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1 Introduction

There are several known large classes of A/ = 1 superconformal field theories, which often
have some kind of geometric interpretation. A classical example is the class of theories
associated to dimer models [1-4], labelled by bi-partite graphs drawn on a torus and a
choice of rank N. These are quiver gauge theories with SU(N) gauge groups and bi-
fundamental matter, with a topology and choice of superpotential which is determined
by the bipartite graph. They are associated to a string theory setup involving N D3-
branes placed at the tip of a singular toric Calabi-Yau cone. The combinatorial rules for
associating quivers to bi-partite graphs can be extended to more general two-dimensional
geometries [5—7], possibly including boundaries, such as disks, or higher genus Riemann
surfaces. These constructions produce quiver gauge theories including both SU(N) gauge
groups and SU(N) flavor groups, again with bi-fundamental matter.

There is another natural way to produce large classes of N = 1 superconformal field
theories with a geometric origin, by a twisted compactification on a Riemann surface of
six-dimensional SCFTs. Such constructions generalize the derivation of class S of N = 2
4d SCFTs from the twisted compactifications of the six-dimensional (2,0) SCFTs on a Rie-
mann surface decorated with punctures [8, 9]. The class S construction may produce both
standard gauge theories and strongly-interacting SCFTs which lack a known Lagrangian
description. Geometric manipulations of the Riemann surface lead to specific manipula-
tions of the associated SCFTs, which allow one to derive S-dualities relating in various
ways the standard gauge theories and the strongly interacting SCFTs. The class S con-
struction has an unexpected computational power, allowing for example to compute the
superconformal index of all the four-dimensional class S theories, even though they might
lack a Lagrangian description [10-13], and relate S* partition functions to 2d CFTs [14, 15].

A straightforward extension of the class S construction to N/ = 1 gauge theories
involves alternative twisted compactifications of the (2,0) SCFTs. The basic strongly-
interacting building blocks remain the same as for the NV = 2 class S, but they are glued
together using A/ = 1 gauge multiplets rather than N' = 2 ones [16-19].

In this paper we are interested in a more general extension, which involves the twisted
compactification of (1,0) SCFTs. There is a rather large number of known (1,0) SCFTs,
many of which can be built through F-theory constructions [20, 21]. In general, they have
tensor branches of vacua where they take the appearance of six-dimensional gauge theories,
coupled to matter fields which may themselves be irreducible SCFTs. A subset of the (1,0)
SCFTs become standard gauge theories on their tensor branch and often admits a D-brane
engineering construction [22-24].

We focus here on the (1,0) SCFTs 7,V associated to N M5 branes sitting at the tip of
an Ay_q singularity of M-theory. These theories are somewhat well understood and have
several features in common with the (2,0) theories. Furthermore, RG flows induced by
vevs on the Higgs branch of these theories allow one to reach many more (1,0) SCFTs [25].
It should be possible to extend our analysis to D- and E-type singularities, but we will not
do so here.



Our main result is the conjectural definition of a new large class S, of N' =1 SCFTs
associated to the compactification of the 6d SCFTs 776N on a Riemann surface with punc-
tures. It is important to observe that the reduced amount of supersymmetry should make
one very cautious in extending to N' = 1 theories the intuition developed with N/ = 2
class § theories. With that concern in mind, in this paper we will follow a “bottom up”
approach: we focus at first on a set of conventional four-dimensional A" = 1 theories which
play a “data collection” role analogous to the role of linear quiver gauge theories in class
S theories. By looking at the properties and S-dualities of these theories we find several
pieces of evidence connecting them to their six-dimensional avatars and to a larger con-
jectural set of N'=1 SCFTs labelled by punctured Riemann surfaces. In the process, we
learn new information about the six-dimensional SCFTs and their compactifications.

The basic set of “core” N =1 gauge theories which are central to our analysis belongs
squarely to the family of bi-partite quivers: they correspond to bi-partite hexagonal graphs
drawn onto a cylinder. From that perspective, our work selects a subset of bi-partite
theories which enjoy a larger than usual set of S-dualities and subjects them to a variety
of manipulations to embed them into a larger family of non-bipartite N'=1 SCFTs.

The supersymmetric index plays an important role in our analysis. In particular, we
are able to recast the index of class Sy theories as a 2d TFT, built from wave-functions
which are eigenfunctions of novel difference operators, which generalize the elliptic RS
difference operators used in bootstrapping the index of class S theories. In principle, that
opens the possibility to compute the index of any N'=1 SCFT in the class Sy, even in the
absence of a Lagrangian description.

This paper is organized as follows. In section 2 we motivate our choice of “core” gauge
theories by some general considerations on brane constructions. In section 3 we discuss
our basic theories and dualities and set the stage for building the class S models. In
particular we introduce the the notions of theories corresponding to punctured Riemann
surfaces and the basic punctures, maximal and minimal ones. This and following sections
will be divided into two parts with the first part detailing general physical arguments
and the second part, the inder avatar, giving quantitative evidence and details using the
supersymmetric index for the particular example of class S A1 theories. Next, in section 4
we analyze RG flows starting from the basic models triggered by vacuum expectation
values for baryonic operators. Such RG flows lead to theories in the IR which naturally
correspond to surfaces with one of the minimal punctures removed. However, unlike the
class S case here the removal of a minimal puncture leads to new theory and to the notion
of discrete charge labels attached to the Riemann surface. We will also start encountering
new strongly coupled theories belonging to our putative classes of models. In section 5
we discuss closing maximal punctures by giving vacuum expectation values to certain
mesonic operators. Such vevs lead to more general punctures and we in particular will
be interested in closing maximal punctures down to minimal ones. One of the outcomes
of this analysis will be a derivation of Argyres-Seiberg like duality frames for our basic
duality and yet more irreducible strongly coupled SCFTs. In section 6 we will discuss
how to introduce surface defects into our theories by triggering flows with space-time
dependent vevs. This construction will give us certain difference operators which we expect
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Figure 1. The brane configuration which engineers the core N' = 1 gauge theories. We draw
a setup with N = 4 D4 branes (or kN = 16 fractional D4 branes) sitting at the locus of a Z,4
singularity, intersected by 5 NS5 branes. The D4 branes in each segment between consecutive NShH
branes engineer the four necklaces of SU(N) gauge groups. The 4-4 strings across the NS5 branes
engineer the five sets of zig-zag chiral multiplets between the necklaces. The semi-infinite D4 branes
can be either associated to the two necklaces of flavor groups or to five-dimensional necklace gauge
theories coupled to the four-dimensional quiver theory.

to characterize completely the wave-functions and the 2d TFT structure of the index. We
will explicitly derive the difference operators for A; theories of class S;. In section 7 we
go back to the higher-dimensional perspective: we study the interplay between class Sk
theories and the five-dimensional gauge theories which arise from circle compactifications
of the 77€N theories. We will finish in section 8 with an outlook of possible further research
directions. Several appendices complement the text with further technical details.

2 The Z; orbifold of N/ = 2 linear quivers

The analysis of class S theories was greatly facilitated by the existence of a core set of
class S N = 2 SCFTs which admit both a Lagrangian description and a six-dimensional
engineering construction: linear quiver gauge theories of unitary groups. These are theories
which can be engineered by configurations of D-branes in ITA string theory, which are then
lifted to M-theory to make contact with compactifications of the Ayx_; (2,0) SCFT onto
a cylinder geometry.

It is thus natural to seek for some class of N'= 1 SCFTs which admit a similar brane
engineering construction in ITA and may be lifted to M-theory to a cylinder compactification
of the TN (1,0) SCFTs. The latter arises on the world-volume of N M5 branes in the
presence of an Ay_1 singularity. We will thus take the standard NS5-D4 brane system used
to engineer A/ = 2 linear quivers in [26] and super-impose it to an Aj_; singularity in ITA
string theory. More precisely, the D4 branes extend along directions 01234, the NS5 branes
along directions 012356 and the Zj orbifold action rotates in opposite directions the 56 and
78 planes. See figure 1.



Figure 2. The necklace quiver Ny j in five dimensions. It is a Zj, orbifold of the maximally super-
symmetric YM, with k& SU(IV) nodes. Notice that each link here represents a full bi-fundamental
hypermultiplet and each node a full SU(NN) vector multiplet. There is U(1) global symmetry asso-
ciated with each link, rotating the bifundamental hypermultiplets. There is also a U(1) symmetry,
the instanton symmetry, associated with each gauge group node.

As the degrees of freedom of the original N' = 2 gauge theory entirely arise from open
strings, we can apply a standard orbifold construction to arrive at our candidate N = 1
theories [27]. The analysis implicitly assumes that appropriate B-fields have been turned
on so that the orbifold singularity admits a perturbative description. We will come back
to this point momentarily.

The orbifold procedure can be implemented in a straightforward way at the level of
the gauge theory. Schematically, the orbifold group is embedded both into the global
symmetries which correspond to the rotations of the internal space-time directions and
into the gauge group, and all fields charged non-trivially under the orbifold action are
thrown away.

We can focus at first on the D4 branes. In the absence of NS5 branes, they will
support a five-dimensional N' = 1 gauge theory described by a necklace quiver, the result
of orbifolding A" = 2 5d SYM. The Z; group acts with charges 0,1, —1 respectively on
the real scalar associated to the 9 direction and on the complex scalars associated to the
56 and 78 directions. The embedding of Z; in the gauge group splits the gauge fields
and the neutral real scalar into k separate blocks of vector multiplets, while the complex
scalar fields with charge +1 under the embedding of Zj in the global symmetry will give
bi-fundamental hypermultiplets between consecutive nodes of the 5d quiver. See figure 2.

The six-dimensional (1,0) SCFT 7,", compactified on a circle, is expected to give a
UV completion of precisely such necklace quiver theory with gauge group SU(N) at each
node. We will review the properties of such five-dimensional theory in a later section. For
now we only need to observe that it has a U(1)?* global symmetry, which is an Abelian
remnant of the SU(k)g x SU(k), x U(1); global symmetry of the 6d SCFT, together with
the rotation symmetry of the compact circle. The non-Abelian gauge symmetry in the
UV is broken by Wilson lines for the SU(k)g x SU(k),, global symmetry, which have to be
turned on in order to have a perturbative gauge theory description in 5d, rather than an
interacting 5d SCFT. In the string theory setup, this corresponds to the B-field which has
to be turned on for the orbifold singularity to admit a perturbative description.



Figure 3. The “honeycomb” bi-partite graph drawn on a cylinder and the corresponding quiver
gauge theory. The top and bottom lines are identified. Each cell of the bi-partite graph maps to
an SU(N) gauge group with 3N flavors corresponding to the six edges of the cell. Each node of the
bi-partite graph indicates a cubic superpotential term, with sign associated to the color of the node

In order to arrive to our N/ = 1 gauge theories, we need to include the effect of the
NS5 branes intersecting the D4 branes and in particular the orbifold action on the 4 — 4
strings stretched across NS5 branes. From the point of view of the four-dimensional gauge
theory, we can start with an N' = 2 linear quiver of four-dimensional U(kN) gauge groups
and embed Zj, into the combination of SU(2)r and U(1) R-symmetries which preserves an
N =1 sub-algebra, under which the 4d vector multiplet scalars (not to be confused with
the 5d vector multiplets above!) transform with charge 1 and the 4d hypermultiplets with
charge —1/2.

The a-th N' = 2 vector multiplet will give us a necklace N, of N' =1 SU(N) gauge
groups (dropping the overall U(1) which decouple in the IR), with bi-fundamental chiral
multiplets running, say, counter-clockwise along the necklace from the (i + 1)-th to the
i-th gauge groups in the necklace. Because the N' = 2 bi-fundalemental hypermultiplets
have charge —1/2 under the R-symmetry group, we need to embed Zj in the gauge groups
accordingly, with integral charges at even nodes and half-integral at odd nodes of the
original linear quiver. Then each N = 2 bi-fundamental hypermultiplet is projected down
to a set of bi-fundamental chiral fields which zig-zags back and forth between the nodes of
consecutive necklaces, say from the i-th node of each necklace N, to the i-th node of the
next necklace NV,11 and from the i-th node of N,11 back to the (i + 1)-th of N.

Thus if we start with a N' = 2 linear quiver of n U(kN) gauge groups, with kN
flavors at each end, we end up with a A/ = 1 quiver of kn SU(N) gauge groups with the
topology of a tessellation of a cylinder, with triangular faces associated to cubic super-
potential couplings (arising from the A/ = 1 superpotential coupling vectors and hypers in
the original N/ = 2 theory) and k SU(N) flavor groups at each end. This is the theory
associated to a bi-partite honeycomb graph drawn on the cylinder, with one side of the
hexagons aligned with the cylinder’s axis. See figure 3 for an example with & = 4 and
four necklaces.



Figure 4. The six-dimensional lift of the brane configuration which engineers the core N’ = 1
gauge theories. We have N M) branes sitting at the locus of a Zj singularity and wrapping a
cylinder, intersected by 5 transverse M5 branes. The world volume theory of the N M5 branes is
the T,V (1,0) SCFT, with 5 “minimal” defects (left). We expect that the de-coupling the four-
dimensional degrees of freedom can be implemented by replacing the semi-infinite ends of the
cylinder by maximal punctures on a sphere (right).

This N = 1 gauge theory is our candidate to describe the compactification of the 7;N
(1,0) SCFT on the cylinder, decorated with (n + 1) “minimal punctures” each associated
to a single transverse M5 brane wrapping two directions of the Aj_; singularity (the M-
theory lift of the NS5 branes in the ITA description). In analogy with the class S analysis,
we hope to identify that with a compactification on a sphere, with two extra “maximal
punctures” playing the role of the cylinder’s ends. See figure 4.

Here and in the next sections, we will study these “core” AN/ = 1 gauge theories,
their global symmetries, exactly marginal deformations and S-dualities, in order to find
manifestations of their conjectural six-dimensional origin. In particular, we aim to find

e One exactly marginal deformation parameter for each complex structure modulus of

the underlying Riemann surface.
e Global symmetries matching the six-dimensional description.

e S-dualities which manifest the indistinguishability among minimal punctures and
imply a 2d TFT-like associativity structure for the index

e RG flows which relate different types of punctures and, in particular, relate maxi-
mal and minimal punctures, thus justifying the picture of a sphere as opposed to a
cylinder.

The count of global symmetries and exactly marginal deformation parameters are
closely related. As each gauge group has N; = 3N, and the super-potentials are cubic,
the core theories can be thought of as deformations of a free theory. The (3n + 2)k sets
of bi-fundamental hypermultiplets have each a U(1) global symmetry and there are 3nk
marginal couplings. By the arguments of [28], the theory will have x exactly marginal
couplings iff 2k + x of the global symmetries are unbroken by superpotential terms or
mixed gauge anomalies.

The non-anomalous Abelian global symmetries of the core theories can be understood
graphically as in figure 5: each symmetry is associated to a straight sequence of chiral
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Figure 5. A simple set of generators for the Abelian global symmetries of the core theories. Each
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Finally, the anti-diagonal combination of blue and green arrow give the generator of the U(1);
intrinsic symmetry.

pointing (blue) arrows, quotiented by their diagonal, generate the [ } “intrinsic” symmetries.
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multiplets with alternating charges +1. There are 2k + n + 1 generators which add up to
0. The set of (n + 1) U(1), global symmetries associated to each of the (n + 1) blocks of
chiral multiplets with the same bi-fundalental hypermultiplet ancestor can be thought of
arising from the NS5 branes world volume gauge symmetry. We thus associate them to the
minimal punctures in the six-dimensional description. The remaining set of U(1)2¢~! global
symmetries can be thought of as the Cartan generators of the SU(k)g x SU(k), x U(1);
global symmetry of the underlying 6d SCFT. Thus we are left with n exactly marginal
couplings, precisely as in the original A/ = 2 theory. We associate them to the relative
positions of the minimal punctures on the cylinder.

3 Basic building blocks

In this section we study the core N' = 1 theories and their dualities. It is useful to begin by
introducing some nomenclature, which helps abstracting the properties of the core N’ =1
theories to the expected properties of class Sy, theories.

Each theory we build will be labelled tentatively by a punctured Riemann surface.
Some set of “intrinsic” global symmetries will be always present independently of the choice
of punctures: we can denote them as &, = U(1); x [U(l)k}ﬁ X [U(l)k} . It will be convenient

U(1) U(1)
to associate fugacities to these symmetries to keep track of charges of different fields and



operators. We will denote the fugacities for the above mentioned global symmetries as t,
Bi with [[, 8; = 1 and ~; with [[, v; = 1, respectively. We will also have a non-anomalous
R-symmetry, whose fugacity we can indicate as r or, with index computations in mind, ,/pq.

Each puncture will be associated to some specific set of flavor symmetries and a specific
set of 't Hooft anomalies involving these flavor symmetries and the intrinsic flavor symme-
tries. It will also be associated to a set of canonical chiral operators with prescribed charges.

A “maximal” puncture will be associated to an SU(N)* global symmetry. Maximal
punctures will be labelled by a “color” n € Z; and an “orientation” o = +1, positive or
negative, which determine the pattern of 't Hooft anomalies and the charges of the canonical
chiral operators. We will have N units of U(1);SU(N)? anomaly for all SU(N) groups, N
units of U(1)g,,, ,SU(N)? and —N units of U(1),,SU(N)?. In other words, SU(N); has
a mixed anomaly with a U(1) symmetry associated to the fugacity tBi1n—0v; ! The R-
symmetry mixed anomaly should be the same as if the SU(N); acted on N fundamental
and N anti-fundamental free chiral multiplets with R-symmetry 0 (the anomaly, of course,
is computed from the fermions in the chiral multiplets, which have charge —1).

We also require a set of “mesons”, chiral operators M®+1, which transform as funda-
mental /antifundamental of SU(N); 1 and SU(N);.! At a positively oriented puncture, the
mesons have fugacity ¢8;4n7; ! A useful mnemonic rule is that they involve the 3 fugacity
from the SU(NV);+1 node, and the gamma fugacity from the SU(N); node. At a nega-
tively oriented puncture the mesons have fugacity tﬁi+n+1’yijr11. A useful mnemonic rule is
that they involve the § fugacity from the SU(NN); node, and the gamma fugacity from the
SU(N)i+1 node. Clearly, a cyclic re-definition of the 3;, with fixed ~;, will simultaneously
shift the color of all the maximal punctures in a theory.

3.1 A gluing prescription

Next, we give a gluing prescription, an operation on four-dimensional theories which is
interpreted in six dimensions as replacing two maximal punctures of opposite orientation
and the same color with a tube.

Consider a positively oriented maximal puncture of color 0 and/f:lﬂfor groups SU(N);
and a negatively oriented puncture of color 0 and flavor groups SU(N),. We will gauge
the diagonal combinations SU(N)? of SU(N); and Sﬂ)iﬂ. We will also add & blocks of
N? chiral fields ®%

SU(N)? +1- These fields also couple to the mesonic operators associated to the maximal

aiy, in the fundamental/antifundamental representation of SU(N)J x

punctures, through cubic superpotential couplings,
W=\ (TrM<I> - Tr]\/4\<1>> . (3.1)

The superpotential couplings determine the charges of ®% under the intrinsic global

Q41
symmetry &j such that they have fugacities pqt*15; 1%_ The mixed anomalies at the
SU(N)? gauge node cancel out and the intrinsic global symmetries remain non-anomalous.

!This requirement is for a generic theory. As we will see say in appendix B, in some degenerate examples
some mesons may be naively missing, but can be reinstated by adding pairs of gauge-neutral chiral fields
with superpotential masses which allow one to integrate them away. One element of each pair play the role
of the missing meson and the other is coupled to the rest of the theory by superpotential couplings.



It can be easily seen using Leigh-Strassler-like [28, 29] arguments that this gauge
theory has one exactly marginal coupling which can be continuously tuned to zero. The
fact that the exactly marginal coupling can be switched off is related to the fact that for
each SU(N) gauge factor we have matter equivalent to 3N fundamental and 3N anti-
fundamental chiral fields and thus the one-loop contribution to the NSVZ beta-function
vanishes, and the superpotential couplings are also classically marginal.

In particular, we can count the difference between marginal parameters and broken
U(1) symmetries [28]. We have 3k marginal couplings, but we break the 2(2k — 2) separate
intrinsic symmetries of the two theories together with the k& symmetries acting on the
®; down to a diagonal combination of the intrinsic symmetries. Thus we break 3k — 1
symmetries. Each broken symmetry lifts a marginal coupling, leaving only a single exactly
marginal one. We expect it to correspond roughly to the length and twist of the newly-
created tube in the underlying Riemann surface.

3.2 The free trinion

Having described some generalities of the setup let us turn our attention to concrete and
important examples. Our first ingredient is a free theory which we would like to label by
a trinion, a sphere with three punctures. Two of the punctures are maximal and one is a
“minimal” one. We will refer to this theory as the free trinion.

The free trinion is a collection of 2kN? free chiral fields, equipped with a specific
action of the intrinsic and puncture-related global symmetries. We organize the fields in
two sets of k blocks of N2 chiral fields, denoted respectively as Q%, and @aibﬂrl: the former
transform as fundamental/anti-fundamental representation of SU(N); x g\lj(N Jke—it+1 and
the latter in anti-fundamental/fundamental representation of SU(N); x g\ﬁ(N Jk—i- The
sets of K SU(N); and k gﬁ(]\f )i global symmetries are associated respectively with the two
maximal punctures.

It is convenient to depict the free trinion as a ring with 2k dots connected by arrows.
The dots at even/odd places correspond to SU(NV);/ §(7(N )i flavor groups. See figure 6. We

also define the action of the intrinsic &, = U(1); x [%} 5 X [%} global symmetries,
g

and of an extra U(1), associated to the minimal puncture. Expressing the charges in terms
of fugacities, we associate fugacity téﬁioﬁl to Q% and t%a%ﬂ to éaibi“.

It is straightforward to compute the 't Hooft anomalies of the free trinion. The
U(1)SU(N)? anomalies for each SU(N) flavor group receive contributions from two blocks
of chirals: we have N units of U(1);SU(N)? anomaly for all SU(N) groups, N units of
U(1)5,SU(N)? and U(1)g,SU(N)?_;,,, —N units of U(1),,SU(N)? and U(1),,SU(N)?_,.
In other words, SU(N); has a mixed anomaly with a symmetry associated to the fugac-
ity tB8;y, 1 while EU(N )k—i+1 has a mixed anomaly with a symmetry associated to the
fugacity t8;v,_ 11.

There are various U(1)% anomalies, such as kN? units of U(1)2U(1); anomaly, —N?
of U(l)aU(l)%i and N? of U(l)aU(l)?ﬂ, and some anomalies involving intrinsic symme-
tries only.

~10 -



SU(N)i—in1

SU(N )i

Figure 6. The free trinion. Dots on the left an on the right represent SU(N) groups associated
to the two differnet maximal punctures. The horizontal lines are the bi-fundamentals @) and the
diagonal lines Q).

Finally, we have chiral operators we can associate with each puncture. For example,

Mg = @Z@_ 1QZ; are fundamental /antifundamental of consecutive SU(NV); groups, with

fugacity t3;v; |, while Mf?“ = @ZZHQ;Z’: are fundamental /antifundamental of consecu-

tive éﬁ(N )i groups, with fugacity ¢, 1 We associate them to the respective maximal
punctures. On the other hand, baryon operators B; = det Q' and B; = det Qg’fl can be
associated to the minimal puncture.

We see that the first maximal puncture, associated to the SU(NV);, has color 1 and
positive orientation. The second maximal puncture is associated to the groups éfJ(N Vie—i-

It has negative orientation and color 0.

3.3 Gluing two trinions

All our core theories are produced by gluing together a sequence of n + 1 free trinions. We
can focus on the simplest interacting theory built by gluing two trinions.

We can take two free trinions, shift the definition of the 3; in the second trinion so that
it has a positive maximal puncture of color 0 and a negative of color —1, and glue them
together as described in the previous subsection. The result is our candidate for a theory
with two maximal punctures, of opposite orientation and color 1 and —1, and two minimal
punctures. Let us denote this theory by T, and the quiver description of the theory is in
figure 7. Throughout the paper this theory will play an important role and we will refer
to it as our basic interacting theory or basic four-punctured sphere.

Our crucial claim is that the interacting theory described here enjoys an S-duality
property, which corresponds to the exchange of the two minimal punctures. Notice that this
is consistent with 't Hooft anomalies, as the global symmetries U(1), and U(1);s associated
to the two minimal punctures have mixed anomalies with the intrinsic global symmetries
only, and the anomalies are identical. Since we have here an exactly marginal coupling, we
can switch on in a correlated manner the gauge couplings and the superpotential coupling
such that the beta-functions vanish, the superconformal R-charges of the different fields
are the free ones. For example the superconformal anomalies a and c are just the ones of
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Figure 7. The interacting superconformal theory. The circles correspond to SU(N) groups with the
the white ones being gauged and colored ones being flavor symmetries. The fat brown line represent
the mesonic operator built from the quarks which is charged under the symmetries associated to
maximal puncture but is neutral under the symmetry associated to the minimal puncture. Fat blue
line represents a quark from which a baryon is built which is charged under the U(1) symmetry
associated with the minimal puncture but is a singlet under the symmetry associated with the
maximal puncture.

this particular collection of free fields,

k
= —(14N? —
a 48( C 9)7

k

c= ﬂ(81\73 —3). (3.2)

We will find it convenient to assign R-charge 0 to all @ and @ and R-charge 2 for all ®.

Notice that in our notation we are focusing on a subset of the full global symmetry of
the gauge theory. The quarks and anti-quarks which are associated to a given gauge group
can be re-assembled into groups of 2N flavors, so that the theory really has SU(2N)* x
U(1)**+! global symmetry. The U(1) symmetries are associated to fugacities such as t; =
tBiv; and n? = ad~'. The S-duality transformation should invert the definition of the
latter U(1) symmetry, the anti-diagonal combination of U(1), and U(1)s.

This structure is obviously similar to what one encounters in A/ = 2 SQCD, the k = 1
version of our story. As we will see momentarily, this is no coincidence: all our conjectural
S-dualities can be related recursively to the N/ =2 SQCD S-duality by Seiberg dualities.

Our starting point is a theory T}, defined as a necklace of SU(N )i gauge groups, con-
nected by bi-fundamental chiral fields ®g: = and to fundamental fields Qg and @2}“, where
the ¢; indices transform under SU(2N) global symmetry groups and obvious cubic super-
potential. We can take the ®¢i ~ to have fugacity ¢; L Qg of fugacity \/f;n, the QU of
fugacity /f;n~'. If we apply Seiberg duality formally at the k-th node, we obtain a new
theory T,g which has a rather simple description: it consists of a shorter necklace Tj_;
where the (k—1)-th SU(2N) flavor group has been gauged and coupled to 2N dual quarks
and 2N dual anti-quarks. The theory also has a set of 2IN x 2N mesons coupled to the
latter fields by a cubic superpotential. The dual quarks and anti-quarks are rotated by
the SU(2N)j_1 and SU(2N);, global symmetries of the original theory. Crucially, the U(1)
flavor symmetry assignments work out in such a way that only fields in Tj_; transform
under U(1),. See figure 8 for and example k = 2.

At this point, we can immediately conclude, recursively, that say the supersymmetric

1

index of T}, is invariant under the transformation n — n~: the Seiberg duality manip-
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Figure 8. Seiberg duality of one of the SU(N) gauge groups in the case of k¥ = 2. The node
with a circle is an SU(2N) gauge group. There is a superpotential term for each triangle in this
quiver theory.

ulation leaves the index invariant, and the index of T,i, is built from the index of Ty,
with 7 only entering in the latter. As Ty is N' = 2 SQCD with Ny = 2N,, which has an

1

S-duality which acts as n — ™" on the flavor fugacities, the index of T) is invariant under

the transformation n — n~!.

In order to believe a full S-duality statement, we need to make some assumptions about
the RG flows associated to the Seiberg duality we employed, as the SU(2N) gauge node is
strongly-coupled. The RG flow of the theory T,é defines a map from the conformal manifold
of T,_1 to the conformal manifold of T},. By induction, we can assume that the conformal
manifold of Tj,_; has two weakly-coupled cusps, where the quiver gauge theory description
is good. Near these cusps, the RG flow will map us to weakly-coupled T}, quivers, with
opposite U(1), charge assignments. Thus the crucial assumption for the induction to hold
is that the connected path between the two cusps in the conformal manifold of Tj_; maps
to a connected path in the conformal manifold of T.

In analogy with class S, we can ask if other trinions may exist, in particular trinions
which carry three maximal punctures. This is of course far from obvious. In the case of class
S, a strong piece of evidence came from the existence of Argyres-Seiberg-like dualities [30].
A key step in the analysis was to find operations which “reduce” a maximal puncture to a
minimal one, a Higgs branch RG flow which replaces one end of a linear quiver of SU(N)
gauge groups with a “quiver tail” which is associated to a set of minimal punctures only,
all related by S-dualities. That suggests the existence of alternative S-duality frames where
all minimal punctures are produced by quiver tails, attached to a conjectural SCFT with
maximal punctures only.

Due to the intricacies of the quivers we study here, there is a bewildering array of pos-
sible RG flows one can trigger by a sequence of vevs for chiral operators. Correspondingly,
one can modify a maximal puncture to a wide array of “smaller” punctures. Our challenge
is to find a sequence which leads to a minimal puncture. We will undertake this challenge
in the following sections.
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Figure 9. The sphere with two maximal punctures of different color and one minimal puncture,
aka the free trinion.

3.4 The index avatar

Let us discuss the basic theories and the dualities in the language of the supersymmetric
index setting the nomenclature for the discussion in the following sections. The reader can
accustom him /herself with the standard definitions of the index in appendix A. The index
is a very precise tool to test dualities. To be very explicit and keep our formulae readable,
we will often specialize to the index of A; theories of class So. All we will say can be rather
straightforwardly extended to more general cases.

Free trinion. Let us start from writing down the index of the free trinion. As discussed
in previous subsections and depicted in figure 9 we associate this trinion to a sphere with
two maximal punctures and one minimal puncture. The two maximal punctures are of
different colors, and we will return to this feature momentarily. The index can be written
by collecting together the contributions of the different free field. For example, in the Ay
k = 2 case the index of the free trinion is,

T(u, a0, v; 8,7, t) = Zua¥ (B, 7, t,p,q) = (3.3)
I, (t%vfcluflﬁaﬂ) T, (t%vfluéﬂfyfla) I, (t%védufl’ya> T, (t%v;dugﬂﬁflcfl) .

Here the fugacities u and v correspond to SU(2)? and 3\5(2)2 flavor symmetries associated
to the maximal punctures and « is the U(1) fugacity associated to the minimal puncture.
Note the index of the trinion is not symmetric under the exchange of the two maximal
punctures. This is a reason why one should associate an additional parameter, color, to
the maximal punctures. If we set 5 = 1 there is no distinction between the colors and
indeed the index becomes symmetric under exchanging the two maximal punctures. In the
k = 2 case we have two colors which are Zy valued, 0 and 1. We will also refer to the two
punctures in this case as lower and upper ones.

We can glue two trinions together and obtain a theory corresponding to two maximal
and two minimal punctures, and we will come to details of the gluing at the level of the index
momentarily. We can also continue gluing free trinions to obtain theories corresponding
to spheres with many minimal punctures and two maximal ones. The S-duality operation
exchanging two punctures surely holds at the level of the index, under the usual assumption
that no new U(1) symmetry emerges accidentally in the IR.
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Let us for a moment discuss implications of the S-duality for general k and N. At
the level of the index, we can glue a free trinion to a theory T with a positive maximal
puncture of color 0 by the formula:

IT(V;ﬁh’Yi)t) — IT—}-mina (Vaa;ﬂia’%vt) =

7{ dpn (W5 B, vi, 1) I (V, o, 03 B, ¥in £) I (Vs Bis vis t) (3.4)

where Zg is the free trinion index, du,(u, 8;, Vi, t) the measure which accounts for the gauge
fields and @ fields involved in the gluing and the u contour integral is the projection on
gauge-invariant operators. This can be thought as an integral transformation on the index
of T, with a kernel which depends on the fugacity « of the new minimal puncture.

The basic S-duality we derived in this section implies that if we apply the transforma-
tion twice, the result will not depend on the order of the two transformations. In other
words, the integral operators associated to different values of the fugacity o commute. It
is reasonable to assume that the transformations can be “diagonalized”, as in the class
S case [31, 32|, by expanding the free trinion into “wavefunctions” associated to each
puncture,

Ift (Va «, U, 18i7 Vi, t) = Z 7/&1] (ua B’ia Yis t)(ﬁ)\(()é, IBiv Vi, t)&g?} (V, ﬂi, Vi, t) (35)
A

with 1/1[;] (u; Bi,vis t) = ¥a(W; Bitn, Vi, t) being the wavefunction for positive maximal punc-
tures, @&n](u; Bi,Yist) = Ua(u; Bisn,vi,t) being the wavefunction for negative maximal
punctures and ¢y(«; 5,7y, t) being the wave function for minimal punctures, invariant
under color shift,

oA Biyn, Vir t) = dx(a; Bi, i t) - (3.6)

We take the maximal wavefunctions to be normalized as
% d:un(v7 B?ﬁ Yis t) _g\n] (Va Bia Vi t)z/fkﬂ (V, Biv Yis t) - 5)\)\’ . (37)

Then if we glue together n trinions we get an index

Iftn (Ui, af, U4, /8i7 Yis t) = Z wg\n] (ui7 /Biv Yis t)
A

Hd))\(akyﬁhryi?t)] ILE\O] (viaﬁia/—}/’iat) ) (38)
k

which is explicitly invariant under S-duality. Note that gluing n free trinions we get a
theory of two maximal punctures differing by n units of the Z; color.

In the rest of this subsection we will specialize to the case of k = 2 Ay theories. As
already mentioned here we have two colors for maximal punctures. The orientation of the
puncture corresponds to the ordering of the two SU(2) groups. We will denote

P(u; B,7,t) = O (w; 8,7, 1), (w B, y,t) = (w8, 7,1), (3.9)
Y(u'; B,9,t) = P(u; 8,7, 1),
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where we define (u1,us)! = (u2,u1). Thus the index of the free trinion will be written as,

Ti(u, 0, v 3,7, 1) = Tua¥ = > ha(ur, uz)tx(v1,v2)pa(ar) (3.10)
X

The way to determine the functions vy, 1;)\, o, as well as the possible values of the index
A will be determined in section 6. These functions will turn out to be eigenfunctions of
certain difference operators and thus we will refer to them as eigenfunctions. We stress
that it is a rather non trivial assumption that such a representation of the index exists.
We will discuss more of the physical implications of this property later on.

We have the following symmetry properties satisfied by the index of the free trinion
following from its explicit expression (3.3),

Tua" (B,7,1) = Tva* (871,71, 1)
Tua” (B:7,1) = I, “*(ﬁ, 1), (3.11)
Zua" (B,7:1) = Lya- IVT(V B,t),
Tua" (8,7 ) = Lyta—1 V(v 1 874 1),

It is natural to assume that these transformations act on single eigenfunctions and do not
act on the labels A. Under this assumption (3.11) implies that,

?ﬂ/\(u;/j’%t) :QZA( B 177at) :Jx\(uT;ﬁfY—l’t):w)\(u;'%ﬁat) :w)\(uT;'Y_lvﬂ_lat)a
J,\(u;ﬁ,’y,t) = ~/\( uy, B ) 1;)\(11;’}/_1,5_1,75), (312)
¢)\(aaﬁ77)t) :QZS)\(CY,B 773 ):¢X(a)/877_17t) :QbA(Oé_la’YaB,t)‘

We do not have to assume these properties for what follows but assuming them will make
some of the considerations simpler and we will state explicitly when such assumption will
be made. Moreover, when explicitly computing the eigenfunctions we find that these indeed
are satisfied although we will not prove them mathematically.

The gauging. We gave a prescription for gluing two theories together at maximal punc-
tures of appropriate color and orientation, by adding extra chiral fields and superpotential
couplings to the mesons and gauging diagonal combinations of the flavor symmetries. The
gauge group in general is SU(N)* and in case at hand it is SU(2)2. Since there are two
types of maximal punctures, we can glue theories along upper or lower punctures. In both
cases the gauge group is the same. We identify SU(2); of one theory with SU(2)s_; of the
other one, and we add bifundamental chiral fields of SU(2); x SU(2);41. The difference
between the two gaugings is that when we glue two upper punctures the two bifundamental
chirals have charges (+1,+1) and (—1,—1) under U(1)g x U(1),, whereas when gluing two
lower punctures the charges are (+1,—1) and (—1,+1).

For the index this implies that the functions v, and {/}VA are orthonormal under the
following measures,

<o TRT(B(BY)H ) O TRT(B (B T
A = ) Aw =7 LEonE o B
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Figure 10. The sphere with two maximal punctures of same kind and two minimal punctures.

That is
- d d

§ diov: 8.1, 000 v, B, 00w Bt) = § o f T A (i) =
n d dzo ~ ~

§ di i g B U, B 0) = o f T R() daa)d(al) = b

(3.14)

From the free trinions we can obtain the sphere with two maximal punctures, either
both upper or both lower, and two minimal punctures (see figure 10). The two theories are
physically isomorphic and differ only by re-labeling of the flavor symmetries. The index of
the theory with two lower punctures is,

il :tl
Zusva (t,8,7:p:9) = [(¢:9) (p;P)]2f{ = f = [ e ((67) 2

) 3.15
dmizy | 4Amizg zliz)f‘ (2212) ] x ( )
[Fe <t%zfﬂu¥1ﬁ5*1> (tmilu;ﬂ’y 15) (t?zil ilfyé) (ﬁz uﬂB*lé*l)] X

{I’e (t%zflvflﬁ_la_v I, <t521ﬂvlﬂwa) I (t2z§[102ilv 1a> I, (t2 25 vl 15(1_1)} .

Here the first line comes from the gauging with the second and third lines coming from the
contributions of the two trinions. This index has the duality symmetry

Iu(SVoz = Luavd — Zv&uaa (3-16)

which we should expect following our discussion in previous subsections. As discussed
before this duality follows from a sequence of Seiberg and S-dualities with the relevant
mathematical identities proven in [33-35].

Using the eigenfunctions this index is given by

Tuavs = Z%\(Ul,U2)¢/\(Ul,vz)¢>\(0)¢/\(5)- (3.17)
)

Gluing many trinions together we can obtain theories with arbitrary number of minimal
puncture but with only two maximal punctures. Moreover if the number of minimal punc-
tures is even the two maximal punctures are of the same color and if that number is odd
they are of different color. To go beyond these constraints we will have to consider RG
flows triggered by vacuum expectation values of the theories obtainable from our trinions
and we are turning to that task next.
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Figure 11. The sphere with two maximal and two minimal punctures with the fugacities associated
to the matter fields. The white nodes correspond to gauged SU(2) groups with the colored one to
flavor SU(2) groups. We suppressed the pg and t fugacities.

4 Closing minimal punctures and discrete charges

The six-dimensional SCFTs which we conjecture lie behind our story have global symme-
tries which we identify with the four-dimensional intrinsic global symmetries . The two
copies of U(1)*/U(1) actually enhance to SU(k) and in four dimensional in general only
the Cartan subgroup is not broken. In the process of compactification from six to four
dimensions, one has a choice of curvature for the line bundles associated to these global
symmetries. In the standard class S story, there is a single global symmetry corresponding
to U(1)¢, and one obtains N' = 2 theories for a specific choice of line bundles, and more
general A/ = 1 theories for other choices. We will later comment on the orbifolded versions
of these NV = 1 theories, which should correspond to different choices of U(1); curvature.
In this section, we would like to assess the four-dimensional meaning of different choices of
curvature for the U(1)g and U(1), bundles.

In order to do so, we look at the possibility of “closing” a minimal puncture, by giving a
vev to a chiral operator charged under the U(1), global symmetry associated to the minimal
puncture. An assumption we make is that such vevs leave us inside the class of theories we
are discussing, that is the theory in the IR can be associated to a certain Riemann surface.
An obvious choice for the operator to receive a vev is one of the (anti)baryons built from
the N2 blocks of the corresponding free trinion. There are 2k such operators, va and @fv ,
and we could be giving a vev to any of them.

We can do so for any of the minimal punctures. Indeed, the S-duality properties we
expect from our theories indicate that we should get the same result, up to a relabeling of
minimal puncture fugacities, by turning on (anti)baryon vevs in different free trinions. For
our purpose, it is particularly instructive to pick the duality frame where the free trinion
we are working on is glued to a maximal puncture of some other generic theory T to give
a theory 7" with an extra minimal puncture and a new maximal puncture. The analysis
for a free trinion glued to two other theories can be done in a similar manner.

It is straightforward to see the effect of the vev. First of all, the vev Higgses the
SU(N) gauge group coupled to the (anti)quarks and identifies it with the :9’\17(]\/ ) flavor
group of the (anti)quarks. The vev converts the cubic superpotential coupling involving
that set of (antiquarks)quarks to a mass term for one of the ® fields and for one block of
(quarks)anti-quarks for the nearby gauge node. We can integrate these away.
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When giving a vev to the (anti)quark block, we need to re-define all the symmetry
generators, including the R-symmetry one, by an appropriate multiple of the generator of
U(1)4 in such a way that the (anti)quark block is not charged under any of the assignments
re-defined symmetries. It is easy to verify that the final theory we obtain after Higgsing
has the same 't Hooft anomalies for the re-defined symmetries as the initial theory, as is
obvious from anomaly matching. In particular, all the constraints we impose on 't Hooft
anomalies of global symmetries associated to the punctures we did not close remain true
after the Higgsing.

The resulting theory has three fewer marginal couplings: we lost two superpotential
couplings involving the lifted ® field and one gauge coupling. We also lost three blocks
of fields and one global symmetry. Thus we expect to have lost an exactly marginal
deformation parameter. This is consistent with the intuition that the minimal puncture
is gone.

The resulting theory depends on the choice of which 2k (anti)baryons got a vev, and
it is not equivalent to the theory 7. Indeed, all the 2k resulting theories have the same
“punctures”, which differ from the punctures of T just by the color of the maximal puncture
the original free trinion was glued to. Thus we obtained 2k potential new class Sy theories
and discovered that class Sy theories need to be labelled by extra data besides the choice
of Riemann surface and punctures.

We aim to identify the extra data with a choice of curvature for the U(1)g x U(1),
global symmetries of the underlying six-dimensional theory. Tentatively, we would say
that closing a minimal puncture by a vev of a baryon charged under U(1)g, or an anti-
baryon charged under U(1),, adds a unit of curvature for the corresponding six-dimensional
global symmetry.

If this idea is correct, adding one unit of curvature for each U(1)g, should be the
same thing as not adding any, as the U(1)g, are identified with the Cartan of a 6d SU(k)
global symmetry. The same should be true when adding one unit of curvature for each
U(1),,. We will see that this is indeed the case, as long as we refine slightly our notion of
“closing a minimal puncture” by adding to the theory some gauge-neutral chiral multiplets
coupled linearly to the surviving baryons (if we turned on a baryon vev) or anti-baryons
(if we turned on an anti-baryon vev) in the free trinion associated to the minimal puncture
we closed.

As we will often have to add gauge-neutral chiral fields with linear couplings to some
given chiral operator, it is useful to introduce the notion of “fipping” a chiral operator O:
an operation which maps a theory with a chiral operator O to a new theory with an extra
chiral multiplet ¢ coupled to O by a superpotential ¢O. The new theory lacks the operator
O, but usually has a new chiral operator ¢ with opposite charges to O.

Let us now specialize to the k = 2 case and still hold NV general while considering closing
two minimal punctures. We consider a duality frame where the two minimal punctures
reside in two free trinions glued to each other and also both of them glued to some general
models. That is the two minimal punctures reside on a “tube” connecting otherwise generic
Riemann surfaces. If we give vevs to baryons of fugacities (a; 'v#8)" and (ay'vt5~ )Y,
we end up removing most of the chiral fields in the two corresponding free trinions. The
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SU(N); gauge groups to the left of the two trinions, in the middle, and to the right are all
Higgsed to a common SU(N);. The other SU(N )y gauge group which glues the two trinions
together survives, but most of the fields charged under it are lifted by mass terms: only
bifundamentals connecting it to the left and right SU(N )2 gauge groups survive. Thus we
have a node with Ny = N flavors. The low energy description of such a node is well-known:
a set of mesons and baryons constrained by the equation,

det M — BB = A*Y. (4.1)

The theory has a vacuum where M = A? and B = B = 0, which would precisely Higgs
the left and right SU(N), gauge groups and thus bring us back to the standard theory
with two fewer minimal punctures, except for the extra baryonic degrees of freedom B, B.
Even at the level of the index, one finds that the Ny = N node effectively produces a delta
function [36] of the fugacities of the left and right SU(N),, gauge groups, multiplied by
the index of the baryons B, B with fugacities (o] 'vt8~ 1) and (ay 'vEB)N .

We can modify our definition of how to close a minimal puncture, by both turning on
a vev for the baryon with, say, (al_lx/iﬁ)N and a linear superpotential coupling between
the other baryon B with fugacity (al_lx/fﬂfl)N and a new gauge-neutral chiral field b.
The superpotential forces us at the origin of the baryonic branch of the Ny = N node and
insures the desired Higgsing. It also removes the undesired free baryons after the Higgsing.

We can now go back to general k. We consider a sequence of k trinions and close the
corresponding punctures by giving a vev to the baryon charged under U(1)g, in the first
trinion, U(1)g, in the second trinion, etc, and flipping all other baryons charged under the
U(1)g,. Because of S-duality, we could have picked any other permutation o, turning on at
the o(a)-th trinion a vev for the baryon charged under U(1)s,. The order we chose simplify
the analysis considerably, though.

After integrating away the chiral fields which receive mass parameters after the vevs,
precisely k — 1 gauge nodes end up with Ny = N flavors. With the help from the superpo-
tential couplings suppressing the corresponding baryons, the mesons for these gauge nodes
get vevs, and initiate another set of Higgsing and lifting of pairs of chiral multiplets. This
leads to another set of Ny = N nodes, etc. At the end of the RG flow cascade, the k
punctures have been completely eliminated.

Notice that using the gauging procedure discussed in this paper there is a certain degree
of correlation between the choice of punctures on a Riemann surface and the possible values
for the discrete charges. Starting from a theory 7" with a maximal puncture of some color
and orientation, we can glue to it a chain of k free trinions and then close the resulting
k minimal punctures in several different ways. This produces new theories with the same
punctures as T' but different discrete charges. The discrete charges, though, will necessarily
add to a multiple of k.

4.1 A k = 2 example

We can give some rather explicit examples of this construction for theories in class Ss. For
example, we can start from our basic interacting theory 75 built from two trinions, with
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two minimal punctures and maximal punctures of opposite orientation and color 1 and
-1=1.

If we give a diagonal vev to, say, the block of quarks of fugacity vta '3 in the second
trinion, we are left with an SU(N) gauge theory with 2N flavors: two blocks of N quarks
with flavour symmetries SU(N ) and SU(N )2 and two blocks of N anti-quarks with flavour
symmetries SU(N); and SU(N);. We also have neutral chirals in bi-fundamental represen-
tations of SU(N); x SU(N)q and SU(N); x SU(N)z coupled to the (anti)quarks by cubic
superpotential couplings and an additional decoupled set SU(N); x SU(N); which will
enter the definition of the “mesons” at the maximal punctures of color 1 and —1. Finally,
we have the single neutral chiral field we use to flip the baryon made out of the quarks of
fugacity A2, which are charged under SU(N),.

This is one of four theories which we can obtain by closing the same minimal puncture
in T in different ways. They all have one minimal puncture and two maximal of opposite
orientation and the same color 1, but different discrete charges. They will be important in
defining surface defects in section 6.

We can also consider theories obtained from T by closing both minimal punctures in
such a way that the total discrete charge does not cancel out. This produces a variety
of “charged tubes”, i.e. theories which can be associated to a cylinder with two maximal
punctures of the same type and some extra discrete charge. Such charged tubes can be glued
to a maximal puncture of some other theory T to shift the discrete charges of that theory
without changing the type of punctures. We will discuss some examples in appendix B.

4.2 The index avatar

Let us now translate the discussion above to the language of the index. To study RG flows
generated by vacuum expectation values at the level of the index one needs to study its
analytical properties. Different poles of the index correspond to operators for which a vev
can be turned on with residues being indices of the theories flown to in the IR [12].

To study analytical properties of the index we first take an index of a generic theory
corresponding to a Riemann surface and glue to it the free trinion. See figure 12. The
index of such a theory is given by

IXQ/]{ dz ?{ dz 7 (2) Le (B(By)*' 21 2) (4.2)

dmizy J 4Amize re (Z1i2) Le (22i2)

I, (t%zflufla’}) I'. (t%zfluzﬂoflﬂ*q I'. (t%zzﬂuflofl ) I'. (t%zzﬂuéﬂa'y*v .

We depict in figure 13 the fugacities associated to different fields of the free trinion. A
class of poles in the index above occurs whenever the integration contours are pinched
while varying the fugacities. We look thus for pinchings of the integration contours. The
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Figure 12. Gluing the free trinion to a general theory.
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Figure 13. The glued sphere with fugacities.

poles inside and outside the integration contour coming from the free trinion are located at

in: 2 :t%uila’yq"pm tzuila Lg=tgmp™, (4.3)

lnm

—t2ui1a 1ﬁq"pm t2u ay q"p

+1

out: z; =t~ 2u a tyTtgTrpTm, tfiu YaBgp™

29 = t_2u Lap=tgmp™™, t= 2ui1a_17q_”p_m
When some of the in poles coincide with the out poles the integration contours are pinched
and the index develops poles. Different poles correspond to vevs for some protected op-
erators. In this section we are interested in the case of the baryonic operators obtaining
a vev.

We consider the pole in «a, the fugacity associated to the U(1), symmetry of a minimal
puncture, at o = t%ﬁ_l. This pole occurs when an operator with weight t372a~2, the
baryon Q%, gets a vacuum expectation value. Giving a vev to such an operator Higgses the
21 gauge group. By turning on the vacuum expectation value we break the U(1), symmetry,
i.e. we close the minimal puncture. There are similar poles at a = ts B corresponding to vev
to baryon @Q3%, and o = t_%'yﬂ corresponding to vevs for baryons @f Setting a = t%B*1

the z; integral is pinched at z; = u%ﬂ and the residue of the index becomes

Te(B(B7) " uy' 2y Pe(B2 ui™)
Te(23?) '

dZQ

4mizy

Z({uz, 22}) (4.4)

Ty T (tud ! ! )yf

Here and in what follows by residue we more precisely mean the following operation,

1 —
27y Resy—sur——F(u)  —  ResyouF(u). (4.5)

uru2
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Figure 14. The sphere with two maximal punctures of the same kind and one minimal puncture.
This corresponds to Ny = 4 SU(2) SQCD with some singlet fields and a superpotential.

This operation is natural as it removes the decoupled free chiral associated to the Goldstone
boson index of which is I‘;l. The factor of 2 appears since the U(1), charge of the baryonic
operator which is getting a vev is 2.

In particular, if the general theory of index Z({ug, z2}) is just a free trinion, the residue
is the index of an Ny = 4 SU(2) SQCD with additional singlet fields and superpotentials.
Let us denote the field corresponding to the prefactor in the integral M, which is in bifun-
damental of SU(2),, x SU(2),,. The fields in the numerator of the integral are a quark ®
in fundamental of SU(2),, and a quark @’ in the fundamental of SU(2),,. In Z({ug, z2})
we have the contribution of additional four quarks, @1 and él, and four gauge singlets in
a fundamental of SU(2),, which we denote by M; 2. The superpotential then is,

PMQ + PO M;, (4.6)

with My being free fields. This theory enjoys an action of large duality group [37-41].

Under our assumptions that the RG flows generated by vacuum expectation values
should leave us in our class of theories, the Ny = 4 SU(2) gauge theory should be associated
to a Riemann surface. In fact it can be only associated to a sphere with one minimal
puncture and two maximal punctures of the same type. This is a new, interacting, trinion
we discover in our bootstrap procedure. Note that here the two maximal punctures are of
same color and thus the theory should be invariant under exchanging the two factors of
the associated flavor symmetries. This new trinion is depicted in figure 14. For general k
such a trinion can be obtained by gluing together k free trinions and closing & — 1 minimal
punctures in certain way.

Let us study what this residue teaches us about the functions 1, 1;)\ and ¢). As we
take the residue for a minimal puncture fugacity and flip the other (anti)baryon, the wave
function ¢y («) in the sum is replaced by the insertion of certain functions of the intrinsic
fugacities, i.e.

O =Te(pas*™)Res 3 L, 02(0).
oyt = Te(pgy™)Res ) ,0x(a), (4.7)

which we can interpret as the contribution to the index sum of a unit of positive or negative
discrete charge for U(1)s or U(1),. Notice that it must be true that

DO =1, crer) =1, (4.8)
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since as we discussed closing two minimal punctures by giving vevs to the two different
types of (anti)baryons leaves behind no discrete charge. Applying the residue prescription
to a trinion glued to a maximal puncture, we can get a neat integral relation between

wavefunctions of different color:

CP 7y (g, ug) = (4.9)
B B - T, m(ﬁ,}/)—l u:tlz:tl
o . ) f 5 T .

This relation is actually known as an elliptic Fourier transform [42], and can be inverted
by a second elliptic Fourier transform. The invertibility of the elliptic Fourier transform,
though, is precisely the index avatar of the Seiberg duality relation for an SU(N) gauge
node with N flavors and flipped baryons, which we used to show how opposite discrete
charges cancel out. Thus the elliptic inversion formula gives us the same result as directly
taking a residue of a free trinion glued to a ¢) wave function:

C§\57+)'IZA (ul, UQ) = (4.10)
dzo T (mﬁy_l uilzil) 3
SN LATET Y R RN SRS S 2R )

Computing residues of the basic four punctured sphere and removing the appropriate
singlets we thus get new trinions with indices,

TG = 37 O )i (v)oa(a). (4.11)
A

This is the SU(2) Ny = 4 SQCD with singlets and superpotential we discussed above. It
will be very useful when we derive the difference equations satisfied by ).

We can consider closing the minimal puncture in the new interacting trinion. The theo-
ries obtained in this way would correspond to spheres with two maximal punctures of same
color and with non vanishing discrete charges. We will discuss briefly these constructions
in appendix B.

5 Closing maximal punctures

Our next aim is to give evidence for existence of theories corresponding to spheres with
maximal punctures only. To do so we will study RG flows triggered by the vev of chiral
mesonic operators which are charged only under symmetries associated to a single maximal
puncture and the intrinsic symmetries. To have a concrete example, to which we will refer
in the discussion below, the generic theory glued to a free trinion in the previous section can
be taken to be a sphere with two maximal and many minimal puncture, but the discussion
is completely generic and example independent.

— 24 —



A1 k = 2. The analysis of a general case is a bit cumbersome so we choose to start our
discussion with A; and k = 2 and gradually crank up these parameters. In the class S
theories of type A, maximal punctures turn out to be equivalent to minimal punctures,
though they appear different in the brane construction, essentially because mesons and
baryons are on the same footing in linear quivers of SU(2) gauge groups.

For £ = 2 maximal and minimal punctures are clearly different. The simplest choice

of chiral operators charged under the global symmetries of a maximal puncture are the
B
v
depicted in figure 13. Turning on vevs for a single meson operator breaks the SU(2),, X

~ +1
meson operators ();@); with fugacities u?luédt ( ) . We refer to fugacities and fields as
SU(2)y, flavor symmetry down to an U(1)s subgroup. Thus we may hope it will result in
a minimal puncture.

Without loss of generality we can focus at first on giving a vev to the operator Qlél,

_1t%. More specifically, we give a vev to the component of )1 with

with fugacity (ujus)
gauge charge 1 under the SU(2); and @1 with gauge charge —1. When turning on these
vevs, we need to re-define the intrinsic global symmetries and define U(1)s by appropriate
combinations of the old global and gauge symmetries, in such a way that the fields getting
a vev are neutral under the new global symmetries.

At the level of fugacities, this is accomplished by setting the the SU(2),, x SU(2),,
fugacities to (uy,ug) = (t% 1, ts %) with ¢ being a fugacity for U(1)s and the gauge fugacity
for SU(2)1 to z1 = ad.

As we turn on the vev for these chiral fields, some other fields are lifted by the cubic
superpotentials, which become mass terms. The SU(2),, gauge field is Higgsed and only
SU(2),, is left to glue the other free trinions to the one we triggered the mesonic vev in.

The crucial observation is that the surviving gauge groups only interact with chiral
fields which have the same charge under U(1), and U(1)s. This is obvious for the fields in
the general theory we glued to the free trinion, which are only charged under the diagonal
combination of the two, i.e. have fugacities depending only on z; = ad. Among the chiral
fields coupled to SU(2),,, the only ones which have different U(1), and U(1)s charges have

B 1 g )L

fugacities SES and are exchanged by permuting « and §. Other surviving fields have

fugacities 22 (adBy)* 25

The surviving chiral fields which are not charged under SU(2),, have fugacities ta?y?,
t6 242, ta=2372, and t62472. In order to find a complete symmetry between U(1), and
U(1)s we need to remove (“flip”) the fields with fugacity 62572 and t6~ 242, by adding
new fields of fugacity pq(td28=2)~! and pq/(td~2+?) with quadratic superpotential cou-
plings, and add chiral fields with fugacity t6=2572, t§°y? with appropriate superpotential
couplings.

Thus we find that by giving vev to a meson and adding some extra neutral chirals
linearly coupled to chiral operators of the original theory we arrive to a theory which
has an extra explicit symmetry, permuting the unbroken 0 fugacity with (any)one of the
minimal punctures fugacities. In other words, starting say from a linear quiver built by
concatenating free trinions we have produced a quiver gauge theory which can be rightfully
labelled by a single maximal puncture and several minimal ones. An alternative perspective
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is that the surviving fields in the “a” free trinion, together with the new chiral fields, define
a “quiver tail” which can be appended to a negative maximal puncture with color 1 in order
to convert it to two minimal punctures of fugacities « and 6.

Notice that we could have obtained a similar result starting with the second set
of mesons at the original maximal puncture. That would have imposed fugacities, say,
29 = ad', (u1,uz) = (t%ﬂé’,t%%) pole corresponding to vev for Q2Qs. This would have
produced an a priori different way to reduce the maximal puncture to a minimal one.

It turns out that we can ascribe the difference between the two possible ways to map
maximal to minimal to a difference in discrete charges. Indeed, we can probe the difference
between these two choices further by closing the newly-created minimal puncture by giving
vev to baryonic operators of fugacity 62ty*2 or té% [E2,

At the level of fugacities, if we set, say, § = tféfy in the relations (u1,u2) = (t% 1, t %) =
(t, %) for the first type of maximal to minimal reduction we obtain the same result as if
we were setting & = v/#37! in the same type of maximal to minimal reduction (u1,us) =
(téﬁcs’,t%%) = (¢, g) due to Weyl symmetry of ug. Similarly, setting § = f%b’ in the
first reduction is equivalent to setting ¢’ = v/ty~! in the second one. A detailed analysis
of the reduction procedure shows that these pairs of ways to completely close the maximal
puncture are indeed equivalent, even when keeping track of the neutral chiral fields we
added in the process, as long as we remove an additional singlet chiral field with fugacity
5—; in the first way to reduce maximal to minimal and g—z in the second way.

Thus we conclude that reducing a maximal puncture to a minimal puncture by giving
a vev to a meson with fugacity proportional to % or to a meson with fugacity proportional
to £ give class Sy theories with discrete charges which differ by one unit of U(1) g curvature
and one unit of U(1), curvature.

As we have identified a “quiver tail” which can be attached to a maximal puncture to
obtain two minimal punctures, it is natural to do the same step which in class S leads to
the definition of non-trivial trinion theories: we can conjecture the existence of SCFTs with
one puncture of color 0 and two of color 1 (and appropriate choices of discrete charges),
with the property that attaching a quiver tail to one puncture of color 1 will produce our
basic core theory built from two free trinions. As we have two different versions of the
quiver tail, we seem to need at least two distinct SCFTs, with discrete charges differing by
one unit of U(1)g curvature and one unit of U(1), curvature.

It is instructive to look a bit further to the combination of vevs which we expect to
produce and close a minimal puncture starting from a maximal one. It corresponds to
giving a vev to mesons with fugacities t%ul_l
both chiral fields with fugacity ul_lzl_ L/toay and Uy Laivta™ 871 and chiral fields with
fugacities ugz, Lty and ul_lzm/iafl 8. If we are working with a standard core theory

uy ' and t%ufluQ. This implies a vev for

built from a sequence of trinions, these vevs force us to turn on chiral fields in the next free
trinion as well, because of the cubic superpotential couplings of the second and third fields
to the @ field of fugacity &8yz; 129: the extremum equations for ® require us to turn on
a vev for the meson of fugacity tﬁ—lvzlzg Lin the next free trinion. Looking at the theory

in detail, we find that the original free trinion has been completely eliminated, while the
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next free trinion is precisely subject to the vev which reduces the maximal puncture to
minimal. This is just another manifestation of the S-duality relations which permute the
minimal punctures of the theory.

Although we do not have an intrinsic way to compare discrete charges between theories
with different types of punctures, we can use some symmetry considerations to set up some
useful conventions. Let’s declare that the core theories have zero discrete charges. We
have several different ways to produce a theory with a single maximal puncture and several
minimal ones: a minimal puncture can be produces starting from a maximal puncture of
either color, which can be reduced in two ways.

We saw that the two ways of reducing a puncture of color 0 differ by one unit of
U(1)g curvature and one unit of U(1), curvature. In a similar fashion, the two ways of
reducing a puncture of color 0 differ by one unit of U(1)g curvature and minus one unit of
U(1), curvature. Finally, we saw that reducing a puncture of color 0 and then closing the
resulting minimal puncture in a specific way is the same as reducing a puncture of color 1
in a theory with one fewer minimal punctures.

Thus it is natural to pick the following symmetric convention to compare the discrete
charges of theories before and after reducing maximal punctures: giving a vev to a meson
with fugacity proportional to 5T in a color 0 puncture adds F1/2 unit of 3 charge and
+1 Bil

+1/2 of 7 charge, while giving a vev to a meson with fugacity proportional to -y in

a color 1 puncture adds +1/2 unit of 8 charge and 4+1/2 of « charge.

A; general k. The general k case for N = 2 is not much harder to analyze, except
that now both orientation and color matter. We will proceed by analogy with our k = 2
analysis, and give a prescription to reduce a maximal puncture to minimal.

Our prescription will be to give a vev to mesons of fugacity uiu;lltﬁi’yi_ ! We can
give a vev to up to k — 1 of them, say for ¢ = 1,--- ,k — 1. Thus we give a vev to chiral
fields of fugacity u;z; LVtBia~" and 2, +11 Vit Yo and Higgs k — 1 SU(2) groups, leaving
only SU(2),. The chiral field vevs enter the cubic superpotential couplings of the ® fields
between SU(2); and SU(2);41 for i =1,--- ,k — 2. They force us to also give a vev to the
mesons in the nearby trinion, with fugacities zizifs_lltﬁiﬂ'y;l fori=1,---,k— 2. In turn,
these fugacities Higgs k —2 SU(2); gauge fields in the next column, for i = 1,--- ,k—2, but
also force us to turn on £ — 3 mesons at the next trinion, etcetera. The result is that one
end of our quiver of (k — 1)k SU(2) gauge groups is modified to take a triangular shape,
with columns of kK — 1, k — 2, ---, 1 SU(2) gauge groups. See figure 15 for illustration.

We can parameterize the z; and u; in terms of a parameter §, so that in general the
2; are proportional to (ad)~! and the w; proportional to 6—!. Thus in order to identify
a symmetry exchanging « and § we need first to make sure that the fields charged under
SU(2) satisfy such a symmetry. Then we can try to impose the symmetry on neutral
fields by adding extra neutral chirals. The relevant fields have fugacities uflzgﬂ\/fﬁkof1
and z,fluicl\/ifyk_ Lo, Half of these receive masses by the meson vevs, the other half are
u,;lzkﬂ\/fﬁka_l and z,flul\/f’yk_la. They are symmetric if we set 62 = uluk’yk_lﬁk_l.
Notice that we have set us = ultﬁwl—l, etcetera. Thus ujur = u%tk_l Hi-:ll ,Bﬂi_l and
thus 6~ 1 = ult(k_l)/26k_1.
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Figure 15. Example of closing a maximal puncture in a linear quiver with & = 3. Giving a vev
to the two mesons denoted by dashed brown lines in the left column the SU(2)? group denoted by
filled green dots is broken down to U(1). These vevs also Higgs two of the three gauge groups in
the second column. The vevs for the mesons through superpotential interactions generate vevs for
a meson in the second column, again denoted by dashed brown lines. This meson Higgses another
SU(2) gauge group. We end up with a “triangle” of unbroken gauge groups denoted by white dots.

Next we can focus on the lack of symmetry exchanging the a and § symmetries of
neutral fields. The trinion fields have fugacities uflziﬂ\/{‘,ﬁiafl and ziﬂuﬁl N Lo, but
the ones which do not get vevs nor masses and are not eaten by the Higgs mechanism are the
ones with fugacities u, 1z;t1\/fﬁia_1 and z;duiﬂ Vit L. Half of the fields have fugacities
proportional to o2, i.e. t,@’ga_Q and try;” 202, and are remnants of the baryons. The other half
has a-independent fugacities u; 2 and u? ', 1 proportional to 6%2. If we remove them through
linear couplings to new neutral chirals, and replace them with chirals of fugacities tﬁ?é‘Q
and ty; 252 and appropriate superpotential couplings, we arrive at a theory symmetric in
« and §. For the consistency of the picture with further closing the minimal puncture we
might need to decouple additional singlet fields charged only under the intrinsic symmetry;
we will not analyze this here.

Thus we learned how to convert a maximal puncture to a minimal puncture, in k
different ways. As for k = 2, these different procedures leave one with different amounts
of discrete charges on the surface. For general k& we can consider giving vevs to different
combinations of mesons closing a maximal puncture down to a puncture A with symmetry
U(1) € Gp € SU(2)¥. On the quiver such choices are classified by carving out multiple
triangular wedges from the tail. We will not embark on tail classification here though it is
a very interesting problem to discuss. See figure 16 for illustration. We can call punctures
accessible from maximal punctures by RG flows triggered by vevs of mesons “regular”
punctures in analogy with class S. There might be other types of punctures one would
want to consider but that goes beyond the analysis of this paper.

ApNn_1 and general k. Let us now analyze the reduction of maximal punctures in Ay_1
class Sk theories. The basic idea is the same as in A; case but now we have many more
mesons and thus the details are more involved. For general Ax_1 even in class S there is
a variety of possible punctures labelled by Young diagram [8] and to get from a maximal
one to minimal one has to turn on vevs for many mesons.

We begin our most general Ayx_1 class S discussion by prescribing a vev for mesons
of fugacity ugi)l(u(“))i_ltﬂi’yi_l. We can give a vev to up to (N — 1)(k — 1) of them, say

~ 98 —



Figure 16. Example of closing a maximal puncture in a linear quiver with £ = 3 down to a non-
minimal one. We give a vacuum expectation value to a single meson. This breaks the flavor group
to SU(2)? x U(1) and Higgses one of the gauge groups in the next column. This, next to maximal,
puncture together with the maximal and minimal ones are the only “regular” punctures of the A;
class S3. This puncture comes in several varieties depending on the color of the maximal puncture
we start with and the particular meson we choose to trigger the flow.

fori=1,---,k—1landa=1,--- ,N — 1. Thus we give a vev to chiral fields of fugacity

%) (uga))*l\/fﬁiof1 and ugi)l( ) Wty ta and Higgs k — 1 SU(N) groups, leaving only
SU(N)i. These vevs are not yet sufficient for our purposes, as they leave N — 1 U(1)
symmetries unbroken. We will thus also turn on an extra set of N — 2 mesons, with
fugacities u(a+1)( (a)) WBky, t, with @ = 1,--- , N — 2. Thus we give a vev to chiral fields
of fugacity z ( ) WiBra~! and u(a+1)( ) Wity e with a = 1, , N — 2. These
vevs Higgs SU( )k to SU(2).

The vevs enter the cubic superpotentials and force us to turn on also vevs for
certain mesons in the next free trinion. Namely, we need mesons with fugacities
SO ) iy for i = 1k —2and a = 1,-- N — 1, AT ED) g,

(a)

and zli )(zkil) "By, witha =1, , N — 2. These vevs will Higgs the next column of

SU(N); gauge groups to nothing, except for the last two, Higgsed again to SU(2).

These meson vacuum expectation values are implemented by Vacuum expecta—
tion values for chiral fields in the next trinion of fugacities zl( H(yz ) L/t %
andy((a))leﬁﬂalfori = k — 2 and a = N—l,
as well as z%aﬂ)( )= Wiy e, ,(ca ( ) WiBia ™, ( (?Jk 1) 1\[’)’ ,o and
y,(C 1(zk 1) WiBra™! with @ = 1,--- ,N — 2. Here the yl( ) are the fugacities of the
next row of gauge groups. These enforce vevs of mesons at the next trinion with fugacities
yz(i)l(yz(a))*ltﬁﬂg'y;l fori=1,---,k—3anda=1,--- ,N —1, y§a+1)(yk )~ 1tﬁ2'yk and

(a) (y @), 1 tB1v !, and y,(;i)l(y,(ca)2) Y4Bk Ly for a =1,--- | N — 2, thus Higgsing all but
three SU(N)s to SU(2). As the vevs propagate along the quiver, the number of SU(2)

groups increases linearly. At some point SU(3) groups appear, etc.
(a) (a) :

and u; ~ in terms of a parameter ¢, in such a way

(a)

(a)
that z;”’ are proportional to ad and u,

We can parameterize the fixed z;
are proportional to 6. Thus in order to check for
a symmetry between « and é we only need to focus on the initial trinion.

Few fields charged under the surviving SU(2) survive Higgsing and do not get a mass:
z,ga)(u,E:N))_l\/fﬁka_l and ugN)(z,(:))_l\/f/’yka for a = N — 1, N. In terms of the SU(2)
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fugacity Z, such that 22 = 2" V()1 we can write 20NV = 21/207 VN and
z,(CN) =z (N b z/,(C ). and the flavor fugacities as

The flavor fugacities have a ratio ugN)u;N)(

N)
zk
tify with o /6~. Thus we set 5~ = ug ) )( ,(C )zk YeBr) e N As ugi)l =
ul(a)t_lﬁfl%, we have u;(;z) = “ga)tl_kﬁkz%; and “l(cN) gN)t( Dk 1>(ﬁk7}?1)1_N' Also,

(u’(“N ) =11=" :( U gN))_l (t )Y,

and thus 5_N:ug )( (1)) 1(N=1)(k— D+i(N- 2)ﬂ N

)* which we want to iden-

(z,(CN_l)z,E,N)>% (u,(fN))il VB! and u ( (N)> 2 \/ﬁlzla.
VB
-1

With this choice of d, we have defined our global symmetries in such a way that U(1),
and U(1)s act in the same way on chiral fields which carry gauge charge. We will have a
bunch of gauge-neutral fields charged under both symmetries and by appropriate flips the
resulting theory can be made to be fully symmetric under exchanging the U(1), and U(1)s
symmetries.

We have learned how to convert a maximal puncture into a minimal one.

5.1 The index avatar

Let us discuss the above at the level of the index. As usual we specialize to the A;
k = 2 case.

The discussion above makes it clear that one should be able to produce ¢, up to a
normalization factor, by taking a residue of either ) or QZA at appropriate values of the
fugacities. When we defined ¢y, we have normalized in such a way that the free trinion
would have a simple expansion of the form (3.10). In a 2d TFT language, it would be more
natural to introduce structure constants C, and write the index associated to a Riemann
surface of genus g with n punctures p, and charges ¢; in the schematic form

7(Pa),(4:) Z 029 24n H (Cf\)qi Hw}\a . (5.1)

Thus if we use a convention where core theories have charge 0, we should write ¢\ = C\¥Y",
with 9\ being a properly normalized minimal puncture wave-function. Then with the
symmetric charge assignments discussed above, we can write

Py (a) = (5.2)

T, (ta=26-2) T, (ta*)?) —

-2_2
Fe (PQ5 Y ) T, (taQB_Q) T, (ta‘Q’y?) Res(ul ug)%(tj ol tj

>¢A(U1,u2)

We can obtain three other similar relations involving the other way to reduce ) and the

two other ways to reduce QZA, with other prefectures of the form C’iﬁ ’i)C’g\%i). Note
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that (5.2) together with (4.7) and (4.8) completely determine C) and C§'3 ) We will
give explicit expressions for these in appendix B.

We can also describe the quiver tail which converts a maximal puncture to two minimal
punctures. To obtain this tail we glue to a maximal puncture a free trinion and subsequently
partially close the remaining maximal puncture of the free trinion to a minimal one. At
the level of the index we start from the general expression for the index of a theory glued
to a free trinion, set (uj,ug) = (t%%, t%%) and pinch the contour at z; = ad. The residue
of the index is given by

T =Ty, (ta®y?) Te (t6727%) Te (ta 287 2) I (t6%872) (5.3)
dZ2 t Fe (m(aéﬁ'y)ilzéﬂ) B +1 0 =
jl{ Irizs z ({0457 22} ) t o (ZQiQ) Ie ;ZQ (a) :

The above manipulations imply a concrete relation between the wavefunctions correspond-

ing to maximal punctures and to minimal ones. For the functions ), 1%\, and Yy (5.3)
implies that,

O/ CP D () 4 (5) = (5.4)
L. (pgB~2*) T (toz272)F (t6°4*) T (ta 2B 2) I (t62872)

dZQ _ (g(a5ﬂ7)il :i:l) ,3 . 5 +1
Ivfllm'zz V2 (22, 09) tF (zziQ) Le ;Z2 <a> '

The relation (5.4) can be used to write the index of our core example of the four-

punctured sphere in a very suggestive form. We note that

Tuavs = Zcm )oa (V) 3" (@) 957 () (5.5)
e (pqu> Te (ta®y?) Te (t6%9%) Te (t8~*a %) Te (t877677) x

dZQ {227066} Fe (%(aéﬂfy) 1 il) é . ﬁ +1
Ivfélm'zaz i I, (2552) Le ’yz2 o ’ (56)

where
Bav = 3 O/ PPy () vy (v) o () - (5.7)
A

This index can be interpreted as the index of a new strongly interacting trinion with two
lower maximal punctures and one upper puncture and discrete charges (1/2,—1/2) (see
figure 17).

The second equality in (5.5) can be interpreted as the computation of the index in
a dual description of the core theory, involving a quiver tail attached to that strongly-
interacting SCFT associated to a sphere with three maximal punctures. We can invert
the integral in (5.5) using the Spiridonov-Warnaar inversion formula, aka elliptic Fourier
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Figure 17. The sphere with two lower maximal punctures and one upper maximal puncture.

transform [42], to obtain explicitly the index of the strongly coupled theory without using
the eigenfunction. This is the same inversion procedure used in [11] to obtain the index of
the T3 theory.

We will propose an additional, related, duality which connects this interacting trinion
to a different Lagrangian theory in appendix D: SU(4) SQCD with four fundamental flavors
and two flavors in antisymmetric representation supplemented with gauge singlets and a
superpotential.

This conjectural, strongly interacting trinion theory can be used as a building block
together with the free trinion (with or without closed minimal punctures) to assemble class
Ss theories labelled by a generic Riemann surfaces of genus g with arbitrary numbers of
maximal and minimal punctures and arbitrary discrete charges.

5.2 Discrete charges for U(1)

In our investigations we found that for the space of theories to be closed under gluings and
RG flows we have to consider the discrete curvatures for U(1)g and U(1),. However we did
not have to incorporate such curvatures for U(1);. Nevertheless, we can consider turning
on these curvatures too as was done for k = 1, class S, in [17]. Let us here briefly outline
how to apply this generalization. To generalize our story we first should allow two types
of theories. These are two copies of theories we discussed till now but with R-symmetry of
the two types of theories related as

R+ = R, + 2Qt_ s R, = R+ + 2qt+ . (58)
The intrinsic and puncture symmetries of the two theories are related as

U(1); x SU(k)g x SU(k)y, —  U(L)-1 x SU(k)g-1 x SU(k),-1, (5.9)
SUN)E  —  SUN)E, .

To trinions of type + we associate a new Z valued charge +1 and to trinions of type — we
associate charge —1. We glue two trinions of the same type with the appropriate measure
we discussed till now, i.e. introducing bi-fundamental fields ® and coupling them to the
mesons associated to the gauged maximal puncture through superpotential. We glue two
trinions of different types along a maximal puncture without introducing any extra fields
but turning on a quartic superpotential which is a product of the mesons associated to the
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Figure 18. An example of a theory with flux for U(1);. The A; k = 2 sphere with two maximal and
two minimal punctures built from two trinions of opposite type with the fugacities associated to the
matter fields. The white nodes correspond to gauged SU(2) groups with the colored one to flavor
SU(2) groups. Note that in our conventions the quarks in the trinion on the left have R-charge zero
and on the right R-charge one. Each gauge node has four flavors. We turn on superpotentials for
the two “diamond” paths in the quiver.

gauged puncture from the two glued theories. At each gauge node we have here Ny = 2N.
See figure 18 for an example. A way to derive the map of symmetries (5.9) is to study
anomaly free gluings of two free trinions of different type as depicted in figure 18.

If we consider only one type of theories as we did till now the new Z valued charge will
have a fixed value, which we can take to be +(g — 2+ s) with s being the total number of
punctures and the sign determined by which class of trinions we use. However when we glue
theories of the two types together and start triggering RG flows closing minimal punctures
arbitrary values of the new 7Z valued charge can be achieved. It would be interesting
to develop this generalization in more detail. We make some comments on the index of
theories with U(1); discrete charges in appendix E.

6 Surface defects

In this section we will use the strategy of [12] in order to produce difference operators
which act diagonally on wavefunctions, associated to BPS surface defects produced by a
“vortex construction”, i.e. RG flows initiated by position-dependent vevs of chiral opera-
tors. Consider two theories Ty and T7r connected by an RG flow initiated by a constant
vev of a chiral operator of charge 1 under some U(1), global symmetry. If we couple the
theory Tyy to a “vortex”, i.e. background connection for the U(1), global symmetry, with
n units of flux concentrated near the origin of the plane, we can give the chiral operator a
vev which is constant at infinity, but has a zero of order n near the origin. An RG flow far
to the IR will leave us with a surface defect in T7g.

At the level of the index, the vortex construction of surface defect is very simple. The
index of Tyy has a pole at some value ag of the fugacity of U(1), whose residue is the
index of TTr. The pole is accompanied to an infinite family of poles located at cgg™, whose
residues give the index of T7g in the presence of the vortex defect of order n.

Let us take a general theory in class Sy and attach to it a sequence of k free trinions to
produce a new theory with k£ extra minimal punctures and the same discrete charges. We
know that we can recover the original theory by turning on a baryonic vev for each new

— 33 —



Figure 19. Gluing the intercting trinion to a general theory.

minimal puncture, as long as we pick k baryons with distinct U(1) 3, charges or anti-baryons
with distinct U(1), charges.

Thus we can produce 2k classes of interesting surface defects Sg, ,, and S, ,, by making
the vev of one of the k baryons position dependent, or one of the k anti-baryons.

Of course, we could also state the construction in term of the interacting trinions built
from a sequence of k free trinions by closing k£ — 1 minimal punctures. This will save us a
bit of work below.

6.1 The index avatar

The surfaces defects are very useful in the index considerations since they allow to fix the
functions ¥, (u) by specifying them as eigenfunctions of certain difference operators. As
usual, we specialize here to k =2 and N = 2.

The index of the interacting trinion is given by,

1
TP =T (pgB~) Te (tyB v 03 ) e<t§5a 1Uf1v§1>T (7527 aﬁl”gﬂ) x (6.1)

pq ,E1 1
dz Le ( vy 2t ) 43
Ivj{ z By T, (B2 AT, iuétlzil r, <t27au:|:1 il)

iz T (2%2) Ba

We remind the reader that this theory was obtained by closing a minimal puncture of a
sphere with two minimal and two maximal punctures by giving a vev to a baryon which set
§ =13 =1, The symmetry between u and v is not manifest here, it follows from the duality
property of the basic four punctured sphere. We glue this trinion to a generic theory by
gauging one of the maximal punctures (see figure 19). The resulting index is

+1
~ 1 U
I:Iaj[ dus f{ du <> T (uT)I(B’_) (w,v,a).  (6.2)

dmiug J 4miug uiﬂ) Le (Uzﬂ)

This index has many interestng poles. If one computes the residue at o = ts 8 we will
erase the minimal puncture and obtain precisely the index of the generic theory we glued
the trinion to. As an operatorial statement we say that computing the residue at o = t%ﬁ
amounts to acting with identity operator on Zj.

Next we can consider poles in « which have additional powers of g. We claim that this
index has, among many others, a pole when o = téﬁq%. This corresponds to the simplest
position-dependent vev for the baryon operator.
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The pole is produced by pinching the integration contours between poles of the in-
tegrand. The poles arise from the I'. functions associated to the chiral multiplets which
receive a vev. In particular, we have a collision of poles of Fe(téﬁoﬁlui‘lvzﬂ) and obtain

a finite residue at?
+1 +1 +1 41
up =q-2v5 ug =q 2y . (6.3)

Computing the residue is tedious, but straightforward. If we define

to7 tot v :tl_ tpvy . t33~vs |
(45 () ) (8)o (%)

T(Ulav2;ﬁ77a t) = ) (64)
0 (vi;p) 6 (v3;p)
the residue is computed by acting with the following operator on Zy,
— a b
Slony - fonve) = > T(f,vh; B,7,1)f(a%v1,q2va) . (6.5)

a,b=+1

Since the theories we consider enjoy S-duality we can act with the difference operator on any
of the maximal punctures with the same outcome [12]. The functions v, are eigenfunctions
of 623’1_)). This operator introduces a surface defect into the A/ = 1 theories of A; class Ss.

We can start from the trinion with opposite § discrete charge and close a minimal
puncture with t%ﬁfl, or start with one of the trinions with + discrete charge and close the

minimal punctures appropriately. The difference operators one obtains are all related to

the above,
68/:1_)) . f ('Ula'U2) = bzi T (U%, US;’)/,B’t) f (q%vl,qgv2> , (66)
a,b==+1
S S = 3 T (st ) 1 (st
a,b==%1
S g ue = 3 T (st ) 1 (ahonaten)
a,b==+1

The functions 1) should be simultaneous eigenfunctions of all these operators and indeed
it can be checked that these operators do commute.

We can now in principle compute more difference operators introducing more general
surface defects by computing other residues of the index above, with higher n. It is a priori
straighforward but tedious exercise and we refrain from doing it here.

We leave a systematic study of the difference operators and wavefunctions with generic
fugacities to future work. Here we will take some degeneration limits which simplify the
analysis considerably and allow us to write down some simple, explicit formulae. Although
for a general N' = 1 theory the limit p — 0 of the index may not be well defined, or useful,

2Setting a = téﬁq% and u; = qi%vZil in (6.1) one flavor becomes massive and we can evaluate the

integral in terms of the Seiberg dual mesons [43]. With the particular charges and generic fugacities for
1

global symmetries appearing in (6.1) one of the mesons contributes zero. However tuning us = qiivlil

another meson contributes a pole which cancels the zero.
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the indices of class Si theories with the choice of fugacities used in this paper appear
to have a reasonable p — 0 limit, akin to the Macdonald limit of the index of N/ = 2
gauge theories. In this Macdonald-like limit, the eigenfunctions of this difference operator
orthonormal under the vector multiplet measure become (experimentally) polynomials up
to an universal pre-factor.

The measure under which the polynomial part of the eigenfunction is orthogonal is

k N a —1.
s = ] g DD 0 o

N _ _
—1 Ha,b:l(t By e Z?(Z?H) )

with k=1, N =2, and 81 = 8, 71 = . This is a generalization of the Ay_1; Macdonald
measure. We will discuss a straightforward algorithm to compute the eigenfucntions by
diagonalizing the difference operators in Macdonald limit in appendix B.

Let us here quote the results if we further set 3,y = 1 and take the Hall-Littlewood-like
limit p,q = 0. For the first several wavefunctions we find

N 1
1/1(0) = (1 _ tzfdzéd)2’ (68)
~ 1 B _
Yy, = m((ﬂ +a ) £ (22 +2Y),
- 1 2
A 1

= 1 +1 ((Z% 2;2) (Zg 252))a
(1—tz7 25 )2
1 2

) ] (iﬂ +t) (24 +1) (imﬂ) (251 1)

¢(2)i - (1 _poEL :|:1)2 X 9 (t2 _ 1) 212 2 (t2 _ 1) 292

1?2
1 1
izt () (a )
Z1 Z9

The hat on the functions reminds us that these functions are not normalized to be or-

thonormal. Note that the coefficients of the polynomials here are algebraic expressions,
roots of polynomial equations, as opposed to rational expressions in the N = 2 case. The
N =1 theories are in this sense irrational though algebraic. The indices are single valued
sums over roots of algebraic equations. We denote the normalized functions

¥a (z) = — 2 (2) (6.9)

(1-tz7257)"

where x(z) is a polynomial. The HL index of the free trinion is then given by

1 1
1 1 1—¢2 ]2 Xu (215 22) Xp (Y1, 92) X (ﬁa’ﬁa_l)

7
zya 1=t 23 — gy 1 — ™2 X (1, 1)

(6.10)
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As we will see in appendix B the index of the interacting trinion with three maximal
punctures becomes

T — 1 (1—1t%)? 1 X (21, 22) Xu (Y1, v2) Xpu (1, 22)
N R S Z ) :

(6.11)

When 5,7+ = 1 there is no difference between the colors of punctures and we are blind to
the different discrete charges.

In appendix B we will write the general expressions for the index of any theory in class
Sy when p = 0.

7 Five dimensional interpretation

In this section we will re-examine our four-dimensional discussion in the language of bound-
ary conditions and interfaces for a N’ = 1 five-dimensional gauge theory Ny i, the necklace
quiver formed by k£ SU(NN) gauge groups. This model is the world-volume theory of D4
branes sitting at an Ap_; singularity and conjecturally arising from the compactification
on a circle of the six-dimensional SCFTs which inspire our work. Our intuitive picture
is that a Riemann surface with s semi-infinite tubes labels interfaces between s copies of
Nn i, defined on half-spaces.

Our first task is to review the properties and definitions of boundary conditions and
interfaces for five-dimensional A/ = 1 gauge theories

7.1 Generalities

A five-dimensional N' = 1 gauge theory is labelled by a gauge group G, a flavor group
F' and a quaternionic representation of G x F which specifies the hypermultiplet content.
The hypermultiplets can be given real masses associated to the Cartan sub-algebra of F'.
The gauge couplings of G can be identified as real masses associated to “instanton” global
symmetries U(1); whose conserved currents are of the schematic form *TrEF' A F. We can
denote the full global symmetry group as F' = F x U(1)7. The theory is further labelled by
a choice five-dimensional Chern-Simons couplings «, which may be integral or half-integral
depending on the amount of matter fields.

Although the gauge theories may have strongly-coupled UV completions, in the IR
they are free. That implies that the gauge groups can be treated as very weakly coupled
when describing a boundary condition. A simple class of boundary conditions is labelled by
two pieces of data: the subgroup Gy of the gauge symmetry preserved at the boundary and
a choice of boundary condition for the hypermultiplets. Somewhat more general boundary
conditions are possible, which involve a generalization of the Nahm pole which occurs in
the maximally symmetric case. We will come back to these later in the section.

The boundary condition for the hypermultiplets can be strongly coupled. If the hyper-
multiplets pseudoreal representation is the sum of two conjugate representations, a general
construction is available, which starts from some free boundary conditions and adds su-
perpotential couplings to extra four-dimensional N' = 1 degrees of freedom living at the
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boundary. If we denote the two halves of the hypermultiplets as X and Y, we can start
from a Y =0, 9, X = 0 boundary condition and add a linear superpotential coupling

W = XOx, (7.1)

to an operator Ox in a boundary theory Bx. Alternatively, we can start from a X = 0,
0.Y = 0 boundary condition and add a linear superpotential coupling

W =YOy, (7.2)

to an operator Oy in a boundary theory By. As long as we focus on F-terms only, the two
constructions are essentially equivalent: By can be obtained from Bx by “flipping” Ox,
i.e. by introducing a new chiral field ¢ with superpotential coupling $Ox. Then Oy = ¢.
A particular case is that the X = 0, 3, Y = 0 can be obtained from Y =0, 9, X =0 by
adding a chiral with X ¢ coupling, and vice versa.

Boundary conditions for a five-dimensional gauge theory may have various anomalies.
The boundary cubic gauge anomaly receives three contributions:

e The bulk Chern-Simons coupling.
e The boundary theory.

e The boundary condition for the bulk hypermultiplet: Y = 0, 0, X = 0 contributes
half of the anomaly of a boundary chiral field with the same charge as X.? This half
is the reason the bulk CS coupling may sometimes be half-integral.

The total gauge anomaly for Gy must cancel out.

We also have various sources of 't Hooft anomalies. This includes cubic and mixed
anomalies arising from the boundary theory, the boundary condition for the hypermultiplets
and the bulk CS couplings. The R-symmetry anomaly also receives contributions from the
boundary conditions for the gauge fields, which is half of what a four-dimensional Gy
multiplet would give.

7.2 A review of Nnk

The necklace quiver theory Ny has a U(1)%¥ global symmetry: rotations of the bi-
fundamental hypermultiplets and instanton symmetries. See figure 2. A natural way
to parameterize these symmetries follows from the UV realization of the gauge theory as
a web of fivebranes drawn on a cylinder, with k infinite NS5 branes and N circular D5
branes, see figure 20.

The transverse position of the i-th top half-infinite NS5 brane is the mass parameter for
aU(1) B symmetry which acts with charge 1 on the X4 ' fields of the i-th hypermultiplet,
—1 on the Y fields, 1/2 on the instanton charge at the (i + 1)-th node and —1/2 on the

instanton charge at the i-th node. We define the k£ — 1 symmetry generators <%((11))k )6 by

quotienting by the diagonal symmetry U(1);.

3That follows from the symmetry between ¥ =0, 9, X = 0 and X =0, 8, Y = 0 and the fact that we
can switch from one to the other by a flip.
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Similarly, the transverse position of the i-th bottom half-infinite NS5 brane is the mass
parameter for a U(1)s, symmetry which acts with charge —1 on the Xg/** fields of the i-th
hypermultiplet, 1 on the Y,* fields, 1/2 on the instanton charge at the (i+ 1)-th node and

Qi+1
—1/2 on the instanton charge at the i-th node. We define the k — 1 symmetry generators

<%((11))k ) by quotienting by the diagonal symmetry U(1);.
.

Finally, we need to pick a U(1), symmetry generator whose mass parameter is associ-
ated to the sum of all gauge couplings, i.e. the size of the cylinder. We pick it to act on
the instanton charge at the first node.

In terms of fugacities, the hypermultiplet fields X4 "' have fugacities tBiv; ! and the

CS coupling at the i-th node is ,/’8"*512,7;’2*1 for i # 1, py/ g’;—z’f otherwise.

In the following we will encounter variants of this symmetry labeling, where the U(1) g,
and U(1),, are permuted among themselves by permutations o and 7 respectively, and the
U(1), symmetry generator act on the i-th node. We can denote that as N3*. We will also

often consider boundary conditions which break U(1),,. In that case, we can refer to N3 ".

In the low energy quiver gauge theory, the mass parameters for these global symmetries
are constrained by the requirement that the gauge couplings should be positive. The UV
description in terms of fivebranes suggest that symmetry enhancements should occur when
some semi-infinite branes are brought together. A maximal case is when all semi-infinite
branes are brought together, giving rise to a SU(k)s x SU(k), symmetry enhancement.
Indeed, as the branes live on a cylinder there are k distinct ways to reach such a sym-
metry enhancement, as one bring the branes together in the order ¢,4 4+ 1,--- ,4 — 1. The

parametrization of X,ZZ is adapted to that order.

We should also remember the six-dimensional UV completion of the five-dimensional
quiver gauge theory, in terms of a circle compactification of the (1,0) SCFT correspond-
ing to N M5 branes in an Aj_; singularity. Then U(1), becomes the KK momentum
and SU(k)s x SU(k), x U(1); become six-dimensional global symmetries. Then the five-
dimensional mass parameters are lifted to the inverse radius of the compactification circle
and to Wilson lines for the six-dimensional global symmetries.

Intuitively, we may hope to find “duality walls” in the five-dimensional gauge theory,
which express the invariance of the UV theory under permutation of two consecutive sym-
metries U(1)g, and U(1)g,,, or U(1),, and U(1),,,,.
as the low energy limit of a Janus configuration in the UV, where the mass parameters for

More precisely, such a wall would arise

these symmetries are brought across each other as we move along the fifth direction.

The notion of duality walls for five-dimensional gauge theories is explored in depth
in a separate publication [44]. Here we mention them because the domain walls which
are associated to spheres with two punctures and non-trivial discrete charges will turn
out to coincide, amazingly, with the duality walls for the ]‘\T,;Z theories associated to
permutations of the U(1)g, and U(1),, 5d mass parameters, i.e. of the 6d flavor Wilson
lines. This provides a powerful check of our conjectural interpretation of discrete charges

as curvature charges for the six-dimensional U(1)g, and U(1),, global symmetries.
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Figure 20. The brane picture for the necklace quiver Ny . The top and bottom edges are
identified forming a cylinder.

7.3 Boundary conditions from maximal punctures

Consider any of our four-dimensional gauge theories, with a positive puncture of color 0.
We will build from it a U(1),-breaking right boundary condition for Ny, i.e. a boundary
condition for N; Nk

The anomalies and superpotential couplings match nicely. We can deform the X =0
boundary conditions by coupling the Y =~ to the mesons Mg*'. The gauge anomaly
cancels out because of the balance between fundamental and anti-fundamental fields. The
SU(N); gauge group has a mixed anomaly associated to the fugacity t8;—17; ! from the

boundary fields, \/ (tBi—17; )1 (tBiy; 1) ! from the hypermultiplet boundary conditions,

Bi—17i-1
Bivi

K3

for a total of , which precisely cancels against the contribution from the CS

coupling for a right boundary condition. Similarly, a positive puncture of color n can be
coupled from the right to Nji}?;l,nﬂ,-..),(l,%'“)’*.

We can use negatively oriented punctures to define left boundary conditions as well. For
example, if we have a negatively oriented puncture of color 0, shifting the 7 indices by one so
that mesons have fugacity ¢4;; ! and anomalies tBiv;,_ 117 the total anomaly 4/ 51_6117;72_1 pre-
cisely cancels against the contribution from the CS coupling for a left boundary condition.

Thus a negative puncture of color n can be coupled from the left to NJ(V",;FZ"JF?”'" W23 )

A crucial example of interface is a free trinion coupled on the left to A ](\,2 ,?) (1,2, ),x

and on the right to Ny ;. The fact that the interface breaks U(1), is consistent with the
six-dimensional interpretation of the system as an infinite tube with a minimal puncture
with a specific location on the cylinder. Upon closing the minimal puncture, though, we
will find that U(1), is restored.

7.4 Closing minimal punctures and duality walls

Next, we close the minimal puncture in the interface between N J(VQ ,f’) (120)% and V. Nk
by giving a vev to the bifundamental chirals of fugacity v/t81a which are coupled to the
five-dimensional gauge groups SU(N)¥ and SU(N)Z.
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The vev Higgses the two gauge groups together, so that they form a single SU(N);
gauge group stretching across the interface. The vev also couples the bifundamentals of
fugacities \/i’yl_ Lot =6 /71 linearly to the five-dimensional hypermultiplets on the right
hand side of the interface, and \/ffy,; la=1 = tp /7, on the left hand side, converting the
corresponding X =0 to Y = 0 boundary conditions.

The match between the global symmetries across the new interface works almost ex-
actly as before, except for a crucial difference: the U(1), symmetry acting on the SU(N);
instanton charge both on the left and on the right of the interface is now unbroken! This is
consistent with the picture that the minimal puncture has been erased. We have obtained
an interface between ./\/'J(VQ,? 20l and J\/]{,k

It turns out that such an interface can be actually decomposed into & — 1 simpler
interfaces, each corresponding to a simple duality operation. The rightmost interface is

between NJ(VQ’;’:M’W 20l and N}, and we can associate it to the permutation of 31 and

B2. The next interface is between /\/'](\[2’,3’1’4"”)’(1’2’"')’1 and N](\,2’,€1’3’4"")’(1’2"")’1 and we can
associate it to permutation of 51 and Bg, etc. 7

The simple interface associated to a permutation of 81 and S5 lets all five-dimensional
gauge groups go through the interface, except for SU(N)% and SU(N)Z, which are coupled
by a bi-fundamental chiral field @ of fugacity B2/f1. In turn, det ) is coupled to a gauge-
neutral chiral operator b by a linear superpotential W = bdet Q.

The hypermultiplets also just go through the interface, except the ones charged under
SU(N)g’R. On the right, we set to zero the X field of fugacity t32/v2 and the Y field
of fugacity t‘lﬁl_lfyl. On the left, we set to zero the YQL field of fugacity t_lﬂl_lw and the
X} field of fugacity tS27y; 1. We introduce superpotential couplings QYL XE + QXEYSE.

This gives an interface between N](V2’kl’3’4"")’(1’2"")’i and /\/’}Vk for every i except when
i = 2. We would like to interpret it as the duality interface for permuting 51 and (5.

In a similar manner, we could consider an interface between theories N ](\,1 ,3 )(21,3.4)s8
and le\/k for every i except when ¢ = 2, involving a bi-fundamental chiral field Q of
fugacity ~2/v1 going in the opposite direction. We would need superpotential couplings
QXLYE + QYL XE. We would like to interpret it as the duality interface for permuting
71 and 2.

In order to test our interpretation, we should check that these interfaces fuse in a
manner consistent with the expected properties of the permutation group of the (; and
the Yi-

The first test is obvious: permuting 8 and S2 twice should give the identity, and thus
concatenating two copies of the corresponding duality interface should give a trivial inter-
face. This works indeed as expected: the SU(N), gauge theory in between the interfaces
gives at low energy a four-dimensional SU(N) gauge group with Ny = N, as the boundary
conditions at the interfaces eliminate completely the bulk hypermultiplets in the interval,
and only the two sets of @) chiral multiplets remain, together with the baryonic couplings.
We know that such a theory in the IR reduces to the QQ mesons with a non-zero vev, which
Higgses the five-dimensional gauge theories on the two sides of the fused interface together.

A second test is that permuting 81 and (2 should commute with permuting ~; and
~v2. It turns out that this follows from a neat application of Seiberg duality. The SU(NN)q
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gauge theory in between the interfaces now has Ny = 2N: the Q and Q give 2N “quarks”,
while the bulk hypers in the interval give 2N “antiquarks”. Seiberg duality at that node
exchanges the setups which arise from fusing the interfaces in two different orders.

It is even easier to check that the interface for permuting of 51 and 2 commutes with,
say, the interface for commuting v and ~s.

The 012093019 = 0923012093 relations in the permutation group of the §; can also
be checked. If we concatenate the corresponding triplets of interfaces, we get interfaces
which support four-dimensional gauge theories which are related by the Seiberg duality of
a SU(N) theory with Ny = 2N, up to a slight mismatch in the superpotential couplings
which may perhaps explained away by operator mixing. We leave a more detailed analysis
to [44].

Finally, we can comment on the relation between different ways of closing a minimal
puncture and “curvature charges” in the six-dimensional puncture. By closing a mini-
mal puncture with chirals of fugacities proportional to 3;, we obtain an interface between
/\/}(\727}3’ A2 and /\f&k The final order of the 3; is independent of our choice, but the
interfaces glue the U(1), action on the two sides in different ways.

We can try to match the interface with the behaviour of an Abelian SU(k) connection
on an infinite tube, asymptotically flat at the two ends, but with curvature (1,0,0,---) in
between. The curvature will force the Wilson line parameter in the first eigenline to vary
as m; — mq + 1/R as we go from right to left, thus passing across all other Wilson line
parameters and back to the initial position on the circle. This seems to roughly match
what we see in the interface.

7.5 Punctures and orbifold Nahm poles

It is natural to identify a maximal puncture with a Dx Dirichlet boundary condition for
the five-dimensional gauge theory, setting to zero the Ya?} , half of the hypermultiplets: if
we map a 4d theory 7" with a maximal puncture to a boundary condition B by coupling
it to the 5d theory, we can recover the 4d theory T from the 5d theory on a segment,
with boundary condition B at one end and Dirichlet at the other end. The surviving half
Xa™ of the hypermultiplets provide the expected “mesons” and the boundary condition
produces the desired 't Hooft anomalies at the boundary.

The five-dimensional perspective is useful in describing other types of punctures as
well. For example, in class S general punctures are associated to a variant of Dirichlet
boundary conditions, the Nahm pole boundary conditions. In this section we generalize
that notion to the necklace quiver theories N; Nk

The boundary conditions we are after are boundary conditions for BPS equations
which describe field configurations of the 5d theory which preserve four-dimensional super-
Poincare invariance.

There are D-term and F-term equations. The F-term equations set the complex mo-
ment maps to be zero and require the hypermultiplet vevs to be covariantly constant under
a complexified gauge connection of the form D; = Dy — ®, where ® is the scalar super
partner of the gauge bosons. The D-term equations set D5® to be equal to the real moment
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map for the hypermultiplets. For the necklace quiver, we can write schematically

XY, = Y;+1XZ'+1 R DsX; = (I)iJrlXi - X;P; s D5Y; = ®;Y; — Y;(I)Z?H ) (73)
D5®; 41 = XiX@'T - Yz'TYi - Xz'T+1Xi+1 + m'*‘lYiTH :

We are interested in deformations of the Dx boundary conditions, which still set the
Y; fields to zero but enforce a singular behavior of the X;, ®; fields,

B; A;
X~ ——, B~ ——3, (7.4)
with
Bi = Aiy1B; — BiA; Aip1 = BB} — B!, | Biy1. (7.5)

We can call these boundary conditions orbifold Nahm poles.

Notice that we can organize the A; and B; matrixes into two kN x kN matrices ¢ and
t*, with t3 block diagonal of blocks A; and ¢ with blocks B; under the diagonal. The ¢+
and 3 give an SU(2) embedding p into SU(kN), with the property that 3 commutes with
a diagonal matrix Q with N eigenvalues equal to 1, N equal to e2™/* etc. while ¢t has
charge 1 under the action of €.

If we start from Dx and we give a vev to the “mesons”, i.e. the boundary values of
the X, such that the kN x kN matrix M with blocks X; under the diagonal is nilpotent,
it is natural to expect the boundary condition to flow in the IR to the orbifold Nahm pole
labelled by the su(2) embedding p in SU(kN) associated to M.

The vevs we used to fully close a maximal puncture are a perfect example of this setup:

the “chain” of k(N — 1) meson vevs engineers a nilpotent matrix M with a single, large
Jordan block.

8 Discussion

In this paper we have given a basic description of some the properties of class Si theo-
ries. Starting from core theories which we associate to spheres with two maximal and a
bunch of minimal punctures we discovered that in order to build classes of theories closed
under gaugings and RG flows triggered by vevs for a very particular set of chiral operators
we should consider theories which are naturally associated to spheres with more general
combinations of punctures. Moreover, the theories should be labelled not just by a punc-
tured Riemann surface, but also by a collection of discrete charges. Some of the theories
which followed from our considerations are strongly coupled SCFTs. Some of these can
be thought of as IR fixed points of a Lagrangian theory but some lack such a description.
Using these SCFTs we in principle now can construct theories corresponding to Riemann
surfaces of arbitrary genus.

Our analysis is rather incomplete in many respects and leaves room for many new
insights to be uncovered. We can supplement our analysis with a very partial list of intere-
sting questions and open problems which we would like to see addressed in the near future.
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Comparison with bipartite theories. Although we have focussed on quivers drawn on
a cylinder and compactifications of the six-dimensional theories on surfaces of genus 0, we
could have also readily defined core theories associated to tori with kn minimal punctures,
by gluing together the two maximal punctures of our standard core theories. It would be
interesting to explore in full the relation between such genus 1 class Si theories and the
standard bipartite quiver gauge theories associated to toric Calabi Yau singularities. See
appendix C for some examples.

Classification of punctures. We have discussed at first two types of punctures, max-
imal and minimal, the former coming in k varieties. We have argued that more general
“regular” punctures may be defined by turning vevs of collections of mesons at a maximal
puncture, and proposed a five-dimensional classification in terms of su(2) embeddings in
SU(kN) commuting with a Zj subgroup. The duality walls we encountered in five di-
mensions also suggest that one may define maximal or other regular punctures labelled by
general permutations of the §8; and 7; as well. A natural open problem is to complete a
systematic classification of “regular” punctures and the corresponding quiver tails.

Precision study of the spectrum. We have given a prescription to compute, at least
in principle, the index for any of the theories in Ay_1 class Sg. It would be interesting
to actually extract from the indices information about the operators of the putatively new
strongly coupled SCFTs. For example, their marginal and relevant deformations [18]. Tt
would be also interesting to find a systematic way to determine their conformal anomalies.

Extension to other (1,0) SCFTs. In this paper we discussed theories obtained, con-
jecturally, by reducing the 77CN (1,0) SCFTs associated to N M5 branes on Ay, singularity.
It would be interesting to extend the discussion to other types of (1,0) SCFTs.

Some (1,0) SCFTs can be obtained from RG flows initiated by Higgs branch vevs
in the 7.V theories. It may be possible to track the four-dimensional image of these RG
flows, perhaps by giving vevs to chiral operators which are charged under intrinsic symme-
tries only.

It should be possible to extend our work to other 4d gauge groups and 6d SCFTs by
considering “core” theories defined by brane systems enriched by orientifold planes.

Reduction to three dimensions. We can consider reducing theories of class Si to
three dimensions. When we have a description of the theory in four dimensions in terms of
a conformal Lagrangian, in three dimensions the description will not in general be confor-
mal. Moreover, the reduction on a circle will produce additional superpotentials involving
monopole operators [45]. Such superpotentials break explicitly symmetries in three dimen-
sions which are anomalous in four dimensions. Keeping track of such superpotentials is
crucial to have dualities work for the compactified theories.

One interesting aspect of the dimensional reduction in class &1 was that the reduced
theories possess a mirror description which was always Lagrangian, a star-shaped quiver
with arms associated to the punctures of the original theory [46]. The difference opera-
tors and wave-functions [47] had a simple interpretation in the language of domain walls
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interpolating between two S-duality frames of N’ =4 SYM with SU(N) gauge groups [48].
The eigenvalue equation was associated to the S-duality relation between a Wilson line a
't Hooft line on the two sides of the duality wall [12, 49, 50].

We do not know how much of this will generalize to class S. The difference operators
do appear to be related to 't Hooft line operators in a necklace quiver. It may be that the 3d
limit of the wave-functions is still related to domain walls interpolating between different
duality frames of N/ = 2 four-dimensional necklace quivers. It would be interesting to
explore this idea and perhaps build universal mirrors for the compactification of class
S theories.

Surface defects. We have discussed RG flows introducing surface defects into our the-
ories. It would be interesting to study properties of these defects in more detail. They
appear to give a broad generalization of the elliptic RS difference operators encountered in
class S theories.

Holography. Class Sy theories can be in principle studied in large IV limit. For example
one can consider theories corresponding to Riemann surfaces without punctures to avoid
proliferation of flavor symmetries. Such AdS5 backgrounds were recently considered in [51,
52] generalizing some of the k = 1 results discussed in [53]. It would be interesting to study
the relations between holography and our results in more detail.

Geometrization of Seiberg dualities. Starting from quiver theories with bifundamen-
tal matter and employing different types of dualities one can in principle generate gauge
theory with matter in more intricate, tensor, representations. See appendix D for example.
It would be interesting to understand whether class S; can serve as a natural setup to
systematize the diverse variety of Seiberg dualities.

Quantum mechanical models. It will be interesting to study in more detail the quan-
tum mechanical models for which our wavefunctions are eigenfunctions. Here we have
discussed in some detail the case of A; and k = 2 and the generalization to higher k¥ and N
though rather straightforward might be interesting. One can also try and compute other
partition functions, such as lens index [54], for class Sy theories. In terms of eigenfunctions
while the supersymmetric index is related to symmetric functions (and polynomials) the
lens index in general is a natural generalization to non-symmetric functions [55, 56]. The
lens index should also provide a window into subtleties with global properties of the gauge
and flavor groups [57].

Acknowledgments

We would like to thank Chris Beem and Brian Willett for useful discussions. The research
of SSR was partially supported by “Research in Theoretical High Energy Physics” grant
DOE-SC00010008. SSR gratefully acknowledges support from the Martin A. Chooljian and
Helen Chooljian membership during his stay at the Institute for Advanced Study, and would
like to thank KITP, Santa Barbara, and the Simons Center, Stony Brook, for hospitality
and support during different stages of this work. The research of DG was supported by the

45 —



Perimeter Institute for Theoretical Physics. Research at Perimeter Institute is supported
by the Government of Canada through Industry Canada and by the Province of Ontario
through the Ministry of Economic Development and Innovation.

A The supersymmetric index

The supersymmetric index [58, 59] counts with signs and weights the protected operators of
the theory. It can be defined either as an S? x S! partition function with supersymmetric
boundary conditions on the S' or as a trace over the Hilbert space on S?. The latter
definition takes the following form,

Z(p,q;u) = Tngg(_I)ij1+j2—%rqj1—j2—%r H ude . (A1)

a€yF

Here j; are the Cartans of the SO(4) ~ SU(2); x SU(2)s isometry of S* and r is the U(1),
R-symmetry. The charges g, correspond to U(1) global flavor symmetries with the set of
these symmetries denoted by §. The supersymmetric index of a free chiral field of R-charge
R is given by

o0 1= 54,1

1— p1—§+zq u R
7, = =T 2
I1—- T, ((pa)

=

u;p,q) = Te((pg) 2 u) . (A.2)

i,j=0
For the sake of brevity In this paper I'c(z) will stand for the elliptic Gamma function
I'(z;p, q) implicitly defined above. When an SU(N), flvor symmetry of a theory with
index Z(z) is gauged, the index of the gauge theory is given by,

N1 Z\N-1 N1, N
R e N 1= | LYCYSSE8 (8:3)
: i=1 " i)
with
(z20) =[]0~ =), (A-4)
=0

being the g-Pochhammer symbol. The index of a free vector field is given by,

Iy = (p;p)(q; 9) - (A.5)
We will also encounter theta functions which we will define as
(2 q) = (2:9)(gz" "5 q). (A.6)

An important property of the supersymmetric index is that it is independent of the con-
tinuous parameters of the theory, such as marginal couplings, and also is independent of
the RG scale. Thus it can be computed for example in the UV using a non-conformal
description and be the same as the superconformal index of the IR CFT.

We will adopt the standard convention that “ambiguous” powers in the arguments of
a function denote product over all the possibilities. For example the index of the N = 2
hypermultiplet is given by,

T, (t%zﬂ) ~T, (t%z) T, (t%z—l) . (A7)
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B Eigenfunctions for A; class S,

We will discuss here explicit algorithm to construct eigenfunctions for A; theories of class
S5 in the p = 0 limit. The simplifying factor here is that the eigenfunctions turn out to be
proportional to polynomials. For p # 0, as also is the case for class Sy, the computation is
much more involved. However, in principle a perturbative computation in p around p = 0
solution can be set up. See for example [60].

For p = 0 the computation is rather straightforward. The equation we have to solve is

Sloyy) - v(u) = EP(u). (B.1)

)

Here GEg 1_) was explicitly given in section 6.1. A way to proceed is to make an anzats,

Q[)(u) = Kmax(u)X(u) ) (B'Z)

with
1

- 11 :
(1(2) " uitagsa)

Then we assume x (u) to be a polynomial in u; with general coefficients of maximal degree

Kmax (u§/377) (B.?))

n and symmetric in u; — ui_l. Since our indices are invariant under u — —u we also can
assume that x(u) has well defined parity. We will have then for polynomials of order n
order %nz free parameters, and we also have the eigenvalue as a parameter. Expanding the
eigenvalue equation in u; and demanding it to hold for any monomial term will give us a
system of nonlinear equations for these coeflicients. The non-linearity comes because the
eigenvalue can multiply other coefficients. We then should solve these system of algebraic
equations which in general has a finite set of solutions.

Let us illustrate this explicitly for the lowest orders. Assuming the polynomial is of
degree zero we get that

(8,-) 44 220, BT
and thus the order zero polynomial is an eigenfunction given that,
44 200 B
E=1+0" -3yt — ——. (B.5)
The first eigenfunction is then given by,
ﬁ +2
o) = Kt [0 (2) 0. (B
We have normalized it to have unit norm under the gluing measure.
At next order we make an ansatz,
1 1
x(u)=u+—+Hug+— | . (B.7)
(75} u9
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Then we compute taking ¢ — 0 to avoid horrendous expressions

limyo* (85 —a72) xw)| = (B.8)
(ug— 1) (H (£ (8% — 52 —172) —E D) £/t (B 1)
VPuz 7
élg(l] g (6(3’1_)) —q 25’) X (u) = (B.9)
(u3 — 1) (BHE (t* — B24%) — ;Ll(s/ + 8277 1)) _ 0

v

Here & = qféé” . This system of equations can be reduced to a quadratic equation in one
of the two variables H or £ and thus has two solutions. Ultimately we obtain,
H = (B.10)
<$\/4ﬁ474(1—t26—27_2) (1—282~2) +2(1— B242)2 (52_,_,),2)2_1_“1_[3272) (52_1_72))
23393 (1-12572y72) '

We should further normalize x(u) to have norm one. We note that this expression is alge-
braic in fugacities. Taking for simplicity 5,7 = 1 we obtain that here H = +1 recovering
the result advertised in section 6.1. Note also that with this value for H all the symmetry
properties (3.12) are satisfied.

We can continue to derive eigenfunctions in this manner. Going to higher orders we
get higher order polynomial equations which do not have closed form solutions, but we can
solve them perturbatively in the fugacities.

The self-adjointness of the difference operator. Let us check that the basic dif-
ference operator we computed is self adjoint under the gauging measure. That is for two
sufficiently nice behaving functions f(u) and g(u) we have,

6 +1, 41, +1
d d 7\ ) _
f{ UI% . %) u(1 iu% FW&(gy (uh)g(ul) = (B.11)
q

+1,,£1 :i:l)

du du ﬁ Uy _
F o e e e, S .

We note that,

pT(*)il +1 :l:l)

Le(
Le(ui?)le(uy?)

6g~"uy %5 p) 0~ uy s p) 0 () igsp) T () i)
: 01 )Te(u3)
(B.12)
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Then we have that
T, (g(ﬁ)ﬂulﬂ :tl)
T, (uj:Q) T, (U:I:Q) T(“z 1,u1 1) g (q_%uz,q_%ul) [ (u1,ug) = (B.13)
1 2

1
wi—>q2u;

re (22 et ug!

t 1 1
T (u1,u2) g (ug,u1) f (q2u1,q2uz) .
Lo (u?) Te (u3?) ( )

This implies that under change of coordinates {u;} — {q%uz} the first term, out of four,
on the left hand side of (B.11) in the expansion of the difference operator maps exactly to
the fourth term on the right hand side. This can be repeated for the other three terms and
thus implies that the difference operator is self-adjoint.

The index of generic class Sy A; theory. Let us here write down the index of a
generic theory residing in A; class S3. We will specialize to the case p = 0 where we can
write very explicitly expressions for the index.

The index is given in terms of the following building blocks. The eigenfunctions
Pa(u) = Kpax(u)xa(u) are associated to the maximal punctures. From (4.8), (4.7),

and (5.2) we deduce that
1
t, %8, ’
X ( : 51 ) ‘ (B.14)
X2, 3738,7)

N

2 2042,
C§W,+) =d,(8,7) = <(§t277—2ﬁgi2’;qq))>

We find that the eigenfunctions satisfy the symmetry properties (3.12), from which and
from (4.8) we can deduce that

ATBN= @B =0 =V B1)

For minimal punctures we use the above and the relation (5.2) to write

1

U (@) = Koin (6) 43 (6) = (€ e0) 2 (B.16)

2 2. (ta?B72:q) (ta 4% q) 1y %5_
(5%a) (ta—252 q) (ta?y%; q) (t 5 B’ﬂ’7>'

Thus we deduce that

VXA (7% %5:8.7) xa (8% 35:6.7)

N[

T ) = - (#24500) . @an
X\ - ( %B '7) XA 5’ Ba v
with the K-factors given by,
1
max( B ’Y) +1 9y (B'18)
(1(2)" i)
1252 —2’ 1
Knin (&B”Y) = ( )

(P529% q) (P 3:q) (F50) E57207%50) (10720% )
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Finally the structure constant is set from (4.8) and (4.7) to be

C/\ — (t2, q) \/(t2’y2/8i2; Q)g (t2162r772; Q) 1 . (Blg)

(12772672, q) \/XT (téﬂ) X0 (téﬁ—l)

The index of a theory corresponding to genus g surface with m, upper maximal punctures,

mq maximal lower punctures, m,, minimal punctures, charge ¢ under U(1)s discrete
symmetry, and charge ¢, under U(1), discrerte symmetry is given by,

HKmax uzvﬁ 7 HKrnax 11], HKmln 61@76 ’Y) (B2O)
=1 k=1
29— 2+mu+md+mm mq Mm
}j(ca) ®(8,7) (3, 8)~ [ xr(wi 6,7 IIXA‘M; » [,
A =1

For example the index of the free trinion is given by

(£2%2%2, q)%
Iuav — 7 X
(&1 a3 q) (18710 3 q) (14202 g) (17+20:g)
(W 8,7) xa (Vi 874, 9) xa (822, ¢ %ﬂ,ﬂv
. (Haetginn)

A \/XA (%,t;ﬁ,v) Xx (Y8, 872 8,7)

(B.21)

Note that if we specialize fugacities for different symmetries, i.e. ignore/break corre-
sponding symmetries the indices simplify. For example, taking v = /3, and thus identifying
the two corresponding U(1) symmetries, the difference between ¢; and ¢ is gone and we
label the theories by Riemann surface and one integer. Taking 5 = 1 and thus neglecting
the U(1)g symmetry there is no difference between upper and lower punctures and also ¢,
is not a meaningful number any more. Let us mention here that setting both § =~ =1
one can derive from (5.4) the following factorization property,

a(tza, t2a7 1), (126, 62671
X)\(lat)

Which in particular implies that switching off 3 and v we cannot distinguish in the index

= XA(oz(s_l,och). (B.22)

maximal punctures from pairs of minimal ones.
The eigenfunctions satisfy many properties which guarantee them to be consistent with
our considerations. For instance we can check that

X (%t 8,7) : L P Xa(t72, 21 8,7) >
<X)\('Yﬁat5_2§57’7)) xlt g 8,7) = ( (2 55?5 ,ﬂ )5

Xt 33 8,7)
which implies that reducing maximal puncture in two different ways to minimal punctures

N\H

S

(B.23)

discussed in section 5.1 gives the same result.
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Sphere with two maximal punctures. We can start from the (3, —) interacting trinion
of section 4.2 and close the minimal puncture. There are here only two bayons available
for which we can turn on vevs. These correspond to either § = ts B~lord= f%'y_l as
can be seen from (6.1). In both cases the gauge group is Higgsed and we get a collection

of chiral fields. In the former case the index becomes (in Macdonald limit for simplicity),

+1, +1 N2
762 (u,v)= (tByvy uy 3 q) (8% 9)
(Mvgﬂu;cl,q) (52 +1 11 ) (52 :I:luil:l’q) (tg :I:lu;:l’q) (tg :I:lvg:l’q)
(B.24)
and in the latter case we obtain,
—4, 4.
T (4, v) = (v~ 9) (B9) ‘
(ot ) (2o ugtsa) (3 g sa) (1o o5 a)
(B.25)

Again, we can close the maximal punctures. Gluing these two-punctured spheres to a
general theory does not change the numbers of punctures but shifts the discrete charges.
For eigenfunctions this implies that they are “eigenfunctions” also of the following integral
operators with well prescribed eigenvalues,

du du +1 _ _
(q: q)2f4m;1 7{ 47”52 u2 ,q t iluf,q)lw’ 1)(v,—1) (uT,v> NG
= (I.)\ (57 7) q))\ (’77 )\ (V (B26)

2 [ du jé duy 42, o (B,—2) (it
. —_ I b
(Q7 q) f 47TiU1 47TZU2 ) (u2 9 q) t ’Y ul uQ ) q (u ,V) 77/})\ (u)

=, (’Yaﬁ) (5 (V) .

One can check that these equations hold for the eigenfunctions that we derived. Thus
the functions v are eigenfunctions of difference operators with eigenvalues related to sur-
face defects, and are eigenfunctions of integral operators with eigenvalues being related to

discrete charges for intrinsic symmetries.

Sphere with one maximal and two minimal punctures. We can start from the
(B, —) interacting trinion of section 4.2 and partially close one of the maximal punctures
to obtain a trinion with one maximal and two minimal punctures. As we discussed we can
do this in general in two different ways by giving vevs to two different mesons. However,
in this case since the theory is not generic and has rather small flavor symmetry only one
meson exists, and it corresponds to setting (u1,uz) — (t% 1 t2 5)- This can be clearly seen
from the index (6.1). After turning on the vev the gauge part of the theory is SU(2) with
three flavors as one flavor acquires mass. Thus, in the Seiberg dual frame it is given by
a collection of chiral fields coupled through a superpotential. This theory has —% units
of U(1)g discrete charge and % unit of U(1), discrete charge. The index of this theory in
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Macdonald limit is

TB=3):00+2)(u, 5, ¢) = (B.27)
( ) (%5 0) (5 9) y
(feui q)(Buz; ) (5 )(w us "3 q) (525 ) (722 ) (5 9)
7{ dz ( 1q)(t2yetliq) _
Amiz (13 J5u ilzil,q)(twwﬂzi%q)(ﬂ xlg)

(B a)( 2761)(156756% ;)
(B 1y 1oeus " q)(2(9)F uz s @) (B2(5e)F uis q) (t4uiuz s 0) (5%

53 9) (5523 0) (17202 q) (%€, )

Note that the result is explicitly invariant under exchanging the two minimal punctures.
We can attach this theory to a trinion with opposite discrete charges and three maximal
punctures of the same color to obtain yet another duality frame for the basic four punctured
sphere. For the eigenfunctions the above implies the following relation,

C)\(I)A(Bv’)/) (PA ’77 ( )w)\ ( ) (B28)

2 duq dug 7(8.-2).(v+3) (i +2 +2 "\ +1, +1
@ f DO (W) (%) (%) (1(3) ui ) s ).

4miug 4mu2

Thus we can glue our new trinion to an interacting trinion with appropriate discrete
charges to obtain yet another Argyres-Seiberg like frame for our basic interacting four-
punctured sphere.

One might consider closing punctures in the new trinion. We can further close the
maximal puncture in two different ways to obtain a theory corresponding to sphere with
three maximal punctures. We also can close a minimal puncture in four different ways and
obtain a sphere with one maximal and one minimal punctures.

C Fun with tori

Let us discuss here several simple examples of theories corresponding to torus with one
minimal puncture or no puncture in the k = 2 A; case. Torus with one minimal puncture
can be obtained for example by gluing together the two maximal punctures of the trinion
with two maximal punctures of same color and a minimal puncture with one of the discrete
charges, ¢;, being +1; the theory we obtained by closing a minimal puncture in our core
example of an interacting theory. Since here we have a Lagrangian, depicted in figure 21,
we can observe that the theory has one-dimensional conformal manifold. Giving a vev to
one of the chiral fields as depicted in figure 22 we Higgs two of the gauge groups and obtain
a theory which we can associate to torus with no punctures but with two units of one of the
discrete charges in class So. This theory has an alternative interpretation as A; theory of
class S; corresponding to torus with two punctures (with additional singlet fields flipping
the quadratic operators built from the two adjoints). This theory is also know as Y,—1 4—1
(modulo the extra superpotential terms) in the Y}, ;, nomenclature [61].

Another two equivalent ways to obtain a torus with no punctures come from giving
vacuum expectation value to bifundamental built from quarks connecting one of the other
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Figure 21. Torus with one puncture and one of the ¢; = £1. The nodes are SU(2) gauge groups.
We have an additional gauge singlet field coupled to one of the bifundamental chirals connecting
two nodes without an adjoint field.

32

ya
18y

Figure 22. We turn on a vacuum expectation value for the bifundamental denoted by dashed blue
line, i.e. in the index computing the pole at § = téﬁ_l. The two gauge groups connected by these
quarks are Higgsed to a diagonal combination. The quarks with the vacuum expectation value do
not couple through superpotential and thus do not generate mass terms. The resulting theory in the
IR is depicted on the right. It is S; theory of type A; corresponding to torus with two punctures.
The three class So U(1)g x U(1)5 x U(1); symmetries map to the U(1); symmetry of class S; as
well to the two U(1) symmetries corresponding to class S punctures.

pairs of gauge groups. This theory has a unit of both 5 and v discrete charges. The
theory so obtained is the 77 theory or Y,—i ,—o theory (again with extra singlets and
superpotential), SU(2)? gauge theory with four bifundamental chirals and a superpotential.
See figure 23.

Finally we can give a vacuum expectation value to the quadratic singlet built from the
adjoint field. This amounts to setting § = ts 8. This vacuum expectation value Higgses
the corresponding group and gives masses to four of the quarks. The remaining theory is
the SU(2)? with two bi-fundamental flavors and two additional singlets and is associated
to torus with no punctures and no discrete charges. See figure 24.
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Figure 23. Giving a vacuum expectation value to bifundamental denoted by dashed blue line, i.e.
in the index computing the pole at § = t’%% the two gauge groups connected by these quarks
are Higgsed to a diagonal combination. The quarks with the vacuum expectation value do couple
through superpotential and thus generate mass terms for two other quarks. The resulting theory
in the IR is depicted on the right. It is the conifold, T} 1, theory. We have a quartic superpotential
involving all the bifundamentals. Moreover there are two additional superpotential terms flipping
the mesons built from 82 and 2 fields.

Figure 24. Giving a vacuum expectation value to the singlet built from the adjoint chiral denoted
by dashed blue line, i.e. in the index computing the pole at § = téﬂ , the corresponding gauge group
is Higgsed and most of the chiral fields acquire mass.
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D Class S, interpretation of a selfdual SU(4) SYM with tensor matter

Let us take our basic interacting four punctured sphere of A; class Sy and perform Seiberg
duality on one of the gauge nodes. We have discussed this duality in section 3 and here let
us writing the index in the Seiberg dual frame,

4 2 2\ 2
Tusva = (g 9) (P, )] T, (tﬁuﬂuzﬂ) r, (L’leﬂvzil) r, (mé%ﬂvlﬂ) r, <ivilulil) r, (p q )
a

4! B8 2

fﬁ dﬁz 'L 1 P (\/W\/ adB? u2 3 ) \/W aévg:lﬁ e(\/llj\/wuf:lz;l)re(\/zjv %’U?ﬂé;l)

i 2mis [Liz; Te(Gi/35)
f r (S ) L v (Bt ) T (VEVER )
Amizo r. (22 )

The first line has the singlet mesonic operators appearing after the duality transformation
and the last line is the N/ = 2 block. Note that we cannot here take Macdonald limit of
the index of the ingredients. We can perform the S-duality transformation on the N' = 2

(D.1)

block exchanging o with § which will give us the exchange of the two minimal punctures
which we discussed in section 3. However, we also can act with the other elements of the
S-triality. Denoting,

1) a
a= \/‘Ll, b=1\/—3132, C¢=33V3132, d= /53132, (D.2)
32 « 1)

the first duality above would exchange b with d but now we will exchange ¢ with b to obtain

. 4 2 2\ 2
Tusve = [(q,Q)Zl('Pyp)] r., (%ulﬂugd) r. (%vflvf) T, (taduz'vE) T, <£v§[1ufﬂ) r., (Ptzq )
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i=1

We see that we have here the A/ = 2 block coupled to N' =1 SQCD with four flavors in
fundamental representation of SU (4) and 2 flavors in the antisymmetric representation.

The symmetry under exchanging the two minimal punctures, a <> 4, is manifest. Let us
denote the NV = 1 theory with the antisymmetric matter by 74. The index of this theory is,

. 3 2 2
Iy, = [(a:9) (p,P)] T, (%u#ugl) r, <t7v1¢11)§d> r, (méu?ilvfd) r, (iviluicl) r, (P q )
0

4 B ad 2 12
( )]4 1 i z<a<4 I (\/g@w)ﬂ ) (D.4)
e 271—131 z;éj 5 /3] '

e (el () (e ()

i=1

The theory T4 is actually dual to itself under Seiberg duality [38]. The index of this duality
was discussed in [62]. The global non-R symmetry of the theory is as follows,

(SU(2))i x (SU(2))2 x SU(2)2, x U(1)as x U(L); x U(1)5 x U(1), . (D.5)
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The group SU(2),, rotates the two quarks in the antisymmetric representation of SU(4)
gauge group. Under Seiberg duality we have the following map of the symmetries,

ad = a tet, 8=, v —B. (D.6)

Alternatively Seiberg duality can be thought of as exchanging (SU(2))2 and (SU(2))2. We
would like to understand this theory in terms of class S;. The two symmetries u and v
live to two maximal punctures of the same color and the symmetries z5 and «d will need
to be interpreted. We can write the index using the eigenfunctions as

Tr, = Y Talad, 22)x () (v) (D.7)
By

where this equation can be viewed as definition of Y. We will derive the relation of T
to the eigenfunctions soon. The fact that (D.7) can be written in terms of single sum over
eigenfunction is a manifestation of S-duality or in this case the Seiberg duality of [38]. We
have the following relation,

Tonsv = 3, &2 (@) ¢2 (8) o (0) b (v) = (D.8)
A

dZQ 1 t2 +1 (& +1
: M 711 —_— — I =
(p7p) (q7 q) % 47_”-22 Fe (Z;EQ) e < pq Z2 <6> TA

D Un () e (v) (pip) (Q;Q)j{ dzy e (%) T, ( ﬁzgﬂ (a)i1> Th (22, 00) .
X

Aizy T, (zziQ)

From here we deduce that

dmiz T (2%2) pq §

02 (0) 0 (0) = (:0) (@:0) P 1 F()r< £ (O‘)ﬂ> Ta(z08). (DY)

We already have encountered a similar relation while closing maximal punctures (5.4),

or(@in@) = e/ ar. (1 (5) @) mao

dz To(B(apyd) ™z (B o ran*1\ ~
7{4m'z tre(ziz) Fe<72«' (g) ) Pa(z, ad).

We thus use the elliptic Fourier transform to write

_ B O (1 202 B2 TelF(aBrd)=1=F) o
Yo, 0) = o OO0 i) 0)* f 4oy e ) x

d< 1 T el +1 B 11,41 P9 41,41
fémre(é_ﬂﬁ)re (tﬁg (CE(;B'Y) )Fe<’yz f >Fe<\/t72’w 5 ) . (Dll)
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On the second line we have the index of SU(2) SYM with three flavors which can be exactly
evaluated in terms of the dual mesons,

(g q)(p;p)jiéjéglﬂfiéjﬂ)l“e <tg£ﬂ(a5m)ﬂ>re<§zﬂgﬂ)re<\/?§ ﬂgﬂ) -
ARG

Fe<\/1qu(aﬁ75)ilwil>F ( t2§ ilwil)

Plugging this back we note that some of the fields become massive and we obtain,

Tx(w,ad) = <t2;2>r <ﬁ2>re<\/ﬁqg(a575)i1wi1>

dz I‘€< gfzﬂwﬂ) ~

4miz T.(z%2) Ya(z,a6).  (D.13)

C) C(5+)C( g C])(p;P)j{

Writing the index of T4 using this expression we finally obtain,

Ir, =T. <t2;2>1“ <52>re (@g(ama)ﬂwﬂ> (D.14)

i T, ( t25 :I:lw:l:1>
(¢ 9)(p; p) ]4 C\/C (2, ad ) )%(V)]

Amiz [e(2%2)
pe( qu ol :l:1>
2 s 41, 1), (2,00)
- (¢ 2 )1 (VA e ><q,q><p, e

The index in the square brackets is that of the theory corresponding to a sphere
with three maximal punctures of two different colors and appropriate discrete charges,
Fe(pqg—z)l(z"”;)uv, we encountered in section 5.1. We thus deduce that the SU(4) SYM
with four quark flavors and two antisymmetric tensors is equivalent to certain SU(2) gaug-
ing with extra chiral fields of the strongly-coupled trinion with three maximal punctures.
We have a singlet field My with fugacities tgg—z and R-charge zero, fields ¢ with fugacities
%(aﬂw?)ilwﬂ and R-charge one, and fundamental quarks () with R-charge one and fu-
gacities t_lgwil. Moreover the SCFT has mesons M associated to the maximal puncture
we partially gauge. This mesons are in fundamental of the gauge SU(2) and have fugacities
t(yB)*!(ad)*! with R-charge zero. The superpotential we turn on is thus,

MoQQ + gMQ . (D.15)

Note also that the gauging is non anomalous with all the symmetries at hand.
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We can now go back further to the four-punctured sphere. The duality frame (D.3)
is then

dz 1
Tuows = e (tQZQ)I‘ (p q )(q;q)(p; p) f mmz(z’“‘”wx (D.16)

d 1 B 12 +1
(qvq)(p’ )%47::}101—\ (w:I:Q)F (\/ITCI;(OCBW(;)ilwﬂ)I‘E( ]Zg’yzilwil)re( E (%) wi1> .

On the second line we have again SU(2) SYM with three flavors index of which can be
evaluated to be,

SN dw 1 Y 1 41 PgB _+1 41 A AN
(q7Q)(pvp) MWFE (\/]TQB(aﬂ’Y(S) w )F ( t2 ’YZ w )Fe( pfq (5) w ) —
7 pq B° t? pq 4141
r (g Jre (325 e (e (o) » (B-17)
e (2 s o (B (@)
(15(5) @) (2(5) )

Plugging this back to (D.16) we obtain

Tuwws = 000 (075 1o (1(2) (0o (D.18)

% dz 1 I Iﬂ(aﬂ §yF 4\ Bl ilzil 7(z.00)
4riz Te(2%2) “\ t 7 Ay \9o v

This is the Argyres-Seiberg frame for the four-punctured sphere obtained previously in (5.5).

E Comments on index of theories with U(1), discrete charge

Let us outline here how to compute the index of theories with U(1); discrete charges. The
index for k = 1 case was thoroughly discussed in [18] (see also [63—65]). The higher k
follows similar pattern but there are some new features which we will discuss here. We
restrict the explicit discussion as usual to A; and class Ss.

First, as we discussed in section 5.2, we have to introduce a second set of our theories
with charges under the global symmetries aproppriately flipped and R-charges shifted. This
means that the indices of the second copy of the theories are built using the eigenfunctions,

0 — —1 Pgq

U (v; 8,7,t) Ew( gty " ) : (E.1)
Note that 1% (v; B,7,t) are eigenfunctions of

é§67 ) f(UI,UQ Z T vlvv27/8 77 )f(qgvlaq%7)2> ’ (Ez)
a,b==+1
where
0 (tvwz(l)il‘p) 0 (ﬁvfl'p> 0 (ﬁﬂ'@
- 1 - B’ qy v2’ q v’
T 3 325 7t = T , U135 la 17@ = .
(Ul V2 B v ) (UQ U1 ﬂ Y n ) 9('0%;]))0(1)%;]))

(E.3)
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We can derive yet another relation between eigenfunctions. Let us glue as in section 6 an
interacting trinion to a general theory but now glue it to the puncture of the opposite type,
i.e. glue ¥ puncture to 1[1 one without extra fields but with a quartic superpotential. Next,
we close the minimal puncture residing on the interacting trinion. Assuming dualities to
hold, i.e. that we can freely move around on the Riemann surface different punctures and
consider various pair of pants decompositions leading to the same theory, we deduce that
@Z; and 1) have to be orthonormal under the measure involving only the N/ = 1 vector
multiplets. These two facts translate into the following relation between eigenfunctions,

+1
i) =T (2 ) o (w), (8.4

Note that this means that 1[1 are eigenfunctions of the following operator,

B _p (P4 g ! +1, 41 sl (¢ B ! +1, +1 E5
(0,1) e\ ¢ ; Uy Uy (0,1) e ; Uy U : (E.5)

We can compute this operator to be
a b
6%0 1) Y f (Ul,’UQ Z T <U17v2a6 Y, ) f (QEU17Q§U2> 5 (EG)
a,b==%1
and
0 (tvlvz(%)ﬂ;p) 0 (tf o ,p) 0 (t@’?’v%ﬁ;p)

%(U17U2;/8a%t) = H(U%;p)G(vg;p)

(E.7)

Note also that the operators éggl_)) and (%Egl_)) are not the same and an analogue of the

former we did not encounter till now for theories without discrete charges for U (1),. The
functions v have to be eigenfunctions of both operators if our assumptions are correct and
indeed the two operators are selfadjoint under the same measure and commute,

cB—-) &B-)| _

&on). 6l )} =0. (E.8)
In the & = 1 case discussed in [18] the two types of difference operators turn out to coincide
but for higher £ one derives two different commuting operators.
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