if the “cross”
terms (0P/0a) are in some sense small. For example, we could introduce two counting
parameters € and v < ¢ and count the derivatives as a’ ~ ¢, ¢’ ~ 7, while 0Py /da, P,/ da,
0Ps/0a, OP;/0a are of order v/e.

Physically, a will be the external gauge potential A, and g the external metric g,,. By
“strong” electromagnetic fields we will mean the fields such that this derivative counting
is valid, i.e. electromagnetism is more important than gravity. For such “strong” fields, by
the leading order in the derivative expansion we will mean: i) setting v to zero, ii) isolating
terms polynomial in a'(x), and iii) summing those terms into a single function P(a,g,a’).



3 Leading order in the derivative expansion

3.1 Weak electromagnetic fields

Let us start with “weak” electromagnetic fields. For the sources with A, ~ O(1), gu, ~
O(1), there are only two gauge and diffeomorphism invariants at leading order in the
derivative expansion in the bulk: T and . On the boundary, there is an extra invariant
u, = ufn,. The static generating functional to leading order in the derivative expansion

is then

Wigd) = [ e V=g P+ [ dle TLT ).
M oM
The definitions (2.3) give
T = Pgt" + (T's + pp)uru” ,
JH = put
where s = OP/OT is the bulk entropy density, p = 9P/0u is the bulk charge density.

These are the standard expressions for the energy-momentum tensor and the current in a
relativistic perfect fluid. The boundary energy-momentum tensor and the current are

Tsab = Lfyab + (TSS + Nps) uaub ’

J$ = psu”,

S

and the other boundary terms are II¢ = (T'ss + pps) uu®, Ils = % (T'ss + pups) u2 + g,
and Jg = psuy,, where we have defined ss = 0L/0T, ps = OL/0u, s = OL/0u,. Again,
these describe a perfect fluid on the boundary with pressure L. At leading order in the
derivative expansion, both K% and K.” vanish.

3.2 Strong electromagnetic fields

Let us now consider “strong” electromagnetic fields, such that £, ~ O(1) and g,, ~ O(1)
in the derivative expansion. To leading order, the static generating functional is

Wig, Al = /Mdd“w V=9 P(T,p, Fop) +/8Mdd$ VYL(T, p, Fagyna) - (3.1)

The dependence on F,g includes the dependence on electric and magnetic fields, and for
the boundary part also on their normal components.?

*When d+1 is odd, there may be Chern-Simons terms in P. The Chern-Simons term is not gauge
invariant on the boundary, so in this case L must contain an anomalous piece, whose gauge variation exactly
cancels the gauge variation of the Chern-Simons term. In the application to the quantum Hall effect, the
anomalous boundary piece comes from the massless 1+1 dimensional chiral modes on the boundary [12].
Upon integrating out the massless boundary modes, L will in general become a non-local function of the
electric and magnetic fields. If the dynamics of the boundary modes can be described classically, they may
be treated directly within the generating functional, similar to what is done in ref. [13] for superfluids.
In what follows, we will ignore the massless boundary modes, and will only explore the consequences of
short-distance correlations on the boundary.

~10 -



The bulk current is given by (2.14), with the polarization tensor M* = 20P/0F),,.
In what follows we will express M in terms of electric and magnetic susceptibilities.

In order to find the energy-momentum tensor, we need to be more specific about the
dependence of P and L on the metric. Gauge and diffeomorphism invariance requires
that P = P(s') is a function of scalars s, which are made out of the electromagnetic
field strength (we will use the term “scalar” for both scalars and pseudo-scalars). The
superscript signifies that we are working to leading order in the derivative expansion.
The number of scalars s depends on the dimension. To leading order in the derivative
expansion, we choose to work with the following independent scalars:

d=1: s ={T, u, B}, (3.2a)
d=2: s9={T, u, B, E*}, (3.2b)
d=3: sV ={T, pu, B*, E-B, E*} . (3.2¢)

Let us express the bulk energy-momentum tensor using the decomposition with respect to
the velocity u*, as is often done in relativistic fluid dynamics,

T = Eul'u” + PAM + QPu¥ + QUul + T . (3.3)

Here £ = wu,u, T is the energy density, P = éAWT H¥ is the pressure, the momen-
tum density Q,, = —AwuﬂTaﬁ is transverse to u#, and TH = %(AMQAVﬁ + AvaAup —
%AM,,Aag)T a8 is transverse to u*, symmetric, and traceless. Given P as a function of the
above scalars, the energy-momentum tensor can be read off from the definition (2.3).

For d = 1, we have P = P(T, 1, B). This gives the following energy-momentum tensor:

E= —P+Ts+up+mB, (3.4a)
P=P—mB, (3.4Db)
QF=0, (3.4c)
T =0. (3.4d)

Here the “magnetization” density m = 0P/0B determines the polarization tensor as
MM = met” . (3.5)

For d = 2, P = P(T, u, B, E?). This gives the following energy-momentum tensor:

E= —P+Ts+pp+xeE?, (3.6a)
1
P=P—mB - jxuE*, (3.6Db)
oOH = me“pUEp Uy (36(3)
1
T = — xn (E“E” — 2A’“’E2> : (3.6d)

- 11 -



Here again s = 0P/O0T is the entropy density, p = 0P/Ju is the charge density, m =
OP/OB is the magnetization density, and yz = 20P/OE? is the electric susceptibility.
They determine the polarization tensor as

MM = —muye™ + xg (BPu? — EYut) . (3.7)

The dependence P = P(T,pu, B, E?) implies that the electric polarization vector is p* =
xeF*, and the polarization tensor (3.7) coincides with the general expression (2.6), as
it should.

For d = 3, P = P(T,u,B? E-B,E?). This gives the following energy-momentum
tensor:

E= —P+Ts+ up+ xenE? + xun E-B, (3.8a)
2 2 1 2
P = P - gXBBB - gXEEE — XEB E'B7 (3.8b)
Qu = — XBBSM s (3.8C)
v w v 1 nv 2 n v 1 ur R

Here again s = 0P/JT, p = OP/Ou are the entropy and charge densities, SH =
e“p")‘upEgBA is the Poynting vector, xgz = 20P/OE? is the electric susceptibility,
Xes = OP/O(E-B) is the electro-magnetic susceptibility, xss = 20P/9B? is the magnetic
susceptibility. They determine the polarization tensor as

M" = xgg(E*u” — EYut) + XBBe“”a'BBaug — xesG*, (3.9)

where GM = %G“WBFQ[; is the dual field strength. The dependence P =
P(T, i, B2, E-B, E?), implies that the polarization vectors are

' = xee E" + xes B" |
mt = xeeE" + xssB" .

The magneto-electric susceptibility xgg is equal to the electro-magnetic susceptibility xgs,
and the polarization tensor (3.9) coincides with the general expression (2.6), as it should.
So far we have presented T"" in terms of the decomposition (3.3) with respect to
the velocity u*, whose coefficients £, P, OF, and TH are expressed in terms of the
electric and magnetic fields, and the susceptibilities. The same energy-momentum ten-
sors (3.4), (3.6), (3.8) can be equivalently expressed in terms of the polarization tensor
MW" =20P/0F,, as
TH = Pg" + (T's + pp)uru” + Ty (3.10a)

where
TE = MPgas PP + wiu® (Mo P — FugM™) (3.10b)

is the “electromagnetic correction” to the perfect fluid form. Note that P, s, and p
in (3.10a) are functions of the electric and magnetic fields. The tensor (3.10b) is sym-
metric; if we set the external electric field to zero (in two or three spatial dimensions),
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then Ty reduces to its first term, and is still symmetric. Note that V,Thy; does not equal
F”A(—VVM”A).

The above expression for Thy was first derived by W. Israel [14], for a free gas of
polarized relativistic particles. We emphasize that one does not need to assume any partic-
ular microscopic model of matter in order to arrive at the above energy-momentum tensor:
expression (3.10) is a direct consequence of gauge and diffeomorphism invariance of the
theory, to leading order in the derivative expansion.

We now turn to the boundary energy-momentum tensor and the current which fol-
low from the generating functional (3.1). The boundary current may be expressed in
terms of the boundary polarization tensor m*” = 20L/0F,, (keeping T, p, and n*
fixed). Upon integrating by parts on the boundary, the definition (2.3) gives the following
boundary currents:

J = M® + (psu® — Vym®®) , (3.11)

Here M*® is the boundary current arising from integrating the variation of P(T', u, F,,3) by
parts, ef M@ = nyM™. As one can see from the polarization tensor (2.6), in flat space in
3+1 dimensions the boundary current nyM* reduces to a vector whose time component
(surface charge density) is p-n, while the spatial part (surface bound current) is mxn.
These are the familiar expressions from electro- and magneto-statics. The other term
in the boundary current, (psu® — Vymb?®), arises due to the presence of charged degrees
of freedom on the boundary described by L, and mimics the bulk current (2.14), with
ps = OL/Ou. The other boundary currents, Js = psuy,, and Kf' = nam™, emerge from L
as well.

At leading order in the derivative expansion, the only contribution to the boundary
energy-momentum tensor arises from the surface tension term in (3.1). In 241 dimensions,
L = L(T, i, un, B, E* E,), where u,, = ubn,, E, = E,n*. At leading order K" vanishes,
and the definition (2.3) gives

T = (Tss + pps — msB + asp B> + xnuEn) u'u’
+ (L — msB)y™ + mg(u®S® + u’S*) — ag g E*E".
Here S, = €5 P’ E u,, and the coefficients are ss = 0L/IT, ps = OL/0p, ms = OL /0B,

es = OL/0uy, asy = 20L/ OFE?, XnE = OL/OE,. The boundary energy-momentum tensor
in 341 dimensions looks similar, and we won’t write it down explicitly.

4 Next order in the derivative expansion

We now proceed to the next (first) order in the derivative expansion, taking into account
O(0) terms in the generating functional (2.2). We will take the surface tension L to be
constant for simplicity, and will focus on the bulk contributions to thermodynamics. The
free energy density at first order in the derivative expansion is

F=P(0)+> My(s?)s), (4.1)
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where P is the leading-order pressure. For weak electromagnetic fields, the leading order
scalars are s = {T, u}, while for strong electromagnetic fields s are given by eq. (3.2).
The functions M, (s”) parametrize the thermodynamic response at first order, and are
determined by the microscopic theory. The gauge- and diffeomorphism-invariant scalars
st depend on T, uM, u, and the sources Ay, guv- The number of such first-order scalars
depends on the dimension, and on whether the external electromagnetic fields are weak or
strong. We will enumerate the scalars s’ in what follows.

The bulk current is still given by the general expression (2.14). At first order, the free

energy density (4.1) may be equivalently rewritten as
1
F=P(s9)+ P(s9,sM) + 55’\“”(3(0))V>\FW, (4.2)

where P’ is O(0), but contains no derivatives of Fi,g, while the last term parametrizes the
static response to inhomogeneous electromagnetic fields. The polarization tensor is then

or P oS
M =2 2 VoF,, — VS 8 4.3
OFns | 0Fag | OFns MM T VA (4.3)

The equilibrium relation d\u = E) + O(9) now implies that for strong electric fields the
leading-order polarization tensor may receive contributions from subleading terms in the

generating functional
oP SAP

— B\
0F,3 o

The second term in the right-hand side describes a contribution of free charges to polariza-

M =2

+0(9).

tion. We will assume for simplicity that the effects of free charges are less important than
those of bound charges, in the sense that OM,,/Ou ~ O(9). (Alternatively, the effects of
the free charges may be lumped into the leading-order free energy, but in this case isolating
their contribution becomes less straightforward.) The boundary currents are

J& = M — V8%, (4.4a)

KF = nyng S2H (4.4D)
where M%el = ny\M* as before, and egegS“b = nAS)“"ﬂPijg. Equation (4.4a) shows that
for strong electromagnetic fields beyond the leading order in the derivative expansion, the
surface current is not determined solely by the bulk bound current any more, even in the
absence of charged degrees of freedom on the boundary. Similarly, the energy-momentum
tensor will differ from the simple form (3.10) beyond leading order.
4.1 Weak electromagnetic fields

For weak electromagnetic fields with A, ~ O(1), g ~ O(1), we have the following non-
vanishing scalars at order O(0) in the derivative expansion:

d=1: sV ={B, Q}, (4.5a)
d=2: s ={B, Q}, (4.5b)
d=3: sV ={}. (4.5¢)
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In d = 1, we define the vorticity as Q = eV, u, = ¢"”a,u,. In d = 3, both the magnetic
field and the vorticity are vectors, and there are no scalars at order O(9).
Focussing on d = 2, the equilibrium generating functional is given by eq. (2.2), with
the free energy density
F(T,pu,B,Q) =P+ MgB + M

where P, Mg, M, are functions of T and u. Note that both B and ) are pseudo-
scalars, hence we are describing thermodynamics of a microscopic system which intrin-
sically violates parity. The bulk current is given by (2.14), with the polarization tensor
M8 = —M, uue“aﬁ. The boundary current is J¢ = M?, where Mot = — My e”aﬂuang.

The bulk energy-momentum tensor can be expressed as a general decomposition (3.3),
whose coefficients are

P=P,

OF OF
E= —.F+T87T+,U87M—MQQ,

o =gy e“aﬁuaaﬁ + gge“aﬁuaEg ,

TH =0,

where g1 = (2M,, — Taé\ffpﬂ - /,Laé\:iﬂ), g2 = (—Mp + aé\iﬂ), see ref. [9, 15]. The boundary
energy-momentum tensor can be expressed in terms of the vector /# = M, e"? nqug which

is tangent to the boundary,
TP = Ly 4 0%ub + oy, (4.6)

where again (%el, = M, e“o‘ﬁnawj, and we have assumed that the surface tension L is
constant. The other boundary momentum currents are 1If = u,¢*, and Il = 0. The
vector ¢* (the energy-momentum analogue of the boundary magnetization current) is the
density of momentum flowing along the boundary in equilibrium, as is generically expected
to happen in a parity-violating system. To sum up, the boundary current is determined
by the magnetization My, while the boundary momentum is determined by Mj,.

4.2 Strong electromagnetic fields: 141 dimensions

Now let us turn to strong electromagnetic fields, with F,, ~ O(1), gy ~ O(1). In 1+1
dimensions, there are only two independent scalars in equilibrium at O(9) in the derivative
expansion, which may be taken to be

st ={e"V,uy, €"u,0,B}.
The equilibrium generating functional is given by eq. (2.2), with the free energy density
F =P+ M""V,u, + Ma ¢"u,,0,B,

where P, My, My are functions of T', i1, and B. The polarization tensor is given by (2.6), and
the magnetization m is a combination of the thermodynamic derivatives of M7, Ms, and the
scalars s,’. The boundary currents are given by eq. (4.4), where SM¥ = Moet”e*u,,. The
energy-momentum tensor may be derived in a straightforward way from the definition (2.3).
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sp) | BrO,(2) E“@M(%) V10, () v”@M(Ei) V,E* | EFO,T | 010, T | M uyd,uy,

T2 T2
C + - + - - - - +
P - + + - + |+ - -
T - + - + + |+ + -
W 3 3 3 3 3 n/a n/a 1

Table 1. Independent O(9) invariants in 2+1 dimensions. The first row in the table is the number
of the invariant, and the second row says what the invariant is. The rows labeled C, P, T indicate
the eigenvalue of the invariant under charge conjugation, parity, and time reversal, respectively.
Parity in 2+1 dimensions is defined as a reflection of one of the spatial coordinates. The row
labeled W shows the weight w of the invariant under a local rescaling of the metric; the invariants
which do not transform homogeneously are marked as “n/a”.

4.3 Strong electromagnetic fields: 241 dimensions

In two spatial dimensions, there is a large number of O(0) scalars. However, equilibrium
relations such as (2.7), (2.8) reduce the number of independent non-zero invariants to just
eight. One choice of the independent invariants is listed in table 1, where v* = e“aﬁEQUB.

The table indicates how the invariants transform under charge conjugation, parity,
and time reversal. The table also indicates the weight of the invariants under a Weyl
rescaling of the metric, g, — gu = 6_2‘pgw,, where ¢ satisfies V#d,0 = 0. A quantity
® transforms homogeneously with weight w under the Weyl rescaling if & — P = ve .
For a review of Weyl rescaling in relativistic hydrodynamics, see ref. [3]. Temperature T,
chemical potential j, velocity u*, and the electric field £, all have w = 1. The factors of
T? and T? in the first four invariants in table 1 are inserted in order to ensure that the
invariant has a well-defined weight. For the scalars which transform homogeneously, their

(71) do not transform

weight w coincides with their mass dimension. The invariants sg) and s
homogeneously and can not appear in a conformally invariant generating functional.

The first five invariants are in general already non-zero in flat space. For the static
Newtonian gravitational field with potential ¢, we have sél) ~ E;0;p, 5(71) ~ eijEiajgp. The
last invariant is the vorticity, sél) = (), which is non-zero if the system is rotating. The

equilibrium generating functional is then given by eq. (2.2), with the free energy density

8
F =P(T,1,B,E*) + > Mu(T,, B,E%) 5.
n=1
There are eight scalar functions M, in addition to pressure, which specify the thermody-
namic response at first order. For a system whose microscopic dynamics is PT-invariant,
the coefficients M3, My, and My must vanish, in order for the generating functional to be
PT-invariant (none of the leading-order invariants are PT-odd). For a system whose mi-
croscopic dynamics is conformally invariant, the generating functional must be conformally
invariant as well, hence the coefficients Mg and M7 must vanish.
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While eight might seem like a large number, if one were to naively write down the
constitutive relations directly for T* and M" in terms of all available O(0) scalars,
vectors, and tensors, doing so would involve introducing many more than eight unknown
O(1) scalar functions, even in equilibrium. The generating functional, on the other hand,
allows one to obtain the simplest expressions for the equilibrium quantities without over-
counting the parameters.

At leading order in the derivative expansion, the electric polarization vector p* was
simply proportional to the external electric field. At first order, electric polarization can
also be induced by the gradients of T, B, and E?. One finds

P = XuEY + VT + 92V B + 13V E? + e7u, (7 05T + 75 06 B + 76 0, E%) . (4.7)

The susceptibility here is a function of the parameters M,, of the generating functional,

oM OMs
X = 8E2 +2Z T 4% (MaB + My Boug)

and the other coeflicients are as follows:

8M5 1% 6M5 2M1B 4M2E2
M= Ms— - = - - )

or T Ou T3 E
Mo _ My o,
"2 = T2 OB ' V3 = T4 OF2 "’
2MsB  4MyE? M3 My
Yo = M7 — T3 5 ’Y5ZW7 ’YGZW.
The magnetization is
0P ﬁMn s —

1
m = QV)\ <M1E)‘ + Mge)‘a’BEQU5> .

6B+ OB

The above m and p* give the polarization tensor according to eq. (2.6b), and thus determine
the O(9?) contributions to equilibrium bound charges and bound currents, following (2.14).
Finally, we note that the polarization ambiguities of section 2.4 allow one to simplify
the polarization vector p*: adding to the free energy the W term with 0C /0T = —~y,
0C /OB = —v5, 0C/OE? = —~4 climinates the 74, 75, 76 contributions in (4.7), and adds
the term 0C/0u e Puy Eg.

The energy-momentum tensor can be read off from the definition (2.3), however the
general expressions are rather cumbersome, involving thermodynamic derivatives of all
eight M,’s. It is easy to derive the energy-momentum tensor when the external electric
field vanishes (in a certain set of coordinates), in which case T*" is only determined by P
and Mg (the electric polarization vector is still determined by M, Ms, M5, Mg, and M7).
In the hydrodynamic-like decomposition (3.3), the components of the energy-momentum
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tensor are

OF oOF

= — T=— + p=— — MyQ 4.
€ F+ oT " on €2, (4.8a)
OF
P—f_B@_MQQ7 (4.8b)
OB
T =0, (4.8d)

where we have defined M, = Mg and g1 = 2M, —T aa]\é“ — uagig ), to mimic the notation
in section 4.1, and F = P(T, u, B) + Mq(T, pn, B)Q) after we have set the electric field to
zero. Even in flat space and without external electric fields, there is an equilibrium energy
flux, caused by the inhomogeneous magnetic field. The magnetization m, which determines
the spatial bound current according to eq. (2.17), simplifies to m = 0P/0B + Q 0M,/0B.
There is a surface momentum ¢ flowing along the boundary in equilibrium, completely

analogous to the expression in section 4.1,
T = Ly® + 1%ub 4 Pus (4.9)

where (%elf = Mq(T, p, B) e'? nqug may now depend on the external magnetic field. The
other boundary momentum currents are II¢ = u,¢®, and IIy = 0, as before. The energy-
momentum tensors (4.8), (4.9) will receive extra contributions proportional to the external
electric field when the latter is non-zero.

4.4 Strong electromagnetic fields: 341 dimensions

In 3+1 dimensions, there is again a large number of O(9) scalars, but many are not
independent due to equilibrium constraints such as (2.7), (2.8). I counted twenty-one
independent non-zero invariants. One choice is listed in table 2, where S* = e“P”’\upEUB A
is the Poynting vector, a, = —0,T/T is the acceleration, and Q* = e”"aﬂuyVaqu is the
vorticity. The notation in the table is the same as in the 2+1 dimensional case. The linear
combinations in sél), sg), and 5(110) are taken so that the invariant has a well-defined weight
under Weyl rescaling.

The first fifteen invariants are in general non-zero already in flat space. The equilibrium

generating functional is given by eq. (2.2), with the free energy density

21
F =P(T,u,E* B* E-B) + Z M, (T, 1, E?, B%, E-B) sV . (4.10)
n=1
There are twenty-one scalar functions M,,, in addition to pressure, which specify the ther-
modynamic response at first order. For a system whose microscopic dynamics is PT-
invariant, the coefficients My, ..., M5, Mg, and Ms; must vanish, in order for the gen-
erating functional to be PT-invariant (none of the leading-order invariants are PT-odd).
For a system whose microscopic dynamics is conformally invariant, the generating func-
tional must be conformally invariant as well, hence the coefficients Mg, Mi7, and Mg
must vanish.
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n 1 2 3 4 5 6 7
s | Brou(50) | Brou(5) | Brou(5E) | Brou(53) | Brou(5) | Brou(ZE) | Vu(TE)
C — — — — — — —
P + + - - - + +
T + + - - - + +
W 3 3 3 3 3 3 4
n 8 9 10
sy | B*B'V,E,~B?E-a+3(E-B)B-a | S*B'V,E,+2(E-B)S-a | E*S"V,B,+(E-B)S-a
C — + +
P + - -
T + + +
W 7 9 9
n 11 12 13 14 15
s | $#0,(Er) | $*0,(5) | $10u(ZE) | V() | 77w, B, Y, By
C + + + + +
P + + - +
T - - + - +
W 5 5 5) 4 5
n |16 | 17 | 18 | 19 | 20 | 21
sV | Ea|Bal|Sa|EQ|BQ|SQ
C| - | - - | = |+
Pl +|—-|+] -]+ -
T| + | - - |+ |+
W |n/a|n/a|n/a| 3 3 5

Table 2. Independent O(9) invariants in 3+1 dimensions.
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Analogously to what happens in 2+1 dimensions, polarization may be induced by the
gradients of the applied fields. The electric polarization vector which follows from the free
energy is

P = XepE + xes B + x5 + xpsS?
+ 1 VAT + 1VAB? + 43 VAE? + v,V E-B)
+ X200 T + 16X 200 B% + 17 X Y0, E% + 13 X220, (E-B) + 749X,
+ 71000 S*Vo B + 711A)S*V? By + 712A) B*V, B
+ 113X BV,E, +yuXE°V,B,, (4.11)

where X% = eo‘ﬁp"upBg. The susceptibility coefficients xgg etc and 7 are determined
by thermodynamic derivatives of the coefficients M,,, and can be easily read off from the
free energy density (4.10). However, as explained in section 2.4, polarization vectors only
make sense up to certain redefinitions. For example, by choosing the arbitrary vector C,,
in (2.11) appropriately, one can eliminate xgq, and trade xgs, 75, V6, V7, Y8 in favor of a

single contribution proportional to e’*??

u, V,B5. The coefficients xgp and xgg suffer from
similar ambiguities.

The magnetic polarization vector which follows from the free energy is

m* = XBBB/\ + XBEEA + XBQQ)\ + XBSS/\
+ 0,V + 6,V B? + 53V E? + 5,VNE-B)
+ 05Y 0, T 4 06Y A0y B? + 0;Y 0, E? + 63Y 0, (E-B) + 69V 2*Q,
+ 010A) B*VPE), + 611A)B*V, EP + 515Y ¥ BV, E, + 613Y " E°V, B,
+ 014 AL SHVLEP + 815 M) EFV,SP + 516671, V, By
+ 017X 2200 T + 618X 0y B? + 610X 0, E? + 690X, (E-B), (4.12)

where Y9 = eaﬂpgupEg. The susceptibility coefficients ygg etc and d; can be easily read
off from the free energy density (4.10). The ambiguities (2.11) also affect the magnetic
polarization: adding to the free energy the Wy term with C* = C'u* shifts xgg — XsBe +
0C'/Ou (in addition to shifting d1, d2, 03, d4).

While the polarization vectors are ambiguous, the energy-momentum tensor and the
current are not. As an example, consider the Ms; term in the free energy. It gives rise
to polarization vectors p# = Ma1e"P7u, B, ); and m* = —Mae"P7u, E,); which do not
suffer from polarization ambiguities. Such contributions to p* and m* only come from Mo,
and therefore the magneto-vortical response of the surface charge density is correlated with
the electro-vortical response of the surface current. The corresponding boundary current is

= (a0 )+ o (0,9 E).

where Q,, = Q-n, £, = E-n, and we have assumed u,, = 0.

As another example, let us set the electric field to zero (in a certain set of coordinates),
while keeping the magnetic field non-zero. The equilibrium bulk energy-momentum ten-
sor is then determined by only four functions My, M5, Mi7, and My, in addition to
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the leading-order pressure P = P(T,u, B?). The correction to the leading-order energy-
momentum tensor (3.8) is straightforward to derive, and we will not write it down explic-
itly. Both &, P, and T#” will receive derivative corrections, proportional to 9,1', V,B,,
and Q. In addition, the magneto-vortical term Myy will give rise to equilibrium energy
currents QF proportional to €7, Bya,, and e*"F? ul,Bp@O.B2 . There is also a non-
vanishing boundary energy-momentum tensor 73" p , defined by (2.3). In the decomposition
Tsaﬁ = EuuP + P AP 1 (Q‘S’uﬂ + Q?uo‘) + 7;0‘5 as in (3.3) we have

&= — Bn (M7 +4M,B*/T*) , (4.13a)
4

Ps= —3Bn M,B?/T*, (4.13Db)

Q(SI = M20 anqu/ errve N (4130)

1
T8 =2B-n My/T* <BC“B'8 —~ 3Aa532>
+ Misnu By (¥ B + 7 Be) (4.13d)

Here n* is the unit normal vector the boundary as before, and we have omitted the surface
tension L. One can see that in addition to the standard surface tension, even a uniform
magnetic field generates energy density, pressure, energy current, and spatial stress on
the boundary.

5 Summary

Let us summarize. We have presented the equilibrium free energy of isotropic relativistic
matter, in the regime when external electromagnetic fields are more important than exter-
nal gravitational fields. From a technical point of view, this amounts to generalizing the
analysis of ref. [9] by i) performing a partial summation of electromagnetic contributions,
and i) by taking into account surface terms in the generating functional. From a physi-
cal point of view, this amounts to describing the effects of polarization. The equilibrium
electric current can be expressed in terms of the polarization tensor M* to all orders,
J% = pu® — V\M**. The charge density and the spatial current are given by egs. (2.16)
and (2.17). In 3+1 dimensions in flat space? they reduce to

n=p—Vp—-—pVT/T -2mw, (5.1)
j=Vxm+mxVT/T, (5.2)

where p is the electric polarization vector, m is the magnetic polarization vector, and w is
the angular velocity. These expressions generalize the familiar n = p— V-p and j = Vxm

3In our construction, the temperature gradient was induced by the external metric & Guv, say T = To+6Ty,
where Ty is constant and the arbitrary static 7y is induced by dg... This gives a contribution to the
equilibrium charge density dngy = —p-V T, /Tp. If in addition we couple the system to an external heat
bath with temperature 675 = —07},, the overall temperature becomes constant, hence there must be a
contribution —p-V§Ts/To, cancelling —p-V 8T, /Ty. This shows that even in flat space with §7, = 0 there
is a contribution to the charge density dnp = —p-VT/T, provided equilibrium is maintained.
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in electro- and magneto-statics. At leading order in the derivative expansion, the surface
current is J! = nyM**, which says that the surface charge density is p-n, and the surface
spatial current is mxn.

The notion of polarization is ambiguous when the external fields vary in space. This
is because polarization is defined as a response to electric and magnetic fields, which are
not fundamental quantities, but are rather derived from the vector potential A,. In par-
ticular, the electro-vortical susceptibility ygq is unphysical, as well as the magneto-electric
susceptibility xgg in the presence of free charges. Nevertheless, most O(0) contributions
to polarization are not affected by this ambiguity and may be derived from the equilib-
rium free energy, as described in section 4. For example, in a parity-violating system,
there is a contribution to the electric polarization vector p « B X w, and the contribution
to the magnetic polarization vector m o« E X w which do not suffer from this ambigu-
ity. The corresponding surface charge density os = ¢n-(B X w) and the surface current
Jjs = ¢(E(wn) — w(E-n)) are determined by the same coefficient ¢ = 2My;.

When the external fields are non-uniform, the boundary charge and spatial current
are no longer determined by polarization. This is not surprising: while the polarization
vectors are ambiguous, the charge and the current are not. At first order in the derivative
expansion the boundary current is

JE = ny MM — v, (naP;‘P;LSO""’) , (5.3)

where P/f‘ = 5;‘ —n*n,, and S is defined by (4.2). For the generating functional (4.10)
in 3+1 dimensions, there are 15 contributions to S*?. As an example, consider the effect
of the My term for non-rotating matter at constant temperature in flat space. For the
boundary with vanishing extrinsic curvature (V,n, = 0), the surface charge density is

2
0s = pn— ﬁﬁa(MgE“En) ,
where FE,, is the normal component of the electric field. This describes the response of the
boundary charge density to the changes of the external electric field along the boundary.
The equilibrium energy-momentum tensor to leading order takes a simple form (3.10)
which we repeat here:

TH = Pg' + (T's + pp)ufu” + Thy (5.4a)

with
TE = MP@gog F? 4w (Mg ™ — FogM™) . (5.4b)

This expression is model-independent, and is a leading-order consequence of gauge in-
variance, diffeomorphism invariance, and locality (on scales longer than the screening
length). Beyond the leading order in derivatives, the form of the equilibrium T*" is
more complicated.

Equilibrium p-independent contributions to the current J¢ are usually referred to
as “bound charges” and “bound currents”. There exist analogous contributions to the
equilibrium 7%, which one may similarly christen “bound energy”, “bound pressure”,
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“bound momentum”, and “bound stress”. Just like bound charges and bound currents,
these live both in the bulk and on the surface. For matter subject to external magnetic
field (and no electric field), there will be bulk energy currents Q o B x VT, Q o B x VB2,
The boundary energy current Qs = xgo B X n is determined by the same susceptibility xgq
which fixes the response of magnetization to rotation, m = xpgB + 2xgew + O(9T, 0B).

Finally, our discussion so far was restricted to the state of global equilibrium, i.e. to
thermodynamics. It is straightforward to extend it to hydrodynamics of polarized relativis-
tic matter, if one assumes that the external electromagnetic and gravitational fields are not
dynamical. In order to do so, one promotes u* and 7" to dynamical variables, and postulates
the hydrodynamic equations in the form V,T"" = F YA Ty, V,J# = 0, with the leading-
order energy-momentum tensor given by eq. (5.4). Beyond the leading order, the energy-
momentum tensor becomes much more involved as discussed in section 4, plus the extra
transport coefficients such as viscosity make their way into the hydrodynamic equations.

If the electromagnetic fields are dynamical, the conservation equations for T#” and J#
need to be supplemented by the evolution equations for the electromagnetic fields. These
are usually taken to be Maxwell’s equations, V, F#*¥ = J#. Substituting the equilibrium
current (2.14) gives

V., (F* — M*) = put | (5.5)

which is the standard covariant form of Maxwell’s equations in matter, see e.g. [16]. In the
right-hand side of (5.5), p is the density of free charges, while the effects of polarization are
in the left-hand side. In the framework of (5.5), the derivative expansion in hydrodynamics
can be implemented through the derivative expansion for M however eq. (5.5) itself will
receive corrections, e.g. due to the electrical conductivity. We plan to return to the study
of hydrodynamics of polarized relativistic matter in the future.
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