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ABSTRACT: Massless conformal scalar field in six dimensions corresponds to the minimal
unitary representation (minrep) of the conformal group SO(6,2). This minrep admits a
family of “deformations” labelled by the spin ¢ of an SU(2)7 group, which is the 6d analog
of helicity in four dimensions. These deformations of the minrep of SO(6,2) describe
massless conformal fields that are symmetric tensors in the spinorial representation of the
6d Lorentz group. The minrep and its deformations were obtained by quantization of the
nonlinear realization of SO(6,2) as a quasiconformal group in arXiv:1005.3580. We give
a novel reformulation of the generators of SO(6,2) for these representations as bilinears
of deformed twistorial oscillators which transform nonlinearly under the Lorentz group
SO(5,1) and apply them to define higher spin algebras and superalgebras in AdS7. The
higher spin (HS) algebra of Fradkin-Vasiliev type in AdS7 is simply the enveloping algebra
of SO(6,2) quotiented by a two-sided ideal (Joseph ideal) which annihilates the minrep.
We show that the Joseph ideal vanishes identically for the quasiconformal realization of the
minrep and its enveloping algebra leads directly to the HS algebra in AdS7. Furthermore,
the enveloping algebras of the deformations of the minrep define a discrete infinite family
of HS algebras in AdS7 for which certain 6d Lorentz covariant deformations of the Joseph
ideal vanish identically. These results extend to superconformal algebras OSp(8*|2N) and
we find a discrete infinite family of HS superalgebras as enveloping algebras of the minimal
unitary supermultiplet and its deformations. Our results suggest the existence of a discrete
family of (supersymmetric) HS theories in AdS7 which are dual to free (super)conformal
field theories (CFTs) or to interacting but integrable (supersymmetric) CFTs in 6d.
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1 Introduction

The minimal unitary representation (minrep) of the 4d conformal group SU(2,2) describes
a massless scalar field in four dimensions which admits a one-parameter family of deforma-
tions that describe massless fields of arbitrary helicity [1]. The minrep and its deformations
were obtained by quantization of the nonlinear realization of the four dimensional conformal
group SU(2,2) as a quasiconformal group in a five dimensional space. Using the results
of [1] in a previous work [2] we showed that the generators of SU(2,2) for the minrep
and its deformations can be written as bilinears of deformed twistorial oscillators which
transform nonlinearly under the Lorentz group SL(2,C) and applied them to define and



study higher spin algebras and superalgebras in AdS; whose isometry group is SU(2,2).!
More specifically, the standard higher spin (HS) algebra of Fradkin-Vasiliev type in AdSs
is simply the enveloping algebra of SU(2,2) quotiented by a two-sided ideal (Joseph ideal)
which annihilates the minrep. The Joseph ideal vanishes identically for the quasiconformal
realization of the minrep and hence its enveloping algebra leads directly to the standard HS
algebra in AdS5. The enveloping algebras of the deformed minreps define a one parameter
family of HS algebras in AdSj; for which certain 4d covariant deformations of the Joseph
ideal vanish identically in their quasiconformal realizations. These results extend fully to
the quasiconformal realizations of the superconformal algebras SU(2,2|N) with the even
subgroup SU(2,2) x U(N) and one obtains a one parameter family of HS superalgebras
as enveloping algebras of the minimal unitary representation and its deformations in their
quasiconformal realizations. As we argued in [2] these results suggest the existence of a
family of (supersymmetric) HS theories in AdSs which are dual to free (super)conformal
field theories (CFTs) or to interacting but integrable (supersymmetric) CFTs in 4d. The
corresponding picture for AdSy/CFTj higher spin algebras is much simpler since the min-
imal unitary representation of SO(3,2) is the scalar singleton of Dirac and it admits a
unique “deformation” which is the spinor singleton whose oscillator realizations involve
only bilinears and hence the corresponding higher spin algebras are simply the enveloping
algebras corresponding to free field realizations [3].

That the Fradkin-Vasiliev higher spin algebra in AdSys [4] corresponds simply to the
enveloping algebra of the singletonic realization of Sp(4, R) was pointed out in [3].2 Again
in [3] it was pointed out that the higher spin algebras in AdS5 and AdS7 and their supersym-
metric extensions could be similarly constructed as enveloping algebras of the doubletonic
realizations of the super algebras SU(2,2|N) and OSp(8*|2N). A purely bosonic higher
spin algebra in AdS7; was studied along these lines in [6] using the doubletonic realiza-
tion of SO(6,2) given in [7, 8]. Higher spin superalgebras in dimensions d > 3 were also
studied by Vasiliev in [9]. However higher spin superalgebras in AdS, for d > 4 studied
by Vasiliev do not possess any finite dimensional conventional supersymmetric subsuper-
algebras. Cubic interactions for simple mixed-symmetry fields in HS theories in higher
dimensional AdS space times using Vasiliev’s approach were investigated in [10, 11]. In a
subsequent paper it was claimed that the purely bosonic HS theory in AdS7 is unique under
certain assumptions [12]. We refer to [2] and the reviews [13-18] for additional references
on higher spin theories.

In this paper we extend the results of [2] to six dimensions and define and study
AdS7/CFTg higher spin algebras and superalgebras using the quasiconformal approach.
Contrary to earlier claims in the literature we find a discrete infinite family of AdS7/CFTg
higher spin algebras and their supersymmetric extensions for any number of super symme-
tries. These HS algebras are obtained as the enveloping algebras of the minimal unitary
representation of SO(6,2) and a discrete infinite family of “deformations” thereof.

Here we should explain why we use the term deformation in referring to a discretely
labelled family of HS algebras. In an earlier work [2] we showed that there exists an infinite

'Following Vasiliev we refer to them as AdSgy1/CFT, higher spin algebras.
For related work see also [5].



family of inequivalent higher spin algebras and superalgebras in four dimensions labelled by
the helicity which uniquely characterizes the unitary representations of the conformal group
SU(2,2) corresponding to massless 4d conformal fields. In the quasiconformal approach he-
licity is simply the deformation parameter corresponding to the eigenvalue of the little group
U(1) of massless particles in four dimensions which takes on continuous values. The little
group of massless particles in six dimensions is SO(4) = SU(2)7 x SU(2) 4 and massless par-
ticles are labelled by the eigenvalues (jr, j4) of the little group, i.e the labels belong to a dis-
crete set. In fact for the conformally massless unitary representations eigenvalues are of the
form (j7,0) or of the form (0, j4). Thus the unitary representations that are the six dimen-
sional analogs of “deformations” of the minrep in four dimensions are discretely labelled.
Hence we refer to them as discrete deformations of the minrep. This discrete infinite family
of HS algebras admit supersymmetric extensions for arbitrary number of supersymmetries.

The plan of the paper is as follows: we start by reviewing the covariant twistorial
(doubleton) construction in section 2.1 following [7, 8, 19] and its reformulation in terms
of Lorentz covariant twistorial oscillators [8, 20]. Next in sections 2.2-2.4 we present a
novel reformulation of the quasiconformal realization of the minimal unitary representation
(minrep) of SO(6,2) and its supersymmetric extensions and their deformations [21, 22] in
terms of deformed twistors that transform nonlinearly under the 6d Lorentz group. In
section 3 we review the Eastwood’s formula for the generators J of the annihilator of the
minrep (Joseph ideal) and show by explicit calculations that it vanishes identically as an
operator for the quasiconformal realization of the minrep. Then in section 3.2 we use the
6d Lorentz covariant formulation of the Joseph ideal to identify the deformed generators J;
that are the annihilators of the deformations of the minrep. These discrete deformations
are labelled by the eigenvalues of an SU(2)s symmetry realized as bilinears of fermionic
oscillators. Interestingly, the 6d analog of the Pauli-Lubansky vector does not vanish
for the deformed minreps and becomes an (anti-)self-dual operator of rank three. Next we
compare the generators of the Joseph ideal computed for doubleton realization and identify
the analog of the deformation SU(2)s in the quasiconformal realization. For the doubleton
realization the generators of the Joseph ideal do not vanish as operators. They annihilate
only the subspace of the Fock space of the covariant oscillators corresponding to the minrep.
In section 3.4 we define the AdS7/CFTg higher spin algebra and its deformations as the
enveloping algebra of the minrep and its deformations in the quasiconformal framework,
respectively. We also extend these results to corresponding higher spin superalgebras and
conclude with a brief discussion in section 4.

2 Realizations of the 6d conformal algebra SO(6,2) ~ SO*(8) and its
supersymmetric extension OSp(8*|4)

2.1 Covariant twistorial oscillator construction of the massless representations
(doubletons) of 6d conformal group SO(6,2)

In this subsection we shall review the construction of positive energy unitary representations
of SO(6, 2) that correspond to massless conformal fields in six dimensions following [7, 8, 19].
The Lie algebra of the conformal group SO(6,2) in six dimensions is isomorphic to that of



SO*(8) with the maximal compact subgroup U(4). Commutation relations of the generators
Myp of SO(6,2) in the canonical basis have the form

[Mag, Mcp| =i(npcMap —nacMpp — nepMac + napMpc) (2.1)

where nap = diag(—, +,+,+,+,+,+,—) and A, B =0,...,7. Chiral spinor representation
of SO(6,2) can be written in terms in six-dimensional gamma matrices I',, that satisfy

{Fua L} = — 2N

where 7, = diag(—, +,+, +, +,+) and g, =0,...,5 as follows:?

Sy = f% T, T,  Sug= %Fun, 7 = féru, Yo7 = %77 (2.2)
We adopt the conventions of [8] for gamma matrices:
Tp=03® 1y ® 19
' =ioc1 ®o2® 1o
[y =io1 ® o1 ® 0y
I's =i01 ® 03 ® 09
Iy =i0y® 1y ® o2
I's =ioa ® 02 ® 01
Iy = — Dol DolsTals (2.3)

Consider the bosonic oscillators ¢;,d; and their hermitian conjugates ¢, d’ respectively
(1,7 = 1,2,3,4) that satisfy

and form a twistorial spinor operator ¥ and its Dirac conjugate ¥ = UTT as:

U= (;ﬁ) ., U= (ci, —di) (2.5)

Then the bilinears Mg = UX 45V provide a realization of the Lie algebra of SO(6,2):
(TS50, US0p¥] =T [Sap, Sep] U (2.6)

and the Fock space of the oscillators decompose into an infinite set of positive energy
unitary irreducible representations of SO(6,2) corresponding to massless conformal fields
in six dimensions. The resulting representations for one pair (color) of oscillators were
called doubletons of SO(6,2) in [7, 8, 19].

The Lie algebra of the conformal group SO(6,2) has a three-graded decomposition
(referred to as compact three-grading) with respect to its maximal compact subalgebra
L0 =SU(4) x U(1)g,

SO0(6,2) =L~ oL e LT, (2.7)

*Opposite chirality spinor representation is obtained by taking ¥,7 := +1I', and Se7 = +377.



where the three-grading is determined by the conformal Hamiltonian E = %(Po + Kj). To
construct positive energy unitary representations of SO*(8), one realizes the generators as
following billnears:

Ajj = cidj—cjd; € L™, AV =cd —dd e LT
M'; = cej+d;d € L0 (2.8)
where i,j = 1,2, 3,4.
M ij generate the maximal compact subgroup U(4). The conformal Hamiltonian is
given by the trace M?%;

1., 1

where Np = c'c; + d'd; is the bosonic number operator. We shall denote the eigenvalues
of @z as E. The hermitian linear combinations of A;; and A% are the non-compact
generators of SO(6,2) [7, 8, 19]. Each lowest weight (positive energy) UIR is uniquely
determined by a set of states transforming in the lowest energy irreducible representation
Q) of SU(4) x U(1)g that are annihilated by all the elements of £~ [7, 19].* The possible
lowest weight vectors for one pair of oscillators (doubletons) in this compact basis have
SU(4) Young tableaux with one row [19], They are of the form

0,
10y =[],
e o) = [T,

gz o) = | FT T 1) (2.10)

plus those obtained by interchanging c-type oscillators with d-type oscillators and the state

i) joy = ). (2.11)

The positive energy UIR’s of SO*(8) can be identified with conformal fields in six
dimensions transforming covariantly under the six-dimensional Lorentz group with definite
conformal dimension. The Lorentz covariant spinorial oscillators are obtained from the
SU(4) covariant oscillators by the action of an intertwining operator 7" = ezMos | We will use
Greek letters for the Lorentz group SO(5,1) ~ SU*(4) spinorial indices — «, f = 1,2, 3, 4.
Withour convention of gamma matrices, the Lorentz covariant spinorial oscillators A ¢, n%

4Equivalently, the lowest weight vector of the lowest energy irreducible representation of SU(4) deter-
mines the UIR. Hence, by an abuse of terminology, we shall use interchangeably the terms “lowest weight
vector” and “lowest energy irreducible representation”.



are given by:

A+ dy —d3 + ¢
4 4
—C +d2 2 d + 2
AL = A= 2.12
¢ —cl+ds |’ ¢ d' +c3 (2.12)
¢ +dy —d? + ¢4
—C1 — d3 dl — C3
2 2
al —C +d4 a2 d + Cq
= = . 2.13
K — 4+ dq ’ K a3+ Cc1 ( )
—C4 — d2 d4 — C2
They satisfy the following commutation relations:
[nm’, Aﬂ — 253 (2.14)
where i,j = 1,2 (€10 = €2! = +1) and o, 8 = 1,2,3,4. One finds that [20]
(DFP) g = Pag = A j ey, (51K,)™ = K9P = —peinfie (2.15)

where ¥-matrices in d = 6 are the analogs of Pauli matrices o, in d = 4. The explicit
form of ¥#, 3# is given in appendix A. Note that the form of A}, 7% is slightly different
from [8, 20] as we are in the mostly positive signature and also the form of intertwining
operator is slightly different.

Similarly we can define Lorentz generators with spinor indices as follows:

sy B
M, = -3 (218Y) 0 My, (2.16)

In terms of spinors \,%, 7%, they are given as follows:
1

a1 o
Maﬁ =73 <)\of77'8] - 455)‘7177W> €ij (2.17)

The dilatation generator is given by:

A = é (no‘i)\aj — )\ainaj) €ij (2.18)

The conformal algebra in terms of these generators is as follows:

M7 M2 = 60 - i (2.19)
|Pag, M,?] = 260, Py, + %&Paﬁ, [K2%, M| = 2l %6§K“5 (2.20)
|Pag, K| =16 <5[{1MB]‘” = ;5[[355]9 (2.21)

[A, Pog| = iPag, [A, Kfﬂ — KB, [A, Maﬁ] -0 (2.22)

The doubletons correspond to massless conformal fields in six dimensions that transform
as symmetric tensors Wog, . = ¥(44,..) in their spinor indices.



2.2 Quasiconformal approach to minimal unitary representation of SO(6,2)

The construction of the minimal unitary representation of the 6d conformal group SO(6, 2)
by quantization of its quasiconformal action and its deformations were given in [21, 22]. In
this section we will reformulate the generators of these representations in terms of deformed
twistorial oscillators as was done for 4d conformal group SU(2,2) in [2]

The group SO(6,2) ~ SO*(8) can be realized as a quasiconformal group that leaves
light-like separations with respect to a quartic distance function in nine dimensions in-
variant. The quantization of this geometric action leads to a nonlinear realization of the
generators of SO(6,2) in terms of a singlet coordinate z, its conjugate momentum p and
four bosonic oscillators a,,,a™ and by, b™, (m.n = 1,2) satisfying [21]:

[, p| =1, [am , a"] =6, (b, , 0] = 0, (2.23)

The semisimple component of the little group of massless particles in six dimensions is
SO(4) which can be written as SU(2)g x SU(2) 4. Its normalizer inside SO(6,2) is SO(2, 2)
which also decomposes as SU(1, 1) g x SU(1,1)y. The generators of SU(2)g and of SU(2) 4
subgroups of SO*(8) are realized as bilinears of a and b type oscillators within the quasi-
conformal approach as follows:

1
Sy = a"by, S_ = b"ay, So =5 (Na— Ny) (2.24)

1
Ay =atay +b'by, A_ =aia®+bb?, Ag= 3 (a'ar — a®as + b'by — b%by)  (2.25)

where N, = a™a,, and N, = b"b,, are the respective number operators. They satisfy

[So, Si] = +S4, 1S4, S_] = 28, (2.26)
[Ag, As] = +Ay, [A,, A_] = 24, (2.27)

In the previous section we followed conventions given in [8] for the 6d sigma matri-
ces (X#, ¥#) within the covariant twistorial construction of doubletons. In order to make
contact with the spinor-helicity formalism used in the amplitudes literature, we will fol-
low the Clifford algebra conventions of [23], summarized in appendix B, for the minimal
unitary representation and its deformations within the quasiconformal approach. To avoid
confusion, we will denote these 6d sigma matrices as 6#,6* (u,v =0,1,...5)

To express the momentum generators of SO(6,2) of the minrep we shall introduce
two sets of deformed twistors Z,' and Zof (a, B = 1,2,3,4, i,j7 = 1,2) that transform
nonlinearly under the Lorentz group (their commutation relations are given in appendix D):

1 . 1 3 S_

lezb1*§($*2p)+g (SO+4> s Z12:a]1*7 (228)
S 1 . 1 3

ZQleQ—%, 222:a2—2(x—7/p)—x<s —4> (229)

1 1 3 S_

1_ 2 - . - v 2 _ 32 M-
Ziy' = —a +2($+1p)+x<50+4>, Zs®=b . (2.30)

1 1

Z41:a1—%, Z42——b1—|—2(x—|—zp)—m<5’0—3) (2.31)



~ 1 ) 1 3 ~ S_
lezb1—2($—1p)+x<so—>, 2122611—? (232)

4
Zyt = by — % Zy%, = ag — % (z —ip) — é (Sg + i) (2.33)
231:—a2+;(x+ip)+313<5 —i), 232:()2—% (2.34)
Z,  =a' - %, Z = —b' + % (x +ip) — i <So + i) (2.35)

In terms of these deformed twistors the momentum generators can then be written as
bilinears:
Pog =2, 2] €; (2.36)

We should stress the fact that even though the above deformed twistors transform nonlin-
early under the Lorentz group the bilinears P,g transform covariantly as anti-symmetric
tensors in spinorial indices.

In order to realize the special conformal generators, we need another set of deformed
twistors Y and Y (their commutation relations are given in appendix D):

Yll:al—i-%, Y12:—b1—%(x+ip)+% <S —i) (2.37)
YH =% + % (z + ip) + % (So + i) ;Y2 = - i—_ (2.38)
Y3l = —py — % Y32 = —qay — % (z —ip) — é <So - Z) (2.39)
Y41:bl+;(x—ip)—i<5'o+i>, Y42:a1+% (2.40)
y'=ql+ %, yi2=_pl - % (x +ip) + % (So + i) (2.41)
v = g%+ % (x +1ip) + é <So - i) ;Y2 = - % (2.42)
V3l = —py — %, V32 = —ay — % (x —ip) — i <So + i) (2.43)
1741:b1+;(m—ip)—;(50—i>, 1742:a1—|—% (2.44)

that transform nonlinearly under the Lorentz group. The special conformal generators can
then be written as bilinears:

K% = yeiyfie,; (2.45)
which transform covariantly under the Lorentz group.
The Lorentz subgroup SO(5,1) ~ SU*(4) ~ Sl(2,H) generators of the minrep of
SO(6,2) with spinorial indices take the form
M = _% (646") 7 My, (2.46)

«



which in terms of deformed twistorial oscillators Y, Z can be written as:

1 o~ 1 o~
M = -5 (ZOfYﬁ] - 4552;1/”/]) €j (2.47)
_ Lyeizi_Lseyniz i), (2.48)
T2 R RC A ‘

The dilatation generator A takes the form:

A= é <Z;?aj - YaiZaj) €ij (2.49)

The commutation relations of the generators of the minrep of the conformal algebra SO(6, 2)
given above are as follows:

[Mo/f MO =600 — 5P, (2.50)
: 1 1
1 0 9 « 4 « 4 0 o
|Pasrs M| = =200, Py — 503 Pa, K97, 0P| = 28l kP 4+ Soh P (250)
5] _ g o), Eslrs d)
[Pag, K77] =16 (%Mm + 5000 A) (2.52)
[A, Pog| = iPag, [A, K“ﬁ} — iK%, [A, Moﬁ] —0 (2.53)

The algebra s0(6,2) can be given a 3-graded decomposition with respect to the con-
formal Hamiltonian, which is referred to as the compact 3-grading and the generators in
this basis are reproduced in appendix C following [21].

2.3 Deformations of the minimal unitary representation of SO(6,2)

It was shown in [21] that the minrep of SO*(8) that was studied in previous section is simply
isomorphic to the scalar doubleton representation that describes a conformal massless scalar
field in six dimensions. However we have seen in section 2.1 that SO*(8) admits infinitely
many doubleton representations corresponding to massless conformal fields transforming as
symmetric tensors in the spinorial indices. As in the case of 4d conformal group SU(2,2),
it was shown in [21] that there exists a discrete infinity of deformations to the minrep of
SO(6,2) labeled by the spin ¢ of an SU(2) symmetry group which is the 6d analog of helicity
in 4d. Allowing this spin t to take all possible values, one obtains a discretely infinite set of
deformations of the minrep which are isomorphic to the doubleton representations. In this
section we will show that the generators of these representations can be recast as bilinears
of deformed twistorial operators as was done in the previous subsection for the true minrep
that corresponds to ¢t = 0.

Following [21], let us introduce an arbitrary number P pairs of fermionic oscillators p,
and x, and their hermitian conjugates p® = (p;)' and x* = (x.)!, (z = 1,2,..., P) that
satisfy the anti-commutation relations:

{025 Y} ={xa» X"} =04 {pzs py} =Pz, Xy} = {Xzs Xy} =0 (2.54)



and refer to them as “deformation fermions“. The following bilinears of these fermionic

oscillators

1
Gy = p"Xu G_ = X"ps Go = 5 (N, — Ny), (2.55)

where N, = p*p, and N, = x*x, are the respective number operators, generate an su(2)q

algebra:
G+, G| =2Go,  [Go, Gi]==Go (2.56)

The fermionic oscillators p® and x* form a doublet of SU(2)g. We choose the Fock vacuum
of these fermionic oscillators such that

Pz |0) = Xz ’0> =0 (2.57)

for all z =1,2,..., P. The states of the form

X pteen gt |0)

with definite eigenvalue n < P of the total number operator Ny = N, + N, transform
irreducibly in the spin j = n/2 representation of SU(2)g.> Among the irreducible repre-
sentations of SU(2)¢ in the Fock space of P pairs of deformation fermions the multiplicity
of the highest spin ( j = P/2 ) representation is one.

Now to deform the minimal unitary realization of s0*(8), one extends the subalgebra
su(2)g to the diagonal subalgebra su(2)r of su(2)g and su(2)g [21]. In other words, the
generators of su(2)g receive contributions from the p- and x-type fermionic oscillators
as follows:

Ty =84+ Gy =a"by, + p Xz
T- =8 +G_ =b"am+x"ps (2.58)
TO:So—i-Go:%(Na—Nb—i-Np—NX)
The quadratic Casimir of this subalgebra su(2)r is given by
Co [su(2)7] = T% = TyTo + % (T4WT-+T-Ty) . (2.59)

In order to obtain the generators for the deformations of the minrep, all we need to do is
replace Sy, S+ by Ty, T+ respectively in equations (2.28)—(2.35) and equations (2.37)—(2.44).
We will denote the resulting deformed twistors as (Z;).%, (Z;),f and (Y;), (Y;)*. The

o
generators can then be written as:

Pus = (203D gy K = () (T, (2.60)
M, = —% ((Ztm(ﬁ)ﬁf - ié%(zw'(ﬁ)”) (2:61)
— 5 (0@ - B0 @07 ) e (2.62)

A= ¢ (2040 — (R (Z) ) ey (2.63)

®Note that square bracketing of indices implies complete anti-symmetrization of weight one.

,10,



The Casimir invariants for SO(6,2) for the deformed minreps depend only on the quadratic

Casimir of SU(2)¢ involving deformation fermions. For one set of fermions (P = 1)
one finds:
Cy = M5 MB =16 — 6 (N, — N,)? (2.64)
69
Cy = MEMEMGMY, = —15C2 =20 (2.65)
O = eABOPEFGH N p o MeopMppMar = 60 (Cy — 16) (2.66)
63
Cs = M EME MG ML MEME, = G2 +475 (2.67)

which shows clearly that the deformations are driven by fermionic oscillators.

2.4 Minimal unitary supermultiplet of OSp(8*|4) and its deformations

The construction of the minimal unitary representations of noncompact Lie algebras by
quantization of their quasiconformal realizations extends to noncompact Lie superalge-
bras [1, 21, 22, 24]. In this section we will reformulate the minimal unitary realization
of 6d superconformal algebra OSp(8*|4) with the even subgroup SO*(8) x USp(4) given
in [22] in terms of deformed twistors. Extension to general superalgebras OSp(8*|2N) is
straightforward.

Consider the superconformal (non-compact) 5-graded decomposition of the Lie super-
algebra o0sp(8*|4) with respect to the dilatation generator A:

osp(8°)4) = NN 2N @ nt/2 gt (2.68)
=K?P0 80 (M, ®ADUP) @ Q. ® Pag, (a,b=1,2,3,4)

where the grade zero space consists of the Lorentz algebra so(5,1) (M,"), the dilatations
(A) and R-symmetry algebra usp(4) (U%), grade +1 and —1 spaces consist of translations
(P.g) and special conformal transformations (K%%) respectively, and the +1/2 and -1/2

a

) and conformal supersymmetries (S*?)

spaces consist of Poincaré supersymmetries (Q
respectively.

We introduce fermionic oscillators €% where a,b = 1,2,3,4 are the USp(4) ~ SO(5)
indices which are raised and lowered by the antisymmetric symplectic metric

qib_ [0 T2
~13 0

and i,j = 1,2 are the SU(2) indices raised and lowered by €;; (e12 = €' = +1). These
oscillators satisfy:

{et, 7} = qubes (2.69)
and they will be referred to as supersymmetry fermions. The following bilinears of these
fermions

1 al ¢bl 1 a2 ¢b2 1 al b2 a2 ¢bl
Fp= €€ 0, Fo= 3626200, Fy= 1 (€787 4% )2 (270)
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generate a su(2)p algebra:
[Fy, F_]| =2Fp, [Fo, Fy] = £F) (2.71)

To obtain the supersymmetric extensions of the deformations of the minrep of SO*(8), one
extends the su(2)p subalgebra to su(2)7 which is the diagonal subalgebra of su(2)y and
su(2)p. The generators of su(2)7 are then given by:

A 1
Ti =S4 +G1+Fy=a'bi+p"xa + iﬁalﬁleba (2.72)
, 1
T =5_+4+G_+F_=ba;+ X ps + §ga2gb29ab (2.73)
1 1
To = So+Go+ Fo = 5(Na— Ny + Ny = V) + 7 (62262 -2 ) @ (2.79)

The generators of the even subgroup SO*(8) of the deformations of the minrep of
OSp(8*|4) are then obtained simply by replacing Sp, S+ by 7o, T+ respectively in equa-
tions (2.28)—(2.35) and equations (2.37)-(2.44). We will denote the resulting deformed

twistors as (Z7) %, (Z7), and (Y;*)*, (i/\;*)a’ The generators of SO*(8) can then be written
as bilinears of these deformed twistors:

Pos = (Z0)d(Z5)eiss K% = (V)" (V) Vey (2.75)
M = =5 (@GR - L5020, T ) (2.76)
=5 (0P @0d - {5077 @D ) (277)

A= (20307~ ) (Z)d ) e (2.78)

The supersymmetry generators ).%*, S¢, can similarly be realized simply as bilinears of
ordinary fermionic oscillators and deformed twistors as follows:5

Q. = (Z3)atWei; = €27 )ness (2.79)
Sa(l — (}/t-s)alé'a‘]elj — é'a'l(}/;s)ajelj (2_80)

The supersymmetry generators satisfy
Qe Qf} = ~0"Py, {57, 57} = K’ (2.81)
{50, Q) = =200y — isgaA — 205U (2.82)

The R-symmetry group USp(4) ~ SO(5) can realized as bilinears of fermionic oscillators
as follows:

a at 1 1 a ci 1
U — (g e — ZQ 0 a ng> €ij (2.83)

%To obtain the generators for the true minimal unitary supermultiplet of OSp(8*|4) one needs only to
drop the deformation fermions from the generators of su(2)7 and the corresponding deformed twistors will
be denoted as (Z°%)., (Z*), and (V) (Y's)*.
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They satisfy the following commutation relations:
[Uab, UCd} _ 2Qa(cUd)b + 2Qb(cUd)a (284)

The commutators of SO*(8) generators with the supersymmetry generators are as follows:

a a 1 a a a 1 a
[Mf, Q, } = —0JQ4" + 702Q5", [Maf’, S ] = 5387 — 2058 (2.85)
[Kocﬁ’ Qﬂ = —4logPla, [Pug, §7) = ~457.Q (2.86)
aa 2 a aa Z‘ aa

The R-symmetry generators act on USp(4) indices of supersymmetry generators as follows:

«

Ut Q| = 200, U, soe| = —oqeleg? (2.88)

The generators given above transform covariantly with respect to the subgroup
SU*(4) x SO(1,1) x USp(4). Unitarity and positive energy nature of the resulting rep-
resentations are made manifest by going to the compact three grading of OSp(8*|4) with
respect to the compact sub-superalgebra SU(4|2) x U(1) [21].

3 AdS;/CFT;g higher spin (super-)algebras, Joseph ideals and their de-
formations

As reviewed in [2] the standard AdSq/CFT4_1) higher spin algebra of Fradkin-Vasiliev
type is simply given by the quotient of the universal enveloping algebra of SO(d,2) by a
two-sided ideal [3, 14, 25, 26]. This two-sided ideal is the Joseph ideal that annihilates
the minimal unitary representation. Denoting the higher spin algebra as HS(g) with
g = so(d — 1,2) and the universal enveloping algebra as U(g) we have

HS(g) = -2 (3.1)

where J(g) denotes the Joseph ideal.
The uniqueness of the Joseph ideal was proved in [26] and an explicit formula for the
generators of this ideal for SO(n — 2,2) was given as:

1 n—4
J = MapM¢cp — M Mep — = [M M, Map,Mcp) 1
ABCD apMcp — Mag © Mcp — 5 [Map, Mcp] + n—D)m=2 (Map, Mcp)

1 n—4
= —Muap-Mcp — M M, Map, Mcp) 1 3.2
5Map - Mcp AB © CD+4(n_1)(n_2)< AB, Mcp) (3.2)

where the dot - denotes the symmetric product

Muag - -Mcop = MagMcep + MopMap (3.3)

(Map, Mcp) is the Killing form of SO(n — 2,2) given by

(Map, Mcp) = h MppMeg (n“n™™ — nFHnFSY (nacnpp — napnse) (3.4)
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where h = ?21((2:721)) chosen such that all possible contractions of Jygcp with the the metric

vanish. The symbol ® denotes the Cartan product of two generators [27]:

1 1 1
Map ® Mcp =-MapMcp + -~MpcMpa + —~MacMpp

3 3 6
1 1 1
—éMADMBC + EMDBMCA - EMCBMDA
1
T2 —2) (MapM&npp — MpeM&Enap + MpeMpnac — MapMpnsc)
1
R (McpMXEnpp — McpMEnap + MpeMEnac — MpeMZdpc)
+;MEFMEF (nacnBD — NBCNAD) (3.5)
(n—1)(n—2)

We shall refer to the operator Japcp as the generator of the Joseph ideal which for SO(6, 2)
takes the form:

1 1
Japcp = §MAB -Mcp — Map ® Mcp — m<MAB, Mcp) (3.6)

The enveloping algebra U(g) of a Lie algebra g can be decomposed with respect to the
adjoint action of g. By Poincare-Birkhoff-Witt theorem this is equivalent to computing
symmetric products of the generators Map ~ B of g. For s0(6,2) the symmetric product
of the adjoint action decomposes as:

B®B: olle[T®e (3.7)

where the singlet o is the quadratic Casimir Cy ~ Mz*M B. It was pointed out in [14] that
the higher spin algebra HS(g) must be a quotient of U(g) since the higher spin fields are
described by traceless two row Young tableaux. Thus the relevant ideal should quotient out
the all the diagrams except the first one in the above decomposition. The Joseph ideal as
defined in 3.2 includes all the diagrams in the decomposition except the “window” diagram
and thus by quotienting U(g) by the ideal generated by Japcp defined in 3.2, we
get rid of all the “unwanted” diagrams and obtain the Fradkin-Vasiliev type higher spin
algebra HS(6,2).

3.1 Joseph ideal for minimal unitary representation of SO(6,2)

Since the Eastwood formula for Joseph ideal is in the canonical basis we define

1

Mg = 5 (Pu = K,) (38)
1

M7 = 3 (P, + K,) (3.9)

Meg7r = —A (3.10)

which together with the Lorentz group generators M, form the canonical basis Map
(A,B,...=0,1,...7). Substituting the expressions for the generators M4p of the minrep
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of SO(6,2) from the quasiconformal realization into the generator of Joseph ideal (equa-
tion (3.6)) one finds that it vanishes identically as an operator. To get a better insight into
the physical meaning of the vanishing of the Joseph ideal we write Japcop in the Lorentz
covariant conformal basis (K, M, A, P,).which is equivalent to certain quadratic identi-
ties. In addition to the conditions:

PP, =K'K,=0 or, PP=K*=0 (3.11)

one finds the following identities:

6A - A+ MM . M, +2P" K, =0 (3.12)

Pt (M + nuwA) =0 (3.13)

K" (Myy + nuuld) = 0 (3.14)

1 Myp - Myo — Pl Koy + 41755 = 0 (3.15)
My, - Myy + My - My, + M,,, - My, =0 (3.16)
A My, + Py, K, =0 (3.17)

My, Py =0 (3.18)

My, K, =0 (3.19)

Defining the generalized Pauli-Lubanski tensor and its conformal analogue in six dimen-

sions as: 1 1
Ay = geme[od . p7l By = geme[aé KT (3.20)

we find that they vanish identically for the minrep given above
Aup =10 Bu,=0 (3.21)
Computing the products of the generators of the above minimal unitary realization
corresponding to the Young tableaux (— and [ | ] one finds that they vanish identically

and the resulting enveloping algebra contains only the operators whose Young tableaux
have two rows:

-~

n boxes

3.2 Deformations of the minimal unitary representation of SO(6,2) and the
Joseph ideal

As we saw above the generator Japcp of the Joseph ideal for SO*(8) vanishes identically
as an operator for the minrep obtained by quasiconformal techniques. However when one
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substitutes the generators of the deformed minreps one finds that J4pcp does not vanish
identically. However as we will show the generators of the deformed minreps satisfy certain
quadratic identities which correspond to deformations of the Joseph ideal.

To exhibit the quadratic identities corresponding to deformations of the Josep ideal
we decompose the components of Japop (A, B,... = 0,1,2,...,7) in terms of Lorentz
(SU*(4) ) covariant indices. We find that the totally antisymmetric tensors A,,, and By,
( pyv,... =0,1,...,5) defined in the previous section that vanished identically for the
minrep do not vanish for the deformed minreps. Remarkably they become self-dual and
anti-self-dual tensorial operators, respectively:

Apvp = Apvp

B,ul/p = _Buyp (322)

The identities (3.16) and (3.19) no longer hold separately but they combine and the fol-
lowing identity holds true for deformed generators:

My - Mpg + Myo - My + Myyp - My, = €,,,0 7 (Ps - Ky + Myy - A) (3.23)

The deformation of the identity (3.15) is as follows:
ﬁ“yMup - Mys — P(p ! Kcr) + 477,00 = 2g277p0 (324)

where G? is quadratic Casimir of su(2)g defined in equation (2.55) and involves only the
deformation fermions. Note that the quadratic Casimir operator G2 of su(2)q is related to
the quadratic Casimir operator of the deformed minrep of SO*(8) as follows [21]:

Cs [50*(8)]deformed =38 (2 - g2) (325)

The eigenvalues t(t + 1) (t = 0,1/2,1,3/2,... ) of G? label the deformations of the minrep
of SO*(8). This is to be contrasted with the deformations of the minrep of 4d conformal
group SO(4,2) which are labelled by a continuous parameter that enters the quadratic
identities explicitly in the form of continuous helicity [2]. Since the minrep and its de-
formations obtained by quasiconformal methods correspond to massless conformal fields
we do not expect any continuous deformations in six dimensions since the little group of
massless particles is SO(4) = SU(2)7 x SU(2) 4 whose unitary representations are discretely
labelled (jr,ja) where j4 and jp are non-negative integers or half integers. Furthermore
for conformally massless representations either jr or j4 (or both) vanishes. However we
do not have a proof that continuous deformations do not exist.

For the discrete deformations of the minrep the operators corresponding to the symmet-
ric tensor with Young tableau [ [ ] appearing in the symmetric product of the generators
as shown in 3.7 still vanish On the other hand the operators with the Young tableau
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do not vanish. These operators satisfy an eight dimensional self-duality condition which
corresponds to a three form gauge field with a self-dual field strength. In AdS7 they
correspond to three form gauge fields that satisfy odd dimensional self-duality condition
just like the three form field that descends from eleven dimensional supergravity on AdS7 x
S4. In six dimensions they correspond to conformal two form fields with a self-dual field
strength, which is simply the tensor field that appears in the (2, 0) conformal supermultiplet
whose interacting theory is believed to be dual to M-theory over AdS; x S%.

The symmetric tensor products of the generators of the discrete deformations of
SO(6,2) leads to a AdS7/CFTgs higher spin algebra whose generators include Young
tableaux of the form

—
m boxes n boxes

This suggests that the theories based on discrete deformations of the minrep describe
higher spin theories of Fradkin-Vasiliev type in AdS7 coupled to tensor fields that satisfy

self-duality conditions and their higher extensions corresponding to the Young tableaux

m boxes

The study of higher spin theories based on discrete deformations of the minrep that extend
Fradkin-Vasiliev type higher spin theories will be the subject of a separate study.

3.3 Comparison with the covariant twistorial oscillator realization

Substituting the generators Map of SO*(8) realized as bilinears of covariant twistorial
oscillators (doubletons) (section 2.1) in equation (3.6) to compute the generator of the
Joseph ideal one finds that it does not vanish identically. However the non-vanishing
components of the generator J4pcp of the Joseph ideal factorize in a similar fashion as in
the doubleton realization of SO(4,2) [2]. Symbolically this factorization takes the form

Japcp = (...)Ba (3.26)

where B, (a = 1,2,3) is a generator of an SU(2)p algebra that commutes with SO*(8). In
terms of the covariant twistorial oscillators the generators of SU(2)p are

4 . 1 . 4
B_ = dzci, B+ = Cldi, BO = 5(6101‘ - dzdi) (327)
with the quadratic Casimir

1
B*=DB2+ 5(B+B-+ B_By) (3.28)
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Acting on the subspace of the Fock space of covariant twistorial oscillators that is SU(2)p
singlet the generator Jagcp vanishes. This subspace corresponds to the true minrep of
SO*(8) and describes a conformal scalar field in six dimensions. In fact the authors of [6]
studied a purely bosonic higher spin algebra in AdS7 using the doubletonic realization of
SO*(8). After imposing an infinite set of constraints, restricting to an SU(2) singlet sector
and modding out by an infinite ideal containing all the traces they obtain an higher spin
algebra. They also state that their results can not be extended to SU(2) non-singlet sectors.

The algebra su(2)p for the doubleton representations is the analog of su(2)g for the
deformed minreps studied above. The Casimir operator B? of SU(2)p is related to the
quadratic Casimir Cy of the doubletonic realization of SO*(8) in terms of covariant twisto-
rial oscillators:

C2 [50*(8)] goubleton = 8(2 — B%) (3.29)

which reflects the fact that su(2)p and $0*(8)goubleton form a reductive dual pair inside
sp(16,R). However this is not the case with the deformed minreps since su(2)g does
not commute with the generators of 50*(8)deformed- Another critical difference is the fact
that the possible eigenvalues b(b + 1) of SU(2)p span the entire set of irreps, i.e b =
0,1/2,1,3/2,.... On the other hand, for a given number P pairs of deformation Fermions
possible eigenvalues j(j + 1) of SU(2)g is j =0,1/2,1,...,P/2

For the doubleton realization the quadratic identities satisfied by the generators satisfy
formally the same identities as the deformed minrep given in the previous subsection with
G? replaced by B2

N Myp - My — Py Koy + 41pe = 2816 (3.30)
The Casimir invariants for SO(6,2) in the doubleton representation are as follows:
Cy =8(2- 87 (3.31)
Cy = (;22 —9C, (3.32)
C} = 96Cy — 6C2 (3.33)
Co = gj — %7022 + 810, (3.34)

3.4 AdS;/CFTg higher spin algebras and superalgebras and their deformations

Following [2, 25], we will use the following definition for the standart higher spin algebra
in six dimensions:

U(s0(6,2))
J(s0(6,2))
where U(SO(6,2)) is the universal enveloping algebra and J(s0(6,2)) denotes the Joseph
ideal of s0(6,2). The Joseph ideal vanishes identically for the quasiconformal realization

HS(6,2) = (3.35)

of the minrep. Therefore to construct HS(6,2) one needs simply take the enveloping
algebra of the minrep in the quasiconformal construction. Since the minrep of s0(6,2)
admits deformations we define deformed AdS7/CFTg higher spin algebras HS(6,2;t) as
the enveloping algebras of s0(6,2) quotiented by the deformed Joseph ideal J;(s0(6,2))

U(s0(6,2))

HS(6,21) = 5 6.9

(3.36)
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For these deformed high spin algebras the corresponding deformed Joseph ideal vanishes
identically as operator as we showed explicitly above for the conformal group in six dimen-
sions. Deformed minreps describe massless conformal fields of higher spin labeled by the
spin ¢ of the SU(2)g subgroup which is the analogue of helicity in d = 4.

We saw in section 2.3 that deformations of the minrep are driven by fermionic oscil-
lators. For P pairs of deformation fermions the Fock space decomposes as the direct sum
of the two spinor representations of SO(4P) generated by all the bilinears of the oscilla-
tors. The centralizer of SU(2)¢ inside SO(4P) is USp(2P). Under USp(2P) x SU(2)¢ the
Fermionic Fock space decomposes as

P

22 =N (R, t=(P—1)/2) (3.37)

r=0

where R" is the symplectic traceless tensor of rank r of USp(2P) and t is the spin of SU(2)¢.
The USp(2P) invariant (singlet) subspace transforms in the spin ¢ = P/2 representation
of SU(2)g. Therefore restricting to this invariant subspace we get a deformed minrep
corresponding to a 6d massless conformal field transforming as a totally symmetric tensor
of rank P in the spinor indices with respect to the Lorentz group SU*(4). This way
one can construct all conformally massless representations of SO(6,2) as deformations
of the minrep by choosing P = 0,1,2,.... The enveloping algebras of these deformed
irreducible irreps define then a discrete infinity of higher spin algebras labelled by ¢ = P/2.
Equivalently one can simply subsitute (P+ 1) x (P + 1) irreducible representation matrices
for generators of SU(2)s in place of the bilinears of deformation fermions. The latter is
useful for writing down the irreducible infinite higher spin algebra without reference to its
action on a representation space.

We shall define the 2N extended AdS7/C FTg higher spin superalgebra as the envelop-
ing algebra of the minimal unitary realization of the super algebra OSp(8*|2V) obtained via
the quasiconformal approach. For this algebra there are only 2N supersymmetry fermions
and the minimal supermultiplet of OSp(8*|2/N) consists of the following massless confor-
mal fields:

(I)[AlAg...ANH @ \Ij([;ﬁlAQ..‘AN—l” @ @EQIB?Z..-AN_QH - (338)

where «, 3, ... are the spinor indices of the 6d Lorentz group SU*(4) and A; denote the
USp(2N) indices. The generator Japcp of the Joseph ideal vanishes when acting on
the conformal scalars that are part of the minimal unitary supermultiplet. On the other
fields of the minimal unitary supermultiplet deformed quadratic identities 3.2 involving
supersymmety fermions are satisfied.

Deformed AdS7/CFTg higher spin superalgebras HS(6,2|2N;t) algebras are defined
simply as enveloping algebras of the deformed minimal unitary realizations of the super
algebras OSp(8*|2N) with the even subalgebra SO*(8) & USp(2N) involving deformation
fermions 2.4. As explained above restricting to USp(2P) invariant sector of the Fock space
of 2P deformation fermions one gets a deformed minimal unitary realization of OSp(8*|2N ),
for t = P/2. Equivalently one can simply substitute the (P+1) x (P+1) representation ma-
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trices of SU(2)¢ in place of the bilinears of deformation fermions. Their enveloping algebras
define a discrete infinite family of higher spin supealgebras labeled by t=0,1/2,1,3/2,2,. ...

4 Discussion

One of our main results in this paper is the reformulation of the minimal unitary rep-
resentation of SO*(8) and its deformations in terms of deformed twistors that transform
nonlinearly under the Lorentz group in six dimensions. Their enveloping algebras lead to a
discrete infinite family of AdS7/C FTg higher spin algebras labelled by the spin of an SU(2)
symmetry for which certain deformations of the Joseph ideal vanish. Remarkably these
deformations involve (anti-)self-duality of the 6d tensorial operator which is the analog of
Pauli-Lubanski vector in four dimensions. These results carry to superalgebras OSp(8*|2N)
and one finds a discrete infinity of AdS7/C FTg higher spin superalgebras. As we argued in
our previous work [2] for AdS5/CFT), algebras our results suggest the existence of a family
of (supersymmetric) higher spin theories in AdS7 that are dual to free (super) CFT’s or
to interacting but integrable (supersymmetric) CET’s in six dimensions. This is suggested
by the fact that, in contrast to AdS,/CFTj; higher spin algebras the higher dimensional
algebras are realized in terms of deformed twistors that transform nonlinearly and by the
results of [28] on the precise mapping between the deformed minreps of D(2,1;«) and the
spectra of certain integrable supersymmetrical quantum mechanical models. Of particu-
lar interest are the higher spin superalgebras based on OSp(8*|4) and OSp(8*|8) whose
minimal unitary supermultiplets reduce to N = 4 Yang-Mills supermultiplet and N = 8
supergravity multiplet under dimensional reduction to four dimensions [20]. The minimal
unitary supermultiplet of OSp(8*|4) is the 6d (2,0) conformal tensor multiplet [7, 19] whose
interacting theory is believed to be dual to M-theory over AdS; x S* [29]. Whether there
exists a limit of this interacting theory that is dual to a higher spin theory in AdS7 is
an interesting open problem. Our results in section 3.2 suggest that such a limit should
exist. On the other hand it is not known if there exists an interacting non-metric (4,0)
supergravity theory based on the minimal unitary supermultiplet of OSp(8*|8) [20, 30].

Acknowledgments

Main results of this paper were announced in GGI Workshop on Higher spin symmetries
(May 6-9, 2013) and Summer Institute (Aug. 2013) at ENS in Paris by MG and at
Helmholtz International Summer School (Sept. 2013) at Dubna by KG. We would like to
thank the organizers of these workshops and institutes for their kind hospitality where part
of this work was carried out. We enjoyed discussions with many of their participants. We
are especially grateful to Misha Vasiliev and Eugene Skvortsov for stimulating discussions
regarding higher spin theories and Dmytro Volin regarding quasiconformal realizations.
This research was supported in part by the US National Science Foundation under grants
PHY-1213183, PHY-08-55356 and DOE Grant No: DE-SC0010534. One of us (MG) would
like to thank the Theory Division at CERN and the Albert Einstein Institute, Potsdam,
for their kind hospitality where this work was completed.

— 20 —



A Clifford algebra conventions for doubleton realization

In this appendix, we will give the 6d analogs of ¢, matrices (in mostly positive metric)
used in section 2.1 as defined in [19] for the doubleton representations of SO*(8). Pauli

() () o) o)

oG + oV = . (A.2)

matrices

satisfy

Their 6d counterparts are defined as [19]

¥ = —ioy ® 03 30 = —ioy ® 03 (A.3a)
> =0y ® 09 St = —ioy ® 09 (A.3b)
Y2 =i ® o9 Y2 = —ioy ® oy (A.3¢c)
Y3 = io3 @ 09 Y3 = —iog ® o9 (A.3d)
Y =09 @ oy S =09 @ oy (A.3e)
Y =09 ® o0y Y0 = 09 ® 0. (A.3f)

with the convention that the six dimensional ¥* have lower spinorial indices while the ¥*
have upper spinorial indices.

B Clifford algebra conventions for deformed twistors

In order to make contact with the spinor helicity literature in 6d, we will use the mostly
positive metric and follow the conventions of [23] for 6d analogs of Pauli matrices in the
formulation of deformed minreps in terms of deformed twistors. We use a hat over the 6d
sigma matrices in order to avoid confusion with the standard Pauli matrices.

6% =iy @ o9 60 = —ioy @ oy (B.1a)
6t =ioy @ oy ol =ioy @ o3 (B.1b)
62 = —0y ® 0g 62 =09 ® 0y (B.1¢c)
53 = —ioy ® oy 5% = —ioy @ oy (B.1d)
6t = —o3® 0y ot =03 0y (B.1e)
6° = ioo @ o9 60 =iy ® o9. (B.1f)
They satisfy:
GheY + 6V e = —2mhv. (B.2)
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Again we adopt the convention that the six dimensional 6# have lower spinorial indices
while the 6# have upper spinorial indices. With these conventions, we define:

0 1Py+ P Pr+1P, Py— Ps

. —iPy — P5 0 —Py—P3 —P, +1P,
P.s = (6"'P, = B.3
op (J u)aﬁ —P—iPy, Py+ Pj 0 —iPy+ Ps ( )
—Py+ Py P, —iPy, 1Py — P; 0
0 —iKy+ Ky K1 —iKy —Kg— Kj
KoF — Grg s _ | KK 0 Ko~ Ky —Ky—il |
K K1 +iKy —Koy+ K3 0 iKy+ Ks '

Ko+ K3 Ki+iKy —iKy— Ks 0

C The quasiconformal realization of the minimal unitary representation
of SO(6,2) in compact 3-grading

In this appendix we provide the formulas for the quasiconformal realization of generators
of SO(6,2) and their deformations in compact 3-grading following [21]. We shall give the
formulas with the deformation fermions included. The generators for the true minrep can
be obtained simply by setting the deformation fermions to zero.

Consider the compact three graded decomposition of the Lie algebra of SO*(8) deter-
mined by the conformal Hamiltonian H

so*(8)=¢ @’ gpet (C.1)

where €0 = su(4) @ u(1). We shall label the generators in ¢* and € as follows:

(Wi, X, N_y B_) € €~ (C.2)

(Dumy B, D™, Ep, T 0, A0, J, H) € €° (C3)

(W™ X™ N_,By) € €F (C.4)

where m,n,... = 1,2. The generators of su(4) algebra in ¢° subspace has a 3-graded

decomposition with respect to its su(2)p @ su(2)4 @ u(1); subalgebra where the U(1);
generator J determines the 3-grading of su(4). The generators for su(2)p were given in
equation (2.58) (for the true minrep without deformation fermions su(2)7 reduces simply to

su(2)g whose generators were given in equation (2.24)) and those of su(2) 4 are as follows:
1
A+ = alag + blbz, A_ = a1a2 + ble, A = 5 (a1a1 — a2a2 + blbl — bez)
and they satisfy:
[Ay, A_] = 2A,, [Ag, At] = +A4 (C.5)

The generators D,,.E,,, D", E™ belonging to the coset SU(4)/SU(2) x SU(2) x U(1) are
realized as bilinears of the oscillators a,,, b, and the following “singular” oscillators:

1 ) L 1 . K
A£i=ﬁ<$+w—;>’ A’Ci:\/i<$+7’p_;> (CG)
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where

ﬁi—2<T0:|:T_—i), Ky=-2 <T0:|:T++i> (C7)
They satisfy the commutation relations:

Lo, L]=2C — L), [Ky, K] =20y —K) (C.8)

L+, Ki] =2(L5 —K5),  [Lz, K5] = —2(Lx — K5) (C.9)

In general for two singular oscillators defined in terms of operators £; and Lothat commute
with the singlet coordinate x but not with each other we have we have

1 (Lo—L1  [L1, Lo
[Az, , Ar,] = B ( o | 1x2 ]) (C.10)
f_ ot | cq
i i1 _ L[ L —£L { 1=
4L, AL = 5 | 22+ (C.11)
1.
1 ([ L1+ L] [51’52}
T - 1 2
[Aﬁl , ALQ] =145 | T2 (C.12)

t
where ATL L= % (a: +ip— %) The commutation relations (C.9) lead to the commutation

relations for Ay, and Ay, as follows:

(Ly—L-) (Ky —K-)

[AE+ ’ A[:_] = 77 [A’C+ ’ AIC_] = 2:1:2 (Clg)
(L4 — K- 3(L-—-K
[AE+ ) AIC,] = _(—’—2:1:2)7 [A57 ) AK:+:| = _(21:2” (014)

The generator that determines the compact 3-grading of SO*(8) is given as follows:

H=H,+ Hy,+ Hg (C.15)
where
1 i t N
Hg = 1 A Ay + A;C+A,C+ +L_ +Ks -1 (C.16)
and ) .
H, = 5(Na—i—2), Hbzi(Nb+2) (C.17)

are simply the Hamiltonians of standard bosonic oscillators of a- and b-type (N, = a'a; +
a’az, Ny = b'b;+b%by). This u(1) generator is the AdS energy or the conformal Hamiltonian
when SO*(8) ~ SO(6, 2) is taken as the seven dimensional AdS group or the six dimensional
conformal group, respectively.

The generator that determines the 3-grading of su(4) is as follows:

J =H,+ H,— Hg (C.18)
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The SU(4)/SU(2)s x SU(2)4 x U(1); coset generators can be written as

_ 1 T T mo_ 1 m m

D,, = 7 (amAE+ + bmA/c,) , D" = —ﬂ (A£+a + Ax_b ) (C.19)
_ 1 T T m 1 m m

E,, = % (amAL - bmA,C+> , E™ = 7 (Ag_a™ — A, ™) (C.20)

where m,n = 1,2. They close into the generators of the subgroup SU(2)s x SU(2) 4 x U(1) s
given in (2.58) and (C.5), which do not involve singular oscillators. Then the su(4) algebra
can be rewritten in a fully SU(2)g x SU(2)4 covariant form

[s";’, , S’fl’,] U L [A’;g , A’ﬂ =gk Am _gm Ak
[Cm%zchm]:5§52§+5$2y2+5g®xj (C.21)
/ ! / ! 1 ’ / ’ / ]_ ’

m E'm| _ k' ~»m'm _ — om’ ~k'm m m'k| _ sk m'm _ = em ~m'k
[s,ﬂ,c' ]__5Wc7 e [AWI,C } ko S e
where we have labeled the generators of su(2)g and su(2)4 as S™, (m/,n' = 1,2) and A™,

respectively:
SY = —S2 =S, S, =S, s% = (s, =5 )
Al = 4% = Ay Aly = A, A=) =a
and defined
Cim =Dy + Epy, Com = Dy, — By (C23)
c'm=pm 4 E™, c*m = pm_ g™ (C.24)
The generators belonging to €~ are given as follows:
1 1
W = — (A am + Ar_bp,) , X, T = — (Ax_am — Ar. by, C.25
NG (Ax, £_bm) /2 (Ax £ibm) ( )
1
N_ = aiby — ashy, BT = (A,@Af,dr n AL_A%T_) (C.26)
and the generators in €T are given by their hermitian conjugates:
m __ 1 m AT m AT m __ 1 m AT m AT
W —\ﬁ(a Al +omal ), X _72((1 Al —vmal,) (C.27)
1
Ny = alb? — a2, By = (AT_@AIQ + AT_ETATL> (C.28)

(W, W] = (5"H+A” )+ 6" (T_+T,)  [Xm, X" =2 (0" H+A" ) — 6" (T_+T})
W, X" = (2To —-T_+T4) (X, WH =0y, (2To+T- —T4)

(W, Ny| = (X, Ni] = €mnD"

(W, By] = D, [Xom, B+] = En,

[N, Ny|]=H+J [B_,By|=H—-J

(C.29)
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D Commutation relations of deformed twistors

We should note that the deformed twistorial operators transform nonlinearly under the
Lorentz group. However their bilinears that enter the generators of the SO*(8) trans-
form covariantly with respect to the Lorentz group SU*(4). We give below some of the
commutators of deformed twistorial oscillators:

- — - 1 —
z,\, 7,1 :f(zl—zl),
ZlZQ——iZQ 1 1| =5\ 4 1
2" 207] = 22 (1 7 2] 3 -9
1 Zl ) Zl = _2721 )
L ] x
(2", Zy'] = @Zzlv - ~ 7 1=
1 lev Z21 = 2*221>
i ] x
(210, 25°) = (4" = 27), S _
x 7,1, 7,2 = 7(211 _ 222>
1 I ) | 2 )
[lev Z31] = _Q*(le - Z31)7 - U ml ~ (D.1)
" le Z31 = —*(le _Z31>
1 Y )
2", %) = 5 (22,2 + 2,?), - B
1 7', Z5?| = _7(2Z12+Z?)2>7
(2.}, 2,"] = —2z,* . ] 2z
Lo 20 4 1 1] _ Lz
1 Zl ) Z4 = 2724 )
L ] x
[2117242] :%(211—242)7 1 = o] 1 L =
_Zl » 2y ] :%(Zl 24 )
AR _ 1 1 _le,ffll :if/u’
2z 2z
1 =~ 1
(20, VB == (2 + Y2 42), |20, Y] = —%(le +Y"+ 2),
1 ~91] 1
g1 y21] — _ L (1 _y2 Z 1 y2 :——(Zl Y21)
[ 1> ] 23:,( 1 )7 1 > | 20 )
1 = 1
(2,1, V2] = —— (22,2 + Y2), Z,, 72 :_7(2224_1/22)’
2 B 2 (D.2)
[le, Y31] — 7)/31’ le , Y31 — 7}/31’
2z 2z
1 1 ~
71 y32] = L (71 _y3 Z7 1 y32 :7(21_}/32)
[ 1> ] 2.%'( 1 )’ 1 2 ’
1 1/~
(221, v = (2t + Y, 2!, 7 = (2 + YY),
1 = 1 =
g1 y42] _ L (972 y42 z 1 y42 _7(222_}/42)
[ 1 > ] ZL‘( 1 )7 1 » 2
[Yll : Y12] _ 2iyn7 _YH, yitl =o,
X
- — 3 —
[Yll 7 Y21:| _ 1 }/ll7 Yll, le = 27 11,
2x - 13:
11 y21 vl
[YH : Yzz] _ (Y12 —|—Y21), Y-,V | = 2$Y ;
[y, y3] =, Yy yv22| = _l<}712 +1721)7
J xr
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. [y11 : 3| — 0,
11 y32] _ 11 31 i
Y Y] = %(Y -2, il oo32] - L (o oo
: Yyl oy = 2f<y _oy )
YU, yH] = vt Co T (D.3)
%x vl oy = 27}/11’
11 42 12 41 . . €
=y ]:;(Y -Y), 11 o42] s o
Y, ye] = —(Y _y )
] Iz
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