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1 Introduction

Understanding non-perturbative corrections in quantum field theories is an important prob-
lem in modern theoretical physics. Supersymmetric quantum field theories are a particular
subset of quantum field theories where it is possible to study and exactly quantify these
effects. This is due to peculiar non-renormalization theorems applicable to some privileged
sectors in the space of observables which are protected by supersymmetry. Supersymmet-
ric quantum field theories can be placed in curved background space-time manifolds and
probed by gravitational couplings. This can be done under the condition that some super-
charge survives the gravitational coupling, that is if some spinorial parameters exist on the
whole manifold and satisfy the proper generalized Killing spinor equations [1-5].

The spinorial parameters, on top of being sections of the spinor bundles, are also sec-
tions of the R-symmetry bundle. It is well known that in the case of N' = 2 extended
supersymmetry an appropriate choice of the R-symmetry bundle exists which preserves
a fraction of supersymmetry. This is called topological twist [6]. In this framework the
supersymmetry protection is expressed in terms of cohomological triviality, and path inte-
grals are typically localized on a finite dimensional reduced phase space (the moduli space
of protected vacua configurations) via localization.

In the case of supersymmetric theories in two and four dimensions, this choice of the R-
symmetry bundle revealed the supersymmetric theory to be also an important instrument
for predicting and obtaining very interesting solutions to counting problems in algebraic
and differential geometry , e.g. Gromov-Witten [7] and Donaldson invariants [6].

In order to exploit the full power of supersymmetry and reach explicit expressions
of the quantities under study, it is important to solve the moduli space integrals. This
can be technically very difficult or impossible in the most general cases. However, if the
space-time manifold admits some isometry, one might be able to further localize the path
integral over an invariant locus of the moduli space, thus improving upon the method of
equivariant localization. For example, this allowed the exact computation of the instan-
ton partition function of N' = 2 supersymmetric theories on R* [8, 9]. The extension of
this program to toric compact manifolds has been sketched in [10], where it was also con-
jectured that the resulting partition function and observables provide a contour integral
representation for Donaldson invariants. More recently, N = 2 supersymmetric gauge the-
ories on the minimal resolution general toric singularities have been considered [11] in the
context of AGT correspondence with two-dimensional (super-)conformal field theories [12].
A rigorous mathematical framework for A, singularities has been presented in [13, 14].
Supersymmetric gauge theories with A/ = 2 on curved four manifolds have been considered
for example in [15-21]. The specific case of S? x S? will also be considered in [22].



In this paper we study N/ = 2 gauge theories on arbitrary Riemannian four manifolds,
and show that supersymmetric parameters satisfy generalized Killing spinor equations aris-
ing from the requirement of closure of the superalgebra. For manifolds admitting an isom-
etry, we show that these equations are solved by an equivariant version of the topological
twist and we explicitly compute the gauge theory path-integral, which turns out to be given
by an appropriate gluing of Nekrasov partition functions.

An interesting byproduct of our analysis is the natural appearance, in the U(2) case,
of three-point numbers and conformal blocks of Liouville gravity as building blocks of the
S? x §? partition function, related respectively to the one-loop and the instanton sectors.
As we will discuss in section 5, a first hint to the relation with Liouville gravity can be
obtained by considering the compactification of two M5-branes on S2 x S% x ¥. The central
charge of the resulting two-dimensional conformal field theory on ¥ can be computed from
the Mb5-branes anomaly polynomial [23, 24] and is indeed consistent with our findings.

Let us underline that our method applies in general to four-manifolds admitting a
U(1)-action generated by a vector field V. The path integral localizes on flat connections
when V has no zeros, for example Hopf surfaces or S' x Mz, otherwise it localizes on
(anti-)instantons on the zeros of V, as S* or compact toric manifolds. The case S? x S?
discussed in detail in this paper belongs to the latter class.

The paper is organized as follows. In section 2 we discuss supersymmetry on curved
four manifolds and derive the generalized Killing spinor equations from the superalgebra.
In section 3 we obtain some relevant solutions of these equations on S x S2. In section 4 we
use the results of the previous sections to compute the partition function of the supersym-
metric gauge theory on S? x S2. In section 5 we compare the gauge theory computations
with Liouville Gravity. In section 6 we discuss our results and comment on further devel-
opments. Appendix A contains the detailed derivation of the full AV = 2 supersymmetry
generalized Killing equations discussed in section 2. Appendix B describes the solutions to
Killing spinor equations in the general case of a four-manifold admitting a U(1) isometry.
Appendix C describes a set of other solutions to the latter that we report, but do not use
in the main construction. Appendix D contains our conventions on metric and spinors.
Appendix E contains our conventions on special functions.

2 Supersymmetry on curved space

The algebras for ' = 1 and N/ = 2 supersymmetry on four dimensional curved spaces have
been recently derived using supergravity considerations [1-4]. In this section, we intend to
re-derive the same results in a direct way building on the consistency of the supersymmetry
algebra. For completeness and illustration of the method, we start by considering chiral
N =1 supersymmetry and then we move to the full N’ = 2 supersymmetry algebra.

2.1 N = 1 supersymmetry

We consider the case of supersymmetry algebra with one supercharge, parametrized by a
(commuting) chiral spinor &, of R-charge +1, and derive the algebra as realized on a vector
multiplet, consisting of a gauge field A,q4, gauginos A, and A4, and an auxiliary field D.



Supersymmetric variation of the gauge field and the gauginos is fixed by Lorentz co-
variance and R-charge conservation to be:

5Aocéz = éaS\da
oA =0, (2.1)
o = i&aD + (F)aps.

Considering now the square of the supersymmetric variation of \,, we get

6°Xa = i€adD + [Da(EN))Es
= i€a0D + V(0583588 + (§(aDp)sA)Es (2.2)
= i8a0D + V(a3€p)A&p + (§aDp3yA)Es
where €2 = 0 has been used to obtain the final term, V is the covariant derivative containing
the spin connection and D = V 4+ A. We now notice that for the final expression to vanish,

the middle term should align in the direction of &, so that all the terms can be compensated
by 6D. For this to happen, we are forced to require that

Vi) = Vasls + iViséa (2.3)

for some background connection V. We note that this is equivalent to the Killing spinor
equation

vadgﬂ = iVadé.,B + iWﬁdgaa (24)

where V=V + W. Requiring this allows us to set 62\, = 0 if we set
8D = iDg;Xs€s — Vs M. (2.5)

It follows from a routine calculation that 62D = 0.

Notice that (2.4) is the Killing spinor equation derived in [1, 25].

The same equation can be derived by considering the chiral multiplet in the following
way. The supersymmetry variations of an anti-chiral multiplet (qg, Vs, F ) generated by one
supercharge of R-charge 41 are

6 =0,
577502 - ifaDozd(g: (2'6)
§F = iaDac¥a + Ea[Xa 3] + EaVaata

Consider first the square of the variation of 4
504 = i€ (Daadd + 6 4as, )

=iy (Daa&f; + [Eaha, QE]) (2.7)
=0



since d¢ = 0 and &2 = 0. Consider similarly §2F:

0*F = i&a[0 Anar Yol + i€aDaa(isDpad)
+ &ali€aD + (F1)aps, 8] + €aVaa(i3Dpad)
= €aVailsDpad — £a€sDoaDad (2.8)
+ &alpl(F1)ap, 8] + iaVaalsDpad
= —aVaalsDpad + i€aVac€s Dpad-

This is vanishing by equation (2.4).

2.2 N = 2 supersymmetry

We first consider the simpler case of chiral N” = 2 supersymmetry. Its straightforward (but
tedious) generalization to the case with generators of both chiralities is treated next.

2.2.1 Chiral N' = 2 supersymmetry

In this subsection, we derive the chiral N' = 2 algebra generated by a doublet of left-
chirality spinors and the consistency conditions that the four manifold has to satisfy. We
realize it on a vector multiplet. The derivation is based on the following considerations:

e The supersymmetry transformations of the scalar fields ¢,¢ and the vector field A, are

QL A, = itto, A,
QLo = —i€*a,
Q1o = 0. (2.9)

e The chiral supersymmetry transformation squares to a gauge transformation on the
vector multiplet. This implies the differential equations (“Killing spinor equations”)
satisfied by the transformation parameter &4 in order to the supersymmetry to hold.
The specific form of the generator of the gauge transformation will be derived in the
following.

e The scaling dimension of any background field is positive. The reason for this as-
sumption is that we would like to recover the familiar algebra in the flat-space limit.
Positivity of the scaling dimensions of background fields ensures that as the charac-
teristic length scales of the manifold go to infinity (or equivalently, as we approach
the flat metric), the background fields go to zero.

We recall below the U(1)r charges and scaling dimensions of the fields

Field ¢ ¢ M A A, Dap &
U(l)g charge 2 -2 1 -1 0 0 1

Field ¢ & Aa Ia Dap &a
1 1

Scaling dimension 3/2 3/2 2 -1/2




As in the previous section, we now show how the closure of the supersymmetry algebra
implies generalized Killing spinor equations with background fields. The most general
variation of A4 consistent with the considerations above is

QL/_\A = ac_T“fADH(Z_ﬁ + b&“DHngE (2.10)
where a and b are complex numbers to be determined. Squaring supersymmetry, we get
Qira = ac"éal¢Pourp, @] = i[i€PEp, Aa] =1 i[®, A a] (2.11)

where the last equality defines the generator of gauge transformations ® = i¢2¢p¢. Con-
sider now the square of the supersymmetry variation of the gauge field A,

QI A, = it10,QrIa = iatPepD, ¢ + ibpeP 0,57 D, Ep. (2.12)

Since the supersymmetry squares to gauge transformation, and since the generator of gauge
transformation is ® = i¢P¢pd, we require that

iatPepD,d + ibpeP 0,5V Dyép = Q3 A, = D, (iaPEpp) (2.13)
which gives
2a¢P D, &5 = 0680,V D, Ep. (2.14)

We note that the above equation is satisfied when a = 2b and D,{4 = iaua”DyﬁA (or
equivalently D {4 = ng;‘ for some right chirality spinor @1) To see that this is indeed
the conformal Killing equation, we consider the supersymmetry variation of A4. The most
general expression possible is

QuAs = 50" Ea(kFy + Ty + 0Wia) + £, 3] + Dane” (2.15)

where £ and c are complex numbers yet to be determined; T),,, and W), are anti self-
dual background fields, both having mass dimension 1 and with U(1)g charge 2 and —2
respectively. Computing Q%qb, we immediately see that ¢ = ia. After some algebra, we find

Q%)‘A = i[iaéBfB(i, )\A] + Qik(XBa'qu) (DugB - iUuUVDV§B> - %Uuywuu(fBAB)gA

+ |QrDap — ik(§ac" DyAg + Epot Dyda) — alg, Earp + gB)\A]}fB' (2.16)

The right hand side has been arranged in a form that allows some immediate inferences.
Firstly, the Killing spinor equation, as suggested earlier, is given by

Dyéa = 0,€ly, (2.17)

which also confirms that a = 2b. Noting that a = 2b = ic can be absorbed into ¢, we will
set b = 1. Secondly, the background field W, has to be zero since it cannot be absorbed
into the variation of the auxiliary field D 4p, which is symmetric in its indices and can not



contain any term proportional to ¢4p. Thirdly, we can read off the expression for QrDap
by equating the last parenthesis to zero:

QLDap = ik(§a0"Dyrp + Epot Dyda) + 2[0, Eadp + EAal. (2.18)

Finally, we look at the square of the chiral supersymmetry transformation of the auxiliary
field:

Q7 Dap =i[2i¢“¢cd, Dag] + 4ikD"$ {fA <DM£B - iauc_f”DufB) + (A < B)}

+ ik¢{€a0"5" D Dyép + (A <+ B)} = i[®, Dap].

(2.19)

We recognize the first term to be the gauge transformation. The middle term in the curly
brackets is once again a contraction of the main equation (2.17). The last piece in curly
brackets is new: its vanishing is the additional condition on the Killing spinor

§(Ao“6”DMDV§B) =0 (220)
which implies
U“&VDMD,ij = MCEa (2.21)

for some scalar background field M. We call (2.21) the auxiliary equation. The leftover
parameter k£ can be set to one by a rescaling of Aa, ¢ and D,p. To summarize, the chiral
supersymmetry transformation generated by a left chirality spinor £4 is given by

QrA, = ito, )\,

QLo = —it* A4,
QLo =0,
D o ., (222)
QrAa = 50" €a(Flw + ¢Tyw) + 2i€al¢, ) + Dapt”,
QrAa = 25"¢4Dyud + 6" Dyéad,
QrDap = i(ac" Dy p + Epot Dy a) + 26, Earp + EpAa]
where &4 satisfies
Dyéa — ialﬁ”DyfA —0 (2.23)
15" D, DyEs = Méy (2.24)

and M is a scalar background field.

2.2.2 Full N = 2 supersymmetry

We now turn to the case of N/ = 2 supersymmetry with generators of both chiralities.
In this case we start from the supersymmetry transformations of the scalar fields and
of the vector field
QA, = itta a — i€45 4,
Qo = —it* A4, (2.25)
Qo = +if* A4,



where the right chirality spinor €4 has U(1)p charge —1 and mass dimension —1/2.

Moreover we exploit the fact that the superconformal transformation squares to a
sum of gauge transformation, Lorentz transformation, scaling, U(1)g transformation and
SU(2)g transformation, generated by functions denoted by ®, V, w, © and ©4p respec-
tively, whose expressions we will determine in the following. Notice that the generator
of scaling transformations w is related in four dimensions to the generator of coordinate
translations V' as w = iDMV“.

Using the masses and charges tabulated earlier, we can write the form of Q2 for all
members of the vector multiplet. For example

] 3
QQ)\A = (iVVD,,)\A + jl(U'WDuVu))\A> +1i[®, A 4] + iw)\A + OAs + @AB/\B (2.26)

and for the gauge field
Q’A, =iV'F,, + D,® (2.27)

and so on and so forth for the other members of the multiplet.

The explicit computations are reported in appendix A and the final results are as
follows. The spinor parameters have to satisfy the generalized Killing equation

— 1
D,ugB + TpUUngufB — EO'H&VDVfB =0 (2.28)

and

_ _ 1 _
Dyép +T"6,50,88 — EﬁuUupny =0 (2.29)
and the auxiliary equations

0" D, Dya + ADNT 0 0 x = M a,

i K \ i (2.30)
""" DyDyEa +4D)\T,,,6" 576 = Maéa.

We summarize the supersymmetry algebra just derived for the vector multiplet

QA, =it oy s — 8454,
Q¢ = —it* 4,
Qo = +i* A,
QM4 = %U'WfA(F;W + 86T ) + 20"€4Du¢ + 0Dy ad + 2i€ad, ) + Dapé®, (2.31)
Qs = %5W5A(FW +8¢T ) +26"€aD, ¢ + 6" Dyéad — 2i€ald, @] + Dapé®,
QDap = —i£a6™ DinAp — i€ DinAa + i€40" Dy Ap + i€po™ DA a
- 2[¢7 gAS\B + EBE\A] + 2[&? gA)\B + fB/\A].



The square of the supersymmetry action is

Q*A, =ity F + DO,
Q*¢ = iy D§ + i[®, ¢] + (w + 20)0,
Q¢ = iy D¢ +i[®, ¢] + (w — 20)9,

3 .
Q2\g = ity DAy 4 i[®, A 4] + (2w + @) A+ i(DpVT)J"T)\A +O4pNE,  (2:32)
_ _ _ 3 _ j _ _
Q2/\A =ity DAg + [P, Aa] + (2w — @) Aa+ %(D,;VT)E'W)\A + @AB)\B,
Q’Dap =ity D(Dag) +i[®, Dag| + 2wDap + O acD g + Opc Dy,
where the parameters of the bosonic transformations are
Vi = 26451,
® = 2i€a&M9 + 2i€"Ea0,
Oap = —i§a0" Dyép) +iDu&a0"Ep),
7 _ _
w=—5 (0" Dua + Dy ),

(2.33)

@:—gﬁwaéeDg%%u

In general the spinorial parameters are sections of the corresponding vector bundles,
namely £ €' (ST@R ® L) and £ € T (S_ QR ® ﬁgl) where ST are the spinor bundles
of chirality 4+, R is the SU(2) R symmetry vector bundle and Lg is the U(1) R symmetry
line bundle. The four manifold is subject to the condition that the above product bundles
are well defined! and that a solution to the generalized Killing spinor equations exists and
is everywhere well defined. These conditions differently constrain the space-time four man-
ifold depending on the choice of R and L. The choice leading to the topologically twisted
theory is to set Lr = O to be the trivial line bundle and R = S~. Therefore, for this choice
of the R-symmetry bundles, ST®S~ ~ T and S~ xS~ ~ O+T2) with T the tangent bun-
dle and T21) the bundle of selfdual forms. In this case the four manifold has to be Rieman-

nian and with a Killing vector in order to admit this realization of the N' = 2 super-algebra.

3 Spinor solutions on §? x §?

As derived in the previous section, the conformal Killing spinors satisfy two sets of equa-

tions: the main equations

D, = T 000,64 — 10,8,

e (3.1)
qu = 0',0\0'#5,4 ZU#§A7

! Also the auxiliary field D € T's (R ® R) has to be well defined.



and the auxiliary equations?

01" D Dyéa + ADNT 0" 0 x = MEy
10" DyDy€a + AD\T,, 0" 5 a = MEa,

with
. 1, .
Dpéa = V,éa +iG, Pép = 0,6a + Zwubaab&; +1iG, ¢, .
— — . = — 1 . = . — ’
Dpéa =V, éa+iG, Pép = 0,84 + Zwubaab&; +1iGy &,
where T%* and T") are anti self-dual and self-dual background fields respectively, M is

a scalar background field and A, B,... are the SU(2)r doublet indices. The covariant

derivative involves spin connection wﬁb and a background SU(2)r gauge field G, AB . We

are looking for a solution that satisfies the following reality condition:
(aa)t = 1 = ePetPegp,  (Eaa)T = 84 = WetPE, . (3.4)
If the spinors &y, &, on the r.h.s. of (3.1) are orthogonal to £4,&4, i.e. if
1% =0, €4 =0, (3.5)

then they can be parametrized as follows
Eh=—iSPonba, = —iSMan8a, (3.6)

where S, S are respectively anti self-dual and self-dual tensors. If this happens, equa-
tion (3.1) can be written as

A o GRA_ = 7
Du&A =-T" O’H}\ngA - S" O-/Lo-li)\éA)
Dyéa = —TG25,64 — S™G,0506A.

3.1 Twisting solutions

(3.7)

3.1.1 Witten twisting solutions

The problem of finding solutions to (3.1) simplifies a lot if we turn on the background
SU(2)r gauge field GuAB in equation (3.3). Turning on only the U(1)gr C SU(2)r compo-
nent G, = G, 03,7 means twisting the Euclidean rotation group as SO(4)’ C SO(4) x
U(1)g. The twisted theory is obtained gauging SO(4)’ by the spin connection. In this way
the spinors of the untwisted theory become sections of different bundles.

We now derive the simplest solution of (3.1) performing the following twist:

1
Gyl =Guo3°, G.= —5(% +u), (3.8)

where w,,, wL are the components of the spin connection (see appendix D.2, equation (D.9))

12— 94w

Wy = w/t nlls (3 9)
r_ 34 o _ !
W, = w, = —2iW,95.

2Here and in the following we consider the particular case M; = My = M. This choice reproduces the
auxiliary equations considered in [3].

,10,



The right hand side of equation (3.1) becomes

D, & = (0y — iw, P- — iwLP+)§1,
D, & = (0y + tw, Py — z'w;P_){g,
1= ( )

(

. A (3.10)
D,& Oy — iwy P —iw, P )&,
Dy&a = (O + iw, Py — iw, P_)&,
where Py and P_ are respectively the projectors in the first and in the second component
of the two components Weyl spinor
1+o3

Py = ———. (3.11)

It is easy to check that

§a =0, 51=<a>, 52=<0>, aeC (3.12)
0 a

(where the bar over a means taking the complex conjugate) is a solution to the equa-
tions (3.1), (3.2) and (3.4) with

Ty =Ty =0, &y =€,=0, M = 0. (3.13)

The theory invariant under the supersymmetry generated by the solution (3.12) co-
incides with Witten’s topologically twisted version of Super Yang-Mills [6]. The corre-
sponding path integral localizes on the moduli space of anti-instantons on S? x S2. The
integration over this moduli space is however a difficult task, and can be simplified further
by exploiting the isometry of the base manifold S? x S? by considering a new supersym-
metry generator which closes on a U(1) isometry. To this end, one has to find another set
of solutions where £4 # 0, as we will show in the next subsection.

3.1.2 Equivariant twisting solutions

We will follow the procedure described in [26] to obtain a more general solution for the
twist (3.8). This procedure is actually available more in general for a generic Riemannian
four-manifold admitting a U(1) isometry. We report the general result in appendix B.

We would like to find a supersymmetry generator which squares on an isometry of the
base manifold, in order to localize the path integral to its fixed points. To obtain this we
have to turn on the left chirality solution £4. Indeed the vector generating the isometry is
proportional to

1 _
§V“ = 45,8, (3.14)

where 7, = (i01,i09,103, 1), or using complex coordinate in the orthonormal frame

ool L (00 1. 1. (01
01—2101 2Z,202—Z 10 y 01—2101 21,202—2 00 s

(3.15)
_ 1. 1 (00 _ 1. 1 (10
09 = —tog+ —1 =1 , 03 =—to3——1=1 .
2 21 0 -1 2 21 00

— 11 —



The vector field that we will consider for S? x S2 is
1
§V = €1(i20; —120z) + €2(1wdy, — 1Wy) (3.16)

where z and w are complex coordinates on the two S%s and e; = 1 /71, €2 = 1/ry their radii.?

We want to find a solution (£4,&4) that satisfies (3.14), where V is as given in (3.16).
Expanding (3.14) and denoting the two components of a Weyl spinor ¢ = (41,17) we
obtain the following four equations

Vi = 2i65 € — 2i€fES,
Vi = 2if7 & — 2, &7,
Vo = 2i€¢; — 2i&5 €7,
Vy = 2ié; &5 — 2i&; &

Let us fix a = 1 in equation (3.12), then we turn on the zero components of the real spinors

C 7 b ’ d ’ 1 . .

The covariant derivatives of b, ¢, d have the following expressions due to the twist (3.8)
Db = (8, — iw,,)b,
D,c = (0y —iwy)c, (3.19)
Dyd = (8, — iwy, — iw,,)d.

Putting (3.18) in (3.17) we obtain the system

Vi = 2(i¢ — idb),

(3.17)

Vi = 2(—ic + idb), (3.20)
Vo = 2(ib + idc), '
Vs = 2(—ib — idc),

where of course (V1) = Vi and (V2) = V5 due to the reality of the spinor, (which is equivalent
to reality of the vector V'). The simplest choice for b, ¢, d is
1 1

Now we have to show that this is actually a solution to equation (3.1) for some values
of the background fields. We can rewrite (3.19) using (3.9) in terms of V; and V5 as

(O + iwa)Vi = (O + 1w, WVi = VWA,
. 1
(Op — iwu)Vi = (Op + w1 Wi =V, (3.22)
(O + i )Vi = (B + ") Vo = V. Vo,
(O — iy )Va = (O +w 5" )Va = V.V

3The isometry generated by V is actually a diagonal combination of the two isometries of the maximal
torus U(1)? C SO(4). To obtain separately the action of the two U(1) one can consider complexified version
of (3.16) with complex parameters €1, e2. One can obtain solutions generating such an isometry relaxing
the condition of reality of the spinors (3.4).
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Using the properties of Killing vectors and the factorization of the metric (see equa-
tions (D.15), (D.4) in appendix D.2), it’s easy to show that the only non-zero components
of V,V, are

z z z 1 /0.Vz— 05V,
ViV = eiV.V = iV Ve = 50,V = 5 <> =

N gt =g’ (3.23)

and similarly?

V:Vi = —Higl),
ViVa = +Ha g3} (3.24)

ViaVs = —Ha g,

where H; and H; are proportional to the height functions on the first and the second sphere
respectively. Indeed considering the Killing vector V = %(iz@z —iz0z) + %(iw@w — wW0yg)

we have
zVz — UzVz 01— 2 '
2, 0.V:— 0V, _ i Izl2 — " osty,
2 /g(l) 1 1+ |Z| 1 (3 25)
0wV — 0V i 1—|w|®> i '
Hoy = ——— = — 5 = —cosbs.
2./902) rol+|wl* 7y

Using these facts and recalling the form of the candidate solution

i [ Vs i [V _ 1 _ 0
a=5| 2] a=5| ). a=(_] &=, (3.26)
2\ ; 2\ - 0 1
we get the following equations for the left chirality spinor £ 4:
D& =207 (V). Dm0
2G1 — 2 19(1) 1 ) 262 — Y,
Dot = Sra g (1), Duga=0
wS1 9 29(2) 0 ) ws2 ’
(3.27)
B i 14 1
Dié-l - 0) Dfé? — _57{1 9(1) <0> ’
Dgér =0 Do — Ly g/t [ ©
wS1l > we2 9 29(2)

4g1, g2 are respectively the determinants of the metric in the first and in the second sphere, /g1 := 2¢.z
and /g2 1= 2gww-
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This can be rewritten in a clever way as

1 _
Dz&A = _57'[1 Oz fA,

1 _
Dwa = _57'[2 Ow §Aa

1 -
D:8a = +§7'l1 oz8A,

1 ~
D’J)&A = +§H2 Ow gAa

(3.28)

where 0, = el oy = g(ll/)4 o1 ete., and 01,01, 09, 05 are defined analogously to (3.15).
The last thing to do now is to express the background T, S of (3.7) in terms of H1, Ho
since we already know
Da=0 = T,S=0. (3.29)

Staring at (3.28) one can notice that we need to associate H; to the coordinates z, Z of the
first sphere and Hs to the coordinates w, w of the second sphere. To reproduce this in (3.7)
we need the combinations T%*o,.\, S"*&,. to be proportional to o3, since this matrix has
the property

{03,0.} ={03,0:} =0, o3, 00w] = [03,00] = 0. (3.30)

Therefore the only possibility is
T=twl)-w?2), 8§=s(wl)+w2), (3.31)

where ¢t and s are two real scalar functions and w(1),w(2) are respectively the volume forms
on the first and on the second sphere. Indeed from (3.31) we have

T g, = ditos, SFAG . = disos. (3.32)
Inserting these two in equations (3.7) and using the further property
0,03 =0, 0303=—03 0y03=0y, 0p03=—0g, (3.33)

we obtain -
DZ&A - 4l(t - S)UZ€A7
DzE4 = 4i(—t + s)oz€a,
z§A ( ) zgfl (3'34)
Dyéa = 4i(—t = s)owéa,
Dgéa = 4i(t + s)opéa.
Finally comparing with (3.28) we get
i
——(H1+H2). (3.35)
16
It remains to evaluate the background field M in (3.2). From the second of (3.2) it
trivially follows

t—S—éHl, t—i—s——g?"lz = t—E(HI—Hﬁa s =

M=0 (3.36)

due to Duﬁ_ 4=0and T = 0. It is of course possible to check this result also using the first
of (3.2) and inserting the values of D {4 and T'.
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3.1.3 Summary of the results

We summarize here the results of the previous subsection

1 [ Vs i [ V1 ~ 1 _ 0
_ i 7 _ ! , _ , — , 3.37
&1 2<V1> ) 2(—V2> &1 (()) &2 (1) (3.37)
satisfying B B )
Dyéa = —T 000,64 — 5™ 0,506, (3.38)
DugA = 07
with
T=tw(l)—w?2), S=s(w(l)+w(2)), (3.39)
and
i 1 0,Vz — 05V, OuwVa — OV
t:f('Hl—'Hz), 5:_7(’]—[14_’}-[2)7 Hi = ——"F-"= Hy = ————.
(3.40)

In polar coordinates of the two spheres these are

__} sin 6o :1 sin 04 z _ 1 g 0
51_ 2 (Sin91>, 52 2 (-Sjn92)’ 51 <0>7 €2 (1>7 (341)

1 cosfy  cosby 1 (cosf; cosby
t — — = — . .42
16 < 1 + T ) ’ s 16 ( el + T > (3.42)

The square norms of the spinors are

and

=y = %(Sin2 O +sin’0y), & =80 =2 (3.43)

Instead in complex coordinates

LQ LQ B 1 B 0
£ =— 1+LW| R - 1+J_JZ| : §1—< >, 52—( >, (3.44)
T[22 ~THul? 0 1
and
1 11—122 11—]w? 1 /11—122 11-—|w}?
o L1 ||2+7 | \2 , s (L |\2+7 | |2 (3.45)
16\ ril4z2 rol+|wl 16 \r1 14|22 rol+ |wl

4 Partition function on S? x S?

In this section we proceed to the computation of the partition function of N' = 2 SYM
theory on S? x S2. At the end of the section we will present the extension of this result in
presence of matter fields in the (anti)fundamental representation.

The strategy we follow consists of performing a change of variables in the path integral
to an equivariant extension of the Witten’s topologically twisted theory [6]. As we will

,15,



see this maps the supersymmetry algebra to an equivariant BRST algebra which is the
natural generalization of the supersymmetry algebra of the Nekrasov Q-background [8, 27]
on S? x S2. Since this is a toric manifold, the partition function reduces to copies of the
Nekrasov partition functions, glued together in a way that will be explained below. The
result we obtain is indeed in agreement with the one conjectured by Nekrasov in [10] for
toric compact manifolds.

4.1 Change to twisted variables

The starting supersymmetry algebra for the vector multiplet is (2.31) and the square of
the supersymmetry action is (2.32), where the parameters w = 0 and © = 0 due to the
orthogonality of our solution (3.5).

Now we are going to make a change of variables in the supersymmetry algebra that
will simplify the localization procedure in the path integral. We re-organize the eight
components of the fermions Agq, 5\% as a fermionic scalar 7, a vector W* and a self dual
tensor y(Hm:

R (GO VE ROV
U, =i ha — €45, 0), (4.1)
X:{V = 2€A6,u1/gB(gA5\B - fA/\B)'

We also redefine the scalars in a suitable way to simplify the supersymmetry algebra:
:=¢—¢
D = 2i€%¢ + 2i%¢
;rl, = 2(52)2(F;§, + 8¢TW - 8<5§W) (4.2)
— (£15,07)(€40"€p) (Fiox + 86Tyr — 865,)
_ 1 _ _
—AEVLD® + (68 + &)(E"7,uE”) Das.

B

where ¢2 and &2 are the square norms of the spinors (3.43).
The inverse of the relation (4.1) is given by

. uF -
A = = (ian — i0"Ea0, + EPEpa)
S (4.3)
N - . FB—
Aa = m(—%&m —i0"6aV, + £7Epa)
where .
= FoAVE ot

It is immediate to verify the relation (4.3) by inserting it back in (4.1); or conversely by
inserting (4.1) in (4.3) and using the following non-trivial spinor identity

(P - Ap)éa — (ha - AB)EP — (v - Aa)EP =0, (4.5)

for two-components spinors 1, A,£.
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A comment is now important: this change of variables is everywhere invertible. Indeed,
its Jacobian is given by
_ Jbos -1

Jterm (4.6)
Tbos = Tterm ~ (5_2 + 52)4 (52)3

Notice that this change of variables is everywhere well defined due to the nature of
the solution derived in section 3.1.2. Indeed, neither of the factors £2 and &2 + €2 in the
Jacobian ever vanish.

J

The supersymmetry algebra in terms of the new variables, computed from (2.31)
and (2.32), is

QA =1, QU =iy F + D, Qb = iy U,
Qb =, On =iy D® + i[®, ®], (4.7)
OxT=B", OBT =ilyxT + i|®, X+]-

These are the equivariant extension of the twisted supersymmetry considered in [6] and we
finally got rid of all the indices in our formulas by passing to the differential form notation.

In (4.7) vy is the contraction with the vector V and Ly = Duy + 1y D is the covariant
Lie derivative.

Let us notice that the supercharge (4.7) manifestly satisfies Q% = iLy + §5""*°. There
is still a consistency condition on the last line, that is the action has to preserve the
self-duality of BT and xT. This is satisfied iff Lyyx = *Ly, where x is the Hodge-x and
Ly = duy + wyd is the Lie derivative. This condition coincides with the requirement
that V is an isometry of the four manifold. Therefore, we have proved that for any four-
manifold with a U(1) isometry, once the R-symmetry bundle is chosen to fit the equivariant
twist, there is a consistent realization of the corresponding N/ = 2 supersymmetry algebra,’
explicit formulae for the generators of supersymmetry and background fields in this general
case are reported in appendix B.

4.2 Localizing action and fixed points
In terms of the new variables (4.1), we consider the following supersymmetric Lagrangian

L:i—TTYF/\F+w/\TYF+QV (4.8)
T

where 7 is the complexified coupling constant, w € H? (S2 x S2, R) and

V= —Tr[x" AxF +xi®(— « D x U + Lyn) +*n(i Ly @ + i[D, §])T]

e[yt AwTe[BY]. (49)

Proceeding to discuss the localization of the gauge field, we will split the calculation
between the u(1) and the su(N) sector which must be differently treated. This is due
to the fact that we want to allow gauge vector bundles with non trivial and unrestricted

°In terms of the vector field, the Jacobian factors above read Joos = Jrerm ~ (2+ % V?) which is positive.
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first Chern class ¢ = %TTF. The usual §-gauge fixing F© = 0 in the whole u(N) Lie
algebra would be then incompatible with the previous request. Therefore we split the
gauge fixing of the two sectors with the additional term in the last line of (4.9), keeping a
Gaussian gauge fixing in the u(1) sector and a d-gauge fixing in the su(N) sector. If the
manifold is Kéhler, then an equivalent procedure would be to localize on Hermitian-Yang-
Mills connections, namely those satisfying the equation w A F = ¢ w A wl and FZ0) =0,
where w is the Kéhler form and ¢ is a constant.

We look at the fixed points of the supersymmetry (4.7). On setting the fermions to
zero, the fixed points of the supercharge read

LvDi’ + [@, &’] =0,

(4.10)
wyF'+D® = 0.
The integrability conditions of the second equation are
Lty D® =0,
v (4.11)
LyF = [F, .

We choose the following reality condition for the scalars fields ® = —®T, then the first
of (4.10) splits as
tyD® =0 and [®,®]=0. (4.12)

which imply that ® and ® lie in the same Cartan subalgebra.Moreover, since we consider
F' = F, we can split similarly the second of (4.11), obtaining that also the curvature lies
along the Cartan subalgebra

[F,®] = [F,®] = 0. (4.13)

Therefore the second of (4.10) can be rewritten as
wF =idd (4.14)

since the extra term [A, ®] is different from zero only outside the Cartan subalgebra. (4.14)
means that ® is the moment map for the action of V on F.

The gauge fixing condition comes by integrating out the auxiliary field Bt from (4.9).
As anticipate we obtain different gauge conditions for the u(1) and su(N) sector®

d* (Fu(l)) =0, (Fvsu(N))Jr =0. (415)

In particular d* F' = 0 in the whole u(N). This, together with the Bianchi identity dF' = 0
and the fact that F' lies in the Cartan subalgebra of w(/N) (4.13), implicates that the
curvature must be a harmonic 2-form with values on the Cartan subalgebra and integer
periods. Namely for each elements in the Cartan subalgebra, labeled by a =1,..., N

1F
(c1)a = —2 € H*(S? x §%,7). (4.16)

2m
%For the u(1) sector, define f := F, 1) and b" := BI(D' From (4.9) we have QV, 1) = —bT AxfT—bTAxbT.
Integrating out b™ we get the condition b™ = —f1/2 and inserting this back, we obtain V) = %f* A

*fT = L(f A f+ fAxf) that give the equation of motion d x f = 0.
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So
1Fy,
o = M w(1) + ne w(2), Ma, Na € Z. (4.17)
s

where a basis of normalized harmonic 2-forms for S? x S? is given by
. I .
w(i) = 2 o 0;d0; Ndp; i=1,2. (4.18)
T
Replacing this expression for F' in (4.14) we get
v (mew(l) + nqw(2)) = —-2dd, (4.19)

Since S2 x S? is simply connected the closed 2-forms ty/w(1), tyyw(2) are also exact and the
equation (4.17) can be integrated

wyw(l) =2dhy, tyw(2) = 2dha, (4.20)
the solution being given respectively by the height functions on the two spheres’
h1 = €1 cos 0y, ho = €3 cos 05. (4.21)
Finally, integrating equation (4.17) we obtain
b, = —ma h1 —ng ho + aq, Meay, N € 2. (4.22)

where a,, are integration constants. On top of fluxes, the complete solution contains also
point-like instantons located at the zeroes of the vector field V. These do not contribute
to the equations above since iy, FPOt = (.

We are then reduced to a sum over point-like instantons and an integration over the
constant Cartan valued variable ®. Let us notice that the above arguments are quite
general and apply to more general four-manifolds than S? x S2.

Before proceeding to the computation, let us notice that on compact manifolds one
has to take care of normalizable fermionic zero modes of the Laplacian, counted by the
Betti numbers. If the manifold is simply connected, as we assume, then the field ¥ doesn’t
display such zero modes, while 1 will display one zero mode and ™ will display b; of them
(for each element in the su(N) Cartan® labeled by p = 1,..., N —1). On S? x S2, and
in general on any toric manifold, b; = 1 and therefore the (n,x") zero modes come in
pairs, one pair for each element in the su(/N) Cartan. One can soak-up those zero modes
by adding the exact term Sy = sQ [ >, ®,x} B, to the action whose effect, after the
integration over the (n, x) zero mode pairs and the B-zero modes, is to insert a derivative
with respect to a for each su(N) Cartan element. This reduces the integration over the
a-plane to a contour integral around the diagonals where a, —ag = 0.

"The vector generated by the supersymmetry generators (3.41) is V = 2€10,, + 2€20,, .
8The ones in the U(1) are gauge fixed as a BRST quartet.
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4.3 Computation of the partition function

Due to the results of the previous section, the integration over the instanton moduli space
is reduced to instanton counting. In particular due to supersymmetry, the instanton con-
figurations have to be equivariant under the action of U(1)? x U(1)"" which is the maximal
torus of the isometry group of S? x S? times the constant gauge transformations. It is
well known that the fixed points are classified by Young diagrams [8], so that for each
fixed point we have to consider a contribution given by the Nekrasov instanton partition
function with the proper torus weights.

Let us underline the important difference between the compact and non-compact case,
namely that in the former the gluing of Nekrasov partition functions also involves the
integration over the Cartan subalgebra of the gauge group. This appears as a contour
integral as explained at the end of the previous subsection.

We regard the manifold S? x §? = P! x P! as a complex toric manifold described in

terms of four patches. The weights (egz), e;e)) of the (C*)? torus action in each patch are

‘1 2 3 4

egé) €1 —€ —€1 € (4.23)

HON o _
5 | €2 € —€2 —€

where in our case €; = % > (0 and ey = % > 0 are the inverse radii of the two spheres.
The fixed point data on S? x S? will be described in terms of a collection of Young

N+2_invariant

diagrams {}7@}, and of integers numbers 1, 7i describing respectively the (C*)
point-like instantons in each patch (localized at the fixed points py) and the magnetic fluxes
of the gauge field on the spheres which correspond to the first Chern class ¢;(E) of the
gauge bundle E. More explicitly, for a gauge bundle with ¢; = nwi + mws and chs = K,

the fixed point data satisfy

N N
n= Zna, m= Zma, K:Z\YOEE)\. (4.24)
a=1 a=1 al

The full partition function on S? x S? is given by

4
2% S2 - 2 J4 0) o
Zfillxs (Q7 21,22, €1, 62) = Z fda tTtg H Zglll(q7 Eg )7 6; )7 a(f)) (425)
{m,ii} 7 * =1
1 1

where ¢ = exp(2miT) is the gauge coupling, t; = 27 and 3 = zJ are the source terms
corresponding to w = vowy + viws in (4.8) so that z; = e2mvi for § = 1,2.

Moreover, @) = {a((f)}, a=1,...,N are the v.e.v.’s of the scalar field ® calculated

at the fixed points py
a® = ((p). (4.26)

[0}
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Explicitly, by (4.22)

a0

a -+ mey + neg
a+ meyp — neo (427)

a — mep — ey

=W NN =

a — Mmey + 1ey

The factors appearing in (4.25) are the Nekrasov partition functions

2

C? — C -\ 2 >\ 2 —
qull(Qv €1, €2, a) = chassical(Q7 €1, €2, a)Zl—loop (61’ €2, a)Zinstanton(Q7 €1, €2, a)‘ (4‘28)
whose explicit expressions we report below.

4.3.1 Classical action

Let us first of all consider the contribution to (4.25) of the classical partition function

2 0) -
HZSassmal (e, e, a®). (4.29)

For each patch this is given by

Z

Classwal(

N ()
egé), eg ), a") = exp [—WiT Z (((@()))] (4.30)
=1

€1 €2

Inserting the values of the equivariant weights (4.23) and (4.27) we obtain

N
4 . _ N
H claSSICal 61 7€é)a (€)> = €xp [7”7_ § 8mana] =4q 43 0= Mata (431)
a=1

with ¢ = exp(2inT).

4.3.2 One-loop
The one-loop contribution in (4.25) is given by

4
Z5r00p(@?, 7 67) = [ exp [_ ) Vel (0 (ag,%)] (4.32)
/=1

a#f

252 52

1-loop (I 61’62

||:j;>

where a(% = a((f ) _ ag)

Inserting the values of the equivariant weights (4.23) and (4.27) and using the definition
of Ye,,eo (appendix E equation (E.4)) we can rewrite the exponent in (4.32) as

; , / R . (4.33)
- — — ——p(x .
ds |s=0T(s) Jo 1—z)(1 gy Y
where we have defined x := ¢! and y := e~“" and p(z,y) is a polynomial in z and y
given by
p(a},y) _ l,—my—n o x—myn—l—l o l,m—&-ly—n + x,m—&—lyn—l—l (434)

— 921 —



where it is understood that m = m,g and n = n,g. The residues of this polynomial at
x =1 and y = 1 are zero, this means that in those points p(x,y) has zeros which cancel
the poles (1 — )71, (1 —y)~! in (4.33).
Ifm=n=0
p(m,y)zl—y—x—l—xy:(l—x)(l—y), (4'35)
and integrating (4.33) we obtain

S2x S?
Z1 loop (a 61,62 ‘

=[] aas = [] (—alp). (4.36)

a#p a>f

m=n=0

In general, for every choice of {m, n}, one can factorize (1 —xz)(1 —y) out of the polynomial
using the expansion 1 —zV = (1 — z) ZN 01 27. Then p(z,y) can be written as follows

(1—x)(1—y)z ijyk itm>0,n>0
j=—mk=—n
-m—1 —n—1
Q-a)1-y) Y Y iy if m<0,n<0
j=m+1 k=n-+1
p(z,y) = (4.37)

—n—1

—(1—x)(1 Z Z:cj itm>0,n<0

j=—mk=n+1

—m—1 n

—(1—-2)(1—-y) Z ijyk itm<0,n>0

\ j=m+1k=—n

Using this result in (4.33) we obtain for fixed m and n the following result:

2 2
leloosp (a,€1,€2,m, n)‘aﬁ =
m n
IT TI (a+ ke +je) ifm>0,n>0
k=—m j=—n
—m—1 —n—1
IT II (a+ ke +je) if m<0,n<0
k=m-+1 j=n-+1 (438)
= m —n—1
H H (a+ kep + jeo) ™t itm>0,n<0
k=—m j=n+1
-m—1 n
H H(a+k‘61+j62)_1 itm<0,n>0
\ k=m+1j=—n
where a = ang, m = Mg and n = ngg.
4.3.3 Instantons
The instanton contribution in (4.25) is given by
2 )
H Zl((rjlstanton 61 ) ﬁg )7 a(f))‘ (439)
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where sttanton is the Nekrasov partition function defined as follows.

Let Y = {A\1 > A2 > ...} be a Young diagram, and Y’ = {\| > X, > ...} its
transposed. \; is the length of the i-column and )\; the length of the j-row of Y. For a
given box s = {i, 7} of the diagram we define respectively the arm and leg length functions

Ay(S) = )\z‘ — j, Ly(s) = )\3 — 1. (4.40)
and the arm and leg co-length functions
Ay (s) =7 —1, Ly (s)=1i—1. (4.41)

The ﬁxed points data for each patch are given by a collection of Young diagrams Y =
{Y } and the instanton contribution is

2 —
Zl(glstanton 617 €2,0d Z q Zvec €1,€2,0 ;Y) (4.42)
{¥a}
where ¢ = exp(2inT) and
N
Zvec(€1> €2,d, Y) = H H (aa,B - LYg (5)61 + (AYa (S) + 1)62)
a,f=1 Ls€Y,

1 (4.43)

X H (aaﬂ + (Lyﬁ (t) + 1)61 — Aya (t)ﬁz)
teys

4.4 Adding matter fields

The above formulae are easily modified in presence of matter fields. In the following we
discuss the contribution of matter in the (anti)fundamental representation, which will be
used in the last section when comparing with Liouville gravity. The contribution to the
classical action is vanishing, so we concentrate on one-loop and instanton terms.

4.4.1 One-loop

When considering matter one has to modify the formula for the one-loop partition func-
tion (4.32) as

Q(f)
7y 1oop( a") Ege)vﬁé ) = exp ZW(@) (/z> aﬁ +Z Z Velo) <f)< +Hp— 5

a#B I=1p€ERy
(4.44)
where p are the weights of the representation Ry of the hypermultiplet with mass j; and
R-charge one, while Q) := egé) + eég).
The computation goes as in the previous section, the additional contribution for each

hypermultiplet in the exponential being

1 ood - eft(ap+,uf+%) e
s:or<s>/o A gt @Y (4.45)

a
ds
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—ert

where again z := ¢ and y := e~ 2!, with

m, —n -m,n m, —n m, n (446)

pla,y) =z "y " —a "y — a2y + 2y
Eventually, each hypermultiplet contributes as

S2>< 2
Zl loop (a,Gl,EQ,m,n,,LLf)’ -
hyp, f,p

1 itfm-n=0

a—i—,uf—i— +k61+]62 itm>0,n>0

CL+Mf+Q

5 + ke + jea

ifm>0,n<0

—m—1 n—1

H H <G+Mf+§+k’61+]62

k=m j=-n

m—1—-n—1
_ H J <a+ﬂf+§+k€1+362> if m<0,n<0 (4.47)

ifm<0,n>0

where a = a,, m = m, and n = n,.

4.4.2 Instantons

The modification of the instanton partition function due to the presence of matter in the
(anti)fundamental representation is

Np
2 - I
Zf(rllstanton 617 €2,d Z q Zvec 617 €2, a, Y) H z(anti)fund(ela €2,a,Y, :uf) (448)
{Ya} f=1
where
tund (€1, €2,@, Y, jup) = H H (aa + L'(s)er + A'(s)ea + Q — puy)
. @ e / / (4.49)
Zantifund (€1, €2, @, Y, piy) = H H (aa + L'(s)er + A'(s)ea + py)
a sEY,

where L'(s) and A’(s) are the co-length functions defined in (4.41).

5 Liouville gravity

We now proceed to the discussion of a possible two-dimensional Conformal Field Theory
(CFT) interpretation of our results, prompted by AGT correspondence. We focus on the
N = 2 case. A natural viewpoint to start with is the calculation of the expected central
charge via reduction of the anomaly polynomial of two Mb5-branes theory [23, 24]. Upon
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compactification on the manifold S? x S? x ¥, the central charge of the resulting two-
dimensional CF'T on X is easily computed via localization formulae from the weights of the
U(1)? torus action, see table (4.23), to be

4 2
1
Z<1+6(b<‘)+bm> ) =52 = 26+ 26 (5.1)
(=1
(£)
were bl = ,/E}—). Notice that in passing from one patch to the other only one of the

epsilons change 2sign so that from real b one passes to imaginary one and viceversa. This
will play a relevant role in the subsequent discussion. It was observed in [28] that (5.1)
suggests a link to Liouville gravity. In the following we will show that indeed three-point
number and conformal blocks of this CF'T arise as building blocks of the supersymmetric
partition function of A" = 2 U(2) gauge theory on 52 x S2.

Liouville Gravity (LG) [29, 30] is a well-known two-dimensional theory of quantum
gravity composed of three CF'T sectors

1. Liouville theory sector, which has a central charge
cr =1+ 6Q2, Q=>b+0b1, (5.2)
and a continuous family of primary fields parametrized by a complex parameter « as
V, = e2e0(@) (5.3)

with conformal dimension

AL = a(Q - a). (5.4)

(67

2. Matter sector, a generalized CFT with central charge
_ 2 _ -1
cy=1—-6g°, qgq=b""—0b. (5.5)
and generic primary fields, labeled by a continuous parameter «, ®, with dimension

AM = a(a —q). (5.6)

3. Ghost sector needed to gauge fix the conformal symmetry. This is described by a
fermionic be system of spin (2, —1) of central charge

Cgh = —26. (5.7)

The fact that
cr, +cp = 26 (5.8)

allows the construction of a BRST complex.
The vertex operators of the complete system are built out of primary operators in the

Liouville plus matter sector as
Uy = PopVa (5.9)
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which are (1,1)-forms with ghost number zero, and can be integrated on the space. This
is ensured by the condition
AM, 4+ AL =1. (5.10)

We are mainly interested in three-point numbers and conformal blocks. The former
have been computed in [29] (eq.7.9) for three generic dressed operators U,, and can be
written in terms of 7 function, see eq. (E.11), as

CLG(Oél,OéQ,Oég) - CL(Oél,OéQ,Oég)CM(Oq - b, a9 — b, a3 — b) (511)
S5 s [A (22 — 1)1 o
G [7( he )} TT [(20ib — b7 (2ab1 — b72)] 2.

i=1

Let us remark that the ghost sector does not play any role in our considerations. Indeed
this is suited to produce a proper measure on the moduli space of the Riemann surface
over which the CFT is formulated. On the gauge theory side this would correspond to the
quite unnatural operation of integrating over the gauge coupling.

5.1 LG three-point function versus one-loop in gauge theory

Let us now compare the results of the one-loop gauge theory partition function with the
above three-point number of LG. We consider the sector with zero magnetic fluxes m =
i = 0 of U(2) gauge theory with Ny = 4. The contribution of the one-loop partition
function is given by equation (4.36), and setting a12 =: 2a, we have

202,
Zf-lof)f) (@, €1,€2) = H Aap = H:I:Za = —4a?. (5.12)
a#p +

Indeed one can show that in the sector m = 7 = 0 the contribution of hypermultiplets in
the four patches (4.47) cancel each other.
The above result can be compared with the product of Liouville gravity three point
numbers (5.11). Indeed, if we consider
Q Q

a = §+a, 041'254—1% a,pi € iR (5.13)

we get for the product of two three point numbers

4
O (ay, ap, )OS (@, a3, ) = N <H f(o@) (4a?), (5.14)

where
_ 12 (P (b2 — 1)
N = (mu (%)) b2 ’ (5.15)

flai) = (7r/w(b2))_ai/b V2o — b2)y(2a5b=1 — b—2).
The dependence on a of (5.12) and (5.14) is the same. Moreover one can check [12] that

the contribution of the two patches with ege) -ege) > 0 naturally compares to the product of

Liouville theory three-point numbers ([29], eq. (2.2)). On the other hand, the contribution
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of the two patches with egZ) . eg) < 0 naturally compares to the product of generalized

minimal model three-points functions ([29], eq. (5.1) with = b and o = a — b), which is
the matter sector of the LG. Explicitly

Z505 @, - &) > 0)] = CH (a1, a2,0)C (@, a3, 00),

(5.16)

‘ijoi)ff(d, 0. 0 < ) ‘ = OM(ay — b,as — b,a— b)CM(a — b, as — b,y — b),

up to renormalization of the vertices analogously to (5.15), once the v.e.v. a and pus are
assumed to be purely imaginary.

We expect the gauge theory sectors with non-vanishing magnetic fluxes m and 7 to
be related to the insertions of degenerate fields. Indeed the same comment applies to the
results on the conformal blocks obtained in the next subsection.

5.2 Conformal blocks versus instantons

It is a well known fact that the instanton contribution to the partition function (4.48) for
U(2) gauge theory with Ny = 4 on C? can be matched with the four point conformal block
on the sphere, up to a U(1) factor [12],

C=,U(2 az o
ZlHStaIEt(ZIl(€17 €2, 0, 1y 2, (43, M4) ]:Lal 2a 3a4 (T) (517)

where 1 = p1 + po, o = p1 — P2, 3 = p3 + pa, 4 = p3 — p4 and «; are defined in (5.13).

Moreover contrary to three-point correlators, the conformal blocks of the matter sector
in LG are the analytic continuation of those of Liouville theory under b — ib. These two
facts allow us to interpret the instanton partition function (5.18) of U(2) gauge theory with
Ny =4on S? x 82 in the sector m = il = 0 as two copies of four point conformal blocks

of LG on the sphere. Indeed, by using b() = y/¢} /e , we have from (5.18) and (4.23)

ZS2><S2 (b b—l a, Mf)

instanton

2 _
H Zl((lzlstanton (b(é)) 17 a, Mf) (518)

2 c2 o 2
[ngtanton(b b~ ! )y @, :uf)sttanton(’va (Zb) 1,&,,uf)]

where pp = {p11, pi2, 13, pa }. From the discussion above, these are two copies of four points
conformal blocks of the two sectors of LG: Liouville and matter

2 2
fos;(ai:on(q’ bt a DE []:L a2aa3a4(7)fM az a3a4(7_)} _ |:"FLG041Q2aa3oz4(T):| .
(5.19)
The full partition function (4.25) in the sector m = 7 = 0 is then expressible as
2
ZgilXSQ(q’b’ bl a, pup) o /daCLG(al,ag,a)CLG(a,ag,a4) [.FLGQIQQQQSM(T)} . (5.20)

Few remarks are in order here. First of all, the holomorphicity in its arguments of the
supersymmetric partition function under scrutiny is reflected in the holomorphic gluing of
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building blocks of the corresponding CFT, in contrast to the one appearing in correlation
functions of Liouville gravity. Moreover, we underline that the three-point numbers of the
matter sector CM naturally arising in the gauge theory context are strictly speaking not
the ones of generalised minimal model. Indeed they do not obey the selections rules of this
model, and were introduced in [29] only as a technical tool to solve the relevant bootstrap
equations. Indeed to get the physical three-point functions one has to multiply them by
a suitable non-analytic term which takes into account the selection rule (see eq. (3.16)
in [29] and also [30]). We remark that a CFT which consistently makes use of the analytic
three-point correlator CM appearing in the gauge theory can be formulated [31].

6 Discussion

In this paper we computed the partition function of N’ = 2 supersymmetric gauge theory
on S? x S2. We derived the generalized Killing spinor equations for the extended supersym-
metry to exist on a four manifold by consistency of the supersymmetry algebra and found
a slight generalization of the ones discussed in [3]. We derived spinor solutions to these
equations realizing a version of Witten’s topological twist which is equivariant with respect
to a U(1) isometry of the manifold, and then exploited them to construct a supercharge
localizing on the fixed points of the isometry. The resulting partition function is defined
by gluing Nekrasov partition functions and integrating the v.e.v. of the scalar field & of
the twisted vector multiplet over a suitable contour. We also showed that the resulting
partition function displays the three-point correlators and conformal blocks of Liouville
gravity as building blocks. Notice however that these are glued in a different way with
respect to Liouville gravity correlators. In particular our partition function is holomorphic
in the momenta of the vertices and in their positions. It would be interesting to investigate
further if there is a chiral conformal field theory interpretation of the gauge theory result.
Notice that chiral correlation functions for Liouville theory can be defined for some special
values of the central charge by using the relation with super Liouville suggested by gauge
theory [32, 33] and further investigated in [34-36]. In this case the field theory is defined
over the resolution of C2/Zs, whose projective compactification is the second Hirzebruch
surface Fo. This is a framework very near to the one investigated in the present paper.
Indeed, let us stress once again that although we focused on P! x P!, which coincides with
the Hirzebruch surface Fy, our approach can be easily extended to a wide class of manifolds,
including compact toric ones. In this context, it is conceivable that our results can be used
to prove a long standing conjecture by Nekrasov proposing a contour integral formula for
Donaldson’s invariants and its generalization to SU(N') gauge groups.

Let us underline that in the gauge theory there are two consistent choices of reality
conditions for the fields ®, ® [6], either real and independent or & = —®T. This leads to
the choice of different integration contours which it would be interesting to investigate in
the conformal field theory counterpart.

Another possible check of the relation of the N' = 2 gauge theory on S? x S? and
Liouville gravity would be to compute the N' = 2* case and compare with the CFT on the
one-punctured torus.
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We also discussed another solution to the Killing spinor equation on S? x S? (see
appendix C) which are composed by the spinorial solutions on S? discussed in [37, 38].
These solutions correspond to trivial R-symmetry bundle and therefore imply the Witten
topological twist only locally, more precisely they localize on instantons on the NN and
SS fixed points of S? x S? and on anti-instantons on NS and SN. The partition function
in this case is neither real nor holomorphic and it would be interesting to further discuss
the supersymmetric path integral induced by these solutions.

Another related subject to investigate is the reduction to spherical partition functions
in the zero volume limit of one of the two spheres. This analysis would help in shedding light
on the relation between instanton and vortex partition functions. It would be interesting to
consider the insertion of surface operators [39, 40] on one of the two spheres. Actually, sur-
face operators on C? are related to the moduli space of instantons on S? x S? framed on one
of the two spheres [41] so that a nice interplay could arise among these partition functions.

As already stated, our equivariant localization scheme applies to much general cases
than the one on which we focus here. It would be very interesting to extend our approach
to other four manifolds and in this framework analyze possible relations between Gromov-
Witten and Donaldson invariants. This could open further applications of the gauge theory
computations to integrable systems.

It would be very interesting also to study the holographic dual of the large N limit of
the partition function on S? x S? that we just computed.
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A Full N = 2 supersymmetry

In this appendix we give the detailed calculations of the results stated in subsection (2.2.2).

We proceed by writing the most general form for supersymmetric variation for the
gauginos, consistent with the properties of positivity of mass of background fields, their
gauge neutrality, and balancing of masses and U(1)g charges. We have

k _ _ _ _
QA =5 0" (B80T, +86 W) + 010" €D+ b10# Dyadréalé, 61+ di Dans®,

ok ~ _ L ~ L - ~

QM a= 525!“}514 (FMV+8¢T,UV+8¢WMV) +a26H§ADu¢+ b26”Du£A¢_02€A [¢7 ¢] +d2DAB§B‘

(A.1)

Consider now the square of the supersymmetry transformation acting on the scalar
fields

Q%6 = —ic(QA4) = —ia16 0" Ea Dy — ih1&" 0" Dyad — ic1€*ald, 4],
6,

_ _ _ _ _ _ _ . _ A2
Q2¢ = —ifA(Q/\A) = +ia2§A5“§ADu¢ + ib2§A&uDu§A¢ - ichAgA[ ¢] ( )
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From the above, it clearly follows that V# = ia;E461¢6, = iaéAc+E,. We define a =
a1 = as. We also infer that ® = 1464 — 26440, We will return to Q2¢ and Q%¢
momentarily to investigate the scaling and the U(1)p terms.

Consider now the QZAH

Q%A = i€"0,(QA4) — €15, (Q4)
i . 4
= iF'D (k2§AUuUpJ§A - klfAO',uO'pUSA)

+ 4 (k2¢TpU§AO',ua'pagA - klﬁngogAa',uo'pafA)

+4i (kQ&WpogAU;L&pagA - klbepagA&uUpafA) (A3)

+1a (§A0M5V§ADV¢_5 - gAa'uUVg_ADVQZ))

+1 (b2$§AUu5VDV§A - bl(bgA&uauDygA)

—i[o, (;_5] (Clng',uf_A + CQf_Aa,qu)

—iDap (dot?0, 8" — d1€75,6"7)
The commutator term must vanish by the assumptions on the nature of Q?, which implies
c1 = co = c¢. Similarly the vanishing of the Dap requires di = ds, which can now be
absorbed in D4p, and we will therefore set di = do = 1. We want the term with F*? to
equal VY F,,,, which forces k1 = ko = (a/2) = k as can be seen after some algebraic manip-

ulations of the spinor products. The terms that remain are the ones with the background
fields and the ones with the derivatives of the scalar field:

4i (ko ¢ TP 20,5 p0€ s — k19T E4G,0p56 1)
+ 4i (ko WP 20,5 p0€a — k1 gW P E45 10 pr6 ) (A.4)
+ ai (610,5,64D" ¢ — £45,0,€4D" 9) .
We require these terms to be equal to the gauge variation

D, ® = c£4€AD, ¢ — c€EaD o + 2061 Dy s — 2¢¢€4 D€A. (A.5)

Equating the terms with the derivatives of the scalar field on the two sides gives ¢ = ia
while equating the terms in ¢ we get

2iaé D, Ea = —4ik(TP7 — WF)e40 p0,€a + iba& 5, D" €. (A.6)

We note that this is satisfied when
aDyéa = —2k(TP° — WP)0p00,E4 + %JHEVD%A. (A7)
Contracting either side with o we find that a = 2by. Similarly starting with the equation

for ¢ we find that a = 2b;. We also find analogously the equation

_ _ _ b _
aDuéy = —2k(TP — W)5 05,60 + 525uO'VDV§A. (A.8)

Define b = b; = by. We now return to expressions for Q?¢, Q¢ and QzAu and identify the
remaining terms. Consider first the equation for Q?¢ and Q2?¢. Since we have identified the
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Lie derivative term and the gauge transformation term, the remaining terms must combine
to give the scaling and the U(1)g terms. Therefore

4ik(D,EG Eq + 46" Dy 4) 4+ 20 = ib1 D, EAG1E L

i i _ A9
4ik(D, 5" Ex + EAGH D L) — 20 = ibgy€45M DA (4.9)
which gives
b L
O = (Du&"o"ea — 15" Dyka). (A.10)

Consider now QQAM. We are left with the following terms.
%8 (k2¢Tp0§AUua'pagA - klﬁngogAa'uo'pafA)
+ 4i (ko dWP 20,5 p0€a — k1 WP E45,0p06 ) (A.11)
+ia (§A0M6V§AD”$ — gAéuo,,gAD”qb) .
We require that these combine to give the appropriate gauge transformation term
D, [2iK(€60 — EA64)] (A12)

which happens when equations (A.7) and (A.8) are satisfied.

Note that we can rescale the gauginos and the auxiliary field to get rid to the normal-
ization k (or equivalently a, b or ¢). We therefore set k = 1. We summarize the expressions
for the generators of the bosonic symmetries that we have found till now:

VE = 21451,
1

w = ZDMU“

0= %(DMEAW{A — &6 Dyuka)
O = 2ig¢hen — 200" Ea.

(A.13)

We now study Q?M4. The case of Q24 is analogous and will not be detailed. In doing
so, will find the expression for QD sp and also show that W, vanishes.

QA4 = 50" (QFp + 8(Q) Ty + 8(Q0) W)
+201E4(Du(Qo) — i[QA,, ¢]) + 0" Duéa(Q9)
+ 2i€4[Q0, ¢ + 2i€4[0.Q0] + QDapE"
- %0‘“’{,4 [DufBa,}\B +&80,D,Ap

— DB, p — E85,D, 05
—~ D80 \p — 80, D Ap (A.14)
+ D, PG, \p + SBa-#DVAB]

+ 4ic" €T, (EBNB) — 4io"™ €AW, (EP \B)

— 2i0"EA (D€ Ap) — 2i0"Ea (€7 DyAp)
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+201€4[P 0,05 — 85, 0B, 0] — 0" D,EA(EPNR)
- 2§A [(57 éB)‘B] - 2€A[¢7 gBj\B]
+ (QDAB)fB.

Since we know what form we should force Q%) 4 to take, we can rearrange the above terms
to obtain them. We try to cancel all the offending terms by postulating the form for the
supersymmetric variation of the auxiliary field (as we did in the chiral case). We find that

QD = —2i 46" DyApy + 2i a0 Dyrp) — 4 [, §adp) | +4 [0, §adp] . (A.15)
We also find the form of © 45 as follows:
Oup = —if(AUMDHEB) + iD“f(AUMEB). (A.16)

We rediscover the main Killing equation as the co-efficient of the terms with A
B = 1
2Z(ABO'M§A) <D/J,§B + TpUUngHé-B - ZO'#O'VD £B> . (Al?)
And finally, consider the term with W, :

— 4oy, WH (€5 Ap)éa = —dio, WH [(£P€p)Aa + (EaB + E8A4)EP]. (A.18)

We see that while the second parenthesis can possibly be absorbed into QD 4p, the first
term remains and does not fit the desired form for QA4 which implies that W = 0.
Finally, let us consider Q>D4p. After a routine calculation, and using the main Killing
equation we recover the expression written above, except one failure term:

- i¢(€(A5MUVDuDVgB) - 4£(AJM6PUEB)D;LTpU)

+ip(§a0"5" DDy ) — 46 45" 0" Epy Dy T o)
which yield the following two auxiliary equations

0"5" DyDyéa + ADNT, 0" 0 én = Mi€a, (A.19)

"0 D DyEa + ADNT " 57 Ea = Mo a.

We note that there is no reason, at the level of the supersymmetry algebra from the above
approach, to have a single scalar background field M.

B Generic twisting solutions

It is possible to derive solutions for (3.7) (3.2) of the same kind of (3.37) for a generic
four-manifold admitting a U(1) isometry generated by a Killing vector V.

Such a solution will generate the vector V' as in (3.14).

In this general setting we have to turn on the whole SU(2)r bundle and the Witten
twist (3.8) becomes

3
k)B
G, =Y chol (B.1)
k=1
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with
1 1 1
G = —§(w14 +w®), G*= —5(6013 —w?), G*= —§(W12 + W), (B.2)

where w® denote the components of the spin connection one-form. This twist admits the
following solution for equations (3.7) (3.2)

_3’ Vs +iVy _z Vi—1iV, P 1 ;o 0

(where V, = e, V},) and the background fields are chosen as

T=- (), S= ()t T=0, §=0, M=0, (B.4)

1
32
where the superscripts — and + denote the anti self-dual and the self-dual part respectively
and ( = ¢y ~ 1.

C Untwisted solutions

In this appendix we summarize solutions to equations (3.1), (3.2) that follow from assump-
tions of the vanishing of SU(2)r gauge field and the direct product decomposition of {4 in
terms of conformal Killing spinors on 2-spheres. However, these solutions have the disad-
vantage of not being real in the sense of equation (3.4). We will therefore not be using the
solutions derived in this appendix in the rest of the paper, but will summarize them here
for possible future applications.

To solve the equations we consider the following ansatze:

e The SU(2)r gauge field is zero
G5 =o. (C.1)

Since this condition implies there is no mixing between different SU(2)z components,
we will drop the indices A, B, ... for the remainder of this subsection.

e The background fields 7},,,, T, are respectively anti self-dual and self-dual combina-
tion of the two-dimensional volume forms in the two sphere w), w).

T

1
T dat A dx” = t(wa) — wa)),

2 (C.2)
2

~
1l

TIU’ d$ﬂ A dx” = E(W(l) -+ W(g)).
where ¢ and ¢ are complex numbers (the bar does not imply that they are complex
conjugates).

e The candidate solution £ is a tensor product of two-dimensional Killing spinors on
each sphere
f =€) & €2) (03)

where €y = €y(01,¢1) and €y = €12)(02, ¢2). The spinor on the right hand side, &
has an analogous decomposition £ = €{,) ® €.
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Through these assumptions, we intend to decompose (3.1) and (3.2) into tensor products of
equations on either spheres. To do this we use the following representation for the gamma

matrices
1=01®1L, 1=01I1,
K E (C.4)
V3 =03 01, Y4=03R02, V5 =03K03=—7172734-
Using these facts and the ansatze at the beginning of this section for the background fields
and spinors we obtain
(Daye) ® €z)) + (€0) @ Digyez))
+it+1)[(o300)€0) @ €) + (€a) @ T2)€02))]
+i(t —t)[(o0)e0) @ 03 €2)) + (03 €0y @ T3 0()€2))]

= —i(00)€' 1) @€ ) —i(03€ 1) ® 02)€ ()

(C.5)

where the labels (1) and (2) mean “relative of the first and the second sphere” respectively,
and?

1 1
D(1) — d(1) + 59(11%012 D(z) - d(2) + 59?;012
diy = g, dby + Oy, dipr dia) = g, db + Oy, dips (C.6)
0a) = 6101 + 6202 O2) = 630'1 + 640’2
—2,b—2
Qb =% dpr ab=1,2 QL =% dpy a,b=3,4.

The vielbein are
el =ridf; e® =risinfider e =radfy et = rysinfadeps. (C.7)

The conformal Killing spinors in two dimension for the S? metric are already
known [37]. These are spanned by the solutions to the following equations

Dey = :t%re‘zaaei. (C.8)
One can find an alternate basis for the Killing spinors, where the elements of the basis
satisfy
D€:|: = :I:%e“aaagéi. (Cg)
The two basis are related by
€+ = (1 +io3)ex. (C.10)

Corresponding to each sign, in either of the two equations, there are two linearly
independent solutions. For example, the solutions to equation (C.8) are given (up to
normalization) by

Hl = o= (i/2)p sin /2 2 i/ cosf/2
—icos/2 ) ising/2 )’

6*,1 _ ef(l’/Q)go sin 9/2 : 6772 _ 6(1/2)@ COS 9/2 .
icosf/2 —isinf/2

In this subsection we use the symbol Q for the spin connection, this is to avoid confusion with the

(C.11)

volume forms.
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The linearly independent solutions to (C.9) may be found using the above solutions and
equation (C.10). It must be noted that the sign of ¢ does not indicate its chirality, and
indeed solutions of definite “positivity” do not have definite chirality.

We use the existence of these solutions to rewrite (C.5) into an algebraic equation.
To do so, let us notice that on the left hand side of equation (C.5), we have the terms
(D1y€ey @ €2y) as well as of the form (o3 0(1y€1) @ €5y). This suggests that we should take
€y to be a solution of equation (C.9), and €, to be proportional to o3¢, (with r = 7).
Similarly, because the left hand side of (C.5) contains €y ® D)€, and €y @ 02)€@s), We
are compelled to choose €, as a solution of (C.8) (with r = ry) and €, to be proportional
to €. Equation (C.5) then decomposes into two algebraic equations for Killing spinors
on either spheres if we take the coefficient (¢ —t) = 0 (as the terms with this coefficient do
not conform to the pattern of the other terms and to equations (C.8) and (C.9)).

Incorporating these observations in (C.5), we get:

(Dye) ® €z)) + (€qy @ Digyez))

+2it[(o300€0) @ €2) + (€)@ Ty (C.12)

= —iC[(00)0360) @ €z)) — ile) @ T2)€r))]
where C' is a proportionality constant; €., and €., are solutions of (C.9) and (C.8) respec-
tively. It is obvious that up on using equations (C.9) and (C.8) we are left with purely
algebraic equations that can be easily solved for ¢ and C in terms of r; and ry. We have

four families of solutions in all, corresponding to four choices of signs that can be made.
The solutions can be summarized as:

/ 1 7 1 _ 1 ) 1
~t + / /
= Q : =—|+t—F —); t=t=—|(F—£ —|. 1
5 6(1) 6(2)7 C 4 ( 1 7’2> ’ 16 < T 7“2> (C 3)

The auxiliary equation (3.2) may be decomposed in a similar manner. It turns out
that the value of the scalar background field M is the same for all four families of solutions
and is given by

M:—<2+2>. (C.14)

reooTs
Note that since for each choice of sign in either equations (C.9) or (C.8), we have a
2-complex dimensional family of solutions, each family of solutions is the complex span of
four linearly independent spinors.
Finally we would like to return to the standard Clifford algebra representation

0o

Yo = “ a=1,...,4. (C.15)
gq 0

To do that we use the following unitary transformation

0100

0010
T = (C.16)
i000

0001
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We may then use two of the four solutions in any one given family, and put them in an

SU(2)r doublet.

D Conventions

D.1 Notation

Latin indices {a,b, ...} are used for flat space coordinates, and are used for both real co-
ordinates a,b = 1,2, 3,4 and complex coordinates a,b = 1,1,2,2. Greek indices {y, v, ...}
are used for curved space coordinates, real u, v = 01, 1,02, o or complex u, v = z, Z, w, w.
Any ambiguities in this notation should be clarified from the context.

The metric in the flat space g4y is link with the metric in curved space g, via the

vierbein efb

G = eﬁegéab. (D.1)
D.2 Metrics
The metric of S% x S2 in real coordinates is

ds® = Gudxtdr” = Sape’e’

(D.2)
= 1r2(df? + sin® 01dp?) + 13(dO2? + sin® Gadps?).
Therefore the vierbein 1-forms e® = ede“ are
el = r1dfy, e? = rysin 01dyp1, e3 = rodls, et = rosin Oadps. (D.3)

As a complex manifold (P! xP!) the metric is written as two copies of the Fubini-Study

metric
ds? = 2g,:(z, 2)dzdZ + 29y (w, 0)dwdw

deds o dwdi (D.4)
+12P2 " 2+ wp)?

The change of variables from real to complex coordinates is

= 47"%

z = tan(f /2)e'?*, w = tan(fy/2)e2. (D.5)

The flat metric in complex coordinate has the following nonzero components §;7 =
05 = %, o' = §?2 = 2. Then defining /g1 := 2¢.z and /g2 := 2gwe We can write rewrite
the metric (D.4) using complex vierbein 1-forms

ds® = e'el + e2e? (D.6)
where B _
et = gi/4dz, el = gi/4d2, e? = g%“dw, e? = g%”dﬂ}. (D.7)

Moreover we can write the non-zero Christoffel symbols of the Levi-Civita connection as

1 . 1
I, = 5@ loggi, TZ;= 585 log g1,
(D.8)

1 - 1
Fgw = §aw log g2, Fgw = 55)@ log g2,
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and the relative spin connection'® Wy 1= —2iW,7, wL = —2iw, 93 as
1 i
w, = —-0,logg1, wz=—-0slogyi,
‘; ‘Z% (D.9)
wh, = Zﬁw log go, Wiy = —16@ log go.

The explicit expression for the non zero components of the spin connection in complex
coordinates are

z z , w , w

BB A T D.10
TR T T T T T e T Tt (D-10)

Wy =

. . . . . / . .
If one prefers to work in polar coordinates, the spin connection (w, = wy12, w, = wy3a) is

wp, = wp, =0, Wy, = —cosby, w,, =—cosby. (D.11)

The Riemann tensor R, ,, has two independent components
1 1
R.z.: = —§gzzgzz7€1, Ryows = —§gw@9wwR2> (D-12)

where R1 and R4 are the summands of the Riemann scalar R = R1+R» related respectively
to the first and second sphere, which are expressed as

2 2 2
———0,0zlog g1 = —, Ro2 = ———=0u0slog go =

2
V9L 1 V92 ry

Finally using the spin connection is possible to write the action of the covariant derivative

Ry = (D.13)

on spinors

Vi = <au + 5w w;)ag>¢, Vi = <au + 5w+ w;)cfg)w. (D.14)
And on 1-forms

V, X, = €'V, X, (D.15)

where V,, on the r.h.s. is the Levi-Civita connection.

D.3 Spinor convention

Left and right chirality spinors are denoted &4, and & Ad‘. The multiplication of spinors is

usually implicit as §AEA = on‘an = eABeaﬁﬁgﬁéAa and §_A§_A = gAded = eABedBEAﬂgBd.
The invariant antisymmetric tensors are €2, €qp for left chirality spinors, B s €4 for right
chirality ones, with ¢'?2 = 1 €;5 = —1. Our choice for the two set of matrices (04)ad, (F4)*®
(a=1,2,3,4) is

oo ={—ioj,1}, j=1,2,3,

. . (D.16)
Oq = {+Zo-ja ]1}7 Jj=12,3,

10The convention for the spin connection is wi’ = el*d, e + elfePT .
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where o; are the Pauli matrices. Their expression with curved indices is derived using
vierbein:
_ ,a - JEN ¢
Ou = €,0a, Ou = €,0q. (D.17)

The generators of rotations for left and right chirality spinors are respectively
1, _ _ _ 1, _
Oap = §(Ua0b — 0p04), Oab = 5(0(101, — Tp0gq). (D.18)

Note that o, is anti self-dual and &, is self-dual.
Some useful identities of the sigma matrices are

0a0p + O0q = 25ab;

0a0p + Op0q = 25aba

B 4 (D.19)
0a0p0c = OabOc + 0bc0q — 0acOp + €abedd”,
0a0p0c = OapOc + 0bc0q — 0acOp — fabcd&d'
The last two identities imply
Oap0e = —4P, 0% Gad. = —AP) 7Y, (D.20)
where P~ and P are given by
1
P;l:md = Z((Sacébd — 0qd0pe 6abcd)- (D21)

and are projectors on the anti-self dual and self dual forms respectively.
Others useful identities are

(3)(0") 55 = 20365,
(0u)aa(0") g5 = 2€ap€sg (D.22)
(5M)da(5u>3ﬂ = 2eBeB,

E Special functions

The Barnes’ double zeta function (, has the following integral representation:

e—tac

Co(z; sler, €2) = 1“(15) /OOO dtt*~1 1o _ean (E.1)

This integral is well-defined if Ree; > 0, Reea > 0, Rex > 0 and can be analytically
continued to all complex values of ¢; and ey except when % # a with a € R.g. The

following series expansion of (o for €7 > 0, €2 > 0 is convergent if Res > 2:

Cg(x;s\el,eg) = Z (ac =+ meq —i—neg)_s. (E2)

m,n>0

The Barnes’ double Gamma function I's, defined by

d
log Ta(zle1, e2) = g\s_ogg(x; sle1, e2), (E.3)
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is analytic in = except at the poles at x = —me; — ney with m,n € Z. Define

d 1 oo e~ tx
— dtts! . EA
s=0 F(S) /O (1 _ eflt)(l _ eezt) ( )

Ve, €2 ((L‘) - %

Then
Ver,e2 (CL') = log I‘Z(l" — €1, _62)- (E5)

The function I'y has the following infinite-product representations:

H (m+mel+neg)_1 ife; >0, €2 >0,
m,n>0
H (aH—mel—(n—l)eg) ife; >0, 6 <0,
Do(zler, e2) = et (E.6)
H (aj—(m—l)el—l—neQ) if 1 <0, €2 >0,
m,n>0
[T @-m-Dea—(-e) if e1 <0, e <0.
m,n>0
The function I'e satisfies the following multiplicative identity
Do(z + erler, e2)Ta(x + ealer, €2) = ala(z|er, 2)2(x + Qler, €2) (E.7)
where ) = €1 + €9, the shift identities
\/ﬂel/Q—z/ez
FQ(ZL‘ + 61’61, 62) = 2—F2(£L‘|€1, 62),
['(x/e2)
(E.8)
27r€1/2—$/51
FQ(I’ + 62’61 62) = 1—F2(I‘|61 62).
’ I'(z/e1) ’
The Upsilon function is defined as
Teren(@) 1 Toa(Q ) (B.9)
) = = — .
e Ty(zler, e2)l2(Q — xler, eg)
It exhibits the shift property
Taale+a) =67 yw/a) s o) (E.10)
T el +e) =67 e/a) T o),
where
I'(z)
=—" E.11
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