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Introduction

The long standing problem of constructing a ghost-free interacting theory of a massive

spin-2 field has been solved in the last few years by de Rham, Gabadadze and Tolley

(dRGT) [1, 2]. It is strongly tempting to interpret this theory as a Higgs phase of General

Relativity (GR), but to date a satisfactory microscopic theory which leads to Poincaré-

invariant massive gravity via symmetry breaking remains elusive.! Therefore, to investigate

!The ghost condensate [3] can be thought of as a Higgs-ing that leads to Lorentz violation. Another

recent proposal for a UV extension of Lorentz-violating massive gravity is [4]. For an intriguing construction

on AdS space, see [5, 6].



gravity in a Higgs-ed phase, one is forced to take a somewhat broader view and focus on
gross features which follow from symmetry breaking. The goal of this paper is to revisit the
approach of viewing massive gravity as a theory of spontaneously broken gauge symmetry
by employing nonlinear realization techniques to construct the effective theory.

Before undertaking the construction of massive gravity in this language, we first con-
sider constructing Einstein gravity itself as a theory of a Goldstone field, the metric, which
nonlinearly realizes an infinite number of rigid symmetries making up the diffeomorphism
symmetry. This viewpoint has been considered before [7—12], but our approach to General
Relativity differs in that it constructs the theory in the vielbein formulation and explicitly
nonlinearly realizes both diffeomorphisms and local Lorentz transformations — this may
prove to be useful for some applications, and is crucial for the later construction of mas-
sive gravity. Similar techniques can be employed to construct Yang-Mills gauge fields as
Goldstone bosons [13]. In [14] it was shown that these techniques can be extended to treat
gauge theories in a spontaneously broken phase, leading to a theory of massive spin-1 fields
(or equivalently gauge fields and Stiickelberg fields). It is this approach we will employ
here: after constructing Einstein gravity from the symmetry-breaking viewpoint, we will
the proceed to consider “Higgs-ing” the construction in order to build the effective theory
for the broken phase. Completely analogously to the Yang-Mills case, we find that the
construction leads to the theory of a massive spin-2 field.

Our aim is more than the construction of an arbitrary theory of a massive spin-2
particle, since it is known that a generic such theory will propagate an additional, ghostly,
polarization [15], as we review below. Thus, we are motivated to see whether there is a
symmetry breaking pattern for which the low energy degree of freedom is a massive spin-2
and for which only the dRGT potentials are allowed. As we will argue, this appears not
to be possible. This is perhaps not surprising, as it appears that quantum corrections
in the dRGT theory generate additional terms [16]. Another possibility is that the dRGT
terms could be singled out as Wess-Zumino terms of the construction, as has been shown to
happen for the Galileon scalar field theories that emerge as a particular limit of dRGT [17].
This does not happen either. However, there are a number of intriguing features that appear
in the course of the construction, which we summarize here:

e The dRGT potentials appear as among the simplest terms that can be constructed,
requiring only the exterior product of forms. Similarly, in the Einstein gravity case,
the Lovelock invariants are the only terms that may be constructed in this way.
This reinforces the notion that the dRGT potentials are in some sense generalized
characteristic classes.

e In addition to the dRGT terms, we identify a parity-violating term that appears
to be unstudied in the literature. This term depends only on the anti-symmetric
part of the vielbein, and so it vanishes on the usual branches of dRGT and bi-
metric gravity, where symmetry of the vielbein is important to the equivalence of the
metric and vielbein formulations. However, in non-trivial branches of in multi-metric
situations where the theory graphs of [18] form closed loops, this term may possibly
be nontrivial.



In the remainder of this section, we briefly review the construction of ghost-free massive
gravity and comment on the idea of Higgs-ing gravity and its relation to massive gravity
in general. We then review the viewpoint of gauge fields as Goldstone bosons, which is
somewhat non-standard but is a powerful formal tool. In section 2, we review the coset
construction formalism, in which the remainder of the paper is cast. In section 3 we apply
this formalism to Einstein gravity, after identifying the appropriate infinite-dimensional
symmetry algebras to be nonlinearly realized. Next, we consider further breaking of the
symmetries in section 4 in order to construct massive gravity. We then apply the same
techniques in section 5 to the closely related bi-gravity and multi-vielbein theories, which
follow straightforwardly. Finally in section 6 we conclude and provide some remarks about
applications and insights from this construction.

1.1 Brief review of massive gravity

The history of massive gravity is long and complicated and there are still unresolved issues
in the field (see e.g. [19] and the counterarguments in [20]), so we only review the bare
minimum required here (see the reviews [20, 21] for more details).

Fierz and Pauli first wrote down a consistent quadratic theory which propagates the
appropriate five degrees of freedom of a massive spin-2 field of mass m [22],

1 1 1
L= —iﬁAhwaAhW + 0 hy 0" W — 0, W O, h + 5@}1@% - 5m? (huh®™ —h%),  (1.1)

where h,,, is the metric perturbation about flat space, g, = 1., +hyu,. The two-derivatives
terms in (1.1) comprise the standard quadratic kinetic term — which is the Einstein-
Hilbert term of GR linearized about flat space (all indices are raised and lowered with 7,,,,
and h = hy,n*). Note that the mass terms ~ m?2h? break diffeomorphism invariance.
While (1.1) provides a consistent starting point, Boulware and Deser showed that the
addition of interaction terms generically causes the theory to propagate a 6 degree of
freedom, which is a ghost [15].

However, de Rham, Gabadadze and Tolley (dRGT), building from the results of [23,
24], discovered that, by suitably tuning the interactions, one can form a specific nonlinear
theory which continues to propagate only five degrees of freedom [1, 2]. The absence of the
sixth degree of freedom was shown conclusively in [25, 26] through a Hamiltonian analysis.
The original formulation of the theory involves intricate potentials built from the square
root matrix (1/¢g~1n)*,. However, for our purposes an alternative formulation of the dRGT
theory in terms of vielbeins is more useful and is given in? [18], whose conventions we follow.
Given the vielbeins e,®, related to the metric via g, = nabe,ﬂeyb, and vielbein one-forms
e’ = ¢,*dz#, the dRGT action can be written in the following form

M? m?2M?
S = zm/d4a:det(e)R[e] — Egm/ﬁgRGT, (1.2)

2The vielbein formulation of dRGT massive gravity was anticipated in [27, 28].



where the dRGT mass terms are given by

EdRGT @eabcde Ane’ AefAe +§ cabeal® A el A ef A el

+B €abedl® N1P N e N e +B €abedl* N1P A1 A€ . (1.3)

4 3!
In (1.3), 1* = J;,dz* is the unit vielbein corresponding to the fixed Minkowski fiducial
metric, and the By term simply corresponds to the cosmological constant. In order for flat
space to be a solution, the coefficients must satisfy Sy + 381 + 382 + $3 = 0 and for the
action (1.2) to correspond to a graviton of mass m requires 1 + 202 + 3 = 8. These
specially-chosen potentials lead to the additional constraints that are necessary to exorcise
the ghostly sixth degree of freedom that afflicts generic massive gravity theories. A primary
goal of this paper is to determine under which conditions spontaneous symmetry breaking
can lead to the action (1.2).

1.2 Higgs-ing gravity

Since the discovery of spontaneous symmetry breaking (SSB), there have been numerous
attempts to marry this phenomenon to gravity, for example by interpreting GR itself as the
result of SSB [29-31] or by using a Higgs mechanism to give the graviton a mass [32, 33].

Focusing on the latter possibility, it is well-known that if the graviton acquires a mass
through SSB, the mechanism must be qualitatively different from the manner in which
Yang-Mills gauge bosons become massive [34]. Schematically, a typical matter field, 1,
gauged under some group, G, will couple to the associated gauge bosons, A, through the
covariant derivative so that the Lagrangian will contain a term £ D ((8+ A)y)%. If 4
then acquires a vacuum expectation value (VEV) via symmetry breaking, i.e., (¢) # 0,
this generates a mass term for the gauge bosons: £ O (1))2A2. The directly analogous
scenario for gravity does not generate a mass for the graviton because the gravitational
covariant derivative causes i to couple derivatively to the graviton. For instance, if ¥ has
a Lorentz index then % couples to the spin connection wu“b through Vi = (0 + w); since
the spin connection involves derivatives of the gravitational field, a VEV for ¢ does not
cause the gravitational covariant derivative to generate mass terms. The gravitational field
does couple non-derivatively to the potential for ¢ through £ O /—¢gV (%), but here, of
course, a VEV for ¢ only leads to a cosmological constant, not a true mass term.

Therefore, while a Higgs mechanism for gravity may exist, we expect that its form will
be quite distinct from examples familiar to us from the study of Yang-Mills (some arguments
suggest that if a Lorentz invariant UV completion does exist, it must be strongly coupled or
be somehow non-field theoretic [35]). Lacking a satisfactory microscopic model to examine,
it is fruitful to turn to the more general features of symmetry breaking and focus on the
generic properties that a potential model must display. In particular, regardless of the
details of the breaking mechanism, after a symmetry is spontaneously broken, the theory
remains invariant under the symmetry, albeit in a nonlinearly-realized form. This places
strict constraints on the resulting interactions of the low energy theory.



1.3 The coset construction and gauge theories

To a remarkable extent, the physics of a system can be deduced from knowing the pattern
of symmetry breaking. For example, consider a symmetry group, G, broken down to
one of its subgroups, H. The broken phase will generically linearly realize the preserved
symmetry subgroup H and nonlinearly realize the elements G/H that were not preserved
in the breaking. Having specified such a pattern, Callan, Coleman, Wess and Zumino
(CCW?Z) [36, 37], and independently Volkov [38], developed a method through which one
can algorithmically construct the most general Lagrangians which linearly realize H and
nonlinearly realize all the broken transformations. This so-called “coset construction”
captures the dynamics of the Goldstone modes which govern the low energy physics after
spontaneous symmetry breaking.

Such methods prove invaluable in the construction of an effective field theory (EFT)
which describes the low energy physics. These techniques are particularly powerful when
the dynamics that lead to symmetry breaking are difficult to understand analytically, or
are unknown. For example, in the case of pion physics [39], strong dynamics break the
approximate chiral symmetry of QCD — which is difficult to treat analytically — but
the coset construction gives us access to an EFT in which low-energy quantities can be
systematically calculated. Even without a full understanding of the underlying theory,
nonlinear realization techniques can provide us with non-trivial information regarding
the broken phase. We aim to apply these methods to understand gross features of a
Higgs phase of gravity, despite our ignorance of the microscopic dynamics which generate
the SSB.

Although the coset construction was initially developed to treat spontaneously broken
global symmetries, this is not the only situation in which it is applicable. In particular,
gauge theories nonlinearly realize the local versions of their symmetry groups and the coset
construction can be employed here as well. More precisely, the schematic transformation for
a Yang-Mills gauge field is A — U~!(z)(A+d)U(z) which represents a linear transformation
when U(z) is global (i.e., independent of x) and a nonlinear one when it is local. Applying
the coset methods to this scenario in which we take a typical YM gauge group G —say
SO(N) or SU(N) —and demand that global and local G transformations are linearly and
nonlinearly realized, respectively, one finds that the resulting building blocks are those of
Yang-Mills theory [8, 13]. That is, one finds that the Lagrangian for the gauge field must be
constructed from the usual field strength tensor Fjj, and that it couples to matter through
the gauge covariant derivative, V = 0 + A. Therefore, starting only with a specification of
the symmetries of the system, the coset construction picks out Yang-Mills as the proper
representation.?

In [14] it was demonstrated that coset methods also faithfully reproduce the physics
of gauge theories in the Higgs phase. In this scenario both the global and local parts of
the Yang-Mills gauge group G are nonlinearly realized and one imagines that the nonlinear
realization of global transformations is caused by some physical symmetry-breaking process.

3Because gauge theories involve spacetime dependent transformations there are additional subtleties
which do not arise in the internal symmetry case, see [14] for details.



Applied here, coset methods determine that the low energy physics is governed by massive
gauge bosons with mass terms written in the Stiickelberg language, as expected.

The central goal of this paper is to perform the analogous procedure for the case of
gravity, beginning by constructing GR through the method of nonlinear realizations by
identifying the appropriate groups and cosets required.

Conventions: we work with the mostly-plus metric signature 7, = (=, +,+,+,--)
throughout. We (anti)-symmetrize tensors with weight one i.e., S(,,) = %(SW +S,,). The
Levi-Civita symbol is defined so that €pio3... = +1.

2 Review of nonlinear realizations

Before building GR, we quickly review the coset construction algorithm. In addition to the
CCWZ formalism, we need to take into account some subtleties which arise in the case of
spacetime symmetry breaking [40-42]. For a more extensive discussion of the methods of
nonlinear realizations, we refer the reader to section 2 of [17].

The CCWZ formalism begins by specifying a breaking pattern from some Lie group
of symmetries, G, down to one of its subgroups, H,

G — H. (2.1)

Let {V;} represent the generators of H, {Z,} represent the remaining — broken — gen-
erators and assume that the commutator of an element of {V;} with an element of {Z,}
will never contain another V; type generator.* A canonical representative element of the
coset G/H is then written as g(§) = exp (§*Z,) where the £*’s correspond to Goldstone
fields. An arbitrary element ¢’ € G generates a unique transformation g(&) — g(&,¢’), with
g(&,¢") defined via the condition

9'9(&) =g(& d)h(d), where h(¢,9) € H . (2.2)

Defining the fields £% by 9, q) = exp(g‘lZa), the relation between £% and £ will be linear
if ¢’ is an element of H, but is complicated and nonlinear otherwise. In this manner the
Goldstone fields, €%, linearly realize the symmetries associated with the preserved subgroup
H and nonlinearly realize the remaining broken symmetries.

In order to construct actions we first build the Maurer-Cartan (MC) form Q =
g~ 1(&)dg(€), which is a Lie algebra-valued 1-form. Decomposing € into its parts along
the broken and unbroken generators as

Q=02 +9'Vi=Q, +Qp, (2.3)

we find that under the transformation induced by an arbitrary element ¢’ € G' the compo-
nents of the MC form transform as

, {QZ — h(&,¢)Qzh (€, 9),

g / o , (2.4)
Qv — h(&g) Qv +d)rt (¢ ).

4For a compact Lie algebra, it can be proven that bases can be chosen such that this is true, but for
more general algebras, we take it as a simplifying assumption.



The utility of the MC form is precisely that it has these nice transformation properties
under the action of the group G. We can build Lagrangians which are invariant under all
the symmetries of G by combining factors of {1z together and tracing over group indices
such that the resulting operator is invariant under the transformation (2.4), i.e., are H-
invariant. The 2y, components transform as a connection and can be used to couple the
Goldstone fields to other matter fields which transform in some representation of H.

An important subtlety that arises in the case of nonlinearly realized spacetime sym-
metries is the removal of fields via inverse Higgs (IH) constraints [42]. For a symmetry
breaking pattern G — H, there are naively dim(G/H) fields {{%} in the representative
element g, which is the appropriate number of Goldstone modes for the case of internal
symmetry breaking. However, it is well known that there can be fewer than dim(G/H)
independent Goldstone degrees of freedom when spacetime symmetries are involved [43].
In practice, the rule is that if the commutator between a preserved translation generator,
P,, and broken generator, Zi, contains a second broken generator, Zs —schematically
[Py, Z1] D Zy —then is is possible to eliminate the Goldstone field corresponding to Z; by
setting some part of the MC component along Zs to zero. Our perspective will be that the
inverse Higgs constraints provide a mechanism through which one can consistently reduce
the number of fields in the theory while still realizing all of the symmetries contained in
G; whether or not to impose them is a choice.”

Finally, if there are preserved translation generators, P,, when treating a case of
spacetime symmetry breaking, these generators are nevertheless treated on the same footing
as the broken generators due to the fact that translations are nonlinearly realized on the
spacetime coordinates. In this case the MC form is written

Q=0Z,+ 2V, +o'pP, . (2.5)

In addition to constructing invariant actions by using the wedge product to combine forms,
it is also possible to form a covariant derivative from these objects. In this case, the
components along P, define a vielbein, e, ", via Q*P, = daz"e,#P,. This vielbein is in
turn used to define an invariant measure, and a covariant derivative of the Goldstone fields
through Q*Z, = dx"e,*D,£*Z,. Invariant actions are formed by contracting factors of
covariant derivatives in an H-invariant fashion, and integrating with the invariant measure.

3 General relativity

We now turn to the construction of Einstein gravity using coset methods. In this construc-
tion, the graviton itself plays the role of a Goldstone field which nonlinearly realizes an
infinite number of symmetries. This is possible because we can think of a gauge symmetry
as an infinite number of rigid global symmetries, most of which are realized nonlinearly.
This viewpoint has been explored multiple times before through a variety of slightly differ-
ing methods [7—11]. In particular, some aspects of this section are similar to section 3 of the

5The circumstances under which one is required to impose an inverse Higgs constraint and eliminate the
Z, field is still a matter of current research, see e.g. [44-46].



recent paper [12]. However, an important distinction between our construction and others’
is that we include both the diffeomorphisms and local Lorentz transformation groups in
the coset, which is important for the later construction of massive gravity. There are close
parallels between the coset construction of GR and that of Yang-Mills in [14], which the
reader may find helpful as background for the following sections.

3.1 Symmetries and algebras

We first identify the algebra of symmetries which are realized, both linearly and nonlinearly,
in Einstein gravity. We work in arbitrary (d+ 1)-dimensions; both Greek and Latin indices
run over {0,1,...,d}. In order to make contact most easily with massive gravity later,
it will prove useful to work in the vielbein formalism. In this case, Einstein gravity is
invariant under both spacetime diffeomorphisms, and local Lorentz transformations (LLT)
which act on the tangent space (the vielbein indices).

The group we will consider is a slight extension of the group of diffeomorphisms plus
LLTs; it is a semi-direct product of diffeomorphisms and an internal, local copy of the
Poincaré group. The extra internal translation generators will act trivially on the familiar
vielbein and spin connection, but will be needed to obtain the correct fields in the coset
construction. Analogously to the treatment of gauge symmetries in [14], we expand the
diffeomorphisms in powers of the spacetime coordinate and treat them as an infinite number
of global symmetries generated by the set P***», where n € {0,1, ...}, which are modeled

by PYt¥n ) = —g¥ ... 2¥"0,, and which satisfy the commutation relations®
[pm---ummpm...uny] _ _n5ISV1Ipul---umll@.-ﬂn)y + m5£u1|pl/1...un|u2-.-um)u ) (3.1)

The gauged 1SO(1,d) Poincaré algebra is generated by {PH1-#m , J¥i-¥n 41 with com-
mutation relations

[Pl/l...l/na’Pul...p,mb] — 0,
[qu-..vna’ Ju1~-.umbc] — UabPVl"'V"m"'#mc _ nacpul...vnu1~-umb ’

[Jyl...zznab’ Jul...umcd] — _277a[cJV1mVnulmum|b|d] + 2,)7b[CJV1...unH1..-MmMd} . (32)

The two sets of generators do not commute and instead satisfy the following relations

[Pal"'amu,Pyl"'Vna] _ _né'&ul\Palu.am|u2...yn)a7
[Pal...amujjm...unab] — _néﬁul\Jal...am|1/2...1/n)ab . (33)

We will need some notation to refer to these groups and their various subgroups. We denote
the local Poincaré group by I.SO(1,d)jocal, its local subgroup generated by JH1-Hn , for
all n > 0, by SO(1, d)1oca1 and the global group generated by Ju, as SO(1,d)globai- The
diffeomorphism group is denoted by Diff(d + 1) and the subgroup generated by P”, —
which generates linear transformations — is denoted by GL(d + 1). Finally, there is a

SHere and throughout, vertical bars around indices indicate that the enclosed indices are omitted from
the (anti-)symmetrization.



Lorentz subgroup of GL(d + 1) generated by P,
important later and which we denote by SO(1, d)spacetime. In summary,

where P,, = 1,,P°,, which will be

SO(1, d)spacetime C GL(d + 1) C Diff(d + 1),

P[,u,u] PVM lel.uynu
SO(1, d)global C SO(1,d)1ocal € ISO(1,d)1ocal - (3.4)
Jab JV1-vn PH1-bm  JV1-vn

In order to elucidate which symmetries should be realized linearly or nonlinearly, we recall
how these symmetries act in the vielbein formalism. In these variables, the fields of GR are
the vielbein e, and the spin connection w,ﬂb, which is anti-symmetric in its Lorentz indices.
In the coset construction of Yang-Mills, the transformation properties of the connection
(the gauge field) guide the choice of linearly realized subgroups, and we apply the same logic

to GR. The spin connection transforms under a local Lorentz transformation A®,(x) as
ab A AP a't Abca A
wp® — Ay Nywy, WA, (3.5)

and only global Lorentz transformations (for which A = 0) are linearly realized. Similarly,
by examining the diffeomorphisms we see that the only linear transformations are those
generated by the GL(d + 1) subgroup. Hence, the breaking pattern we ought to consider
is G — H with.” G = ISO(1,d)10ca1 X Diff(d + 1) and H = SO(1, d)globa1 X GL(d + 1).

3.2 Calculation of the Maurer-Cartan form

Now that we have a candidate symmetry breaking pattern, we can employ the coset ma-
chinery to construct building blocks that transform nicely under the symmetries. A repre-
sentative element of G/H is conveniently written as

1 b 1 b
g= e Pu gl P a o0 Pla 06 Fa 500 I ab o 500" ab (--), (3.6)

where (---) contains only higher order factors involving fields along PH?,, JHP,, or gen-
erators with even more Greek indices, which will not be relevant to our calculation. For
instance, components along generators of the form P/, do not enter our construction
at all, though the role of the GL(d + 1) connection and related terms can be explored in
appendix A.

The Maurer-Cartan form is expanded as

1 1
g ldg=Q=Q'P, + QP + Q, P", + 5QabJab + §QM“bJ“ab +... (3.7)

"Strictly speaking, G and H are not direct products due to the non-trivial commutation relations between
the factors (3.3), but we abuse notation slightly, with this caveat understood.



Explicit calculation using (3.6), the Baker-Campbell-Hausdorff formula, and the commu-
tation relations (3.1)—(3.3) gives
QF = dat |
0 =de¢" — da'e,”,
0, = d¢,* — 2dz" ¢y, + dgp©,** — dz" "0, ,
0% = —dat0,",
0% =de," - 2dzV0,,? — dz'e, b0, (3.8)

where Latin indices are raised and lowered with the constant flat metric 74.

3.3 Identifications and inverse Higgs constraints

There is an important identity satisfied by the components of the Maurer-Cartan form,
known as the Maurer-Cartan equation. Consider a Lie algebra with generators @),, which
obey the algebra [Qq, Qs = f,,°Qc; the components of the associated algebra-valued
Maurer-Cartan form defined through 2 = Q@) are related by

1
A" = -5 Frt QP AQC (3.9)

For the case at hand, this translates to the following identities satisfied by the MC form
components (3.8),
dQ* = —QF ANQY |
dne :Q#/\QMQ—Qb/\Qba,
dQ? = O A Q" 4+ Q% A QL
dQ,% =20" AN QD — QN Q" = QCNANQ" + Q7 AT
A0, = 20" A, % + 20,60 A Q. 1 0,v AQ,% (3.10)
Given these relations between the various components of the MC form, we can infer their
relation to the more familiar elements of differential geometry e?, w?®, T¢ and R (the
vielbein 1-form, spin connection 1-form, torsion 2-form and curvature 2-form, respectively),
which turn out to be the Cartan structure equations and Bianchi identities,
de® = T — e’ Awy?,
dwab _ Rab . wac Aw b
- Cc
dT* =T ANw.* —e“ AR,
dR? = R* A w.b —R¥ A w2, (3.11)

leading us to tentatively identify

ea — Qa ,
wab _ Qab
T = QA Q%
R = Q1 A Q% . (3.12)

~10 -



The “tentative” identification is due to the fact that the coset construction produces

infinite towers of fields ¢, . ,,,* and @Vl,__,,nab

, while GR typically makes use of only the
vielbein e€® and the spin connection w?, with the latter independent or defined in terms
of the vielbein depending on whether we work in the first or second order formulation. In
order to complete the reproduction of standard GR and eliminate the unnecessary fields
we need to impose inverse Higgs constraints. Referring to the rules for the inverse Higgs
effect, we find that we can eliminate every field of the form ¢,, ,,* with n > 1 and all
those of the form ©,, . % with m > 2. At the order to which we are working, this simply
means that ¢,%, ¢,,* and @Wab can potentially be removed.

As is often the case, there is some art in choosing which fields to eliminate, and we
will not want to remove all of them. For instance, we will not want to eliminate ¢, as this
would require setting e® = 0, and to reproduce GR we cannot have a vanishing vielbein. It
may be interesting to employ such a constraint in other contexts, but not in the present one.

Removing fields then requires setting parts of €2,* and Qu“b to zero, but we do not
necessarily have to set all components of these forms to zero. More precisely, restoring
form indices via Q,* = Q,,°dz" and Q#“b = Q,,H“bdaz”, we find that ¢,,* and @Wab only

appear in the symmetric components since they themselves are symmetric under p <> v,

Dy = 0 = 28" + 8(uPp O™ — b(u"Oupp”

Qpu)® = ) + 0udpp O™ — 01, Oupp”
Q)" = 00" = 20" = 0,0,

Q)™ = 9,0, — O,°°0," . (3.13)

Therefore, if our goal is to eliminate only ¢,,% and @W“b then the appropriate inverse

w)* = 0= Qe
evaluated on the Inverse Higgs constraint will be denoted by Q‘IH, and using these two

Higgs prescription is to demand that €2 )“b and nothing more. A one-form

conditions we find
0l = d2¥ |900° + Aop0,™ — &1, O’
0|y = A" [0,0,)" = 0,0, | . (3.14)
Rewritten in terms of the vielbein and spin connection, which have components
e = 0ud" — ¢, w,"=-0,", (3.15)
these can be rewritten as
2 |pgy = da” [—a[ueu]“ - e[u\wwu]b”} :
Quab‘IH = —dz” [O[l,wu]ab + w[yacwmcb} . (3.16)

When combined with 2* using the wedge product, these turn into the usual expressions
for the torsion and Riemann curvature 2-forms, respectively,

QrAQ° = de® + ey A w’ =T,
' AQ" = dw + w AwL =R (3.17)
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Alternatively, we might desire to eliminate the field ©,% in addition to @,W“b and
¢ This corresponds to removing all fields in favor of ¢* and ¢,“, which are the only
fields appearing in the definition of the vielbein (3.8), and hence we expect this to lead
to zero torsion. Both the symmetric and antisymmetric parts of €2, would then be set
to zero, while only the symmetric part of QW“” would vanish.® This procedure leaves the
identification Q* A €2, ab — R ynchanged but now de® + e, A w? = 0; i.e., the geometry
would be torsion free.

This is a standard ambiguity which arises in the formulation of gravity; in the first order
formulation torsion is an independent variable, and is determined dynamically, so whether
it vanishes or not depends on the form the action takes. In the second order formulation
its dependence on the vierbein, and hence the torsion, is prescribed. For the remainder
of the paper, we consider only cases in which the torsion vanishes, effectively committing
to the second order formulation (except in the lowest order cases such as Einstein-Hilbert
and dRGT where the two formulations are dynamically equivalent).

We should also note that the Riemann and torsion tensors are actually insensitive to
whether or not some of the inverse Higgs constraints are imposed. That is, the contractions
appearing in (3.17) eliminate ¢,,* and @uyab automatically, and so whether or not we
eliminate these two fields by inverse Higgs constraints is irrelevant to R® and T¢. At the
order to which we are working, the only inverse Higgs constraint that makes a qualitative

ab

difference is whether we want to eliminate ©,% as an independent field, i.e. set the torsion

to zero, as discussed above.

3.4 Transformation of the fields under the symmetries

Now that we have computed the various components of the Maurer-Cartan form, we want
to verify that they transform as they ought to under the nonlinearly realized symmetries.
First, we investigate how the broken SO(1,d)jocal transformations are realized on g by
using (2.2) with ¢’ = exp ()\Vl_._V,L“le‘l“'”"ab). The result is that the ¢,, ., % and G)M“_Mm“b
fields shift under a local Lorentz transformation as
¢ — ¢ + A ()0,
B > b+ Nyp(2) 0" + 9 yp(2)0”,
0, 0, + X0, ()0, + )\l(’n)c( )0, + 9,00 (x) (3.18)
where )\‘(’f;)(x) = g .. .ar"")\yl__,,n“b. Summing over all n, this implies that Q2% and 0ab
transform in the following way:

Q% — Q%+ A% (2)Q°,

Q% — Q% 4 X (2)QP 4+ N (2)Q% — dA (), (3.19)
where A% (z) is an arbitrary function. These are simply the infinitesimal versions of
0% — A%Q0,
Q% — A% A — AP A, (3.20)

8 As pointed out in [12], one could also choose inverse Higgs constraints to set all of Q ,“,“b to zero which
would lead to teleparallel gravity.
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with A%, = exp (A%). Therefore, as expected, the nonlinearly realized SO(1,d)jocal Sym-
metries simply correspond to LLTs.

Next, we consider the transformation enacted through local internal translations,
which are less familiar. That is, we calculate the transformation (2.2) with ¢ =
exp (¢yy .., “P"1"",) and find that the net effect is to change

a a 1 a
Pprcopim” > Ppurecpin T ﬁaﬂl o Ol (),

where (@) =2 ey, (3.21)

while the G)m_,um“b fields are left unaffected. Again, summing over n shows that there
is a full function’s worth of freedom. It can be seen from (3.8) that the Maurer-Cartan
components are invariant under these shifts; all ¢*(z) factors cancel. Then, (3.21) demon-
strates that the ¢%’s can be shifted around arbitrarily and so the internal local translations
correspond to the ability to arbitrarily choose these coordinates of the coset space. In
particular, one can always use this freedom to go to a gauge in which the ¢*’s coincide
with the physical coordinates, ¢%(x) = x*.

Finally, we explore diffeomorphisms by calculating the transformation (2.2) with
exp (cal_,_anﬁ pat--an 5). Direct calculation yields the transformation rules

at — a2t + H(x),

¢ — 97,

0,% — (55, - 8“6“, () M/“b,

!

/ ! / 1
0,,% s (55 — Bt (x)) (55 — 8, (x)) O™ = 5050, (x) . (3.22)
The effect of these transformations on the MC components is

ox'H
OV
oxv
Q% — Q%
a Ox” a
Q“ — wﬂy 5
Qab — Qab7

ot —s

v
ox ab
8$/u v 9

b
0,7 — (3.23)
where 2'# = x# + ¢#(x). Therefore we have accurately reproduced diffeomorphisms, and
for our actions to be invariant under these nonlinearly realized symmetries every upper
Greek index on a MC form component needs to be contracted with a lower Greek index
and vice versa.
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Note the importance of including diffeomorphisms into the coset procedure from the
beginning. Had we not included them, there would be no transformation of Greek indices
induced by left multiplication by a general group element as in (2.2). Certainly, we could
impose diffeomorphism invariance on such a construction by fiat, but this would not natu-
rally lend itself to our later exploration of Higgs phases of GR where we wish to break the
diffeomorphism symmetry, and so we find it more natural to include it in the coset from
the start.

3.5 Constructing the action for Einstein gravity

We now have the standard ingredients needed to construct (d + 1)-dimensional General

Relativity. The SO(1, d)global X GL(d + 1) preserved symmetry informs us that we can

build actions out of any component of the Maurer-Cartan form which does not lie along

Jap or P*, (which are linearly realized) and that we must contract all Latin indices with

either 7gp Or €4...q, (in order to ensure local Lorentz invariance) while upper Greek indices

must be contracted with lower Greek indices (to ensure diffeomorphism invariance).
Following these rules, we can form the Einstein-Hilbert action as

1

SEH = m /eao,,,admo A ANQIZ N QR A Q010 (3.24)

which can be put in the more familiar form by using the identifications (3.12)

1
Sgn = @-1 /eao,_adeao A-e- A etd=2 A R-19 = /ddﬂx\/—gR : (3.25)

Similarly, the cosmological constant term can be constructed as

1
=_ - an a QOAL L AQ =
Sp = ( 1)!/1\ €ap...ag VARRRVAN

1
(d+1)!

/A €ap...ag€ N - -Ne™ = /ddﬂx\/—gA .

(3.26)

These two operators represent the lowest order terms in the sense that all other interac-

tions will be at least quadratic in the set {€,%,Q,%°}. (Equivalently, all further interactions
will involve more derivatives.)

3.5.1 Lovelock invariants

The identities (3.10) also allow us to demonstrate the existence and topological nature
of the Euler class in even dimensions. For instance, in two dimensions we have & =
e A Q% = Ld%z\/=gR, and the identities (3.10) tell us

A (e A Q™) = ~dea A Q" A QL =0, (3.27)

since the Latin indices can only take on two values. This shows that the Ricci scalar is
a total derivative in two dimensions. This readily generalizes to the case of d +1 = 2n
dimensions where one can show that the following 2n-form is closed

Eom Carnam U ALMPE A AQE A Q10 (3.28)

(4m)nn!
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In fact, this expression is nothing more than the 2n-dimensional Euler density (also some-
times called the Lovelock invariants?), which can be seen by using (3.12) to write (3.28) as

1

bn = WGQI--@%RM@ Ao AN RP2r1020
1 2
= Wd Mo/ —g IR s Ry panvan—1van - (3.29)

The Lovelock invariants can also be written away from their home dimension, but in this
case they are no longer topological, but nevertheless retain second-order equations of mo-
tion. The above viewpoint on the Lovelock invariants may seem somewhat foreign, but it
is simply a rephrasing of standard calculations, since the identities (3.10) are really just
the Bianchi identities.

3.5.2 Other topological invariants

In addition to the Euler densities, there exist other topological invariants in GR. Most
analogous to the Yang-Mills case, there exist Pontryagin classes in (d+1) = 4k dimensions,
which take the form

Pap = tr QT A QUM A AQER A QE2DE = g RUPE AL A RO (3.30)

Using the identities (3.10), it can be checked that these forms are closed. Notice that, as in
the Yang-Mills case, in higher dimensions, there are many inequivalent Pontryagin terms.
For example in (d+ 1) = 8, both Pg and P4 A Py can be present, and associated to each of
the Pontryagin terms is a Chern-Simons term (see [14] for details of how this appears in
our language, the situation is essentially identical to that of Yang-Mills.) Finally we note
in passing that, in the presence of non-zero torsion, there is an additional characteristic
class called the Nieh-Yan class, see [48, 49] for more details.

4 Massive gravity

Having employed coset machinery to build Einstein gravity, we now turn to the construction
of massive gravity by analogous methods. In order to think of massive gravity as a Higgs-
ed phase of Einstein gravity, it should linearly realize fewer symmetries. Physically, some
unknown mechanism will reduce the preserved symmetry group from SO(1, d)g1obal X GL(d+
1) to some smaller subgroup, nonlinearly realizing more symmetries. Since having a smaller
preserved subgroup allows for a larger number of terms in the action, we are looking for the
largest preserved group which will still admit the dRGT mass terms. Ideally, there would
exist a symmetry breaking pattern such that the dRGT terms provide the only possible
interactions, but this is probably too optimistic because explicit computations indicate that
interactions which are not of the dRGT form are generated quantum-mechanically [16].1

9These terms are distinguished in that they are the unique terms which lead to second order equations
of motion for the metric in the absence of torsion [47].
10The situation can be different when additional degrees of freedom are present
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4.1 Symmetries and algebras

Inspecting the dRGT action (1.3), we see the important role played by the unit one form
1¢ = ¢;,dz#. The Jj, tensor is not invariant under either SO(1,d)global or GL(d + 1) in-
dependently, but s invariant under the diagonal combination of SO(1,d)gioba1 and the
subgroup SO(1, d)spacetime C GL(d 4 1) whose generators generators can be taken to be
P+ %5253%17- (Since the new invariant tensor allows us to freely change between Greek
and Latin indices we will ignore this distinction when convenient.) We thus posit that the
appropriate breaking pattern to study is

ISO(l7d)1ocal X Dlﬁ(d+ 1) - (So(lvd)global X SO(lvd)spacetime) (41)

diag *

In addition to the broken generators of the GR case, the generators F,,) are now broken,
along with a combination of P,,) and %Jab linearly independent of P, + %Jab, which we
take to be simply %Jab.

4.1.1  (SO(1,d)globar x SO(1, d)spacetime)diag as the optimal subgroup

It is possible to demonstrate that H = (SO(1, d)giobal X SO(1, d)spacetime) diag
symmetry subgroup we can preserve which will still admit the dRGT interactions. Consider

is the largest

a generic dRGT interaction, say
L~ egpeal® N1 A Aet ~ d*z e“”p“eabcdézéﬁepceod . (4.2)
Under an infinitesimal gauged Lorentz transformation the vielbeins transform as
£l —> (5;; + Aab(x))e,ﬁ , (4.3)

with Agp(2) = New A% p(2) antisymmetric under a <+ b, and under an infinitesimal diffeo-
morphism the vielbeins transform as

e,% —> (5; - auc”(q:)>e,ja . (4.4)

Given the infinitesimal Lorentz transformation, the interaction (4.2) will only be invariant
if we can choose c#(x) such that d,c*(z) = A¥,. Expanding c#(x) in a power series as

cH(zx) = Z %c“yl_,_ynxl’l et (4.5)
n
where ¢/}, ., is symmetric in its v indices, we see that if A\*}, is a global transformation
(i.e., independent of z) then we can satisfy our condition by taking c*(z) = c*,z", with
ct, = My,

However, if the Lorentz transformation is z-dependent, we will need non-trivial
c*y, .., coeflicients for n > 1. Lowering the p index with 7, we find we need to sat-
isfy 0,cu(x) = Ay and hence ¢y, ., must be antisymmetric under p <+ v;. Using this fact
and the symmetry in the v indices, multiple permutations of the indices {u, vy, 2} lead to
Cuvo..vn = —Cuivs.., and hence we cannot satisfy our condition for n > 1. Therefore,
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we can preserve the global Lorentz symmetry while retaining the dRGT interactions, but
none of the local Lorentz transformations can remain.

Had we started by performing a diffeomorphism and attempted to compensate with
LLT’s, a similar procedure would result and we would again be lead to the present diagonal
subgroup which is therefore the optimal one for the present study.

4.2 Computing the Maurer-Cartan form

Having now specified the symmetry breaking pattern, we can compute the Maurer-Cartan
form. This computation will closely mirror the procedure for Einstein gravity, with the
exception that the new coset G/H contains a few more broken generators than were in-
cluded in the GR case, namely F(,, is now broken, along with J,;. The massive gravity
coiet ele@mf}lt will then contain two more factors than the GR representative element:
e Bl o39%Ja

nes b where 15 is symmetric. That is, we have

gmg = €x#PN€¢MVaP‘uVaed’uap‘uaed)apae%@ltuabj“uabe%@uab‘]“ab ( .. ) ewﬁpﬁe%(aabjab
rpr 1goab
= gare?” i e2®" e (4.6)

where ggr is the representative coset element in (3.6).
The Maurer-Cartan form is expanded as
1 1
Imadgmg = Q@ = QUP, + Q"P, + Q, " P¥, + 5Q‘”’Jab + iﬁﬂabﬂab +... (4.7)

and we only work to the order indicated. Because the representative element at hand is so
closely related to the one in the GR case, it does not take much extra work to calculate
the Maurer-Cartan components. The result is

QF =, da” |
0 = 6, (g’ — g, ) |
0, = 6y (¥71) ¥ (dgzﬁl,b — 2dzP " + de©,® — dquspce)ycb) :
Q" = 0,70, (~da"0,) + 6°a8’,
Q% = (T71) Y 0.0,°(d0, — 2d2P0,, ! — dzPO,0,.) , (4.8)
where we have def:lned U,V =e ¥ =6,Y—1,/ + %wuawa” — ... and similarly ©,% = 9.
We see that the ©,° fields simply generate an LLT on the Latin indices, while the upper
Greek indices get contracted with ¥,” and lower Greek indices are contracted by the
inverse, (0~1)," .
4.3 Identifications and inverse Higgs constraints

Because the new factors involving © and Y, only appear as overall multiplicative factors,
we can impose the same inverse Higgs constraints as before. Having done so, we identify

0% — ébaeb,
O AQ = 6,"T?,
QA Q™ = 0,90,/ R . (4.9)
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4.4 Symmetry transformations

We now explore the nonlinearly realized symmetries in this new setup. In the GR case the
preserved subgroup was a product, SO(1, d)giobal X GL(d + 1), and so nonlinearly realized
symmetries could act on the components of the MC form as an element of either factor
of this group, as we saw for LLT’s and diffeomorphisms respectively. Here, the preserved
subgroup is no longer a product and so the transformations which once acted as LLT’s or
diffeomorphisms will instead act as an element of (SO(1,d)global X SO(1, d)spacetime)-

In order to get a sense for what to expect for the transformation rules of the MC
components we inspect

0, = 6y (V1) ¥ (d¢,,b — 2d2P " + de©, % — dx%pC@wb)
= 6,° (\I’_l)#VQGRuba (4.10)
where Qag,? is the MC component along P¥}, in the GR calculation. We first consider the
transformations which in the GR case led to LLT’s and follow with a study of those which
led to diffeomorphisms.

We know that under the transformation (2.2) by an element generated by J'*n g,
QaRry” transforms by an LLT, i.e. QGRMI’ — AbCQGRMC. Since there does not exist any series
of commutators involving J"1"", that can generate an element along P¥,, the ¢,” field
(and thus W) must stay invariant and only the 6, field can transform. The Q,% one-form
must change by an element of the full diagonal group, meaning both the Greek and Latin
indices must transform simultaneously. Since we know the Greek indices do not change,
neither can the Latin ones, and we must have that O, transforms as

éba — (A—l)cbéca . (4.11)

Explicit calculation bears this out, and the set {Q#, Q% Q,%, Quab} is left invariant by these
transformations.

Moving on, we examine the transformation (2.2) generated by an element P17,
which we know causes {gr,” to change as Qgr,* — %QGRV‘I. In this case, there are
series of commutators involving P, that have elements along both Jg; and P, and
so both ©,% and V¥ ,” can transform. Then, since the overall MC form has to transform by
an element of the diagonal group, we must have

oz’
oxh’
0 — A(2)20,° . (4.12)

U, — A)," ¥,

That is, the ¥,” field must absorb the diffeomorphism transformation on the right, since
these are no longer a symmetry, and then both fields must transform on the left by the
same Lorentz transformation, A(z"), which depends on the relation between x and 2z’ and
enforces that A(z')," ¥, %’% remain symmetric when p and v are lowered. Again, explicit
calculation bears this out, and these are the correct transformation laws.

Note that the ©,% and V" fields are analogous to the Stiickelberg fields that are more
familiar in treatments of massive gravity [23] (see [50, 51] for Stiickelbergs in the vielbein
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formalism). These fields restore the ISO(1, d)ipca; X Diff (d 4 1) invariance of the original
theory in much the same way. However, they differ from conventional Stiickelberg fields in
that they do not appear derivatively in the action.

Another important difference between the fields {©,% ¥} and more conventional
Stiickelberg fields is the inability for us to go to the standard unitary gauge. There are
only (d + 2)(d + 1)/2 gauge transformation available in the preserved symmetry group,
whereas the Stiickelberg fields contain (d + 1)? total components, and hence one cannot
set a gauge in which 0, = oy and W,” = 67 simultaneously, which would be the analogue
of the usual unitary gauge choice for demonstrating the dynamical equivalence of a theory
in its Stiickelberged and non-Stiickelberged forms. We return to this point in the next
section when we construct a theory of massive gravity in the present language and argue
the equivalence to dRGT.

4.5 Constructing the action in massive gravity

With fewer symmetries preserved, there are a greater number of allowed invariant contrac-
tions. In particular, the fact that both Latin and Greek indices now change only by Lorentz
transformations and that they must further transform by the same Lorentz transformation
implies that we can now use the 7 and € tensors to perform contractions and these can
have any combination of Greek and Latin indices. As long as all indices are contracted,
the result will be invariant under the diagonal combination of Lorentz transformations.

4.5.1 dRGT terms

Since the GR operators we wrote down are invariant under a larger symmetry group that
contains the one presently under study, we can still form all of the same operators that we
had in the GR case. Also, since these are fully SO(1, d)spacetime % SO(1, d)global invariant
they are independent of the ©,® and U ,7 fields, which is expected since these fields are
responsible for restoring these symmetries. For instance, the Einstein-Hilbert and cosmo-
logical constant pieces are essentially identical to (3.25) and (3.26)

1

;CR = m / eao,,,aanO VANPIAN Qad72 VAN Qu A Qﬂadilad - /dd+1x\/ *gR,

1
L= m /AEaO...aano A A= /dd+1xﬂA : (4'13)

However, there now exist new operators we can write down in the broken phase that
we could not before. For concreteness, we specialize to d + 1 = 4 for the remainder of this
section, but nothing we say is really dependent on that choice. We again set the torsion to
zero, so the ingredients at our disposal to construct actions are {Q#, Q¢ Q% Quab}; only
QF and Q% are free from derivatives. Therefore, the lowest order terms in the derivative

expansion will be of the form £ (#, Q%) and some of the simplest terms we can write are'!

L= prchM AQQPAQEAQY = €abcd\I/uadl‘u VAN éibei VAN éjcej VAN ékdek ,
Lo = €ued N AQAQ = €peaV,2dat AW, dz” A O;%T A O ler
L3 = €pa® ANQY AP AQT = €4pq W, dat AW, da” AT ,Cda? A Oyer . (4.14)

1 Note that we could also construct terms with 4 factors of either Q* or Q%, but the first will be a
constant, and the latter corresponds to the cosmological constant considered above.
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4.5.2 Dynamical equivalence

The Lagrangians in the previous section are clearly reminiscent of those of dRGT, but
with the inclusion of factors of ©,% and VY. We now return to the discussion of the
dynamical equivalence and argue that the theory defined by operators in (4.13) and (4.14)
is equivalent to the usual dRGT theory. As mentioned previously, we are unable to fix a
gauge in which ¥,,* = ¢;; and 0, = 0y simultaneously, which would constitute a manifest
proof, but we will still be able to argue that the equivalence holds.

We start by fixing only the latter condition listed above, ©,* = §%, which can always
be achieved via the residual transformations in (4.11) and (4.12). This choice ensures
that 2% coincides with the vielbein of the previous sections, 2% = e®. Six out of the ten
gauge degrees of freedom have been used, leaving us with the ability to only impose four
more conditions on the ¥,” field. We note that in the parametrization ¥,” = eVr’ =
0y + " + ... the field 1,” appears in (4.14) linearly in only one of four different possible
tensor contractions. Explicitly, we can write

Z Bili = fo(Bi,e)Tr[¥] + f1(Bi, e)Trley)] + fo(Bi, e) Trleer] + f3(B;, e) Trleeey] + O(¢?),

(4.15)
where the f;’s only depend on the vielbein e® and the constant parameters ;.

Therefore, if we can use the four remaining gauge symmetries generated by the
pri-tn ’s to gauge fix these four interactions to zero, the gauge fixed action will be
quadratic and higher order in ¢, v,” = 0 will solve the 1 equations of motion and af-
ter integrating out ¥ our action will coincide with the usual dRGT action written without
any Stiickelberg fields, establishing dynamical equivalence.

A calculation demonstrates that the transformation generated by the P ’s causes
Y,” to transform as

bt = U =1 + % (Ouc” + 0cy) + O(2,1pe,9?) . (4.16)

We can fix the desired gauge if we can choose the four independent components of ¢* to
simultaneously satisfy the four equations

Tv(0c] = —Try]
Trledc] = —Tr[ey]
Trleedc] = —Trleey)]
Trleeedc| = —Tr[eeey)], (4.17)

where [0c],” = 1 (9uc” + 8Vc,) and [e],” = €,%6%. We cannot explicitly give the solution
for ¢*, but as (4.17) represents four non-linear, first order PDE’s, solutions for the four
components of ¢* are expected to exist. Assuming existence, we can then consistently set
Y,” = 0 everywhere and the mass terms (4.14) reduce to the original dRGT form

L1 = €qpea€® A€’ A et A 1?

Lo = €gpeqe® Ne® A1° A 17

L3 = egpeq€® N1 A1 A1 (4.18)
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4.5.3 A parity-violating operator

Sticking to simple wedge products, we find that there is one more interaction we can
generate which is not of the dRGT form,

L= 0y AQEAQYAQY, (4.19)
which when gauge fixed takes the form
L= nabncdla A e’ A1EA et . (420)

An analysis similar to that of [18, 52] demonstrates that this parity-violating interaction
is also at most linear in the lapse and the shift, and is therefore expected to be a healthy
term which does not regenerate the Boulware-Deser ghost.

Unfortunately, this potentially novel mass term is trivial on the usual branch of the
theory. Writing the interaction out in components, it is given by

L d*z e“a”beweyb, (4.21)

where e, is the vielbein, so this term depends only on the anti-symmetric parts of the
vielbein. Following [18, 52] again, we can decompose the vielbein into a Lorentz transfor-
mation times a constrained vielbein e,* = ewabéub, where wg, = naa/wa/b is antisymmetric
and €,, = é““,naa/ is symmetric. Since the e¥"® factor is a local Lorentz transformation, it
cancels in the Einstein-Hilbert term (which is built out of LLT-invariant combinations of
the vielbein) and only appears in the mass terms. Expanding the dRGT mass terms and
L' in powers of w, their structure is such that the linear pieces vanish and they all start at
O(w?). Hence, the w equation of motion is solved by'? w = 0 and we can replace e, by the
symmetric vielbein €,* everywhere — a replacement which causes £’ to vanish. However,
on a non-trivial branch of the theory on which w # 0, £ may play a non-trivial role.

4.5.4 Other interactions

So far we have only constructed the dRGT terms. While it is very intriguing that they
are more or less the simplest terms we can write down, they do not possess any particular
symmetries not shared by other terms we could write down. Indeed, we can also form
non-dRGT terms using wedge products, for example:

L= Eacefnbanb AQUAQENQ = Gacefnbdwab AwA1e AL s (4.22)

where after the equal sign we have gone to gauge fixed form in which this term involves two
powers of the spin connection. Even further, when constructing an EFT one must include
all operators compatible with the symmetries of the problem and there is no physical reason
to concentrate only on terms we can write as wedge products. Generically we can define
“covariant derivatives” of Goldstone fields in the coset construction, which proceeds as
follows. We expand the MC form as Q0 = dz"Qp,* P, + ..., in which the coefficient Qp,*

12The ability to set w = 0 is crucial for equating the vielbein and metric formulations of dRGT [53)].
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defines a type of vielbein. Given a set of broken generators that transform as an irreducible
representation of H, say Z,, the covariant derivative of the associated Goldstone fields is
given by D,£%, which is defined through

Qza = d.I‘MquVDl,ga . (4.23)

Symmetry preserving interactions can then be formed by contracting factors of D,£® in
H-invariant ways.

In the case at hand we have Qp,* = ¥, * and if — for instance — we take the Z,’s to
be the internal translation generators P,, then we obtain the covariant derivatives

D¢ = (qj_l)uuébaeub7 (4.24)

where e, is the vielbein of GR. We see that this covariant derivative prescription simply
affixes the correct factors of ¥,” and (:)ab to the vielbein e, such that the usual diffeomor-
phisms and LLT’s of e, are translated into an SO(1, d)global X SO(1, d)spacetime rotation.

In order to make invariant actions using the covariant derivatives we just need to
contract indices using H-invariant tensors. For example, staying with D,,¢% we could build
potentials from polynomials of n“”nabD#(b“Dl,(bb. Going to gauge fixed form, we find that
these are nothing but potentials built from 7*¥g,,, .

More generally we will be able to construct arbitrary potentials built from metric
fluctuations h,, = g — M Wwith only the requirement that we contract indices with
n*¥. Therefore, the symmetry breaking pattern is not restrictive enough to single out the
dRGT potentials as the unique, generic interactions which control the low energy EFT.
As discussed previously, this is the expected outcome, as it is known that loop corrections
from the dRGT interactions generate terms which are not of the dRGT form, indicating
that there are other interactions which share any retained symmetries of dRGT (provided
symmetries are not broken by the regulators used in the quantum calculation) [16].

5 Bi-gravity and multi-metric theories

Finally, we note that our formalism extends in a straightforward way to the case of the
multi-vielbein theories presented in [18] (further explored in [54-57]), of which ghost-free
bigravity is a limiting case. Below we provide a sketch of the construction.

5.1 Symmetries and algebras

In order to construct a theory of A interacting vielbeins we take the group of symmetries,

G, to be
N

G =[] [150)(1, d)iocar x Diff;y(d + 1)] (5.1)
i=1
which contains A commuting factors of our local Poincaré algebras generated by
0,0 0,0
(‘;)1 o a(i),J(‘S whe oy i € {1,...,N'}, and N commuting factors of the diffeomor-
phism group generated by P”Y)“'”S)M(i), with a®, () e {0,1,...,d}. Any two generators
indexed by 7 and j will commute when 7 # j. When ¢ = j their commutation relations will

simply be those given by (3.2) and (3.3).
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5.2 Interacting theories

In order to construct the ghost-free, multi-vielbein interactions of [18] we need to choose a
different preserved group H. There, the studied interactions were of the form (sticking to
d+1=4)
b d
L~ €abcde((li) A e(]) A e?k,) A e(l) s (52)

for arbitrary choices of 4, j, k, . Any choice of i, j, k,[ will lead to an action with the proper
primary constraints necessary for ghost freedom. These interaction preserve a diagonal
LLT group and an independent diagonal diffeomorphism group and hence the appropriate
choice of preserved subgroup is

N N
= (H SO(z) (17 d)global) X (H GL(Z) (d + 1)) ) (5'3)
diag diag

i=1 i=1

(1)
where the first factor is generated by % Z{\il J(i) 4(0p() and the second by Zi\i 1 P(’;) L. The

resulting MC form components will be the analogues of (4.8) in highly Stiickelberged form.

This construction now allows us to contract any pair of upper and lower Greek indices
together, irrespective of their i labels, and we can contract any two Latin indices together
as long as we contract using any of the (Hi\il SO(i)(l,d)global)diag invariant tensors, i.e.

n or € with any combination of indices. For brevity, we can then drop the ¢ labels on
the Latin and Greek indices in this construction, since they no longer represent important
distinctions.

For our purposes here, it is easiest simply to work in gauge fixed form in which all
of the fields analogous to ©,% and U,” in (4.8) are set to zero. Having done so, the only
rule for constructing actions is that they must still obey the preserved global symmetry,
i.e. Hglobal C H defined by

N
global (H SO 1 d global> X (H SO(L d)spacetime) . (54)
diag diag

i=1
5.2.1 Bi-gravity

Specializing to the case of N = 2 in d + 1 = 4 we arrive at the case of four-dimensional
bi-gravity in which we give an Einstein-Hilbert term to each of the vielbeins and construct
ghost-free interactions using contractions with e. Explicitly, in the notation of [18], the
standard ghost-free bi-gravity action in d + 1 = 4 is given by

M2 M2 ’I’)’L2]\42
S = 9/d4x det (6’(1)) R[e(l)] + 2/d x det (6(2)) R[e@)] - L /ﬁint, (5.5)

where M?g = 1/(Mg_2 + MJTQ) and

B b c d B d
Eint Al Eabcde( 1) A\ e(l) A e(l) A e( ) 31 6abcde( 2) A e(l) A e( 1) AN e(l)
+ P2 e, A e A e ﬁ el Aeb, Aeb el
71 Cabed®(z) A €(2) N €{y) A (1) + Sreavcaly) A\ ey A ez) A ey
4' Eabcde( ) A e( ) A\ e( ) A eé) . (56)
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The two vielbeins define the two metrics g = e?l)el(’l)nab and f = e‘(l2)el(’2)77ab, each with its
own corresponding Planck mass, M, and M}, respectively.

Working in gauge fixed form, we see that indeed all of these forms can be created in
our present construction. Moreover, considering wedge products, there is an additional
parity violating term we can generate which is consistent with all the required symmetries.
In gauge fixed form, this is

L'~ %b??cde‘(ll) N el()g) N efl) A eflg) ) (5.7)

which is nothing but the analogue of the trivial mass term found in the dRGT case (4.19).
Again, the analysis of [18, 52] demonstrates that this parity-violating term £’ is at most
linear in the lapses and shifts of the two vielbeins and hence potentially ghost-free.

In the dRGT case we found that the £’ term was trivial on the normal branch of
the theory, and we will find the same here. Given our two vielbeins e(;),* and e(s),* we
consider their contraction in the form e?l)ae(g) ub» and then decompose the first vielbein, say,
as eétl)a = e“’acé?l)c, now chosen such that the combination éé)ce(g) ub 18 symmetric under
b <» c. We can rewrite our term as

L~ det(e() )e“deel(’l)ae(g)ybeﬁl)ce(g)ud , (5.8)

and so if we expand our decomposition in powers of w the expansion starts at O(w?).
Therefore w = 0 remains a solution, and on this branch £’ vanishes. Again, if there exist
branches of the theory on which w # 0 then £’ may play an important role.

5.2.2 Multi-vielbein Theories

The case of N > 2 interacting vielbeins in d+1 = 4 proceeds similarly. Again, each vielbein
will acquire its own Einstein-Hilbert and cosmological constant terms and the fields can
interact through potentials constructed by wedging together vielbeins'® and contracting
Latin indices with either € or 7.

First, consider generating potentials by only using the bi-gravity interactions of the
form (5.6), so that there are at most two distinct vielbeins interacting at a given vertex.
Following [18], we can depict these theories by drawing a node for each type of vielbein
and drawing a line between any two nodes whose corresponding vielbeins interact via a
bi-gravity vertex.

Any theory constructed in this manner whose depiction is free of closed loops is known
to be equivalent to a metric theory on any branch in which the bi-gravity type symmetry
condition eé)[ae(j)\#\b] = 0 holds, for any two vielbeins which interact with each other.
This is the case independent of the parameters appearing in front of the bi-gravity type
potentials. For such theories, we can consider adding our parity violating operators of the
form ~ Uabﬁcde?i) A el(’j) A efi) A e‘(jj),

impose the symmetric vielbein conditions eé)[ae(j)‘ b

but again they vanish on the normal branch where we
| = 0.

3There are, of course, other interactions which obey the relevant symmetries, but we choose to study
only these special potentials which lead to our desired primary constraints.
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If there are closed loops in the depiction of the theory, or if more than two types
of vielbeins interact at a given vertex, however, it is no longer consistent to impose the
symmetric vielbein conditions and instead the restrictions we impose depend on the details
and parameters of the interactions used. In this case, our parity violating operators may
no longer vanish on the primary branches of the theory and may be as important as any
of the other constraint preserving interactions.

6 Conclusions

The dRGT theory of massive gravity provides the optimal (i.e., highest strong coupling
scale) low energy starting point for any putative theory of General Relativity in a Lorentz
invariant Higgs phase on flat space. Ideally, one should seek an explicit microphysical
model that connects the high and low energy endpoints of the gravitational sector through
spontaneous symmetry breaking via associated Higgs fields in a manner analogous to the
breaking of Yang-Mills theories. However, such a construction has remained elusive and
we therefore turn to more oblique studies.

In this paper, we have approached massive gravity (and in particular dRGT) through
the general framework of nonlinear realizations. Such a study requires an understanding
of how to apply coset techniques to gauge theories and in exploring spontaneously broken
GR we have relied heavily on previous work [14] which developed the implementation of
these methods with respect to spontaneously broken Yang-Mills theory.

The study of non-linear realizations has a long history, as can be seen in the extensive,
yet incomplete, set of references [7—14, 17, 27, 30, 31, 36-44, 46, 58-60], and correspond-
ingly some facets of our work echo previous results in the literature. We do not claim
that the general methods employed here are entirely novel; indeed the use of coset tech-
niques in studying gauge theories where spacetime symmetries play an important role can
be found in several of the quoted references above. Instead, it is our specific constructions
and applications that are new. Our particular formulation of General Relativity in coset
language has the conceptual advantage that both local Lorentz transformations and diffe-
ormorphisms have equal footing as non-linear symmetries of the system, whereas (to our
knowledge) previous constructions only focus on one of the two groups. This conceptual
advantage then turns into a technical one when broken phases of gravity are considered. It
is essential for constructing dRGT-like massive gravity theories that the residual symme-
try group becomes a diagonal subgroup of LLT’s and diffeomorphisms, as is made explicit
through our methods. The steps which lead from the construction of GR to that of a
dRGT phase would be much less straightforward in any construction different from ours.

We have focused on the search for the most highly restrictive symmetry breaking
pattern (i.e., the pattern with the most retained symmetries) whose low energy theory
will admit terms of the dRGT form. Once found, this provides a systematic method for
determining the allowed interactions of the effective field theory and can help guide future
searches for microphysical models.

The appropriate symmetry breaking pattern we found is to preserve the diagonal sub-
group consisting of global Lorentz transformations and the corresponding diffeomorphisms
which also generate a global SO(1,d) transformation. Further, this was demonstrated to
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be the largest possible preserved subgroup consistent with our requirement that the dRGT
terms appear in the low energy action. As expected, there are additionally a host of other
non-derivative interactions (and higher derivative interactions, see [61-66] for more on the
possibility of ghost-free higher derivative terms in massive gravity) which obey the required
symmetry and are not of the dRGT form.

Among these non-dRGT potentials is the parity violating operator

L'~ ngpneae® AN 1P A e A 1Y (6.1)

the wedge structure of which ensures that it is at most linear in the lapse and shift, and
hence preserves the constraint structure required to remove the Boulware-Deser ghost.
However, the normal branch of the theory enforces the symmetry condition ef,,) = 0 which
causes this interaction to vanish. This parity violating term could still play an important
role on non-trivial branches of the theory.

Finally, we have extended our methods to the cases of bi-gravity and multi-vielbein
models. These are natural extensions of the coset construction of dRGT and we are able to
reproduce the theories of [18]. New parity violating interactions were again found in both
of these cases, but we leave it to future work to determine whether these have non-trivial
effects for any classes of the multi-vielbein theories.
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A The GL(d + 1) connection and related terms

The preserved subgroup in the construction of GR was SO(1, d)global X GL(d + 1). Each
factor in the preserved subgroup has an associated connection, given by the component
of the Maurer-Cartan form along the relevant generator. For the SO(1,d)goba factor,
this is the familiar spin connection, after appropriate inverse Higgs constraints have been
enforced. The connection for the GL(d + 1) factor was ignored, however, as it does not
end up playing a role in the construction of GR. In this appendix, we explore this ignored
connection and related quantities for completeness.
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The GL(d + 1) connection is the component of the Maurer-Cartan form which lies
along the P*, generator. The coset element for GR (3.6) contains an infinite number of
factors, but only a few are relevant for the present calculation. It is sufficient to work with

g = e PueXu P () (A1)

which leads to
g 'dg = da"P, — 2xap"dz* PP, (A.2)

and hence the GL(d + 1) connection one-form is simply given by Q3" = —2x,"dz®. This
cannot be rewritten in terms of other fields via inverse Higgs constraints. The relevant com-
mutator to examine is [P, PA,] = —52‘P,,, but setting the right side to zero is nonsensical
as it sends z# — 0 and in any case such a replacement would not lead to an identification
between x,z” and any other fields in the theory.

The connection itself only appears in the covariant derivative used to couple exter-
nal matter fields which transform under GL(d + 1) to the fields used for the non-linear
realization. However, Xx,3"” has no dynamics on until we give it a kinetic term which re-
quires finding higher order pieces in the Maurer-Cartan expansion, i.e. those along P,
and similar generators with more Greek indices. These correspond to the curvature tensor
associated to the connection w’ and covariant derivatives thereof, after inverse Higgs.

All such terms have been ignored in the text because they they are difficult to build
actions from and they do not end up affecting the physics anyway. Apart from matter
covariant derivatives which involve (15", the only building blocks at our disposal which
have only Greek indices are ¥, Q,g", Q,g,", etc. Attempting to build invariant actions
using only these pieces, we quickly find ourselves to be very limited. The residual GL(d+1)
symmetry forces us to contract each upper Greek index with a lower Greek index (raising
and lowering of Greek indices is not allowed) and we find that there are only two possible
ways to wedge together any of the above terms to create a 4-form whose indices are all
appropriately contracted,

QR A Q) AQ%A Qs
L~ < or . (A.3)
QR A QP AQYAQup”

Both are O(curvature?) and considered to be subleading corrections, though it is pos-
sible that further study of these terms could be interesting. If we then consider mixed
terms which also use components with Latin indices, then we can try wedging the
above ingredients together with Qa,Q““,Quab, etc. and we’ll find that the only invari-
ants we can make are those which already appeared in the GR construction, such as
d*z V—9R X €4pca2% N QP A QM A Q#Cd. No such invariants are constructable using 2,3" or
other terms with more indices. Since these are the only terms involving dynamical fields
(Q* only contains the coordinate z*), we see that x,g” and related fields never couple to
the vielbein or spin connection. As we're only interested in the latter quantities, we ignore
the GL(d 4 1) connection and associated quantities in the text.
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