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ABSTRACT: In this paper we propose a duality for non-holomorphic N' = 1 CS-matter
theories living on M2 branes probing Spin(7) cones. We call this duality Spin(7) duality.
Two theories are named Spin(7) dual if they have the same moduli space: a real Spin(7)
cone with base a weak Go manifold, and they are hence holographic dual to the same AdSy
x Gg M theory solution. We provide a systematic way to generate these dualities, derived
by combining toric duality for N' = 2 CS-matter theories and generalized non-holomorphic
orientifold projections to A/ = 1. Brane construction, AdS/CFT correspondence, and the
computation of the moduli space support our proposal at the classical level and provide
some arguments at the quantum strong coupling regime. The relation with Seiberg-like
duality is also analyzed.
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1 Introduction

Strongly coupled systems are interesting both from phenomenological and theoretical per-
spectives. However, understanding their dynamics is usually quite difficult. An interesting
strategy to explore such phenomena consists of looking for an alternative, weakly coupled,
description of the same system, the so called “dual description”. Dualities have been dis-
covered and studied in many contexts and they provided a deep insight in strongly coupled
physics. Supersymmetric field theories are an useful laboratory to explore duality maps.
Seiberg duality for SQCD [1] in four dimensions and its generalizations to N' = 2 three
dimensional field theories [2-8] are examples of this map. Another well known duality
for three dimensional field theories is the AdSs/CFTj3 correspondence [9-11] that relates
Chern-Simons (CS) matter theories to M theory AdS, solutions. In this case it has been
shown that there are different UV field theory descriptions of the IR theory living on M2
branes probing the same toric Calabi-Yau four dimensional cone CYy [6, 12-15]. This
phenomenon has been named toric duality and it is the three dimensional extension of



the previously discovered toric duality for the four dimensional field theories living on D3-
branes probing Calabi-Yau three dimensional cones CY3 [16-19]. For four dimensional field
theories toric duality coincides with Seiberg duality [20, 21].

It was shown in [6] that, for some classes of theories, toric duality for M2 branes is
a generalization of the N’ = 2 Seiberg-like duality of [5]. N = 2 CS-matter theories can
be further reduced to N' = 1 CS-matter theories' living on stacks of M2 branes at certain
conical singularities [26]: the so called Spin(7) cones. These theories can be obtained with
a generalized orientifold projection from parents N/ = 2 holomorphic theories describing
stacks of N M2 branes probing the tip of toric CY,4 cones. In the geometric language this
projection corresponds to the quotient done by an anti-holomorphic involution on the CYy,
that breaks the SU(4) holonomy to Spin(7)? [26, 29].

Inspired by the N' = 2 case one may ask if there are extensions of toric (and of Seiberg-
like) duality to the A" = 1 case.® In this paper we use a geometrical approach and define a
Spin(7) duality in analogy with the toric duality of the toric CY, case. Namely we say that
two N/ = 1 CS-matter theories are Spin(7) dual if they have the same classical moduli space
for one regular M2 brane and if it coincides with the Spin(7) cone of the dual geometry.
We provide a general picture to generate N/ = 1 Spin(7) dual pairs obtained from parent
toric dual N' = 2 theories. Some control on these dualities beyond the classical level is
provided by the existence of the same AdS, dual geometry for both the dual CFTs and by
planar equivalence.

In some cases the orientifold projects the A/ = 2 theory to N' = 1 theories with only
unitary groups. In these cases we argue that the Spin(7) duality is also an A/ = 1 three
dimensional Seiberg-like duality. Indeed it corresponds to move N = 1 branes in the
Hanany-Witten [31] projected setup.

The paper is organized as follows. In section 2 we review the main aspects of the
projection of the CYy4 to Spin(7) and its interpretation in terms of an orientifold. In
section 3 we state the main claim of the paper about the NV = 1 Spin(7) duality and
explain the general idea behind it. In section 4 we provide some examples of dual pairs and
give some checks about the validity of the duality. In section 5 we show examples where
the Spin(7) duality can be regarded as a Seiberg-like duality. In section 6 we discuss the
extension of AV = 1 Seiberg like duality to more general models. In section 7 we conclude.
To complete the paper we provide also two appendices. In appendix A we explain the
projection of the A/ = 2 superspace to N/ = 1 while in appendix B we present the N' =1
superconformal algebra.

2 From N =2 CY, to N =1 Spin(7)

In this section we briefly review the non-holomorphic orbifold of the CY4 geometry that we
will use in the rest of the paper [29], and we will provide a short discussion of the associated

!See [22-25] for some recent analysis of A' = 1 theories in three dimensions

*We refer the reader to [27, 28] where the reduction of M-theory on Spin(7) manifolds constructed by
this method has been considered too.

#We refer the reader to [30] for another proposal of Seiberg-like duality in /' = 1 theories.



orientifold projection in field theory.* An interesting class of N' = 2 SCFTs [10, 11]
describes the low energy dynamics of a stack of N M2 branes at the tip of a non compact
eight-dimensional CY, real cone: C(H7), where H7 is a seven dimensional compact Sasaki-
Einstein manifold at the base of the cone.

The field theory is a quiver gauge theory. A quiver is a graph with nodes connected
by arrows. FEach node represents a gauge factor U(N;). There are also matter fields,
represented by oriented arrows. Arrows with the tip and the tail on the same node are
fields in the adjoint representation of the gauge group, arrows connecting the i-th with the
j-th node are associated to fields in the bifundamental representation. In the Lagrangian
each U(N;) factor has CS action with integer level k;, and no Yang-Mills (YM) action.
From now on we will keep track of the CS level and the rank of the gauge group factor by
using the notation: U(N;)y,.

These field theories are dual, in the gauge/gravity correspondence, to M-theory on the
AdSy x H; background. In this paper we consider a particular projection of this theory that
breaks the four real supercharges down to two real supercharges.® The resulting theory is
still a superconformal CS-matter theory, like before, but with only A/ = 1 supersymmetry
in three dimension. Moreover it does not have holomorphic properties: fields and super-
potential are real. It describes the low energy dynamics of N M2 branes living at the tip
of a Spin(7) cone: C(G3), where Go is a seven dimensional compact weak Go manifold.
These theories are dual, in the gauge/gravity correspondence to M-theory on the AdSy x G
background.

On the geometry the projection is obtained by modding the original CY4 by the action
of an anti-holomorphic involution © [29]. This geometric procedure is implemented in field
theory by projecting the lagrangian using an orientifold projection [26] as we will review
in the rest of this section and in the following section.

A CY,4 has a Kahler (1,1) form J and a holomorphic (4,0) form w, that are left
invariant by the holonomy group of the manifold: SU(4). Following [29] we use the action
of an anti-holomorphic involution © to define a Spin(7) manifold. © acts on J and w as
©:w—w, and O : J — —J, and it breaks the SU(4) holonomy to Spin(7). Using the
defining forms of the CYy it is indeed possible to construct a closed self dual four form

1
Q= Q‘]/\ J + Re(w) (2.1)

that is left invariant under the action of © and hence defines a Spin(7) manifold [29]. In the
field theory it is possible to interpret a class of these quotients as an orientifold [26, 34-37].
Because there are no open strings in M-theory it is easier to define its action by looking at
the type ITA limit. Indeed the CYy4 cone Y that we consider can be written as a double
fibration of a CY3 Z, over a real line, parameterized by the real coordinate o, and a circle,
parameterized by an angle v [10, 11, 38-40]. The angle v parameterizes the M-theory

“In the next section we will report some more details on the field theory.

®In M-theory the background R'? x C' preserves four real supercharges (A = 2 susy in three dimension),
if C' is a CY4 manifold, or two real supercharges (N = 1 susy in three dimension), if C' is a Spin(7)
manifold [32, 33].



circle while o is the expectation value of a particular combination of the D terms in field
theory. In the type ITA limit one describes the worldvolume theory of D2 branes probing
a seven dimensional manifold given by Z fibered over a line. The four form w is locally

w~ f(z))dz1 Ndzg A dzz A (do + idy) (2.2)

where z; are the holomorphic coordinates of Z and f(z;) is a holomorphic function. We
choose an anti-holomorphic involution © that acts on the M-theory circle as © : ¢ — —,
and that leaves invariant the coordinate o. This class of quotients in M-theory can then
be interpreted as an orientifold projection [26, 34-37]. One then concludes that the field
theory living on the M2 branes at the tip of Y/© geometry is the IR strong coupling limit
in M-theory of the N/ = 1 orientifold theory living on a stack of N D2 branes in type
ITA [26]. From now on we refer to the N/ = 2 theories as the “parent theories”, while we
refer to the N = 1 theories as the “projected theories”.

3 Spin(7) duality: our strategy

In this section we discuss our approach to generate and check Spin(7) dualities between
N =1 three dimensional CS-matter theories with gravity duals.

First we give some general remarks of the Spin(7) duality that we are proposing. Two
UV N =1 field theories are Spin(7) dual if their moduli spaces coincide and they are
equivalent to the Spin(7) cone probed by one M2 brane. This duality is the analogous
of the toric duality for N' = 2 theories living at the tip of toric CYy4 cones. There are
some important differences between the two dualities. First in the N/ = 2 case the gauge
theory that lives on an M2 brane is abelian, while in the N' = 1 case the theory for
a single M2 is usually non-abelian. Second, both toric and Spin(7) duality are classical
dualities. In the N' = 2 case the duality is valid also at quantum level. The N' = 1 theories
are not holomorphic and one may expect quantum corrections. Anyway the underlining
AdS/CFT duality provides some arguments supporting the duality also in the quantum
strongly coupled regime. Further studies are however required to understand the quantum
properties of the proposed Spin(7) duality, and we leave them for future works. A last
important remark concerns the relation between Spin(7) duality and Seiberg-like duality.
For N = 2 three dimensional CS-matter theories it has been shown that, for a particular
class of theories, the so called Lgb“ models, some toric dualities are actually Seiberg-like
dualities [6]. In this paper we will discuss some cases in which also the Spin(7) duality is
a Seiberg-like duality.

In the following we provide a step by step illustration of our strategy to obtain N =1
pairs, and to check the validity of the Spin(7) duality. We start by introducing in some
details the N' = 2 parent theories living on N M2 branes at the tip of a CYy4 cone, and
discuss their moduli space. A discussion on the orientifold projection to A/ = 1 in field
theory follows. Then we explain our general strategy to obtain the moduli space of NV =1
field theories and to match the moduli space and the geometry of N’ = 1 field theory dual
pairs. We conclude with a discussion on the relation between Spin(7) duality and Seiberg-
like duality. More details could be found in [6, 10, 11, 26]. From now on we will refer to



the N/ = 2 field theory as the ”parent theory”, while we will call the N' = 1 theory the
”projected theory”.

The ﬁaki N = 2 CS-matter theories. The N/ = 2 parents theories we consider
are three dimensional extensions of L®® four dimensional quiver gauge theories [41-43],
introduced in [10, 11]. They are CS-matter theories with a product of U(N;) gauge groups
and CS levels k;, with ¢ = 1,...a + b, with pairs of bifundamental-antibifundamental
connecting each pair of consecutive U(N;) and possibly adjoint fields. Every field appears
twice in the superpotential with opposite sign, such that every F-term is an equality
between two monomials with the same sign. From now on we will refer to these theories
as Labe, . Examples of the L%, quivers are given in figure 1 and 2.

These are the low energy theories living on M2 branes at particular CY4 singularities
that are the double fibration of the L*® CY3 singularity over a segment parameterized by
o and a circle parameterized by . In the UV they have a simple type IIB description in

terms of branes [9, 31, 44, 45].

Brane setup and dualities. The L% theories can be engineered as a stack of D3
branes on a circle ending on a set of (1, p;) five-branes, where i = 1,...,a 4+ b: N; D3s for
every interval between a (1,p;) and a (1,p;41) five-brane. This construction corresponds
to a circular quiver with a + b gauge groups and a pair bifundamental-antibifundamental
connecting each pair of consecutive nodes that are actually the type IIB strings stretching
through the i-th five-branes. The N D3 branes are extended along the directions (zg, z1, x2)
and the direction xg compactified on a circle. The NS5 and the D5 branes, that recombine
into the five-branes, are divided in two sets. In the first case one NS is extended along
(o, x1,x2, 3, x4, x5) and the corresponding p; D5 are extended along (zg, z1, 2, T4, T5, T7).
In the second case one NS is extend-end along (zg, z1, z2, z3, T3, T9) and the corresponding
p; D5 are extended along (xg,x1,x2, X7, x8,x9). There are a (1, p;) five-branes of the first
type and b five-branes of the second type. The SCFT lives in the (zg,z1,22) directions
common to all the branes. The NS branes and the corresponding D5 branes get deformed
in (1,p;) five-branes at angles tanf; ~ p;. The Chern-Simons levels are associated with
the relative angle of the branes in the (3,7) directions, they are k; = p; — p;1+1, such that
> ki = 0. When the (1,p;) and the (1,p;4+1) five-branes are parallel there is a massless
adjoint field associated to the i-th gauge group. In the minimal phase there are b —a nodes
with an adjoint fields and 2a nodes without the adjoint.

By exchanging two consecutive (non parallel) five-branes one has a local transformation
on the quiver, that corresponds to a Seiberg-like duality in field theory. If this action is
performed on the i-th gauge group we have the transformation [6]

U(N)ki—l - U(N)/Cri-ki—l
U(N)k’ — U(N)ki+ki+1

i+1

It is possible to demonstrate in full generality that this local transformation preserves the
moduli space [6]: CY4 moduli space associated to the same dual supergravity background.



Moduli space. The moduli space of these theories is the set of values of the scalar
fields that solve the zero condition for the bosonic potential. This boils down to solve the
following set of equations.

Ox., W = 0
kaoa
2w

Da(X) =
0aXap — Xapop = 0
(3.2)

where W is the superpotential, X, are scalar components of the bifundamental fields
between the U(N,) and the U(N,) factor of the gauge group,’ D,(X) is a real function of
the bifundamental fields that corresponds to the usual D-terms, and o, are the real scalar
components of the vector multiplet for the U(N,) factors.

For N M2 branes at the tip of the cone, without fractional branes, we have: N, =
Ny = N. The moduli space is then simply the N-times symmetric product of the moduli
space for one brane. For one regular M2 brane, the gauge group is simply U(1)¢. The
moduli space is found by imposing the set of three equations in (3.2) and by quotienting
by the appropriate gauge group factors. It is important to notice that in the abelian case
the third equation in (3.2) simply imposes: o, = o, while one of the D-term equations
is redundant, because > k, = Y., Dq(X) = 0. Then we are left with G — 1 linearly
independent equations. One of these equations can be written along the direction of the
CS levels and it fixes the value of o, = o, while the remaining G' — 2 are orthogonal to this
direction and equate the G — 2 linear combinations of D terms to zero. We should then
quotient by the associated G —2 U(1) factors, while the U(1) corresponding to the D-term
orthogonal to the CS is broken to Zgc4(r,} = Zx and only imposes an additional discrete
quotient. The moduli space of an N = 2 CS-matter theory is then in general a Z;, quotient
of a CYy cone Y, where k is the maximum common divisor of the CS levels [10, 11].

The analysis of the moduli space of the dual pairs generated using the transforma-
tion (3.1) for the Labey theories was done in [6] and it was shown that these models have
the same moduli space and are toric dual. The main claim of this paper is that simi-
lar dualities exist in the N’ = 1 case, when the dual geometry is described by a Spin(7)
manifold obtained as explained in section 2. To support this claim we provide a coherent
geometrical and brane-orientifold construction. The CY4 moduli space of two toric dual
N = 2 theories is projected on the same Spin(7).

We first show how to compute in the NV = 1 case the moduli space for a single M2
brane probing a Spin(7) cone. This is the non-holomorphic quotient of the original CYy.
We then check that the two A/ = 1 theories, claimed to be Spin (7) dual, obtained by
projecting the parent N = 2 theories, have the same moduli space.

5With some abuse of notation we will often use the same symbol: X, to refer both to the superfield or
to its lowest scalar component. We hope that the reader will not get confused. What we meant should be
clear from the context.



Field theory projection to N/ = 1. As explained in section 2 the Spin(7) cone is
obtained by quotienting the CY4 Y by the anti-holomorphic involution ©. This corresponds
to a real orbifold of Y in M-theory and it acts as an orientifold on the dual field theory. In
this subsection we briefly discuss the action of the projection on the field theory lagrangian,
while in the next subsection we show that the moduli space of the projected theory is
actually the Spin(7) geometry [26].

There are two interesting classes of orientifold projections. In the first class the ori-
entifold action identifies the gauge groups with themselves, projecting the unitary U(N)
groups of the N = 2 parent theory to orthogonal O(2N) and/or symplectic SP(2N) groups
in the N/ = 1 projected theory.” In the second class the orientifold action instead iden-
tifies pairs of U(NN) gauge group factors of the N' = 2 parent theory projecting them to
a single U(2N) group in the N’ = 1 projected theory. It is important to underline that
the orientifold acts in general as an anti-holomorphic involution on the matter fields in the
lagrangian and it breaks the holomorphic structure of the N’ = 2 theory, preserving only
N =1 supersymmetry.

In the first class, where the projection identifies the a-th group with itself, the orien-
tifold acts on the gauge and matter fields as:

a a\T —1
Al — —Qa(Au) Q,
Xap — Qu X501
00 — Quol Q!
D, — Q,DI0;? (3.3)

where €2, could be either the identity or the symplectic matrix. When 0, = Ioy it projects
the unitary to an orthogonal group, if instead ), = Jon it projects the unitary to a
symplectic group.

In the second class, where instead the projection identifies pairs of groups, a; < b;,
the orientifold acts on the gauge and matter fields as:

Al — —Qab(A,‘;)TQ;;

* -1
Xalaz — Qalbl Xb1b2 Qa2b2

Oq — QangQ;bl
D, — QupDi Q! (3.4)

where, as before, the 2., matrix could be either the identity or the symplectic matrix.

In both cases, because A and ¢ have different transformation rules, the A/ = 2 vector
multiplet is broken to the sum of the A" = 1 vector multiplet and the real N' = 1 matter
multiplet. Moreover it is manifest in (3.3) and (3.4) that the involution breaks the holo-
morphic structure of the superpotential. The details on the N' = 1 lagrangian are reported
in appendix A.

"Please observe that the standard orientifold procedure implies that we should double the ranks of the
gauge groups and the CS-levels before quotienting the theory. Here we use the convention SP(2), = SU(2)2k
for the symplectic cases.



It is maybe important to remind that the action for which we quotient the A/ = 2
theory is a symmetry of the theory itself.

The moduli space of N' = 1 theories and Spin(7) duality. As discussed above we
have a Spin(7) duality if the proposed pair of field theories have the same moduli space for
one M2 brane: the Spin(7) cone obtained as the non-holomorphic quotient of the CY4 cone
moduli space of the parent theories. Here we sketch our strategy to compute the moduli
space and verify the Spin(7) duality.

The moduli space for one M2 brane is obtained by setting N = 1 in all the gauge
group factors. It is important to underline that finding the A/ = 1 moduli space for one
M2 brane is in general a difficult task. Indeed, first of all, even for one brane the gauge
group is in general non abelian: namely it is the product of SU(2), U(2) and O(2) gauge
groups, and hence the equation defining the moduli space are two by two matrix equations.
Moreover the moduli space of an N/ = 1 field theory in three dimension is real and non-
holomorphic and hence one cannot use the powerful tools of the algebraic complex geometry.
Following [26] we proceed as follows. We provide an ansatz for the two by two matrices
describing the matter fields of the A/ = 1 theory in terms of the complex scalar fields of
the N' = 2 parent theory for one M2 brane. It follows that the zero potential condition
for the A/ = 1 theory reproduces exactly the same equations of the parent theory (3.2) in
terms of the ansatz fields. We then verify that the ansatz exhausts the vacuum space of
the N/ =1 theory, i.e. that there are no other connected flat directions.

The moduli space is obtained by quotienting by the action of the gauge group. The
ansatz we use is perfectly suited for this scope. Indeed, as we will explicitly see in the
following examples, our ansatz breaks the gauge group down to its abelian subgroup: a
bunch of SO(2)s plus the discrete non-holomorphic ©. The SO(2)s that leave the ansatz
invariant act as the U(1)s of the parent theory on the ansatz fields. Hence the quotient
by the SO(2)s exactly reproduces the CY,4 Y cone quotiented by the additional discrete
action Zjy, associated to the CS levels. The remaining discrete action © is generated by the
parity inversion o3 € O(2) and the element i3 of SU(2) and U(2). This last action exactly
generates the needed anti-holomorphic involution to obtain the Spin(7) cone as explained
in section 2.

By following this procedure we systematically check that the moduli spaces for one
M2 brane for pairs of theories, claimed to be dual, are the same and that they coincide
with the Spin(7) cone obtained by the anti-holomorphic involution on the CY, cone of the
associated parent theories.

In the near horizon limit the AdS/CFT correspondence provides some arguments to
support the fact that the dual pairs of theories previously constructed are actually two
equivalent UV descriptions of the same IR strong coupling fixed point, dual to M-theory
on AdSs x G2 background.

Relation with Seiberg-like duality. When the orientifold action leaves unitary groups
we can sometimes argue that the Spin(7) duality is a Seiberg-like duality. In this case
we can think to a type IIB brane setup that is locally N' = 2, but globally N' = 1.
Supersymmetry is broken to N’ = 1 because of the orientifold on some gauge group or on



O(2N)—2k U(2N)gx SP(2N)_y,
0, O O O
90, O O O
Qs O O O
0, O O O

Table 1. Representations of the bifundamental fields under the gauge groups.

some bifundamental fields not involved in the duality. In this case we can move consecutive
(1,p;) branes and locally reproduce the same transformation as in (3.1). We claim that
the resulting theory is Seiberg-like dual to the first theory. Indeed it has been obtained by
applying the usual rules for brane exchange and brane creation.

A first check of the duality is that the N’ =1 theory obtained by moving the branes is
indeed exactly the theory that we would have obtained instead projecting the Seiberg-like
dual theory of the parent A/ = 2 theory, closing in this way the circle of dualities.

4 Examples

In this section we study examples of Spin(7) dualities between pairs of three dimensional
gauge theories along the lines explained in the previous section. We adopt the following
strategy. First we introduce the N' = 1 conjectured dual pairs and then we show that these
models describe the same IR physics.

We show that two conjectured N = 1 dual theories can be obtained by projecting
two Labe, N = 2 toric dual models. These N/ = 2 models are toric quiver gauge theories
associated to CYy4 singularities. By projecting these dual pairs with the anti-holomorphic
involution introduced in section 2 we obtain A/ = 1 dual pairs that reproduce the same
Spin(7) geometry. These models are Spin(7) dual.

First we present a very simple example. It is a toy model, where the Spin(7) duality
actually coincides with a parity transformation, that should however help the comprehen-
sion of our strategy. In the second example we increase the complexity studying a more
intricate example of Spin(7) duality.

4.1 First example

The first Seiberg-like dual pair that we consider consists of N' = 1 CS matter theories with
three gauge groups as presented in figure 1. The gauge groups are

O(2N)_ap, x U(2N)ay, x SP(2N)_y (4.1)

and four bifundamental fields Q1, @1, Qs and @; transforming under the gauge groups as
table 1.



The N = 1 superpotential is
W = —01JQ;Q1J Q1 + Q;Q505Q; — ©50:0,05 — 02010,Qs
—g(Rgp +RL—R%)+Ro <QIQ1 +0l'Q;— 3,0 - QTQTT>
Ry @QX ~ 0,00 - 00, + QQQ;)
+Rsp <”Q§§§ —JO30TJ — 0o, + JQQTQ§J> (4.2)

We claim that this model is Spin(7) dual to another N'=1 CS matter theory with gauge
groups:
O(2N)g x U(2N)_o x SP(2N)y, (4.3)

with four bifundamental fields Qg;, é;i, 1 = 1,2, as in figure 1, and the N' = 1 dual
superpotential coincides with (4.2) with & — —k. These two models can be obtained by
projecting two toric dual parent N' = 2 theories.

N = 2 parents. The parent N = 2 theories are denoted as Li? theory. There are two
possible quivers associated to this singularity, each with four gauge groups. One has eight
bifundamentals and quartic couplings and the second one has eight bifundamentals and
two adjoints. Here we analyze the moduli space for one M2 brane, where the gauge group
is simply U(1)%. The moduli space for the U(N) case is the N-times symmetric product
of the moduli space for a single brane.

At this point of the discussion we specify a choice of CS levels useful to perform the
orientifold. We choose the levels as k = (k,—k,k,—k). The N = 2 superpotential for the
first phase is

Wi = Q12Q23Q32Q21 — Q230Q031Q43Q32 + Q310410 14Q43 — Q11Q12Q21Q14 (4.4)
The equations of motion are solved by

Q12Q21 = Q34Q43 , Q23Q32 = Q14Qu (4.5)

The operators gauge invariant with respect to the gauge factors orthogonal to the CS
vector are

r1 = Q12Q21 T2 = Q2Q3 3= Q@3 4= QuQun
5 = Q12Q31 6 = Q21043 77 = Q23041 73 = Q32014 (4.6)

They are related by
T1T3 = 1:% = x57¢ Toly = x% = X718 (4.7)

These equations define the CY4 Y that has to be mod by the Zj along the direction of
the CS.

,10,
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Figure 1. This picture represents schematically the relation between toric duality and Spin(7)
duality. The models in (a), (b) and (c¢) represent three toric dual phases. In the cases (a) and
(¢) the orientifold projection acts by folding the quiver, along the dashed red lines. By projecting
these models to N' =1 Spin(7) cones we obtain the phases (d) and (), that are related by Spin(7)
duality.

The second quiver is represented in figure 1 (b). It has superpotential

Wir = Q12P2Q21 — Q32P2Q23 + Q23Q34Q43Q32 + Q34P4Qu3 — Q14P4Qu1 + Q11Q120Q021 Q14
(4.8)
The U(1) gauge groups have CS levels k = (—k,0,k,0). One can check that this model
describes the same CY4 geometry (4.7) of the original theory, and the two phases are toric
dual. One can build another dual phase with superpotential (4.4). The U(1) gauge groups
have CS levels k = (—k, k,—k, k). The quiver is represented in 1 (c). This is the other
parent theory that we have to project to obtain the Spin(7) dual phase.
The next step consists of studying the orientifold projection of the dual models repre-
sented in figure 1 (a) and (c¢) to N =1 and check the Spin(7) duality between the models
represented in figure 1 (d) and (e).

Projection to N' = 1. We start by analyzing the first case. The anti-holomorphic
involution on the coordinates is

Ty — —x5 xo— X Ty — —xy Ty — T

Ty — Tg Te— Ty Ty — —Ty Tg — —Tp (4.9)

this action does not have fixed points, except the origin, on the CY4 geometry (4.7).
The anti-holomorphic involution acts on the gauge fields and on the scalars o; as

Al — —A3TQ ! Apt = = (AT

4.10
o1 =  Qoto! o2a = Qu03 5 (410
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The anti-holomorphic involution acts on the bifundamental as

Qu — QY™ Qu— Q059" Qui— UL Qi — —QQ1,0;"
Qa3 = —020Q3,07" Qs — —QQ1HLQ"T Q2 —» —QQ50"  Qun — Q0!
(4.11)
The transformation corresponds to an orientifold projection, sending ¢ — ¢ and the
angle ¢» — —. Moreover this transformation is a symmetry of the A/ = 2 lagrangian.
Indeed one can check that the superpotential is sent into its complex conjugate and that the
D-terms transform consistently with the constraint D, = ]g—;aa. From now on we fix )y =
Iy and Q9 = Jop, and the projected gauge theory is O(2N)_or X U(2N )9 x SP(2N)_.
This is precisely the gauge symmetry of the N/ =1 theory that we want to obtain.
The dual phase can be obtained analogously. The projection is obtained by flipping
the sign of each CS level. This does not affect the ansatz but only the D terms.

Calculation of the A/ = 1 moduli space. The next step consists of calculating the
moduli space for a single M2 brane and show that they coincide. In this case even for the
single brane the gauge group is non abelian, O(2)_g; X U(2)2 X SP(2)_.

We choose an ansatz for the N' = 1 fields 9, Qvl, Q9 and @/2 in terms of the N/ = 2
bifundamentals as

Q1:Q12+Q32[+Q12_'Q32J Q:Q21+Q23I+Q21—.Q23J
2 21 2 21
0, — Qa1 + ZQ43[ . Qu —‘ZQ43J 0y — Q14 — ZQ34I . Q14 + Q34J (4.12)

2 21 2 21

The ansatz (4.12) exactly reproduces the equations of motion (3.2) of the parent N' = 2
theory. Moreover this ansatz exhausts the vacuum space of the N’ = 1 theory. Indeed we
checked that by fluctuating around the solution there are not other flat directions.

There are four residual abelian gauge factors on the moduli space, SO(2) € O(2),
SO(2) € SP(2) and U(1)?> € U(2). They act on the ansatz fields exactly as the U(1)*
gauge group in the N' = 2 case. One can observe that one of them acts trivially, two
combinations are used to mod the moduli space and the last factor is broken to Zsy by the
CS. In this way the moduli space exactly reproduces the geometry (4.7) modded by Zgy, as
in the parent theory.

However there is still a residual discrete symmetry, ©, generated by o3 in O(2) and
iog in SU(2) and U(2). It corresponds to the antiholomorphic involution. The moduli
space of the N’ = 1 theory is then the Spin(7) quotient geometry Y/Oy, where Oy is the
combination of © in (4.9) with Zoj, and Y is the CYy in (4.7).

The analysis of the dual phase is similar. The moduli space of the two A/ = 1 theories
are coincident and this supports the Spin(7) duality for this first simple example. Observe
that the duality can be understood as a parity transformation k& — —k. Although the
simplicity of this duality, we studied this toy model because we believe that it could be
useful for the reader to understand our general picture.
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4.2 Second example

Let us now provide a more involved and interesting example of Spin(7) duality. In this case
we consider V' = 1 models with only orthogonal or symplectic gauge groups. We consider
a case with four gauge groups. We distinguish two possibilities

{ ((I) O(2N)ax x O(2N)o x O(2N) g1, x O(2N)g (4.13)

II) SP(2N);, x SP(2N)g x SP(2N)_i, x SP(2N)g

In the rest of the section we study the case I but everything can be easily generalized to
the case 1. The N = 1 superpotential is®

W = Q12Q230Q32Q21 — Q23934Q43932 + Q34941 Q14Qu3 — Q41 Q12921 Q14
+R1(91297, — 9% Qo1 + QuuQT, — 91, 9u1)
+R(Q21 Q%1 — Q1 Q2 + Q23935 — 95, Qs2)
+R3(Q320% — Q33923 + 93495, — Q13Qu3)
+R4(Qu3945 + Q3,034 — Q01 OF; + 91,014)
(R

R3) (4.14)

B p
27

The Spin(7) dual theories have gauge groups

(4.15)

{ (I) O(2N)_aj, x O(2N)aj, x O(2N)_op x O(2N)a,
(II) SP(Q]V),]C X SP(?N)k X SP(2N),]€ X SP(QN)k

Here we still restrict to the first case. The N' = 1 superpotential becomes

W = Q14Q44Qua1 — Q12922001 + Q32022023 — 923934943932 + Q34944 Q43
+R1(Q1297, — Q%1 Qo1 + QuuQ7, — 91, 9u1)
+R2(9219% — 91, Q12 + Q23935 — Q5,932)
+R3(Q300%, — Q33003 + 93493, — Q13Qu3)
—I—R4(Q43 Qls + 95,931 — Q194 + 91, Q14)

(

+5- —~ R? + RS — R3) (4.16)

In the rest of this section we study this duality as before. First we provide the AN/ = 2 dual
parents, then we study the projection to N/ = 1 and show that the moduli spaces match,

supporting the Spin(7) duality.

N = 2 parents. In this case the parent theories are Liiﬂ models in the N' = 2 case. The
dual phase is obtained by dualizing the first gauge group. The quiver and the superpotential
coincide with the ones studied in subsection 4.1.

8With abuse of notation we keep the same notation as before for the the matter fields Q;; even if both
indices ¢ and j refer now to the fundamental representation because the gauge group is now real.
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We study here the moduli space for one M2 brane where the gauge group is U(1)* gauge
group. The CS levels are k= (k,0,—k,0). The gauge invariant combinations, orthogonal
to the CS vector, are

r1 = Q12Q21 = Q34Q43 T2 = Q23Q32 = Q14Qu1
y1 = Q12Q23 Y2 = Q21Q32 Y3 = Q34Qu41 Y4 = Q13Q14 (4.17)

They are related by
T1T2 = Y1Y2 = Y3Ya (4.18)

These equations define the CY4 Y that has to be mod by the Zj.
The U(1) gauge groups of the toric dual A' = 2 phase have CS levels k= (—k,k,—k, k).
The gauge invariant combinations, orthogonal to the CS vector, are

1 = Q12Q21 = Q23Q32 = Quu T2 = Q34Qu43 = Q14Q41 = Q22
y1 = Q12Q34 Y2 = Q21Q43 Y3 = Q23Qu1 Ya = Q32014 (4.19)

They are related by
T1T2 = Y12 = Y3y (4.20)

These equations define the CY,4 Y that has to be mod by the Z;. The moduli space of the
two theories is then the same and they are indeed toric dual.

In the rest of this section we project the theories to N/ = 1 to obtain the two models
discussed above. We check that they reproduce the expected N’ = 1 phases and compute
the classical moduli space with our usual procedure. Eventually we match the two moduli
spaces, supporting the Spin(7) duality.

Projection to N/ = 1 of the electric phase. We choose the anti-holomorphic involu-
tion as

xy— —x] , To— —Ty , Tz— —T3 , T4—r—Ty

Y= -y, Y2 =Yy, Ys— —Y3 ., Y1 — —Yi (4.21)

this action has a real four dimensional locus of fixed points on the CY,4 geometry (4.20).
On the fields @);; this anti-involution becomes

Q12 — — Q50" Qa1 — Q507" Qaz — Q30" Q39 — —Q3Q5,05*

4.22
Qza — — 305,90, Quz — Q5" Qu — QLY Quu — —01Q%5,9, " (4.22)

Here €); = Iy or Jo means that we project on an orthogonal or symplectic group. By
choosing ; = Iy the gauge groups become O(2N) with k= (2k,0,—2k,0) while choosing
Q; = I, we have a product of SP(2N) gauge groups with k= (k,0,—k,0) . Also in this
case the anti-holomorphic action is a symmetry of the full lagrangian. The transformation
corresponds to an orientifold projection, sending ¢ — ¢ and the angle ¢ — —1.
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Moduli space of the A/ = 1 electric phase. Here we compute the moduli space for
a single M2 brane. We choose the ansatz for the A/ =1 fields as

Once we plug these projection in the superpotential (4.14) they reproduce the equations
of motion (3.2) of the N' = 2 case. Moreover this ansatz exhausts the vacuum space of the
N =1 theory.

There are four residual abelian SO(2) gauge factors on the moduli space that act as
the U(1) gauge groups in the N' = 2 case. One of them acts trivially, two combinations
are used to mod the moduli space and the last factor is broken to Zs; by the CS. There
is still a residual discrete symmetry, O, generated by o3 in O(2) that corresponds to the
antiholomorphic involution. The moduli space is the Spin(7) quotient Y /Oy, where Oy is
the combination of the © action (4.21) with Zg, and Y is the CY4 in (4.18).

The magnetic phase. In this case we choose the anti-holomorphic involution as (4.21).
On the fields @);; this anti-involution becomes

Q2 = — QL% Qa1 — D@50 Qs — Qi Qsa — —Q230Q5,05
Q31 — —0Q5Q " Quz — UQis%! Qu — UL Qu— —nQLQ T (4.24)
Q22 — —0Q5,0% " Qui — — Q0"

where §2; and the ansatz for the bifundamentals are chosen as before. Also the adjoints
become Q;; = Re(Q11)l2 + Im(Qi;)J2 and they do not contribute to the D-terms. The
ansatz reproduces the equations of motion (3.2) of the N/ = 2 case and it exhausts the
vacuum space of the A/ =1 theory.

There are four residual abelian SO(2) gauge factors on the moduli space that act as in
the N/ = 2 case. One of them acts trivially, two combinations are used to mod the moduli
space and the last factor is broken to Zsgg by the CS. There is still a residual discrete sym-
metry, O, generated by o3 in O(2) that corresponds to the antiholomorphic involution. As
in the electric phase the moduli space for the magnetic phase is the Spin(7) quotient Y/Oy,
where ©y, is the combination of the © action (4.21) with Zgg, and Y is the CYy in (4.18).

The two geometries coincide and this confirms that the two N' = 1 theories are
Spin(7) dual.

As already remarked the Spin(7) duality is insensitive to the presence of fractional
branes. The choice of equal rank, 2N, for each gauge factor in the examples studied above
comes naturally from the orientifold projection. However the Spin(7) duality would have
been valid also for different choices of ranks for the projected theories. In the next section
we explore the possibility to fix the ranks, and hence the number of fraction branes, using
Seiberg-like dualities.

5 Spin(7) duality as Seiberg like duality

For N’ = 2 CS-matter theories in [6] it has been shown that some toric dualities between

Lzb‘l theories are actually three dimensional Seiberg-like dualities. Namely that the two
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different field theories not only have the same moduli space, but they are actually two
different descriptions of the same IR conformal field theory that is holographic dual to
the M theory background: AdS; x Hy. It is maybe worth to underline the principal
differences between toric (and similarly Spin(7)) duality and Seiberg-like duality. Toric
duality is essentially the statement that the moduli space for one regular brane is the same
for the dual pairs of theories. Seiberg-like duality is instead a non-abelian statement valid
for the set of regular and fractional branes atftile tip of a CYy4 or Spin(7) cone. Indeed,
as we have previously explained, for N' = 2 in’a theories the Seiberg-duality transforms
the gauge groups as in (3.1). Anyway, in toric duality, the extra shift in the rank of the
dual gauge group does not play any role. Indeed the moduli space for one M2 brane
is obtained by setting N = 1 in all the gauge group factors and disregarding the rank
difference among the various gauge group factors: only regular M2 branes can explore the
geometry transverse to the brane, while the fractional branes are stacked at the singularity
and do not contribute to the moduli space. Moreover for N' = 2 the moduli space of N
regular branes is simply the N times symmetric product of the moduli space for one brane.

In analogy with the N' = 2 case, in this section we study examples of Spin(7) dual
N =1 pairs of theories that are also Seiberg-like dual.

5.1 Example
Let us illustrate in detail a specific example to explain our general philosophy. We consider
a three dimensional N' =1 CS-matter theory with four gauge groups

U(2N)or x U(2N)_9r x U(2N )y x U(2N)p (5.1)
and NV = 1 superpotential:

W = Q11912921971 — Q12923932921 + Q23934943932 — Q349744 Q44 Qa3

+071 Q12951 Q11 — Q1293393951 + 93393, Q1330 — 954 Q44Q744 Qi3

+R1(Q12Q.{2 - Q;l 211911, Qh]) + Ry (Q21 Q;l - Qnglz + Q23Q£3 - Q§2Q32)

+R3(Q23 Q£3 - Q§2 Q3o + Qu3 ng - Q§4Q34) + R4(Q34Q§4 — leg Qu3 + [Qua, QL]

k

+o (B = R3) (5.2)
We claim that this theory is Seiberg-like dual to another NV = 1 CS-matter theory with
gauge group and CS levels:

U(2N)o x U(2(N + |k[))2x x U(2N)—ox x U(2N )o (5.3)

and N = 1 superpotential

W = Q11(Q12Q21 — X1 AT} ) — Q12 Q23932 Q21 + Q33( Q32 Q23 — Q34 Q43) + Q34 Xy Xy Qu3
+0O71(Q129%) — A1 A1) — Q12 Q33 Q39 Qi1 + Q33( Q52 Qo3 — Q34 Qi) + Q3 Xyy Xua Qig
+R1(Q12Q—{2 - Q;l Qo1 — [Qu1, QL]) + R2(Q21Q£1 - QIQQIZ + Q23Q£3 - Q;T:,QQ:Q)
+R3(Q23 Q§3 - Q:QQ Q30 + Qu3 leg - Q:§4Q34) + R4(Q34 Q;TM - ng Q43 — [Qua, QL;]

k
o (3 — R3) (5.4)
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We start showing that the two models can be obtained by projecting two toric dual N =
2 parent theories of the Li44 family. Then we study the projection and compute the
N =1 moduli space for one M2 brane: namely when all the gauge groups are U(2). By
comparing the result in the two phases we show that the two models are indeed Spin(7)
dual. Eventually we show that the brane description supports the claim that the two
models are also Seiberg-like dual.

N = 2 parents. The quivers for the parent theories are represented in figure 2. They
have eight gauge groups, each associated to a U(N;)y, factor. We choose the ranks as
N; = N. In the first case represented in figure 2 (a) there is a pair bifundamental antibi-
fundamental connecting each pair of consecutive nodes. The N' = 2 superpotential is

W = Q12Q23Q32Q21 — Q23Q031Q43Q32 + 31Q450Q51Q43 — Qu5Q56Q65Q54
+Q56Q67Q76 Q65 — Qe7Q73Qs7Q76 + Q78Q810Q18Q87 — Q81Q12Q21Q18  (5.5)

We choose the CS levels as k = (—k,k,0,0,0,0,k, —k). Let us analyze the N’ = 2 moduli
space for one M2 regular brane, namely for the U(1)* gauge group. After solving the F-
term equations the operators gauge invariant with respect to the gauge factor orthogonal
to the CS vector are

71 = Q12021 = Q34Qu3 = Q56Q65 = Q73Qs7

Ty = Q23032 = Qu3Q51 = Qe7Q76 = Us1Q1s

Y1 = Q120Q23Q31Q15Q56 QW78 Ws1

Yo = Q1sQs7Q76Q65W51Q43032021

t1 = Q12Qs7  t2 = Q21078 (5.6)

They are related by
vy =y1ye  tity =] (5.7)

These equations define the CY,4 Y that has to be modded by the Zj action.

The second parent is obtained by acting with two Seiberg-like dualities on U(N2) and
U(N7) respectively. The dual quiver is represented in figure 2 (c). In this case there are
four extra adjoint fields. The ranks of the dualized groups are

Ny=N;+N3— Ny + ko] =N+ k| , N;=No+Nsg— Ny+|kr|=N+Ik| (5.8)

while all the other ranks remain the same. The CS levels of the dual phase are k=
(0, —k,k,0,0,k, —k,0). The dual N’ = 2 superpotential is

W = Q11(Q12Q21 —Q18Qs1) — Q12Q23Q32Q21 + Q33(Q32Q23 — Q34Q43) + Q34 Qu5Q51Q 43

—Q45Q56Q65Q54+ Qo6 (Q65Q56 — Qo7Q76) + Qe7Q78Q87Q76 — Q3 (Qs7Q78 — Q81Q18)
(5.9)

Let us analyze the A" = 2 moduli space for one M2 regular brane, namely for the U(1)*
gauge group. Where, as previously explained, we disregarded the presence of fractional
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Figure 2. The models in (a), (b) and (c) represent three L*** toric dual phases. In the cases
(a) and (c) the orientifold projection acts by folding the quiver, along the dashed red lines. By
projecting these models to N/ =1 Spin(7) cones we obtain the phases (d) and (e), that are related
by Spin(7) duality. These models are also Seiberg-like dual.

branes, because they are stacked at the origin and they do not explore the moduli space.
After solving the F-term equations the gauge invariant operators orthogonal to the CS

vector are

71 = Q12021 = Q33 = QusQs51 = Qo6 = Q78087 = Q81Q1s

Ty = Qu = Q23Q32 = Q31Qu3 = Q56Qe65 = Qe7Q76 = Uss

Y1 = Q12Q23Q31Q45Q56Qe7W78Ws1

Y2 = Q18Qs7Q76Q65Q54Q430 32021

t1 = Q23Q76  t2 = Q32067 (5.10)

and they are related by
TiTy = yiya ,  tity = 3 (5.11)

These equations define the CY,4 Y that has to be mod by the Zj. Equations (5.7) for the
first phase and equations (5.11) for the second phase are equivalent: the two theories are
indeed Seiberg and toric dual and they have the same moduli space for one regular brane.

Here we study the projection of the two phases to obtain the two A/ = 1 theories introduced
above.

Projection to N/ = 1 of the electric theory. In the first case the anti-holomorphic

involution on the coordinates is
Ty = x] X9 — —x5 Yy Y5 Y2 —y] 1 — ] ty —th (5.12)

This action has a real four dimensional locus of fixed points on the CYy (5.7) and it
represents an orientifold projection that sends ¢ — ¢ and ¢ — —w. The associated
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orientifold action on the fields is

Quz = Q' Qu — Wi Q — 035" Qp — Q3Q5%"
Qa1 — — Qs " Qus = UQie3" Qus > UQLQT Qsu— Qi
Qs = QLN Qo — —WQLA Qor =~ MWL Qr =~ —MQ305"
Qs — 20597 Qsr— QL% Qs — QRO Qs — Q590!
Qu = — Q" Qss— Q50" Qs — Q%' Qss = —2%wQis% "
(5.13)

This action is a symmetry of the AN/ = 2 lagrangian. The superpotential is sent into its
complex conjugate and once again the D-terms transform consistently with the constraint
D, = ’2“—;0@. The gauge groups after the projection become U(2N) and the CS vector is
k= (—2k,2k,0,0).

Projection to N/ = 1 of the magnetic theory. In the dual case the anti-holomorphic
involution on the coordinates is still given by (5.12). On the matter fields is implemented as

Quz = Q%" Qu — Qi Q= —%WQiQ5" Q2 — Q3Q52"
Qs — —3Q5% " Qus = Q%" Qus = Q5N Qs —  QUQLN!
Qs6 — Qi3 Qes — — Q5,0 " Qor > Q50" Qre > —Q2Q3305 "
Qs — W5 Qst— QLY Qs — QYT Qs — QL
Qu — —QHN" Qi3 — Q5% Qe > Qi Qss > —NsQisls !
(5.14)

This action as a real four dimensional locus of fixed points on the CY, and it represents
an orientifold projection that sends o — ¢ and 1» — —1). This action is a symmetry of the
N = 2 lagrangian. The superpotential is sent into its complex conjugate and once again
the D-terms transform consistently with the constraint D, = g—;aa. The gauge groups
after the projection become U(2N) and the CS vector is k= (0, —2k, 2k, 0).

Moduli space of the electric N' = 1 theory. Here we study the moduli space for a
single M2 brane. In the projected theory the gauge group is then a product of U(2) factors
and the fields are two by two matrices. To solve the zero potential condition for the scalar
components of the fields of the N/ = 1 theory we use the ansatz

Q12 — Q§7U n Q12 + Q§701 Qa1+ Q?ga . Q21 — Q7g -

Q2 = — Qo1 =

2 2 2i ’ 2 2 2i
Ons — Q23 . Q76 oy Q23 : Q76 o1 . O Q32 . Q6702 . @32 - Qg7 o
Q34 = _Q34 Q65 oy — Q34 'Q65 o1, Qu= _Q43 Q56 oy & Qa3 .Q56 o1 (5.15)
2 21 2 21
For the other fields we have
o1 +i02 ., 01— 10 o1 —102 ., 01 +i0
Qi1 = %Qm +0—Qi , Qu-= %Q% + 1205 (5.16)

2 2
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where now the o; are the two by two Pauli matrices, while the ();; are complex numbers.

By inserting this ansatz in the A” = 1 superpotential (5.2) we verify that it reproduces
the equations of motion (3.2) of the parent N' = 2 theory. Moreover we explicitly verified
that this ansatz exhausts the vacuum space condition.

To complete the analysis of the moduli space for the A/ = 1 theory it is important
to analyze the action of the gauge groups. The ansatz breaks the gauge group down to
its abelian component. There are indeed eight residual U(1) abelian gauge factors on the
moduli space, an U(1)? in each U(2). They act on the Q;; as in the N' = 2 case. We can
check this explicitly as follows.

Qi — ( 0 e—ids Q12 0 =it , Qo1 — 0 cite Qa1 0 cits

e~ 7T e~ 3 e
Q23—>< 0 ei¢2>Q23< 0 ei¢6> , 932—>< 0 eits

el et ) et () e
Q34—>< 0 ei¢6>Q34< 0 eid"‘) ; Q43—>< 0 ei¢4>Q43< 0 e-ite

et el e~ b1
Q11—>< 0 eizzﬁs)QH( 0 ei¢>s> , Q44—>< 0 cits

where ¢; are the phases of the U(1)s. They are equivalent to

Q2 = ¢ 17%)Qu, Qo = € P7Qy1, Qa3 = €7 Qys,  Qap o €937 )Qgy
Qa1 — ¢ P7Qgy, Quz — P )Qus, Qus — € P)Qus, Qsa — 1TQsy
Qs6 — €% Qs5, Qs — €% Qp5,  Qor — € Qer, Qe — €97 Qrg
Qrs — 7% Qrs, Qs = €T Qgr, Qs = €PTQg, Qus = €PTQg
(5.18)

One can observe that one of them acts trivially, six combinations are used to mod the
moduli space and the last factor is broken to Zsy by the CS and consequently they reproduce
exactly the the N' = 2 CY, geometry (5.7) quotiented by the same Zg;, action. Actually
there is still a residual discrete symmetry, O, generated by io3 in U(2). It corresponds to
the antiholomorphic involution (5.12) for which we need to mod out the geometry. The
moduli space is then the Spin(7) quotient Y /Oy, where Oy, is the combination of © with
Zsy.. In this way the moduli space of the electric phase of the N = 1 theory is exactly the
Spin(7) geometry obtained by the anti-holomorphic involution on the CYy of the parent
N = 2 theory.

Moduli space of the magnetic N/ = 1 theory. Here we study the moduli space
for a single M2 brane in the dual phase. Also in this case the gauge group for the N’ =1
projected theory is the product of U(2) factors, where, as before we disregarded the presence
of additional fractional branes, that do not explore the moduli space. To solve the zero
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potential condition for the A/ = 1 theory we consider the ansatz for the scalar components
of the N' =1 projected bifundamental fields

Q12 — Q§7 - Qi Q87 Q21 — Q?s Q21 + Q% o1

Q2 = 5 5 ; Qo= 5 5
Oys — Q23 . Q76 oo + Q23 - Q76 Q= Q3 ! Qér S Q32 - Q6701
—O* + Q% + Q%4 - Q3
Oy = - Q31— Qg o 4 Qs34 .Q()E) o1 . Ous— Qa3 + Q56 oo 4 Qa3 .Q56 o
2 21 2 21
(5.19)
and
o1 —i— 109 o1 — 102 o1 — wg o1 + 109
Qi =—5->—"0Q + 5 Qs , Qu=—7""Q;+ — Qs4  (5.20)
For the adjoints we have
* * * *
Xy = Qss in+ Qss + Qnag Xy = Q33 + Qoo ;@33 QGGU3 (5.21)

2 2 2 2i
By inserting this ansatz on the AN/ = 1 superpotential (5.4) we verified that the ansatz
exactly reproduces the equations of motion (3.2) of the parent N' = 2 theory. Moreover we
verified that ansatz exhausts the vacuum space.
To compute the moduli space we still need for the residual gauge symmetries. There
are eight residual U(1) abelian gauge factors on the moduli space, an U(1)? in each U(2).
They act as in the NV = 2 case. We can check this explicitly as follows:

) e )
Qo3 — ( 0 e"‘”) Qo3 ( 0 6_?(;,3) , Q32— (6_(;% 62,3> Q32 <€_;¢2 ei?b7>
Q34 — ( e ol 3> Qs34 ( . 6235> » Qu— (el‘(()l54 6_(;¢5> Qus <ei§6 e_(3¢3>
o1 — ( _(2¢8> 9n ( —?qu) ; Qu— (6_;¢4 62)5> Qua <e_(;¢4 el‘%s)
X1 — (60 e—l‘i’S) X1 ( _[;¢l 6’2’8> . Azz— <e_é¢3 6&) X33 <ei§3 e_(3¢6>
(5.22)

and these are equivalent to the N' = 2 action

Q12 = " Y?)Qua, Qo1 — " TQy1, Qoz — PP Qa3,  Qap — /P Qay
Qs — €7 Qsy, Qus — €M Qu3, Qus — €M TMQus,  Qsa — €T Qsy
Qs6 — ¢ %)Qs5, Qs — %) Qg5,  Qer — € Qe7, Qe — €07 Qrg
Qs = €T Qrs, Qsr = P Qgr, Qs — P Qg1,  Qus — PTQg
Qu — Qu, Q33— @33, Qe — Qes, Qss — Qss
(5.23)
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One of them acts trivially, six combinations are used to mod the moduli space and the last
factor is broken to Zsgi by the CS. We hence obtain exactly the CY4 moduli space (5.11)
quotiented by the same Zsy of the parent A" = 2 theory. Actually there is still a residual
discrete symmetry, ©, generated by ics in U(2) that acts on the moduli space exactly
as the anti-holomorphic involution (5.12). The moduli space is then the Spin(7) quotient
Y /Oy, where O is the combination of © with Zgg. In this way we computed the Spin(7)
geometry obtained by the anti-holomorphic involution on the CYy. It coincides with the
geometry of the other AV = 1 theory introduced above.

The two Spin(7) geometries Y /0, computed by projecting the toric dual parent theo-
ries coincide, and we conclude that the two N' = 1 models are Spin(7) dual. We conclude
this section by arguing that in this case the Spin(7) duality is actually a Seiberg-like duality.

Brane construction and Seiberg-like duality. In this case we can support the duality
between the two NV = 1 theories by using the brane construction. One can observe from
figure 2 that the orientifold projection in this case folds the quiver by identifying pairs of
U(N) gauge groups. At the level of type IIB brane description the orientifolded theory is
locally N' = 2. We can then exchange without problem the (1, p;) branes at the boundaries
of the D3s associated to the second gauge group of the projected N' = 1 theory. This
operation generates the Seiberg-dual phase exactly as in the parent theory, where the
Seiberg duality is implemented at the same time on the two identified gauge groups. The
|pi —pit1| fractional branes, created during the exchange, modify the dual ranks Ng, and we
have Ny = 2(N + |k|). The CS levels transform as discussed above and the superpotential
transforms according to the usual rules of Seiberg-like duality.® We conclude that in this
case the Spin(7) duality is a Seiberg-like duality.

5.2 An infinite family

In this section we propose a generalization of the Seiberg-like duality discussed above, for
an infinite family of A' = 1 gauge theories. The two dual phases are represented in figure 3
(c) and (d). They can be obtained by projecting the L@, theories represented in figure 3
(a) and (b). We fix both a and b to be even. We choose the CS levels of the model in
figure 3 (a) as:

k; =k i=a—1 i=a-+2
ki=—k i=a i=a+1 (5.24)
k;=0 otherwise

We can describe the geometry of these models in a unified way. The gauge invariant
operators orthogonal to the CS vector are

r1 = Q12Q21 = Q34Qu3 = -+ = Q24—1,2aQ2a,2a—1 = Q20+1,2a+1 = -+ = Qbtab+a

T2 = Q23Q32 = Qu5Q54 = -+ - = Q24,.2a+1Q2a+1,2a+1 = Q2a+1,2a+2@2a42,2a+1 = - - -

oo = Qota—1p+aQbtaptra—1 = Qvta,1Q1,b4a

y1 = Q12Q23 ... Qpra1, Y2 = Q1 p+aQbtapra—1 --- Q21

t1 = Qu—1,0Qa+2,0+1, t1 = Qut1,a+1RQa,a—1 (5.25)

9We will come back to this issue in section 6.
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Figure 3. The models in (a) and (b) represent two L*® toric dual phases with both a and b even.
The orientifold projection acts by folding the quiver, along the dashed red lines. By projecting
these models to N' =1 Spin(7) cones we obtain the phases (¢) and (d), that are related by Spin(7)
duality. These models are also Seiberg-like dual.

The CY4 Y geometry that has to be mod by the Zj is
yiye = afah ity = a3 (5.26)

We choose the anti-holomorphic involution by generalizing the choice of section 5.1. On
the Y coordinates it is

T x] T2 =Ty Y1 —Ys Y2 =yl bt — ]t — (5.27)

This action has fixed points and it can be translated on the vector and matter multiplets
as usual. It sends 0 — o and ¢ — —1 and it hence acts as an orientifold projection on the
quiver field theory. It can indeed be realized quotienting by an antiholomorphic orientifold
symmetry of the N = 2 lagrangian that identifies i-th group with the i+ (a4 b)/2-th. The
rank of each gauge group and the CS level are doubled after the identification. Finally we
obtain the A/ =1 theory represented in figure 3 (c).

We choose to dualize this family by acting on nodes @ — 1 and a + 2. Other choices
are possible. The quiver is depicted in figure 3 (b). The new CS levels are

ki = —k i1=a—1 i=a+?2
ki = —k 1=a—2 i=a+3 (5.28)
k; =0 otherwise

This theory has the same CY,4 geometry Y as before. One can verify that, by implementing
the same anti-holomorphic involution on the coordinates as before, we obtain the quiver in
figure 3 (d).

We computed the Spin(7) geometries Y/Oy of both the N’ =1 models and we showed
that they coincide. This confirms that they are Spin(7) dual. As in the subsection 5.1
the Spin(7) duality is also in this case a Seiberg-like duality. Indeed one can embed the
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N =1 theories in a IIB brane setup and observe that locally the Seiberg-like duality can
be performed ignoring the effect of the orientifold.

6 Comments on N = 1 Seiberg-like duality

As discussed in the previous section in some cases we can claim that the proposed Spin(7)
duality coincides with three dimensional Seiberg-like duality for N/ = 1 theories. We used
a brane description to support this idea.

In this section we translate this brane description in a field theoretical language. We
propose a procedure to obtain the Seiberg-like dual in the N’ = 1 case. We provide the
transformation rules on the superpotential, on the field content and on the gauge groups
by extracting them from the example in subsection 5.1.

We can summarize the procedure as follows. First the gauge invariant operators of
the electric theory appear as mesons in the magnetic theory. Then the ranks of the gauge
groups and the CS levels transform as in (3.1). Moreover we distinguish three terms in
the dual /' = 1 superpotential. The first term is a holomorphic contribution that we call
Whoto- It is cubic and involves the coupling of the dual quarks with the mesons. The second
part is non holomorphic, and it is obtained from the N’ = 1 superpotential after a proper
substitution of the electric quarks with the mesons. In the case of the Spin(7) duality this
term corresponds to the A/ = 2 superpotential of the parent theory, projected to N' = 1.
The last term is obtained by coupling the dual R fields with the D terms. The masses of
the R fields are proportional to the dual CS levels.

In the first part of the section we show that these rules reproduce the dual theory
studied in subsection 5.1. Then we apply this procedure to one N' = 1 theory with U(N,)j
gauge group, Ny flavors and a quartic, non holomorphic, superpotential. This theory is
not associated to a CY, and we cannot use the Spin(7) duality. In any case we propose a
possible Seiberg-like dual description. We obtain a dual U(Ny + |k| — N.)_j gauge theory
with Ny flavors and the same quartic, non holomorphic, superpotential.

6.1 Revisiting the Ei‘:‘l theory

Here we reconsider the models studied in section 5.1. We start from the electric theory,
with superpotential (5.2).

Here we follow the procedure sketched above to obtain the dual phase. First we identify
the group to dualize. This group and its neighbours are modified as (3.1). Then we can
build the dual superpotential. We start from the holomorphic term:

Whoto = X11Q129Q21 + X33032Q23 + X130932Q21 + AX31Q12Q23 + h.c. (6.1)

The next step consists of contracting the fields charged under the dualized gauge groups
into mesons X;;. They are

X Xz ) [ Qr2Q21 Q12023 (6.2)
A31 Az3 Q32Q21 Q32Q23 '
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We substitute the mesons in the first two lines of (5.2) and integrate them out the massive
fields. This procedure reproduces the first two lines of (5.4). The other terms of (5.4)
are obtained by reintroducing the D-terms and the R fields. The mass terms for R; are
obtained by transforming the CS levels with the usual rule (3.1). In this way we reproduced
the dual theory discussed in section 5.1.

6.2 U(N); SQCD with quartic superpotential

Even if we derived the rules of the NV = 1 Seiberg-like duality from a specific set of theories,
describing M2 branes probing Spin(7) singularities, we can try to push further in the field
theoretical direction. Here we apply these rules to a SQCD like model, that does not have
a known AdS; dual. We propose a dual version of U(2N,)a, SQCD with 2Ny flavors and
a non-holomorphic quartic superpotential

Yo Tt k -2
W=QQQ'Q + 5’ + R (QQ' - Q') (6.3)

We study the dual of the non-holomorphic superpotential (6.3) and the quarks are N' =1
complex scalar superfields. The dual theory is obtained by applying the rules explained
above in the case of the quiver gauge theories. The dual gauge group is expected to be
U(2N; — 2N, + 2|k|)_a. There are 2N; dual flavors and the meson M = QQ. The
holomorphic part of the dual superpotential is

Wholo = MQQN + M*q*q* (64)

By considering the deformation QQQ*Q* = MM* we can integrate out the meson M. By
turning on the contributions of the D terms and of the R field, with kog = —2k we have

~ ok ~k k ~ 53
W = q4q*q" — gRQ +R ((Y(Tf —qTq> (6.5)

As in the quartic N' = 2 SQCD in three dimensions or the quartic N' = 1 SQCD in
four dimensions we observe that our procedure predicts the self duality for N’ = 1 three
dimensional CS-SQCD with a quartic interaction. Anyway, in general, this theory is not
superconformal and moreover it is not protected against quantum corrections. It would be
interesting to provide some checks of this duality, by engineering a brane realization and by
computing the Witten index, by first lifting the moduli space in both phases consistently.
We leave this analysis to future investigations.

7 Discussion and further developments

In this paper we proposed a generalization of A = 2 toric duality for M2 branes prob-
ing toric CYy singularities to N' = 1 models of M2 branes probing Spin(7) singularities.
We called this generalization Spin(7) duality. This proposal has been supported by the
AdS/CFT correspondence. Indeed we matched the moduli space of N/ =1 Spin(7) dual
models by orientifolding N' = 2 toric dual pairs. In some cases, with the help of the brane
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picture, we argued that the Spin(7) duality is also a Seiberg-like duality. Finally we pro-
posed a generalization of this N/ = 1 Seiberg-like duality for models without a known AdS
dual description.

The main problem in the study of a supersymmetric, but non holomorphic, duality
is its validity at quantum level. In the near horizon limit the AdS/CFT correspondence
provides some arguments to protect the validity of the duality beyond the classical level.
The strongly coupled phases of the dual pair of theories are conjectured to describe the QFT
of M2 branes probing the same Spin(7) cone. By considering the near horizon geometry
the models are superconformal invariant and represent two dual descriptions of the same
singularity that should hence be valid in the strong coupling region. Planar equivalence
moreover supports the duality between the pairs for large N.

However other checks are necessary. For example one should compute the Witten
index [46-48] to match the number of supersymmetric vacua. Moreover it would be in-
teresting to study other partition functions, by localizing the N' = 1 models on more
complicate manifolds, like the three sphere S* . In the N' = 2 case [49, 50] toric duality
on the three sphere has been checked for the L@ theories in [51-54]. A generalization
of this analysis to Seiberg-like duality for these theories appeared in [55]. In the N' =1
case the calculations may be very involved, because of the absence of holomorphy and of a
continuous R-symmetry, but they can potentially provide strong checks of the dualities.

Another interesting aspect regards other possible models. Here we discussed only
vector like models, but there are also N' = 2 chiral models with an AdS4 dual [14]. They
correspond to quiver gauge theories with vector-like bifundamentals and chiral flavors. It
should be interesting to extend the orientifold projection to these models and study the
Spin(7) duality for those cases.
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A N =1 formalism

In this appendix we quickly report some known results about the N/ = 1 superspace
obtained by setting to zero some of the Grassmann variables of the N' = 2 case in three di-
mensions.
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First we start by reviewing the AN/ = 2 case. There are two possible multiplets involved
in a U(N) quiver, the vector multiplet and the bifundamental chiral multiplet. In a quiver
with G nodes the a-th vector multiplet V,, contains a three dimensional gauge field A,
a two component Dirac spinor and two real scalars, o, and D,. A chiral bifundamental
X connecting the a-th and the b-th node (if @ = b we have a chiral field in the adjoint
representation) than consists of two complex scalars and a two dimensional Dirac spinor.
The N = 1 superspace is obtained by decomposing the N = 2 case in two copies of N = 1
and by projecting out one of them [56-58]. The decomposition is obtained by splitting the
0 variables and the super-derivatives as

) 1 . — 1 .
9& = ‘91a + 20204 5 D, = 5 (Dla + ZD2a) s D, = 5 (Dla - ZDQa) (Al)

and the projection to N/ = 1 is performed by setting 6 = 0 in the lagrangian. In terms
of superfields the N’ = 2 vector multiplet decomposes into a N/ = 1 spinor superfield I'?
and an N = 1 auxiliary real scalar superfield R,. The chiral multiplet X, decomposes
into two N = 1 real scalar superfields, Re(X) and I'm(X,,) that can be combined into a
single complex scalar superfield Y.

By acting on the N' = 2 lagrangian the N' = 1 superpotential has three different
contributions. They are

ko on=2 ka / 2, P2
SWSCSG — e d QlRa
. / doxt e Ve X e / 420, (YabyjbRa - ijyabRb>

/dQHW(Xab +cc. — /d291 (W (Yap) + W(Yg))

B N = 1 superconformal algebra

In this appendix we provide the generic structure of the superconformal algebra in three
dimensional N/ = 1 theories [59, 60].
We define the two dimensional Gamma matrices v*, u = 0, 1, 2, satisfying the relations

P = iy, (B.1)

with n** = (1, -1, —1). The three dimensional N' = 1 superconformal algebra is

[Py, P] = [Py, Q] = [k, ko] = [D, M) = [D, D] = [K,,, 5] =0
[M/w’ P\ = i(n/sz/ WVAP ), [M;Wv MAp] =1 (nuAMVp*nupMVA*UVAMMJWL"IV,OMW\) )
{Qv Q} = Q’VMPW [ Q] 2’7[;/71/]@3 [M,uua K)x] = i(n/‘)\Ku - "71/)\K,u)7
{Sa S} = QVMKW [ iz S] 2’7[/[71/]57 [P,Lh KI/] = Qi(MﬂV + nuuD)a

[PAHS] = _fVuQv [Kqu}
[D,P,] = —iP,, [D,S]=

= #S? {Q7 S} =—1 (2D + V[u’yy]M,LW) )
%S [D,K,] =iK,, [D,Q]=-%
(B.2)
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