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ABSTRACT: In this paper we would like to demonstrate how the known, physically-motivat-
ed rules of anyon condensation proposed by Bais et al. can be recovered by the mathematics
of twist-free commutative separable Frobenius algebra (CSFA). In some simple cases, those
physical rules are also sufficient conditions defining a twist-free CSFA. This allows us
to make use of the generalized ADFE classification of CSFA’s and modular invariants to
classify anyon condensation, characterize the topological boundaries between topological
field theories and thus describe all gapped domain walls and gapped boundaries of a large
class of topological orders. In fact, this classification is equivalent to the classification we
proposed in ref. [1].
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1 Introduction

It is growingly clear in the past decades that the physics of two-dimensional condensed
matter systems with intrinsic topological order in the extreme infrared limit is captured by
topological field theories. Our understanding in topological field theories, their connection
to conformal field theories, and anomalies in field theories thus find many natural realiza-
tions and applications in condensed matter, which in turn brings fresh perspectives and
understandings to these subjects. For the latest perspective regarding these connections
and summary of results, see Nayak [2] and Wen and Kong [3], and the references therein. It
is believed that two-dimensional bosonic topological orders are described by unitary mod-
ular tensor categories (UMTCs) [4, 5]. For each given topological order, it is important to
understand the properties of its boundaries and defects, or equivalently, topological bound-
ary conditions of the topological field theory that describes the order, which we will refer to
in what follows as gapped domain-walls (GDWs) separating different phases. Even within



a single phase, potentially there could be transparent GDWs which are closely related to
global symmetries of the topologically ordered phase. If one of the two phases involved is
the vacuum, the GDW reduces to a gapped boundary (GB). A systematic understanding
and classification of GDWs therefore supplies extra physical information about a given
topological phase, and leads to a web of connections between phases. Refs. [6-8] have
offered classifications of the GBs of Abelian topological phases. Recently, the idea of anyon
condensation due to Bais et al. [9-11] has been applied to studying the GDWs between
two topological phases [10, 12, 13], and from which one could compute the ground state
degeneracy of phases with boundaries [1, 14]. Moreover it is known that classifying anyon
condensation is also connected to classifying symmetry-enriched topological phases [15, 16].
To make progress towards a systematic classification, it is important to unravel how the
physics of anyon condensation is connected to the mathematics. With such a goal in mind,
we are reporting various interesting progress:

1. We demonstrate explicitly that Bais-Slingerland rules of anyon condensation are im-
plied mathematically from the concept of twist-free CSFAs in a UMTC. This further
supports the correspondence between these concepts: anyon condensation, quantum
subgroup, vertex operator algebra embedding, modular invariants and GDWs.

2. We then work backwards, showing that for a large class of anyon condensation —
simple currents condensation — and for electric and magnetic condensation in the
quantum double of any finite gauge group G following from Bais’ and Slingerland’s
heuristic rules is in 1-1 correspondence with a modular invariant. A Bais-Slingerland
anyon condensation therefore defines a twist-free CSFA.

3. These imply that anyon condensation, and thus GDWs, are classified by the math-
ematics of twist-free CSFAs. Hence, they are also classified by the generalized
ADEFE Dynkin diagrams, also known as fusion graphs. These are known to classify
quantum subgroups and the modular invariants of rational conformal field theories
(RCFTs) [17-21].

4. A transparent GDW is uniquely characterized by the mass matrix m of a modular
invariant, whereas a generic GDW or a GB is uniquely characterized by the branching
matrix b of a vertex operator algebra (VOA) embedding.

Explicit examples will be used to illustrate the results listed above. Note that in a
recent work [14], GDWs are described by some matrix W satisfying a set of constraint
equations. Since the mass matrices and branching matrices m and b matrices [21] and
the W matrices are both describing modular invariants and in fact agree in every known
example, our study suggests that they are equivalent mathematically. The mathematical
techniques developed in the literature is promising to give us a systematic classification of
the W matrices.

To keep the physics as clear as possible in the main part of the paper, we present in the
appendix a review of Bais-Slingerland rules, a glossary for twist-free CSFA, su(2); modular
data, and how we use the modular invariants of su(2); to classify the GDWs and GBs of
the corresponding topological phases. Also in the appendix, we record our finding of some



Parent topological phase € MTC €

Bais’ condensable set of anyons

A={~li=0,...,m,m < |Cl,7 = le} twist-free CSFA A = ®Z7: € €

Self statistics 6, =1 Twist 04 = ida
Intermediate phase T Rep A, a tensor category
The condensates constitute the vacuum 1g € T A=1Repa

Anyon a may split into p parts in T: a — Z§:1 a; | Object a ® A’RepA: @F_, X, X; € Rep A is simple

P - 7 4 P
. . . . dime a®A dime X .
Conservation of quantum dimension: do = ) do, dime a = ”;‘ﬁnaf‘lg’ = SRe 2 = 3" dima X
j=1 j=1 > dim,,; j=1
i=0
Unconfined phase U Repy A, a braided tensor category

U contain the T anyons that are mutually local with A| Repy A ={X € T|(A®a X)RxaRax = A®a X}

Table 1. Correspondence between Bais-Slingerland anyon condensation and twist-free CSFA. Some
notations and concepts are explained in more detail in the text below and appendices.

properties and implications of the W matrices. Note that throughout this paper, we may
abuse the language by calling a topologically ordered phase of matter a topological phase
and referring to a topological phase as a UMTC, or in the cases applicable as a quantum
group or an affine Lie algebra at certain level whose representation category is a UTMC
describing the topological phase. We may also loosely use anyons, (topological) sectors,
and (primary) fields interchangeably.

2 Bais-Slingerland anyon condensation = twist-free CSFA

Bais et al. have developed a set of consistent rules for anyon condensation that can break
a topological phase, described by a UMTC C, into a smaller (i.e., with fewer anyon types
and smaller total quantum dimension) topological phase described by a UMTC U. This
mechanism, though has not seen any counter-examples, is based on a set of ad hoc rules.
In this section, we shall give these rules a mathematical foundation by showing their equiv-
alence to what is known as a twist-free CSFA and the mathematical structures induced by
this algebra. We tabulate this equivalence as follows.

Table 1 exhibits the correspondence between Bais-Slingerland anyon condensation and
twist-free CSFA. The table is self-explanatory, supplemented by the glossaries we provide
in the appendix. In what follows, we would like to address the most crucial points in
this correspondence, with each point illustrated by an explicit example: the UMTC as the
representation category of the affine Lie algebra su(2);¢ that is isomorphic to the quantum
group Ug,(su(2)) with ¢ = exp(in/6).

What condenses? In Bais-Slingerland condensation, the condensable anyons are self-
bosons. In a topological phase €, such that the entire set A of condensable anyons can
condense together, this set should be be closed under fusion, in the sense that the fusion
of any two anyons in A must contain at least one anyon in A, and any anyon in A must
appear in the fusion product of two anyons in A. In fact, as can be easily shown, these
two conditions have a physical consequence: any two anyons in A, say a and b, have trivial




monodromy with respect to at least one fusion channel. Namely, dc € a ® b, such that,
M¢ = 0./(0.0,) = 1. Here, 0; is the self-statistical angle of anyon i, and M, is the
monodromy, in other words the mutual statistical phase of @ and b with respect to a given
fusion channel ¢ € a x b. This defines the notion that the anyons in A are mutually local
with respect to each other. Since A condenses to be the new vacuum, its self-monodromy
and self-fusion must commute. Consider the example of su(2);9. This topological phase
has 11 elementary anyons, labeled by integers from 0 to 10, where 1¢ := 0. The topological
properties of these anyons are listed in table 2 in the appendix. Recall that an anyon
a’s self-statistical angle 6, and topological spin h, are related by 6, = expi2wh,. Hence,
clearly, the anyon 6 with hg = 1 is the only self-boson in the spectrum and meets the
criteria of Bais-Slingerland condensation.

The above properties of a condensable set A matches precisely the defining properties
of a twist-free CSFA. First, a CSFA A in a UTMC C is an object in €. This object is
generally nonsimple and take the form A = @®,;7;, where ;’s are simple objects of €. Such
an algebra A must be closed under fusion, implying there exists a product (a projection):
A® A — A. This product is associative, and the commutativity requires this product to
commute with the self monodromy of A. Second, twist-free means 64 = id 4, which implies
6y, = 1, for all v; comprising the A = @;7;. Third, a CSFA A is self-dual [20], i.e., being
viewed as an object in C, A is its own anti-object; while, on the other hand, to form a
well-defined new vacuum, Bais-Slingerland condensable set of anyons also must not have an
anti-anyon that is excluded from the set. Therefore, the condensable set A in a topological
phase described by a UMTC € indeed comprises a twist-free CSFA. Again in the example
of su(2)19, we have A = 0 @ 6, which can be easily checked to be a twist-free CSFA. The
separability of a CSFA will be useful shortly in the following.

Conservation of quantum dimension. As explained in the appendix, a twist-free CSFA
of A € € induces another category Rep A, the category of modules over the algebra A.
The separability of the CSFA A ensures that Rep A is semisimple, admitting the notions of
simple objects and non-simple objects as direct sums of simple objects. The commutativity
of A guarantees that Rep A is a tensor category. The splitting of an anyon in a condensation
A can be understood in the categorical language as follows. Since A becomes the unit
object, i.e., the vacuum in Rep A4, an object in Rep A is an object in € equipped with an
action by A. A convenient way of studying the objects in Rep A is via a map (a functor)
F : C — RepA, such that for a V € C, F(V) = A®V € RepA. Note that V is not
necessarily simple in G, and A ® V not necessarily simple in Rep A. More interestingly,
even if V' is a simple object in C, i.e., an elementary anyon, let us rename it asa :=V,a® A
may still be non-simple in Rep A. This happens typically when dim, > 2: for such a simple
C object a, if it appears p times in a ® A, a ® A will be a direct sum of p simple objects
in Rep A if all multiplicities of in the splitting is unity. Namely, a @ A|lgepa = @§:1Xj’
where X’s are simple in Rep A. Keep in mind that each X; here may appear in C as a
non-simple object. More generically, we have

p= Z(bja)2a (21)
J



where bj, is the multiplicity of X;. One can see that such a decomposition of a ® A in
Rep A corresponds precisely to the notion of a € anyon splitting into T anyons according to
Bais-Slingerland rules of anyon condensation (see appendix). This kind of decomposition
also manifests the conservation of quantum dimension in the Bais-Slingerland rules, as
presented in the 7-th row of table 1.

Let us go back to the example of su(2);9. This case has quite a few occurrences of
splitting but let us focus on only two of them to illustrate the point. The dimension of a
CSFA A is by definition dim A = " d,,, so we have in the current example dim A =
do + dg = 3 + /3. This quantity bears the name quantum embedding index in Bais [11].
According to the Bais-Slingerland rules, the fusion 6®6 =062 ® 4 ® 6 @ 8 would require
the splitting 6 — 61 + 62, with dg, = 1 and dg, = 1 + v/3. On the other hand, the fusion
rule 3®6 =345+ 749 implies 3 — 31 + 32 with d3, = V2 + /3 and ds, = V2. On the
side of the algebra A, the quantum dimension of a Rep A object in the form of a ® A reads
dimg(a ® A) := dime(a ® A)/dim A = dime(a)dim A/dim A = dimea. If dimea < 2,
a® A must be a simple object in Rep A. In the current case, e.g., F'(2) =204 ® 6@ 8 and
F(9) =3®5@®9 are simple in Rep A. In the language of twist-free CSFA, the splitting
of 6 is understood as F(6) =6 A=A0 2046 P 8) = AP F(2), and that of 3 is
F3)=F(9)+ (3@ 7), where 3@ 7 is also simple in Rep A but not of the form of F (V)
for any V € su(2)19. We can verify that dima(3 @ 7) = (d3 + d7)/dim A = /2. Then
one can explicitly check that dims F(6) = dg = dim A + dim4 F(2) = 1 + /3, as well as
dimg F(3) = dimg F(9) + dima (36 7) = dg + V2 = /2 4+ V3 + V2. As such we can make
the identifications A = 61, F'(2) = 62, F'(9) = 31, and 3@ 7 = 3. The identification A = 6;
corroborates the argument according to the Bais-Slingerland rules that the condensate
6 does not completely condense but splits into two different portions of which only one
portion actually condenses.

According to the Bais-Slingerland rules, the fusion rules of Rep A commute with the
splitting. This follows automatically from the tensorial property of the map F, i.e., F(V ®
W) =F(V)®a F(W), where ®4 denotes the fusion in Rep A [20].

A fact is that although the UMTC € we begin with is a braided tensor category, the
A-induced category Rep A is in general not braided. To obtain a braided tensor category
from Rep A, one would have to exclude those Rep A objects that are mutually nonlocal with
respect to A. This procedure is shown in the last row of table 1. The so obtained braided
tensor category is denoted by Repy A [20, 22]. If the CSFA A € € under consideration is
twist-free, then Repy A is also a UMTC. It is straightforward to see that such a Repy A
is an unconfined phase U in the sense of Bais; however, for the converse statement, we
are not able to prove it in general rigorously except for the cases with simple-current
condensation in chiral topological phases and electric/magnetic condensation in a quantum
double of a finite gauge group G. The proof for these cases will be demonstrated in the
next section.

Back to the example of su(2)0, the Repy A contains three simple objects, 1 := A|Rep 4,
0:=(3® T)Repa, and ¥ = (4 @ 10)Rep 4, With dy =1, dy = V2, and dy = 1. They satisfy
Ising type fusion rules. As a UMTC, in this case, Repg A = so(5);. It is a theorem [20]
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Figure 1. The Fg Dynkin diagram for the embedding su(2)19 C so(5);. The nodes are labeled by
the simple objects in Rep A, whereas the three end-nodes are the simple objects in Repy A = so(5);.
A similar figure also appears in ref. [20].

that the total quantum dimensions of € and Repy A are related by

dim €
dim A~

dim Repy A = (2.2)
This formula is easily checked in the current example.

In this example, one sees an interesting mathematical structure, namely, the embed-
ding su(2)19 C so(5)1, which is an instance of the VOA embedding in RCFTs. This embed-
ding also corresponds to the quantum subgroup relation Ueypy i /6(51(2)) O Uexp in/2(50(5)).
These relations are captured precisely by the Dynkin diagram of the Eg Lie algebra, shown
in figure 1. This figure is self-explaining. The simple objects in Rep A correspond to the
simple roots of the Fg Lie algebra, whereas the simple ones in Repy A label those sim-
ple roots at the ends of the three legs of the diagram. The tensor product between the
Eg simple roots describe the fusion rules of the Rep A simple objects. This diagram also
characterizes a nondiagonal modular invariant of the su(2);90 RCFT, namely,

ZSEZ(Q)IO = Ix0 + x6l* + Ixs + x7I> + x4 + x10/*, (2.3)
which is called the Fjg invariant of su(2)19. One sees that the confined objects due to the
condensation A = 0@ 6 are absent from the modular invariant (2.3). The relation between
the su(2)19p anyons and the so(5); ones is exactly captured by what is known as a branching
matrix ba, that maps the su(2);9 anyons a to the so(5); anyons «, which reads

01 23456 789 10
1/1 000001000 0

b=0c|0 0010007100 0]. (2.4)
»\0 0001 000O0O0 1

In general for an anyon condensation A that corresponds to a VOA embedding or quantum
subgroup structure, we have

a = ®ybaea, acC, ac€RepyA, bog € Z>g. (2.5)

One can view that the gapped domain wall between the topological phases su(2)1o and
so(5)1 is characterized by either the Eg Dynkin diagram in figure 1 or by the branching
matrix (2.4). The branching matrix (2.5) commutes with the modular S and 7" matrices



of the parent and child topological phases in the following sense [21, 23]

Z Socﬁbﬁa = Z babSba )
B b

Z Taﬁbﬁa = Z babTba )
B8 b

where (T')S,p and (T')S,, are respectively the (T')S matrices of Repy A and €. This is
reasonable because the modular invariant induced by an anyon condensation A is indeed

(2.6)

a modular invariant partition function of the RCFT corresponding to the child phase.

In fact, anyon condensations in chiral topological phases described by representation
categories of su(2)y, or equivalently of Ueyp ior/(k+2) (51(2)) are fully classified by the Dynkin
diagrams of the ADFE type. For an anyon condensation A in more general affine Lie algebra
or the equivalent quantum groups, the fusion rules of Rep A simple objects give rise to fusion
graphs, which are referred to as generalized ADFE Dynkin diagrams. Only the ADFE types
can arise because the fusion graphs are always simply-laced for twist-free CSFAs [20]. A
list of this classification for all affine Lie algebras up to certain ranks and high levels can
be found in ref. [24]. Therefore, we can claim that the GDWs between chiral topological
phases that fall into this large family are fully classified by the generalized ADE Dynkin
Diagrams, as well as by the branching matrices of the corresponding vertex operator algebra
embedding.

One may notice that a parent phase always corresponds to a VOA smaller than what
its child phase corresponds to. The quick physical reason is, the condensation in the parent
phase reduces the spectrum or the Hilbert space of the parent topological phase by forcing
the condensates to be part of the new vacuum; however, on the side of the corresponding
RCF'T, this would lead to more conserved currents that enlarge the symmetry, and hence
result in a larger VOA. A more mathematical account for this relation can be found in
ref. [11].

Recognizing the correspondence between anyon condensation and twist-free CSFAs
also hints at a more convenient way of finding the Rep A simple objects and their fusion
rules for a condensation A. We present our simpler rules as follows.

1. For any a € € whose d, < 2, a ® A must be simple in Rep A.

2. For any a € C, if a appears p > 2 times in a ® A, a ® A must split into p simple
objects in Rep A, each of which contains a copy of a in the case where all b;, = 1.1

The two rules above combined can lead us to all the simple objects in Rep A and can
be automated by programming. As long as all the simple objects in Rep A are found,
their fusion rules can be nailed down easily. These rules are useful when we are dealing
with a topological phase that is not listed in any table of classification yet. Of particular
interest are non-chiral topological phases. One large family of non-chiral topological phases
consists of the (twisted) quantum double of a finite group, which will be discussed in the

We note that is applicable only in the case that multiplicities bj, = 1, which is the prevalent scenario.



next section. Another large family is comprised of the doubles of chiral topological phases
described by quantum groups, namely U,(g) X m.

A doubled topological phase € usually has a lot more condensable anyons than its chiral
component and thus more than one twist-free CSFAs, i.e., more than one ways of anyon
condensation. Typically, all the diagonal pairs of the anyons in the two chiral components
are self-bosons. An interesting subtlety often arises in a doubled phase. Namely, two
anyon condensations A and A’ maybe Morita-equivalent, A ~ A’, in the sense that they
induce equivalence Repy A ~ Repy A’. We leave the definition of Morita-equivalence to the
references (see e.g. [12]). A quick example lies in the case with su(2);9 x su(2)19, where
A =00®60 and A" = 00 ® 06. Another example, the simplest one, is the Zs toric code
phase, where the two condensations A = 1@ e and A’ = 1 & m are Morita equivalent as
they both break the topological phase to the trivial phase.

The ADE classification not only includes the GDWs between two distinct topological
phases but also encompasses those GDWs between two copies of the same topological
phase. On the other hand, the ADFE classification not only works in the chiral case but
also handles the nonchiral doubling of the chiral phases. But we shall leave the discussion
of these points and the subtleties therein to section 4.

3 Simple currents condensation versus modular invariance

We would like to demonstrate here that using the Bais-Slingerland rules, simple-current
condensations are in one-to-one correspondence with known modular invariants. To do so,
we need to collect various facts in the dual RCFT of the topological phase. In an RCFT,
each simple current is a primary that has a unique fusion product with any primary in
the spectrum of the RCFT. Most importantly, the simple currents in an RCFT all have
quantum dimension unity and form a cyclic group Zy under fusions, with N being the
order of the simple current g, such that all simple currents in the theory are merely the
fusion powers of ¢y up to order N. It can be shown [25] that the conformal dimension A,
of the simple current ¢f* takes the following form.

m(N —m)

o =55

(mod Z), (3.1)
where ¢ is an integer defined modulo N for odd N and otherwise modulo 2N. These
conformal dimensions have been computed for all affine Lie algebras that have simple
currents [21] but we do not need their explicit values for our purposes here. Worth of note
is that for chiral CF'Ts, according to the formula above, a simple current may not have an
integer conformal dimension but those corresponding to anyon condensation should have
integer conformal dimensions. The simple currents in a RCFT act like permutations on
the spectrum of the theory, and thus divide the spectrum into different orbits by fusing
with the simple currents. On such an orbit, we arbitrarily choose a primary and denote it
by ¢; = ¢,0, then any other primary ¢;» on the orbit is obtained by

Gin = @i X @y , (3.2)



where n = 1,..., N. Consequently, the conformal dimensions of ¢;» and of ¢; are related
by the formula [25, 26]

n(N —n n
o =, + P08 (o 7, (3.3)

for some integer 7). Let us denote such an orbit by {¢!'}.

The idea is to arrange some of the orbits of simple currents as blocks comprising the
modular invariant. In an RCFT, if one simple current has an integer conformal dimension,
all simple currents generated should also have integer conformal dimensions. It is known
that an RCFT that has simple currents with integer conformal dimensions can possess the
following integer spin invariants.

Z:Z%

7

2
. (3.4)

m;—1
> X
j=0

Here, for a given 7 indexing a field ¢;, X(; ;) is a convenient notation for the characters of
all the fields along the same orbit of field ¢; (see eq. (3.2)). The integers mgy and m; are
respectively the order of the simple current ¢y and the number of distinct primaries along
the orbit 7. Each m; necessarily divides mg. If some m; = 1, the orbit contains fixed points
of fusing with some simple currents.

For example, consider the Wess-Zumino-Witten (WZW) model with the chiral algebra
su(2)g, which has nine primaries, 0,1,2,...,8. Here, primary 8 has hg = 1 and is the
only simple current in the theory. This simple current induces the following integer spin
invariant.

Zgu(2)s = Ix0 + X8> + Ix2 + x6I* + 2xal? (3.5)
= [X(0,0) + Xo,0I* + |X(1,0) + X(1.n)* + 2IX 2,0

So in this case, we have m; = 2 and my = 1 that implies the primary 4 is the fixed point
of fusing with the simple current 8.

In the example above, one sees that some original primaries of the CFT under con-
sideration are absent from the corresponding integral spin invariants, namely the fields
1,7,3,5 in the su(2)g case. Such absence of fields generally occurs in eq. (3.4). Now let us
make the connection to anyon condensation.

Claim 1. The simple currents are the condensates. The fields that are absent from the
integer spin invariants of a chiral RCFT are precisely those fields that have nontrivial
mutual statistics with the simple currents, and thus confined in the soup of condensates in
the framework of Bais. It can be explicitly shown that the fields that are not present in the
modular invariants possess conformal dimensions that differ from that of the condensates
by non-integers.

Let us show that these confined fields necessarily decouple from the combination of
simple currents under .S transformation. The S matrix transforms the chiral characters as

Xa<_ i) = zb:SabXb(T)a



where 7 is the conformal parameter. We call the absent fields the non-local fields with
respect to the simple currents. To show that the non-local fields decouple from the combi-
nation of simple currents, namely from Eg Xgp amounts to showing that they are absent
from 377" X(0,j)(—1/7) expressed in terms of the x,(7)’s.

N N
Z chg(—l/T) = Z Z S(pgaXa

n=1 a

N
=22 Sejaxa

a n=1

DI ) SN

a n=1 b

where N¢, is the fusion coefficient, i.e., the multiplicity of ¢ in the fusion of a and b,

>4 d2 is the total quantum dimension of the chiral RCFT, and again 0, = expi2rh,
is the self statistics of the primary field a. For a simple current ¢f, ¢f x a has a unique
outcome, say, b, and NZ?S . = 1. We thus can conveniently write ¢ x a = a”. And since
dgp = 1, dgn = do. Besides, we are dealing with the simple currents ¢ with integer
conformal dimensions. Hence, the above becomes

N
nz::lxso —1/7) = ZZexp 1271' an —ha)]%xa

a n=1
= ; ddh‘
- Z Z exp [i27(hg.n — he,)] D Xéi
¢; n=1

where we changed the notation to our standard CEF'T notation of fields, used in particular
in eq. (3.3). The second sum Zﬁf:l in the above becomes the sum over the fields in the
orbit {¢!'}. Using eq. (3.3), we have

> s = S S e [ )] %
n:1x‘p0— exp | —i27{ =n mo D

¢ n=1

= Z Z 577 mod NO X(f)Z ) (36)

¢; n=1

where the sum Z _, is effectively over the representations of Zy, which naturally leads to
the delta function in the second equality. If n £ 0 mod N for some field ¢;, according to
eq. (3.3), the fields on the orbit of ¢; have conformal dimensions different from that of ¢; by
a non-integer. Hence, the above equations manifest that the characters x4, of such fields ¢;
— in fact of the entire orbit {¢'} — are absent from Zﬁf:l Xy Note that exp [— i27r(%
mod Z)}d(j,i /D is precisely the matrix element Sengm- In addition, for primaries a that
appear in the modular invariant, mg/m; is exactly the multiplicity — the number of times
a splits into a given anyon in the condensed phase. Together this verifies claim 1.

,10,



The above analysis holds for all unitary RCFTs and the corresponding topological
phases as far as simple currents are concerned. This correspondence in turn implies that a
child phase has smaller total quantum dimension than its parent phase, which is a special
case of formula (2.2).

For topological phases described by the representation categories of su(2)y, simple
current condensation can occur only for £k = 4, | € Z>p. Such condensation and the
corresponding child phases and GDWs are classified by the Do, 9 series of Dynkin diagrams
and the associated branching matrices.

As a remark, the result derived above actually does not rely on whether the simple
currents have integer conformal dimensions. This is so because in the ratio 6, /(0 04, ),
the conformal dimension in eq. (3.1) always cancel out the second term on the r.h.s. of
eq. (3.3), we would still obtain eq. (3.6). Nevertheless, in such cases, the simple currents
themselves would also decouple from the identity field. As a consequence, the modular
invariant so constructed is not an integer spin invariant but merely an automorphism
(permutation) invariant.

Another remark? is that in general, there exists modular invariants that do not cor-
respond to Frobenius algebras. Such a modular invariant is thus unphysical, in the sense
that it does not describe the torus partition function of a consistent full CFT. Neverthe-
less, all modular invariants due to simple currents are in fact physical. This is seen by
associating a Frobenius algebra with each subset of simple currents that corresponds to a
modular invariant [27]. Ref. [27] also worked out the representation theory of these alge-
bras. This enabled the proof of various conjectures, e.g., concerning the modular S-matrix
and boundary conditions, which have been made in ref. [26].

4 Gapped domain walls and boundaries

As pointed out in the end of section 2, the generalized ADFE classification encompasses
the GDWs between distinct topological phases, GDWs between two copies of the same
topological phase, and GBs in one framework. To convey the idea clearly, instead of trying
to be most general, let us restrict to the case of su(2), which has been thoroughly studied
and understood, and whose classifying fusion graphs are truly the Dynkin diagrams of
ordinary Lie algebras. We list the su(2), ADE classification of modular invariants and
their correspondence to anyon condensation in table 3 in the appendix.

In not only su(2); but also in other affine Lie algebras, non-simple currents are very
rare. In particular in su(2)g, non-simple current condensation only occurs at k = 10 and
k = 28. For su(2)g, simple currents only occur in cases where k is a multiple of 4, and all
simple current condensation in such cases are classified by the Dy 5,9 Dynkin diagrams.
Note that when k = 16, there is an exceptional modular invariant of su(2);¢ characterized
by the E7 Dynkin diagram. Nevertheless, this £7 modular invariant does not correspond
to any new kind of anyon condensation because it is merely obtained from the D1y modular
invariant of su(2);6 by permutation, namely, by exchanging the 2 @ 4 and one copy of the
8 in the Dig invariant. In fact, these two modular invariants differ only by an integer

2Thanks to Jiirgen Fuchs for pointing this out to us.
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— mnine — so, they should give rise to the same RCFT with the chiral algebra in which
su(2)16 is embedded. This is consistent with the conjecture that according to the Bais-
Slingerland rules, an anyon condensation in a parent topological phase yields a unique child
phase. Besides, mathematically, the Frobenius algebra A = 0 @ 8 @ 16 that leads to this
E; invariant is not commutative nor twist-free [20, 21], which does not directly correspond
to anyon condensation in the chiral picture. As such, anyon condensation can serve as a
criteria for judging whether a modular invariant is truly exceptional or not. Nevertheless,
in the non-chiral picture, anyon condensation corresponding to the E; invariant can be
understood likewise after our discourse on the non-chiral anyon condensation as follows.

Simple current or non-simple current condensation in chiral topological phases always
gives rise to a GDW between the parent (larger) topological phase and the child (smaller)
topological phase. Note that in chiral cases, a child phase can never be trivial (and we
shall get back to this point shortly). This wall can be thought of as a machinery that
determines what anyons of the parent phase can enter the child phase and what they will
become in the child phase. As brought up in section 2, this machinery can be described
by the branching matrix (2.5) of the corresponding VOA embedding. The matrix elements
of the branching matrix possesses some additional interesting properties beyond what is
described previously. Firstly,

meg, = Z baabay (4'1)

which is the very mass matrix for the modular invariant due to the corresponding anyon
condensation. Take su(2)4 as a simple example, according to table 3, the condensation 0&4
takes the topological phase to one that corresponds to the RCFT su(3);. The branching
matrix here is
10001
baa =100100]. (4.2)
00100

According to eq. (4.1), we obtain

10001
00000

mg=100200|, (4.3)
00000
10001

which yields exactly the Dy modular invariant of su(2)4 in table 3. Secondly, and more
fascinatingly,

Z}Mmm:n1+mw, n € Zsg. (4.4)
a

Here, 1 is the identity matrix of the commensurate dimension, and m,g is the mass matrix
producing a permutation invariant of the RCFT corresponding to the child phase. Again
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for su(2)4, we have

200 100
> bagbga=[011]| =13+ [001

acsu(2)s 011 010 (4.5)
=13 +m]7,

. . . . su(3 . . . . .
where n = 1 in this case. This mass matrix m aﬁ( n gives rise to a permutation invariant

of su(3)1, namely Zg,3), = Ixo0l? + Xx3X3 + Y3X3, where 0, 3, and 3 are respectively the
scalar, vector and conjugate vector representations of su(3). This has an interesting and
important physical interpretation. In our previous work [15, 28] applying the idea of
anyon condensation to construct symmetry-enriched topological (SET) phases, we found
that the confined anyons due to the condensation in a parent phase € can generate global
symmetry group actions on the unconfined phase U by braiding with the unconfined anyons,
and we could work out the explicit representation of such a global symmetry group. Such
group actions are usually permutations of certain unconfined anyons in U and/or symmetry
fractionalization of certain unconfined anyons. In our previous work, it was rather involved
to solve for the mapping between the Hilbert space basis of a C and that of a T to extract
the global symmetry actions. It takes further work to classify such symmetry-enriched
phases.

u(3)1

Now, however, we are invited to interpret the matrix m’ 5 ineq. (4.5) and in general

(03
the myg in eq. (4.4) as precisely the global symmetry actions on the unconfined phase U
if the confined anyons are indeed able to generate nontrivial permutation actions on the
U. A case in which the confined anyons cannot generate nontrivial symmetry actions on
the unconfined phase is our main example su(2);p: using the branching matrix (2.4) and
eq. (4.4), one can easily find that mZOéS)l = 213. This is reasonable because physically, it is
impossible to mix the fermion 1, whose d,, = 1, with the anyon o, whose d, = V2. Since the
representation category of so(5); is the sibling of the Ising topological phase, there cannot
exist nontrivial global symmetry actions on the Ising phase except the global symmetry
fractionalization on o and 1 we predicted in ref. [15]. A branching matrix however is
not able to tell us the possible global symmetry fractionalization of the unconfined anyons.
This is because the global symmetry fractionalization is intrinsic to a topological phase [29].
Therefore, a complete classification of symmetry-enriched topological phases looks nigh and
deserve our future work.

As mentioned above, in a chiral topological phase, no anyon condensation can com-
pletely break the phase to a trivial phase, i.e., Repy A being trivial. This is because
dim A < dim € strictly holds for any chiral € and formula (2.2). In a nonchiral phase as
the double € x € of a chiral phase C, all the diagonal pairs aa of the elementary anyons
a € C are self and mutual bosons, and they form a twist-free CSFA Ap;,g = @qaa. Clearly,

dim Apjag = Y dag = »_dedz = » _di =dim€x €, (4.6)

which, by formula (2.2), implies that dim Repg Apiag = 1, resulting in a trivial unconfined
phase. This observation leads us to interpret the diagonal invariants, namely the Agiq
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series in table 3, as modular invariants also due to anyon condensation, and such anyon
condensation is of the type Apiae in the doubled topological phases C x C. This interpre-
tation is physically equivalent to completely gapping the boundaries of € x € on an open
surface. To fully gap the boundary modes of a doubled phase € x €, one has to write
down the potential terms of sufficiently many independent boundary fields that can be
simultaneously pinned to certain vacuum expectation values. The set of such boundary
fields comprises what is known as a Lagrangian algebra [1, 12, 13, 30]. Other independent
boundary fields absent from this subalgebra are nonlocal with respect to at least one ele-
ment of the subalgebra and thus will be confined if the Lagrangian algebra is condensed. A
twist-free CSFA Apjag is precisely a Lagrangian algebra. A completely gapped boundary
is dubbed a GB.

As explained previously, anyon condensation induces a modular invariant of the RCF'T
corresponding to the unconfined phase surviving the condensation. And here in the case
of doubled phases, an anyon condensation Ap;ag results in a trivial phase, so the induced
modular invariant should contain only terms corresponding to the condensed anyons, which
is precisely one in the form of the Aj,q series in table 3. This is consistent with the
modular invariants due to anyon condensation in chiral topological phases. As such, our
interpretation bears no ambiguity or confusion. The discussion above can be generalized to
modular tensor categories as representation categories of other affine Lie algebras or VOAs
than just su(2)g. Therefore, it is justified to claim that the diagonal modular invariants of
the chiral RCFTs corresponding to a chiral phases C classify certain GBs of the doubled
topological phases € x C.

What remains now in table 3 is the D1 series of permutation invariants, which are not
diagonal but do not appear to be induced by any anyon condensation in the corresponding
chiral topological phases. Nevertheless, by an argument similar to that about the diagonal
invariants, the Dg; 1 series can also be understood as due to anyon condensation in the
doubled phase su(2)y, x su(2), for k = 41 —2, and such anyon condensation is characterized
by the twist-free CSFA

2[—-1 2[-3
Aperm = P20, 20) & (2 -1, 20— 1) P, I—2-n)® (4l —2-n,n), (47
n=0 n=1

where each pair (m,n) denotes an anyon corresponding to the direct product of the chiral
sector m and anti-chiral sector 7. In fact, the permutation condensation Apery, is also a
Lagrangian algebra that can completely destroy the doubled phase or gap all the boundary
modes. Here is the reason. First, a pair of anyon or fields that can be permuted must
have the same quantum dimension and topological spins differ by merely an integer, such
as the pair of n and 4/ — 2 — n in su(2)g, as in eq. (4.7). Second, a permutation invariant
or the corresponding Aperm contain all the elementary fields/anyons. Hence, one sees from
eq. (4.7) and even more generally,

dim Apeym = dim € x C, (4.8)

indicating a trivial Repg Aperm or unconfined phase.
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Therefore, Apjag and Aperm both correspond to the GBs of doubled topological phases
@ x C on open surfaces. In particular, for € representation categories of affine Lie algebras
gk, or direct products of these algebras, the GBs are fully classified by Apjag and Aperm, or
the corresponding modular invariants. The branching matrices in such cases are obtained
as in the chiral case.

5 Quantum double of a gauge theory

In the special case where the topological phase is describable by a quantum double with
group G, which are examples of lattice gauge theories, there are well known Lagrangian
algebra, corresponding to condensation of all electric charges or all magnetic charges, that
are guaranteed to lead to a gapped boundary separating the phase from the trivial vacuum.

In those cases, it is possible to derive commutativity relation from our knowledge of the
S matrix in these models and well known relations satisfied by representations of groups.

To begin with, let us recall the form of the S matrix for the quantum double of a finite
gauge group G,

1
Siap (By) = € > X7 (h)ux?" (9)u (5.1)
geCA, heCB, [g,h]=1

where C4,CP denote the conjugacy classes of G, Z4, ZE the corresponding centralizers,
and y, v the representations of Z4, ZP respectively.

Consider then the “electric” Lagrangian algebra corresponding to the condensing all
the pure electric charges, which are guaranteed to behave like self-bosons.

In this case, Bais-Slingerland rules map the condensed anyons all to the vacuum, and
what are not condensed are confined. This map can be described by a matrix analogous
to the branching matrix (2.5). Let us again take this b matrix notation to emphasize the
generality and universality of anyon condensation. Note however that in the current case,
the b matrix is simply a single-row matrix, and let us write it as by(4 ). According to
Bais-Slingerland rules, the nonvanishing components of b are by ) = d,, the dimension
of the representation p of G, where (e, ) denotes a pure electric charge, with e € G the
identity element. All dyons and magnetic charges carrying non-trivial labels of conjugacy
classes are confined and do not appear in b.

Now let us check for commutativity:

1
> bitesSte By = al D di D xG (" (e)
m

Iz heCB

d,|CB| BEPN
= ‘G| Zd#XL |(h)
I

d,|cP
|G

- bl(B,I/) B (52)

5eh|G’
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where we have made use of properties of characters of any finite group in the second
equality. Amazingly, the commutativity condition is well aware of group representation
theory.

Alternatively, another set of well known Lagrangian algebra is the “magnetic” conden-
sate, in which all the pure magnetic charges characterized by a conjugacy class and the
trivial representation condenses all at once.

In which case, the non-zero components of the b matrix is given by by4 1) =1 (i.e.
only one linear combination of the \CA| members of the conjugacy class can take part in
the condensation). The commutativity condition is then reduced to

ZblAl) (A1) (By) = Z Z XgB(g)

A heCB geZzB&geC4

\Gr DPIA

heCB gezB
CcB||Z5|6
|G|| || | vl

= (5,/1 = bl,(B,l) (53)

Again the results following from Bais-Slingerland rules again implies commutativity of the
b matrix with the .S matrix.

6 Conclusions

For a possible systematic classification of the anyon condensation and thus topological
boundaries which we refer to as GBs and GDWs, it is crucial to have a rigorous math-
ematical definition of these physical phenomena, and these have been proposed notably
in refs. [12, 13, 31]. The construction however is very different from those in refs. [9-11],
which is motivated by purely physical consideration. In this paper, we fill the gap by
recovering every important ingredient in refs. [9-11] making use of the properties of twist-
free CSFAs in a UMTC, strengthening the connection between the mathematics and the
physical intuition, and thus allowing for the existing classification, namely a generalized
ADE classification, of the twist-free CSFAs to be a direct classification of possible GBs
and GDWs in many known phases. We also explore how far one can recover the data of
a twist-free CSFA, notably a modular invariant, starting from the Bais-Slingerland rules.
We find that at least for simple currents condensation and electric/magnetic condensates
in any quantum doubles of a group G they are in 1-1 correspondence. We also connect
these results with the novel proposal of [14] that gives a very simple set of rules to classify
the same objects. It is an on-going programme, both of physical and mathematical interest
to find the minimal set of data to identify GBs and GDWs.

Anyon condensation appears to be related to gauging the generalized global symmetry
recently proposed by Gaiotto et al. [32]. We shall report our investigation in this respect
elsewhere.
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A Bais-Slingerland rules
Here we recapitulate Bais-Slingerland rules of anyon condensation as how we understand

them.

1. Anyon condensation of a topological phase € selects a set of self and mutually local
anyons {7} as a subset of all the elementary anyons (i.e., simple objects) of €. Note
that this set always includes the trivial anyon or vacuum 1.

2. If an anyon a of C is a (meta) fixed point of m condensed anyon ~;, i = 1,...,m,
namely a appears again in the fusion product a x ~;, Vi, a will split into m species
(not necessarily all different) in the condensed phase:

m
0> nias, (A1)
=1

where n!, € Z>¢ is the multiplicity of species a;. Clearly, > /" ni = m. Note that a
condensate v may also split.

3. The above splitting preserves quantum dimension:
m
d, = Z da, . (A.2)
i=1

4. Splitting and fusion commute:
(Zn;%) . (anbj) = 3" Neke. (A3)
i J ek

5. If two anyons a and b are related by fusing with a condensate ~, i.e., a = b x -, they
should be identified as a single species in the condensed phase. Note that more than
two anyons can be identified, and such identification may be restricted to the split
components.

6. If the anyons being identified have the topological spins different by merely integers,
the anyon species as the identification of them would inherit their topological spin
modulo the integers and is an unconfined anyon in the condensed phase. Otherwise,
the identification leads to a confined anyon in the condensed phase.
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7. The condensed phase including both confined and unconfined anyons is called the T
phase, whereas that consists of unconfined anyons only is called the U phase. It is
conjectured that if the original phase is a UMTC, U is also a UMTC.

The above rules can be easily and systematically applied for simple currents condensa-
tion; however, for nonsimple currents condensation, their application is rather invovled, in
particular the rule 2 of splitting and rule 5 of identification are mingled together, which
requires careful case by case study.

B Twist-free commutative separable Frobenius algebra

The concept of twist-free commutative separable Frobenius algebra (CSFA) of a UMTC
C has been employed to classify the quantum subgroups of quantum groups, whose rep-
resentation categories are UMTCs, as well as the embeddings of vertex operator algebras,
whose representation categories are also (not necessarily unitary) MTCs [20]. Despite the
complexity of the mathematics involved, we shall give a brief account of this concept in
physical terms. We refer the reader to refs. [13, 20, 21] for more systematic discussions on
twist-free CSFAs.

Frobenius algebra. Note that a Frobenius algebra is not only an algebra but also a coal-
gebra; however, we shall not need its coalgebra aspect for our purposes. Hence, in
this appendix and throughout the paper, we treat a Frobenius algebra as only an
associative algebra. A Frobenius algebra A is an object in €. In general A is not a
simple object but a direct sum of simple objects. For a topological phase described
by €, the simple objects are the distinct elementary anyon types. This object A is
an algebra because it is equipped with a product 4 : A ® A — A and an inclusion
ta : le — A, where 1¢ is the unit object or vacuum of €, such that 1e is also the
unit of A. The unit is also required to be unique, namely dim Home(1le, A) = 1.
Such uniqueness is called haploid in mathematics. The product p is associative and
commute with the braiding of A. The former is the associativity. The latter means
1o Raa = p, where R4 is the R matrix of A in €. This commutativity is physically
sound because A is going to become the new vacuum when it condenses. Let us for-
mally write A =16 Y, where YT collectively denotes the direct sum of other simple
objects of € that may appear in A. The algebra object A is self-dual, also termed
rigidity of A in Kirillov [20]. That is, there exists a non-degenerate map from A ® A
to le. In other words, viewed as an object of C, A is the anti-object of itself. Clearly,
this is physically consistent with that A is going to be the new vacuum.

Representation category Rep A. A CSFA A induces a representation category Rep A over
A. In order that the representations over A are semisimple, A is required to be
separable. This allows a well-defined tnotion of simple objects in Rep A and the
nonsimple objects as direct sums of the simple ones. This is a key notion for anyons
in topological phases to be well-defined. The category Rep A is a tensor category if
A is twist-free, i.e., 04 = id 4, where 04 can be understood as the self-statistics of A
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Sectors a dq he
0 1 0
1 2+3 1/16
2 1+3 1/6
3 V2+V2+V3 | 5/16
4 2+3 1/2
5 22+ 3 35/48
6 2+3 1
7 V2+V24+3 | 21/16
8 1++3 5/3
9 2+/3 33/16
10 1 5/2

Table 2. su(2);o topological sectors, quantum dimensions, and topological spins.

as an object in C. A trivial example of a twist-free CSFA is A = 1¢ in any €, which
is called transparent.

The category Rep A in general is not a braided tensory category; however, it has a
subcategory that is braided. This subcategory is denoted by Repy A and consists
of the objects in Rep A whose fusion with A commutes with its braiding with A.
Formally we can write this as

Repg A={X € T|(A®4 X)RxaRax = A®4 X}, (B.1)

where the fusion ® 4 is defined with respect to A. We leave the detail of this definition
to the references. This is shown in refs. [20, 22].

We note that the definitions of a twist-free CSFA in ref. [20] and ref. [21] are not
identical but as discussed in ref. [13], they are equivalent.

C Modular data and ADE classification of su(2)

We first tabulate in table 2 some of the topological data of su(2);p we extensively used in
the main text.

Table 2 and that of more general chiral algebras su(2); can be obtained using several
formulae. Although we only considered £ = 10 and k = 8 in our examples, for completeness
we consider general k € Z in this appendix. These formulae can be found in other references
too, e.g., refs. [21, 33].

An affine Lie algebra su(2); has k distinct topological sectors, 0,1, ..., k, where 0 is
the trivial or vacuum sector. The fusion algebra of these sectors reads

axb=cq+ (Cep+2)+---+min{a + b,2k —a — b}, (C.1)

where ¢qp = |a — b|. The multiplicity NS, = 1 if |a — b] < ¢ < min{a + b,2k — a — b},
a+b+c=0 (mod2), and a + b+ ¢ < 2k; otherwise, N& = 0. A sector a has quantum
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dimension and topological spin respectively

_ sin (z—iéﬂ)
sin 775 (C.2)
b ala +2)
Ak +2)
The R matrix elements read
Rgb _ icfaqu%[c(c+2)fa(a+2)fb(b+2)] ) (03)
The F' symbols are matrices:
[Fab]e :ia+b+c+d %[a+1] [d—l—l} {cea}* (C 4)
cdlf dady q a\b flds > .

where the 65 symbols

g; Z} = A(c,e,a)A(e, c,d)A(e, b, d)A(c,d, f)

(=1)%[z + 1]!
X
3 e e
1
[Z . c+62l+f]q![c+e;b+f _ z]q!

X

1
< [c+a42rb+d _ z]q![e+a;f+d _ Z]q!}

are defined with

2 . q 2

[a-l-g-l—c + 1]q' ’

—a+btc] ([a=btc] [atb=c !
s = [P,

which is invariant under permutation of its variables, and the g-numbers and ¢-factorials

n/2 _ —n/2 n
q q
[nlq = g7z — q—1/2 ) [n]g! = H [m]q -

m=1

By definition [0],! = 1. Note that the sum over z appeared in the expression of the 6; sym-

cteta atbt+f etbtd ctd+f iopetetbtf ctatbt+d etatf+d
{etgte, et egtd Setl Y to min{ S5 e, e

Now we tabulate the ADFE classification of su(2); modular invariants as follows.

bols is carried from max

)

D Some collected observations involving simple currents condensation

Consider for simplicity chiral topological phases €. For simple current condensation, the
Bais-Slingerland rules can easily lead to precise consequences. Since a simple current is
a self-boson, if it condenses, then all the simple currents generated by fusion with the
condensed simple current in the same phase will condense too. Hence, all the condensates
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Anyon condensation Series | Level k Modular invariants

No condensation in the chiral case

=

GBs |or diagonal condensation A = @k _ nn Agy1 | any Ixn |?
=0
in the nonchiral pair su(2); x su(2)g "
Simple current condensation 21=2 5 5
GDWs Doryo| 4l > IXntxai—nl® + 2lx2
A=0 [S3) k n=0
No condensation in the chiral case
201 o 20—1
or condensation A= @ (2n,2n) @ (201—1,20—1) S Ixenl? + Ixai—1]?
GBs n=0 D2l+1 4]—2 | n=0
20-3 203
D (n, 4l-2-n) & (4l-2—-n, n) + 22 (XnX41-2-n + X41—2-nXn)
n=1 n=1

in the nonchiral pair su(2); x su(2)g

Non-simple current condensation 9 5 5
GDWs 066 Eg 10 | Ixo +x6l* +[x3 + x7[? + [xa + X310l

Ixo+x1612+xa+x12%+Ix6+x10[>+|x8/?

GDWs | Permutation of the D¢ invariant of su(2)1¢ FEr 16 - B -
+xs(X2+x14)+(x2+x14) X8

Non-simple + simple current condensation 9 5
GDWs Es 28 | Ixo+x10+x18+x2s|?+[x6+X12+X16+X22]
A=0610818¢28

Table 3. The ADF classification of su(2); modular invariants and their correspondence with anyon
condensation. The branching matrix in each case can be easily read off from the table. In the table,
we assume n € Z.

form a closed set under fusion; if fusion is taken as a group multiplication, this closed set
can be identified with a cyclic group Z|, where as defined above |co| is the order of the
unit simple current ¢g of the phase. In more general cases where a topological phase is the
direct product of, say, m topological phases, the simple currents form the Abelian group
ZN, X LN, X -+ X Ln,,. If a is a fixed point of fusing with some ¢fj, with 1 < p < |¢g| —1 an
integer, then there are seemingly two cases. First, if |cg|/p = g € Z, then a is also a fixed
point of fusing with the simple currents cf, cgp, . c(()qfl)p. Second, if p > 1 and |co|/p ¢ Z,
then a is a fixed point of all the simple currents in the phase; hence, this case is equivalent
to the case where a is a fixed point of ¢y. Therefore, both cases can be merged into one
where |co|/p € Z is assumed, which obviously includes the possibility of p = 1.

By unitary, i.e., a topological sector and its anti-sector have a unique way of fusing
into the vacuum, it can be easily shown that as long as a is a fixed point of a simple current
condensate cf, it must split as

a— anai, (D.1)

where a;’s are the sectors (possibly confined) in the broken phase, and n is the multiplicity
of a; in this splitting. The quantum dimensions are conserved as

do = nid,. (D.2)

And hg, = h, for all 7.

On the other hand, two sectors (including the sectors obtained by splitting some sectors
of A), a and b should be identified as a single sector in the broken phase if a x ¢y = b
for any integer 1 < m < ¢ — 1 because they become indistinguishable in the presence of
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the new vacuum. An interesting consequence is, if hy, — hg ¢ 7Z, the resultant sector that
identifies a and b ought to be confined in the broken phase. This is consistent to the fact
that if a sector has non-trivial monodromy with a condensate, it has to pull a string, whose
energy is proportional to its length, when it moves around in the new vacuum and thus
is confined. To be precise, we let v = ¢y for some integer m such that a x v = b. The
monodromy between a and -~y reads

Sa 511 b ebdb 9b i27w(hy —h
M, = 2971 N~ = 20— oi2n(hy—ha) D.
7SS 2. Oulrde Oy (D-3)

Here, use is made of S,1 = do/D, S11 =Sy =1/D, Sy =Y Nf{v@bdb/(QaHVD), dy =1,
and a Xy = b that implies that Ng,y = 1l and d, = dp. Clearly, M, is non-trivial if and only
if hy — he ¢ Z. The above equation immediately implies that if a x v = a, My, = 1. That
is, a fixed point of a simple current condensate, despite splitting, yield only unconfined
sectors in the broken phase.

One can also see that two unconfined sectors can never fuse to a confined sector. This
is because physically, a distant observer is not able to distinguish the system containing two
sectors from the one containing the fusion product of the two sectors; were the two sectors
unconfined, i.e., were they mutually local with respect to the vacuum, there would be no
way for their fusion product to have nontrivial monodromy with the vacuum. Therefore,
the unconfined sectors in the broken phase are closed under fusion and comprise a well-
defined topological phase on their own. We call this unconfined phase U. As quantum
groups or UMTCs, we have U C C.

Consider the follwing example. The topological phase € is characterized by the quan-
tum group U, (su(2)) with ¢ = exp(ir/3). The corresponding CFT has the chiral algebra
su(2)4. This phase € has five topological sectors, 0, 1,2,3, and 4. The only simple current
in this spectrum is sector 4. The fusion with sector 4 has a single fixed point, which is
sector 2, as 2 X 4 = 2. Hence, if sector 4 condenses, sector 2 would have to split. Since
dy = 2, it splits into two and only two pieces, say, 2; and 22, which inherit the topological
spin of sector 2, namely, ha, = hgo, = hy = 1/3.

E Some thoughts on W matrices

In a recent work, Lan et al. [14] proposes the idea of using what they call a W matrix,
whose entries are natural numbers, to characterize the GDWs between any two topological
phases and the GBs of any topological phases. They offer a set of consistency conditions
of a W matrix. If for two topological phases, the set of conditions bear no solution of W,
there does not exist a GDW between these two phases. If a topological phase cannot have
a GB, there is no solution of W either. We leave the details of these consistency conditions
to the cited paper. As mentioned in the main body of the paper, there is a relation between
anyon condensation and W matrices. For example, a branching matrix and a mass matrix
may be regarded as W matrices too. In all the examples we have studied, we have found a
one-to-one correspondence between an anyon condensation and a W matrix. At present it
is still unclear whether these W matrices are in 1-1 correspondence with a CSFA. In this
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appendix, however, we report some of our findings of the W matrices. We would like to
dwell on the implications of commutativity between a W matrix and the modular S and
T matrices of the two topological phases on the two sides of the GDW. This is the same
commutativity as that in eq. (2.6), with the b matrix which is in fact a W matrix.

E.1 Gapped domain wall and global symmetry

The commutativity between the W matrix that characterizes a gapped domain wall between
two phases and the S matrices of the two phases implies that the W matrix may be
intimately related to global symmetries. In particular, when the two phases separated by
a GDW are the same phase, the wall, associated with which the W matrix is a square
matrix, can be thought of as implementing a global symmetry on the phase. Here the
commutativity reads

WSp =SgW. (E.1)

This is plausible because the W matrix serves as an endomorphism on the set of topological
sectors. This is precisely what a global symmetry does on a topological phase, and the
symmetry should also commute with the physical observables of the phase.

On the other hand, a parent phase A can not only produce a child phase B by its anyon
condensation but also generate a global symmetry on phase B by the braiding between B’s
sectors and the confined sectors of A due to the condensation. Since the generated global
symmetry is explicitly represented on B’s sectors, from such a symmetry representation,
we can obtain a gapped domain wall W between two copies of B.

Let us consider the example where phase A is the Ising x Ising and B the Zs toric
code. We know that by condensing the 17 sector, A breaks into B. The generated global
symmetry is Zg represented by the 2 x 2 identity matrix Iy and the Pauli o, matrix [28].
The identity I acts on the trivial sector 1 and the fermion € of the Zs toric code, whereas
o, acts on the subspace as the direct sum e & m. If we order B’s sectors as 1,e,m, ¢, we
can reorganize the I and o, into a 4 x 4 matrix, which represents an endomorphism on
B, namely

1000
0010
0100
0001

This is exactly the nontrivial gapped domain wall between two copies of Zs toric code found
in ref. [14]. One can easily check the commutativity between this W and the S matrix of
Zs toric code.

As another example, we know the chiral topological phase SU(2)g, via condensing its
sector 8, can break into the Fibo x Fibo phase and generate a Zs symmetry on the latter.
It turns out that this Zs symmetry is also represented by the W matrix above. Moreover,
this W matrix indeed commutes with the S matrix of the Fibo x Fibo phase, we can thus
infer that this W characterizes a gapped domain wall between two copies of the Fibo x Fibo
phase. As such, we need not to solve the commutativity equation for W but simply obtain
the result using anyon condensation.
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The discussion above again hints that a W matrix between two phases A and B encodes
in an intricate way the information of the confined sectors due to the breaking of A into
B, although apparently W has only zero entries corresponding to the confined sectors.

Furthermore, write the commutation (E.1) explicitly as

Z Wabsbc = Z Sadec 5 (E2)
b d

and let a = 1 in herein, we get

1=251= Zélbsbc = Z S1aWae = Z Wae Ve. (E?’)
b d d

Here, use is made of Wy, = d1p, which is true because there is no anyon condensation in
this case. Since W’s entries are all non-negative integers, we can conclude that in this case
each row and and each column of any W in this case contains one and only one nonzero
value, which is unity. This is consistent to the fact that a gapped domain wall between the
same phases must not mediate any splitting or identification of the topological sectors and
that the wall implements a global symmetry. This appears to put a strong constraint on
how a global symmetry group on a topological phase may act on, or in other words, may
be represented on, the spectrum of the phase. One may find the resemblance between such
seemingly existing constraint on global symmetries and our discussion below eq. (4.4).

E.2 Modular invariance

Commutativity of W with the modular matrices implies modular invariance. The S4B
corresponds to S matrices of the two phases connected by a gapless domain wall defined
by W. Consider having

Z(r) =Y WaiZaZi (E.4)
Under modular transformation

Z(=1/7) = > WiaSuwZsZiS};

a,b,i,j

= Z SikabeZkS;:r;i
bik

= Z Wi ZyZy = Z(7), (E.5)
bk

where we have made use of
> WiaSab =Y Six Wi, (E.6)
a k

and that we have assumed the unitarity of Sy, and Sj;.
For invariance under 1" transformation, we have

Z(r+1)=> Wisexp (2mi(ha — hi)) ZaZi (E.7)
a,b

— 24 —



which implies invariance for

0, = 0;, (E.8)

which is indeed the case.

E.3 Some equalities

Using the explicit expression for the S matrix

1 0.d
_ N¢ cle E.
Sab _D zc: ab Haeb ’ ( 9)
commutativity also implies
1 0.d. 1 01.dy,
Wia NG, < NEW; E.10
Dy &= 70,6, ~ Dy -~ 9,0, (E-10)
Now, consider the special case b = 1, then we have
1 Ord
Dy 2 Wwéac . ZN’“W "’ i (E.11)

where we have made use of the fact that 6, = 01 =1 = 0; for Wj; non vanishing. Then we
end up with

0:.d

k k ko

g Ni;Wi 0 DA E Wiada - (E.12)
Choose also i = 1. We have then

1 1
d = ala - E.1
Dn le D Za: Wi (E.13)

Now we make the input that phase B is condensing to phase A. We implicitly assume
that Dg > D4, and that Wy, = d1,. Then we are left with

=> Wjd,;. (E.14)
J

This can be easily checked to be the case in all our cases of anyon condensation.
Moreover, this can be compared with and equation obtained in ref. [11],

Dy Dr

- E.15

g (E.15)
which we can combine with the above to get

Df=D3%Y Wid;, (E.16)

J
where Dy is the quantum dimension of the phase including confined particles. In particular,
when we have Dy =1,

D} => Wjd;. (E.17)
j
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For more general values of the indices 7, b, there is still some simplification we can do
1 c 1 k
DiA Z WiaNab‘gcdc = FB Z Nijobekdk ’ (E-18)
c,a 7,k

using the fact that the only non-vanishing contribution has 6, = ¢; and 6; = 0;, which can
be taken out of the sum and be canceled between the two sides. A challenge is to derive
this from anyon condensation.

There are also various inequalities satisfied by the W matrix, if we make use of the
fact that Dp > D4 and there is conservation of quantum dimension when we split anyons,
which are representations of phase B into anyons of phase A.

Since we have conservation of quantum dimensions, we expect that in the decompo-
sition

T—=aPbd---, d; = Wiadg + Wipdp + - - - (E.19)

Some of these anyons after the decomposition will be confined, and invisible to W.

Therefore, we must have

di > Wiad, . (E.20)

E.4 Verlinde’s formula and commutativity

It appears that at the level of the commutativity formula it already knows about Verlinde’s
formula.

Let us first review Verlinde’s formula and some of its implications:

c Z SabexSEa: )

= E.21
5, (E.21)

ab —
T

Now, using also the expression for S in (E.9), this give a non-linear constraint on the fusion
rules and relates also the fusion with quantum dimensions and spins.

In particular, we focus on taking a = ¢ = 1. In this case, Nllb = 01 holds for a UMTC.
Substituting this into Verlinde’s formula, we end up with

1
oy = D Ex: dySyp - (E.22)

Note that the above relation is already very similar to the commutativity formula
except we have

Wip = WizSap. (E.23)

Now consider however taking the above formula, multiply it by d and sum over b as
well. Then we have on the left hand side

> Wyd, = Dg, (E.24)
b
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where again we take phase B to have quantum dimension Dp and condense to the trivial
phase A with D4 = 1. This equation is a special case of eq. (E.14). The right hand side
however gives

D> WiwSwdy =Y WiwnDp = D, (E.25)
x b T

where we have made use of the special case Verlinde formula (E.22) in the first equality
and Wi; = 1 in the second equality. Therefore, commutativity is implicitly requiring
consistency with Verlinde’s formula, even though a priori it is not obvious that we input
this into the definition of things.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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