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1 Introduction

Holographic methods have proved to be enormously useful to gain intuition about certain

physical questions at strong coupling [1–3]. However, in most applications, attention has

focused on cases where the bulk gravitational dual is two derivative. In the AdS/CFT

dictionary, this corresponds to infinite ’t Hooft coupling and an infinite number of colours.

In order to make possible contact with the real world, one needs to consider effects due

to finite ’t Hooft coupling and a finite number of colours. In the best studied example

corresponding to the N = 4 SU(N) supersymmetric Yang-Mills with the gravitational dual

being type IIB superstring theory on AdS5× S5, finite coupling corrections correspond to

specific higher derivative corrections in the low energy effective action of string theory.

In addition to these corrections, there are also non-local contributions, for example from

graviton loops. One essential step to take into account the contributions at finite coupling,

is to be able to compute the holographic stress tensor and its correlation functions for an

arbitrary higher derivative theory of gravity.

Calculating the holographic stress tensor itself from first principles [4, 5] appears to

be prohibitively difficult except for certain cases where the generalized Gibbons-Hawking

term and the counterterms are known. Since the generalized Gibbons-Hawking term is

not known for an arbitrary higher curvature theory, this stymies any progress using con-

ventional approaches — only some sporadic results for specific examples are known in the

literature [6–16]. Recently, a way around has been found using the first law of entanglement

pertaining to spherical entangling surfaces [17]. The way this works is as follows: the first

law of entanglement states that [18, 19]

∆S = ∆H , (1.1)

where for two density matrices ρ, σ with σ ≡ e−H/tr e−H being the reduced density matrix

for a spherical entangling surface in a CFT with H being the modular hamiltonian, ∆H =

〈H〉ρ − 〈H〉σ and ∆S = S(ρ) − S(σ) with S(ρ) = −tr ρ log ρ being the von Neumann

entropy for ρ and is the entanglement entropy for a reduced density matrix ρ. The equality

arises at linear order in perturbation, meaning that ρ, σ belong to some family of density

matrices ρ̂ parametrized by some perturbation parameter λ such that σ = ρ̂(λ = 0), ρ =

ρ̂(λ) and we are interested only in linear order in λ. At nonlinear order in λ we get an

inequality which corresponds to the positivity of relative entropy, leading to ∆H > ∆S.

The expression for H (which will be given below) involves the time-time component of the

field theory stress tensor. In holography, for spherical entangling surface, the entanglement

entropy for the vacuum state across the sphere Sd−2 gets mapped to the thermal entropy

on R × Hd−1. Using the gravitational dual, the thermal entropy is computed using the

Wald entropy which is known for an arbitrary higher derivative theory of gravity. For

bifurcate Killing horizons, there is a theorem due to Iyer and Wald [20] which states that

linearized perturbations satisfy the first law of thermodynamics which translated to our

case means that eq. (1.1) would be applicable with linearized perturbations in the Wald

formula. Thus the l.h.s. of eq. (1.1) can be computed using the linearization of the Wald

formula. The r.h.s. of eq. (1.1) has the perturbation of the time-time component of the field
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theory stress tensor which now can be determined. In order to be able to do the integral,

one approximates the entangling surface radius R to be small. Since the only dimensionless

parameter is Rd〈Tµν〉, the perturbative expansion can be done either by treating R to be

small or by treating 〈Tµν〉 to be small. Thus although the expression for the stress tensor

obtained using the above logic pertains to an excited state that is a small perturbation

from the vacuum state, the expression should hold for any 〈Tµν〉. Since this can be done

for an arbitrary higher derivative theory, we thus know how to compute the holographic

stress tensor for such a bulk dual.

The result of this calculation is a very compact expression for the stress tensor in

terms of certain parameters appearing in the linearized expression of the Wald formula.

In particular, if one ignores covariant derivatives of the curvature tensor, the result can be

worked out quite simply. Writing the linearized Wald functional as

δEabcdR = −c2g
〈abgcd〉h− c3h

〈abgcd〉 + c4g
〈abgcd〉R+ c5R〈abgcd〉 + c6Rabcd, (1.2)

where

δgab = −hab, δRabcd = Rabcd, h = gcdh
cd, (1.3)

one finds that1,2

〈Tµν〉 = dL̃d−3[c1 + 2(d− 2)c6]h(d)
µν , (1.4)

where h
(d)
µν appears in the Fefferman-Graham expansion of the asymptotic AdS metric as

ds2 = L̃2dz
2

z2
+

1

z2
(g(0)
µν + z2g(2)

µν + · · · zdh(d)
µν + · · · )dxµdxν . (1.5)

L̃ is the AdS radius. This begs the question: what is this simple proportionality

constant depending on ci’s in (1.4)? Since the linearized Wald functional was involved

in the derivation of this simple form, with hindsight we can anticipate that there are

simplifications waiting to happen if we consider rewriting the Lagrangian as a background

field expansion around a suitable background. Recently this background field method has

been used to find simple expressions for trace anomalies in even dimensions [21]. We will

make a simple modification to this method so that the anomaly calculation can be carried

out easily using Mathematica. Let us now explain why this method is useful in correlating

with the results above as well as calculating higher point correlation functions. Given a

Lagrangian L(gab, Rbcde,∇fRbcde, · · · ), we are going to treat gab and Rabcd as independent

variables. We are going to expand Rabcd around R̄abcd = − 1
L̃2

(gacgbd − gadgbc) where gab in

this expression is the full metric. Raising and lowering indices and the covariant derivative

is done using the full metric. Define ∆Rabcd = Rabcd− R̄abcd. Then on the AdS background

(g
(0)
µν = ηµν) this quantity is zero. Further if we linearize this then in the transverse traceless

gauge, it can be easily checked that (∆Rab)
L = (∆R)L = 0. This is the reason why the

expressions we will compute for the stress tensor correlation functions will take on simple

1Note that we are considering field theory in flat space.
2The normalization of ∆H is fixed by the definition of modular Hamiltonian in (1.1). On the r.h.s. the

normalization of ∆S is fixed by holography where we demand that the definition of S gives the correct

universal terms. This resolves any ambiguity in the definition of 〈Tµν〉 in (1.4) by using h
(d)
µν in (1.5).

– 3 –



J
H
E
P
0
7
(
2
0
1
4
)
0
9
8

forms. Let us start with L(gab, Rbcde), i.e., no covariant derivatives (we will set the AdS

radius L̃ = 1 from hereon and will reinstate it when needed). The Lagrangian after doing

the background field expansion takes the form

L =

(
c0 + c1∆R+

c4

2
∆R2 +

c5

2
∆Rab∆Rab +

c6

2
∆Rabcd∆Rabcd +

8∑
i=1

c̃i∆Ki + · · ·

)
,

(1.6)

where c0 = −2dc1 and ∆Ki = Ki|R→(R−R̄). Note that we are not treating ci’s perturba-

tively. This Lagrangian can be shown to lead to (1.2). The basis for the third order terms

is given by

Ki = (R3, RabR
b
cR

c
a, RR

abRab, RR
abcdRabcd, R

abRcdRacbd, RabR
acdeRbcde,

RabcdR
abefRcdef , RabcdR

aefcRb d
ef ). (1.7)

We are not using an explicit overall factor of 1/2`d−1
p with the action since all the coefficients

in the action are assumed to implicitly have the factor. In order to compute n-point

functions we expand the bulk action up to n’th order in the perturbation. However,

since ∆RAdS
abcd = 0, this means that we only need to retain up to O((∆R)n) terms in the

Lagrangian. Thus, the background field expanded Lagrangian is an expansion in terms

of the correlation functions of the stress tensor. Further simplifications happen. Consider

(∆R)2 or (∆Rab)
2. Since the linearized ∆R and ∆Rab both vanish, these terms can only

contribute to four-point functions onwards. Thus we do not expect c4 or c5 in eq. (1.6)

above to enter the one, two or three point functions. This is consistent with the absence

of these coefficients in eq. (1.4). Moreover, this conclusion does not change on including

covariant derivatives.

Let us now summarize our findings for the correlation functions that follow from the

Lagrangian in eq. (1.6). The stress tensor two point function takes the form

〈Tab(x)Tcd(x
′)〉 =

CT
|x− x′|2d

Iab,cd(x− x′), (1.8)

where

Iab,cd(x) =
1

2
[Iab(x)Icd(x) + Iad(x)Ibc(x)]− 1

d
ηabηcd, (1.9)

and

Iab(x) = ηab − 2
xaxb
x2

. (1.10)

The coefficient CT from the d+ 1 dimensional bulk Lagrangian works out to be

CT = fdL̃
d−1[c1 + 2(d− 2)c6], (1.11)

where L̃ is the AdS radius and fd is constant d dependent factor given by [22]

fd = 2
d+ 1

d− 1

Γ[d+ 1]

πd/2Γ[d/2]
. (1.12)

Thus the holographic stress tensor in eq.(1.4) can be written as

〈Tµν〉 =
d

L̃2fd
CTh(d)

µν . (1.13)
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Further for even dimensional CFTs the coefficient CT is related to a B-type anomaly co-

efficient as we will show. In particular, the A-type Euler anomaly coefficient is simply

proportional to c1 while the B-type anomaly coefficient (conventionally called c in 4d and

B3 in 6d) is proportional to CT .

We use the method of background field expansion to calculate the three point functions

of stress tensor. Following the simple method devised in [23, 24] and used in [25, 26] we

perform the calculation of the three point function in a shockwave background and obtain

information about the three point function from the energy flux given by (these results are

for d ≥ 4, for d = 3, the term proportional to t2 is absent),

〈ε(n)〉 =
E

4π

[
1 + t2

(
ε∗ijεikn

jnk

ε∗ijεij
− 1

d− 1

)
+ t4

(
|εijnjnk|2

ε∗ijεij
− 2

d2 − 1

)]
, (1.14)

where,

t2 =
d(d− 1)

c1 + 2(d− 2)c6
[2c6 − 12(3d+ 4)c̃7 + 3(7d+ 4)c̃8],

t4 =
6d(d2 − 1)(d+ 2)

c1 + 2(d− 2)c6
(2c̃7 − c̃8).

(1.15)

n is the unit normal in the direction in which energy flux is measured and t2 and t4
are determined holographically. The coefficients t2, t4 and CT are related to the three

independent coefficients appearing in the three point functions [27, 28].3 Notice that for

d = 4, the c̃7, c̃8 dependence in t2 and t4 are packaged in the same way, namely as 2c̃7− c̃8.

This is indicative of the fact that c, a, t2, t4 satisfy the relation (c − a)/c = t2/6 + 4t4/45.

This relation enables one to extract the 4d Euler anomaly a from the knowledge of two

and three point functions. In six (and higher) dimensions, there is no such relation (in

fact not even for a linear combination of the A-anomaly and the B-anomaly coefficients)

indicating the fact that a similar relation involving the Euler anomaly coefficient will also

involve higher point correlation functions.

We can easily extend the above results to the L(gab, Rbcde,∇fRbcde) case, i.e., to the

situation where there are at most two covariant derivatives of the curvature tensor in the

action. First notice that since the linearized ∆Rab and ∆R both vanish, only terms like

∇e∆Rabcd∇e∆Rabcd will contribute to the two and three point functions while only terms

like ∆R...∇∆R...∇∆R... will contribute to the three point functions. Further, we will show

that using the Bianchi identities and integration by parts [29], the∇e∆Rabcd∇e∆Rabcd

terms can be rewritten in terms of (∆R...)
3 and ∇a∆Rbc∇a∆Rbc, ∇a∆R∇a∆R. Since the

3The relation between t2 t4 and CT and the CFT coefficients A, B and C are

CT =
Ω

2d(d+ 2)
[(d− 1)(d+ 2)A− 2B − 4(d+ 1)C],

t2 =
2(d+ 1)

d

(d− 2)(d+ 2)(d+ 1)A+ 3d2B − 4d(2d+ 1)C
(d− 1)(d+ 2)A− 2B − 4(d+ 1)C ,

t4 = −d+ 1

d

(d+ 2)(2d2 − 3d− 3)A+ 2d2(d+ 2)B − 4d(d+ 1)(d+ 2)C
(d− 1)(d+ 2)A− 2B − 4(d+ 1)C .

(1.16)
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last two terms do not contribute to two or three point functions, the result for the two

point functions will involve a redefined c6. We will explicitly show that the result for the

three point functions also follows a similar simple trend.

As an application for our methods we will compute the ratio of shear viscosity (η) to

entropy density (s) for a general four derivative bulk dual, without assuming the coupling

constants to be small (for earlier related work see [30–40]). Then following [25, 26], we

will demand that −3 ≤ t2 ≤ 3 as well as CT > 0, s > 0. These constraints were sufficient

in the Gauss-Bonnet case [23, 41, 42] to lead to η/s ≥ 16
25

1
4π ≈ 0.64 1

4π . We will find that

in the general four derivative case, we can tune the couplings so that these conditions are

satisfied but η/s is arbitrarily small. This is of course due to the fact that the underlying

theory has non-unitary modes. We will also show that for the Weyl-squared theory, the

above constraints lead to η/s ≥ 12−3
√

2
14

1
4π ≈ 0.55 1

4π while including Weyl-cubed terms, the

same constraints lead to η/s ≥ 0.17 1
4π . Both these theories will have non-unitary modes

supported near the horizon. It is interesting to note that there is still a bound on the ratio

in such theories.

The rest of the paper is organised as follows. In section (2.1) we give a brief review of

the calculations of [17]. In section (3.1) we calculate the holographic trace anomalies by

considering the background field expanded Lagrangian and also how various coefficients of

the Lagrangian in [17] are related to the Lagrangian we are considering. We then compute

the trace anomalies in d = 2, 4, 6 and show that the B-type anomalies are the coefficients

in the expression for the holographic stress tensor. In section (3.2) we extend the analysis

to Lagrangians containing covariant derivatives on the Riemann tensors and show how

the anomaly coefficients get modified. More specifically we show that c6 in the B-type

anomaly coefficients can be replaced by an effective c′6 in presence of the ∇R terms in

the Lagrangian. In section (4) and section (5) we extend the analysis to calculating the

holographic two and three point functions of the stress tensor. We show that the coefficient

in the holographic one point function of the stress tensor is related to the coefficient of the

holographic two point functions of the stress tensor for arbitrary dimensions. Section (6)

presents one application of the method of background field expansion in the calculation

η/s. We present the calculations for Weyl-squared, Weyl cubed and general R2 gravity

(appendix (E)). We also show that the bounds for η/s for these theories pertaining to the

physical constraints satisfied by the three point functions are much smaller that the KSS

bound [43–45]. We end with a discussion about open problems in section (7).

2 Stress tensor from first law of entanglement

In this section we review the derivation of the holographic stress tensor from the first law

of entanglement [18, 19] for (1.6) following [17]. The modular hamiltonian for a spherical

entangling region of radius R and centered around x = x0, is given by

HA = 2π

∫
A(R,x0)

dd−1x
R2 − |x− x0|2

2R
〈Ttt〉, (2.1)

– 6 –
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and for any perturbation around the CFT vacuum we have

∆HA = 2π

∫
A(R,x0)

dd−1x
R2 − |x− x0|2

2R
δTtt . (2.2)

As mentioned in [17], the entanglement entropy of the spherical entangling region in

the vacuum CFT is equal to the entropy of a thermal CFT on a hyperbolic cylinder with

the temperature set by the length scale of the hyperbolic spacetime. From the holographic

side the thermal entropy is given by the entropy of the hyperbolic black hole, which for

any classical higher derivative theory of gravity is evaluated using the Wald formula [20]

SWald = −2π

∫
H
dnσ
√
h
δL
δRabcd

nabncd, (2.3)

where L is given in (1.6) and nab is the unit binormal to the bifurcate Killing horizon H.

In general the Wald entropy functional differs from the enanglement entropy functional

by squares of the extrinsic curvature [46–53] but for the spherical entangling region these

terms vanish and SWald = SEE at the linear order in perturbations [17]. Further, the

perturbations of the vacuum CFT imply perturbations of the thermal CFT since the per-

turbations of the vacuum AdS imply perturbations of each of the AdS-Rindler wedges for

the thermal state.4

Before proceeding we will specify the notations and conventions. Throughout we set

the AdS radius.5 L̃ = 1 except where we explicitly restore it on dimensional grounds. R is

the radius of the entangling ball. In terms of the Poincaré coordinates, AdS spacetime is

given by,

ds2 =
dz2 + ηµνdx

µdxν

z2
. (2.4)

The spherical entangling region A in the vacuum CFT is associated with the hemispherical

region Ã in the black hole background given by Ã = {t = t0, (xi − xi0)2 + z2 = R2}
in Poincaré coordinates. These two different regions have the same boundary ∂A in the

boundary CFT. Thus SEE is equal to SWald evaluated on Ã. Similarly the perturbation

∆SEE of the vacuum CFT is equal to δSWald. For holographic CFTs the gravitational

version of δSA = δEA is given by δSgrav = δEgrav = δSWald and can be used to relate the

〈Tµν〉 to the asymptotic form of the metric in the holographic side. In the limit of R→ 0,

δ〈Ttt(t0,x)〉 can be replaced by its central value δ〈Ttt(x0)〉 and we have using δEA = δSA,

δ〈Ttt(x0)〉 =
d2 − 1

2πΩd−2
lim
R→0

(
1

Rd
δSWald

A

)
, (2.5)

and repeating for arbitrary Lorentz frames we have

uµuνδ〈Tµν(x0)〉 =
d2 − 1

2πΩd−2
lim
R→0

(
1

Rd
δSWald

A

)
. (2.6)

4This assumption is only valid at the leading order in perturbations. In the next order the hyperbolic

horizon changes due to the perturbations and we do not have the AdS-Rindler patch.
5Note that L is the length associated with the cosmological constant.
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The variation of the Wald entropy around the hyperbolic black hole background for

an arbitrary higher derivative theory of gravity is given by

δSWald = δ

(
−2π

∫
Ã
EabcdR εabncd

)
, (2.7)

where Eabcd is the Wald functional of the curvatures and their covariant derivatives, εab is

the volume element and ncd = n1
cn

2
d − n1

dn
2
c is the binormal to the bifurcation surface B̄

respectively.

2.1 For L(gab, Rcdef)

Evaluated on an AdS background where Rabcd = −(gacgbd − gadgbc), it can be shown (see

appendix A) that the Wald functional and its linear variation for (1.6) (without covariant

derivatives of curvature terms in the action) takes the simple form

EabcdR = c1g
〈abgcd〉 , (2.8)

and,

δEabcdR = −c2g
〈abgcd〉h− c3h

〈abgcd〉 + c4g
〈abgcd〉R+ c5R〈abgcd〉 + c6Rabcd, (2.9)

where all the coefficients are not independent but related by [17]

c2 = −2dc4 − c5, c3 = 2c1 − (d− 1)c5 − 4c6 , (2.10)

and 〈, 〉 implies that it has been properly (anti)symmetrized to have the properties of the

Riemann tensor. The linearized Reimann tensor is given by

Rabcd =
1

2
(∇c∇bhad −∇d∇bhac +∇d∇ahbc −∇c∇ahbd) +

1

2
(Raecdh

e
b +Rebcdhae). (2.11)

When δTµν is small and R→ 0, the scaling analysis in [17] shows that at the leading order

we can neglect all the derivatives ∂µ6=z in comparison to ∂z. Near the boundary, the metric

perturbations can be written as

hµν(z, xλ) = z∆−2hµν(xλ) + . . . (2.12)

Using (2.11) the relevant components of the linearized Wald functional in (1.2) take the

form

δE
(1)µzνz
R = Ahµνgzz +Bhgµνgzz, δE

(1)µνρσ
R = Chg〈µνgρσ〉 +Dh〈µνgρσ〉 , (2.13)

where the coefficients A,B,C,D are functions of the coefficients6 in (1.6). Substitut-

ing (2.13) and (2.8) into (2.7), we get,

δSWald =
4πL̃d−3

R

∫
A

dd−1x

zd−2
(A1htt +A2η

µνhµν) . (2.14)

6The explicit dependences of A,B,C and D on the coefficients c1 . . . c6 are given in footnote 20 of [17].
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After putting ∆ = d in order to get a finite answer [17] we find

A1 = 2

(
A− D

4

)
(d− 2)R2 +

[
c1

2
− D

2
(d− 2) + 2A(d− 1)

](
|x|2

d− 1
−R2

)
,

A2 =
(c1

2
+ 2B

)
R2 +

[
c1

2
+
D

2
+ (C − 2B)(d− 1)

]
|x|2

d− 1
.

(2.15)

Performing the integral in (2.14) and using (2.5) we have,

δT grav
tt = αh

(d)
tt + βηtth

(d)µ
µ , (2.16)

where the coefficients are given as

α = d(−c1 + c3 + (d− 1)c5 + 2dc6) ,

β = [−(d+ 2)c1 + 2(d+ 1)c2 + c3 + 2d(d+ 1)c4 + (d+ 1)c5 − 2(d− 2)c6] ,
(2.17)

and h
(d)
µν has no z dependence. These can be generalized to an arbitrary Lorentz frame and

combined with the tracelessness and conservation equations h
(d)µ
µ = 0, ∂µh

(d)µν = 0 we

have (1.4) as

δT grav
µν = dL̃d−3[c1 + 2(d− 2)c6]h(d)

µν . (2.18)

2.2 For L(gab, Rcdef ,∇aRbcde)

The above analysis can be extended to actions containing covariant derivatives on the

Riemann tensors. The most general term containing arbitrary covariant derivatives on the

curvature tensors is deferred for futute work; we consider here L(gab, Rcdef ,∇gRcdef ). The

background field expansion of the action at O((∆R)2) is given by

S∇R =

∫
dd+1x

√
gZefabcdmnrs∇e∆Rabcd∇f∆Rmnrs. (2.19)

It can be shown (see appendix B) that the above action can be written as

S =

∫
dd+1x

√
g[d1∆Rabcd∇2∆Rabcd + d2∆Rab∇2∆Rab + d3∆R∇2∆R]. (2.20)

Since ∇agbc = 0, we can write

S =

∫
dd+1x

√
g[d1∆Rabcd∇2Rabcd + d2∆Rab∇2Rab + d3∆R∇2R]. (2.21)

At the linear order in fluctuations using (2.11)

RLab =
1

2
∇c∇ahbc +

1

2
∇b∇dhad −

1

2
∇2hab −

1

2
∇a∇bh+

1

2
(Raebdh

ed +Rebhae),

RL = ∇a∇bhab −∇2h− dh.
(2.22)

If we consider the transverse, traceless gauge ∇ahab = 0, haa = 0, we have,

RL = 0, and RLab = −
[

1

2
� + d

]
hab. (2.23)
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We can see that ∇2R term will not contribute to the action. To see that (∇a∆Rbc)2 will

also not contribute to the action, we will first carry out the linearization of ∆Rab which is

given by

∆RLabcd = RLabcd − R̄Labcd = RLabcd + (g(0)
ac hbd + g

(0)
bd hac − g

(0)
ad hbc − g

(0)
bc had) . (2.24)

Contracting with g(0)bd we get,

∆RLac = RLac + (d− 1)hac = −1

2
[� + 2]hac . (2.25)

This term vanishes on using the lowest order equation of motion for hab. Thus this term

does not contribute to the holographic stress tensor. For the remaining ∇aRbcde terms we

can use the Bianchi Identity as in [29] to put the final expression [see appendix (B)] in the

form (neglecting the total derivatives),

Rbcde∇2Rbcde = −4(∇dRce)2 + (∇R)2 − 4RcdRe f
dc Ref − 4RcdR

d
fR

f
c + 2RbcdeRfbRfcde

+ 2RbcdeRa f
bc Rafde + 4RbcdeRa f

bd Racfe. (2.26)

The O(R3) terms in the expression are given by

SR3 = −4RcdRe f
dc Ref−4RcdR

d
fR

f
c +2RbcdeRfbRfcde+2RbcdeRa f

bc Rafde+4RbcdeRa f
bd Racfe.

(2.27)

Doing a similar backgroound field expansion of the above terms we have at the second

order in the expansion,

O(∆R2) = 4(d+ 2)∆Rab∆Rab − 4(∆R)2 − 2d∆Rabcd∆Rabcd , (2.28)

and at the first order there is no contribution O(∆R) = 0. Hence, the coefficients that get

shifted are

c′4 = c4 − 8d3, c′5 = c5 + 8(d+ 2)d3, c′6 = c6 − 4d d3 , (2.29)

while c1 remains unchanged. Putting these values in the expression for δT grav
µν , we have,

δT grav
µν = dL̃d−3[c′1 + 2(d− 2)c′6]h(d)

µν = dL̃d−3[c1 + 2(d− 2)(c6 − 4d d3)]h(d)
µν . (2.30)

We can also calculate the holographic stress tensor in (1.4) directly (see appendix (C)) and

show the shift in the coefficient c6 explicitly.

3 Holographic trace anomalies

3.1 For L(gab, Rcdef)

We will now calculate the holographic trace anomalies [54, 55] for the Lagrangian in (1.6)

following a simple method advocated in appendix A of [56]. This method can be easily

implemented on a computer. Our results will be in agreement with [21] wherever we have

been able to compare our expressions. We outline the essential steps in the computation

of the anomalies.
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1. We will first choose a reference background for g(0)ij . Since there is no restriction,

we can choose any reference background, convenient for the calculation. Note that

we can also use multiple reference background for g(0) to determine all the anomaly

coefficients.

2. The form of g(1)ij is fixed by conformal invariance as [57]

g(1)ij = − 1

d− 2

(
R(0)ij −

R(0)

2(d− 1)
g(0)ij

)
, (3.1)

where R(0)s are constructed out of g(0) respectively.

3. We will keep g(2)ij arbitrary. Some comments are in order. Demanding the coefficient

to g(2) to vanish in d = 4 in the Lagrangian enforces the condition c0 = −8c1. This is

the same condition as obtained from the lowest order equations of motion. For d = 6

the relation between c0 and c1 is obtained by demanding that the coefficient of g(3)ij

vanishes. We put in g(2)ij for consistency but in the end it does not play a role.

4. Plugging in the FG expansion in (1.5) into (1.6), we get

S =

∫
dzddxz−d−1√−g(0)b(x, z), (3.2)

where b(x, z) = b0(x) + z2b1(x) + . . . . Next we extract the coefficient of 1/z term in

the above term which we call Sln.

5. The trace anomaly in d dimensions is given by

〈Tµµ 〉 = bd/2, (3.3)

where bd/2 is the coefficient of zd in the expansion for b(x, z).

6. By matching the term Sln with the expressions for 〈Tµµ 〉 we can determine various

anomaly coefficients.

3.1.1 d=2

In d = 2 the Sln has only one anomaly term which is the Euler anomaly given by E2 = 1
4R.

Evaluated on the manifold

ds2 = g(0)ijdx
idxj = u

(
χ2dt2 +

dχ2

χ2

)
, (3.4)

the Euler anomaly takes the form E2 = − 1
2u . The 1/ρ term in the action is given by

Sln = −c1. Equating this with the anomaly term A = c
8πE2 and finally putting u = 1, we

get

c = 16πL̃c1. (3.5)
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3.1.2 d=4

In d = 4 the Sln will contain a linear combination of the Weyl and the Euler anomalies

given by

E4 = Rabcd(0) R(0)abcd − 4Rab(0)R(0)ab +R2
(0),

I4 = Rabcd(0) R(0)abcd − 2Rab(0)R(0)ab +
1

3
R2

(0),
(3.6)

where R(0)abcd is constructed out of g(0)ab. The trace anomaly is given by

〈Tµµ 〉 =
c

16π2
I4 −

a

16π2
E4. (3.7)

We take g(0) as

g(0)ijdx
idxj = u

(
−χ2dt2 +

dχ2

χ2

)
+

v

θ2
(dθ2 + dφ2), (3.8)

which is of the form AdS2 × S2. In this background the anomalies take the form

E4 = − 8

uv
, I4 =

4(u− v)2

3u2v2
. (3.9)

The coefficient of 1/z term in the action is

Sln =
sin θ

12uv
(4c6(u− v)2 + c1(u2 + 4uv + v2)). (3.10)

Comparing Sln and 〈Tµµ 〉 we get, after restoring the factors of L̃ in a and c

a = π2L̃3c1, c = π2L̃3(c1 + 4c6). (3.11)

The 4d holographic stress tensor in (1.4) can thus be written as

〈δT grav
µν 〉 = 4L̃[c1 + 4c6]h(d)

µν =
4

L̃2π2
c h(d)

µν . (3.12)

3.1.3 d=6

In d = 6 there are four anomaly coefficients [58, 59] of which three are called the B-type

anomalies which are the coefficients of the three Weyl anomalies and the other one is the

A-type which is the coefficient of the Euler term in 6d. The trace anomaly in 6d is given by

〈Tµµ 〉 = Sln =

(
3∑
i=1

BiIi + 2AE6

)
, (3.13)

where the expressions for the anomalies are given by

I1 = CijklC
imnjC kl

mn ,

I2 = C kl
ij C mn

kl C ij
mn ,

I3 = Cijkl

(
∇2δij + 4Rij −

6

5
Rδij

)
Cjklm,

E0 = 384π3E6 = K1 − 12K2 + 3K3 + 16K4 − 24K5 − 24K6 + 4K7 + 8K8 ,

(3.14)
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where the terms K1 . . .K8 are given by (1.7). To determine the anomaly coefficients we

choose for g(0) two manifolds AdS2 × S4 and AdS2 × S2 × S2. In AdS2 × S4 we have

I1 = −51(u− v)3

100u3v3
, I2 =

39(u− v)3

25u3v3
, I3 = −36(19u+ v)(u− v)2

25u3v3
, E6 = −144

uv2
, (3.15)

while in the AdS2 × S2 × S2 background we have

I1 = −3(51u3 + 21u2v + 17uv2 − 17v3

100u3v3
, I2 =

3(39u3 − 31u2v + 13uv2 + 13v3)

25u3v3
,

I3 = −12(11u3 − 39u2v + 17uv2 + 3v3)

25u3v3
, E6 = − 48

uv2
.

(3.16)

Sln in the Ads2 × S4 background takes the form,

Sln = −9c1

8
− (c1 + 8c6)

9(u− v)2

40v2
+ (11c1 + 94c6 + 104c̃7 − 34c̃8)

9(u− v)3

400v3
, (3.17)

where c̃7 and c̃8 are coefficients of the seventh and the eighth term in (1.7). Compar-

ing (3.17) and (3.13), we get

A =
3c1

2
, B3 =

1

128
(8c6 + c1), 68B1 − 208B2 +

3c1

2
+ 30c6 + 312c̃7 − 102c̃8 = 0 . (3.18)

Using AdS2 × S2 × S2 for g(0) we get one more relation as,

36B1 − 16B2 + 3c1 + 10c6 + 24c̃7 − 54c̃8 = 0 . (3.19)

We solve these two equations to get after restoring the factors of L̃,

A =
3̃L

5

2
c1, B3 =

L̃5

128
(8c6 + c1),

2B1 = L̃5

(
−3c1

16
− c6

2
+ 3c̃8

)
, 2B2 = L̃5

(
−3c1

64
+
c6

8
+ 3c̃7

)
.

(3.20)

The holographic stress tensor in (1.4) can now be re-expressed as,

〈δT grav
µν 〉 = 6L̃3[c1 + 8c6]h(6)

µν = 6L̃3B′3h
(6)
µν , (3.21)

where we define B′3 = 128B3. The relation between the holographic stress tensor and the

asymptotic metric thus takes the form of (1.4) where CT is related to the B-type anomaly

coefficient as

CT = fdB
′
3. (3.22)

3.2 For L(gab, Rcdef ,∇aRbcde)

We will use the same Lagrangian (2.21) for the calculation of the holographic anomalies.

Here by a scaling argument as in [21] it is easy to show that the action with two covariant

derivatives acting on two Riemann tensors, will take on the form as in (2.21). In the

presence of the ∇R terms in the action, the central charges of the higher derivative theories

get modified accordingly.
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3.2.1 d=4

The additional contribution to the Sln is

S(d)ln = −16d3 sin θ(u− v)2

3uv
, (3.23)

which combined with the remaining terms give

Sln ==
sin θ

12uv
[(4c6 − 64d3)(u− v)2 + c1(u2 + 4uv + v2)] . (3.24)

Comparing these expressions with the usual formula for the anomaly term we get the

anomaly coefficients, as

a = π2L̃3c1, c = π2L̃3(4c6 + c1 − 64d3). (3.25)

We can say that c′6 = c6 − 16d3 and hence the holographic stress tensor of (1.4) becomes

〈δT grav
µν 〉 = 4L̃[c1 + 4c′6]h(4)

µν =
4

L̃2π2
c h(4)

µν , (3.26)

as before for 4d.

3.2.2 d=6

In 6d the additional contribution to Sln due to the (∇R)2 terms in AdS2 × S4 is,

S(d)ln = −108(7u+ 3v)(u− v)2

25u2vθ4
d3. (3.27)

Comparing the total contribution to the coefficient of 1/z term with the expression for

〈Tµµ 〉 for AdS2 × S4 and AdS2 × S2 × S2 we get, after restoring the factors of L̃,

A =
3L̃5

2
c1, B3 =

L̃5

128
(c1 + 8c6 − 192d3),

2B1 = L̃5

(
−3c1

16
− c6

2
+ 3c̃8 + 24d3

)
, 2B2 = L̃5

(
−3c1

64
+
c6

8
+ 3c̃7 − 6d3

) (3.28)

where c′6 = c6 − 4dd3. The holographic stress tensor in (1.4) can now be written as

δT grav
µν = 6L̃3[c1 + 8c′6]h(6)

µν = 6L̃3B′3h
(6)
µν , (3.29)

for the 6d case where as before we define B′3 = 128B3.

4 Holographic two point function for higher derivative theories in arbi-

trary dimensions

In this section we will show that the coefficient in the expression for the holographic

stress tensor is related to the coefficient in the holographic two point function in arbi-

trary dimensions for any higher derivative theory whose bulk Lagrangian is of the form

L(gab, Rbcde,∇aRbcde). In even dimensions the coefficient of the holographic two point
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function is related to the coefficient of the two point function in field theory which is pro-

portional to the B-type anomaly coefficient [27, 28] (our results in six dimensions are new).

The details of the calculation from the field theory side are done in appendix (D). In

odd dimensions there is no anomaly. We will show that the coefficient appearing in the

expression of the holographic stress tensor is related to the coefficient of the holographic

two point functions in arbitrary dimensions.

As previously, we will consider the action,

S =

∫
dd+1x

√
g
[
c0 + c1∆R+

c4

2
∆R2 +

c5

2
∆Rab∆Rab +

c6

2
∆Rabcd∆Rabcd

]
, (4.1)

where c0 = −2dc1. The advantage of using the above action for the computation of the

two point function is that the result is then valid for any arbirary higher derivative theory

of gravity of the form L(gab, Rbcde,∇aRbcde) with c6 replaced by c′6 as argued previously.

To compute the two point function it is sufficient to keep upto O(∆R)2 terms only since

as we are expanding when we expand around the AdS background, O(∆R)3 terms will

start at order O(h3). To compute the two point functions we will follow the arguments

of [25, 26] where it is shown that to calculate the two point functions it is sufficient to

look at components like 〈TxyTxy〉 since the other structures are completely determined

by symmetry. Following [25, 26]we turn on a component r2hxy(r, z)/L
2 of the metric

perturbations. The quadratic action for the fluctuation of the above form for our case is

given by

S =

∫
dd+1x[K1φ

2 +K2(∂zφ)2 +K3∂
2
zφ

2 +K4∂
2
zφ∂rφ+K5(∂rφ)2 +K6(∂r∂zφ)2

+K7∂
2
rφ∂

2
zφ+K8∂rφ∂

2
rφ+K9(∂2

rφ)2 +K10φ∂
2
zφ+K11φ∂rφ+K12φ∂

2
rφ]. (4.2)

The last term can be integrated by parts to obtain

K12φ∂
2
rφ = ∂r(K12φ∂rφ)−K12(∂rφ)2 − ∂rK12φ∂rφ, (4.3)

where we have assumed that there exists a generalized Gibbons-Hawking term which takes

care of the total derivatives. We will consider the scalar field to be

φ(r, z) = φk(r)e
−ikz. (4.4)

Taking the Fourier transform of the action, after the integration by parts of the last term,

we have

A =

∫
dd+1k

[
K1φkφ−k+K2k

2φkφ−k+K3k
4φkφ−k−

1

2
K4k

2φkφ̇−k−
1

2
K4k

2φ−kφ̇k+K5φ̇kφ̇−k

+K6k
2φ̇kφ̇−k −

1

2
K7k

2φ̈kφ−k +
1

2
∂r(K7k

2φk)φ̇−k −
1

2
∂r(K8φ̇k)φ̇−k −

1

2
K̇8φ̇kφ̇−k

− ∂r(K9φ̈k)φ̇−k−K10k
2φkφ−k+

1

2
K11φkφ̇−k+

1

2
K11φ−kφ̇k−K12φ̇kφ̇−k−K̇12φkφ̇−k

]
,

(4.5)
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where ˙ denotes derivative with respect to r. The terms Ki are given by

K1 = dc1r
d−1, K2 =

3

2
c1r

d−3, K3 =
(c5

4
+ c6

)
rd−5, K4 =

1

2
[(d+ 1)c3 + 4c6]rd−2,

K5 =
1

4
[6c1 + (d+ 1)2c5 + 4(d+ 7)c6]rd+1, K6 = 2c6r

d−1, K7 =
1

2
c5r

d−1,

K8 =
1

2
[(d+ 1)c5 + 12c6]rd+2, K9 =

1

4
(c5 + 4c6)rd+3, K10 = 2c1r

d−3,

K11 = 2(d+ 2)c1r
d, K12 = 2c1r

d+1 .

(4.6)

After integration by parts the above action can be written as a boundary term7

∂A = −1

2
K4k

2φkφ−k +K5φ̇kφ−k +K6k
2φ̇kφ−k +

1

2
∂r(K7k

2φk)φ−k −
1

2
K̇8φ̇kφ−k

− ∂r(K9φ̈k)φ−k −K12φ̇kφ−k ,
(4.7)

where again ˙denotes derivative with respect to r. The solution to (�+2)hab = 0 still solves

the higher derivative equations.8 The solution is given by (restoring the AdS radius L̃)

φk(r) =
2L̃4|k|d/2

drd/2
Kd/2

(
L̃2|k|
r

)
, (4.8)

where Kd/2 is the modified Bessel function of the second kind. The normalization constant

is obtained by imposing the condition that φk(r = ∞) = 1 and d is the field theory

dimension. By plugging this solution back into the surface term ∂A and extracting the

coefficient of kd term in the resulting expression, we get, for AdSd+1/CFTd after restoring

the factors of `p,

〈Tab(x)Tcd(x
′)〉 =

d

L̃2
CT
Iab,cd(x− x′)
|x− x′|2d

, (4.9)

where the coefficient CT is given by

CT = fdL̃
d−1[c1 + 2(d− 2)c6], (4.10)

where fd is the constant factor given by

fd = 2
d+ 1

d− 1

Γ[d+ 1]

πd/2Γ[d/2]
. (4.11)

Thus the expression for 〈T grav
µν 〉 in (1.4) becomes,

〈T grav
µν 〉 =

d

fdL̃2
CTh(d)

µν . (4.12)

Note that while we have assumed the existence of a suitable generalized Gibbons-Hawking

term we have not used counterterms involving boundary curvature tensors in our calcu-

lations. We have explicitly checked, the addition of such counterterms will not alter our

findings.

7We have assumed that the volume counterterm gets rid of φkφ−k terms as in [22, 61].
8See e.g. [60], alternatively we just assume that there is a massless graviton which by definition solves

this equation.
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5 Three point functions

The fact that we were able to get the one point and two point functions from the background

field expansion seems to suggest that the analysis can be extended to the calculation of 3-

point functions using the same technique. We will carry out the analysis first by considering

a higher derivative Lagrangian of the form L(gab,∆Rabcd) and then extending the analysis

to the case where L(gab,∆Rabcd,∇a∆Rbcde).
Direct holographic calculation of the three point functions are involved and challenging.

We will follow the alternative route to derivation of the three point functions following the

analysis of [23] and used in [23, 25, 26, 62–65]. The energy flux associated with a localized

perturbation of fixed energy εijT
ij , where εij is the polarization tensor, in the d(> 3)

dimensional CFT background is given by

〈ε(n)〉 =
E

Ωd−2

[
1 + t2

(
ε∗ijεikn

jnk

ε∗ijeij
− 1

d− 1

)
+ t4

(
|εijnjnk|2

ε∗ijeij
− 2

d2 − 1

)]
. (5.1)

Here E is the total energy flux, n is the outward normal in the direction in which the

flux is measured and Ωd−2 is the volume of a unit Sd−1 sphere. The coefficients t2 and t4
are determined holographically in the following way. From the holographic side we insert

graviton perturbations hµν dual to the energy insertion in the field theory and evaluate

the on-shell cubic term in the higher derivative Lagrangian corresponding to these graviton

insertions. Following [23, 25, 26], we consider the shockwave background with perturbations

in d dimensions:

ds2
sw =

L̃2

u2
[δ(y+)W (~y, u)(dy+)2 − dy+dy− + d~y2 + du2] + hijdx

idxj , (5.2)

where ~y2 =
∑d−2

i=0 y
2
i and d is the dimension of the field theory. The function W (~y, u) is

given by

W (~y, u) =
2d−1

(1 + nd−1)d−1

ud

(u2 + (~y − ~Y )2)d−1
, (5.3)

where nd−1 is the (d− 1)th component of the normal vector given by

nd−1 = (1− n2
i )

1
2 , and Y i =

ni

1 + nd−1
. (5.4)

W satisfies the following equation in any higher derivative theory of gravity [66],

∂2
uW −

d− 1

u
∂uW +

d−2∑
i=1

∂2
yiW = 0. (5.5)

The transverse traceless gauge brings down the number of independent components of the

perturbations. In d dimensions we can consider the perturbation of the form hy1y2 =

L̃2/u2φ(~y, u), while h = 0 = ∇µhµν relates the other components as

∂−hy+y1 =
1

2
∂y2hy1y2 , ∂−hy+y2 =

1

2
∂y1hy1y2 , ∂−hy+y+ =

1

4
(∂y1hy+y1 + ∂y2hy+y2). (5.6)
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It is sufficient to turn on these components only for general d(> 3) dimensions. The

component hy1y2 satisfies the lowest order equation of motion for a scalar field in the

AdSd+1 background given by,

∂2
uφ−

d− 1

u
∂uφ+

d−2∑
i=0

∂2
yiφ− 4∂+∂−φ = 0. (5.7)

5.1 L(gab, Rcdef)

Using the equation of motion for φ and W we can evaluate the on-shell cubic effective

action to get the most general form in d(> 3) dimensions as9

S
(3)
Wφ2

= −1

4

∫
dd+1x

√
−gφ∂2

−φ

[
2(c1 + 2(d− 2)c6)W − 2u(2c6 − 12dc̃7 + 3(3d− 4)c̃8)∂uW

− 24u2(2c̃7 − c̃8)

d−1∑
i>2

∂2
i−2W + u2(2c6 − 12(8− d)c̃7 + 3(12− d)c̃8)(∂2

1W + ∂2
2W )

− 24u3(2c̃7 − c̃8)

d−1∑
i=1

∂2
i ∂uW − u

d−1∑
i>j

∂2
i ∂

2
jW

]∣∣∣∣
u=1,y1=0,y2=0

.

(5.8)

Note that the integral localizes on u = 1, y1 = 0, y2 = 0 [23–26]. As a result we do

not have to worry about boundary terms like the generalized Gibbons-Hawking term or

the boundary counterterms in this calculation. Comparing with the standard form given

in [25, 26],

S
(3)
Wφ2

= − CT
4fdL̃d−1

∫
dd+1x

√
−g φ∂2

−φ W [1 + t2T2 + t4T4], (5.9)

and T2 and T4 are given by

T2 =
n2

1 + n2
2

2
− 1

d− 1
, T4 = 2n2

1n
2
2 −

2

d2 − 1
, (5.10)

while the coefficients t2, t4 are given by,10

t2 =
d(d− 1)

c1 + 2(d− 2)c6
[2c6 − 12(3d+ 4)c̃7 + 3(7d+ 4)c̃8], t4 =

6d(d2 − 1)(d+ 2)

c1 + 2(d− 2)c6
(2c̃7 − c̃8).

(5.11)

This is the expected result for cubic Lovelock theory [62–65] where 2c̃7 = c̃8 and hence t4 =

0. We have also checked that our general expressions are in agreement with [25, 26, 67, 68].

9To reach this simple form, we need to integrate by parts and use the on-shell conditions multiple number

of times.
10If we set W = 1 then we would be left with just the two point function which would be proportional

to CT as expected.
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5.2 L(gab, Rcdef ,∇aRbcde)

We now extend the analysis of the previous section to higher curvature theories containing

covariant derivatives of the Riemann tensor. In section (2.2) we have shown how the

presence of the ∇2∆R2 terms modify the coefficient c6 → c′6 = c6 − 4dd3. In addition the

cubic order coefficients are modified as

c̃7 → c̃′7 = c̃7 − d3 c̃8 → c̃′8 = c̃8 + 4d3, c̃2 → c̃′2 = c̃2 − 4d3,

c̃5 → c̃′5 = c̃5 + 4d3, c̃6 → c̃′6 = c̃6 + 2d3.
(5.12)

Thus ci and c̃i in (5.11) will be replaced by c′i and c̃′i respectively. In this section we

will consider additional terms like ∇2∆R3 terms in the action (1.6). For ∇∇∆R3 terms,

since the linearized Ricci tensor and scalar curvature vanishes by using the tracelessness

condition and the lowest order equation of motion satisfied by hab, as shown in section (2.2),

the terms which contribute to the three point functions are

S3 = e1R
ab
cdR

cd
ef∇2Refab + e2R

a b
c dR

c d
e f∇2Re fa b . (5.13)

To show that these are the only tensor structures that contribute to the three point func-

tions, consider the first term which can be shown to be,

RabcdR
cd
ef∇2Refab = ∇m(∆Rabcd∆R

cd
ef∇m∆Refab )− 2∇m∆Rabcd∇m∆Refab∆R

cd
ef ,

(5.14)

where the overall factor of 2 comes because of ∇ acting on any term other than ∇∆R are

equivalent. Similarly it can be shown for the second term as well.

These terms have additional contribution to the coefficients t2 and t4 but CT remains

unaffected. The coefficients ci and c̃i in (5.11) are replaced by their effective values as,

t2 =
d(d− 1)

c1 + 2(d− 2)c′6
[2c′6 − 12(3d+ 4)c̃′′7 + 3(7d+ 4)c̃′′8], t4 =

6d(d2 − 1)(d+ 2)

c1 + 2(d− 2)c′6
(2c̃′′7 − c̃′′8) ,

(5.15)

where c̃′′7 = c̃′7 + 2de1 and c̃′′8 = c̃′8 + 2de2.

We mention here that although we leave the analysis for the general ∇ . . .∇∆R . . .∆R

terms for future work, we feel that this pattern will continue to persist so that the ∇
terms in the action (1.6) will modify the coefficients appearing in the two and the three

point functions and the form of CT , t2, and t4 will remain the same as in (5.11) with the

coefficients being replaced by similar shifted ones as discussed above.

6 Application: η/s for higher derivative theories

As an application of the background field expansion method, we calculate the ratio of the

shear viscosity and entropy density [43–45] for higher derivative theories [30–40]. This can

be done in arbitrary dimensions but for simplicity, we will illustrate for the d = 4 plasma.

Following [69]11 we will use the pole method to calculate the shear viscosity where only

11See also [70].
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the near horizon data is important. Following [69] we write the black hole metric as

ds2 =
L̃2

4f(z)

dz2

(1− z)2
+

r2
0

L̃2(1− z)
[−f(z)dt2 + (dx1 + φ(t)dx2)2 + dx2

2 + dx2
3]. (6.1)

To compute the shear viscosity and the entropy density we need to construct the horizon

perturbatively by solving the equations of motion for the higher derivative action order by

order in coordinate distance from the horizon but exactly in the couplings. The solution

can be written as

f(z) = 2z + f2z
2 + f3z

3 + . . . , (6.2)

where f2 and f3 are functions of the coefficients appearing in the action. The factor of 2

fixes the temperature with a particular normalization as

T =
r0

πL̃2
. (6.3)

To compute the shear viscosity we have to plug in a perturbation hxy and compute the

retarded Green’s function

Gxy,xyR (ω) = −i
∫
θ(t)〈T xy(t)T xy(0)〉e−iωt , (6.4)

and finally

η = lim
ω→0

ImGxy,xyR (ω)

ω
. (6.5)

We plug in the perturbation corresponding to the shear mode at zero momentum corre-

sponding to the change of basis

dx1 → dx1 + φ(t)dx2. (6.6)

Plugging this into the action (1.6), we get

Sφ2 =

∫
d5x(A1φ

′
ωφ
′
−ω +A2φ

′′
ωφ
′′
−ω), (6.7)

where A1 and A2 are function of the coefficients in the action (1.6). Following [25, 26, 69],

we apply the pole method for any general action of the form

Sφ2 =

∫
ddxdzL(2)

φ (∂zφ, ∂tφ), (6.8)

using which

η = −8πT lim
ω→0

Resz=0L(2)

φ=ziωT

ω2
. (6.9)

Putting in φ(t) = e−iωt we thus extract the coefficient of 1/z term and expanding upto

quadratic orders in ω, we finally get,

η = r3
0(A1 +B1f2 + C1f

2
2 + C3f3), (6.10)
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where the coefficients A1, B1, C1 and C3 are functions of the coefficients in (1.6). Similarly

the entropy density for the higher derivative action is computed using the Wald formula

and takes on the form

s = 4πr3
0(A2 +B2f2 + C2f

2
2 ). (6.11)

Note that in the above expressions for both η and s, we have set the AdS radius L̃ = 1. The

deviation of the η/s ratio from the KSS bound [43–45] for the action (1.6) corresponding

to the case when t4 = 0 and in the absence of O((∆R)3) terms is simply given by(
η

s
− 1

4π

)
s = −2c6r

3
0. (6.12)

The explicit form of η and s are given in the appendix (E) for a general R2 theory

where it is shown that for particular values of the coupling constants of the general R2

theory, the ratio can be driven to zero. As another example we quote the results for the

W 3 gravity below where the lower bound for η/s is much lower than the KSS bound.

Example: W 3 theory. In [25, 26], a specific six derivative theory was considered which

led to equations of motion for fluctuations which were second order in radial derivatives.

The motivation was to consider putting bounds on η/s using the positive energy constraints

as well as comparing these with the causality constraints. It was found that the positive

energy constraints bounded the couplings and led to (η/s)min ≈ 0.414/4π. In light of our

general analysis, we will consider the following six derivative Lagrangian [23] which also

leads to t4 6= 0 and we will put bounds on the couplings. [23] had already considered this

action perturbatively in the couplings:

S =

∫
d5x
√
g

[
R+

12

L̃2
+
L̃2

2
λW 2 + L̃4µW 3

]
, (6.13)

where W 2 = CabcdC
abcd and W 3 = CabcdC

cd
efC

ef
ab with Cabcd being the Weyl tensor. If we

expand this action around the AdS background to get (1.6), then the coefficients of (1.6)

for this action are given by c0 = −8c1, c1 = 1, c4 = λ
6 , c5 = −4λ

3 , c6 = λ, c̃1 = µ
2 , c̃2 =

−4µ, c̃3 = 8µ
3 , c̃4 = 64µ

27 , c̃5 = −14µ
9 , c̃6 = 7µ

54 , c̃7 = µ and c̃8 = 0. Note that for W 3 gravity

f∞ = 1 and L̃ = 1. The coefficients CT , t2 and t4 take the form

CT = 2(1 + 4λ), t2 =
24(λ− 96µ)

1 + 4λ
, t4 =

4320µ

1 + 4λ
. (6.14)

Using the constraints for t2 and t4 listed in [25, 26], we find that λ and µ are bounded (see

figure 1). The shear viscosity and the entropy density for this action takes the form

η =
r3

0

6
[3− 6(1 + 2f2)λ− 16(7− 40f2 + 16f2

2 + 36f3)µ],

s =
2πr3

0

3
[3 + 6(1− 2f2)λ+ 16(1− 2f2)2µ] ,

(6.15)

where f3 is given in terms of f2 by,

f3 =
270−64µ+18λ+f2(216−171λ+656µ)−6f2

2 (9−42λ+304µ)+4f3
2 (9λ+368µ)+128f4

2µ

36(−9−6(1−2f2)λ+16(1−2f2)2µ)
,

(6.16)
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Figure 1. λ vs µ plot. The horizontal line corresponds to µ = 0. (η/s)min = 0.55/4π for µ = 0

and (η/s)min = 0.17/4π for µ 6= 0.

where f2 satisfies

64(1− 2f2)3µ+ 36(6(1 + f2)− λ+ 4(1− f2)f2λ) = 0. (6.17)

This equation has three roots and we will choose the correct root as the one which for the

Einstein case goes to f2 = −1. Substituting for the Einstein value of f2 we also get that

f3 = 0 in the Einstein limit. We present the bounds on λ and µ in figure(1) obtained from

the causality constraints given by [25, 26],

Tensor: 1− 1

3
t2 −

2

15
t4 ≥ 0,

Vector: 1 +
1

6
t2 −

2

15
t4 ≥ 0,

Scalar: 1 +
1

3
t2 +

8

15
t4 ≥ 0.

(6.18)

The minimum values of η/s for µ 6= 0 lie close to the uppermost vertex of the triangle.

For Weyl squared gravity µ = 0 and constraints give −1/12 < λ < 1/4. This is presented
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as a single line interval in the λ − µ plot. The minimum value of η/s corresponds to

λ = 1/4 and µ = 0 which is at the extreme right end of the interval. The minimum value

of η/s for the W 3 gravity is given by

η

s
≈ 0.17

4π
, (6.19)

for λ = 1/2, and µ = 1/192 which is the uppermost vertex of the triangle. For µ = 0, i.e.,

for Weyl squared gravity the minimum value of the ratio is η/s ≈ 0.55/4π.

Thus even though 〈ε〉 > 0 for general R2 theory, the η/s ratio can be driven to zero

as we show in appendix (E). Further for W 2 theory we can see that the bound goes

down to about 55% of the KSS value whereas for W 2 + W 3 theory it is 17% of the KSS

bound. There are non-unitary modes in this theory. So it appears that unitarity is not a

prerequisite for a bound. As in [25, 26], there could be potential plasma instabilities and

it may be interesting to analyse these.

7 Discussion

In this paper we have computed one, two and three point functions for a general gravity

Lagrangian of the form L(gab, Rcdef ,∇aRbcde). We explained that the coefficient appearing

as the proportionality between the renormalized stress tensor and the bulk metric is related

to CT , the coefficient appearing in the two point function of stress tensors. Further we saw

how this relates to B-type anomaly coefficients in even dimensions. We also computed

three point functions for bulk Lagrangians of the above form in arbitrary dimensions.

Our general form of the action given in eq. (1.6) packages the A-type anomaly co-

efficient (or its analog in odd dimensions) into c1 while CT is given in terms of c1, c6.

Again we emphasise that all these coefficients themselves depend on all higher derivative

terms that appear in the original bulk Lagrangian. This simple separation of the A-type

anomaly coefficient as a proportionality constant in front of ∆R makes it very tempting

to think that this is a useful starting point for a general proof of holographic version of

the a-theorem [71, 72] in arbitrary dimensions. We can speculate how this may work: first

note that the background around which we are expanding could be either the AdS in the

ultraviolet or the AdS in the infrared. This means that the respective background ex-

panded Lagrangians must be equal to one another. If there was a matter sector as well, it

makes sense to do a background expansion of this sector where we will use the background

for the matter fields to be their values in AdS, for example for a scalar field this will be

a constant (different constants in the UV and IR). We thus have a natural separation

between the gravity sector and the matter sector — this was one of the vexing issues in

the current literature on holographic c-theorems [73–81]; namely how does one define any

energy condition if matter couples to the higher curvature terms. Thus we can envisage

a situation where on the l.h.s. we have a term proportional to (aUV − aIR)R plus other

curvature terms while on the r.h.s. we can place the difference between the UV and IR

matter Lagrangians. It is very tempting to speculate that (aUV −aIR) > 0 is necessary for

there to be no non-unitary modes on the l.h.s. arising from expanding R which in turn is
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necessary (but may not be sufficient) so that there are no non-unitary modes in the matter

Lagrangian. It will be nice to work this out in complete detail as this will shed light on

how the proof of the a-theorem may work in arbitrary dimensions.

Another important question is to extend our methods and results to four point stress

tensor correlation functions. As we pointed out in the introduction, while the A-type trace

anomaly in 4d is related to two point and three point functions, in higher dimensions

it appears to depend on higher point correlation functions. Also in 3d since there is no

analog of t2, it is unclear if the analog of the A-type trace anomaly (proportional to c1)

can be extracted from local correlation functions at all — this appears to be consistent

with recent claims in [82]. The general forms for t2 and t4 that we have derived also

seem to suggest that in order to relate the A-type anomaly coefficient in dimensions higher

than 4 to the coefficients appearing in correlation functions will need at least four point

functions. Furthermore, it could well be that the coupling constants for higher derivative

theories are further constrained by considering four point functions.12 These reasons are

sufficient motivation to look at the four point functions in the general gravity theories we

have considered in this paper. May be the techniques developed in [83, 84] could help us

out here.

It will be interesting to extend our results to completely general bulk Lagrangians

of the form L(gab, Rcdef ,∇aRbcde,∇(a∇b)Rcdef , · · · ). We expect that for the one, two and

three point functions, the simple features we have found in this paper will continue to hold.

Finally, it should be possible to extend our methods to study correlation functions which

involve the massive graviton modes and Tµν [85–87].
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A The Lagrangian in terms of [17]

Consider the background field expanded Lagrangian given by

L = a0 + a2∆R+ b1∆R2 + b2∆Rab∆Rab + b3∆Rabcd∆Rabcd +
8∑
i=1

c̃i∆Ki

+ Zefabcdmprs∇e∇f∆Rmprs∆Rabcd + . . . . (A.1)

The Wald functional for any gravity dual following [20] is,

EabcdR =
∂L

∂Rabcd
−∇e

(
∂L

∂∇eRabcd

)
+ · · · , (A.2)

12It will also be interesting to compare how constraints from entanglement entropy [88] compare with

these ones.
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which for the above Lagrangian takes the form

EabcdR = a2g
〈abgcd〉 + Y abcdefgh∆Refgh − Zefabcdmprs∇e∇f∆Rmprs + · · · , (A.3)

where Y abcdefgh is the tensor structure that comes from the second order terms in ∆R and

Zefabcdmprs comes from the ∇aRbcde terms in the Lagrangian. To connect this to eq. (6.8,

6.9, 6.11) of [17] we need to evaluate EabcdR and δEabcdR around AdS space. We split the

background metric as gab = g(0)ab + ∆gab. Then R̄abcd can be written as

R̄abcd = −(gacgbd − gadgbc) = −(g(0)acg(0)bd − g(0)adg(0)bc)− (g〈(0)ab∆gcd〉)

= R
(0)
abcd − (g〈(0)ab∆gcd〉) , (A.4)

and

∆Rabcd = Rabcd − R̄abcd = ∆0Rabcd + g〈(0)ab∆gcd〉 , (A.5)

where ∆0Rabcd = Rabcd − R
(0)
abcd is the expansion around the background with only g(0)ab.

Using this relation with the fact that

Y abcdefgh = Y abcdefgh
0 +O(∆g),

Zefadcdmprs = Zefabcdmprs0 +O(∆g),
(A.6)

where Y0 and Z0 denote the quantities calculated with the metric g(0) which is the AdS

metric for our purpose. To begin with, we consider an action without the ∇R terms. Then

EabcdR = a2g
〈abgcd〉 + Y abcdefgh

0 ∆0Refgh +O(∆g), (A.7)

where we have used the tensor structure of Y as

Y abcdefgh = b1g
acgbdgeggfh + b2g

acgeggbfgdh + b3g
aegbfgcggdh, (A.8)

and when evaluated around the AdS background we have at the leading order

EabcdR = a2g
〈ab
0 g

cd〉
0 . (A.9)

Comparing with eq. (6.8) of [17] we have a2 = c1. Next we compute

∂EabcdR

∂gef
= 2c1h

〈abgcd〉 +
∂

∂gef
(Y∆R). (A.10)

The last term gives around the AdS background

∂

∂gef
(Y∆R) =

∂Y

∂g
∆0R+

∂

∂gmn
(Y abcdefgh

0 g〈(0)ef∆ggh〉). (A.11)

The first term vanishes when evaluated on AdS and thus

∂

∂gef
(Y∆R)|AdS h

ef = 2(2db1 + b2)hg〈abgcd〉 + 2((d− 1)b2 + 4b3)h〈abgcd〉. (A.12)
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Further

∂EabcdR

∂Refgh
|AdS δRefgh = Y abcdefgh

0 δRefgh = b1Rg〈abgcd〉 + b2R〈abgcd〉 + b3Rabcd,

Comparing with eq. (6.11) of [17] we get b1 = c4/2, b2 = c5/2, b3 = c6/2. Further,

c2 = −2dc4 − c5, c3 = 2c1 − (d− 1)c5 − 4c6. (A.13)

The Lagrangian (1.6) thus can be written as,

S =

∫
dd+1x

√
g

[
c0 + c1∆R+

c4

2
∆R2 +

c5

2
∆Rab∆Rab +

c6

2
∆Rabcd∆Rabcd +

8∑
i=1

c̃i∆Ki

+ Z∆R∇∇∆R+ · · ·
]
. (A.14)

B Details of calculation for section (2.2)

The Bianchi identity reads

∇aRbcde +∇bRcade +∇cRabde = 0 . (B.1)

Then

∇2Rbcde = ∇a∇bRacde −∇a∇cRabde. (B.2)

Using

∇a∇bRacde = ∇b∇aRacde +RfbRacde +Ra f
bc Rafde +Ra f

bd Racfe +Ra f
be Racdf , (B.3)

we have

Rbcde∇2Rbcde = 2Rbcde∇b∇aRacde+2RbcdeRfbRfcde+2RbcdeRa f
bc Rafde+4RbcdeRa f

bd Racfe.

(B.4)

Again using the Bianchi Identity,

∇aRacde = ∇dRce −∇eRcd , (B.5)

we can write, neglecting the total derivatives

Rbcde∇2Rbcde = 4Rbcde∇b∇dRce + 2RbcdeRfbRfcde + 2RbcdeRa f
bc Rafde + 4RbcdeRa f

bd Racfe.

(B.6)

The first term can be written as (neglecting total derivatives),

4Rbcde∇b∇dRce = −4∇bRbcde∇dRce = −4(∇dRce)2 − 4Rcd∇e∇dRce , (B.7)

and

− 4Rcd∇e∇dRce = (∇R)2 − 4RcdRe f
dc Ref − 4RcdR

d
fR

f
c . (B.8)
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C Holographic stress tensor involving ∇R terms

Here we consider an extended analysis of [17] to derive the holographic stress tensor in-

cluding the ∇ . . .∇R terms in the action. The most general analysis is deferred for future

work although from the following analysis it will be clear that the most general case will

also work out in an analogous way. We consider the most general term involving two ∇s

in the action. Such terms after background field expansion are schematically given by

S =

∫
dd+1x

√
gZ∇∇(∆R)n, (C.1)

where Z contains all the relevant tensor structures. Note that the Wald functional obtained

from such a terms will be of the form

EabcdR = · · ·+ Zef...∇e∇f (∆R)n−1 + . . . . (C.2)

For n > 2, these terms vanish since when we put the background AdS, ∆Rabcd vanishes in

the variation of EabcdR . So the only terms at the two ∇s order relevant for the calculation

of the holographic stress tensor are schematically given by ∇∆R∇∆R. These terms in the

action are:

S∇R =

∫
dd+1x

√
gZefabcdmnrs∆Rmnrs∇e∇f∆Rabcd , (C.3)

where as before Zefabcdmnrs contains all possible tensor structures.

We now focus on the derivation of the holographic stress tensor for the action includ-

ing (2.21). The Wald functional corresponding to this term is given by

Eabcd∇R = d1g
〈abgcd〉∇2∆R+ d2∇2∆R〈abgcd〉 + d3∇2∆Rabcd , (C.4)

and evaluated on the AdS, Eabcd∇R = 0, while the linearized variation of the wald function is

given by

δEabcd∇R = δ(Zefabcdmnrs∇e∇f∆Rmnrs), (C.5)

where the structure of Z for the contributing terms is given by

Zefabcdmnrs = gef (d1g
acgbdgmrgns + d2g

acgmrgbngds + d3g
amgbngcrgds). (C.6)

All indices are raised or lowered with respect to the background AdS metric gab. Thus com-

bined with the original expressions in [17] for E
(1)abcd
R = EabcdR +Eabcd∇R = EabcdR and δE

(1)abcd
R

is given by,

δE
(1)abcd
R = −c2hg

〈abgcd〉− c3h
〈abgcd〉+ c4Rg〈abgcd〉+ c5R〈abgcd〉+ c6Rabcd + δEabcd∇R . (C.7)

C.1 d=4

The coefficients (2.13) for d = 4 are given by

A = −c3

4
− 3c5

4
− 5c6 + 32d3, B = −c2

2
− 2c4 − c5 − 12d2 + 4d3,

C = −c2 − 4c4 + c5 + 32d3, D = −c3 − 3c5 + 4c6 − 64d3.
(C.8)
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Thus the coefficients A1 A2 take the form

A1 = −24(c6 − 8d3)R2 +
1

2
(c1 − c3 − 3c5 − 68c6 + 512d3)

(
r2

3
−R2

)
,

A2 =
(c1

2
− c2 − 4c4 − 2c5 − 24d2 + 8d3

)
R2 +

r2

6
(c1 − c3 + 15c5 + 4c6 + 144d2 + 80d3).

(C.9)

We can use the tracelessness condition of hµν viz. h
(d)µ
µ = 0 to eliminate A2 and thus

integrate over A1 to get

δSWald
B =

8πΩ2L̃R
4

15
(c1 + 8c6 − 64d3), (C.10)

where Ω2 is the volume of the unit S2 and finally using (2.5), we have

δT grav
tt = 4L̃[c1 + 4(c6 − 16d3)] . (C.11)

C.2 d=6

The corresponding coefficients in (2.13) for d = 6 after putting ∆ = d are given as

A =
1

4
(−c3 − 5c5 − 52c6 + 576d3), B = −c2

2
− 3c4 −

11

4
c5 − 30d2 + 6d3,

C = −c2 − 6c4 + 2c5 − 60d2, D = −c3 − 5c5 + 8c6 − 144d3.
(C.12)

Putting these in the integral we have

A1 =
1

2
(c1 − c3 − 5c5 − 292c6 + 3456d3)

(
r2

5
−R2

)
− 120(c6 − 12d3)R2,

A2 =
1

2
(c1 − 2c2 − 12c4 − 11c5 − 120d2 + 24d3)R2 +

1

2
(c1 − c3 + 70c5 + 8c6 − 264d3)

r2

5
.

(C.13)

Again by using the tracelessness argument we can set h = 0 and integrating and finally

using (2.5), we get,

δT grav
tt =

35

2πΩ4
lim
R→0

(
1

R6
δSWald

B

)
= 6L̃3[c1 + 8(c6 − 24d3)]. (C.14)

D 〈Tµν(x)Tρσ(0)〉 in even dimensions

The B-type anomaly coefficients appearing in the expression for the holographic stress ten-

sor in even dimensions are precisely the coefficients of the stress tensor two point functions

from the field theory perspective. The 2d and 4d cases were worked out in [28]. We will

extend this result to 6d in what follows. Before that we will review the 2d and 4d results.

The starting point of the derivation is the renormalization group equation in [27, 28]

which takes on the form in general d dimensions as(
µ∂µ + 2

∫
ddxgµν

δ

δgµν

)
W = 0. (D.1)
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We know that ∫
ddxgµν

δ

δgµν
W =

∫
ddxgµν〈Tµν〉 =

∫
ddxAanomaly, (D.2)

which gives us

µ∂µW = −2

∫
ddxAanomaly. (D.3)

We now functionally differentiate the l.h.s. w.r.t. gµν twice to get

µ∂µ〈Tab(x)Tcd(0)〉 = −2

∫
ddx

δ2Aanomaly
δgabδgcd

. (D.4)

From the general conformal properties of the 2 point functions the r.h.s. now takes the

form

µ∂µ〈Tab(x)Tcd(0)〉 =
CT

4(d− 2)2d(d+ 1)
∆T
abcdµ∂µ

1

x2d−4
, (D.5)

where the tensor ∆T
abcd now takes the form

∆T
abcd =

1

2
(SacSbd + SadSbc)−

1

d− 1
SabScd, ∆T

aacd = 0, (D.6)

where Sab = ∂a∂b − δab∂2. In general x−2d+4 is singular function. We need to regularize

the function in what follows.

D.1 d=2

We consider the anomaly in d = 2 which is given by E2 = 1
4R, I2 = 0. The RG equation

is given by

µ∂µW +

∫
d2x〈T ii 〉 = 0, (D.7)

and the 2 pt function is given by

µ∂µ〈Tab(x)Tcd(0)〉 = −1

4

∫
d2x

δ2R

δgabδgcd
. (D.8)

From the second order variation of R, δ2R = h∂2h− h∂e∂fhef we get,

δ2R

δgabδgcd
= [(gab∂c∂d + gcd∂a∂b)− gabgcd∂2]δ2(x). (D.9)

Converting into the momentum space we can see that

µ∂µ〈Tab(p)Tcd(0)〉 = −1

4
[(gabpcpd + gcdpapb)− gabgcdp2] , (D.10)

using which we see that CT and c are proportional to one another.
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D.2 d=4

In 4d there are two anomalies given by

E4 = RabcdRabcd − 4RabRab +R2 ,

I4 = E4 + 2

(
RabRab −

1

3
R2

)
.

(D.11)

The contribution from the E4 term in 4d is given by the integral of∫
ddxAEρσ,αβ(x− y, x− z), (D.12)

where the term AEρσ,αβ(x− y, x− z) is given by

AEρσ,αβ(x− y, x− z) = (D.13)

− (εσαγκερβδλ∂κ∂λ(∂γδ
d(x− y)∂δδ

d(x− z)) + εραγκεσβδλ∂κ∂λ(∂γδ
d(x− y)∂δδ

d(x− z))).

To compute the integral we first convert the δd(x−y) into momentum space and carry out

the differentiations as

∂δδ
d(x− z)∂γδd(x− y) = ∂γ

(∫
eip(x−y)ddp

)
∂δ

(∫
eiq(x−z)ddq

)
= −pγqδ

∫
ei(p+q)x−ipy−iqzddp ddq. (D.14)

Acting ∂κ∂λ on this, we get

∂κ∂λ

(
−pγqδ

∫
ei(p+q)x−ipy−iqzddp ddq

)
= pγqδ(p+ q)λ(p+ q)κ

∫
ei(p+q)x−ipy−iqzddp ddq.

(D.15)

Thus the first term on the l.h.s. in the above integral (D.13) becomes

εσαγκερβδλpγqδ(p+ q)λ(p+ q)κ

∫
ei(p+q)xddx

∫
e−ipy−iqzddp ddq , (D.16)

which becomes after substituting the delta function from the first integral as

εσαγκερβδλ

∫
pγqδ(p+ q)λ(p+ q)κδ

d(p+ q)e−ipy−iqzddp ddq. (D.17)

Thus this integral vanishes on its own. Similarly it can be shown that the second part of

the integral also vanishes by itself. Thus there is no contribution from the E4 term to the

anomaly. The only contribution to the anomaly comes from the term RabRab − 1
3R

2 term

in the Weyl anomaly. Thus

µ∂µ〈Tab(x)Tcd(0)〉 = −
∫
d4x

δ2

δgabgcd

[
2

(
RmnRmn −

1

3
R2

)]
. (D.18)

The last term on the r.h.s. gives

δ2R2

δgabγcd
= 2

δR

δgab
δR

δgcd
. (D.19)
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After linearization of the scalar and functionally differentiating w.r.t. gab we have

δR

δgab
= (∂a∂b − gab∂2)δ4(x) = Sabδ

4(x), (D.20)

where we define Sab = ∂a∂b− gab∂2. Thus the last term becomes after some integration by

parts
δ2R2

δgabδgcd
= SabScdδ

4(x). (D.21)

The first term on the r.h.s. becomes after integration by parts as

δRmn

δgab
δRmn
δgcd

=
1

2
(SacSbd + SadSbc)δ

4(x). (D.22)

Thus the total contribution from the Weyl anomaly is given by

µ∂µ〈Tab(x)Tcd(0)〉 = −4β∆T
abcdδ

4(x) , (D.23)

where we define ∆T
abcd = 1

2(SacSbd + SadSbc)− 1
3SabScd.

Thus in 4d we have using β = −c/16π2 from [27]

µ∂µ〈Tab(x)Tcd(0)〉 =
c

4π2
∆T
abcdδ

4(x). (D.24)

Comparing with (D.5) we have

CT
4(d− 2)2d(d+ 1)

µ∂µ
1

x4
=

c

4π2
δ4(x). (D.25)

In 4d the regularized 1/x4 can be expressed as

R 1

x4
= −1

4
∂2 1

x2
(logµ2x2) ⇒ µ∂µR

1

x4
= 2π2δ4(x). (D.26)

Putting this in (D.25) we have

c =
π4

40
CT . (D.27)

D.3 d=6

In 6d it is rather easy to see why only the B3 coefficient gets picked up by the 2 pt functions.

If we look at the structures of the anomalies then only I3 has a structure of the form

I3 ∼ Cabcd∂2Cabcd. (D.28)

This makes I3 to start at the order O(h2) and contributes in the 2 pt function. While all

the other anomalies start at O(h3) and thus do not contribute.

In 6d the only contribution to the two point function comes from the term I3 ∼
Cabcd∂2Cabcd, since the other anomalies start at O(h3). Thus from (D.5) we have

µ∂µ〈Tab(x)Tcd(0)〉 = 4B3∆T
abcd∂

2δ6(x) = ∆T
abcd

CT
27 × 3× 7

µ∂µ
1

x8
. (D.29)
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In 6d we regularize as

R 1

x8
= − 1

96
∂4 1

x4
(logµ2x2) ⇒ µ∂µR

1

x8
= − 1

48
∂4 1

x4
. (D.30)

The term on the r.h.s. for 6d can be reduced to ∂4 1
x4

= −4π3∂2δ6(x) and hence the r.h.s.

becomes

µ∂µR
1

x8
= − 1

48
∂4 1

x4
=
π3

12
∂2δ6(x). (D.31)

Thus in 6d we have

µ∂µ〈Tab(x)Tcd(0)〉 = 4B3∆T
abcd∂

2δ6(x) =
π3

7× 32 × 211
∆T
abcdCT∂

2δ6(x). (D.32)

Hence we have

B3 =
π3

7× 32 × 211
CT . (D.33)

E η/s for general R2 theories

We will calculate the ratio of the shear viscosity to the entropy density for four derivative

theory of gravity in d = 4 where d is the boundary dimension. We want to express the

ratio in terms of the field theory variables as t2 etc. This analysis can be extended for

general higher derivative theories of gravity in arbitrary dimensions. To proceed we will

follow the analysis of [69] where the horizon is first constructed perturbatively and then

the pole method was used to extract the shear viscosity. We first consider the metric as

ds2 =
L̃2

4f(z)

dz2

(1− z)2
+

r2
0

L̃2(1− z)

[
−f(z)

f∞
dt2 + (dx1 + φ(t)dx2)2 + dx2

2 + dx2
3

]
. (E.1)

where φ(t) = e−iωt is the fluctuation and

f(z) = 2z + f2z
2 + f3z

3 + . . . . (E.2)

We consider the general R2 action given by

S =

∫
d5x
√
g

[
R+

12

L2
+
L4

2
(λ1R

abcdRabcd + λ2R
abRab + λ3R

2)

]
. (E.3)

To obtain the coefficients f2, f3 we plug in (E.2) into the equations of motion for the

action (E.3) and solve perturbatively near the horizon. The solution for f∞ taking L =

L̃
√
f∞ given by,

1− f∞ +
1

3
(λ1 + 2λ2 + 10λ3)f2

∞ = 0. (E.4)

The expression for c1 is given by

c1 =
1

16π2
[1− 2f∞(λ1 + 2λ2 + 10λ3)] (E.5)
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We also express c6 = λ1
16πf∞. The shear viscosity and entropy density in terms of these

couplings are given by

η = C1[8λ2
1 + λ2 + 4λ3 − 20λ2λ3 − 64λ2

3 + 12λ1(λ2 + 2λ3) +
√
F ],

s = C2[16λ2
1 + λ2 + 4λ3 + 20λ2λ3 + 48λ1λ3 − 20λ2λ3 − 64λ2

3 +
√
F ],

(E.6)

where the normalizations are C2 =
2πr30f

3/2
∞

`3p
and C1 =

r30f
3/2
∞

2`3p
and we have set L̃ = 1.

F = (2λ1 + λ2 + 2λ3)[(2λ1 + λ2 + 2λ3)(1− 12λ1 − 16λ2 − 52λ3)2

− 16(λ1 + λ2 + 2λ3)(22λ2
1 − λ2(1− 12λ2)− 2λ3 + 62λ2λ3 + 70λ2

3

− 2λ1(1− 19λ2 − 58λ3))] .

(E.7)

The corresponding expression for t2 is d = 4 is given by

t2 =
24c6

c1 + 4c6
=

24λ1f∞
1 + 2(λ1 − 2λ2 − 10λ3)f∞

. (E.8)

Note that in the limit λ1, λ2, λ3 → 0 we retrieve the result

η

s
=

1

4π
. (E.9)

Note also that it is possible to make η/s arbitrarily small by tuning the values of λs’. For

example for λ1 = 0.31517, λ2 = λ3 = −1, we have

η

s
=

1.1× 10−5

4π
. (E.10)

Here the constraints arising from 〈ε〉 > 0 are satisfied.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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