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ABSTRACT: Given an accelerator-based neutrino experiment with the beam energy F <
1 GeV, we expand the probabilities of v, — v, and 7, — v, oscillations in matter in terms of
two small quantities A,y /Ag; and A/Agy, where Ay, = m3—m? and Ay, = m3—m? are the
neutrino mass-squared differences, and A measures the strength of terrestrial matter effects.
Our analytical approximations are numerically more accurate than those made by Freund
in this energy region, and thus they are particularly applicable for the study of leptonic
CP violation in the low-energy MOMENT, ESSvSM and T2K oscillation experiments. As
a by-product, the new analytical approximations help us to easily understand why the
matter-corrected Jarlskog parameter J peaks at the resonance energy E, ~ 0.14 GeV (or
0.12GeV) for the normal (or inverted) neutrino mass hierarchy, and how the three Dirac
unitarity triangles are deformed due to the terrestrial matter contamination. We also
affirm that a medium-baseline neutrino oscillation experiment with the beam energy F
lying in the E, < E < 2F, range is capable of exploring leptonic CP violation with little
matter-induced suppression.

KEYywoRrDSs: CP violation, Neutrino Physics

ARX1v EPRINT: 1603.02002

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP07(2016)011


mailto:xingzz@ihep.ac.cn
mailto:zhujingyu@ihep.ac.cn
http://arxiv.org/abs/1603.02002
http://dx.doi.org/10.1007/JHEP07(2016)011

Contents

1 Introduction 1
2 The matter-enhanced Jarlskog parameter 4
3 The matter-deformed unitarity triangles 12
4 Neutrino oscillations and CP violation 21
5 Summary 31

1 Introduction

In the past two decades we have witnessed a booming period in neutrino physics thanks
to a number of indisputable observations of atmospheric, solar, reactor and accelerator
neutrino oscillations [1], and thus achieved a smoking gun for the incompleteness of the
standard model (SM) in particle physics — the neutrinos actually have finite rest masses
and the lepton flavors are significantly mixed, motivating us to explore the other unknowns
of massive neutrinos beyond the SM and search for their possible consequences in nuclear
physics, particle astrophysics and cosmology.

In the standard three-flavor scheme there are six neutrino oscillation parameters: two
independent neutrino mass-squared differences (e.g., Ay; = m3 — m? and Ay = m3 —
m?), three lepton flavor mixing angles (i.e., 65, 0,3 and 643) and one CP-violating phase
(i.e., 6). Among them, the sign of Aj; and the size of § remain unknown [2-4]. But
some preliminary hints for § ~ 37/2 and Az, > 0 have recently been seen by combining
the T2K [5, 6] and NOvA [7] data on v, — v, oscillations with the Daya Bay (reactor
v, — 7, oscillation [8, 9]) and Super-Kamiokande (atmospheric v, — v, oscillation [10])
data [11]. Provided 0 is really around 37 /2 or takes a nontrivial value far away from 0 and
m, then remarkable CP- and T-violating effects will emerge in some upcoming long-baseline
neutrino oscillation experiments.

Among a number of ongoing and proposed accelerator-based experiments which aim
to probe or constrain CP violation in neutrino oscillations [12], those with the beam energy
E <1GeV (e.g., T2K [5], MOMENT [13] and ESSySM [14]) are expected to involve much
smaller terrestrial matter effects. To understand the salient features of the matter-corrected
v, — Ve and 7, — 7, oscillations in this energy region, it is important to expand their
probabilities in terms of two small expansion parameters o = Ay /A5 and = A/A4,
where A = 2v/2 Gy N E with G being the Fermi constant and N, being the background
density of electrons. But the previous analytical approximations in this connection, such
as the popular one developed by Freund [15], are usually subject to E 2 0.5 GeV and will



become invalid when E approaches vanishing.! The reason is simply that mainly the long-
baseline neutrino oscillation experiments with E 2 1 GeV were considered in those works.

Hence our present work is well motivated to offer the hitherto most systematic and use-
ful analytical approximations for terrestrial matter effects on CP violation in the medium-
baseline neutrino oscillation experiments with the beam energy E < 1GeV.

The strength of CP and T violation in neutrino oscillations is measured by a universal
and rephasing-invariant quantity of the 3 x 3 Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
lepton flavor mixing matrix U [17-19], the so-called Jarlskog parameter J [20] defined via

Im (U,,Us,Us;Us;) = jZEaﬁ,yZeijk, (1.1)
¥ k

where the Greek and Latin subscripts run over (e, u,7) and (1,2, 3), respectively. When
a neutrino beam travels through a medium, it can see two kinds of refractive indices
because of its interactions with the constituents of the medium (i.e., electrons, protons and
neutrons) via the weak neutral current (NC) and charged current (CC) [21, 22]. All the
three neutrino flavors share a common “matter” phase due to the refractive index arising
from the NC forward scattering, but the electron neutrinos develop an extra “matter” phase
owing to the CC forward scattering. The latter is nontrivial, and hence it is likely to change
the neutrino oscillation behavior. In this case one may define the matter-corrected neutrino
masses m,; and the corresponding PMNS matrix U , SO as to express the probabilities of
neutrino oscillations in matter in the same way as those in vacuum. For example, the
T-violating asymmetry between the probabilities of v, — v, and v, — v, oscillations in
matter is given by [23, 24]?

321[/ 531[/ 832[/

Ap = —16J sin ig S s (1.2)

in which E denotes the neutrino beam energy, L is the distance between a neutrino source
and the detector, j and ﬁij are the matter-corrected counterparts of 7 and Aij (for
ij = 21,31, 32), respectively. It is known that 5321331832 = J Ay A5 Asy exactly holds
for a constant matter profile [25-27]. But a more transparent relationship between J and
J, which can directly tell us why or how CP violation in matter is enhanced or suppressed
as compared with that in vacuum, has been lacking. It should be noted that J (or J ) is
in principle a measurable quantity, but in practice it is not directly observable since it is
always correlated with the oscillation terms as shown in eq. (1.2).

However, a careful study of the ratio j /J changing with the neutrino (or antineutrino)
beam energy F is not only conceptually interesting but also practically indispensable for
expanding the matter-corrected oscillation probabilities ]3(1/“ — v,) and ﬁ(ﬁu — 7,) in

1Xu has noticed that the approximate formulas obtained by Freund [15] are still valid even near the
solar neutrino resonance in matter (i.e., A ~ Ay cos26;5) [16], but we are going to show that they will
become problematic in the F < 0.4 GeV region and definitely turn to be invalid in the £ < 0.1 GeV region.

2Since an ordinary medium (e.g., the Earth) only consists of electrons, protons and neutrons instead
of both these particles and their antiparticles, the matter background is not symmetric under the CP
transformation. Hence the expression of the CP-violating asymmetry between P(v, — v.) and P(v, — U.)
is not so simple as that of .ZT in eq. (1.2), as one can clearly see in section 4.



terms of the afore-defined small parameters « and § in the E < 1GeV region. So we
plan to organize the remaining parts of this paper | in an easy-to-follow and step- by—step
way: starting from the analytical approximation of J /J, passing through those of ]U |
]UWU;"Z\ and |U_U%| (for i = 1,2,3), and ending with those of P(I/M — v,) and P(l/u — ye).

In section 2 we aim to reveal a unique range of the neutrino beam energy F in which the
size of the effective Jarlskog invariant j can be enhanced as compared with its fundamental
counterpart 7. We find that j /J zZ 1 will hold if E is below the upper limit E; ~
Ay 08201,/ (V2 GpN,) < 0.3GeV in a realistic oscillation experiment. In particular, we

find that J/J peaks at the resonance energy

A21
2v2 GgN,

~
* —

[cos 20, (1 + sin? 013) + sin? 2615] | (1.3)
which is about 0.14 GeV (or 0.12GeV) for A, > 0 (or Ag; < 0), corresponding to the
normal (or inverted) neutrino mass ordering. Accordingly, we arrive at the maximum value
z ~ L [1 4+ acos 20y, (1 + sin® fy3) + smaller terms] | (1.4)
J sin 260,
which is roughly 110% (or 107%) for Ag; > 0 (or Ag; < 0). As for an antineutrino beam,
J/J decreases monotonically in the E < 1GeV region and thus does not undergo any
resonances. In this sense one may draw the conclusion that a medium-baseline neutrino
oscillation experiment with E being in the range E, < F < 2E, should be able to explore
leptonic CP violation with little matter-induced suppression.?

In section 3 we concentrate on a geometrical description of leptonic CP violation in
matter and make some analytical approximations for this intuitive and useful language.
Namely, we show how the three Dirac unitarity triangles (UTs) in the complex plane [29],%
defined through the orthogonality relations

A UnUn +UpUsy + U 3U =0

€

Au : UTlU;kl + UTQU:2 + UT?)U:S =0 )

AT: UelU +U2U2+U3U3—0 (15)

are modified (either enlarged or suppressed) by terrestrial matter effects in a low-energy
medium-baseline neutrino oscillation experiment. We find that the third side of each UT
(i-e., U,Urs, U sUg or Ug3Ups) is essentially insensitive to the matter-induced corrections
when the neutrino beam energy F is low, but the other two sides — both their sizes and

orientations — can get appreciable corrections. Besides some new and useful analytical

3Note that Minakata and Nunokawa have discussed a similar possibility and obtained the leading-order
analytical result of F, in ref. [28]. In comparison, our analytical result in eq. (1.3) has a much higher
degree of accuracy and thus the new result in eq. (1.4) can explain the sensitivity of T /J to the neutrino
mass ordering.

“The other three unitarity triangles (defined as Ay, Ay and Ag), the so-called Majorana UTs [30, 31],
will not be discussed here because they have nothing to do with leptonic CP and T violation in normal
neutrino-neutrino and antineutrino-antineutrino oscillations.



results to be obtained in a reasonably good approximation, a numerical illustration of the
real shapes of the effective Dirac UTs in matter (denoted as &e, Au and AT) changing
with E will also be presented.

In section 4 we aim to combine our new results about 7 and A, (for o = e, 1, 7) with
the probabilities of neutrino oscillations in matter. In particular, the effective probabilities
ﬁ(l/u — v,) and ﬁ(ﬁu — 7,) are expanded in the whole £ < 1GeV region with the
help of the small quantities o and 5. We show that our analytical approximations are
numerically more accurate than those made by Freund in this energy region, and thus
they are particularly applicable for the study of leptonic CP violation in the low-energy
MOMENT, ESSvSM and T2K oscillation experiments. We also affirm that a medium-
baseline neutrino oscillation experiment with the beam energy F lying in the E, < F < 2FE,

range is capable of exploring leptonic CP violation with little matter-induced suppression.

2 The matter-enhanced Jarlskog parameter

Given the effective neutrino masses m; and the effective lepton flavor mixing matrix U
which have accommodated the matter-induced corrections to m; and U, the effective
Hamiltonian responsible for the propagation of a neutrino beam in matter can be writ-
ten as [21, 22]

. m? 0 0 ) m? 0 0 A00
Hg =57 |U| 0 M3 0 Ut =55 U] 0 ms 0 ur+looo]||, (21)
0 0 m3 0 0 m3 000

in which A = 2v/2 GLN,FE denotes the charged-current contribution to the coherent v e~
forward scattering in matter. When a constant terrestrial matter profile is concerned,
as in the present work, eq. (2.1) allows one to derive the following relation between the
fundamental Jarlskog invariant J and its matter-corrected counterpart J:

Uel

Ua

e
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J

e

Ueo
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€

Ug || Ues :A21A31%32

A21A31A32

, (2.2)

which is a reflection of both the Naumov relation [25-27] and the Toshev relation [32].
The latter means sin 26,5 sind = sin 2053 sind in the standard parametrization of U and
U. Namely,”

Ut Uy Ugg C12C13 _ $12C13 _ s13¢ 710
U= Uul Uuz Uu:s = | —512€23 — 012313523?16 C12Co3 — 312313323615_ C13523
Ui Upp Upg S12523 — 012513023615 — C12523 — 312313023616 C13C23

(2.3)

with ¢;; = cos Qij and s;; = sin Hij (for ij = 12,13,23). The parametrization of U is exactly
the same as that of U in eq. (2.3), and hence one may obtain J = ¢158,5C335,3Co3595 SN &

5For the sake of simplicity, we have omitted the Majorana CP-violating phases of massive neutrinos in
this parametrization simply because they have nothing to do with neutrino oscillations under discussion.



and the same expression of J as a function of 512, 513, 523 and 4. Note, however, that
eq. (2.2) is actually a parametrization-independent result. We shall use it to establish an
approximate but more transparent relationship between J and J later on.

In fact, the exact relations between m? and m? (for i = 1,2,3) have been derived
by several authors with the help of eq. (2.1) [33-35], but only the normal neutrino mass
ordering (i.e., As; > 0) was assumed in those works. Here we consider both normal and
inverted (i.e., As; < 0) neutrino mass hierarchies. To be explicit, we have

Ay = g\/ﬁ —3y/3(1—22)
A, = %\/xQ — 3y [3,2 ++v/3(1 - 22)} ,
Ay = %\/:ﬁ ~ 3y [37: Y. z2)} (2.4)
in the Az, > 0 case; or
A,y = %\/aﬂ -3y [32 —V3(1— 22)} :
By = —2v/a? = 3yy/3(1- %) |
~ 1
Ry = —5V/e? =3y [32 +/3(1- 22)] (2.5)

in the A5, < 0 case, where

T = A31(1+a+/8) 3
y = A3 [a+ 8 (|Uel‘2 + ‘U62|2) +af(1- |Ue2’2)] ;

3_ 3 2
z = cos 1aurccos 207 — 9y + 21050810 | (2.6)

2 (£U2 — 3y)3

with the definitions o = A, /A, and § = A/A3;. When an antineutrino beam is taken
into account, the corresponding oscillation behaviors depend on U* and —A. In this case
the above formulas remain valid but the replacements U — U* and A — —A (i.e, J — —J
and  — —f3) are required. Eq. (2.2) tells us that both J and J flip their signs in the
above replacements, and thus their ratio remains positive.

Although eqgs. (2.4)—(2.6) are exact, they are unable to reveal the dependence of &ij
on Aij in a transparent way. It is therefore important to make reasonable analytical
approximations in this connection, so as to simplify the relations between AZ ; and A, ;- The
remarkable analytical approximations made by Freund [15] have been popularly applied
to the studies of various long- or medium-baseline neutrino oscillation experiments with
E>05 GeV.% Given the fact that 7.02x 1072 eV2 < Ay < 8.09 % 107% eV? holds at the 30

6See, also, the analytical expansions made in refs. [16, 24, 36]. When the unitarity of the 3 x 3 PMNS
matrix U is directly or indirectly violated in the presence of light or heavy sterile neutrinos, the similar
analytical expansions of neutrino oscillation probabilities have been done by Li and Luo [37].



Normal mass ordering (NMO) Inverted mass ordering (IMO)
best-fit 3o range best-fit 30 range
019 33.48° 31.29° - 35.91° 33.48° 31.29° - 35.91°
015 8.50° 7.85° - 9.10° 8.51° 7.87° - 9.11°
(o 42.3° 38.2° — 53.3° 49.5° 38.6° — 53.3°
0 306° 0° — 360° 254° 0° — 360°
A
H)Tﬂ\ﬂ 7.50 7.02 - 8.09 7.50 7.02 - 8.09
e
A
103731\/2 2.457 2.317 - 2.607 —2.374 —2.520 — —2.226
—Se

Table 1. The best-fit values and 30 ranges of six neutrino oscillation parameters from a global fit
of current experimental data [4].

confidence level [4] and the dependence of terrestrial matter effects on the neutrino beam
energy E can be effectively expressed as A ~ 2.28x10™4 eV? (E/GeV) for a realistic ongoing
or upcoming neutrino oscillation experiment [38],” the limit £ > 0.5GeV is essentially
equivalent to the requirement |a| < |3].

But we stress that the case of || 2 || is also interesting in neutrino phenomenology,
especially in the aspect of probing leptonic CP and T violation in a low-energy medium-
baseline oscillation experiment [28]. In fact, there will be no way to obtain J /J 2 1if the
neutrino beam energy FE is higher than about 0.5 GeV. To see this point, we calculate the
ratio of J to J by using egs. (2.2)-(2.6) and inputting the best-fit values of Ay, Ay, 0;y
and 6,4 listed in table 1 [4]. Allowing F to vary from 0 to 100 GeV, we plot the numerical
change of j /J with E in figure 1, where both the neutrino (with A) and antineutrino
(with —A) beams are considered, together with both the normal (A5, > 0) and inverted
(A3, < 0) neutrino mass hierarchies. Some observations and discussions are in order.

(1) Except the extreme case of J = 0 (i.e., § = 0 or ) which makes the ratio of J to
J nonsense, the profile of J /J changing with E is stable and independent of the
value of 0,5 and the large uncertainties of ¢ itself. In all the four possibilities shown
in figure 1, the size of J /J goes down quickly when E becomes larger than about
0.5GeV. As for the case of an antineutrino beam plus the normal mass hierarchy,
J /J decreases in a monotonic way and does not develop any maxima or minima.
In comparison, J /J can have one maximum in the case of a neutrino beam plus
the inverted mass hierarchy, or one maximum and one minimum in the case of an
antineutrino beam plus the inverted mass hierarchy, or two maxima and one minimum
in the case of a neutrino beam plus the normal mass hierarchy. But we are mainly

interested in the peaks of J /J in the latter three cases, where the corresponding

"To be more specific, the “matter” parameter A is given as A ~ 1.52x10~* eV? Y, (p/g/cm?) (E/GeV) =~
2.28 x 107* eV? (E/GeV), where Y, ~ 0.5 is the electron fraction and p ~ 3 g/cm?® is the typical matter
density for a neutrino trajectory through the Earth’s crust.
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Figure 1. The ratio of the matter-corrected Jarlskog invariant J to its fundamental counterpart
J as a function of the neutrino (v with A) or antineutrino (7 with —A) beam energy E in the case
of a normal mass ordering (NMO, left panel) or an inverted mass ordering (IMO, right panel). Here
the best-fit values of Ay, Agq, 015 and ;5 [4] have been input.

values of F are summarized as follows:3

7 7!

v beam (Ag; > 0): E, ~ 0.140 GeV ? ~1.10; E, ~8.906 GeV , ?‘ ~(.12;
J.

v beam (A3 <0): E, ~0.123 GeV , 7 ~ 1.07;
71

v beam (A5 < 0) : E, ~ 8.828 GeV , 7* ~0.12. (2.7)

Of course, the suppressed peaks with f*’ /J =~ 0.12 are not within the scope of our
interest in this work, because the corresponding beam energies are far above 1 GeV.

2) But a suppressed peak J!/J ~ 0.12 and its resonance energy FE. can be well
( H gy E;

understood by following the analytical approximations made in ref. [15] for E 2>
1GeV. Namely,

~ Agy
A cos? 013\/ﬁ2 —2Bcos20i3+1

; (2.8)

NI

in which § = £A/A; correspond to the neutrino and antineutrino beams, respec-
tively. We find that this ratio peaks at

g +A” N 3c0s20,5 +1/1 — 9sin® 26,4

A, T 1 (2.9)

8In the case of a neutrino (or antineutrino) beam with the normal (or inverted) mass ordering, the
minimum of J/J is about 0.116 (or 0.113) appearing at F ~ 6.462 GeV (or 6.172 GeV). The magnitude of
such an extreme is actually similar to the suppressed peak J,/J ~ 0.12 at E., ~ 8.906 GeV (or 8.828 GeV).
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Figure 2. The ratio J /J as a function of the neutrino beam energy F in the normal or inverted
mass ordering case. Here the red curve and the green band correspond to the inputs of the best-fit
values and 30 ranges of A,q, Asq, 6015 and 65 [4], respectively.

with A, = 2v/2 GpN,_E/, where the smallness of 6,5 has been taken into account.
Now that 3, itself is positive, the plus (or minus) sign in front of A, in eq. (2.9) must
correspond to the neutrino (or antineutrino) beam with the normal (or inverted)
mass ordering. Given the best-fit value of 6,5 in table 1, it is straightforward to
obtain E/ ~ 9.02GeV in the A3 > 0 case or £}, ~ 8.71GeV in the A5 < 0 case.
Such approximate results are in agreement with the exact numerical results shown in
eq. (2.7) to a reasonably good degree of accuracy.

From now on let us concentrate on the first (matter-enhanced) peak j* /J > 1 around
E, € (0.1,0.2) GeV in figure 1 and understand why it appears in an approximate but more
transparent way. Figure 2 is a clearer illustration of this peak, where the 30 ranges of A,,,
Agq, 0,5 and 6,5 are also taken into account. One can see that the numerical uncertainties
associated with the four input parameters do not change the lineshape of J /J, implying
that our analytical approximations to be made below will keep valid when the relevant
neutrino oscillation parameters are measured to a much higher degree of accuracy in the
near future. In the low-energy region under consideration the magnitude of 3 is comparable
with or smaller than that of «, and thus both of them can serve for the small expansion
parameters in our analytical approximations for &21, 831 and £32. We first consider the
neutrino beam. A tedious but straightforward calculation leads us to the results

1 1 3 3
\/ z? — 3y ~ Agy [1 - 504 ) (1 - 3|U63’2) B+ gaz 1 (\Uel|2 - |U62’2) af

3
+§ (1 + 2|Ue3|2) 52:| )
3 3 3
z~1- §a2 + 1 (|Ue1\2 - ‘U62|2) aff — 3 (1 - 2|Ue3|2) 82,
1 1
3(1—2%) ~ ;e (1 +at 26> (2.10)



for the As; > 0 case; and

1 1 3 3
V22 =3y ~ —Ag {1 — 505 (1-3|Us?) B+ §a2 - (|Ue1 |2 = |Uso|?) aB

+= (1+2U5%) 52] :

1 3 1 1 3 2 3 2 2
~ -+ Ze(14+za+-8)-Za+2 -
s g ge(14 304 58) - mra?+ 3 (Ual - WaP) o
3
_2 (1_9 2\ 2
16( ’Ue3|)ﬁa
3 3 1 1 9 9
312 = § - e (14 gat 38) = g0+ § (Ual - UaP) ap
— o (12U 52 (211)

for the Az, < 0 case, where

€= \/052 -2 (’Uel‘Q - |U€2|2) O‘B + (1 - ’U€3‘2)2/82 (212)

is a small parameter, and the smallness of |U_s| is already implied. Then we obtain the
effective neutrino mass-squared differences from eq. (2.4) or eq. (2.5):

~ 3
Ay = Ay (1 + 2|Ue3|25) €,

~ 1 1 1 3 3
Agy ~ Agy [1 5% 5 (1- 3‘Ue3|2) B+ e+ Z|Ue3’256 + 2|Ue3’252] )

2
332 ~ Qg [1 - %04 - % (1 - 3\Ue3\2) 8- %6 - %%3’256 + ;’U63’252] , (213
for the Az; > 0 case; or
Agy = =4y <1 + 2‘Ue3|2/8> €,
By g 1= a5 (1-300P) 8 - g - JUaPBe + 501
By g 1= a5 (1-300sP) 8+ get JUaPBe+ SIUPE| (219

for the A3, < 0 case. Given the standard parametrization of the PMNS mixing matrix U
in eq. (2.3), the small parameter € in eq. (2.12) can be reexpressed as

€= \/a2 — 208 c0s 20,5 cos? O3 + % cost 0,5 (2.15)

so its magnitude is apparently of O(a) or O(5). With the help of egs. (2.2), (2.13)
and (2.14), we arrive at the approximate analytical results for the ratio of 7 to J as follows:

(07

\/042 — 203 cos 20,5 + 32

(1+0), (2.16)

NI

:+%(1+5)2



for the As; > 0 case; or

—Q

(1+5), (2.17)
\/042 — 2a3 cos 205 + (2

Qi

«
:—z(l—l—,@’):

for the A4, < 0 case, in which the terms proportional to |U,|? = sin® 6,5 in € have been
omitted thanks to the smallness of 6;5. Since € has a minimum value €, ~ |a|sin26,, at
B, =~ acos 26,5, we expect that the ratio j/j takes its maximum value 1/sin 26, in the
leading-order approximation, no matter whether the neutrino mass ordering is normal or
inverted. As for an antineutrino beam, the matter parameter is actually —A, and thus the
replacement 5 — —f must be made for the analytical results obtained above. In other
words, € does not develop a minimum value in the antineutrino case — that is why j /T
does not undergo any resonances in this case, a conclusion independent of the neutrino mass
ordering. So we only concentrate on the neutrino beam in the subsequent discussions.

Let us go beyond the leading-order approximation to calculate the extreme value of
J /J, which is a function of § (or equivalently, the matter parameter A or the neutrino
beam energy F). To do so, we take the first derivative of j /J with respect to the variable
B in eq. (2.16) or (2.17) and set it to equal zero, and find that such a treatment leads to
the same equation in these two cases:

(1= UP)* + @ (Ul = 1Us)| 8= (Ual ~ 1Un)a—a®=0.  (215)

The solution to eq. (2.18) turns out to be

By = f* ~ o [cos 20, (1 + sin® 0y4) + asin® 20;,] (2.19)
31

with A, = 2v/2 GpN,E,, from which one can easily obtain the resonance energy F, that
has been given in eq. (1.3). Substituting eq. (2.19) into eq. (2.16) or (2.17), we immediately
arrive at the maximum value of J/J on the resonance:

J.o 1

J ~ sin20,,

1
1+ acos20, (1+sin®6;5) + 5042 sin?20,,| , (2.20)

an interesting and instructive result whose leading and next-to-leading-order parts have
been shown in eq. (1.4). Taking the best-fit values of 0,5, 6,35, Ay and Ag; for example,
we obtain E, ~ 0.140 GeV (or 0.123GeV) and 7,/ ~ 1.10 (or 1.07) for the normal (or
inverted) neutrino mass ordering from the analytical formulas in egs. (2.19) and (2.20), in
good agreement with the more exact numerical results that have been listed in eq. (2.7).
In figure 3 we compare the result of j /J obtained from our analytical approximation
made in eq. (2.16) or (2.17) with its exact numerical result by allowing the neutrino beam
energy F to vary from zero to 1 GeV. We see that the two sets of results agree with each
other in a perfect way. In contrast, the numerical result of j /J obtained from Freund’s
analytical approximation in eq. (2.8) is not so good in the 0.4 GeV < E < 1 GeV range,
and it becomes out of control for £ < 0.4 GeV. Hence our analytical approximations stand

~10 -



12F ] 12F
(v, IMO)

1.0 F

- _ 08l
J J
J J
0.6
Exact
04} ===== Eq. (22)
Freund
0.0 02 0.4 06 08 10 0.0 02 04 06 08 10
E (GeV) E (GeV)

Figure 3. A numerical comparison between the results of J /J obtained from the exact formula in
eq. (2.2) (red line) and our analytical approximations in eqgs. (2.16) and (2.17) (blue dashed curve)
or Freund’s approximation in eq. (2.8) (green dotted curve), where E varies from zero to 1GeV,
and the best-fit values of Ayy, Ay, 015 and 6,5 [4] have been input.

out as a much better tool of understanding the salient features of the matter-corrected
Jarlskog parameter in the £ < 1GeV region. In fact, the typical neutrino beam energy
of the realistic T2K long-baseline oscillation experiment [5] is about 0.6 GeV, just within
this region. So one may use the analytical formulas given in the present work to do a
reliable phenomenological analysis of CP violation and the associated matter effects in the
T2K experiment.

Given the resonance energy F, in eq. (1.3) and the maximum value j*/j in eq. (1.4),
the profiles of J /J in the left and right panels of figure 2 can easily be understood.
Simply because the next-to-leading-order terms of E, and j* /J are both proportional to
the expansion parameter o = Ay /Ag; =~ £1/30, they exhibit a small but appreciable
difference in figure 2 with respect to the normal and inverted neutrino mass hierarchies.
This observation indicates that even a low-energy neutrino oscillation experiment could
have the potential to probe not only the CP- and T-violating effects but also the neutrino
mass ordering.

At this point it is worth stressing that the matter-induced amplification or enhance-
ment of 7 under discussion is actually associated with the sensitivity of 6,5 to the matter-
induced correction. It is well known that 6,5, 6553 and d are almost insensitive to terrestrial
matter effects (i.e., 513 ~ 0,3, O ~ 6,5 and 6~ 6) in the E < 1GeV region [24, 28, 39],
and hence the first equality in eq. (2.2) leads us to the relation

sin 26, N J o

sin20,,  J € (148, (221)

where eq. (2.16) or (2.17) has been taken into account. So the behavior of the ratio of
sin 26,5 to sin 26,, changing with E is expected to be the same as that of J/J shown in
figure 2.
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Last but not least, let us figure out the upper limit of F which allows J /J Z 1 to hold.
For this purpose, we take J/J ~ 1 in eq. (2.16) or (2.17) and then solve this equation.
Besides the trivial solution F = 0, there is a nontrivial solution

E, ~ ﬁTQ;Ne [cos 260y, (1 +sin®0;5) +af , (2.22)
which is valid for both normal and inverted neutrino mass hierarchies. Namely, j /T 21
holds for E € [0, E;] — the region of E which might be especially interesting for the study
of leptonic CP violation in a low-energy medium-baseline neutrino oscillation experiment.
If only the leading term in eq. (2.22) is taken into account (i.e., omitting the o term and
taking sin? 6,5 ~ 0), we are then left with E; ~ Ay cos26;,/ (V2 GEN,) < 0.3GeV by
considering A ~ 2.28 x 107% V2 (E/GeV) and inputting the best-fit values of A,, and
0,5 [4]. Given the best-fit values and 3o ranges of Ay, Asy, 615 and 6,4 listed in table 1,
the more accurate results of £ can be obtained from solving J/J =1ineq. (22) in a
numerical way: E; ~ 0.284 GeV (best-fit) and 0.214 GeV < E, < 0.359 GeV (30 range) for
the normal neutrino mass ordering, or £, ~ 0.244 GeV (best-fit) and 0.179 GeV < E; <
0.312 GeV (30 range) for the inverted neutrino mass ordering. These results are consistent
with those shown in figure 2.

Since E, ~ 2F, holds as a good approximation, one could consider to set the neutrino
beam energy E in the F, < E < 2F, range when designing a realistic medium-baseline
oscillation experiment to probe the J /J 2 1 region of CP violation. In fact, the typical
beam energies of the proposed MOMENT [13] and ESSvSM [14] experiments just lie in
such an interesting region.

3 The matter-deformed unitarity triangles

The three Dirac UTs defined in vacuum in eq. (1.5) have their counterparts in mat-
ter, namely,

Ae : U/,LlU:1 + UMQU;Q + U/J?)U:B =0 s

Ay UpUs +UngUl + UpgUly =0,

UaUpy +UUpp + UsU 3 = 0. (3.1)
Thanks to the unitarity of U and U, the areas of A, and A, (for a = e, 1, 7) are equal to
|7]/2 and |J|/2, respectively. Hence a change of the ratio J/J with the neutrino beam
energy FE implies that the three UTs must be deformed by terrestrial matter effects. The
exact analytical expressions of the three sides of A, for a constant matter profile have

been derived in ref. [40]. Here we find a more convenient way to reexpress the previous
results,” and take into account both normal and inverted neutrino mass hierarchies.!® To

°In the low-energy region under consideration we find that the U, Ugs side of A, where the subscripts
a, f and « run over e, u and 7 cyclically, is least sensitive to terrestrial matter effects. Hence it is appropriate
to express the other two sides in matter as ﬁmﬁgz = c1U Ui + coUq3Uj5 (for @ = 1 or 2), in which the
coefficients ¢; and ¢, deviate respectively from 1 and 0 due to the matter-induced corrections.

10Tn this connection only the possibility of a normal neutrino mass hierarchy is discussed analytically
and numerically in the literature. The present work improves the previous ones by taking account of both
normal and inverted mass hierarchies and shows the phenomenological differences between these two cases.

- 12 —



be specific, we obtain the formulas for a neutrino beam as follows:

A! A)A A’ A)A
U 71—( 5+ A) 21U o ( 11+ ) 32U U
A A31 A31
- ~ o~ A A)A Al A A
X . .U ( 3gv+~) 207 [ +( 2"‘ ) 31U U (3.2)
e pn2~ T2 pn2~ T2 T3
Ay Agy 32
(7”3[7:3 = —(A/B 4 A23U w3Urs + —(Agi—i_f‘) AmU g
A31A32 31232
and
( i 1U _ %éﬂ%mU U — A/11A32U .
Ay Agy 31
- ~ o~ AL A A A
AM: U’T2 e2 — %U U2 + ~22~31U 63 ) (33)
21232 32
— AL A A’ A
U7-3 = ~13~23U 3U3 + ~33~21U el :
31232 31832
and
([~ ~ ALA A 145,
Uer :1 = A 21Uel ul = = U U:Ba
Ay Ay Ay Agy
- ~ ALLA AL A %
Aq— N U€2 M2 == 532/\/21 UEZUMZ + ~22~3 U Up,?) y (34)
21232 21232
_ o ALA L A
U307 = Sulng Snlag o
31232 31932
2 N —=2  ~2 — 2 ~2 s
where A,; = =m? —m5, Ay =mi —miand Al =mi —mi = A, + Al (ford,j =1,2,3)

with A; j bemg expressed as

A’H:—;x—&—; xQ—Sy[z—i— 3(1—22)] ,
ho = ;aﬁ—; x2—3y[z— 3(1—z2)]+A21,
5y = —é - %zm + Az (3.5)
in the A3, > 0 case; or
/11:—;.7}4-; 2 — 3y [z— 3(1—22)},
b9 = —;55— —a/a? =3y + Ay,
Ly = —;x—l— ?1) — 3y [z+ 3(1— 22)} + Ay (3.6)

in the Ag; < 0 case. Egs. (3.2)—(3.6) are exact and elegant in showing the corrections of
terrestrial matter to the sides of three UTs, but they are unable to give one a ball-park
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feeling of the order of magnitude of such corrections due to the complication of ﬁij and
A;j. Hence it is necessary to make some analytical approximations in order to show the

deviation of A, from A, (for a = e, u,7) in a direct and transparent way.

Note that such an exercise is not only conceptually interesting and intuitive but also
helpful for expanding the matter-corrected probabilities of v, — v, and 7, — v, oscillations
in terms of the small parameters a and 8 in the £ < 1GeV region, because the CP-
conserving parts of ﬁ(uu — v,) and 15(?“ — 7,) are directly related to the sides of the
above effective Dirac UTs. This point will become clear in section 4.

With the help of egs. (2.10), (2.13) and (3.5), some straightforward calculations lead us
to the following approximate expressions in the case of a normal neutrino mass hierarchy:

/11 ~ —Ag %04 + % (1 - |Ue3’2) p— %6 - Z’Ue:ﬂQﬂE - ;Ue:s‘zﬁz] )
b Mg 30— 5 (1= W) 8+ gt JIUaPBe+ 51018
B = gy 3= 5 (1= 10a) 8- e JWalBe+ 31028 |
By = gy 1= a5 (1= 10al) 8+ et JWaslBet 51U |
Ny gy 1= ga= 3 (1= 10aP) 8- g = S0aPBe+ 5UaP8] . 67

together with Af; ~ —Ag (14 |Uy4l?8) and Al ~ —Ag|U4l?8. When an inverted
neutrino mass ordering is concerned, the corresponding expressions of A;j can simply be
obtained from eq. (3.7) with the replacement e — —e. Given egs. (2.13), (2.14) and (3.7), it
is easy to make analytical approximations to the sides of three Dirac UTs in egs. (3.2)—(3.4).

In the case of a normal mass hierarchy, we arrive at

~ Q@ . 1 a—0 .
U,u,l = ; U,u,l T1 5 <1 - 6> U;LSUT?) )

X . ~ Q@ . 1 a+p .

Ae ’ U,u,2 2= ; U/.LQUTQ - 5 <1 - €> U/J,SUT?) ) (38)
U,3Uks ~ (1—2Bsin® 0,3 + afsin’ 0,5) U,sUls + aBU, Uy ;

and
~ o~ « . 1 a—+p .
U‘rl el—zUTl 61_2(1+ﬁ_ € >U73 e3

* O[—,B *
U‘I‘2 eszUTQ 62_2(1+B_ € )UTS e3

U,3Ul ~ (14 B)U,3Us — aBsin? 03U, U7 ;
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and

(~ ~, « . 1 a+ S .
Uet ulﬁtel u1—2<1+ﬁ— c >Ue3 13
Ar: {000 ~ S U, L «—p . (3.10)
T UeQUp,Q = z UEQU/J,Q - 5 1+ ﬁ - € Ue3 u3 :
ﬁe3ﬁ:3 ~ (1 + ﬁ) U63U;3 — O[B Sin2 913U61U:1 .

One may check that the unitarity of each of the effective triangles holds up to the O(ap),

O(sin? 0,38) or higher-order corrections in the above approximations. At this precision

level the deviation of A , from A and the departure of A, from A, are exactly the same,

reflecting a kind of p-7 flavor symmetry between these two effective UTs [41]. Some further

discussions about our approximate analytical results are in order.

(a)

The (7Q3(7§3 side of the UT A'w where the subscripts o, 8 and « run cyclically
over e, i and T, is least sensitive to terrestrial matter effects. The reason is simply
that ~U637 U, and U 3 only depend on the effective flavor mixing angles 0,5 ~ 6,
and 0y3 =~ 053, which are almost insensitive to the matter-induced corrections when
the neutrino beamfnergy E is low. Hence U,3Uj ~ U,3Uj4 is a reasonably good
approximation for A, and A, in the low-energy region. In other words, the size and
orientation of this side are essentially stable against terrestrial matter effects, and
thus the deviation of A from A, is mainly attributed to the changes of the other

two sides.

The ﬁalﬁgl (or ﬁazﬁgz) side of AV consists of the corresponding U, Uj; (or UyoUsj,)
side of A multiplied by a universal factor a/e and the U,;Uj; side of A, multiplied
by another factor. Because of

1
lo | , (3.11)

1 —2cos2 2015 4 —
\/ cos 2605 cos” 0,3 A, + cos™ 05 <A21)

it becomes clear that this factor approaches 1 for A — 0 and approximates to
1/(2sinf;5) ~ 0.91 when A ~ A, holds (i.e., @ >~ § with E ~ 0.33GeV) for a
neutrino beam or to 1/(2cos#;4) ~ 0.60 when A ~ A,; holds for an antineutrino

beam. In comparison, the term proportional to U, ;U 53 can change the orientation
of the ﬁalﬁgl (or U,,U o) side, and its factors [1 — (a F ) /€] /2 may appreciably
deviate from zero even though F'is small. The deformation of the UT A is therefore
understandable.

Note that the approximate analytical results in egs. (3.8)—(3.11) are valid for the
normal neutrino mass hierarchy. As for the inverted neutrino mass hierarchy with
a < 0, the nine sides of the three effective Dirac UTs can be directly read off from
egs. (3.8)—(3.10) with the replacement € — —e. In this case one may similarly discuss
the deformation of each UT in the low-energy region for either a neutrino beam or
an antineutrino beam.
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To be more explicit, let us look at the unique peak J,/J ~ |a|/e, ~ 1/sin26,, at the
resonance point 3, ~ acos26,, in the leading-order approximation, as already discussed
below eq. (2.17). In this special but interesting case the nine sides of the effective Dirac

UTs can be simply expressed as follows:!!
UnUfy = == UaUp = % U,3Uss = 1.09 U, Ury — 0.17 U,3Uss
12
~ ~ ~ 1 . 1—cot6 . X %
Ae . UN2U:2 ~ m U;,LQUTZ — #12 U;,LSUT?) ~ 109 UNQUTQ + 026 UM3U7'3 y
12
UM3U:3 = UM3U:3 ;
(3.12)
and
~ 1 . 1—cotf N . *
UnUsg =~ Sin 20 UnUe — fm UrgUez ~ 1.09 U Ugy +0.26 U 3Ucs
12
X ~ 1 N 1 —tanf . . N
AH ’ UTQ 2 = Sin2912 U7-2 e2 fm U7'3Ue3 ~ 1.09 U7'2 e2 0.17 U7'3 e3
UsUsz ~ U3Ucs ;
(3.13)
and
~ 1 1—cot#
U Uy > TN UaUjn — % UesUis =2 1.09 Uy Upyy +0.26 UggUps
12
o ~ 1 . 1 —tanb . N N
Dri  UpUsy ~ g Ul — fm UesUrs =~ 1.09 U, Uy — 0.17 UygUsrs
12
( UegUps = UggUps

(3.14)

where 0, ~ 33.48° has been taken as a typical input value to illustrate the deviation of each
effective UT from its fundamental counterpart in vacuum. In particular, the enhancement
of J and the deformation of each triangle become quite transparent. For example, eq. (3.14)
leads us to the approximate relationship

1

Im (UeoU,3U23U,52) = mj (3.15)

J, =1Im (ﬁeQﬁMSﬁ;kS ~;2> e

sin 20,

at the resonance point 8, ~ acos26,, under discussion. In figure 4 we plot the three
Dirac UTs in the complex plane by inputting the best-fit values of six neutrino oscillation
parameters and taking the resonant beam energy E, ~ 0.140 GeV (or 0.123 GeV) for the
normal (or inverted) neutrino mass ordering, corresponding to the peak of J /J shown in
figure 2. Now the deformation of each UT becomes more intuitive, although the terrestrial
matter effects in such a low-energy case are not very significant. Two comments are in order.

1n this case the matter-induced corrections to the three Dirac UTs are not very significant due to the
smallness of F,, but the corresponding analytical approximations are simple and instructive because they
only involve a single known parameter 6,5 at the leading-order level.
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Figure 4. The matter-deformed Dirac UTs (blue and solid) as compared with their counterparts
in vacuum (red and dashed), where the best-fit values of six neutrino oscillation parameters [4] have
been input and the resonant beam energy E, ~ 0.140 GeV (or 0.123 GeV) has been taken for the
normal (or inverted) neutrino mass ordering, corresponding to the peak of J /J shown in figure 2.
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(1) Figure 4 is a reflection of the real shapes of the fundamental and effective UTs based
on the best-fit results of current neutrino oscillation data. The configurations of A,
(or A_) in the cases of normal and inverted mass neutrino hierarchies look quite
different, simply because one of its three sides is proportional to Uj; = 8136i5 (or
its complex conjugate) but the best-fit value of the CP-violating phase ¢ lies in two
different quadrants in these two cases, as one can see in table 1. In comparison,
the configuration of A, is not so sensitive to the best-fit values of § in the cases of
normal and inverted mass hierarchies since its three sides do not directly depend on
U,5 or equivalently 8136*15. As for the three effective Dirac UTs in matter, the same

e
observations are true.

(2) Although the matter-induced corrections to the three fundamental UTs are not very
significant, one can see a clear change in the orientations of two sides of each triangle
at the resonance energy E,. Our numerical results in figure 4 confirm the observations
based on the analytical approximations made below eq. (3.10), implying that we have
fully understood the matter-corrected behaviors of leptonic CP and T violation in

the low-energy region.

To be more realistic, figures 5 and 6 show the matter-corrected Dirac UTs correspond-
ing to the realistic accelerator-based T2K [5] and NOvA [7] experiments which have the
typical neutrino beam energies 0.6 GeV and 2 GeV, respectively. In plotting these two fig-
ures we have input the best-fit values of six oscillation parameters and considered both the
neutrino and antineutrino beams. Note that a description of antineutrino oscillations in
matter actually involves U* and —A, but here we plot the relevant effective UTs defined
in eq. (3.1) with —A instead of their complex conjugate counterparts for an antineutrino
beam so as to make a direct comparison between the same set of triangles in the neu-
trino (figure 5 with A) and antineutrino (figure 6 with —A) cases.!? Some comments and

discussions are in order.

(1) In both the T2K and NOvA cases, the ratios of J to J are strongly suppressed, as
one can expect from figure 1. To be specific, we obtain

0.633 (v beam, Aq; >0),
T2K (E ~ 0.6 GeV) : J ) 0568 (v beam, Agy <0),
J 0.402 (v beam, Az, > 0),
0.448 (¥ beam, Ay <0);
0.216 (v beam,Aq; >0),
NOVA (B ~2 Gev): L~ 0150 (vbeam, Ay <0, (3.16)
J 0.132 (¥ beam, Az, > 0),
0.190 (7 beam, Ay, <0),

12This pomt can be eablly understood as follows. For example, A is defined by the orthogonality relation
U U T+ U, 2U s+ U, 3U 3 = 0 for a neutrino beam depending on U and A. As for an antineutrino beam
depending on U™ and — A, the corresponding effective triangle is described by Uﬂl UTlJrUHQ U72+UH3U73 =0.
What we have done in plotting figure 6 is simply to make a complex conjugation of this orthogonality
relation, such that A as a function of A in figure 5 and A as a function of —A in figure 6 can be directly
compared.
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Figure 5. The real shapes of three matter-corrected Dirac UTs corresponding to the T2K (blue
and solid, F ~ 0.6 GeV) and NOvA (red and dashed, E ~ 2 GeV) neutrino oscillation experiments,
where the best-fit values of six oscillation parameters [4] have been input.
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Figure 6. The real shapes of three matter-corrected Dirac UTs corresponding to the T2K (blue and
solid, E ~ 0.6 GeV) and NOvA (red and dashed, E ~ 2 GeV) antineutrino oscillation experiments,
where the same inputs as those in figure 5 have been used.
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where J ~ —0.0268 (normal hierarchy) or —0.0316 (inverted hierarchy), calculated
by inputting the best-fit values of 05, 0,3, 055 and 0 as listed in table 1. Hence the
areas of the UTs in figures 5 and 6 are much smaller than those in figure 4, where
J./J ~ 1.10 (normal hierarchy) or 1.07 (inverted hicrarchy) for a neutrino beam
with the same inputs.

(2) The ﬁa3[7§3 side of Aw
and 7, remains least sensitive to terrestrial matter effects as compared with the

where the subscripts «, 8 and ~ run cyclically over e, u

other two sides when the neutrino (or antineutrino) beam energy goes up. In either
figure 5 or figure 6, one may see the difference between the shapes or orientations
of the same UT in the normal and inverted neutrino mass hierarchy cases. Such
a difference mainly originates from the fact that the best-fit values of § lie in two
different quadrants in these two cases. When comparing one UT with respect to a
neutrino beam with its counterpart with respect to an antineutrino beam (i.e., one UT
in figure 5 and its counterpart in figure 6), we find that the changes associated with
each triangle’s shapes and orientations corresponding to A <+ —A are appreciable
and even significant when E increases — this effect is just the fake CP-violating
asymmetry induced by terrestrial matter between v, — Vs and v, — 74 oscillations.
The reason for this “asymmetry” is simply that the ordinary matter background is
not symmetric under the CP transformation.

(3) The nine inner angles of the three effective Dirac UTs in matter can be defined as
bo; = arg [— (ﬁﬂjﬁf;j) / (ﬁﬁkﬁ:kﬂ [44], where the Greek and Latin subscripts keep
their cyclic running over (e, u,7) and (1,2,3), respectively. Taking the T2K and
NOvA experiments for example, we calculate these inner angles and list the numeri-
cal results in table 2, where the best-fit values of six neutrino oscillation parameters
shown in table 1 have been input. It is obvious that terrestrial matter effects may
significantly change the inner angles of the UTs, and therefore change their configu-
rations and orientations.

4 Neutrino oscillations and CP violation

Now we turn to the possibility of measuring leptonic CP violation in neutrino oscillations in
a low-energy or low-matter-density region. In practice the matter-corrected sides |U, U, [}“z|

of three Dirac UTs and their corresponding Jarlskog parameter J can be determined from a
variety of long- or medium-baseline neutrino oscillation experiments [42]. The probabilities
of v, — Vg oscillations in matter are given by

i<j v i<j
where ﬁji = AjiL/ (4F), and the Greek and Latin subscripts run over (e, s, 7) and (1,2, 3),
respectively. Given the algebraic relationship

T 7T 7T TT* 1~~>«<2 T o7 |2 T |2
Re <UaiUﬁjUajU6i> = 5 <’UakU5k‘ - |UaiUBi‘ - ’UajUﬂj‘ ) (4.2)
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Normal mass ordering (NMO) Inverted mass ordering (IMO)
U=U E~06GeV E~2GeV |U=U E~06GeV E~2GeV
47.0° (v) 134.8° (v) 47.8° (v) 111.7° (v)
boy | 9.0° { { 10.8° { {
2.6° (v) 0.8° (v) 3.5° (V) 1.5° (D)
4.4° (v) 1.4° (v) 4.7° (v) 1.2° (v)
o | 21.4° { { 25.1° { {
68.4° (7) 128.0° (7)) 77.4° (7) 138.3° (7))
o | 1496 {128.6° (v) {43.80 )| e {127.50 (v) {67.10 (v)
. 109.0° (7)  \51.2° (@) ‘ 99.1° )  40.2° (#)
34.9° (v) 15.2° (v) 82.7° (v) 43.2° (v)
3° 101.3°
Pua | 493 { 52.6° (D) { 53.6° (V) : { 104.5° (v) { 105.3° (7)
123.5° (v) 125.2° (v) 72.0° (v) 73.5° (v)
9° 4.1°
Puz | 1129 { 78.0° (7) { 31.5° (7) o {45.80 (@) {21.80 )
21.6° (v) 39.6° (v) 25.3° (v) 63.3° (v)
8° 4.6°
Pus | 178 {49.40 @) {94.90 (@) o {29.70 (@) {52.90 @)
o | 12070 { 98.1° (v) { 30.0° () | o, {49.50 (v) {25.10 (v)
m 124.8° () 125.6° () 72.0° (7) 73.2° ()
o | 1560 {52.10 (v) {53.40 )| o0 {103.30 (v) {105.3° (v)
S 33.6° (7) 20.5° (7) ' 56.8° (7) 19.9° ()
] 29.8° (1) 96.6° (v) ] 27.2° (v) 49.6° (v)
$rg | 127 { 21.6° (D) {33.90 () . {51 2° (D) {86.90 (@)

Table 2. A numerical illustration of terrestrial matter effects on the inner angles of the Dirac
UTs in the T2K (with E ~ 0.6 GeV) and NOvA (with E ~ 2 GeV) experiments, where the best-fit
values of six neutrino oscillation parameters [4] have been typically input.

with a # B and i # j # k, one may then express the appearance (5 # «) probabilities of
neutrino oscillations in terms of the sides of the UTs and J as follows:

P(vy = vg) = =2 (103Ul ~ 1000312 = U Ul ) sin® Py

=2 (102052 = Uas T = 100Ul ) sin? Fyy

—2 ’Ua1U51|2 - |Ua2U52‘2 - |Ua3UE3‘2) sin” F3y
—i-SjZ €03 SID Fy, sin Fy; sin Fy, . (4.3)
¥

Of our particular interest are the v, — v, and ¥, — 7, oscillations to probe leptonic

i T
CP violation. In this case it is the Dirac UT A_ that fully determines the oscillation
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probabilities. Namely,

Py, —v,) = ( 3|2 |Uel *1|2 - ’ﬁeQﬁ;ﬂz) sin” ﬁm
(UeQ U U* ’ - ’ﬁe:’)ﬁﬁs‘Q) sin® ﬁ?)l
( 1|2 :2’2 - ’ﬁei’)ﬁ;?)‘Q) sin® ﬁ32

—8.7 sin Fy, sin Fj, sin Fy, , (4.4)

and the corresponding expression of ﬁ(?u — 7,) can be directly read off from eq. (4.4)
with the replacements J — —7 and A — —A.

To see an interplay between the fundamental physics and terrestrial matter effects in
the probability of v, — v, oscillations in a more transparent way, let us make an analytical
approximation for the expression of P(u — v,) in eq. (4.4), whose CP-conserving part is
only related to the sides of AT. Instead of adopting eq. (3.10), here we start from eq. (3.4)
and make a higher-order analytical approximation to ensure a sufficient accuracy associated

with ﬁ(yu — v,) itself. That is,

~ «a N a—e+ fcos?,, —ef —afcos 26, + 52

Ua ul — telU,ul + = % = Ues ;L?) )

~ o . a—¢e—pBcos?l,3 —eB+ aBcos20,, — B?

Ue? u2 = teQUMQ + = %€ = Ue3 u3 )

UeS ;:3 = ( + 6) UeS ;LS (45)

With the help of egs. (2.13), (2.16) and (4.5), we finally arrive at the result

.2
~ s L
Py, = v,) ~ o? sin? 20,5 cos® ;5 (cos2 093 — sin? 0, 5 sin’ 03) sin” (Fy)

2
% (1 + 23) sin® 20,5 sin? O3 [1 — cos (F, — 3F3;) cos (eFyy)]
—i—% (1+2B) (acos 26,5 — B cos? O;5) sin? 20,5 sin 4 sin (F, — SFy;) sm(engl)
+4Ja (1 + B) (arcos 261 — 3 cos® 0,5) cot (5Sing£§FSl)
—4Ta(1+ B) cos (cFy,) S eEs0) (ZF 31)
11T a4 ) sin (B, - BFy, +0) ) (4.6)

where F, = A, L/ (4F) with A, = Az, + Ag,. Since the sign of A, is always the same
as that of Ag; or Ay, it can serve as a discriminator of the neutrino mass ordering in a
medium-baseline reactor antineutrino oscillation experiment [45]. Of course, eq. (4.6) is
valid for the normal neutrino mass ordering case. When the inverted mass hierarchy (i.e.,
A, < 0) is concerned, the corresponding result can be easily obtained from eq. (4.6) with
the replacement € — —e, leading us to an expression which is formally the same as eq. (4.6).
As for an antineutrino beam, the expression of ]5(3# — 7,) in the normal hierarchy case
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Figure 7. A comparison between the accuracies of our analytical approximations in eq. (4.6)
and Freund’s in ref. [15] by requiring 5?(% — v,) defined in eq. (4.7) to be smaller than 0.1%,
0.1% — 0.5%, ---. Here the best-fit values of relevant oscillation parameters [4], together with
A~228 x10~* eV? (E/GeV), have been typically input.

can be directly read off from eq. (4.6) with the replacements 6 — —§ and A — —A. Note
that A — — A is equivalent to § — —f, implying a consequent change of e.

Different from Freund’s analytical approximations for ﬁ(uu — v,) [15], which mainly
work in the E 2 0.5 GeV region, ours in eq. (4.6) can simply reproduce the corresponding
vacuum result in the A — 0 limit (i.e., in the absence of terrestrial matter effects). Although
Xu has shown that Freund’s result can be extended to cover the solar neutrino resonance
region, it is expected to be numerically less accurate than our result. To verify this point,
we illustrate the allowed parameter space of E and L for a given departure of the analytical-
approximation-based numerical result of ﬁ(Vu — v,) from the exact numerical result in
figure 7, in which A ~ 2.28 x 107* eV? (E/GeV) is typically taken and the best-fit values
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of relevant oscillation parameters [4] are input. Namely, we require

6P, = v.) = |P(V) = Ve)exact — P (V) = Ve)approximate| < 0-1% 5 0.1% —0.5% , -+,
(4.7)
to see how small or how big the corresponding space of E and L is. Figure 7 clearly
shows that our analytical approximations in eq. (4.6) are numerically more accurate than
Freund’s in the E < 1 GeV region, especially when F is smaller and smaller.

Now let us compare between the numerical results of Freund’s and ours in another way,
by considering one proposed experiment (MOMENT with L = 150 km [13]) and two real
ones (T2K with L = 295 km [5] and NOvA with L = 810 km [7]). Since the E < 0.1 GeV
region is essentially irrelevant to these three experiments, we have restricted ourselves to the
E>0.1 GEV region in our calculations. Figures 8 and 9 illustrate the behaviors of ﬁ(yu —
v.) and 6P(v, — v,) for the normal and inverted neutrino mass hierarchies, respectively.
We see that both Freund’s analytical approximations and ours are actually good enough
to describe the behaviors of matter-corrected v, — v, oscillations for the MOMENT and
T2K experiments, although the accuracy of our approximations is certainly much better.
In contrast, Freund’s result is much better than ours for the NOvA experiment, simply
because the latter involves E 2 1GeV. In short, our new approximations provide an
alternative analytical way for understanding the matter-modified behaviors of v, — v, and
v, — v, oscillations in the 0.1 GeV < E < 1 GeV region.

In the following we focus on a low-energy medium-baseline neutrino oscillation exper-
iment which is capable of probing leptonic CP-violating asymmetry

Acp=As+Ap =P(v, = v,) - P, > 7,.), (4.8)
in which A 7 stands for the genuine CP-violating effect governed by the nontrivial value of
Dirac phase 6, and Ap denotes the fake asymmetry arising from an asymmetry between
terrestrial matter and antimatter. The latter must disappear when the “matter” parameter
A is switched off. With the help of eq. (4.6) and its counterpart for P(¥,, — 7, ), one may

obtain the simplified expressions of A, and Ap as
./IJ ~ —16J Fy; sin® Fy ~ A; = —16J sin Fy, sin Fy; sin Fy, | (4.9)
and

Ap ~ 283 {sin® 20,4 sin® Oy5 [25in® Fy — (1 + @) Fy; sin (2F3) + asin® 6,,F cos (2Fy,;)]
—8a.J cot 0F3 cos® Fy b, (4.10)
if sin (eF3;) =~ €Fy; holds as a reasonable approximation. In this case it becomes transparent

that the fake CP-violating asymmetry Ay is proportional to the matter parameter A, while
the genuine CP-violating asymmetry A ; in matter is essentially equal to its counterpart in

3Note that ./ZJ as a CP-violating asymmetry is associated with both matter (A) and antimatter (—A),
while A defined in eq. (1.2) is the T-violating asymmetry and thus depends only on matter.
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Figure 8. A comparison between the numerical accuracies of our analytical approximations in
eq. (4.6) and Freund’s in ref. [15] for the MOMENT, T2K and NOvA experiments in the normal
neutrino mass ordering case. Here the best-fit values of relevant oscillation parameters [4], together
with A ~ 2.28 x 10~* eV? (E/GeV), have been typically input.
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Figure 10. The CP-violating asymmetry ,ZCP and its genuine (.Z ) and fake (.ZF) components for
v, — v, and 7, — D, oscillations in matter, where the benchmark beam energies ' = 0.140 GeV (or
0.123 GeV) and E = 0.284 GeV (or 0.244 GeV) are taken for the normal (inverted) mass ordering,
and the best-fit values of neutrino oscillation parameters [4] have been input.

vacuum. In fact, the result in eq. (4.9) is well known [24, 28, 43],'* but the one in eq. (4.10)
is new and instructive.

To illustrate the above observations in a numerical way, let us take two benchmark
vixlues Sf the neutrino beam energy E and plot the asymmetries A 7 .ZF and /TCP =
A + Ap as functions of the baseline length L in figure 10, where the best-fit values of six
neutrino oscillation parameters have been input. These two benchmark beam energies are
just E, and E, ~ 2F,, corresponding to the j* /J peak and the nontrivial J /J = 1 point
as pointed out in section 2. One can see Ehat .ZCP =~ A 7 Is an acceptable approximation in
the £ ~ E, case, and the deviation of Agp from A can be appreciable when L becomes

“For example, it has been shown that the equality 7 sin Fy, sin Fy; sin Fyo ~ J sin Fy, sin Fy, sin Fyo
holds to a good degree of accuracy provided the neutrino beam energy E and the baseline length L satisfy
the condition 1077 (L/km)? (GeV/E) < 1 [43].
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Normal mass ordering Inverted mass ordering
E (GeV) E (GeV)
0.140 0.284 0.123 0.244
L (km)  85.20 175.5 71.90 138.5
Ist peak | Aqp  0.025 0.028 0.024 0.021
As/Acp  0.893 0.801 1.121 1.256
L (km) 2217 454.0 190.7 372.9
ond peak | Ay, 0.066 0.069 0.072 0.069
As/Acp  0.948 0.892 1.031 1.043

Table 3. The benchmark values of F, L, .ZCP and A 7/ /TCP associated with the first and second
peaks of the CP-violating asymmetry Aqp shown in figure 10.

larger simply because the matter-induced fake asymmetry XF increases with L as implied
in eq. (4.10). Although it is possible to obtain much larger CP-violating asymmetries when
the baseline length L is properly large, a price to pay for the growth of L is the decrease of
the neutrino flux luminosity because the latter is proportional to L=2 [28]. For this reason,
we focus on the first two peaks of .,ZCP in figure 10. The values of F, L, /TCP and A 7 / .Z(CP
associated with these two peaks are summarized in table 3. Two comments are in order.

(a) In the case of a normal neutrino mass hierarchy, . A j/ﬁcp < 1 holds on the peaks,
implying that the fake CP-violating asymmetry Ay contributes in a positive way. In
contrast, the contribution of .ZF is negative for the inverted neutrino mass ordering,
and hence A 7/ .Zlcp > 1 holds in this case.

(b) Given E ~ E, for the first peak of .ZCP, the corresponding baseline length L is about
85.20 km (or 71.90 km) in the As; > 0 (or Ag; < 0) case. When E ~ 2F, is taken,
the value of L is roughly doubled. The situation is similar for the second peak of
fTCP. Of course, a realistic experiment should optimize both E and L to make JZCP
easily observable.

Furthermore, we plot the effective probabilities ]3(1/” — v,) and ]B(ﬁu — 7,) changing
with the baseline length L in figure 11, where the inputs are exactly the same as those used
for plotting figure 10. Since these two probabilities depend on + A respectively, they receive
different contributions from terrestrial matter effects and thus their peaks correspond to
different values of L. The difference between ﬁ(uu — v,) and E(Uu — U,) is just the CP-
violating asymmetry Aqp as illustrated in figure 10. Note that Aqp is essentially insensitive
to the neutrino mass hierarchy in the leading-order approximation, because it is dominated
by the A 7 term which is insensitive to the sign of Ajy. This observation implies that a
reasonable determination of the CP-violating effect in the lepton sector (or equivalently,
the size of §) should in principle be possible in such a low-energy medium-baseline neutrino
oscillation experiment even before the sign of Ag; is measured.
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Figure 11. The probabilities of v, = v, and ¥, — v, oscillations in matter, where the benchmark
beam energies F = 0.140 GeV (or 0.123GeV) and E = 0.284 GeV (or 0.244 GeV) are taken for the
normal (inverted) mass ordering, and the best-fit values of neutrino oscillation parameters [4] have
been input.

We hope that some of our results obtained in this work will be helpful for the design of
a low-energy oscillation experiment to explore leptonic CP violation. The proposed MO-
MENT project [13] is just an experiment of this type. The neutrino flux of the MOMENT
is expected to peak in the 0.15 GeV < E < 0.20 GeV region, which happens to coincide
with the F, < E < 2F, region recommended above. In other words, this experiment is ca-
pable of probing the effects of CP violation in v, = v, and v, — 7, oscillations with little
matter-induced suppression. The present studies indicate that the optimal baseline length
of the MOMENT experiment should be around L ~ 150 km [13, 46], which is also within
the expectation shown in figures 10 and 11. But the bottlenecks to the physics reach of
this experiment include how to achieve a sufficiently intense neutrino (or antineutrino) flux
and how to achieve a sufficiently high suppression of the atmospheric neutrino background,
as pointed out and discussed in depth by Blennow et al. in ref. [46]. In this connection
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we plan to go into details of the feasibility and physics potential of the MOMENT project
elsewhere in collaboration with its team members [47].

In addition to the MOMENT facility, the ESSvSB project — a very intense neutrino
super-beam for the measurement of leptonic CP violation — has recently been proposed
based on the European Spallation Source Linac [14]. Its neutrino beam energy and baseline
length are expected to lie in the 0.2 GeV < E < 0.5 GeV range and the 300 km < L <
600 km range, respectively. It is obvious that the lower-energy and shorter-baseline part of
this parameter space is consistent with our recommendation about E and L made above. In
fact, our analytical approximations are valid for the whole space of E and L of the ESSvSB
experiment, and hence they will be very helpful to understand the numerical analysis of
this experiment’s sensitivity to CP violation and matter contamination [48].

We stress that a low-energy medium-baseline neutrino oscillation experiment can not
only help probe leptonic CP violation but also help test the other properties of lepton flavor
mixing. Therefore, a further study of this possibility is desirable [47].

5 Summary

We have developed a new set of analytical approximations for the probabilities of v, — v,
and v, — 7, oscillations in matter to understand the effects of leptonic CP violation in a
possible low-energy medium-baseline experiment with the beam energy £ < 1GeV. Our
primary motivation comes from the fact that the previous works of this kind, such as the
popular one done by Freund [15], are subject to the E 2 1 GeV (or E 2 0.5 GeV) region for
a long-baseline oscillation experiment. We have shown that our analytical approximations
are numerically more accurate than those made by Freund in the £ < 1GeV region, and
thus they are expected to be particularly applicable for the MOMENT, ESSvSM and T2K
experiments. The new analytical approximations can also help us to easily understand why
the matter-corrected Jarlskog parameter J peaks at the resonance energy F, ~ 0.14 GeV
(or 0.12GeV) for the normal (or inverted) neutrino mass hierarchy, and how the three
Dirac unitarity triangles are deformed due to the terrestrial matter contamination. Finally
we have affirmed that a medium-baseline neutrino oscillation experiment with the beam
energy E lying in the E, < E < 2F, range is capable of exploring leptonic CP violation
with little matter-induced suppression.

Of course, more detailed works have to be done to combine our analytical results with
a given experiment, such as the MOMENT project, by considering both the neutrino beam
issues and the detector issues. We plan to focus on such important but complicated issues
elsewhere in collaboration with the MOMENT team [47].
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