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1 Introduction

One missing ingredient for the conformal bootstrap program [1-34] for correlation functions
with operators with spin in d dimensions is the explicit knowledge of seed conformal blocks
exchanging mixed-symmetry tensors. Seed conformal blocks are the conformal blocks ex-
changing a given irreducible representation (irrep) of SO(d), while having a minimal amount
of spin in the external operators, such that the conformal block is unique. They are seeds
in the sense that conformal blocks for the exchange of the same representation, but for
external operators with higher spin, can be derived from them by acting with differential
operators that generate the required extra tensor structures, as described in [26, 35, 36].

Much of the structure of a seed conformal block is encoded by the projector to the
SO(d) irrep which labels the exchanged operator. This can be seen by considering the
integral expressions of the conformal blocks in the shadow formalism [37-39]. Indeed, the
lack of explicit expressions for the projectors is the main reason why the seed conformal
blocks are still unknown. So far, the projectors and seed conformal blocks in d dimensions
are only known for the exchanged operators in the irreps (/1) = oo [38, 40, 41] and
(I1,1) = =1 [42]. Expressions for the projectors to the irreps (I1,1,1) and (I1,2) were
given in [43, 44]. Table 1 shows all irreps that appear in a correlator of four stress-tensors,
and for each irrep the correlator where it appears in a seed conformal block.

In section 2 the projectors for all irreps appearing in table 1 will be derived in a
compact form. The length of the first row of the Young diagram [; is left unspecified
and only appears in the final results as a parameter of Gegenbauer polynomials and in
the overall normalization. A consequence of this are universal recursion relations in [y
for the seed conformal blocks. These recursion relations are shown to hold for the seed
conformal blocks of all the correlators in table 1 and conjectured to hold for any seed
conformal block of bosonic operators. These relations are derived in section 3, making use
of the integral representations of the conformal blocks in the shadow formalism, where the
projector appears explicitly. Section 4 presents final remarks.

The appendices contain several other general results related to projectors and seed
conformal blocks. In appendix A we derive a differential operator that generates projec-
tors to traceless mixed-symmetry tensors for Young diagrams of two rows. This operator
is a generalization of a well known operator for traceless symmetric tensors. Appendix B
deals with a relation between projectors of different irreps that arise from certain index
contractions. In appendix C we state some of the longer explicit results for projectors. Ap-
pendix D computes the normalization constant that arises when a shadow transformation
is performed on an operator in any three-point function that can appear in a seed confor-
mal block. In appendix E the OPE limit of general seed conformal blocks in the shadow
formalism is computed to facilitate comparisons to other results. Finally, in appendix F
we explain the relation between projectors to traceless mixed-symmetry tensors and tensor
harmonics on the sphere. Included with this work is a Mathematica notebook containing
the derived projectors.



Correlator Exchanged SO(d) irreps as seed conformal blocks
(P102¢304) (TT1 T ~ []
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Table 1. Exchanged irreps in correlators of currents and stress-tensors. Each line shows only the
irreps exchanged as a seed block. For a correlator in a given line, the irreps in the lines above can
also be exchanged, but those conformal blocks can be constructed by acting with derivatives.

2 Projectors to traceless mixed-symmetry tensors

2.1 Review of projectors to traceless symmetric tensors

As an inspiration for the ideas ahead let us briefly review how to quickly derive the projector
to traceless symmetric tensors encoded in a simple polynomial, following [38]. The projector
is defined by its symmetry

Wézll)...al,bl...bl _ F((Zl)l---al)v(bl"'bl)’ (2.1)
tracelessness
5a1a27T?ll)“'al’b1"'bl _ TrELll)...al,bl...bléblb —0, (2.2)
and idempotence
szll)..‘al,bl...blﬂ_(l) b, S = ﬂ_zzll)‘..al,cl...cl. (2.3)

Due to the first property the projector can be implemented as a function of a single variable
by contracting with two auxiliary vectors z¢, 2> € R%,

Z-z

70 (2,2) = 2% 2Ty a2 2 = (2B (), t= e (2.4)
The tracelessness can be imposed using the differential operator
% . % m(z,2) =0, (2.5)
which results in a Gegenbauer differential equation for fi(t),
(2 = Df () + (d = 1)tfi(t) = Ul +d — 2) fi(t), (2.6)



d_
constraining f;(t) to be proportional to the Gegenbauer polynomial C’l(2 1)(75). The result
including normalization is [38§]

_ oL (§-1 .
W(l)(z, Z) = C(l)(2’2z2)20l(2 )(t) 3 with C() = 2l(d — 1) ; (27)
2 l
where (x),, = F(FI(Z)n ) is the Pochhammer symbol.

2.2 Projectors for Young diagrams with two rows

Next let us consider the irreps which are labeled by Young diagrams with two rows A =
(I1,12). The total number of boxes in the Young diagram A will be denoted by |A|, so
in the case at hand we have |\| = [; 4+ l3. Again we want to construct these projectors
as polynomials and then impose differential equations. In this case the projector can be
encoded in a polynomial depending on four vectors

ap

_ agy +1 ajx by, b _ba
(21,22, 21, 22) = 200 o2y tag T Xl b 1221+ ...zg‘ | (2.8)

501
N 22 7r)\‘11~~-a|>\\7b1--~b|>\\zl N Zl

Our strategy is now to first implement the mixed-symmetry property and then the trace-
lessness. Along the way we will always make sure to keep the construction symmetric under
exchange of z; and Z;,

(21, 22, 21, 22) = mA(Z1, 22, 21, 22) - (2.9)

This means it is enough to impose conditions on one side of the projector.

The mixed symmetry or Young symmetrization of a tensor f in the symmetric repre-

sentation of the irrep (I1,l2) amounts to the following two conditions'

fa1...allb1...bl2 :f(al---all)(bl---bl2) Y (2]‘0)
_f(a1~--al1)(b1~~~b12) :f(b1a2~--all)(a1b2~~~bl2)+f(a1bla3--~all)(a252~~-bl2)+ e +f(a1--~a1171b1)(allb2~--b12) :

The first condition is automatically satisfied after the contraction with polarizations. The
second one can be rephrased as

ay, by b b
27t .. .2111211222 .. .2:2[2 f(al‘..azl)(bl...bb) =0. (2.11)

One can see the equivalence by acting on the latter expression with

Oups 00000 O, (2.12)

Hence, the mixed-symmetry property just means that the polynomial must vanish whenever
one of the vectors zs is replaced by 21, or

0
L 1.20) = 0. 2.1
<z1 822>7r)\(z1,22,21,z2) 0 (2.13)

!This is explained in section 2.3 of [45].



This can be easily implemented by constructing my(z1, 22, 21, Z2) out of structures Qs that
have this property
2121

DY
(2£77)2

(21, 22, 21, 22) = ex(2777) Zfs )Qs(21, 22, 21, 22) t= (2.14)
The structures ) have weight ls in zo and Z», and zero weight in z; and z;. We are already
familiar with such transverse structures from the construction of conformally invariant
correlators in embedding space. These structures can be built out of transverse building
blocks. In this case one can use

_ b Z1a21b \ _p
H(zy,%29) = 2§ Hypzo = 25 <5ab B >z2 ,
121

=b
Z1a”1b 21
Vi) = #4Vo = 24 (5ab _ 2o’ )

21 tZ% ’
) v
V(@) = ha = (5ab - Zl‘i?b)zs, (2.15)

Zlai?la

a2 ai a2 1 2

T(Z2722) - 22 29 Ta1a2 Z9 %9 <5a1a2 - 52 ) )
1

= =\ _ 7 —b1 =bo __ Z117121572 bl b2
T(z2,22) = Tyypy 29" 25" = (5b1b2 T2 Fo Z9 -
1

This construction ensures that the number of undetermined functions fs(t) is as small as
possible. Note that the dependence of the building blocks on t is

H(z, %) = O(1) 4+ 0O(t™1),
V(z),V(22) = O(t™2) + O(t2), (2.16)
T(z2,22),T (%2, 22) = O(1).

The individual terms in the sum of (2.14) can have negative powers of ¢, however any
such terms must cancel in the sum. The building blocks were chosen such that the f,(t)
are polynomials of minimal degree, i.e. they do not have overall factors of t. This can be
demonstrated by considering the example A = (I, 1), and using that my(z1, 22, Z1, Z2) must

be a polynomial in products of z1, 22, 21, Z2, that is

77(11,1)(21722,51,22)
x (32)% > (fi()H (22, 22) + f2(t)V (22)V (%))
= () (2 2)fi(0) (2.17)
- - @) 2 (RO

+ (2 ((21- 22) (21 - 22) (21 - 21) — (21 - 22) (21 - 22) 20 — (21 - 22) (21 - 22)27) fa(t)

2
z1%
2
R1%

From the second, third and fourth line of this equation we conclude that

I1—1 1—2

fl) = ait, Al) — f2(0) Z bit',  falt) =) it (2.18)
i i=0



respectively. Combining these three conditions yields for this case

I -2
f1 (t) = Z aiti, fQ(t) = Z C,‘ti, ag = Co - (2.19)
i=0 i=0
Furthermore, both functions have to be even to avoid a square root in zf%%.
These polynomials are determined by solving a coupled system of second order differ-
ential equations arising from the tracelessness conditions
0 0 o 0 0 o 0 0 o
o 8—ZI7T,\(21,22,Z1, Zg) = o 8722#/\(21’22’21’22) = 9 6—z27r>\(21,z2,z1,zQ) =0.
(2.20)
After discussing a first example, we will describe the algorithm that is used to solve these
equations in section 2.2.3. Then the structures of the individual families of projectors will
be presented. Finally, the overall normalization constants c) appearing in (2.14) will be
computed in section 2.4.

2.2.1 Birdtrack notation

To construct Young symmetrized structures @); it is convenient to use birdtrack notation,
with lines denoting index contractions. Using multiple copies of the same vector results in
a group of symmetric indices, which is denoted by a white bar

o [ |28 = a2 (2.21)

while a black bar denotes antisymmetrization

b 1
Z; b; = 5(61111715&2172 — arbsOasby) - (2.22)

The building blocks transverse to z{ and to 20 that were defined in (2.15) will be denoted
by the following symbols

Hyp=a b, Ogp =a=—Db,
Vo=a—s, V= e—b, (2.23)

7 b

Taras ZZ;D ) Ty,p, = Cb;

The 6, was defined to indicate that short lines connecting [ and = do not stand for Hg,.
The notation should be clear after the first examples which are given both in birdtrack and
explicit notation.

2.2.2 Projectors to the irreps (l1,1)
The projectors to SO(d) irreps with Young diagrams of shape " were already derived

in [42]. We include them here for completeness. The structures are

Q1:ZQ (—1 ZQZH(Z2,22),

(2.24)
Q2= e o1z =V(2n)V(z).



Imposing the tracelessness conditions (2.20) results in many differential equations for the
functions f1(t) and fa(t). For example the term proportional to (z1 - z2)(21 - Z2) in the

. a9 = ) =0
condition 77 - 57-m(21, 22, 21, 22) = 0 is

— (b = 2)(lh + d) fa(t) + (d + )t f3(t) + (2 = 1) f5 () = 0. (2.25)

d_ d
This is the Gegenbauer differential equation, solved by fa(t) = —81?0[(12 1)(15) x Cl(f_zl)(t).
The full solution is
= (d — 8 C(%_l) 2 aQC(g_l)
fi(t) = (d=2)t0,C> () + (7 = DFC” (1),
(4-1) (2.26)
Fa(t) = —07C2 (1),

In the next section we describe the algorithm that was used to automatize the process of
solving the differential equations in all other cases.

2.2.3 Algorithm for solving the differential equations

The algorithm for solving the systems of differential equations we encounter is based on
the assumption that all polynomials fs(f) can be written as a finite sum of derivatives of

d_
the Gegenbauer polynomial 01(12 1)(t), which will be denoted by

Cl(ln) (t) = atncl(lgfl) (t) —on (;l - 1> Cl(lg_;1+n) (t) 7 (227)

with /;-independent coefficients ws (d, t). That is, we write

fo() = 3 wen(d (1), (2.28)

This assumption turns out to be true for all computed projectors, with the sum ranging
from n = Iy up to n = 2ls. The overall normalization of all functions fs(¢) in a projector
will be chosen such that?

wy a1, (d, 1) = 122 + O(t¥272) . (2.29)

The independence on [; of the coefficients is relevant for the derivation of recursion relations
for conformal blocks.

We will use the following relation, which is a version of the Gegenbauer differential
equation for the Gegenbauer polynomial appearing explicitly in (2.27),

(h—n)(l+n+d—2)Cc () = (d+2n - e V) + (2 - 1e ). (2.30)
Using this relation repeatedly on a polynomial of the form (2.28) of order I; or lower, one

can remove all but the two highest derivatives and write it in the following way

N N—-1
£ = usi(@d )™M ) + Y ugy(d )N V), (2.31)
i=0 j=0

2The functions fi (t) are special in that the corresponding @1 are chosen to contain only H building
blocks.



where N is the highest n appearing in the sum in (2.28). Plugging this ansatz into the
differential equations that arise from demanding tracelessness results in a system of linear
equations. In all cases discussed below, these linear systems have a unique nontrivial
solution for u;(d, 1) and v j(d, 1), as long as one chooses N large enough. After finding
the solution, (2.30) can again be used to bring the solution into a form with /;-independent
coeflicients.

2.2.4 Projectors to the irreps (l1,2)

One can easily convince oneself that for Young diagrams of shape H{—1 the possible
combinations of the proposed building blocks are

Q1= 2 5, = H(22,7%2)%

QQZZQ

Il

Qs =, ]: :[ 5 = Vi)V (%), (2.32)
pd]
pd

z, = H(Zg, EQ)V(ZQ)V(EQ) ,

Q4= 2 z, = T(22,22)T (22, 72) ,

Qs =2, ntn [ 2 ] n =T )V (2)? + V() T(5,2).

Using the algorithm for solving the tracelessness conditions one finds that the functions

fi(t) can be expressed as®

fi(t) = —C{’ft; . Vi=1,...,5, (2.33)
with
(1) = (d— 1)d(1 — (d = 2)2) ¢ (1) — 2(d — 2)dt(t2 = )¢ (1) — (d — 2)(#* = 1)) (8),
o (1) = 2(d — 1)dC (1) + 2(d — 1)diC” (1) +2(d — 2)(* = )¢ (1),
f3(8) = (d — 1)dC () + 24t (1) + (2 — d + )V (1) (2.34)
() = d(— 2+ (d— D)) C (1) + 24t — 1)V (1) + (12 - 1% V()
f5(8) = (d = 1)dtc? (1) + 262 (8) + 1(* — 1)V (t) .

The projectors to the families of irreps (I1,3) and (I1,4) are given in appendix C.

2.3 Projectors for Young diagrams with three rows

Next projectors to tensors corresponding to Young diagrams with three rows will be dis-
cussed. Such tensors can be encoded with three auxiliary vectors z; (i = 1,2, 3), hence for

the projector we will consider

m™({z,2i}) (2.35)
= (21, 22, 23, 21, 22, 23)
_ a1 Ay G +1  Gytly By tip+1 N b1 Sbig bt big g G141 G
=20tz ey T 2y 25 S VTR TINI SO TP LR S Zg T Z .

$Note that the overall denominator introduced in the first line is required for our normalization (2.29).



The mixed-symmetry property amounts to relations such as (2.10), but now such relations
hold between any two of the three sets of symmetrized indices. With the same argument
as in the case of two-row Young diagrams, this property can be imposed on 7 by requiring

(31 o Jmattznan) = (21 g ) = (22 o Gz =0, (230)

The first two conditions can again be implemented by using the building blocks defined
n (2.15), now also allowing z3, zZ3 in the place of z9,z5. The third condition can be im-
plemented by Young symmetrizing in zo and z3 (and Zs, z3). As before, this leads to the
following ansatz separating structures depending on z9, 23, 22, z3 and functions of ¢

({Z’Lazz}) - C)\ lel Zfs QS 21722,23,2:172'272:3) (237)
Tracelessness now amounts to the old equations (2.20) and to the three new ones
— (A = g pemlal) = g pom(ah =0 (239
821 823 1y <1 22 (923 iy <1 623 A 1y <1 f) — Y- .

2.3.1 Projectors to the irreps (l1,1,1)

For Young diagrams of shape EE:D there are only two possible structures, due to the
antisymmetry between 2o, z3 and Zo, Z3,

o =2 B 2 = S (G 2 H (s, 2) — H(e 20)H(z,2),
Q=2 H:l-T-l:H 2= %(H(Zz, 2)V(23)V(23) — H(22,23)V(23)V(%2)  (2.39)

— H(Zg, 22)V(ZQ)V(23) + H(Z3, 53)‘/(22)‘7(22)) .
The resulting functions f;(¢) are similar as in the case of irreps - in (2.26),
fi(t) = (@ =3 () + (= 16 (1),
fa(t) = =267(8).
2.3.2 Projectors to the irreps (l1,2,1)

(2.40)

Starting with this example, whose Young diagrams have shape @E, it becomes help-
ful to consider some tensor products to make sure that one finds the correct number of
structures. As explained above, the allowed structures are constructed from the building
blocks in (2.15), including also the dependence on z3, Z3 in the place of z9,Zs. In order
to satisfy the condition (z - 3%3)@2' = 0 of (2.36) it is enough to Young symmetrize in 2o
and z3 according to the Young diagram (l2,l3) = (2,1). In the case at hand that means to

ay
2 E gL (ghanghns _ ghasghas) (2.41)
Z3 as

Although this expression is a mixed-symmetry tensor, it is not traceless, hence it is in the

consider

reducible representation

o). (2.42)




The only way to contract the building block T}, 4, to expression (2.41) is

i 8 (2.49

This term contains a contraction with the primitive SO(d) invariant d4,4,. Thus, the
number of possible contractions with 7}, 4, is the same as with d,,4,. We conclude that
the number of independent contractions of (2.41) to the corresponding expression with zs,
z3, with H and T building blocks in the middle, is given by the multiplicity of the scalar
representation e in the SO(d) tensor product®

(7 ‘@D>®<7 ‘@D>- (2.44)

Since one can also use multiple copies of the building blocks V and V, which form a

symmetric representation, one can then take a further tensor product with a one-row Young
diagram of any length. Thus, the total number of birdtracks that one has to consider is
the multiplicity of the scalar representation in the tensor product

(HHenO)e (H @D)@izfﬁ'@---- (2.45)
q=0

Two of these eight birdtracks are combined into a single structure (Q7 below), when re-
quiring the building blocks to respect the left-right symmetry z; <> z;. The resulting
structures are

z Z z Z z Z
o IR ot o R
23 Z3 z3 Z3 23 23
_Z Z _Z Z _Z Z
Q4_ 2 H 727 Q5_ ZM 727 QG_ QE ﬂ 72,
Q7:22 H N + . M Z2. (2‘46)
z3 Z3 23 23

It can be helpful to make a correspondence between the irreps in the tensor product (2.45)
and the expressions (2.41) and (2.43

)
%E D%EEEE, mmmmnn R § § B PRNCRT)

This is not a precise matching, for instance (2.41) is not traceless, however it can be helpful

to find a set of independent structures such as (2.46). Using this correspondence one can
map the structures to individual contributions in the tensor product (2.45) as follows

‘®7 —e@2[ O[T 11®... — Q1.Q2 Q3 Qu,
(e[ J=e®d[ [ ®... — Q5,Q6, (2.48)
eO=Me... —~ Qr.

4Al SO(d) tensor products in this work are done assuming that d is sufficiently large to make the tensor
product d independent, see [45].

~10 -



The dots here indicate Young diagrams with more than one row, which cannot contribute
to the multiplicity of the scalar representation in (2.45). The solution of the tracelessness
conditions can then be written as

fit) = —j{t; . Vi=1,...,7, (2.49)
with
filt) = —(d—2)d(— 1+ (d—3)2)C2(t) — (d - 3)(2d — V(> — 1) (1)
—(d-3)(2 -1)’c) (1),

fa(t) = 2(d — 2)dc? (1) + 2( — 5+ (d — d)tC” (1) + 2(d - 3)(> — ) V(1) |

5(t) = (d — 2)dC? (t) + (7 + (d — 4)d)tCfV (1) + (d — 3)(#* = 1)C} (1),

fA(t) = 2(d — 2)dC? (1) + 2(2d — DiC (1) + 23 — d + 1) V(1) (250)
f5(8) = 2d( — 2+ (d — 2)2)C2 () +2(2d — V(2 — 1)V (1) + 2(62 — 1)% P (1),

fo(t) = —adc? (1) — 23 + ayc ) () + (2 — 22V (1)

Fo(t) = 2(d — 2)dtC( () +2(2d — )PP (1) + 2682 — 1)V (t)

2.3.3 Projectors to the irreps (14,2, 2)

The tensor structures for projectors to irreps @I:D are constructed with the reducible
representation for the shape H, given by

O[T De. (2.51)

Possible contractions with Tg, 4, are

Z2 Z2 Z2
, , . (2.52)

Hence the number of birdtracks to consider is given by

( @Dj@-)@( @Dj@-)@i:no@.... (2.53)

q=0

The individual contributions are

® =e D[ [J®[[[[]®... — Q1,Q2,Q3,
(T[T ]=e@[ [1®[TTT]®... — Q4,Q5 Qs,
eRNe—=e - Q7, (2.54)
[LI=[11&... — Qs,
[[J®e=[1] — Qo

- 11 -



with

22 22 22 22 22 22
Ql = ’ QQ = ) Q3 =

23 23 23 23 23 Z3

22 2 29 22 22 22
Q4 = ’ Q5 = ’ QG =

23 Z3 z3 Z3 23 z3

22 2 22 Zy %2 22
Q'? = ; QS = + )

23 Z3 Z3 Z3 23 Z3

Z2

Qo=

z3

Jilt) = — Vi=1,...,9, (2.56)

fi(t) = —(d = 3)3(— 1+ (d = )2 (1) — 2(d — 4)a(d — (2 — 1)CV(t)

Fo(t) = 4(d — 3)5C2 () + 4(d — 3)(d — 1)eC®) (1) + 4(d — 422 - D V(1)
f3(t) = 4(d — 3)5C2 () +8(d — 3)(d — 1)tC) (£) +4(d — 3)(4 — d+t2> OF
filt)y =4(d—2)(d—1)(—2+ (d - 3>t2>653> (t) +8(d — 3)(d — 1)t(t? — 1>c§3>< t)

+4(d—-3)(t* = 1)%C () (2.57)

5(t) = —16(d — 2)(d — 1>c(2>< B —8(d— 1% (1) - 8(d - 3)(#* = 1)),

fo(t) = —8(d — 2)(d — 1)C (t) — 16(d — 1)tCV) (8) + 4(=3 + d — 2%)Cc. P (1),

fr(t) = =2(d = 1) (= 3+ (d = 2)2) 2 (1) — 4(d — (e — 1) (1) — 202 = 12V (B),
fs(t) = 4(d — 3)5tC7 (1) + 8(d — 3)(d — D)2 (t) + 4(d — 3)t(#2 — 1)V (t)

fot) = —4(d — 2)(d — DICO(t) — 8(d — V)2 (1) — (2 — 1) V().

The projector to the family of irreps (I1,3,1) is given in appendix C.

2.4 Normalization of the projectors

The normalizations can be computed by using that the projectors have a term with a known
normalization, namely the term projecting to generic mixed-symmetry tensors, from which
the traces are subtracted by further terms. This is the only term in 7y (21, 29, 23, 21, 22, 23)
containing a factor (z1 - 21)" (22 - 22)"2 (23 - 23)!3. For concreteness let us consider the Young

- 12 —



diagram \ = EF:D In this section all lines in birdtracks denote just simple contractions,
without any of the definitions of (2.23)

21 Z1

(21, 22, 23, 21, 22, 23) = N + trace subtractions. (2.58)
Z9 2o
z3 L L1 z3

The antisymmetrizations appearing here are defined as

F ===} o

bl e j* 1 i
=" HN =TT i+ hi— i+ 1), (2.60)
i=1j=1

where h; is the height of the i column of the Young diagram \. Using the identity

T

on both antisymmetrizations in ( , one can isolate the terms containing (21 - z)",

Eal Eal 1 21 21

+ O((Zl Zl)ll 1)

B - 32 M ! ) (2.62)
Zg_ _Zg Zg_ _22

Z3 L L1 Z3 Z3 L L1 Z3

= (21 21)"" Q1 (22, 23, 22, 23) + O((21 - 21) 7).

w
B
[\

Iy

In general this factor 3 -2 will be [] h; and the part of the birdtrack with z9, 23, Z2, Z3
i=1

always matches the z; and Z; independent part of Q1(z2, 23, Z2, Z3). Comparing to (2.37)

this means that the normalization constant appearing in the projectors is

51

[ (h— 1 T 1y
j=1

=1

_ , 2.63
A bAH(N) (2.63)

where by is the coefficient of #* in fi(t),
fi(t) = byt + Ot 72) | (2.64)
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and can be easily computed in each case using
Ci(t) = (3"(2@" +O(t"?). (2.65)
Doing this for each family of projectors one finds

l2

2h(§ 1), [T +d—hi+i-2)

by = =1 . 2.
A (=l (2.66)

3 Recursion relations for seed conformal blocks

In this section recursion relations in [; will be read off from the integral representation of
conformal blocks in the shadow formalism. The recursion relations are based on the obser-
vation that the projectors 7y, as computed in the previous section, are linear combinations
of just a few (at most Iy + 1) different Gegenbauer polynomials,

. min(ly,202)
71')\(21,22723,51,52,53) = C)\(Z%E%)% Z K,i‘(zl,22,23,21,22,23)@(?)@), (31)
n=ly
where K21, 29, 23, Z1, 22, Z3) does not depend on [, and the sum stops at min(ly, 2l5) since
Cl(ln) (t) = 0 for n > ;. We showed this for the projectors to the irreps that can appear in
conformal blocks of four stress-tensors by explicit computation. This fact can be used to

turn the recursion relation for the Gegenbauer polynomials
(=) (1) = (24 +d — i (1) — (L +n+d — 4, (t) (3.2)
into recursion relations for the conformal blocks.

3.1 Classification of seed conformal blocks

We will focus on conformal blocks that are unique given the irreps of the external and
exchanged operators. These will be called seed conformal blocks. The origin of this termi-
nology is the fact that conformal blocks involving three-point functions with multiple tensor
structures can be derived from these seed blocks by acting with differential operators, using
the method of [35].

Uniqueness of a conformal block exchanging the irrep A = (I1,l2,...) in the channel
A2 — A3)4, means that the three-point functions <>\1)\2)\> and <)\)\3/\4> both have a
single OPE coefficient. For such combinations of irreps the tensor product contains only
one symmetric tensor (or as special cases one scalar or vector), with multiplicity one

MRX@A=[] [ ~ ] ]®diagrams with hy > 1, (3.3)

and similar for A3, A4. The most trivial case is when A\; and Ay are scalars, and A is a
symmetric tensor. We will consider the case when A\; and Ao are symmetric tensors, and
A is a mixed-symmetry tensor. In this case the lower rows of A, which will be denoted by
the Young diagram A~ = (l2,ls,...), must be removed by contraction to A\; and Ag. To
understand this better let us consider three cases.
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L. |A1] + [A2] < JA7]. A1 and A2 do not have enough indices to remove all lower rows of
A. There is no solution to (3.3).

2. |A1]+]A2| = [A7]. If A~ appears in the tensor product of A\; and Ao with multiplicity
one, then (3.3) is satisfied and the symmetric tensor on the right hand side is of
rank 7.

3. |A1] + [A2| > |AT|. If there are symmetric tensors in the tensor product (3.3), then
there are more than one. Consider for example |A;|+ |[A2| = [A7|+ 1. After removing
the lower rows of A, there is still a tensor product of 0 and the remaining first row of
A, hence there will be symmetric tensors of rank {; — 1 and [y + 1.

Hence the second case is the only relevant one, leading to the necessary condition for seed
conformal blocks (for A1, A2, A3, A4 being symmetric tensors)

1= 1A = Al = gl = A = ] = Al (3.4)

To see this condition in action one can consider the OPE. For example, the OPE of two
vector operators has only a single term in the irreps A = (I1,2) or A = (I1,1,1), both of
the form
(1312)@ Ce (1312)a 5b 50
b 11 7a 41 " Ar 42 al...a|>\|
0A1,D(‘r1)OCAQ,D($2) zl;v—>0 |x12’A1+A2—A-¢l1 : OA,)\ (.%'1) + (35)

3.2 Three-point functions

We will use the embedding formalism and the methods to construct correlators of [45, 47].
The embedding space is d + 2 dimensional Minkowski space R%t1L1 where the confor-
mal group SO(d + 1,1) acts linearly. Capital letters will denote vectors in this space
P, Z;; € R4*+11 The second label on Z;; labels the different vectors required to encode
mixed-symmetry tensors, e.g. (21, 22, 23) from the previous section could be replaced by
(Zo1, Zo2, Zp3) in embedding space. Contractions of tensors can be written using deriva-
tives acting on vectors

A A 1 A
ot o) = 1709+ Oz Zupy D, (3.6)

Furthermore, boldface letters indicate a set of vectors that are used to encode a mixed-
symmetry tensor and the corresponding sets of derivatives, normalized to include the fac-
torial appearing in (3.6),

Z;,=(Zn, Zi2,--.),

(3.7)
Az, = (W) 1z, (1)) Y2d,,,...).

It is convenient to consider polynomials that encode the correlators without fully imple-
menting the symmetry and tracelessness of the operators. The full correlators can then be
obtained by projecting

(O1(P1,Z1)02( P2, Zo)O(Po, Zo) )y = T (Z1,87,) Ty (Za, B7,) TA(Zo, Bz,)

(O1(P1,21)0s(Py, Z5)O(Po, Zo)) (3.8)

enc ’
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Throughout the paper, the external operators will mostly be symmetric traceless tensors,
which we will encode by a single null vector instead of projecting to a traceless tensor.
Instead of (3.8) we will thus use

<01 (Pl, Zl)OQ(PQ, ZQ)O(P(), Zo)> = 7T)\(Z(), azo)<01(P1, Zl)OQ(PQ, ZQ)O(P(), ZO)>enc s

(3.9)
where Z? = Z2 = 0 will always be implied. When considering conformal blocks for external
operators that are either scalars, currents or stress-tensors, the three-point functions with

a single tensor structure are encoded by

(Vo13")" Nis ™ (Zoz. Z)
<Ol (Pl’ Zl)OQ(P2’ Z2)O(PO’ Z0)>enc - A +Ag— Ag+A—-Ay A+A1—Ag )
(Pi2)” 2 (P20) = (Po1) @

(3.10)
where P;; = —2P; - Pj and
Ni3 =1,
VT ) = o,
e 71, Z09)\ 2
Vi ) = ()
N1y (Zo2) = Hfgl’ZOQ)HQ(OZQ’ZOQ),
DDEZD:D
Nigg (Zoo, Zos) = H{ZH702) gi7a-70s),
N?Q%DHHEF‘:D Z02 ( Z1,Z02 )2 Z2,Z02 (3‘11)
mmﬁﬂj:'j
N120 ZOQ,ZQg = (H (Z1,Z02) )2 Z27203
NID2:(‘)D:‘ Z02 = (H (Z1,Z02) )2( (Z2,Z02) )
R
Ny (Zo2, Zp3) = (H (Z1,Z02) )2 (Z2,Z02) H(Z2 Z03)’
(oo
Nigg (Zo2, Z03) :( Z17Z02 )2( Zz,Z(B))
with
@i _ (Zi Z)(Pi- By) — (P~ Zi) (P - Z))
Voo P - P; :
.y (3.12)
v _ B 2) (- By) — (8- P)(Z - By)
i,5k \/ 2(P; - PJ) (P; - Pk)(P P,)

3.3 Recursion relations from the shadow formalism

Next we recall the formula for the conformal partial wave in the shadow formalism (an
overview of the formalism in the case of mixed-symmetry tensors can be found in section 5
of [45]). When using the three-point functions defined above, the exchanged representation
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must be projected to an irreducible representation

1
w@jﬂﬂ428%/jﬂRKOﬂPLZQOﬂszgou@a%»mC (3.13)
AA3zy

mx(Zo, Bz,)(O3(Ps; Z3)O4(Py; Z4)O(Py, Zo))

A—A

enc

Here A = d — A is the conformal dimension of the shadow operator @ and 82 Aoy =

Sg A34‘ A_A is the constant that occurs when an operator in a three-point function is
replaced by its shadow

(O3(Ps; Z3)O4(Py; Za) O(Po; Zo) )

SAA., = . 3.14
— (O3(Ps; Z3)O4(Py; Zy) O(Po; Zo)) | o, & (3:14)

It is computed in appendix D for any three-point function that can appear in a seed
conformal block, with the result

I d
. T(A-9)r
(%A:MWHKA—M+MJ)( )

34 paler D(A+4L)I(

N[ | Do —=
>
_|_
>
w
~
+
=y
>
|
>
w
=~
_l’_

(3.15)
We start by inserting the expressions for the three-point functions (3.10) into (3.13),
to find

1
S) . (2is))?

34
Z Z 5 5
/de N1>\210)\2)\(8202 ) 6203) DN (aZ(Jl V()(,lgl)’ Zo2, Z03, 8201 V()(,Szl)v 8202 ) 8203)N§50A4)\(2027 203)
0

At+Ago =412 A+Azy A-Agy

(Por) =7 (Peo) =2 (Pos) = 2 (Pag) ™2

A1A2A3Ag
WA,A =

(3.16)

Next we wish to insert the expression (3.1) for the projector . The factor (272%) 3 in (3.1)
is equal to 1 due to (82011/0(5‘2”))2 = (82011/0(521))2 = 1. Since the factors SgA appearing
in (3.16) and ¢y in (3.1) depend on 1, it is convenient to use the following normalization
for the conformal blocks®

Azg

SA /P % P
Gyt = Bl (pyy3 Py (2 S8 7wk, 3.17
AN x (P12)2 (P34) 2 Pos Pui AN (3.17)

By inserting (3.1) into (3.16) we can now write the conformal block as a sum of functions
that only depend on a single Gegenbauer polynomial each,

min(l1,2l2)
Gglj\z)\g)u; — Z Fgf;\\ij\g)A(Am’ A34) : (318)

n=ly

®As explained in [39], to obtain the conformal block one needs to perform a monodromy projection of
the integral (3.13). This is assumed but not written explicitly because it is not important for the present
discussion.

17 -



which are defined as
FX500™ (A2, Ag) = (3.19)

1 2 a( Py Py d
(lz'l3')2 (P12) (P34) (P24> <P14) /D PO

N1)\210)\2)\(8202’ 8203) K’é (8201 VO 12 )’ Z02a Z03a 8Z_01 Vb gzl ) 8ZOZ ’ aZo;;)]\/v?:\40)\4 (ZOQ’ Z03)C(n) (t)

(FPor1) (Poo) == (Pos) (Pi) 52 ’

A+A12 AJrA34

where

1 [ Po2 Pos / P02P04 | Po1 Pos3 | Po1 Poa )
= Py Py + P. . 3.20
2V P12 Psy < PoiPos ™ P01P03 PoaPos PoaPos” > (3:20)

The Gegenbauer recursion relation (3.2) implies the following recursion relations for each

of these functions

(ll — n)FgléfAlz)zi) n(A127 A34) =

d PYPYS PYPYSVSY
(ll T3 2)” PR o (a2 1 Agg = 1) = FRQA ) (Baz 41, Agg 4 1)
- Fﬁl(’\lf’\ﬁ’\g l)n(A12 — 1, Agy — 1) + Fﬁléf“ﬁg 1y (D12 = 1, Ay +1))

—(hHn+d=HFFe | (Ars, Aga), (3.21)

where u = %i%i LU= 1514523 are the conformal cross-ratios. To use the recursion relations,

it is only necessary to know the conformal blocks for 1 = ls up to Iy = 2ls as seeds.
Once these are known, one can forget about the conformal integrals that were used for the
derivation of the recursion relations and even the precise form of the functions K,)l‘ Any
family of conformal blocks can be mapped to the functions F 33‘?3’\4 using that

G/\1)\2>\3>\4 _ pA1A2A3)\y
A(I2,l2,03) T 7 A(l2,l2,03),l2 0
G)\l)\2)\3)\4 A1 A2 34 + F>\1>\2/\3)\4
A,(la+1,l0,03) — T A (la+1,02,03) 12 A, (la+1,l2,l3),l0+1 3.99
G)\1>\2>\3>\4 A1 A2A34 + A1A2A3 g + A1 A2 A3y ( . )
A(l2H+2)02,05) — T A (I2+2,02,03) 12 A, (I242,l2,l3) 1241 A, (l242,2,13),l2+2
Hence the conformal blocks for 1 = Is, ..., 2[5 can be used in conjunction with the recursion
relation to compute the seeds
FA,(n,lg,lg),n s n = l2, ey 2l2 . (323)

For example, the conformal blocks for exchange of H and H- act as seeds for the family

H-—L in the following way
G OeJe F DJe[Je

ALY T YA
i
GD.QI. FD.251.1+FD.251.2
A21) T T AR, A(2,1), (3.24)
\ 2

OJeJe [Je[Je OJe[Je
Gan = Faen. T FaED).e
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The recursion relation (3.21) allows us to move down along the arrows. Note that in order
for the conformal blocks to satisfy the stated recursion relations, it is crucial that their
normalization depends on l;, A9 and Asy as defined in (3.17). A good method to compare
normalizations for conformal blocks obtained via different methods is to consider the OPE
limit, which is done for the partial wave (3.13) in appendix E.

3.4 Solution of the recursion relation in terms of scalar conformal blocks

For n = 0 the recursion relation (3.21) is equivalent to the one for scalar conformal blocks
that was solved for d = 2,4 in [40]. The new parameter n can be removed from the
prefactors by using the variables I} =11 —n and d’ = d + 2n,

BER G i 0 (B12 D) =

d/
<I’1+2-2) HER g (Biz + 1 Bga = 1) = FRGE 1) o (Di2 +1, 800 +1)

A1 A2 A3\ A1 A2AsA
_ FAl(lfflfz,lg)m(Am —1,A34 — 1) + UFAl(zf 31 142 ), n(A12 —1,A34 + 1))

— (G +d =4 FR (A, Agg). (3.25)

This implies that the scalar conformal block in d’ dimensions

Gﬁ}i’jﬁ“(u,v) = .A.,.(l.’l) in d’ dimensions, (3.26)
is a solution of the recurrence relation for seed conformal blocks. Maybe this can be used
to solve the recursion relations in terms of known functions. While we do not know if this
is actually possible, assume for a moment that the seeds for the recursion relation can be
written in terms of scalar conformal blocks as

Aqo+i,Ags+j
FA(nisdsyn = D JigkGanodion’ (w,v),  n=ly,...,2l. (3.27)

i,5,k

We allowed for arbitrary shifts 4, j, k in the three parameters A1s, Asgq and A and functions
fij that do not influence the recursion relation, i.e. f; ;. can depend on A, u, v and
the polarizations of external operators, but not on Iy, d, Ao or Ags. Then the result
for arbitrary Iy would be the same linear combination of scalar conformal blocks with
appropriately increased spin [1,

A +1,Aza+
A (11,12,03),n mek Afk zzl 314di2n(“ v). (3.28)

7.]7

N

In [39, 45] the two initial blocks of the family (/1,1) were computed explicitly in terms of
conformal blocks with [y = 0 in higher dimensions, however the block G D'(l 1') Faa,1)0
was given in terms of scalar blocks in 8 dimensions instead of the d’ = 6 required by (3.27).
While the simple relation to scalar conformal blocks assumed in (3.27) might not be true,
it is likely that the recursion relations should be solvable in terms of functions similar to
scalar conformal blocks in higher dimensions. This correspondence was also observed in
the recent paper [48], where the mixed-symmetry seed conformal blocks in four dimensions

were computed using a twistor formalism.
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3.5 Recursion relation for radial coordinates

Here we will discuss how to use these recursion relations for expansions of conformal blocks
in the radial coordinates (r,7) of [49-51]. These coordinates are related to the cross-ratios
(u,v) by
1612 22 1)2
= - R Gt O (3.29)
(r2 +2nr 4+1)2 (r2 +2nr 4+ 1)2

and one typically considers expansions of the conformal blocks up to some order m in r

G>A1§2>@>\4(r) _ Z TA+m/Hm/ i O(T‘A+m+1)
’ /=0 (3.30)

= Gzli‘f’\y‘“ (r,m) + O(rA+m+1) )

For such expansions the recursion relations can be used by splitting them into contributions
which satisfy the different recursion relations, as in (3.18)

219
PN m) = 3 DN (A, Agysrm) (3.31)

n=ls

The identification of the different parts of the conformal blocks can be performed as illus-
trated in the diagram (3.24), by starting at the lowest allowed [; and using the recursion
to find the term that has to be subtracted from the next conformal block to get the seed
for the next recursion relation. To derive the recursion relations in (r,7) one has to expand
w3 and v in r

1 n T

1
UQ_E+§+Z’ U—1+O(T‘). (3-32)

Unfortunately the appearance of the term of order 7!

means that the recursion relations
decrease the order of the expansion in r. They read

(b = m)FR ) o (B2 Asairom) =

2 4r 2 4

A1 A2A3 A A1 A2 A3
—EN G gy (Brz L Agat L m 1) = FO G (Ao =1, Agg =1, mA-1)

+vF2}3fi3ﬁl42,l3)’n(A12—1, Ass+1;m,m+1)) —(l1+n+d—4)Fgf(Alff32fl42’ls)’n(Am Asy;r,m).

d 1

These relations were checked with the r expansions from [51] for the case of two external
vectors and exchange of the irrep =, which is depicted in the diagram (3.24). To this
end the normalizations were matched in the OPE limit.

4 Concluding remarks

In this paper the projectors to traceless mixed-symmetry tensors that appear in the corre-
lator of four stress tensors were derived in terms of Gegenbauer polynomials. Knowledge
of the explicit form of the projectors led us to a single universal recursion relation in Iy
for seed conformal blocks, given by (3.21). Interestingly, the existence of the recursion
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relation does not rely on the complete expressions for the projectors, but only requires
that their dependence on [; is according to (3.1). Of course this implies that, to show that
the recursion relation is truly universal (i.e. holds for any seed conformal block of bosonic
operators), it is enough to prove that all projectors to traceless mixed-symmetry tensors
can be written as in (3.1).

In order for the conformal blocks to obey the recursion relation, it is required that
they are normalized in a particular way. In particular, the normalization constant of the
projector as well as the normalization of the shadow operator need to be canceled from
the integral expression of the conformal partial wave. To this end the normalization of the
shadow was computed. Furthermore, the OPE limit of the shadow integral was analyzed
to allow for comparisons to other results.

Another remark concerns the solution of the recursion relations. The new recursion
relations (3.21) are generalizations of the recursion relation for scalar conformal blocks
of [38] with a new parameter n. This new parameter can be absorbed into I; and d by
using shifted parameters

1=l —n, d=d+2n. (4.1)

As a result the recursion relations for general seed conformal blocks are solved by scalar
conformal blocks in higher dimensions, suggesting that seed conformal blocks can generally
be expressed in terms of such scalar blocks. A similar correspondence was also observed in
the recent paper [48] for the case d = 4.

Beside this application, we want to stress that the projectors actually play a very
important role in CFTs. The most basic example in which they appear is the two point
functions of mixed-symmetry operators,

N
(083" @03 0) = kel 22 T (o -2 5% ).

. x
=1

Moreover, the projector my is a necessary ingredient to compute a conformal block for
the exchange of an irrep A. For example, the OPE limit of any seed conformal block
with external operators O; of spins ¢; is always written (here without being precise on the
placement of the indices on the 7y,) in terms of the two-point function of the exchanged
operator as

Cl...Cgl 61...6@2

Frofeagi... br...b
T12ay -+ T12a;, (M0, T )ar, 11-apy) - T34by -+ - T34by, (Mgﬁa)b;ﬁl.@ﬁg‘lﬂ It <OZI7/\GW(:E2)(9AI7,\ M (z4))

|x12‘A1+A2*A+11 |1’34|A3+A4*A+11

therefore it involves the projector 7y (see appendix E). Of course, also the leading OPE of
any other conformal block is written in terms of the projectors since it can be generated
by acting with some derivatives on the seed block. From this remark it is clear that
the knowledge of ) is needed to compute conformal blocks from their radial coordinate
expansion [49-51], since the leading term of the expansion is the leading OPE.

To compute conformal blocks with the shadow formalism it is crucial to know the
form of w) as well, since it appears explicitly in the shadow integral. In this paper we
expressed ) in terms of derivatives of the Gegenbauer polynomial, which encodes the
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projector to traceless symmetric irreps. Therefore, it should be possible to compute any
family of seed conformal blocks (for generic /1) in terms of scalar conformal blocks by a
direct computation. To achieve this, it is enough to rewrite the integrand of the shadow
integral of the seed conformal block (3.16) in terms of derivatives of integrands of scalar
conformal blocks. The general result for seed conformal blocks of the family A = (I1,1)
was obtained in this way in [42].
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A A mixed-symmetry differential operator

In this section we find an alternative way to generate the projectors into traceless mixed-
symmetry tensors for Young diagrams with two rows. The main idea is to generalize the
result of [52], where the differential operator

. (d o 0 1, 0?

was defined in order to generate projectors to traceless symmetric tensor representations

apbib 1
W g, D (A2
(2 !

One can construct this operator by looking for an operator of weight —1 in z that preserves
the space defined by 2% = 0, i.e.

DY (2% f(z)) = O(z?). (A.3)

This ensures tracelessness of the expression (A.2), since contracting with 5,5, and acting
with all the operators yields something that is O(22) and of degree zero in z, hence 0.

A generalized differential operator for Young diagrams with two rows should gener-
ate the projectors into traceless mixed-symmetry tensors in a similar way by acting on a
combination of two different vectors

[araz]...[agiy —1a215]a215 +1---Q1 115,[b102]..[b21y 10215 D21y 411y 115 A4
A = (A.4)

[a1 ~a2) [a215—1 ~@215] HA215+1 ary+1y _[by _bo) [b21y—1 b21y] b2iy11 by +iy
Ny Dy D™ Dy D, Dy D T 2t Zo 2z 2z R
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Clearly this expression is Young symmetrized (in the antisymmetric representation) and
traceless, provided the differential operators D and Dy preserve the space defined by
22 =0, 22 =0 and z; - 22 = 0, namely

D(ll,Z (z%f(zla 22)) = O<Z%7z1 * 22, Z%) )
Dlll,2 (ng(zla ZQ)) = O(Z%7 z1 22, Z%) ) (A5)
D%,Q(zl . zgf(zl,zg)) = O(z%,zl . zz,zg) .

Furthermore, D; must have weight —1 in z; and 0 in 22, and D2 must have weight 0 in z;
and —1 in zo. These requirements fix the operators completely as®

% = ngz = d()()agl + d—llagg + Z%d_go + Z%d_l_l R (A 6)
D3 =Dg, ., -

where d,,,, are differential operators with weight m in the variable z; and n in the variable
2o, defined by

doo = (1 - g) [(d—=3)+3(21-0:) + (22 0z)] — (21 02,) (22 - 0zy) — 28 (21 - 021)0:1 4

d_op = 1[2<d — 1) + (22 0zy) + (21 - 821)] (02 - 0)

2 2
do11 = —(d=2)(22-0z) = (22 9:) (22 0z) — (21 - 02 )(22- 02y) (A7)
d 1
daa= (5= 1) 4 G0 0n 0 + 5[0+ 0.)(0s 02 — 10200102

Moreover, these operators automatically satisfy
SwD{D} =0,  [Df,D{]=0, [D{,D5=0, (A.8)

for i € {1,2}. The general normalization factor appearing in (A.4) is fixed asking for the
idempotence of the projector,

(—1)l2=hl (] — 154 1)

Niviy = . (A.9)
YT+ 2T+ 1)(4 - 1), (4 —2),(d = 34,
As an example we construct the projector into the representations H—L,
Mgy I = g DI DD - DI ARl (A0)

The projector that is generated in this way is in the antisymmetric representation. It
is related to the other expressions derived in the main text by the contraction

- =N\ al _as a2i9—1 (215 G2i9+1 Aly+lg
(21, 22, 21, Z2) = a2 257 .. 2 Zy 22y .2
l[araz]...[agiy —1a215]a219 +1---Q1; +15,[b1b2]...[b215 —1b215 [b215 +1---b1; 41y
5 (A.11)
_by b _baig—1 _baiy b2y 41 by 41
2z ... 7 Zy °Z, o7 ,

SThere exist higher order differential operators that satisfy the same requirements. The ones that we
found are the lowest order ones.
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where the factor n) appears due to the change from the antisymmetric to the symmetric
representation and is defined in (2.60).

It is in principle possible to generalize this method in order to study Young diagrams
with more than two rows. However this requires to find a new set of differential operators,
which we expect to be lengthy and therefore not very efficient.

B Relating different projectors

This section introduces a useful relation between similar projectors. The main observation
is that a contraction between corresponding indices on the left and right of a projector
leads to an object that is still traceless and has mixed-symmetry. Hence it should be
proportional to another projector, e.g.

P ﬂéal'"“ll))'"("'al1+l2+l3) 2010y ) e (nbiy g 41g) ~ 7Téaz---all)---)(---azl+lg+l3) s(b2.-byy ) (b g tig)
@101 (112,13 l1—1,l2,l3 ’
(B.1)

Using auxiliary vectors {z;, z;} (i =1,2,3), this equation can be written as

1 o 0 _ _
07 (o o ) i ({5030) X W3- (B2)

The proportionality factor can be found by using that the full trace of a projector is given
by the dimension dy of the SO(d) irrep,

1 o o\ a a\Neoa o\ B
i on 05) (72 5) (5 25) momsah = dussy . ©

which is given by [53]

hq1 min(s,l;) {; min(j—1,h;)
H H d—l—l—l—l—z—]H H (d—hi—hj+i+j—2), (B4)
i=1 gj=1

where H(\) was defined in (2.60). Since both sides in (B.2) can be reduced to the corre-
sponding dimensions by doing full contractions, the missing constant is given by the ratios
of dimensions

1 (89 8 A1y 15 13)
TN\ a. " o= iy Zif) = S IEE— — : ir2if) - B.
(ZI)Q <821 821>7T(l1,l2,l3)({z Z }) d(ll_17127l3) 7T(l1 1,[2,l3)({z Z }) ( 5)

Of course the same relation holds also for the other rows in the Young diagram, e.g.

1 o 0 A1y 15,15)
_— — — |7 Z,L-,ZZ- = éﬂ' _ Z’L”Ei . B6
BE <622 822) (I da k) ({25 Zi}) T oy 02 115 ({20, Zi}) (B.6)

C More projectors

In this appendix we state the remaining projectors to irreducible representations of SO(d)
that can appear in a three-point function with two stress-tensors.
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C.1 Projectors to the irreps (I1,3)

For Young diagrams of shape HHH—=" the possible combinations of the proposed building

blocks are
Q1 = H(22,%)?,
Q2 = H(22,%)*V (22)V(22),
Q3 = H(22, %)V (22)?V (%)%,
Q1= V(22)*V (%),

Imposing the tracelessness conditions (2.20) one finds that the functions f;(t) that appear
in the projector (2.14) can then be written as

with

fi(t) = —d(1 + d)(2 + (=3 + d*)CP (8) — 3(L + d)(2 + d) (¢ — 1) (e — 1)c(t)
—3d(2 + d)t(t2 — 1)%CV (1) — d(£2 — 1)°cV (1),

fo(t) = 6d(1 + d)(2 + d)C (1) + (L + d)(2 + d) (— 3+ (4 + d)2) V(1)
+6(1+d)(2 + d)(e? — 1) (1) + 3d(t% — )% (1),
f3(8) = 3d(1 + d)(2 + d)C (1) + 9(1 + d)(2 + d) (£ — 1)C } (t)
— 32+ d)t(d+d -3 (t) - 3(d — 2)(12 - 1) (1),
fit) = =3(L + d)(2 + )V (1) — 6(2 + AV (1) + (d - 32)C\ (1), (C.3)

F5(t) = 3d(2 + d)t(— 4+ (1 + d)?)c (¢ >+3<2+d>< ~1)(—4+301+d))cd @)
+92+ d)t(t® — 1)’V (t) + 3(2 - 1)’V (1)
fo(t) = =32+ d)(—4+ (L + D)V (1) — 62 + dt(t2 — 1)C (1) - 382 — )% (1),
Fr(t) = 3d(1 + d)(2 + d)2CV (1) + 3(1 + d)(2 + d)t(—1 + 32)C. (1)
+9(2 + d)2(82 - 1)C () + 3t - 1)V (1),

fs(t) = =3(1 + d)(2 + dtc, (1) — 6(2 + )2 (1) — 3t(2 — 1), V(1).
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C.2 Projectors to the irreps (11,4)
For Young diagrams of shape HH—=1 the required building blocks are

Q1 = H(z,2)",

Qo = H(z,2)°V(22)V(22)
Q3 = H(z2, %)V (22)°V (%2)?,
Q1 = H(z2,2)V(22)*V(2)?,

6 = H (22, 72)*T (29, 22)T (%2, 22) ,
Q7 = H(22, 22)V (22)V (22)T (22, 22) T (22, Z2) ,
N (C.4)
Qg = V(ZQ) V(Zg) T(ZQ, ZQ)T(ZQ, 22) s
Qo = T(22, 22)*T (%9, 22)?,

Q12 =V( (22)(T (22, 22)V (22)° + V(22)°T (22, 22)) ,
Q13 = T(22,22)*V (22)* + V(22)'T (22, 22)?,
Q14 = T(ZQ, ZQ)T(ZQ, 52) (T(ZQ, ZQ)V(22)2 + V(22)2T(22, 22)) .

In this case the functions f;(¢) that appear in the projector (2.14) can then be written as

filt) = d({zi(i)m C Wi=1,...14, (C.5)

with

Fi(8) = (d+1)4(6dt> — 3 — d(2 + d)t") ) (8) — dd(d + 2)5¢ (1> — 1)((2 + d)t* — 3)C V(1)
—6d(d +3)2(t — )2 (— 1+ 2+ d)2)C 0 (t) — 4d(2 + d)(4 + d)r(* — 1%, (1)
—d@2+ad)(#? - 1)'cP ),

fa(t) = 12(d + 1)4(dt® — 1)CY (1) + 4(d +2)3t( — 3 — 9d + d(11 + d)2)C ) (¢)
+12d(d +3)2(2 — 1) ( = 2+ (5 + d)t*)C\O (¢) + 12d(d + 3)2t(£2 — 1)2C7 (1)
+4d2+d)( - 1% (1),

fa(t) = 6(d + 1)a(=3 +d)C (8) + 12(d + )3t (— 3+ d(=3 + 262))C (1)

—6(d + 3)2< —6d+ (3+d(16 + d))t? — 6dt4>Cl(16) (t)
—12d(4+ d)t(5 + d — 262) (2 — 1)C () — 6d(2 + d — 12)(¢2 — 1)2C (1),

fa(t) = —12(d + 1)aC 7 (8) — 122+ d)(3 + d)> (4 + d)eC, (1)

—12(d + 3)a(— 2d + 3(1 + )2)CO (¢) + 4(4 + d)t(d(11 + d) — 3(1 + 3d)¢*)CL (1)
+4d2+d -3 - 1)eP (@),
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f5(t) = =3(d +1)4C7 (1) — 12(d + 2)31C,7 (1) + 6(d + 3)2(d — 312\ (1)
+ 1204+ d)i(d = )C) (0 + (- d(2+ d) + 6de> = 3P (1),
fot) = 61 + )2+ d)(4 + d) (4 = (1 + 7d)e> + d(3 + d)t*) () (1)
+12(2 + d)(4 + d)t(t? — 1)( — 1 — 7d + 2d(3 + d)t*)CV (1)
+6(4+d)(t2 —1)2(— 1 — 7d + 6d(3 + d)i*)C\O (¢) + 24d(4 + d)t(t? — 1)°C (1)
+6d(t2 - 1)'c (1),
f(t) = 1201+ )2 + )4 + d)(— 4+ 3+ )Vt )
— 122+ d) (4 + d)t(— 8(L+d) + (3 + d)*2)C (¢
—12(4+d)(#* = 1)(—1—7d+3(1 + d)(3 + d)t ) )(t)
—12(4 + d)(1 + 3d)t(12 — 1)°C.7(t) — 12d(t* — )3c§f) (t), (C.6)
fs(t) = 121 + d)(2 + )4 + d)(— 2+ (3 + D)) C ) (1)
122+ d) A+ d)t(—T—d+ 43+ A1)
+6(4+d)(—1—7Td+ (4+d)(7+d)? - 123+ d)t*)c V(1)
+12(4 + d)t(1+d — 42)(1 - (1) + 6(d — 22)(82 - 1)’V (1) ,
fo(t) = =3(2+d)(4 + d) (8 +(1+d)*(-8+(3+ d)t2)>Cz(14)(t)
— 122+ d)(d + D~ 1)( 4+ B+ )2 (t)
— 64+ d)(? — D~ 4+ 363+ d)2)C V() - 12(4 + )t - 1% (1)
-3 - 1)),
Fro(t) = 6(d + Vgt (dt? — 1)CIY () +12(d + 2)5t2(— 1+ d(~1+262))C (1)
+6(d+ 3)at(12 — 1)( — 1+ d(—1 +6t2))C" (t) + 24d(4 + A)2(t* — 1)%C," (1)
+6dt(t? — 1)°c (1)
fuu(t) = —12(d + 1)atCV (1) — 12(2 + d)(3 + d)*(4 + )2 (¢)
—12(1 + d)(d + 3)at(—1 + 3)C (1) — 12(4 + d)(1 + 3d)2 (2 — 1)C)7 (¢)
—12dt(t* - 1)),
Fra(t) = =6(d + 1)atC 0 () — 24(d + 2)5t2C) (£) + 6(d + 3)2t(1 + d — 662)C,Y (1)
+12(4+ d)P(1+d —22)C0 (1) + 6t(d — 2)(12 — (1),
Frs(t) = =3(d + 1)at%cY (8) — 12(d + 2)5£°C7) (1) — 6(d + 3)2t(—1 + 312\ (1)
— 1204+ )2 - 1)V (1) - 32 (2 - 12 (1),
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ful®) = =601+ )@+ A+ d)t(— 4+ 3+ D) (D)
122+ d) A+ (T —d+2(3+ A2 (1)
— 64+ d)t( —1)(—7—d+ 63+ d)*)CV(t
— 244+ AP - 1)%¢ (1) - 6t(> — 1)t

)
).
C.3 Projectors to the irreps (11,3,1)

To construct the tensor structures for projectors to irreps EEI:D we need to consider the
reducible representation for the shape H-, given by

| ‘@DJ@H, (C.7)

with the building blocks

EER -

Note that the second expression here is not symmetric in its indices. However, the third

expression is antisymmetric and the second one has a symmetric part, so this will suffice
as a basis. From the tensor product

<f | ‘@D]@H)@(i | @Dj@H)®Z6::21.@..., (C.9)

q=0

we conclude that in this case there will be 21 allowed structures, which can be identified
with different terms in the tensor product

+HedH=so2Me2IT eI I e... - Q1,0
[He=se[Jo11T 1. .. — Q1,05 Qo,
H@*ZO@DHEB... — Q10,Q11,
R (C.10)
T eM=MeIIe... — Qu2,Qis,
FHed=De11e.. — Qus, Qis.
MeH=[e... - Qus.

~ 98 —



Using the birdtrack notation (2.23), each @; has the form

Q1="> 2 Qy=" 2 Qy=2 2,
Q4 =% 227 QS = %2 227 QG =% 227
Mis= alls o e man nolERAE e ke mgl
Q7222 :ﬁ 1 22’ Q8:ZZ :ﬁ 1 227 Q9_22 :ﬁ ﬂ: 227
zZ3 L 23 Z3 [ ] | 23 z3 : 53
) ( ' ¢ )
Qo= " 2 Q== %2,
o iss nika ml
Z3 L 25 zZ3 L | 23
zz L Zz  z3 L L1 Z3
) [ 1.
Qia= "2 242 2,
s mun ol e —
) ) 1.
Qis="2 %24 % 2,
Z3 _:m: 23 z3 ::m:_ 23
C e )
zZ3 : 23 z3 : : 23
The functions f;(¢) can now be written as
fi(t) 4
(1) = — : —1,...,16, 12
£i(t) BT Vi 6 (C.12)
with
fi(8) = —(d = 1)(1 + d)ot (4 — 3d + (d — 2)dt>) ) (¢)
— 2+ d)(t? —1)(4—3(d — 1)d + (d— 2)d(1 + 3d)t?)Cc,” (1)
— (d = 2)d(5 + 3d)t(t? — )%V (1) — (d - 2)d(* - 1)°c® (¢),
folt) = 4(d — )4t () + (2+d)( 3(d—1)d +d( — 10+d(5+d))t2>cl(14)(t)
F4d( — T4 d(2+ d)) (2 D(t) +2(d - 2)d(t* — 1)°¢7 (1) ,
f3(t) = 4(4 — 5d® + aYc (t) + 2(2 + d) (4 — 42 4+ (d—1)d( -3+ (2+ d)tQ))Cl(f) (t)

+A(=4— d+ P = 1)C (1) + 2(d — 2)d(2 - 1)2¢0(1)
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fat) = 4(d = D)atC (1) + 42 + &) (44 d(3 + ¢ + 342 - 1)) )i 1)
+4t(8 4 d(6+ 56 — d(5 + d — 3%)) )OIV (1) + 4d(~2 + d + 12 — i + )0 (1),
fo(t) = (d = 4)(d = 1)(1+ d)atC)” () + (24 d) (4 + 3d = 3* + (d — 4)(1 + 3d)*) ¢}V (¢)
+ (16 — d(6 + d + d) + (d — 4)(5 + 3d)¢*)C (t)
+ (2= 1)(— (d—2)d+ (d-4)2)c ),

fo(t) = 2(2 + d)(4 + 3d — 3d*)C " (t) — 4(3d> + d — 8)tC” (1)
+(2(d - 2)d +2(4 - 3d)2)c (1),
Fr(t) = 4(d = 1)(1 + d)at(—4 + dt*)CV () + 4d(2 + ) (1 — 1) (— 4+ (1 + 3d)e2)C,V (1)
+4d(5 + 3d)t(12 — 1)2C7 (1) + 4d(2 — 1)’ (1),

fo(t) = =16(d — 1)(1 + d)atC? 1) + 82+ d) (4 — (— 2+ d(5 + D)) 1)
—16d(3 + d)t(t> — 1)C (t) — 8d(* — 1)%¢V (1) , (C.13)
fot) = 16d(2 + d)CY () + 4d(7 + aytc () + 4d( ~1e(),

frot) = (d = 4)(@® +d — 2)t((1 + d)t* — 4)¢ —4)(2+d)((1+3d)t* — 4)
x (82 = 1)C0 (1) + (d — 4)(5 + 3d)t(t> 1) c<5) (1) + (d—4)(t* - 1)’ (1),
fu(t) = =16(d — 1)(1 + d)atc (¢ ) (2 + d) (16 —12d+ (- 28+ 3d(7 + d))tQ)Cl(f)(t)
—4(—16+3d(3 + d) () —2(3d — 4)(2 — )% (1),

Jt(t

fra(t) = 4(d — 1)482¢7 (1) + 4(2 + )t ( 4+d—d®+d(1+3d)2)e ()
+4d(5 + 3d)2(82 — 1) (t )+4dt(t2 1)2¢,(1),

fis(t) = —4(8 +d2 + d + d))c) (8) — 8(2 + d + a2V (1) — 4dt(t? — 1)V (1),

Fra(t) = (d —4)(d - 1)(1 + d)thCl(f’)( t)+ (d—4)2+d)t(— 3+ +d(—1+362))c (1)
+(d—4)(5+ 322 — 1)V (1) + (d — )t — 1% (1),

fis(t) = 2(4 — d)(2 + )3+ dtC.V (1) — 4(d — 4)(3 + D)3C () — 2(d — A)e(t> - DO (1) ,

fro(t) = 16(d — 1)(1 + d)atCP () + 4(2 + d)< —4d+ (- 8+d(11 + d))t2>c§f) (t)
+8(—2+d(5+d))t(t2 — 1)C7 (1) + 4d(t* — 1) (t) .

D Computation of the constants S} A,, from the shadow formalism

In this section the constant

(O1(P1;Z1)O2(Py; Z2)O(Ps; Z3))

o _ 7 D.1
AA1o <(’)1(P1; Z1)09(Py;Z2)O(Ps; Z3)>‘A_>A (D.1)

— 30 —



is computed. Previous known results are the cases <oo D:E\:D> [38] and <o m BEID> [42].
In this appendix, the constant is computed for any three-point function that has a single
tensor structure and obeys |A1| 4+ |A2| = |A| — 1 (as discussed in section 3.1). We start in
subsection D.1 by showing that S} A,, does not depend on the SO(d) irreps A1 and A2, by
constructing a differential operator that transfers spin between the operators O; and Os
without violating the condition |A;| + |A2| = |A| — 1. In the following subsections SA Ay, 18
computed for the case of an arbitrary irrep A = (I1,12,13,...) and A\; = o, Ay = (I, 13,...).

D.1 Spin transfer operator

The shadow operator is

O(Py: Zs) = /DdPOO(Po; B2,)m(Zo: 07,)(O(P: Z0)O(Py: Zs))| 1. (D2)
hence the three-point function of the shadow is
(O1(P1;Z1)O02(Pa; Z2)O(Ps; Zs) ) = /DdPO<Ol(P1§Zl)OQ(P2§Z2)O(PO§aZO)> (D3)

7T>\(Z0; 820)<(9(P0; ZQ)O(Pg; Z3)>‘AHA .
Our strategy will be to find a differential operator which transforms a three-point function
with operators O, O; and O in the representations A = (I1,la,...,l,) and A\; = e,

Ao = (l2,...,ln)

(Z31)\l ( 17(Z21,Z32)\ 2 (Za(hy —1):Z3n1 )\ In
(Visiy) " (H. )" (H. )"

3,12 23 23
(01(P)O3( P2, Z5)O(Py, Zs)), = — s

o (Pi3)” 2 (Pa3) 2 (Pr2) 2

(D.4)
into another three-point function with a single tensor structure by transferring spin from
the operator Os to ;. This operator must decrease the homogeneity of a polynomial in
Z9; and increase it in Z1; by one each, while not changing the homogeneity in P, and P.
Furthermore, it must preserve the transverseness of the functions, that is

This last requirement means that the operator should transfer terms of order

O(Zj, Zij- P, PP), i€ {12}, (D.6)
into terms of the same kind. Such an operator is given in terms of the differential operator
derived in appendix A in d 4 2 dimensions (i.e. each d in its definition must be replaced
by d + 2),

(Z1j - Po)Pia— (P1- P2)Z1ja DA

DZzi,leJDQ,Pl = P, - P, Zoi, Pa * (D'7)
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The term that is contracted into the operator Dézi p, ensures transverseness in Zj;. By
construction, the action on (D.4) must yield a transverse function
(Zz1)\ (Z21,Z32)\ 12 (Z2(h —1):Z3h NS

(‘/(3,121)) (Hos™ ™) . (Hoyy ™ vy N
(Plg)%(Al—i—A—Ag)(P23)%(A2+A—A1)(Pm)%(Al—i—AQ—A)

(Hfgzlj7ZB(i+1))_"_CV(Z1j)V(Z3(i+1))> (V(Z;n))h (H2(§21’Z32))l2. N (H;§2(h1*1)’z3h1))lhl

D25:,21;,P2.P1 (D.8)

(1,23) ¥(3,12) (3,12)
H2(3Z2i123(i+1)) (P13)%(A1+A7A2) (PQS)%(AngAfAl) (p12)%(A1+A2*A)

+ O(P§, Ps - Zs, Zar, - Z31) »

(Z3(i+1))
V(3,12)+

)ll. By repeated use of such operators, any three-point func-

where ¢ is an unspecified constant. The term containing vanishes upon Young

(Z31)
Vis12)

tion with a single tensor structure can be generated

symmetrization with (

(O1(P1,22)O03(Pa, Zg)O(P3, Z3) ) ) X
T (Z1,07,) ™, (Z2,07,) ™(Z3,07,) (D.9)
D22i721j7P27P1 e 'DZlele,P%Pl<01(P1)02(P27 ZQ)O(P3’ Z3)>enc ’

where O (Py) is in the scalar representation A = e and Oy (Py,Z3) in an irrep Ao satisfying
IX2| = [A1]+|A2]. In order to compute SQAIZ one can insert (D.9) into (D.1). The action of
the operator on both three-point functions is obviously the same, and the resulting Sg Ao
is the same that one gets when using the three-point function given in (D.4). In the next
two subsections, 83 A,, 18 computed using this three-point function.

D.2 Young diagrams with two rows

The computations here are done using the conventions of [42] to allow reusing some of
their computations. We start with the case of A = (I1,l2). To compute the constant we
will consider a three-point function of an operator O in this representation with a scalar
01 and a symmetric tensor Oy of spin l3. This correlator can be written as

_ l _ l
(235 0z, ) (K312 (231)) " (M) (22, 232))

A —Ag+Ag —A+Ag+Ag Al +Ay—Ag )
(z15) 2 (233) 2 (215)
where the building blocks m(7) and k(%) are physical space variants of the building blocks
H;; and Vj jj, defined in (3.12), given by

<01(5E1)02(1‘2,ZQ)O(.Tg,Zg» = (D.lO)

2 2
) _ 5 2 0 (o i) _ T (Tik)a = T (@ij)a D.11
my7’ = bap Z (@ij)a(is)b » p (@2t )2 (D.11)

We will also use the notation
m ) (2, 2) = zgmg)zf’, KR (2) = EUak) za, (D.12)

To compute the ratio in (D.1) it is not necessary to keep track of terms containing 23;, 23
or z31 - z32. Those will be collectively denoted by O(zs; - 23;). Furthermore, it is enough to
consider the term of order Iy in 29 - 239, so terms of order O((ZQ . 232)12_1) can be dropped.
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We need to compute the three-point function of the shadow operator. This is given by

<01(a:1)(’)2(a;2, 22)@(1'3, Zg)>

L (25:8,,) / dzo (D.13)
'7 35 A2+A —A1+Ao+A Aj+Ar—A :
hitl! (w83) 42 (a3, (03) " 2 (a%) " 2

)™
( (30)(231,3z01)) ( (30) (232,8202)) m(20; O3 )( 012)(201))11(7”(02)(202’22))12
( 231)) (y2(532,22))l2

( )/ d%z
= TTA\\Z3; 8* —
y Ozg (Jfog)d A (xgl)Al §2+A( (2)2) A1+2A2+A (x%)

A +Ay—A

where we defined

y(z31) = Z31m(30)k(012)b

2,2 2 .2 2
_ Lo1%23 L02%13 14/,(:’,()2)(231)+ x02$13k(312)( 51)
B 2 2 2 2 2 2 ’
L0312 /T T3T 2003 wf1 73,

(30) (02) c
259y, My 25

= m©® (239, 20) — 25302 (2455)%(203) () . (D.14)

y2(232, 22)

The reason why the trace subtracting terms of the projector my(zo; 0z,) in (D.13) do not
contribute is that m§i0>m§3°) = 0apb, 50 these terms are annihilated by the other projector.
Not keeping track of terms containing 23, 23, or 231 - 232 means that the trace subtracting

terms of the other projector can be ignored as well and we can use instead the Young

symmetrizer
Y (21, 225 21, 22) = 7T>\(21,Z2721,22)|Z S N (D.15)
leading to
(O1(21)O2(22, 22)O(x3,23)) = (D.16)
NN _ I
YA(Z:s;st)/ (:Cg:;OA 5 Ala(fi(fgll) I(Z?Si?ﬁ?)); aa,a T Oz - 235) -
(x51) " 2 (252) 2 (12)

One needs to compute the conformal integral

ddx() (k(302) (231))71 (k(302) (Zgz)k(203) (22))771
105 (1,2, 3, 231, 282, 22) = / , (D7)
By (231)* (252)" (283)7

which is done in subsection D.4 below. Next we do a trinomial expansion of y(z31) and
a binomial expansion of ya(z32,22) in (D.16). Note that we consider only the term pro-
portional to (2 - z32)"2, for which the action of the Young symmetrizer results only in the
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factor Sy, r+p,i, which will be explained below

(O1(z1) (92(562722)@(903,23»

I l—k I Iy! A
=2 (- D2 = (=2)'S), kb
1p! B S | Y 1, )
=0 b—0 k!b! ll b) =0 ’L.(ZQ Z).
— A1 —Ao+A—k—b 11 —k+b _L l1—k—b
(afy)— (ads) 2 (23)F 2 (KD (251))" " (22 23

k+b,i
%(A12+A+l1—2k)7%(—A12+A—l1+k—b)7d—ﬁ+%

+ O(z3; - 235) + O((22 - z32)2 1)

A—-A1—Ay

(w1, @2, 23, 231, 232, 22)

Ag—A1—A Aq—

d/Q(kW)(zm))“(zQ-232>12<x%2> R ady) T (ady)

lo l1—1l1—

(Iy — i)lly! .
D I e bl
i=0 b=0 (la 2

k=0
D(3(d—A—A—l)+k+i)T(A(d+An—A+L)+b)I(A

F(3(A+A+0) —k)(G(—An+A—h)+k+i)T(d—A+k+b+1)

+ 0(231' . Z3j) + O(<22 . Z32)l2_1)
Aq—Agy

Ag—A1—A Aq—

A_
= 12 (K1) (251)) " (2 232) 2 (2%,) T 2 (ady) T2 (a3s)

(A =251 T(A = H)T(5(d+ A1z = A+1))T

d— Alg—A-i-ll))

(3(
(A=2+1) Td-A+IT(E (AR +A+L)T(A (AL +A+1))

+ O(Zgi . Zgj) + O((ZQ . Z32)l2 1) .

The sums were evaluated by using first that

AR T(z+b) T(x)[(y—z+N)
bz[:) BI(N —b)! (_1)bf(y +0)  T(y+N)T(y— =)
then
YN 1 T4y +N-1)
Z KN —-K)!T(xz+kT(y—k) T+NIT@yrz+y-1)’
and finally

i LI(-1)T(A—1+0)  (A—2),4
(=) T(A=1+70)  (A=2+1p)

The factor Sy, x1p,; appearing in (D.18) is given by

(h =k —=0)y
Sty kb = W7

where we used the following notation for the falling factorial

@)y =(@—n+1),=()(r—-1)...(r—n+1).
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This factor arises from the Young symmetrization of the tensor encoded by (z31,z232).
This can be understood by drawing birdtracks, where the (231, 232) are antisymmetrized
according to the Young symmetrizer. The following birdtracks represent the term

(k(312) (231))l1—k’—b (]{7(302) (231)) k+b (k?(302) (232))2" (D24)

which appears in (D.18) before integration. The contraction with multiple copies of k((l302)

results in a symmetrization which cancels all terms in which two antisymmetrized indices
get symmetrized. Consider for example the case with ¢ = 1, where the cancellations lead

to a factor of S, k41 = %’
ll llfk‘*b ll llfl llfkifb [1
231 k(312) k;(?’lQ) Z31 k(3_12) k(3_12)
| hh—k-0
= 2 i
1 k+ [b +1 1 Do 1
232 (302) 2 L) .
Consider also the next case i = 2,
h h—k—=0b I Lh—2 Lh—k—1b A
231 EG12) L(312) 231 ]f(3_12) k(:jQ)
II; f e O 5 5
2 kz—&-[b:-Q 2 b o ;
- K = £(302) Z

The constant S is now found by comparing (D.18) with the corresponding term in (D.10)

5(11712) — /2 (A—=2) 11 F(é — %)F(
Ad (A—2+12) T(A+ 1) (

1
2
2 (D.25)
2
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D.3 Arbitrary representations

As a next example we will compute the constant for the representations A = (I1,1l2,13),
A1 = o, Ao = (l2,l3). From the derivation it will also be clear what the result is for
arbitrary A. The three-point function is in this case

(O1(21)O2(2,22)O(x3,23) )y

(k:(312) (531))51 (m(23) (Za1, 232))12 (m(23) (Z22, 533))13
(w%z)’) A1*A22+A3 ($%3) 7A1+§\2+A3 (x%2) A1+Ag—A3

(k(312) (231))l1 (m(23) (z21, 232))l2 (m(23) (222, 533))13
A1 —Ag+Ag —A1+Ag+Ag A1+Ag9—Ag
(zi3) o (x33) 2 (z15)

+ O(Z% . Zgj) + O((221 . 232)1271) + O((Z22 . 233)1371) )

- TF)\(ZQ; BZQ)TF)\(Z3; 823)

(D.26)

= mx(23; Oz;)

The three-point function of the shadow operator is then

(O1(21)Os(w2,22)O(w3,23) )y =
/ dizg  Ya(23;0z;,) (?J(i?,l))l1 (y2(Z32, 221))12 (y2(Zs3, 222))13
(z

D.27)
2 \d—A A1 —Ao+A —A1+Ao+A A1+As—A (
03) @2)7 2 (1)~ 2 (ady) 2

+ O(ZQZ' . sz) + O(Zgi . 23]') + O((221 . 232)l271) + O((ZQQ . 233)1371) .

To compute this expression one needs the following integral, which can be immediately
read off from the result (D.36)

T

o oy (T1, T2, T3, 231, 232, 221, 233, 222)

B dd$0(k(302)(231))n(k(302)(232)k(203)(221))m(k(302)(233)]{1(203)(222))0
- / (x51)*(232)? (x55)
_ _apmol T(§—a+m+o)T(5-B+5)T(5-7+3) (D.28)
2mte D)l (B+%+m+o)T(y+ %5 +m+o)
(33%3)06_%(37%3)6_%(95%2)7_% (k(glz)(zm))n(zm - 232)" (222 - 233)°

+ O(23; - 235) + O((221 - 232)™ 1) + O((222 - 233)° 1) .

— 36 —



Next, the computation of (D.18) is repeated
(O1 (1) (92(562,Z2)@(953,Z3)>f 1

1 Li—k , l2 ! A I3 5! A
N S LA S L Y R I
—A Ao+A—k—b 11 —k+b _L li—k—b i N
(90%2) =% (33%3) 2 (235)" 2 (k(312)(231)) ' (221 - 232)"2 7% (222 - 233)3 7
k+b,i,j

r1,X2,x3, 2 z z zZ. z
%(A12+A+ll72k)7%(*A12+Afl1+kfb),d7A+%( 1,42, 43, 231, <32, <21, <33, 22)

+ O(Zgi . sz) + O(Zgi . Zgj) + O((Zgl . 232)1271> + O((ZQQ . Z33)l371)

l A-A|—Ny Ag—A1—A A—Ay—A
= (K1 (231)) " (221 - 232)"2 (200 - 233)3 (2y) 2 (ady) ™ 2 (2d5) 2

I3 lo—jli—i—jli—k—i—j

(=i —5)! (2 — j)'1s! i+
PP I P B ¢ L= VR vl ey

j=0 =0 k=0
(i(d—Am—A—ll)+k+z+j)F(%(d+A12—A+l1)+b)F(A—g)
P(3(A+A+10) -k (3(-A+A—h)+k+i+j)I(d—A+k+b+i+j)
+ O(z2i - z25) + O23; - 235) + O((221 - 232)2 ) + O((222 - 233) )

) A-A|—Ny Ag—A1—A Ap—Ay—A
= (1D (251))" (221 - 232)"2 (22 - 233) 2 (a3) = 2 (ady) T2 (ady) " 2

/2 (A =3),42 D(A-DT(A(d+A1—A+0))T(3(d—An—A+1h))
(A=2412)(A=3+13) T'(d—A+0;)T (2(A12+A+l1)) (l(—A12+A+l1))
+ O(22i - 225) + O(z3; - 235) + O((221 - Z32)12_1) + O((222 - z33)8 " 1)

(D.29)
The only non-trivial new ingredient here is the factor Sj,; ;. Since the vectors z3; are
treated as before (with the factor Sy, y4pi+;), consider only the vectors z3p and z33. They
appear in the form of

(221 - 232)!2 7 (222 - 233) 7 (K% (23))" (K32 (235) ). (D.30)

One can now draw a birdtrack containing only the antisymmetrizations of the j copies of

(302)

z33 that are contracted to k All of the indices that are antisymmetrized with those

cannot be contracted to k392 as well. Consider for example the case j =2,
Iy lh—i 2= =i
— = (=90 — . (D.31)
— '
i i+ i+
J
233 £(302) 1:(302)

Hence the factor Sy, ; ; = (lfl )Z)(”) has to be included.
(4)
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By now it is clear that the computation for Young diagrams with more rows will work
out analogously, and that the constant relating a three-point functions of an operator and
the one of its shadow for a Young diagram with row lengths (I1, (2, ...) and column heights

(hl,hg, .. ) is

S — 74/2 (A - hl)l1+h1—1 F(A — %)F(%(A + A+ ll))r(%(A — A+ ll)) (D 32)
A Bia— sy TATIIGAT A +I)I(GA A +h)
=2
I PR L
-y iy DA = HPGA+ A+ W))D((A — A+ 1))
zl_[l(A " UF(A"“Z T (3(A+ A +1)T(3(A — A+ 1))

D.4 Conformal integrals

We will use the following conformal integral (for o + 8 + v = d)

] B d4z
o 8y(21, T2, 23) = (28;) (2,)° (253)

D.33)
d d d (
ol 0T - DG 29) g ot 02 5004,
D(a)T(B)L(7)
to compute the following integral (for a+ g + v = d)
Iaﬁ7(561,562,90372317232722) (D.34)
n' n_ m
-y M =D R T g o)
k=0
d?ao (o3 - 231)" " (03 - 232)™ (w02 - 22)™ .
rm o +O((22 - 232)™
/ ($(2)1)°‘( SRR G ( )
r(v—3) L(6+%)

— lk 2 \5—k+m . k
Zk' i )2 e ) ) 2T (B4R )

(2 )™ (282 - 0za)™ (231 - Oy )" "L g -2 (w1, 2, 23) + O((22 - 232)™ 1) .

The computation of the derivative also simplifies significantly when considering only terms

of order (’)((22 . Z32)m). It is enough to consider the contribution of (22 - 0y,)™ (232 + Ozs)™

acting on (x34)~h=(n=k=b),

(ZQ : 8@)7"(232 . az3)m(2’31 . 8353)”_’“I 754_% 7_@(1‘1, 9, 1’3) = (D.35)
d/?Z (n=k)tm! o (5 —atn—k=btm)D (5B 5400 (5—7+3)
W=k -D) D)r(5+3)0(-3)

d d
(xgs)afif(nfkfb)f (225)P7 2720 (2)) 77573 (113 - 231) (w3 - 231)" 0 (2 - 230)™

+ (9(231' . 23]') + O((ZQ . Zgz)m_l) .
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Inm

By inserting this in the last expression for By 1 (D.34), one finds

15 (w1, @2, 73, 231, 232, 22)

—wd/an:nZk nlm!(—=1)k F(——a+n k— b+m) (4—5—§+b) ( _%L%)
k= ob ok'b' n—k—b)l2m L) (B+5 +m)T(y+5—k+m)

_d_n _dyn_ _d_n _
(9533)& 2 2+b(95%3)6 23 b(UC%Q)7 2 3(3313'231)1)(9023'231)” b(Z2‘Z32)m

+ O(Zgi . Zgj) + O((ZQ . ZgQ)m_l)
_ Wd/zz o ()" 'T(§—atm(§ -+ HT(5 -1 +5)
R ¥ Ry ¥ A Ry
(9533) _§_§+b(x13)ﬁ_%+%_b(ﬁz)%%_%(9013 - 231) (w23 - 231)" (22 - 232)™
+ O(z3; - 235) + O((22 - 232)™ 1)
e mN( 5+ YRy +3)
2m  T(a)L(B+ 5 +m)T(y+ 5 +m)
(9533)017%(95%3)57%(33%2)%% (k(312)(2’31))n<22 - 232)" + O (23; - 235) + O ((22 - 232)m71) .

(D.36)

The sum over k was evaluated using

Zk( N! (_Ukl“(m—k) (_1)NF(m—N)F(y—:L’+N)‘

Ty —2) (D-37)

k=0
E OPE limit of conformal blocks in the shadow formalism

In order for the conformal blocks to satisfy the recursion relation derived above, it is crucial
that they have the correct normalization. To compare to other results it is a good idea
to consider the OPE limit z{, — 0,24, — 0. This can be done in physical space by
generalizing a trick from [38]. To this end let us work again in physical space, as in the
previous appendix. The shadow operator of an operator O in the irrep (A, \) is given by

mx(Zo0, Oz,) dizy 04 l 04 l _
Otan,z) = [y [ i (m e 02)" . () e 02,,) ™ O ).
(E.1)

For a lighter notation we will choose for the remainder of this appendix to consider Young
diagrams with at most three rows A = (l1,ls,(3). Furthermore, we will compute the OPE
limit for conformal blocks with \; = A3 = e and Ay = Ay = (l3,[3). Other configurations
can be treated analogously by replacing some of the vectors zo; by z1; or z4; by 23;.

We want to compute the OPE limit of the conformal partial wave

A1A2A3Ag
WA,A =

1

- d . T x9,%Z T x 2a.72)O(x0. 2
SAAMS))A34 /d O<Ol( 1)02( 2, 2)0( 0,8ZO)><03( 3)(94( 4, 4)(’)( 0, O)>,

(E.2)

-39 —



where the three-point functions are given by’
(O1(21)O2(22,29)O(0, 20)) =
(k(012) (201))11 (m(20) (221, 502))12 (m(20) (222, 203))l3 (E.3)
() S ) T @) T

To perform the OPE limit one can use

7T)\(Z07 820)

1
k(012)(Z01) ~ 5 m(20)(ac12,z01), (E4)
x12—0 x12
and hence
(O1(21)Oa(x2,22)O(x0,20)) ~
x12—0
5 (M (219, 501))" (M (291, 202)) " (M2 (29, 703)) " (E.5)
77)\(207 20) PENSEXCECI N :
(z12) 2 (252)

Inserting this into (E.2), and using the definition of the shadow operator (E.1), one finds

1 A—lj—A{—A =
W31/<\2A3/\4 ~or ox (33%2) = <O3(373)O4(374,Z4)O($2,»’51272217222»
z12—0 SAA S~
34 AAsy
9 \A=l1=A1-Ay
= (3312) 2 <03(l‘3)04($4, Z4)O(CL‘2,1‘12, Z21, 222)> . (E6)

Doing the limit 2§, — 0 in a similar way leads to

e (m® (21, 234))" (M@ (202, 201)) " (M (203, 200))

A ~ Ta(T12, 221, 222, Oz) T A A ALl T At A ALl
Ej:g (3,)8 (23,) 2B+ +1)($§4)2( atAa=adth)
(E.7)

In order to extract the normalization it is convenient to consider only the term which is

of leading order in the building blocks m(249) (12, x34), m(24)(221, x41) and m(24)(222, x42).
This term has a prefactor that can be found by considering the birdtrack diagram in (2.58)
and removing all antisymmetrizations, resulting in a factor of

nx

I . (E.8)
[T Ri!
i=1
Finally one can use that
1—v 2D (12, 734) (E.9)
el o
and find
! !
A1A2A3A4 X -1, ta-1n) I (m(24)(221, 241)) ’ (m(24)(222, 242)) °
WA 27z (1—v) ALTA AntA
’ x12—0 I 2 1 2 2 3 4
x34—0 H hz‘ (1’12) 2 CC34 2
i=1

—i—O 1-v v (m(24)(z21 Z41))l271 (m(24)(222 Z42))l371 . (E.l())
\/ﬁ ) ) Y Y

"We are omitting the projector T, which has no impact on this computation.
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F Spherical tensor harmonics

In this appendix the relation between projectors to SO(d) irreps and spherical tensor har-
monics on the sphere S9! is explained. In the case of projectors to traceless symmetric
tensors this relation is just the fact that the projectors are encoded by Gegenbauer poly-
nomials (2.7), which are scalar spherical harmonics. In the radial coordinates of [49], the
conformal blocks are naturally written in terms of spherical tensor harmonics [51].
Consider a tensor field on S%1 € R%. We shall work in the embedding space R? and
impose transversality
x%tq, q.(x) =0, (F.1)

forall i =1,...,k and z,2® = 1. As shown in subsection F.1 below, covariant derivatives
on the sphere are just partial derivatives d, = 8%& on R? projected to the sphere (over all
indices of the resulting tensor). Therefore, the laplacian on the sphere can be written as

Vtay...ar, = PP0u(P{P;" ... Py 0cle,. )Pl ... Po¥ (F.2)

agp ?

where P, = 45 — Tqxp is a projector onto the unit sphere. Using (F.1) on the sphere
Tqox® = 1, one can simplify this expression to
Vtay.ap =PI .. P (0,0" — 2*2b0,0, — (d — 1)2"00 + k) ty, .. - (F.3)

al

Another interesting differential operator to consider is the quadratic Casimir of the
symmetry group SO(d), generated by

Jab = 1(2a0y — 20a) + Xap » (F.4)

where Y, rotates the indices of a tensor. More precisely,

k
abt(ll oA Z tal...ai_lcai+1‘..ak 9 (F5)
=1

with [M ab}z = i(098% — §969¢). The quadratic Casimir is then given by

1 1
B abJab = —x“@b(xaab — xbﬁa) + Qixaabzab + izabzab. (FG)
Acting on a tensor obeying (F.1) on the sphere z,2% = 1, it gives
1 ab by b 2 1 ab
5 abJ tal...ak Pa1 - Pak -V —k+ 5Zab2 tb1...bk R (F?)

where we used expression (F.3) for the laplacian on the sphere.
Now consider a tensor field defined by the following contraction with a traceless mixed-

symmetry tensor

€1

tbr.biy)(erocry) = T TN fler...ep, )(brobiy)(ermcry)-n. - (F.8)
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Notice that tracelessness and property (2.10) of f implies transversality (F.1) and
V%tay.ap =0, (F.9)

where k =) . _,[; and a; can be any of the indices of the tensor. Using formula (F.3) it is
easy to obtain

Vtay.ap = —[l1(l1 +d = 2) — k]ta,..ay - (F.10)
Moreover,
1 hi—1
izabzabt(bl‘..bb)(cl...013)... = [ Z livi(lip1 +d — 22’)} E(br.biy)(cr.cry ) e (F.11)
i=1

because Y45 only rotates the indices, and therefore %EabEC‘b just measures the Casimir of the
irreducible tensor. This statement can also be checked explicitly using the definition (F.5).
One can also check that (F.7) leads to the expected result

h1

1 .

5 Jav] "t by (ercry) . = [ > 1ili+d— 21)] bba...bry) (e1.mcry)en - (F.12)
i=1

Using the projectors of the previous sections, we can construct the following function

by...,b ... (a1...ar; )(b1...by )...,(a’...a’ )(b/...b/ )...
Q" (z,y) = exTay - Ty, Ty ! 2 R Yay -+ Yay - (F.13)

The arguments above show that this function is a tensor harmonic at the point x with
indices by .... It is also a tensor harmonic at point y with indices b} .... We shall fix the
normalization constant c) by imposing the following orthogonality relation

/ dy Qil.“’blm(l', y)(sblbfl N QI;\II...701...<y7 Z) = (5)\7)\/ Qill'.7cl'..(.’ﬂ, Z) . (F14)
gd—1
Using the definition (F.13) the only integral that we need to compute is
It % = / dyy™ ... y%. (F.15)
Sd—1
Rotational and permutation symmetry imply that /%% = 0 for odd k and
JEIR G =) (.16)

for some constant ¢;,. This constant can be determined by computing the full contraction®
d
Oaras - - Oamy yagy [0 = qrARE! <2> = Vol(5971). (F.17)
k

This is sufficient to verify the orthogonality relation (F.14) and to determine the normal-

_ 1 _ 4ll(g)l1
h'q, Vol(Sd-1)’

ization constant

cx (F.18)

8The full contraction of k Kronecker-deltas with the total index symmetrization of another set of k
Kronecker-deltas can be determined recursively.
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Let us now consider again the orthogonality relation (F.14) in the case of scalar har-
monics and let us sum over [,

oo
/Sd dy Quy(2,9) Yy, 2) = Qury(, 2) . (F.19)
N 1=0
This suggests the following completeness relation

> Qp(y.2) =6(y,2), (F.20)
=0

where the delta-function is defined with respect to the sphere metric. This reasoning can
be generalized to the case of tensor harmonics. We illustrate this method in the case of
vector harmonics, corresponding to A = (1, 1). Summing the orthogonality relation (F.14)
over [; we find

a,b’ - b,c _ a.c
/Sd—l dy Q(l’l,l) (1:7 y)éb’b lZ:l Q(lhl) (y7 Z) - Q(l/pl) (SC, Z) ) (F21)
1=
which leads to -
> 2) + VoVEIQ(y, 2) = 65 (x, 2) (F.22)
=1

where Q(y, z) can be any function of y - z because its contribution to (F.21) vanishes by
integration by parts. To determine this function we act with 5b,bvg’ on the last equation,

ViVIQ(y, 2) = Vib(x, 2) = =Vi6(x, 2) . (F.23)

Comparing with (F.20) and using the laplacian eigenvalues of the scalar harmonics we

conclude that
= 1
= —Q . F.24

The discussion here is very similar to the discussion of harmonic functions in AdS in [54].

F.1 Covariant derivatives

We consider a tensor t,,. 4, obeying (F.1). Let us denote by y a set of (d —1)-coordinates
parametrizing the unit sphere S%~!. In these coordinates, the tensor is given by

~ ox™ Ox %k

tar..an = w . %tm...ak , (F.25)
and its covariant derivative is
} o - k 3
Vﬁtm---ak = Tyﬁtal---ak - ZF’Byaital---aifl’yawrl---ak

i=1

B Ox? oz ox% 0

= 007 Dyt By Dbt (F.26)
k < 02 % . 8x‘“> Oz™ Ox%—1 P+l Ox%
e — 1, .. — — ... ar..ay -
— 0yP oy~ 0y ) Oy™ Qyi-1 Jyi+1 Oy“k
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We will now show that the last line vanishes and therefore covariant derivatives on the
sphere are equal to partial derivatives on R% projected to the sphere. It is sufficient to
show that 20 .
e oz o~
OyP oy~ B gy

because the last line in (F.26) vanishes due to the transversality condition (F.1). Equa-

2, (F.27)

tion (F.27) is equivalent to

2
e 0% _ ] 02" Ora _ (F.28)
OyP Oy Oyr yr Oyt
which can be easily verified using the sphere metric
0x® 0x,
_ & Ha F.29
gaﬁ aya ayﬁ ( )
and the expression for the Levi-Civita connection
r’ L F
Ba = 29 (9uB.o + uer,p = GBa) - (F.30)
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