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1 Introduction

Recently there has been a resurrection of interest in studying various low energy limits
of scattering amplitudes. Of particular interest are situations which exhibit universal be-
havior; that is, when the limiting behavior of an amplitude factors into a product of a
universal “soft factor” times a lower-point amplitude independent of the soft particles.
Such cases are called “soft theorems”, the most famous of which may be Weinberg’s classic
soft (photon, gluon, or graviton) theorems [1]. Other theorems include [2-7] as well as,
much more recently, the subleading and sub-subleading graviton theorems of Cachazo and
Strominger [8] (see [9-24] for further developments and applications).

Strominger and collaborators [25-33] have argued that all of the known soft and sub-
leading soft theorems may be understood as consequences of large gauge transformations.
That is, transformations which fall off sufficiently rapidly at infinity such that they must be
considered consistent with the asymptotic boundary conditions defining the theory, while
sufficiently slowly that they act nontrivially on asymptotic scattering states. In the case
of gravity, the relevant “gauge transformations” are of course diffeomorphisms, and the
relevant asymptotic symmetry group (in four-dimensional Minkoswki space) is the Bondi,
van der Burg, Metzner, Sachs group [34-38]. It has been shown using the CHY scatter-
ing equations [39] that the subleading and sub-subleading graviton soft theorems hold for
tree-level graviton amplitudes in any number of space-time dimensions, suggesting that an
analog of the BMS symmetry should be relevant more generally [25-33, 40-43]. Pertur-
bative theories at null infinity realizing these symmetries have been proposed in [44-47].



The issues regarding possible loop corrections to the subleading soft theorems were studied
in [48-51].

Double-soft limits (where two particles are taken to have very low energy) have also
received a lot of attention in the literature, both in the earlier works [52, 53] and more
recently. For example, Arkani-Hamed et al. [54] have shown that the double soft limit of
scalars in N/ = 8 supergravity exhibit the expected E7(7) symmetry of the scalar moduli
space, in a manner analogous to the classic soft-pion theorem of [52, 55]. This result was
recently extended to the four-dimensional supergravity theories with A/ < 8 supersymme-
try, and the N' = 16 supergravity in three dimensions in [56]. Furthermore, supergravity
amplitudes in both four and three dimensions with two soft fermions were studied in [57],
and new soft theorems were proposed. New double-soft leading and subleading theorems
for scalars (and leading for photons) were also studied in various theories such as DBI,
Einstein-Maxwell-scalar, NLSM, and Yang-Mills-scalar in [58]. Kac-Moody structure has
been found for the four dimensional Yang-Mills at null infinity [59], where double soft limits
play another important role.

In this paper we derive several new soft theorems for tree-level scattering amplitudes
in gauge and string theories with more than one soft particle. We derive the universal
behavior of amplitudes with two or three soft gluons. It is known that when the soft
gluons have identical helicities, the result can be obtained simply by setting the gluons to
be soft one by one, thus we focus on the non-trivial cases when the soft gluons have different
helicities. Indeed we find that for these cases the soft factors are a product of the individual
soft-gluon factors with certain non-trivial corrections. We first derive theorems from the
BCFW formula in four dimensions [60, 61], and further extend our results with double-soft
gluons for gauge theories in any number of dimensions by using CHY formula [39]. We
check that our results are consistent with the fact that if the soft limit is taken in order
then the soft factors reduce to a product of the single-soft factors given by Weinberg. We
also note that, in contrast to the gluon case, amplitudes with multiple soft gravitons can
always be obtained by simply taking the gravitons to be soft one by one.

We then proceed to study amplitudes in ' = 4 and pure N' = 2 Super Yang-Mills the-
ory (SYM) with two soft scalars or two soft fermions. We find that the double soft behavior
is governed by R-symmetry generators acting on a lower-point amplitude, resembling the
results of supergravity theories found in [54, 56, 57], although the vacuum structure of
SYM is quite different from that of supergravity theories. Finally, we consider double-soft
scalars in the open superstring theory. Unlike the double-soft-scalar theorem in N’ = 8 su-
pergravity, which would receive a’ corrections if one tried to extend it to closed superstring
theory, we find that open superstring amplitudes satisfy exactly the same double-soft-scalar
theorem of SYM at o/ = 0. Given the similarity of the double-soft theorems of SYM and
those of supergravity theories, it would be very interesting to understand if any of these
theorems could have an interpretation as hidden symmetries.

The paper is organized as follows: In section 2 we derive the double-soft-gluon the-
orem for tree-level amplitudes in gauge theories using the BCFW recursion relations for-
mula (2.10), which may be recast into a different form (2.12), and we further extend the
results to arbitrary dimensions resulting in formula (2.28). Then, in section 3 amplitudes



with three soft gluons are considered. In the following section 4 we comment on multi-soft
gravitons. Subsequently, in section 5, we explore the universal behavior of amplitudes with
two soft scalars or two soft fermions in supersymmetric gauge theories, including ' = 4
SYM as well as pure N/ = 2 SYM, with main results given by (5.13) and (5.28). Finally, in
section 6, we prove that the newly discovered double-soft-scalar theorem in SYM can be
extended to the open superstring theory without any o’ corrections.

Note added. After finishing this work, we became aware of a related work by Klose,
McLoughlin, Nandan, Plefka and Travaglini, which has some overlap with our paper [62].

2 Double-soft gluons

2.1 Double-soft gluons from BCFW recursions

We start by considering color-stripped amplitudes in gauge theories with two adjacent
gluons taken to be soft. It is straightforward to see that if the two gluons have the same
helicity, then the two gluons may be taken soft one at a time. Moreover it is evident from

(n2) (n3)

plziinoplligloA(1+,2+,3,...,n) - ) (12) <n2><23>A(3,...,n)
_ ) (13) (n3)
plllr_>n0p121r_>n0A(1+,2+,3,...,n) — 12)(23) <n1><13>A(3,...,n) (2.1)

that the result is independent of the order in which the two gluons are taken soft.

A similar simple calculation shows that if the two gluons have different helicities, then
the result cannot be given by a product of two single soft factors obtained by taking the
gluons to be soft one by one. Therefore this is the non-trivial case we are interested in,
namely we would like to study the amplitude A(1%,27,3,...,n) in the double-soft limit

pi2 — Tpr2  with 7 —0. (2.2)

We will use the standard spinor-helicity formalism for the four-dimensional massless par-

ticles throughout this paper:
Pae = Aada,  (if) = agAiN],  [i] = €55 A0N] (2.3)

7

and realize the soft limit by taking
)\172 — \/’7—)\172 and 5\1’2 — \/F;\LQ. (2.4)

Using the BCFW recursion relations [60, 61], it is straightforward to see that the two
dominant diagrams that contribute in the limit at hand are

3 2 3




with the following BCFW shifts
)‘i =X+ 2z, 5\1-1 = S\n — 25\1 . (2.6)
Let us now analyse the two contributions separately. First for diagram (a) we have

_ [13]*
®) ™ 119)(23][3P][P1] 195

[13]°(n3)

An-2 = GO0 TlT + 2[3]5199

Ay, (2.7)

where we have used the fact that P — p3 in the limit; hence this result is independent
of whether particle 3 has positive or negative helicity (in the above calculation we have
chosen it to be positive). Now, the second diagram (b) gives

~

PL? : PP [n3)

0 = Tzepje, " Pl PP

Ap—2(3,...,n), (2.8)
where in the second expression we have used the fact that p; = p, in the limit, and we
also applied the single-soft theorem for the soft leg P. After some simplification, we find

(n2)3[n3]
(n1)(12)(n|1 + 2[3]sn12

A(b) — An_g . (29)

Adding the contributions from the two diagrams together, we obtain the final result for
two soft gluons having different helicities,

. _ 1 [13]*(n3) (n2)3[n3]
plm AQT273,0m) 2 <[12] 235103 <n1><12>sn12> Anz- (2.10)

As typical for amplitudes computed from the BCFW recursion relations, the result contains

a spurious pole We will show that it indeed cancels out between the two terms

1
(n]1+2]3]"
at leading order of the soft limit, as should be the case. Now, if on the other hand we take
the soft limit in succession, namely say take p; to be soft first, then the first term in the

soft factor is subleading, and the second term simplifies to

1 13P(n3) _ (n2)%n3) (n2) o3
(nl1+2[3] <[12] 23515 <n1><12>8n12> =0t Gy (12) B2Ra) (2.11)

which is precisely the product of two soft factors of a positive gluon and a negative gluon,
with the positive gluon p; being taken soft first.

Although the above result (2.10) is very compact and nicely reduces to a product of
two soft factors, if we take the soft limits in succession, it is specific to four dimensions
and as a natural property of using the BCFW recursion it contains a spurious pole. In
the next section we will use the CHY formula for pure Yang-Mills tree level scattering
amplitudes [39] to derive a further formula for the universal double-soft-gluon factor. This
result will be valid in any dimension, for any helicity combination of the soft gluons, and it
will be manifestly free of unphysical poles. When the two soft gluons have opposite helicity,



the comparison of the result obtained from the CHY formula and (2.10) will yield agreement
and provide us with the intuition to recast the above into the following equivalent form

| ) n2) 13 DY13](32)  [1n](n2)[23]
plim AT, 27.3, ) = o ol (” ss(n2) T sma[13] )A“'

(2.12)

Therefore, we see that the alternating helicity double soft gluon factor is composed of the
product of two single soft gluon factors plus a non-trivial correction.

2.2 Double-soft gluons from CHY

As we mentioned earlier, in this section we will reconsider the double-soft-gluon limit
making use of the CHY formula for tree-level scattering amplitudes in pure Yang-Mills,
valid in arbitrary dimensions [39]. The CHY formula for an n-point gluon scattering
amplitude is given by

n n
(0pg0qrovp)(0ij0jkOk:) 2(—1)mtw
A — do q%¢r9rp)\Tij0; 5 2D B (gma
! E ‘ 012023...0n,1 g (fa) Tmw ( m,w)>
FPT a#i,j.k
where 045 = (0i — 0j) and fo = 32, "”g"zb. Upper and lower indices on the matrix W

denote removed columns and rows respectively. The indices p, q, 7,1, 7, k, m and w can be
fixed arbitrarily without changing the result. The 2n x 2n dimensional matrix ¥ is given by

A _ T
U = ¢ ,
C B
where the n x n dimensional sub-matrices are
ka-kp b €a€p b €akp b
Aab — oap a 7£ ’ Bab _ Tap a ?é 7 Cab _ Tab , a # ‘
0 ,a=b 0 ,a=b 7Z7§=1€;i,a:b

Here k4 are external leg momenta, and the €4 are corresponding polarization vectors. The
product of delta functions enforces the scattering equations and saturates all integrals.
With this the integration reduces to a sum over all solutions to the scattering equations.

We want to make the external gluon momenta k| and k% soft by substituting k{" — 7k/'
and k5 — 7k4 and considering 7 — 0. It is essential to send both momenta to zero
simultaneously in order to capture the double soft factor structure. We choose not to erase
indices (1) and (2). With this we have to isolate the extra terms in A4,, as compared to A,_»
and integrate out o; and o9. While doing so we will only keep the leading contribution in
the 7 — 0 limit, to obtain the leading double soft gluon factor.

First we notice that at leading order in 7 the entire o1 and oy dependence in A,, apart
from the pfaffian Pf (U5;7%y) is contained in

/ dodoy— "5 5(11)5(f2). (2.13)

O0n,101,202.3



Another 0,3 term in the denominator is suppressed, which will help restore the proper
Parke-Taylor factor for the (n — 2)-point amplitude case. As in [58], we can make the
convenient variable transformation

01:P_§/27 02:p+§/27
doydo20(f1)0(f2) = —2dpd&6(f1 + f2)d(f1 — f2), (2.14)

and immediately integrate out 6(f1 — f2) using the variable . This will introduce a sum-
mation over all solutions £ for the equation f; — fo = 0, and an overall factor of 1/F(§),

where
F&) =L - f) (2.15)
_df 1 2 .
2
1 1 - ki -k ko - k 1 — ki - ke ko - k.
T ok k (Z( - st>> T3 IS CANNTSRY
1R\ \P=3— 06 PT3—0b c=3 (p—%—0'5> <p+%—ac)

Here we used that on the support of f; — fo = 0 we can always substitute

. 2k1 - ko
z;::g( CES )

P ST

&=

(2.16)

Making use of this, (2.13) becomes

Z dp (f1+ f2) n( ki - Ky ko - Ky ) On3 (2.17)
p

7(k1 - ko) F () b—3 —g—ab - p—i—%—ab O'n,10'273.

solutions £

Before we rewrite [ dpd(f1 + f2) as a contour integral over poles and deform the contour
as usual, we should also extract the extra terms depending on p and £ from the pfaffian
factor Pf (Usy) in order to reduce it to the (n — 2)-point amplitude case. To do that, we
will use the recursive definition of a pfaffian for an anti-symmetric 2n x 2n matrix A:

2n
Pf(A) =Y (—1)iHit1+66-0) g, pf (A;igi) , (2.18)

-
where a;; is an element of matrix A, §(z) is the Heaviside step function, and index ¢
can be chosen arbitrarily. If rows and/or columns are missing from matrix A before the
expansion is applied, the respective indices have to be skipped in the summation. Since
we are ultimately interested in the leading double soft gluon factor, for convenience we
will only keep the leading in 7 terms in the expansion of Pf (Upy). In order to isolate
the leading terms, we recall that the summation over the solutions & in (2.17) features two
types of solutions: non-degenerate solutions for which £ = O(1), and a unique degenerate

solution for which £ = O(7) [58].

Let us first consider the non-degenerate (nd) solutions. The (nd) case is non-trivial,
since equation (2.16) seemingly has to be solved in & for the full non-linear constraint



imposed by the scattering equations involved, yet polynomial roots can be obtained in
closed form for low degree polynomials only. It is possible to derive non-degenerate solution
contributions in this case employing a somewhat cumbersome procedure. However, this
will not be required in the following and will be addressed in more generality in a future
work. Instead, investigation of the soft factor integrand reveals that the necessity of non-
degenerate solutions computation can be avoided here at the expense of fixing a particular
polarization gauge for the two gluons going soft.! This argument works as follows.

In the (nd) case it is straightforward to see that the only leading term in the pfaffian
expansion is given by
PE (W) oy = —CraCaaPE (W30 3) + O(r)

-k n k. o
=3 S 2 pr(wy) +0(n), (2.19)

(nd) —

where for convenience we define the abbreviation

PE (W) = PE(wininiing). (2.20)

Combining (2.17) with (2.19), writing [ dpd(f1 + f2) as a contour integral

Jaosthe = § gt (2:21)

and deforming the contour to wrap around all other poles in p instead, immediately reveals

that there is no pole at infinity and the only residues come from poles at (p+£/2—03) — 0
and/or (p—&/2—0,) — 0 due to the term 0y, 3/(0y,,102,3) remaining from the Parke-Taylor
factor. Keeping (2.19) in mind, this tells us that for any of the non-degenerate solutions
§(na), at leading order in 7 these residues will always be proportional to e3-k3 and/or €; - k.
Therefore, we select the following polarization gauge for the external legs going soft

€9 - ]4}3 =0 s €1 - k‘n =0. (2.22)

In this gauge all the non-degenerate solution contributions to the leading double soft gluon
factor vanish, such that we can concentrate on the degenerate solution only.

Now we compute the degenerate (d) solution contribution. Using (2.16) we can
straightforwardly expand the degenerate solution {4y to leading order

2k - ko

LS —— O YeE Y (2.23)
(k1—k2)-k
Zb 3 lp 02'b :

§ay=T

!The lost gauge invariance in the final result is recovered once we convert it to spinor helicity formalism.



All the terms appearing in (2.17) are expanded to leading order in 7 analogously. The
expansion of the pfaffian features three leading terms in this case:

Pf (\Pm:g)(d) = (317214172 + 017202,1 — 01710272) Pf (‘1’%’&”) + O(T)
1 €1-€2  (e2-k1)(er - k) 9
_1 N g 9.24
1 [(/ﬁ.i@ (- ha)? - (2.24)
€1 - ko " €1 k; € - k1 " €2 - kj ,
+ S -2 S+25° 25 )| pf (wmw) 4
<k1'/€2 Z;P—Uz‘) k1 - ko j;p—aj ()

+0(7),

where S =%} 4 (klp__%, and we used the abbreviation (2.20). Again, we combine (2.17)

with (2.24), write [ dpd(fi + f2) as a contour integral (2.21) and deform the contour to
wrap around all other poles in p instead. Analogously to the non-degenerate case we see
that there is no pole at infinity, and the only two contributing residues come from poles
at p— o3 — 0 and p — 0, — 0. Dropping Pf (\I/;:Ln,ﬁf)), which is part of the (n — 2)-point
amplitude and not the double soft gluon factor, both these residues are of the following

type at leading order in 7:
L (ki —kit1) - Ky |:€i €iy1 (€ig1 - ki)(e - ki)

q ——
i =5 (ki + Kit1) - Ky

— 2.2
ki - kit1 (k; - kig1)? - (2:29)

(Q’ kit 2¢; - ky > <€i+1 ki 2641 - Ky >]
+ - + .
ki ki (ki —kiv1) kg ) \Ki-kiyn (ki = kig1) - kg

With this we conclude that the leading double soft gluon factor for legs ¢ and i + 1 going

soft is given by

0 i i—
Si(,z')+1 :<Rz‘;ﬁl - Ri,iJlrl) (2-26)
1 1€ €41 €ir1 - ki )
= 5 ki — kiy1) - Kiyo — i ki
(ki + kiv1) - kigo (2 ki - ki+1( +1) kit ki« kit i

1 <1 € " €it1
(ki + kiv1) - ki1 \2 ki - ki
valid in the polarization gauge

€ - ki
(ki — kit1) - kic1 + Z kH €itl - ki—l) ,
i - Kig1

€; kil',l =0 5 €i4+1 - k?iJrQ =0. (227)

Despite its first glance appearance, the double-soft factor (2.26) is not manifestly anti-
symmetric under ¢ + 2 <» ¢ — 1, since this symmetry is broken by the gauge choice (2.27).
This is consistent with the results of the previous section.

Therefore, the particular computation above for legs 1 and 2 going soft in an n-point
amplitude gives the following factorization in the double soft gluon limit

lim A, +5%)A, (2.28)
p1~p2—0 ’
1 1e e € - k1
- h ko — ko) - ks — &
[(k1+k2)-k3 <2k1-k)2( ! 2) 3 kl-kgq 3)

1 1er-e €1 - ko
— - k _k k;n kn n—=2o
(k1 + ka) - Fon <2k1-k2( I L e )]A ?




valid in the gauge (2.22). Here we emphasize again that since the above result is obtained
from the CHY formula, it features only physical poles, it holds in arbitrary dimension and
for all helicity combinations of the two soft gluons.

Let us now compare (2.28) to the result (2.10) obtained from BCFW. Specifying to
four dimensions and selecting (17,27) helicities for the soft gluons, we use the following
standard dictionary to translate Riz and R}, into spinor helicity formalism:

N TSR N (2.29)

Here we have selected proper reference spinors to account for the gauge (2.22).2 Anticipat-
ing that RiQ and RY 5 roughly correspond to the two terms that are summed in (2.10), we
notice that R‘I”Q already features an sj93 = k3 - (k1 + k2) and R 5 an sp12 = ky, - (k1 + ko) in
the denominator. So in both cases we introduce an extra factor of (n|1+ 2|3] in numerator
and denominator, and expand the numerators. The Schouten identity then yields a slight
simplification such that the terms in the numerators separate into an expected part and
a part proportional to sj23 or s,12 in the two cases respectively. Finally, subtracting the
resulting RY 5 from RiQ displays some cancellation and we are left with exactly the terms
appearing in (2.10).3

Similarly, we can show that selecting the soft gluons to be of the same helicity, i.e.
(11, 27), the double soft gluon factor (2.28) reduces to the product of two single soft factors.
Here we also use:

_ [24G3) (n3)[21]
e ki = V232) e ey n1)(32)° (2.30)

In this case no strategic term manipulations are needed. R{”Q directly reduces to half of
the expected result and RY, to minus half of it, so that (Ri)”2 — R{,) properly gives what
we expect.

3 Triple-soft gluons

With results of the double-soft limit at hand, we can go on to study the universal behavior
of scattering amplitudes with multiple gluons being soft. Here we will take a look at the
triple-soft limit, which is a natural next step beyond the double-soft limit. Again the non-
trivial cases occur when all soft gluons are adjacent. Beside the straightforward case of
all soft gluons having the same helicity, there are two helicity configurations of interest:
A(1T,27,37,...) and A(17,27,3T,...), where 1,2 and 3 are the soft legs.

2Note that the specific choice of reference spinors merely facilitates the proper conversion of the re-
sult (2.28) to spinor helicity formalism. Once the conversion is done, full gauge invariance is recovered for
the final result in spinor helicity language i.e. (2.12).

30ne should keep in mind that in spinor helicity formalism factors of v/2 from the amplitude are absorbed
into the coupling constant in front. In case of the double soft gluon factor this amounts to an overall extra
factor of 2 which is suppressed in (2.10).



Let us begin with the first case, A(17,27,37,...). It is easy to see that the following
BCFW diagrams are dominant in the soft limit

Since the calculation is similar to that of the double-soft limit, we will be brief here. The
contribution from diagram (a) to the soft factor gives
St [P1J3 3] [n4]
) 12)[2P]s15 [0 P)[P3] [13][34]

(3.2)

where we have used the fact that P is soft, as well as the result of the double-soft limit with
two negative-helicity gluons. Specifying P in terms of external momenta, the soft factor
simplifies to

. (n2)3[n4]
S0 = @B m K (33
where K; ; =k; + ...+ k;. Similarly, diagram (b) gives
PP ) [n] (n] 1 -
(®) [12][23][3P]s123 [aP][P4]  [12][23](n|K12[3](n|K123]4]s1235n125 '

Finally, for diagram (c) a couple of remarks are in order. First we note that if gluon 4
has positive helicity, there are two allowed cases for the helicity of the internal line in
the BCFW diagram. However, it is clear that the one diagram with an NMHYV five-point
amplitude on the left-hand side is dominant in the soft limit. Second, just as in the case
of the double-soft limit, the result is independent of the helicity of gluon 4. Therefore, we
can choose it to be negative and conclude

[P1? [14]°(n4)

S0 = DAl 1B K (3:5)

Summing over the three contributions, we obtain the universal behavior of amplitudes with

three adjacent soft gluons

A(F,27,87 4, n) - (3+—— LS 5+——) An_s. (3.6)

(a) (b) (©)

Now we go on to consider the second case of interest, A(17,27,3%,...). The result is given

p1~p2~p3—0

by the same set of BCFW diagrams, but now with the helicity of gluon 3 changed
2- 3" 3t 4

1+ n 1+ il

(a) (b)

,10,



From diagram (a) we have

St = [P1)? 1 ( (P4 (4] . 7[@3]?@4) ) (58)
[12][2P)s12 (4|2 + 3|r] \ (P3)(34) @ P)[P3]s. 5

Sp3a
where we have applied the alternating helicity double-soft gluon theorem (2.10) to the right
sub-amplitude in the BCFW diagram. After some further simplifications taking the soft
limit into account, we obtain
Sttt — (2n)°
(a) (n1)(12) (2| K1 Kp123]4)
(24)3[n4] (n2)(n4)[n3]3
<<23><34><2|K34K1234|n) <n|K12|3]8n128n123> '
Note that it is not allowed to discard the soft momenta ki, ko and k3 in (2|K,1 K,123/4) and

(2| K34 K1234]4) to further simplify the above expressions in the soft limit. For the diagram
(b) we find

4 [13]* (n4) [13]%(n4)
Sty = [12][23][3P][P1]s123 (nP)(P4)  [12][23](n|K12|3](4] Ka3[1]s123 (3.10)

Finally, diagram (c) gives
St _ (24)4 _ <24>4[41]3<n4> (3.11)
) (12)(23)(34)(4P)(P1)s1034  (23)(34) (4| Ka3|1](n|K1234K34|2) 523451234

In conclusion, we obtain the following soft theorem for three adjacent soft gluons with

X

(3.9)

alternating helicities

ALY, 27,34, ) St 4 Sty 3+—+> Apos.  (3.12)

Pi~parps—0 ( (a) (b) (©)

Before we close this section, we would like to remark that both soft factors
Zi:(a),(b),(c) S~ and Zi:(a),(b),(c) S;"~* nicely reduce to a product of a single-soft factor
and a double-soft factor if we take any one of the three soft gluons to be soft first. Finally,
we note that all the unphysical poles appear in pairs, and we have checked numerically

that they all precisely cancel at leading order in the soft limit.

4 Multi-soft gravitons

In this section we comment that, unlike in the case of two soft gluons, the double-soft-
graviton limit is simply given by the product of two single-soft gravitons, independent of
their helicity configuration. For instance, let us consider soft gravitons of opposite helicity
gf * and g5 . Similar to the case of double-soft gluons from BCFW recursion, one needs
to consider the following three diagrams:

(4.1)

— 11 —



In fact, a simple analysis of three- and four-point amplitudes reveals that only the diagram
(a) will contribute at leading order in the double-soft limit. A simple way to obtain the
result for diagram (a) is to view it as an “inverse-soft” diagram [63, 64], where leg 17 is
considered as being added to an (n—1)-point amplitude making use of

M® =3 S (Mo (7,27, ). (42)
i#2

Here the soft factor &7+ is defined as

L (ni)?[i1]
=—5— 4.
Si+(0) = ) (4:3)
In this diagram the shifted legs are p; and p,s, which are given by
~ ~ (In) < ~ ~ (1i) ~
Air =N Ay, A=A+ —1 A1 4.4

In the soft limit we simply have py — p; and p,y — p,. Since po is soft as well, it follows
from the single-soft graviton theorem that the above expression reduces to

My =) 8i+() Y Sa-(/)M(3,...,n) (4.5)
i#2 J#1
with
o [2d][ys1(52)
0= L) (45)
)

order, we have replaced it by the full tree-level amplitude M,,. Finally, we note that the

for any choices of x and y. Considering that Mfla is the dominant diagram at leading
terms S;+(2) and Sy— (1), which are missing in the summation in (4.5), are subleading in
the limit. Thus the result can be alternatively written as

My =) S14(i) Y So-(7)M(3,...,n)
i j#1
~ Y 8- (4) D Si (M3, n)
j i#2
~ ZSl+(i)82_(j)M(3,...,n), (4.7)

being simply the product of two single-soft factors. As mentioned earlier, this confirms
that the leading double-soft-graviton limit can be obtained by taking the gravitons to be
soft in succession, in either order, unlike the case of double-soft gluons. Given the result
of double-soft gravitons, it is straightforward to see that it can be extended to the case of
multiple soft gravitons, such that the soft factor of multiple-soft gravitons should be given
by the product of multiple single-soft-graviton factors for any number of soft gravitons.
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5 Double-soft limits in supersymmetric gauge theories

In this section, we move on to study the universal behavior of scattering amplitudes in
supersymmetric gauge theories (in particular N' =4 SYM and pure N' = 2 SYM) in the
limit with the momenta of two scalars or two fermions being soft. The double-soft-scalar
limit was first studied in A/ = 8 supergravity in [54], where the 70 scalar fields in the theory
parametrize the coset space E7(7)/SU(8). Thus these scalar fields behave as “pions”. As
pointed out in [54], amplitudes in this theory vanish in the single-soft-scalar limit consistent
with the famous “Adler’s zero” [55], and behave universally in the double-soft-scalar limit
in a manner analogous to the soft-pion theorem

. 1 pi - (p1 — p2)
M I 1213 b y — E o ML P oD o
71_11110 n (¢ (;p1)7 JI11213(;p2))3) 7”) 2 i . ( 1 2)( l) JVIn—2 (51)

where (R;)! ; is the generator for SU(8) rotations on particle i
(Ri)! 5 =10, . (5.2)

Recently, this result was extended to more general supersymmetric gravity theories [56],
including 4 < N < 8 supergravity theories in four dimensions as well as N' = 16 super-
gravity in three dimensions. Soft-scalar theorems have been very useful in determining the
UV counter terms in supergravity theories [56, 67, 68]. It is known that for supersym-
metric gauge theories (in particular N’ = 4 SYM), a generic vacuum has mostly massive
particles, and the massless S-matrix only exists at the origin of moduli space. Thus one
should not expect that the scalars would behave as “pions”. Indeed it is easy to see that
the amplitudes in N/ = 4 SYM do not vanish in the single-soft-scalar limit, in contrast
to supergravity theories. However, as in [57], one can still ask whether the amplitudes in
SYM exhibit some universal behavior in certain soft limits. This is what we will explore
in this section.

5.1 Double-soft scalars in A" =4 SYM
The on-shell fields in N'=4 SYM can be nicely packaged into a superfield [65],

Am) = g% +n'pa+ %nAnB $aB + %nAnB n“Yape + ('Prtnt)gT,  (5.3)
where ¢g" is the positive-helicity gluon, 14 is the spin +1/2 gluino, and so on. In this
section, we will consider the limit with two scalars ¢ 45 becoming soft. First of all, as we
mentioned previously, it is easy to see that amplitudes in A" = 4 SYM behave as O(7°) in
the single-soft-scalar limit.

Let us now consider the double-soft-scalar limit. First we note that when the two
soft scalars are not adjacent, the amplitude is not singular, and thus it cannot behave
universally under the soft limit. So we will only consider the case where the two soft
scalars are adjacent, which is singular and therefore universal. To be precise, we take p;
and py to be soft. Furthermore, if two scalars have no common SU(4) index, they form
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a singlet and the leading singular result should simply be given by the single-soft gluon
limit. However, as pointed out in [56] for supergravity theories, one can extract interesting
information about this case by introducing suitably anti-symmetrised amplitudes. This is
particularly relevant to pure N' =2 SYM where two scalars can only form a singlet, which
will be discussed in the next section. Here we will focus on the case where two scalars do
not form a singlet, as was considered in [54] for A/ = 8 supergravity. For this configuration
it is easy to see that the leading contribution arises when two soft scalars have one and
only one common SU(4) index. In terms of the BCFW representation of the amplitude,
there are two leading contributions in the double-soft limit:

After integrating out 75, the contribution (a) is given by

2B P2 P3 .
(1P W (m + 2151;772 + ﬁ%) o[- 2y o
(12)(23)(3P)(P1)s125

Aw) = / d*md*noni'nPngng

0
x exp | zpm—=—— | An— 5.5
p<p771877n) n—2 (5.5)
where the integration over n’s selects the soft legs 1 and 2 to be scalars. Note that, as
mentioned above, we are interested in the case where two scalars have one common SU(4)
index. We have applied the super BCEW recursion relations [54, 66], with shifts chosen as

A=A — 2\, A = A+ 201, N = Nn + 211 . (5.6)

Finally, we have written the shifts in A, _o in an exponentiated form and only kept the
leading terms. There are two possible ways to get a leading contribution above, one
(12

is by expanding 7o from exp( @7]2%), and another one is by expanding 7; from

exp (anl %). In the first case we get one 72 from the exponent, thus from the fermionic

delta-function 6(* we have one 7y, two 7;’s and one 73. Thus we obtain,

_ (ir)* (i2) (P2) (P3) 5 O
A1 = ) (23) (3B) (Plysnas (1F) (P1) (P1) ™ 0nf " (5.7)

where an extra minus due to the fermionic integral has been included. In the soft limit the
above expression simplifies to

1 b 0
— A,
T 2ps - (1 +p2)n3 onP "

A(a) 2. (5.8)
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Analogously, we obtain the second contribution, which is given by

- (ip)! P2\ (P3) 5 0
’%”_<Dx>@v<bmfPQm) By P
1 0
N K 33 DAn_Q, (5.9)

where we used the on-shell solution zp = —

B ™ T I
Let us now consider the diagram (b), for which a similar consideration leads to

P . R TR ), AV .
() = [12][2P][P1]512 P <me8%> wtlBem). - (510)

Now, using the fact that P is also soft, one can apply the supersymmetric single-soft
theorem to A,_1(P,...,n). Thus we have

Ap-1 (P30 py — Usg]l[imé(‘*) (7]1—" + [{;j]]ng + [[]3)3]]’7”> An_y.  (5.11)

Substituting this result into eq. (5.10), integrating out np, and selecting the scalar compo-
nents we find

_ 2PP1Pzp (3] [12][71?]773 [12][P3] 5\ @ A
[12][2P][P1]s12 [P3][nP] \ [Bn] ° °  [3n] ok

n—2

1 B 1 B 9
_ An_s. 12
<<n|1+2|3]773  opn - (1 +p2)77”> P o1

We observe that the unphysical pole cancels out. In particular, the first term in A,y cancels
A(a)g, and we obtain the double soft-scalar theorem in A" =4 SYM

BC 1 B 1 B

An((¢1)op; (¢2)77,..) = (21?3'(2914-292)773 Oyp — DN ngg> Ap—2(5.13)
where ¢B¢ = ABCDP g 4. Note the appearance of the R-symmetry generators n® Opp. As
mentioned earlier, although scalars in SYM are not Goldstone bosons, we find that our
result very much resembles what has been found in N' = 8 supergravity. Furthermore, as
we will see, the double-soft-scalar theorem is exact even when we consider amplitudes in
open superstring theory, meaning that it does not receive any o' corrections from string
theory. Finally, we remark that the subleading order of this limit will be finite and thus
not universal, since general BCFW diagrams start to contribute. This is the same for the
double-soft limit of scalars in N' = 8 supergravity.

5.2 Double-soft scalars in pure N =2 SYM

In this section we consider the double-soft-scalar limit for pure N' = 2 SYM. Due to the
fact that it is not a maximally supersymmetric theory, the on-shell fields in N' = 2 SYM
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are separated into two distinct mulitplets. These multiplets can be nicely obtained from

N =4 SYM by SUSY truncation [71],
ANZ2 () = AN ) e AV = / dndn* AN=4 (), (5.14)

where AN=%(n) is the superfield in A' = 4 SYM that we defined in the previous section.
Therefore, we see that the scalar in AV=2(n) corresponds to ¢1o in N' = 4 SYM, while the
scalar in .AN 2(n) corresponds to ¢34 in N'= 4 SYM. Thus they form a singlet.

Since the scattering amplitudes in pure N/ = 2 SYM can be obtained from amplitudes
in N =4 SYM via SUSY reduction, we will use the same strategy as in [56]: instead of
studying the amplitudes in N = 2 SYM directly we will study the relevant amplitude in
N = 4 SYM first, and then reduce it to NV = 2 SYM via the SUSY reduction. Now, in
contrast with the case we studied in the previous section, here we are interested in precisely
the amplitudes with the two soft scalars forming a singlet A((¢1)12, (¢2)34,...), and with
the following anti-symmetrization as introduced in [56]:

A((P1)12, (42)34, - - -) — A((P1)34, (P2)12, - - -) - (5.15)

Let us focus on A((¢1)12, (¢2)34, - . .). As before, in the soft limit the dominant contributions
are given by the diagrams shown in figure (5.4). The diagram (a) is given by a similar
expression to that used above, but now we select different species of scalars

2 PV 5(4) (P2) (P3) .
Ap) = /d4771d477277%77%77§7]§<1p> Tt Gl > 0™ )ex 9
a) — ~
(12)(23)(3P)(P1)s123

X exp (me 88> An_o(3,. .. ROR (5.16)
T’n

here we keep BCFW shifted legs (shifting the momenta p3 and p,) in A, _2, since we select
different scalars, the leading term now comes from taking two 7;’s as well as two 72’s
from the fermionic delta-function, these shifted legs contribute in the subleading orders.
However, all these contributions vanish after the anti-symmetrization (5.15). In fact, all
the terms with all n;’s and 72’s from the fermionic delta-function vanish after the anti-
symmetrization. Thus we will focus on terms with one 7 or 1o from the exponent, and
the calculation proceeds as outlined in the previous section. Therefore, we only quote
the results

2
1 4 0 1 0
A = E —_— — = | Ao, 5.17
2 — (2193 1t ) 3 TR anf}) ’ 10

Similarly from diagram (b), we find

2 1 0
A A
E + ., An—a. 5.18
— < n\1—|—2]3 2pn - (;1 —|—p2)77 ) A2 (5.18)
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Summing over all contributions, we find that after the anti-symmetrization we end up with

AN=H(dD)12, (¢2)34, - ) — AN=H(A1) 34, (d2)12, - - 3]

p1~p2—0
= (S5 — S - SAG + SMIH Aa, (5.19)
where the double-soft factor S{}Cf‘l is defined as

1

SN=4 = —  nfo . 5.20
o Azij 2pk - (p1 + pz)nk i (520

Now we have to project this to NV = 2 SUSY. The soft factor S{\Q[;:k‘l is unchanged, while
S?/X;‘l depends on whether particles 3 and n are in the AV=2(n) or the AV=2() multiplet.
If they are in AV =2(n), then the contribution from Sé\i;:k‘l should be discarded, since we set
n® and n* to 0. If they are in AN =2(n), then integrating out n* and 7* the contribution
from Sé\if simply reduces to 2. The result can be summarized as

A{Z\/ZQ(%, ba,...) — A{Z\/ZQ@L P2, .. -)l = (RQ/ZQ o Rﬁ/ﬁ) An—2, (5.21)

p1~p2—0

where the U(1) generator RV=2 is defined as

) 2
_ 0 _ _ 19, N
RN=2 = E 77{8— —2, (for ie AN=%), RN=2— E ma—, (for ie AN=2),
-1 nf

SYM.

5.3 Double-soft fermions in A/ =4 and pure N =2 SYM

In a similar fashion one can study the limit with two soft fermions in N’ = 4 SYM as well as
pure N = 2 SYM. As before, the interesting case occurs when the two fermions are adjacent.
Because the (anti)-symmetrization procedure does not work for the double-soft fermions
since they have different helicities [57], we will only consider the case when two fermions
do not form a singlet. Thus the leading singular terms arise from adjacent fermions having
one and only one common SU(4) index. To be precise we take soft particles as (¢1)p and
(12) pop. The calculation in terms of BCFW recursion relations is very similar to the case
of double-soft scalars, and again the relevant BCFW diagrams are shown in Fig. (5.4). Let
us quote them here for convenience

(5.23)
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As before, any other generic BCFW diagrams are subleading, since they are diagrams with
a single-soft fermion and behave as 1/4/7 in our soft limit. In contrast, the dominant
diagrams above behave as 1/7. The contribution from diagram (a) is given by

4 A BC A<ip>45(4)(771 +%ﬂ2+ g?i%) (i2) o
Af) = /d md n2ni N s - — p|— 7
(12)(23)(3P)(P1)s123
X exp <2p7716?7> A,_o. (5.24)

Now the integration on 7’s is such that the soft legs 1 and 2 are the soft fermions of
interest. Following the analysis of double-soft scalars, we find two kinds of contributions
from diagram (a). One of them is given by

L (ip) (2 ) (P2 0,
(1= 02y (23)(3P) (Pl)s1ag (1P) (P1) \ (P1) ) ™ omP "2
_ ! B a9 4 .. (5.25)

2p3 - (p1 +p2) [32]77

and the other contribution is

- (i)t 2\’ (P3) 4 o
A2 = ) o ><P><P1>sufp<<ﬁi>> Py
_ 1 [31]
- I s (5:26)
Similarly, from diagram (b) we find

P [P1]%2p (3] [12][n15]nA [12][P3] ,\ @ N

(®) 12][2?][131]512 B3P\ Bal P Bl onp "
_(n2) 0
ot Gz * ™) s (520

Adding the results of the two diagrams together, we finally obtain the double soft-fermion
theorem in AV =4 SYM,

Apn((¢1)p, (1/12)‘4, S =
1 (n2)[23] (n1)[13] P

Unlike the case of double-soft scalars, the cross term 7)?% does not cancel anymore.
However, all the unphysical poles cancel out manifestly. Note that the fermions in N' = 2
SYM are not required to form a singlet like the scalars. The extension to the fermions
in N' = 2 SYM is straightforward via SUSY truncation as we discussed in the previous
section.
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6 Double-soft limit in open superstring theory

It is known that the soft-scalar theorems in A = 8 supergravity are violated in the closed
superstring theory if o/ corrections are included [67, 68]. It is then natural to ask whether
the newly established double-soft-scalar theorems in SYM would receive any o’ corrections
for scattering amplitudes in open superstring theory. We find remarkably that ampli-
tudes in open superstring theory satisfy exactly the same double-soft-scalar theorems as in
SYM theory.

A general n-point color-ordered open string superamplitude of SYM vector multiplet at
tree level can be very nicely expressed in terms of a basis of (n—3)! SYM amplitudes [69, 70],

AL2,..m) = Y P20 Ay (1,2,,. .., (n—2)4, n—1,7) (6.1)

U€S7L73

where Asym(1,24,...,(n—2)s,n—1,n) is the color-ordered tree-level amplitude of SYM,
and the multiple hypergeometric functions are given as

1 [n/2] k=1 s 5
F(2,...,n—2) :(_1)n—3/ H dZ](H |Z l|s“> H Z mk H Z Skm

0<zi<zi41 jo i<l k2 m=1 " | \ j_ (/2] 41 m=k 1 KM
(6.2)

The Mandelstam variables are defined as s;; = o/ (k;+k;)?. Here we have fixed the SL(2, C)
symmetry by choosing z;1 =0, z,_1 = 1 and z, = co. Explicit expressions for the multiple
hypergeometric functions in terms of o’ expansion may be found in [69, 70]. For instance,
at four points we have,

1
i F(l +812)P(1+823)
F® = —/ dog 252 (1 — 29)*2 212 =
22" 2) 212 (14 s12 + s23)

= 1 — (2512523 + (3512513523 + - - . (6.3)

Let us start with the six-point amplitude as a simple example, the string amplitude is

given as

A(L,2,...,6) = Y FCo349) Agyni(1, 24, 36, 46,5, 6) . (6.4)

o€Ss
It turns out to be convenient to take the soft limit on legs 3 and 4, more generally for a
n-point amplitude, we take p,_3 and p,_s to be soft. From the definition of F(2--1~2) (for

20 7SU 74

n = 6, the explicit expressions for F( ¢) in o expansion can be found in eq. (2.29)

n [70]), it is easy to see that for six points only F(*3%) contributes in the limit, and it
simply becomes F(?). Thus we have

A(1,2,...,6) = FAS;Asym(1,2,5,6) = Si;A(1,2,5,6) (6.5)

where for the convenience of following discussion we defined the soft factor §;;

1 I 1 I
=——0j0 g — ——F——1;0,7,
2pi-(p+q) " 2pi-(ptq)
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with p and ¢ being the soft legs. In the above case these are p3 and ps. The amplitude with
a general multiplicity can be considered similarly by following a proof of single-soft-gluon
theorem in [70]. First of all, we note that only those permutations o € S,,_3 where indices
(n—3) and (n—2) are adjacent may contribute, since otherwise the amplitudes in SYM
would be finite and therefore subleading. By the property of hypergeometric functions F,
the position (n—4) should always be on the left of (n—3) and (n—2). Furthermore, (n—3)
and (n—2) should be in the canonical order, meaning that (n—3) should be on the left
of (n—2). Otherwise, for all the above cases the multiple hypergeometric function F is
vanishing. For such ¢’s we find the following configurations:

e 0 €S, 5with (n —4), =n — 4, we have
F9 Agynm(1, 24, ..., (n—4),(n—3),(n—2), (n—1),n)
5 St 1 F Y Asym(1, 25, .. (n—4), (n — 1), n) (6.7)
In the following, we then consider the cases with (n —4), # n — 4.
e o€ S, 5 with (n —4), #n — 4, we have
F Agyni(1, 24, ..., (n—4), (n = 3), (n —2), (n —1),n)
= Sty 1 F o Asyni (1,2, (0 — &), (n — 1), 1) (6.8)
e Finally, we have the non-vanishing contribution with ¢ € S,,_5 with (n —4), €
{26,..,is},
F\9 Agym(1, 24, yig, (n—=3),(n—2), (i + Dg,...,(n—4), (n—1),n)

= S, 0. F T Asyn (1,20, ., (n = 4)g, (n — 1), ) (6.9)

Using the definition of the soft factor S;; (in particular its antisymmetric property), we
find that the results of the second the third cases combine nicely,

eq. (68) + eq. (69) = Sn—4,n—1Fg_2ASYM(1, 26,00, (7’L — 4)0, (n — 1), TL) . (610)
Combining with the result of (6.7), this concludes the proof that the amplitudes in open

superstring theory satisfy the same double-soft-scalar theorem as in SYM theory.
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